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FOREWORD

This Manual was prepared by the Structural Research and Development Group, Structures
Section, Research and Development Division of Republic Aviation Corporation. The work was
initiated under Contract AF33{(616)-6066 in the 750A Applied Research Program, the Mechanics
of Flight, Project No, 1367, Structural Design Criteria, and Task Ne. 14002, "Structural
Analysis Methods". The work is now documented under Task 136710, This work was initiated
under the direction of the Structural Analysis Unit, Structures Branch, Aircraft Laboratory,
Directorate of Laboratories, Wright Air Development Center,* Mr. 1. Winnegrad acted
initially as project enginecr and was succeeded by Mr. C, Richard. The Manual was com~
pleted under the direction of the Structural Analysis Unit, Configuration Research Section,
Structures Branch, Flight Dynamics Laboratory, Deputy Commander/ Technology, Aero-
nautical Systems Division, with Mr. G. E, Maddux as Project Engineer.

The work was coordinated and supervised by Dr. R. 8. Levy, Head of the Structural Re-
search and Development Group. His valvable suggestions and criticisms are gratefully
ackuowledged as are those of the following personnel of the Applied Research and Develop-
ment Division of Republic Aviation Corporation; Mr. A. Alberi, Acting Manager of Tech-
nical Engineering; Mr. C. Rosenkranz, Acting Chief Structures Engineer; and Mr. C.
Meissner, Principal Structures Engineer.

NOTES ON USING THE MANUAL

This Manual consists of five basic sections, divided into numbered sub-sections
and paragraphs. For simplicity in cross-referencing material in the text, all portions of
the Manual designated with a two-tier number (e.g., 1.1} are considered sub-sections, and
all portions designated by numberg of three cr more tiers (e.p., 1.1.1or 1.1, 1,1) are
congidered paragraphs,

Throughout the Manual, the numbered paragraphs (or sub-soctions) have been used
ag the bagis for nvmbering figures, tables, and equations, with new sequences begianing
with each numbered paragraph, Figure and table numbers consist of an approvriate para-
graph number, followed by a sequence number for the particular figure or table, For
convenience the paragraph designations have been omitted from the equation numbers, When
an equation from ancther paragraph is cited in the text, the number of the paragraph in which
that equation occurs is also cited. When a paragraph number is not glven in conjunction with
the citatfon of an equation, it is to be assumed that the equation Is included in the paragraph
in which the citation occurs,

References are listed at the end of those gections which have more than one reference.
In addition, excn section contains its own complete table of contents and list of symbols,

*Now under direction of Flight Dynamies Laboratory, Directorate of Acromechanics,
Acronautical Systems Division.
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ABSTRACT

Thlsisecond volume of tke Thermo-Structural Analysis Manual congiders
additional problems in thge field of thermal and mechanical stress analysiginot
fully treated in Volume 1. Speuaﬂemphasm # given to nonlinear analysis, of
beams and plates and to amsymmetrm thermo-elastic analysis of thin snellg,\
Following the format of Volume I, nondimensional graphs, formulas and tables
ars developed where feasible. For clarification of the analytical techniques and
the use of the numerical data, illustrative examples are given,

Théxifollowing problems afe treated in five individual sections:

(1) ii:arge deflection analysis of straight elastic beams with axial end
restraint and g%iial end loads coupled with transverse leading and
temperature,

v

(2) fopproximate determination of th“ée axial end loads and deformations
in heated beam columns with initial eccentricitiesw;f

(3) ifm’Apprommate golutions for ﬂ,ré buckling ij ecceniric columns accom-
modating nonlinear stress-strain laws,

(4) ‘ i Axisymmstric large deflectiong, of circular plates subjected to
"fhermal and mechamc al loads,.;

(5) ‘; Axisymmetric thermo-elastic analysis of thin shells. '
[

PUBLICATION REVIEW

This publication has been reviewed and is approved,

FOR THE COMMANDER:

O L

Po F. HOKNER
Chlef, Strustwras Branch
Fiight Dynawics Laboratary
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INTRODUCTION

This Volume 1T of the Manual i an extension of the basic work presented in

Volume I and covers the following special problem areas in heated beams, plates and
shells:

(1) Nonlincar beam analyses including the effects of initinal eccentricities and
nonlinear material properties.

(2) FElastic circular plates loaded and heated axisymmetrically, considering
the effeets of large deflections

(3) The axisymmetric thermoclastic analysis of shells developed in Volume I
i generalized, removing the restrictions on geometry and including the
cffects of arbitrary temperaturce variations through the thickness.

The material is presented in the form of five independent reports or sections.

The emphasis has been placed on the development of analytical techniques and
formulas with their corresponding physical interpretations. Where fcasible, the in-

vestigations are self-contained, starting with fundamental theoretical considerations
and notions in the field of static thermo-structural analysis. However, the reader may

find it useful to refer to Volume I where a systematic development of the basic concepts
1s tiven,

Brief simmaries of the five sections of this volume of the Manual follow.

Sectiorr 1. Beam Columns Subjected to Elevated Temperature and Mechanical Loads

This section treats beam columns with axial end recfrain - >t nd loads coupled with
tronsverse leads and temperature gradients. Numerical resutts, . x—at" within the frame-
werk of large deflection beam theory are tabulated for certain cases

Scction 2, Approximate Solution for an Axially Restrained Column Subjected to
Elevated Temperaturc and Lateral Load

This scction presents an approximate method of solution of the heated beam colum«
problem. T!r method is amenable to problems involving spanwise variations of load th¢ rmal
gradients an stiffness and permits treatment of initial eccentricities.

Sectior 3. approximate Solution for the Buckling of Eccentric Columns

This s :ction develops and presents nondimensional curves to j.edict column buckling
I+ :ds. Nonl'near stress-strain relationships are accommodated as well as lateral loads and
ir ‘tial eccen ricities or thermally induced deformations.

Section 4. Axisymmetric Large Deflcctions of Circular Plates Subjccted io
Thermal and Mechanical Loads

e wec.w "M of membrane stresses and bending is considered for axially restrained
¢’ rcular plates subjected to heat and load. The differential equations gov2rning the axisym-
: atric case are derived and an iterative digital scheme is used to obtain numerical results

- r a special case over a wide range of temperature and load parameters.

—_—
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Section 5. Axisymmetric Stresses and Deflections in Shells Due to Thermal and
Mechanical Loads

The general equation for linear elastic analysis of axisymmetric shell problems is
developed including the effects of temperature and load. The special cases of conical and
cylindrical shells are developed and a numerical example is given for a cyli der with
temperature gradients through the thickness and along the iength.
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SECTION 1

BEAM COLUMNS SUBJECTED TO ELEVATED TEMPERATURE
AND MECHANICAL LOADS

by

M, Forray

M. Newman

Manuscript released by the authors February 1962 for publication as a WADD Technical
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SECTION 1

BEAM COLUMNS SUBJECTED TO ELEVATED TEMPERATURE

AND MECHANICAL LOADS

1.1, SUMMARY

This report considers the nonlinear analysis {large deflections) of beams with axial
end restraints and axial end loads coupled with transverse loading and temperature,

In order to keep the number of parameters within practical limits the following con-
ditions are investigated:

e8] Distributed transverse loads are uniform over the span while concentrated
loads are at the midspan,

(2) Tne temperature varies linearly through the depth and is constant in a span-
wise direction.

3) The beam is assumed to be simply supported at its ends for bending and
elastically restrained axially {Wigure 1, 3-1),

Tables of numerical results in nondimensional form are presented for the cases of

zero ani full axial end restrain{ in rectangular beams, These tables may be uged to dete'~
mine maximum daflections and bending moments.

1.2 INTRODUCTION

In structural analysis beam columns differ from simple beams in that the addition of
axial end loads and restraints interact with transverse loads in a nonlinear manner, thus in-
validating the principle of superposition (Reference 1-1),

When the axial end loads are gpecified and the beam is unrestrained axially, the solu-
tion for bending moments and deflections are obiained, in general, by solving a linear, non-
homogeneous differential equation with congtant coefficients subject to appropriate boundary
conditions, I, in addition, the beam is regtrained axially, the total end load is an unknown
and an additional compatibility relation must be employed,

The analysis presented considers a beam of constant cross section for which the
Bernoulli-Euler assumption of classical beam theory is emiployved. This implies that plane
sections perpendicular to the centroidal axis before bending remain plane and perpendicular
to the deflected centroidal axis. it is further assumed that the material behavior is linearly
elastic,

It can be shown that the seemingly approximate technique used below (Sub-section 1. 3)
vields results which are identical to those obtained by a moderately large deflectic . analysis
in which nonlinear strain-displacement relations are employed.



1.2 {Contid)
The following symbols are used throughout this section:

Width of rectangular beam

Depth of beam

Spanwise coordinate

Vertical deflection
Nondimensional central deflection

Cross sectional area

Young's modulus

Magnitude of axial load in beam
Moment of inertia

Spring stiffnes.: of axial end restraint
Half beam length

Bending moment

Nondimensional ceniral bending moment
nown appiied axial end load
Concentrated midspan transverse load

25’03[3@?%"‘52?1‘; i< X oo

G,Q Noundimensional concentrated midspan load
Ti’T Temperatures at lower and upper beam faces, respectively
Td’ Td Nondimensional temperature differences between upper and lower beam faces
T Nondimensional average temperaturc
w Intensity of uniformly distributed transverse load
W, W Nondimensional uniformly distr.buted load
a4 Coefficient r{ linear thermal expansion
B Ratio of distance from lower beam face to centrowdal axis to the total depth
o

+ e
A £l
A \L, nondimensional
T olress

SUBSCRIPTS

M ixe to mechanical loads
T Due to temperature

1.3 DERIVATION OF BASIC EQUATIONS

The beam (Figure 1.3 1) is referred to a rectangular coordinate system in which
trangverse deflections v and distances along the controidal axis are measured {rom a point on
tho undeflected centroidal axis al mid-span. Specified axial end loads are denoted by P and
the elastic axial restraints arve shown schematically as springs  with stiffness 2K, We assume
uniform distributed loads of intensity W and a mid-span concentrated load of magnitude 2Q.
The temperature varlation through the thickness g Huear, varving irom '1‘i i the lower ox-
treme fiber to ’1‘0 at the upper extreme tiber,

Since {he wemperature distribution varies linearly with respect 1o Cartesian voordi-
nates it produces no stresses in an externally unrestrained beam (Reference 1-2)0 a this
cage, the atress-{ree thermal curvature is given by

aft - T)
o2
yUur o= > , (})
B! h

1.3
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FIGURE 1.3-1 BEAM COLUMN -~ MODEL USED FOR ANALYSIS
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We now consider that the external specified and redundant mechanical loads are ap-
plied to this thermally bent beam, Degipnating the additional curvatures predu~ed by these
mechanical loads as 3"1{/1’ it follows thut

S :_“YI_ - .}_ E “ n"i (¢
}B'/I . Fl - Bl ‘::&: hV = {WL + Q) (L - X} }' (L J ) (2)

where positive moments cause compression in the outer fibers, y Is the total deflection, and
H is the magnitude of the axial load in beam*, The negative and positive signs in the {irst
term of the right hand side of Eq. (2) refer 1o compresaion and tension respectively., Adding
Eqs. (1) and (2) and rearranging yields

Hy _ W 2 (WL Q) (L-X) . o . .
" Sl A R i ¥ S St UL 4 P -
A AT Ll Ty =T ()

Due to symmetry it {s only necessary to conslder one half of the beam, so that the dilferen-
tial equation given by lq. {(3) applies in the Interval 0 s x ~ L and y{x} is an even tunction,
i.e., y{x})= y(-x). The houndary conditions are given by

y = yiLy=0 (4}

1.4 SOLUTION OF EQUATIONS

The complete ~lutions of Egs. (3) and (4) of Sub-section 1.3 for the cases of axial
compression and tension, respectively, are written as follows.

* His always taken as positive, rexardless of whether the axial load i3 tenstle or compres
slve

1.4
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(B Axial Compression
Q sin \(L-x) | _ cosAx W o s -
y= -7 (T - r)
El >\3 cosA L Azcos AL EI)\Z h o i
i1a)
W Qx 1 la QL wil w
* z " 2 "EL(T TP BT eEI .3
2EIX EIx b EIX
(2) Axial Tension
Y= Q Sm}:o);h% L L+ COShXX = 7 " % (To B Ti)
EI>\ A coshx L EIx
(1b)
2 [ ,
J Wk Qx| 1 l-g_(’r _T)A%.WL . W
2EIA2 EI_XZ ’\z h ' o i El 2E1 EIXQ
where
A= - il for compression
El ' 1o
AS +\ —S—I— for tension,

The solution is wet vot complete since, in general the axial end load H and hence X is unknown,
An addtional compatibility relutionship must be ~mploved to evaluate this quantity. Such a
relationghip {g obtaived vy noting that the change v the spanwise distance between the beam
ends due to bending, thermal expansiov and mechanical axial strains must be equal to the total
change In length of the axial end restraints, This condition can be expeessed by

1) 2 H1. J L - P

ol N7dx ¢+ = -l (BT 4 (1 - /)Y T, s S U 3

R i) ap Y \[3 ¢ { ) if N ()
where positive and acgative sipns associated with H refor to compression and tension respec-

tively and 8 defines the location of the centroidal axis (Figure 1,4+ 1),

centroifal axts —~7

FIGURE 1,4-1 PARAMBETER A , DEPFINING CENTROIDAL AXIS LOCATION
1.5
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Subgtitution of Eqs. (1a) and (1b) into (3) and. simplifying yields for the compression case

Qz [(sin X) (Oos2 é— E) + ?.X]

3~ 2’ 2
T 2
[l_smzx] [ 1 j({ﬂ_+Q31rxX_j]
S cos™X 53 ;\2 A
~.9 W ~ T X Td ( —~ X
+ 4 l:—_? + _8—12‘ _ T} — -~ sin 1_)}
3 A A l_ A cos A
+ %_ {l _9 (Si.;_: A, C_o?isk B :]5)} )
3 14 Noinm T T
- _42W - (sinX ~ X cos A) ;% + Qzl‘;x‘ -2
X Ccos A 2\ X
21 EI_] 2_ P [ ,,-J
+ + NTT =+ 2¢ BT +(1-/T. ,
{:r\LZ KLSj KL O i
and for the case of axial tension:
2 5 .
Q- LT feoghe ALY 3A |
_\5 (sinh A ) {cosh 5" 5 y o+ YJ

) . N
1 sinh 2} [1 (__@__ Qsinh X ) ®
2 X cosh? l_ ' <

cosh™ X XJ )\‘§ A

"2 4 E ~ ~ < ﬁ(
A [i@si!}h__;z} l_w, o Qusinhy a]

- - py ~2

3X4 Y Jvosh\ , \‘3 " \ ) 4
. QW Fl o <inh A cosh ¥ N
el I et v S

| % e
M '_'jfu“" - (sinh3- A cogh X)) |- W Q_s_'i;j LA ~~{i '

V7 cosi A I\ x”
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where

EI
wLs _
EI W
2
=5 =4 \/HBLD
A L= + Bl for tension
_ HL ;
= _ —— {or compression
EI
aL (T -T.)
U %
h d

Equations (4a) and (4¢b) are transcendental equations from which X may be determined,
Equaticns (la) and (1b) then vield the deflections for the known values of X, In general, Egs,
(1) are difficult te solve except by graphical or trial and error procedures, In addition, pre-
sentation of numerical results for the large number of parameters appearing in this weneral
problem is cumbersome, For these reasons, the number of parameters te be used in the pre-
sentation of numerical results have been reduced by restricting considerations to the following:

(1) The bean: cross section is rectangular and therefore p=

2) The beam is prevented from moving anially at its ends (K — » ) or free to
move axially (K= 0),

{3 The transverse load is either uniform over the span or concentrated at the

mid-spat..

L5 NUMBRICAL RESULTS FOR BEAMS OF RECTANGULAR CRUSS SECTION

CASE A - Uniform transverse load over the span with ends rigidiv restrained axially:
The beam is shown schematically in Figure 1.5 -1 For this case, we substitute

, and ' =0 into Egs, (b and ¢ of Sub-section 1,0 D iy pondimensional

1
i

»

!
0, A=

quantities:

2w, ‘

W 4 I \ ‘
V= e Ui o

- iHLT . . -
X oT \J g-fi‘f {tenston positive)
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RECTANGULAR BEAM WITH UNIFORM LOAD OVER

FIGURE 1,5-1
THE SPAN AND ENDS RIGIDLY RESTRAINED AXIALLY

X cos
© (2a)
— —_— -9
] — _— H — - -
- :““)—V‘”Z‘ {sin X ~ X cos A) {“__W"B“ - '1‘1} + XT. =T
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for the case of compressive end loads, while for the tensile case
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va' of X, v, and M for various combinations of T—d’ T and W are given in Table 1,5-1,

This table permits the determination, either directly or by interpolation, of the axial end
Ioads, maximum (central) deflection and maximum bending moment corresponding to speci-
fied temperatures and transverse loading, A tvpical case, extracted from the table is plot-
ted in Figure 1,5-2, showing the variations in end load, central bending moment and deflec-
tion with average temperature when the temperature ditference and transverse load are
held constant,

The figure shows that extremely large values of T are required to raise the compres-
. . . s . T i -
give end load to values in the neighborhood of the eritical Buler value, >\C1‘ = - 5~ -1.57,
AY -
This {3 due to the fact that additional beam expansiony cuaused by increasing the average tem-
perature are accommodated by {further bending with very Litile change of comprossive end
load.

Thus, although the theoretical end load in a perfectly steaipht axially restrained

. , = i .
column reaches the Bwler buckiing load when T = o4 L vadues of T oseverad orders
of magnitude higher than this can actually be achieved without exee-<ive stresses or de-
flections vecuring, o this reapeet thermal buckling differs significantly from buel iy
caused by deadweight toads, since stresses and deflections tend to become excessively larpe
when mechanical toads exceed the Fuler buckling value,
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1.5 (Cont'd)

CASE B - Concentrated transverse load at midspan with ends rigidly restrained axially

For this case, we substitute W= 0, g =%and i =0 into Egs, (1) and (4) of Sub-section

1,4, Nondimensional quantities are as defined by Eq. (1) and in addition we define
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TABLE 1.5-1
VALUES OF X, v AND M FOR SPECIFIED VALUES OF “1"d, T AND W

(Pages 1,12 through 1. 37)
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