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ABSTRACT 

The unsteady expansion of gas clouds,   bounded by a vacuum,   is 

considered for both continuum and free molecular flows.    Known analytical 

solutions are reviewed with emphasis on the asymptotic nature of the flow 

after long times.    An approximate analytical solution is presented for the 

continuum expansion,   after long lime,   of an initially uniform gas cloud. For 

a plane expansion,   the approximate solution is in exact agreement with the 

known exact solution.     For cylindrical and spherical expansions,   the ap- 

proximate solution gives results for density (at the axis) which are about 

10 percent higher than those obtained by a numerical integration of the equa- 

tions ol  motion,     (Only two numerical  solutions are available for the latter 

comparison.)    The continuum and free molecular expansions of an initially 

uniform gas are found to be quite similar,   after long time,   except for the 

flow in the vicinity of the leading edge of the expansion.     For a given gas, 

the density at the axis decays more rapidly,   with time,   for the continuum 

case.     The extension of these results,   to hypersonic jets,   bounded by a vac- 

uum,   is also noted. 
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NOMENCLATURE 

a - sound speed 

F - hypergeometric function 

h - v/2a 
'        o 

M - Mach number 

m - elemental mass 

N - (^+l)/2(v-l) 

p - pressure 

R - ordinate of leading edge of expansion 

r - spatial coordinate,   transverse for jet flows 

t - time 

u - axial velocity fur jet flow 

v - velocity,   transverse for jet flows 

x - axial coordinate for jet flows 

Q,ß - characteristic Riemann invarients 

F - gamma fraction 

■y - specific heat ratio 

6 - characteristic streamline slope 

T] - similarity variable 

p - density 

(T - dimensional index (0,   1,2) 

in 



fNTRODUCT!O~ 

Sp;H:e fl 1ght has intens1f:ed mterest 111 the unsteady expans1on of gas 

' loud s InfO a V<t<' t: t.m A related problem. the lateral expans1on of a hyper· 

~ul1 1 ( JC t bo:: r:tlcd by a v :t <: Utlln. is also of t urrcnt interest 

Se ve ral <a!1i1.lytir solutions ex1st for ,;nstE.-ady expansions into a vacuum. 

ReleH• f'les 1 and 2 have treated plane. cylindric al and sphencat self similar 

Tlw~c a r c flo~s- where t1mc c a n bt: ehm1nated from the equations of 

mullor. red.,,· ;~;_g t!-.t! m t n orchnary dJ!fer!'nllal equations which can be inte­

gr ... tecl :n t }o!;t>d fv rm . Only spec 1<o l 1mt;al ··urodnions, for a gas cloud. can 

lec.d to self s1mdar ~olutlons . In pnrtH·ular. :.he 1nthal !!ensity d1stribution 

ca n :wt be uniform The pla ne problem of a n 1mtially uniform gas doud , 

CX!J ... nch:·:g 1r< t o ;; ·act.urn has been sulved analytH:ally 1n Reference 3 . The 

solu tton ior an lnitJitlly um form q •l11:dri•al o r ~pt".e 1· H a l gas clo11d requ1rett 

numcr;, al 1n tcgr atlon of the eq~at10ns o f mutiO !"l . Tht> above studies use con­

tl r.ull m equatiOn!' of mot1on Ii the mean fre(· path 11: a gi'. S cloud :s of the 

urdt>r :or liirgcrl of the dot.:d d1ameter the resu lllng expansion can be tr.eated 

as a free mol e ,·ule flow . Reie rencc 4 has obtc.1ned soll:tlons, in quadrature 

iorm . to r th e frt-e mole c ular expans1011 uf arbitr a ry gas clouds 

!n the prcser: t st udy. the asymptotH· na tt.re of th flow field. after long 

t11ncs . I !: e~•••m1ncd ior ca< h of the analytH al solunons mentioned above . 

The &c are ll !> Pd ; · ... a guide to develop a n appro x i mate aj;ymptotlc soluhon fur 

the expa r~ s 1 or: uf an imtla lly uniform c yhr.dn c a l or ,.phcrical gas cloud Ref­

er('n<.e 5 has di~cu!' sed tn!' asymptoti(: nature of the- flow, near the orig1n, for 

the plane pruhien1 of an 1nit1ally 11 01io rrn gas ,lo•.ld expand; ng into a vacuum. 

The present study ts a .te ralization of Reft>rence 5 1n that the entire flow 

held bc:tween the on
0

.n and the leading edge of the expa nsiOn 1s cons1dered. 

in add1t1on. l.ylmdnca: and sphencal expan~ion!' arc ( onsidered The ap-

pl!catwr. of the tnstf'acly pl<tne and c yltndrit:a l flow re s u lts for f111d1ng the lat ­

t'ral sprcadtnl! of a &teady hypersoml. je t. bounded by a vaLuum. is also 

diS CUSSed 

-. 

1 

1 
I 



UNSTEADY EXPANSION OF GAS INTO VACUUM 

General Considerations 

The equations of motion for unsteady flows in one spatial variable,   T, 

may be written 

Continuity: |P + ^ + a ^   . Q (la) 
9t        9r r 

. , „ 3 v      -  8 v 1 9 p 
Momentum■ —-^ + v —•=•:-- -^ 7-— 

9t 9r P 9r 

--VP(^Z)|f Üb) 

when the superscript bar indicates a dimensional quantity and  a = 0, 1,Z   for 

plane,   cylindrical and spherical flows,   respectively.    See Nomenclature for 

definition of the other variables      Eq.   lb and all subsequent developments, 

assume that the entropy of the gas is uniform (i.   e.   the relation  p  = cpY  , 

where   i    is a constant,   has been used to eliminate the variable   p  in Eq,   lb so 

that, there are now two dependent variables,    (5   and   v   ). 

Eq ,    I  tan be nondi mensional 1 zed by introducing the following variables 

P                     v r lan p - J- v  - — '"   :  ^          t  =       0 

P                      a T^ 
o                         o Ü i 

in all subsequent developments,    R     will be taken to be the initial   (   t - 0)   gas 

cloud radius      For initiallv uniform pases,    p     and   ä     are the initial density 0 ' o o ; 



and sound speed,   respectively.    For initially non-uniform gases,   p     and  ä 

are evaluated at   r = 0,   t = 0.    Substitution of Eqs.   2 into Eqs.   1 yields 

9£+^+aPX = 0 (3a) 
dt        or r 

9v 9v Y-Z9, p uv y-c   up ,,,, 

which are the non-dimensional equations considered herein. 

As pointed out by Reference 6,   the pressure gradient term in the mo- 

mentum equation (right side of Eq.   3b) becomes negligible,   after long times, 

when studying the expansion of gases into a vacuum.    Eq.   3b can then be in- 

tegrated to yield 

7t 

Reference 6 refers to such flows as "inertia dominated".     That is,   each gas 

particle moves with a constant velocity and is unaffected by the other particles. 

Substitution of Eq.   4 into Eq.   3a shows that the density distribution must have 

the form 

pt^1 =f(r/t) 

where f(r/t) is a function of r/t. The precise-form for this function depends 

on the earlier motion of the gas cloud. The motion is self similar, after long 

times,   since   v  and   pt are functions only of  r/t.     All solutions discussed 

herein will have this asymptotic behavior. 

Self Similar Flows 

References  1  and Z have investigated expansions into a vacuum which are 

self similar at all times.     These flows will now be discussed. 



Let   R(t) be the leading edge of a gas cloud which is expanding into a 

vacuum.     The gas particles are then contained in the region   0 —r—R(t).    A 

vacuum exists for   r>R(t).    Define a similarity Variable 

n -: i7R(t.) (6) 

so that   r| =  1   corresponds to the leading edge of the gas cloud and the gas is 

confined to the region  0—T]—1.    Self similar solutions are found by assuming 

the dependent variables have the form  v = g (t)0 (11)  and  p  =h(t)f(r|),   substi- 

tuting into Eqs.   3,   and finding the form of  g (t)   and  h (t)   such that the result- 

ing equations are independent of   t.    The  resulting solution,  for a gas expanding 

into a vacuum,   is (Refs.   1 and 2) 

i 

p ^ R Ii-n J (7a) 

,clR. 
Mt '   ' 

(7b) 

where 

11  »J öTl' Y-1 
(8) 

This  solution satisfies the boundary conditions: 

at t ^ 0; 
dR 
dt 

[9a) 

t - 0, r ^ 0;       p = 1 (9b) 



t >Q,, x] = I;       p = 0 

t> 0, n = 0;       v = 0 

(9c) 

(9d) 

Thus,   initially  (t = 0),   v = 0,   and  p   varies from   1   at  r = 0   to  0   at r = R. 

At later times,   v  is not zero,  and varies linearly with  r. 

v/(dR/dt) 

oR^1 

v/ldR/dt),     pRa' 

Sketch 1 

Variation of  v(dR/dt)   and   pR with r] 

The variation of v/(dR/dt) and 

pR^ with tj is illustrated in 

Sketch 1. 

The location of the leading edge of the expansion,   at any time,   can be 

found by integrating Eq.   8,   which can be put in the form 

R 

'V/   (T+l Y -1 
t = 

dR 

'I^.R-^+1MV-I) 
:i0a) 

-1   Dl/N 
sec        K        o 

No |     (sec e)1 + No d© (10b) 



where  N0 = 2/(cr+l) (y-l).    Eq,   10b is obtained from Eq.   10a by letting 

R = secNo 9.    Eq.   10b can be integrated in closed form when  N    is an integer. 

For example 

for N    = 1 (Ha) 
o 

:^R(R-I) + InfjR-I +^R)      for N    =2 :iib) 

(R2/3
+ Z)^RZ/3 -1 for N    - 3 

o 
lie) 

Eq.   11a includes the case   a =   2,    Y ^ 5/3      Eq.   lib includes the cases   cr = 1, 

Y = 3/2   and  cr  r 2,    y - 4/3.     Eq.   lie includes the cases  o" = 0,   y = 5/3; 

cr  = 1.   Y = 4/3   and  tr - 2.   y -  11/9.     Thus Eq.   10b permits the complete 

closed form solution for a large number of cases of interest.     The reduction 

of Eq.    10a to Eq.    10b does not appear to have been presented previously.     The 

variation of   R   with   t   is illustrated in Fig.    1 which presents results for 

y  ^ 4/3,    5/3   and  o" ^ 0,    1 and   2. 

The asymptotic nature of the flow,   after long times,   will now be noted. 

Eq.   10a shows that for   R "(cr+^ (Y'1' « 1   (i.e.   after long times). 

R 
^(1+ 1   y-1 

(12) 

Thus,   after long times,   the leading edge moves with a uniform velocity 
dR 2 
"TT =   ;  J.'I'K : i \   ■     ^or  o- = 0,   this velocity is the same as that associated with '^TYW- 



R    4 

I 2 

Figure  1 

Vtr + I    y-l 

-rnfling  Kdgr   >f Expansion for Self Similar Flows 

(1- rom   Re f,    1 ,   pg.    Zlb) 



• 

\ 

t l:c cxpan~1on oi a n 1n:tially t: ni! .. rrn g<.ts doud :nto <l va<·uum(l) How-aver. 

for IT -.: I . ~- the ltnal n : loc tt', is l«'ss. h y t he fa ~o.tor· 1/-r;+i. than the 

c" rrc~ponch n l! \'c luCi t y tor an IIHtiill l y un tfortn ga10 doud . The reason fur th1s 

:s t hat ;n t l.•· iJrt:!" t:nt , asc t!w part i ' lcs at t h t: leild1ng t:dge of the expansiun 

h ;:. vc n ,l c r:t· r· gy 11 1 t o 1l and a r e !" Ub "'c<pwntl:: a' -.elcnated by t'l.oe parti<·les in 

the int f' rwr o f t he JLa S ' lo11d Fur ,. :: 0 . thc rl' ~or· c suffincnt partrcles at and 

n•·ar the• encq.:~· c urre::p.llv!ing tu t... ondi l t u n s at t =- r = (J. to drive the front t<> 

rhe l i mtti ng \ ·c lodt.y dHidt = .u,, .. l) Wtth 1:H r easc 111 a. there is a dec rease 

1:1 the r<·l a t1n· n:1mber o f partid •'S wh kh ha ve energy at or near the v alue at 

t •· r :. 0 He n , t · the front 1s at, eleratc d t o iuwc r ve lo~..- lty as IJ 1ncreases 

:\ite1· I•>~ · ~ t1mes . t he vdun t y an•! dt•r:!'.: ! y <He g l\'er by tfronl Eqs 7 and 

lll 

, . .- r It ( lla) 

whcr~ ,-;I 'i - I r .... , :. vo- I -:!- I The se cxpn·ss1o::s at·c 111 agrc:crncnt With Eqs 4 

;.~ nd • 

:\n;.Jytrl :: a i Solution fo!' IT = 0 and Uniform In itia l De n sity 

Ref 3 ha s ~pven the c hara' tt:rtstn· s solut1o11 tor the plane (cr = 0) f'X• 

panston lt •to a . .'·' ii lUUtn of a g a s wh11 h i!f tn i ti nll y tu:i lurrn This suluhon has 

' I I 1 For an llllllally umio rm gas d<>ud . dR/dt ,. l/\'y-1). for all t > 0 . r e-
~c:•rdle ss o f t he value o f IT (The< ;.s•: of "' n in tt ta lly nniiorm gas "'nrl cr = 0 t s 
treated 111 th<' next se<"t1onl T h1s is tna· bcU HlSt: at t =-= 0 the flow lll the \ "i • 
, 1nity of r :: R behave!> as through a ::- 0 Tl:c lt:ad: ng edge achieves the 
hnuting vehK1ty dR/dt :: l./l't-11 and lS ••naffectt•d by the subsequent expan­
S!On o f the r~rna1nder nf t.he gas See R ei 7 fo a· fu r the r dtst:ussion 



been discussed in greater detail in Refs,   5 and 6.    The uniform gas originally 

extends from   r = 0   to   r =  1   where   r  = 0   can correspond to a wall or to a 

plane of symmetry.     The expansion is assumed to start at  t = 0,    At first a 

simple expansion wave is generated which is centered at   r =  1 ,    t = 0.     This 

region is bounded by the lines   ß = -1,    ß  = 1   and  Q =  1   in Fig.   Z.     The reflec- 

tion of this wave,   at   r - 0,   results in an interaction region,   also indicated in 

Fig.   2.     The solution for both regions is discussed herein.     In this discussion 

it is convenient to use the local speed of sound   a = ä/ä   ,    instead of  p,    as a 
o 

dependent variable.     These are related by,   for isentropic flow, 

z/(r.n 
14) 

In the simple wave region,   the dependent variables depend only on 

(r   -  l)/t.     The solution of Eqs.   3 for   v   and   a   can then be shown to be 

2     , ,       r - 1 , 
V   =  r      1   +  

Y+l   l t     J (15a) 

y + l 
y- r-l- 

2        t 
15b) 

The leading edge of the simple wave corresponds to       a = 0 and its location 

is given by   R  = r  =   1  +  2t/(-y-l) ,    The  leading edge moves with velocity 

dR/dt   - Z/(y-l)   as previously noted, '        The trailing edge of the simple wave 

is defined by the line   r = (1   - t).     The fluid between this line and   r   ■ 0 is 

uniform at the  initial values,    v      0,    p ■■   a   -   1 

The solution for the interaction region requires the introduction ol the 

Ricmann variables 

a   - a + llba) 

16b) 
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The quantities  a  and  ß  are constant along characteristic lines which propagate 

with velocity  v + a  and  v - a,   respectively.     These characteristic lines are 

illustrated in Fig.   Z.     (In the simple wave region a = 1   while   ß  varies from 

-1 at the leading edge to  +1   at the trailing edge).    From Eqs.   16 it follows 

that 

v = (Q   -   ß) (17a) 

a = 2   (a +■ ß) (17b) 

With these relations,   Eqs.   3 can be inverted so that   (r,   t)   are considered 

functions of  (a,ß).     The resulting Eqs.   are 

dr 1 ,y+l Y-3    , at 
^ß - T^T (— Q + -i- P' ap- (18a) 

da      y-l      Z Z da. 
18b) 

Eliminating   r   yields a single second order partial differential equation 

3   t N    ,9t      9t ,    n 

ä^ß+ Mr(^+ w:z u ;i9a) 

wiier e 

N Y+i 
2(Y-1) 

(19b) 

11 



( 

The bo undary between Inc eimple wave r•gion and the interaction recion 

(l ine o = 1 in l.o~ig. l) 18 defined by (set' Refe ), 5 or 6) 

t (I . ~) (ZOt 

where ll varit>fl from I tn -I a s t f(Oe R frnm I to m . An explicit expreeeion 

for t.(o , Ji) in the intr.raction re~ton is fmtnd h)!· integratina Eq. 19a, with the 

initial condi tiu n s give n by Eq . lO. and equals 

l N . (1 -o)CI-Pt 
tfo , 6) ::- tn+rl) Ffl - N,N . l.- z(o+l\) ) 

H<'r•. F ( ) is the hYJle r~eo ... e tr k funf' ti o n. If N. i• a poeitive intecer, the 

hypergE>ometri<' func tio n h1 Eq . !. I J'N.Iuccfl t n " polynomial of decree N - I. 

In partic ular , for N " po111itive int.-gc r 

I • (ZZt 

where r ( ) i• the samrna f u nc tio n (r(N + I) -= NrfN). l"flt = I. r(I/Z) = .J'w). 

Eqe . 18a o r 18b t:an then be inf~Jlrato-•d t o giv<" r(u,t'J . Thua, for Nan lntecer. an 

o"lnalyti<' s olutio n for th,. i ntr. rit.-ti OII l' t·~ i o lll is ohl -une d. Note, fro"' Eq. 19b, 
" 

that 'V = (lN + 1)/lN - I) '"'that v :: 3. 5 / ~ . 7/ 5 • · · for N = l,l, ), · 

The var iation , w i th time . o f the> fl••irf p1·ope rtics <~t r -= 0 can be found 

fro m Eq . ll. At r = 0. n - Jl - a !HI th ;~ t Eq . l l rclitle e t and a (or 

r. p .T) fo r t ~I. 'fh.- vari ~ li on o f p witn t , " ' r :.: 0 , i11 plo.tted in FiB• 3 

for 'V = 5/l. 7/ 5 . 9 /7 . 11/ CJ . T h.- ~~y:nptotic: s olution. fnr lon1 times , ie 

indi c atc tl by a dashed lan.- an thrsc fi~••rcs . It is l'l f! cn th;d the flow approachee 

the a11ymptutic· 8oluho n m o r e slnWI'{ as 't clr t: r e a s«-9. 



....
 

....
 

-..
.. 

• 
•·

 
-

-
·
-

-
· 
-
-
-

-
-
-
-
-

• 
-

I 
.
.
 _

_ 
-
~
 

·
-
-
~
 

-
y 
~

-
,
 

-
-
-

·-
·

--
E

Q
U

A
T

IO
N

 
( 2

11
 

()
<J

 
..

 
l\~

· 

-
5

• 
3 

-·
 

-
0 

5 

~
 

' 
-
-
-

.
,

v
'l

i'
H

)
Jt

:. 
.
.
 

~
 

, 
-·

-M
r·
-
-
-

· 
••

w
 

-
--

--
--
-

---
=--~

-.
 ·

,s
 

~
~
 ---

--
--

-
:-

-

E
'O

U
A

T
IO

N
 

(2
4

) 

u
r. ol

 .
....

. 
-

10
° .... 

, 
f 

I 
-
-

T
 

··
·
-

•
• 

-
-
-
-
-

-
-

-
• 

0 
.S

75
 

~
~
~
-

~-
, 

T
 •

 9
/ 

I 
..

 
_

_
__

 -
· 

_
-

-; 
==

._
 ::

;._
t;
:~

~~
-:

;.
·~

~-
~~

 
~.~

;4 _
_

 
=-

: 
~

-:
::

=.~
~

=~
.3
 3
~z
:_
 _

_
_

 -
-
-
-

.. ~
 

~-
... 

: 
' 

10
1 

r
' 

li
/9

 

-
. 

-
. ..

 
-
~
 

. -
I 

• 
.. 

. .
 -

.l
 

L 
. 

.
..

 
-
~

-
L
.
 

' 

•o
' 

•o
' 

10
4 

•o
' 

·o•
 

F
ig

u
re

 
3

. 
V

a
ri

a
ti

o
n

 o
i 

D
en

si
ty

 w
it

h
 '

f1
m

e
, 

a
t 

r 
::: 

0
, 

fo
r 

P
la

n
e
 (

n
 
=

 0
) 

E
x

p
an

a1
o

n
 o

f 
In

it
ia

ll
y

 U
n

if
o

rm
 G

a
s 

in
to

 V
a
c

t~a
u
m
 . 

·0
 .

. ,
3

4
 

_J
 

-
· 

-
--

-·
 

-
-

-
l

. 
-

i 

10
7 

•o
• 



The entire fiuw field,   aicer long times,   can also be described.     The 

velotily field is given by   v - r/t (Eq.   4).     The density distribution,   and other 

state pruperties,   are found frpm Eq.   II.    Note that a + ß = Za  approaches 

zero as   t-oo.    Hence   (1   -a}   (1   -ß)/Z(a+ß)—OD,   as   t — oo,   provided  a <  1, 

and only the last term need be retained in the polynomial expansion for   F(     ) 

in Eq.   Zl.     This results in the following expression for   p: 

t   (Y-i) r(N+i/z) f,     y-i rz.wrn (23) 

Eq.   Z3 is valid for   N   an integer,    t — en   and   a ^  1. 

After long times,   the characteristic line   a =  1   propagates with velocity 

Z/{y-\)   (from Eq.   16a with  a -  1,   a  - 0)   and is thus parallel to the leading 

edge of the simple wave   (p -  -1   in Fig.   Z).     With increasing time,   the mass 

contained between these lines becomes negligible,   (i.e.   the simple wave re- 

gion becomes negligible) and the leading edge of the expansion can be approx- 

imated by   R  - Zt/(y-\).     Again defining   r\ 5 r/R,    Eq.   Z3 then becomes 

3-> 
_ (Y-i)r(Nfi/z)     /^fTTf) 

pt " ■^r--r(N)     (1"n ' 
(24) 

which  may bo  considered  valid for   t — n;   and   0 ^ r] <^ 1.     Eq.   Z4 is quite 

similar in form to Eq.    1 3b with   IT  - 0. 

The asymptotic  solution noted in  Fig.  'i is obtained from Eq.   24 with 

T)   =  0 

Approximate  Asymptotii   Solution for  Uniform  Initial   Density. 

Eq.   24 gives [he asymptotic  nature of the flow,   as   t   -* oo,   for a plane 

expansion (n-  -- 0) ol an initially uniform gas (loud.     It would be of interest 

to develop corresponding expressions   for cylindrical  and spherical  expansions 

ot an initially uniform gas cloud.     Approximate expressions,   which satisfy 

cons e r vat ioti of mass  and •■ncrgy.   will  now be developed. 

14 



Eqs.    13b and 24 suggest that a suitable form for   p,   as   t-* oo ,    is 

a+1      _..     2,B 
pt = D(l-ri   ) (25) 

where B and D are constants and  r| =  r/R.    Since an initially uniform gas 

cloud is being considered,    R will be taken as 

(26) 

The constants   F3   and   D   can be found from conservation of mass and energy. 

The latter can be expressed as 

0 + 

1 rr-t-1   / cr , 
R / pi!    dr] (27a) 

Vfy-DMn     R       L      '' - ^   dT1 

Eq.   27a equates the mass at   t   ; 0   to the mass at   t   * it)  and Eq,   27b ecjuates 

the  internal  energy at   t  - 0 to the kinetic  energy at   1 ■> co.     (The internal 

energy -•■ 0   as   t  ■* on).    Substituting Eqs    25 and 2b in Eqs.   27,   with v -  r/t. 

gi\-es 

13 ^(^|)-1      (-UN- (28a) 

n 
all   [   1   ' 

i nn-i +   ili) 

r(B+i) r(Hii) 
'.8b) 

is 



For  er =  1   and  N   an integer,   D = (y'-l)/4.    Numerical values for   B   and  D 

are given in Table I for  o" = 0,   1,   Z  and v  = 5/3,   7/5,   9/7,   11/9 and 13/11. 

Eqs.   Z5 and Z8 are in exact agreement with Eq.   Z4 for   tr = 0   and  N  an 

integer.    Since Eqs.   Z5 and Z8 are an approximate integral method solution, 

they may be considered valid for   N  not an integer,   as well as for   a"  = 0,   1,2. 

A similar solution has been presented by Ref.   6,   among a number of other 

approximate solutions. 

The variation of density,  with  r],    is given in Fig.   4 for  y = 7/5   and 

cr = 0,   1.   Z.    It is seen that as   cr   increases,   the density decreases more 

rapidly with  r),     The variation of density with  ri   is   given in Fig.   5 for  o- = 1 

and  y = 5/3;    7/5   and   9/7.     The density decreases more rapidly with  r]   as   y 

decreases. 

Free Molecular Expansion 

If the mean free path       of the molecules in a gas is of order   Ro,    or 

larger,   the expansion may be treated as a free molecule flow      That is,   col- 

lisions between molecules can be neglected and each molecule moves with a 

constant velocity throughout the expansion      This.case has been discussed in 

Ref.   4 for various initial density distributions.     The free molecular expansion 

of initially uniform gas clouds is discussed herein for   t -"■ oo   and the results 

are compared with those from continuum theory. 

Consider an elemental mass   m     of particles to be located at   r     at 
o o 

t  - 0   and to have a Maxwellian distribution of veloc ities.     The mass of par- 

ticles having velocities between   v   and   v -j- Av   is denoted by   ATTT    and equals 

o ,     ,h. 3/Z   -hv   -Z     ..                                            ..-, ■_— -- 4TT   -         e          v   Av                                             Z9 
m TT 

o 

v 
o 

An approximate expression for the mean free path is   f   ~v   /a     where 
o     o 

is kinematic viscosity.     Free molecular flow theory applies when 

i/R    = v"  /i R   > o(i; 
o        o     o   o — 

16 
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where  h = v/fZa  )•    Assume that the container which confines  m     is removed 
' o o 

at   t = 0.    At a later time  t  the particles in the velocity range  v to  v + Av 

will be contained in the volume bounded by   f = f    + vf   and   r = r    + (v + Av)t. 
-2-3    -   0 0 

This volume has the magnitude  AV = 4TT V   t   Av,     The density of the particles 

p (r, t)  5 Am   /AV   is then 

r-r    1 
t        o. 

pir.'t) 
...   ,3/Z    -h     t 
(h/TT)        e mr 

■^3 
t 

(30) 

Eq.   30 gives the density at   (r,t)   due to an initial elemental mass   m     at 

(r   , 0).     The expansion of a gas,   with an arbitrary initial distribution of den- 

sity,   can be found by the linear superposition of the elementary solution given 

by Eq,   30 which corresponds to a spherical   (a •- I)   expansion of an elemental 

three dimensional  mass source.     A similar expression can be found for an 

elemental line source   (tr ~  1)   or plane source   (cr  - 0)   located at   (r   ,   0),     The 

result,   valid for all  a      is 

0.2 

P(r,t) 
(h/n) 

-cr+1 
t 

m on 

where   rn     equals the initial elemental mass  for   u  -I,   the elemental mass per 

unit length for   o" =  I   and the elemental mass per unit surface area for   u = 0 

(assuming a symmetrical expansion) 

Now, consider the expansion of an initially uniform gas of radius 

R and cr - 0 1,2 After long times, the flow may be considered as having 

originated from an elemental  source.     The solution for   t-* oo  is then given 

2 0 



by Eq.   31 which can be put in non-dimensional form by introducing   r = r/^0. 

v = v/a   ,    t - ta   /R   ,    etc.    In the present case define  n  = (v-Ur/Zt   so that 
o o      o 

r) =  1   corresponds to the leading edge for the corresponding continuum expan- 

sion.   (There is no leading edge for the free molecule expansion since   r -* oo 

as   p -* 0).    Eq.   31  then becomes 

,3t (T+l = D' e 
■B'n 

(32) 

where 

B'  = Zy/{y-\ 

D'   =^ZY/TT;    y/Z ;    ^~      for   d  = 0, I , 2 

Note that B' is independent of rr.     Numerical values for   B'and   D'are tabulated 

in Table 1.     Plots of pt versus   r\   are presented in Figs.   4 and 5.    Although 

the form of Eq.    32 is different from that of Eq.   25,   the variation of pt with 

r\   is similar,   for the two equations,   except near the leading edge of the expan- 

sion.     (See Figs 4 and 5.) For t) -  0,   Eq.   24 becomes pt = D and Eq.   32 

becomes  pt         - D1 so that D and D' determine the variation of p with t at 

^  = 0.     From Table I   it  is seen that  for each rr and y,   D < D' so that the 

density at the axis decays more  rapidly,   with time,   for continuum flow.     The 

dilference in the  expansion  rates  becomes  more  pronounced as  y approaches   1. 

The later  result ran be more readily understood by considering the 

distribution of mass within the  free  molecular expansion.     Let   ^(^l   be the 

21 



fraction of the total mass which is contained between the ordinate  r|  and the 

axis.    Then,  using equation 32, 

r 
(T 

P r   dr 

^ (n)  = _  = erf (Ji^Ti)      for  (cr = 0) (33a) 
GO 

pr  dr 

1  - e-0'11 (a = 1) (33b) 

erf^)  -^Le-B,Tl2     (<r = 2) (33c) 
v 

where   erf (    )   is the error function.     The effective leading edge of the free 

molecular expansion might be taken to correspond to ^ (rl) = 0. 9, 0. 99  or   0. 999 

etc.     The values of yjlPr]   which correspond to  ^ (r|) = 0. 9, 0. 99 and 0. 999  are 

given in Table II.     Let  -JB'r| % 2   be taken as a characteristic value defining the 

effective leading edge of the free molecular expansion and let the corresponding 

value of   r   be denoted by   R   ,,.     Then   R   f,/t % Zy/l/y.     This may be compared 
fll Gil i 'W 

with  R/t = 2/(Y-1)   for the continuum case,   provided  y ^ ' •    Hence,   the 

continuum expansion spreads more rapidly,   particularly for   y   near   1. 

 TJ]  A more precise comparison can be made by computing *\i (r\)   for the con- 

tinuum flow.     This can be done in closed form for  c =  1.     In particular,   for 

or = I   and continuum flow,   Eqs.   25 and 28a show ^(^l =  1   - U-Tl   ) 

For a given value of  «   = 1   - *\i(r\)   and o-  -  1 ,    the corresponding values of r|  for 

the free molecular and continuum flows are related by 
/T1cont     =(V-1)   y:T^/ /2^\/l-f 

(V"1)/(Y+1).     For t«! and y ^ 1,   the 

latter gives (R   r,)„   .,   /(R   ,,)       ,= (y- 1) \/- Int /\/2y which is essentially the " elf F. M. eff cont        i        v v     ■ / 
comparison given in the body of the report. 
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Table II.    Effective Leading Edge of Free 
Molecular Expansion 

^(n) 

^B'     Tl 

(j -- 0 ff =  1 er = Z 

0.9 1, 16 1, 5Z 1. 77 

0. 99 1. 8Z Z   15 Z. 40 

0.999 Z. 33 Z,63 Z. 85 

HYPERSONIC JET 

As noted in Ref, 5, the lateral expansion of a steady hypersonic jet, 

bounded by a vacuum, can be reduced to an equivalent unsteady expansion. 

This equivalance is now discussed. 

Consider a nozzle to exhaust a hypersonic  stream into a vacuum.    Let 

ü  be the velocity m the streamwise   x  direction,   u     be the value of  u   at the ; o 
nozzle exit,   M    - u   /a     and   fi   be a characteristic:   slope of the streamlines, 

o        oo 
If the dependent variables have the form 

v/u     -- 0(6) 
o 

p/p    - O 
o 

u/u     =  1 + 0(6   ) :34) 

then the continuity and   v  momentum equations  reduce to Eqs.   1  (neglecting 

terms of order   6     compared with 1) with   t   replaced by   x/u   .     These equa- 

tions can be solved for   v  and   p   independent of the   x   momentum equation, 

Bernoulli's equation can then be used to find   u   (which equals   u     to order   6   ) n ^ o 
The characteristic slope may be taken equal to that of the leading edge of the 

expansion after long limes 

y-l 
1 

.35) 



The above solution is self consistent when & ~Z >> I (provided ~ is not nearly 
0 

eqt•al to l) and hence apphes to hypP.rsonit jets. Thl4s, the previous unsteady 

solutions for tr = 0, 1 apply to two dimensional (tr = 0) and axisymmetric 

(tr = I) hypersonic jets . The var1able 'i in the former •• replaced by i/u
0 

in 

the latter. If a non-dimensional x = i/1\
0 

is introduced, then t is replaced by 

x/M
0 

in the non-dimensional equations. 

NUMERICAL SOLUT.ONS 

The equat\ons of rnotion for an initially umform hypersonic axiaymmetric 

jet exhausting anto a vac uum have been integra~ed numeticaUy for M
0 

= 10, 15 

~ = 1. 4 and M = I 0 , ~ = l . Zl.. The computations were performed by 
0 

A . B . Troesch and R. F. Kramer using an existin@ digital computer proaram. 

The density alona the axis of the jet was found a11 a function of distance and is 

plotted in F~g. 6 . The approxamate asymptotic solution, previously presented 

(Eqa . l8) ~ ~ at.o noted in Fig. 6 . It was not possible to continue the machine 

s.>lution t r .ftl the asymptotic form p(x/M 'tr+l = D wa& attained. 
0 

Ath.•mpts to analytJ,·ally extrapolate the mac h1ne results to very larae 

thstan' c a , for direct comparison w1th the approxamate theory, also met with 

some d 1 fficulty; the answer dependang on the extrapolation scheme used. For 

the M - I 0. IS; y = l . 4 ca•e however , some conf idence can be placed in the .. 
<'lt. tr ., iu>lated valueD = O. ZZ which can be conapc.red to the approximate value 

D .) . l4 given in Table f for ~ = I . 4, cr = I . As e~pected the results for 

~t I 10. IS and y = I. 4 were essent1ally independent of Ma<.h number and are 
I) 

pl4ttt·d as a single curve in Fig . 6b. 
I 

Ref e---n : .- 4 gave• numerical results for tht- density at the center of an 

/ n1 tJally uniform spherical ga3 cloud expanding to a vat·uum for ~ = S/1. The 

results are presented by a plot of p versus t whac h yields D = 0. 38. The 

latter value can be compared with the approximate value D = 0. 4lZ given in 

Table I for t1 = Z, ~ = S/ ). However, it !thould be noted that the initial por­

tion of the contanuum curve of p versus t in Ref. 4 . is obviously incorrect 

since the numerical solution for p versus t approaches the usymptolic solution 

Z4 
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from below rather than from above (compare with Fig,   6).    This casts some 

doubt on the correctness of the resulting value   D = 0. 38. 

In general,   it appears that the value of  D   given by the approximate 

solution (Eq.   28) tends to be somewhat too large for  g- =  1, <i   although it is 

exact for  rr  - 0   and   N   an integer.     The two numerical solutions noted herein 

indicated that   D   is too large by about  10%.    Further numerical solutions are 

required to better define the accuracy of the approximate solution. 
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