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SUMMARY 

Short cut computational r.;eti,odo are 

developed for solving systems whose 

matrices ray be generally described 

as block triangular. 

Ü 



UPPER BOUNDS, SECONDARY CONSTRAINTS, AND BLOCK TRIANGULARITY 

IN LINEAR PROGRAMMING 

by 

George B. Dantzlg 

With the growing awareness of the potentialities of the linear 

programming approach to botn dynamic and static problems of industry, 

of the economy, and of the military, the mala obstacle toward full 

application is the inability of current computational methods to 

cope with the magnitude of the technological matrices for even the 

simplest situations.  However, in certain case.;, such as the now 

classical Hitcncoc,-:-Koopnans transportation model, it nas been 

possible to solve the linear Inequality system in spite of size 

because of simple properties of the system J>c].  This suggests 

thai considerable r2search be undertaken to exploit certain .-special 

matrix structures in order to facilitate ready solution of larger 

syst 5ms • 

Indeed, recent computational experience nas made it clear that 

standard techniques such as the simplex algorithm, which have been 

used to solve successfully general systems involving one hundred 

equations (in any reasonable number of non—negative unknowns), are too 

tedious and lengthy to be practical for extensions much beyond this 

figure. Our purpose here will be to develop short cut computational 

methods for solving an important class of systems whose matrices 

may be generally described as -"block triangular. 

JlHlWHHHHi ■■■BIKHHBHHBBHiiL -   - 
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Consider a system of equations 

f 
n 

0 

(1-1) <^ 

V 
I aiJxJ " bi 

Xj >0 (J»l,2,...,n) , 

{1-1,2,...,m: , 

where it Is desired to obtain values of x. such that the form 

T a„.x. is to be minimized (or^ what is the same thing    laximlze <—    oj j      

the variable x ),   o 

I - Variables with Upper Bounds 

The size of matrix associated with sue!, a linear programming 

problem may become uncomfortably lar^e when, in addition to {I—1), 

many (or all) variables of the initial set have upper bounds. Thus, 

if each variable satisfies 0 < x. < a , it is customary to add an 

additional variable, say x',, and a new equation 

(1-2) XJ +XJ 
a 
J (xj > 0, xj > 0) 

to take care of each such restriction. To illustrate, by way of 

example, a linear programming problem of the transportation type 

involving ra destinations and n origins has a matrix involving m+n 
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rows and m-n variables x^ associated with m-n possible routes 

Joining origins with destinations.  Suppose now there is a capacity 

Ilml'ation rij on a rout*  so that i addition to the origin 

^QU_.-. _. t.ua^^o..- a.^a i^ii^-i. inequailtiss 0 < x. ^ one r.us- Inpose 

m.n additional restraints 

x. , + x, , 

II is clear now the original syster. has been expanded to (mn + - ^ n) 

rowa   ■   •  variables.  Not only has the systen become enon:ousiy 

er.larced out it is not clear »That has happened to that wonderful 

triangularl v property for transportation type nodels of a basis 

which permits ease of hand computation.  We shall refer to the orig- 

inal system plus these upper bound restrictions as the enlarged 
tm mm      1 mmSmmmmm 

syster..  The purpose of this section is to show that the upper 

bound restraints which is a special case of block triangularity 

(see Section II) may be provided for oy applying the simplex al- 

gorithm [lb], [5], [Sa] , to the original sys'em with due care that 

the range of values of a variable appearing in a basic solution 

stays within its upper and lower bounds.  (See footnotes 1, 2, 5, 

below and on following page).  In this paper it will be assumed that 

1.  A problem of Optimum Scheduling of Projects on Punch Card 
Equipment considered by Clifford Shaw of RAND was characterized by 
many variables with fixed upper bounds.  (These represented the max3- 
mum number of hours that could be assigned to a project in a work 
period.) The method described here was developed to provide a 



the  reader  Is  familiar' with  this ir.ethod.    By way of  review,  a  basic 

solution  to   (I-l) is defined as a  solution  in  which  r—fii variaoles 

x, are  set equal   to zero and  the  remainder x   ,  x.   ,   ....   x. 
J 0       Jl Jm 

satisfy  (W) sue:    thai   x,    > 0 and fch« submatrlx B =   [P ,   P.    r*, 1 
J1 - 

c       h Jm 

formed fro: the columns P  of coefficienis of these variables is 
Ji 

non—singular,  in each Iteration of the simplex algorithm a new 

tasic solution is foi-med in which  one of the basic variables x 

is replaced by a non—oasic variable x and one of  ] wna   ?.     of 
Jr 

the " asis" E Is replaced by P3. 

shall assume that one staits out with i iaslc solution to 

the original system ifhich does r  violate oonditionfl (t?). It is 

possible of curse that such a solution may not exist or may oe 

difficult tc determine.  However, if we begin with phase 1 of t 

simplex process where the problem is to determine a basic feasible 

solution, we will be In the position of navlng a basic feasible 

solution tc a related proulem which satisfies the r-elations x. £ a.. 

The regular simplex rules for snlftlng from one basic solution 

of the original system (W) to the next apply unless the value of a 

variable In the basic set changes from x. ^ a, to a new value 

short cut computing routine and was first reported by Clifford Shaw 
and the author before the Joint HAND-U.C.L.A. Seminar on Industrial 
Scheduling in the winter of 1952. 

2.  For other applications of the method described above see 
A. Charnes and C. Lemke [''i] . 

jj.  Quite often In linear programming problems it is possible to 
obtain a starting basis for an enlarged system from a basis of a 
smaller system.  A typical case occurs when a feasible basis for the 
enlarged system exists which differs from a feasible basis for the 
original system by having additional rows and corresponding unit 
vector GOlumns.  An example of this technique for bounded variables 
is found in CEarnes [2] . 
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x. + %. > a. Or X- • • > Ä-.  Then it Is necessary to reduce the 
J       J      J       B o 

j)erml33ible  range  of O so  that  x.  + Oy ,  <  a,  and  x_   < a     In  ot^der 
J     o  —    J s — n 

to preserve feasibility in system (I-tO- Let 6 »= O be the largest 

value for which all relations 0 < x. <, a . are satisfied and suppose 

for this critical value, O . one of the variables x. in the basic 

set x  , x. , .... x,  (or the variable K being introduced into 
Jl  J2       Jm 

the basic set) attains its upper bound a.. 

Consider now a new (equivalent) linear programming problem, 

obtained from the original problem by replacing x. by a — x', 

Letting P. denote the column of coefficients associated with x., 

the effect is to replace 

(a) The constant vector Q by Q —*aitPt 

(b) The vector Pt by -P 

(c) The variable x, by x! 

(d) Column P, in the basis is replaced by P„ unless 

t = s; in wlilcii case basis vectors are unchanged. 

(e) The values of the new basic variables denoted by 

x* are 

(1-5) 

x| - eo , (s + t) 

where O « O is the critical value of O.  The basic solution of the o 

equivalent programming problem has improved value for the minimizing 

form (excluding the possibility of degeneracy). 

We are now in a position to iterate using the regular simplex 

algorithm or the modified one as appropriate.  It may be of passing 



interect to note that the row vector ß ("pricing vector") used to 

determine which vector P. to introduce into a tasis B In subsequent 

iterations is unerfected whether one (or several coluinns) of the 

columns P. the basis are replaced by -P,  since ß is defined so 

that ßB - ß[P . P , P , ..., P   - [l, 0, .... 0]. 7\e  vector 
Jl  ^2 ^ra 

to be introduced into the basis is determined by Min ßP. < 0 or if 

x, has been replaced by x'. and P' is not In the basis, by Mir, p(-.p,)< 0 
J vl J J 

whlc: says a variable x . a' Ita upror boio^d may be decreased from 

i's up;%or : our.d w: •. :r:prove:nvnit jn the value of the solurion pro— 

vidlr.g t:-e negative of tbe usua] sh;.:-lex crirerlor. is satisfied. 

There is a close relation between the simplex algorithm for1 

the original problem (as modified above for variables with upper 

bounds) and the one which would be obtained if one were to directly 

apply the regular simplex procedure to the enlarged problem. The 

procedure just described was first obtained by noting that «Then 

the sim;.lex procedure is applied to the enlarged problem certain 

computational simplifications could be obtained because the vector 

associated with K\  is a unit vector. 
J 

II - r'loc;< Triangularity (General Case) 

« 
By "block" triangular is meant that if one partitions the 

matrix of coefficients of the technology matrix into submatrlcea, 

the aubmatrices (or blocks) considered as elements form a triangular 

A term suggested by Walter Jacobs. 



Now U.e main obstacle toward the full application of standard 

linear prograsBSlng techniques zo  dynamic systems is the magnitude 

of the matrix for even the simplest situations.  For example, a 

trivial 15-actlvlty—7-item static model, when set up as a 12-perlod 

dynamic model, would become a 130-activity by 84—item system, which 

is considered a large problem for application of the standard simplex 

method,  A fancy model Involving, say, 200 activities and 100 items 

for a static case would become a 2000 x 1000 matrix if recast as a 

10-period model.  It is clear that dynamic models must be treated 

with special tools if any progress is to be made toward solutions of 

these systems. 

Prom a computational point of view, there are a number of 

observed characteristics of the dynamic models which are often tinje 

for static models as well.  These are: 

(1) The matrix (or its transpose) can be arranged in 

triangular form ll-C). 

(2) MOST submatrices A^ , are either zero matrices or con*- 

>sed ot   elements, most of whicl are zero. 

(?) A basis for tne simplex method is often block triangular 

with its diagonal submatrices square and non—singular 

(referred to as a "square block triangular" basis). 

ih)     For dynamic models similar type activities are likely 

to persist in the basic for several periods. 

To illustrate, consider a dynamic version of the Leontief model 

in which (a) alternative activities are permitted; (a simple case 
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ayatem, (?).  Kor example, von ?^eumann, [9], in considering a 

constantly expanding economy, developes a linear dynamic model whose 

matrix of coeffIcients may be written In the form (ll-l) 

(II-1) 
A 

-B A 

-■ 

rAii 

iius) 
A   A 01   oo 

1 

^ri  x2  TT ■*' 

where A is the suLmatrlx of coefficients of activities Initiated In 

period t, and B is the sulmatrix of output coefficients of ihese 

activities in trie following period.  When activities extend over 

many time periods, it is not difficult to show that they can be 

subdivided into a set of Interlocked subactivities over time, whose 

input occurs at. time t and output at time t+1.  Moreover, It is not 

necessary that the input output blocka A,B be identical from one time 

period to the next. Because of the general applicability of such 

a model, the author in an earlier paper suggests that it is worth- 

while to give special attention to the solution of linear programming 

problems whore the matrices are of this form, [la].  In this paper, 

however, we shall consider the partitioned form {Itr)as standard; 

primarily because, cast in this font,, most models will involve fewer 

equations and variables and because the essential feature of block 

triangularity is preserved. 
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would be where ^teel can be obtained from direct production or 

storaee), (l) inputs to an activity for production in the t  time 

period may occur In same or earlier -ime periods.  It can be shown 

in tills model that (a) a basic solution will have exactly m activities 

in each time period (where m « number o" time dependent equations), 

(b) each shift in basis will bring In a substitute activity in the 

same time period, and (e) optimization can be carried out as a 

sequence of one-period optimization problems; I.e., the optimum 

choice of activities (but not their amounts) can be determined for 

the first time period (independent of the later periods); this 

permits a determination for the second time period (independent of 

the later periods), etc., ['-"cj . 

When flow models are repla ■■ :.  with mor'.  o: plex .-.cdels which 

Include initial Inventories, capacities, and the building of new 

capacities, the Ideal structure of a baüis (see third character- 

istic above) no longer holds.  However, tec.; (carried 015 since 

'.') J; . number of cases indicate thai bases, while often no 

3.:ua.'c  --■.:.■  "ii.;._u..c- in the sense above, juuld le rade so by 

changing re-La.; veiy few üolunns in t..c- tasiü (e.g., Oi:e or two 

activities in arnall modela).  Thia characteristic of near square 

block triangularity of the basis, i.e., with non—singular square 

submatrices down the aiagonai Is, of course, computationally con- 

venient and this paper will be concerned with ways to exploit it. 

However-, there appears to ce a strong alternative possibility 

which nay be built around bases whose non—zero elements 

either cluster- above (or- below) the main diagonal. An example of 
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this approach Is found In the Production Smoothing Problem proposed 

by Jacobs [6].  Selmer Johnson and the author have Leen able to 

show that the basis in that problem either does not extend beyond 

the main diagonal or if it does, it does so by not more than one 

column.  This will be the subject of another paper.  T:.esc consider- 

ations point up the need for fur'-her resear-c; or. ihe st'.-uoture of a 

basis whose columns are drawn from a block i-ria: jular matrix. 

The remainder of this section will be concerned wit;, a technique 

that should reduce materially the size of the computation job when 

the given model satisfies the first three empirical properties. 

Extensions can be introduced to take advantage of property (H) also 

but these are beyond the scope of the present paper. 

Let system (II—2) be the form of the matrix of coefficients. 

Let A^ be a ratrix wltl r. colurrs and r... rows ('"O.l, . . . ,T).  Column 

vectors P. which have elements in cor.jnon with A  , as well as 

their corresponding variables, will be considered as "belonging to" 

the t  period.  Similarly, the m equations which have coefficients 

th in cormnon with A  are also considered as belonging to the t 

period. 

We wish to apply the simplex algorithm and will do so for each 

iteration through the use of an artificial las is B and a true basis 

Recently H. Markowltz of RAND has pointed out that inverses for 
bases composed largely of zero elements (randomly distributed or in 
blocks) may be avoided.  Instead, he conjectures that the direct 
solution of the associated system of equations for each iteration (as 
is done in the transportation model, D-c] ) can be done at a fraction 
of the usual computational effort for a general system of this size. 
He is currently developing an electronic computer code to test this 
method out on large systems. 
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B.  The artificial basis will be snuai'e block triangular.  As many 

columns as possible of B will be made tie same as B.* 

It is assumed that expressions are known which express any 

column P of S as a linear combination of the colusma P  of 
h 

(II-3)  Pa« J nia P, (P, = PO) , 
1-0 ia «^i Oo   0 

so that we may write 

(Il_i)   ~ = .-t 

where T) Is a matrix whose or    column has coeffIcionts n-Ä.  If B 

has many columns In common with B, It Is clear that TJ will be com- 

posed largely of unit vectors so that the essential part of ^ 

consists of those columns which give the representations in terms 

of P4 of chose vectors P,, in H and not In B (called artificial J1 c^          

The use of true and artificial baseo has many important appli- 
catlons.  Some of these will be considered in subsequent papers. 
In general, the purpose of the artificial basis is to I ave a basis 
in a desirable form for computa*ions; the purpose of the side con- 
dition is to transform the computations based .on an artificial basis 
to their correct value in terns of the true basis.  Apolication of 
such a device calls for some Judgment, since it is clear that if the 
number of side conditions becomes too large, the method will have no 
advantages over a standard solution. 

For our purposes it Is not strictly necessary that these arti- 
ficial vectors be part of the original set of vectors P.; they could 
(if convenient) be any vectors (such as the artificial ttnit vectors 
found in the regular simplex process). 

:'■■■■■ ■■■.■.■,..,/-. :..,:„. ..■:..„  ■.■,.. ,, ,,. 
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vectors)   in teiiiiS of P.   . 

In  Ihe standard application of the  revised simplex algorithm 

J3äj ,  it  is customary ' o raaintair) tho  inverse of tlie basla  (or the 

Inverse  In product form   [5])  In order to solve  readily the eysten of 

equations 

(II-3)      = [i, 0, ..., 0] 

(11-0) m - PS 

> 
where 0 is the price vector and ¥ is the representation of the 

vector entering the next basis in terms of the vectors of the pre- 

ceding basis. This we replace by 

(11-7)    ßB - [i, 0, .... o:n 

(II-8) '^ m   ?3     • Y  =  VY     . 

Iri order  to  solve  readily  systems  involving B as matrix,   it  Is only 

necessary  to maintain  the   inverses  of  the  smaller non-singular 

o ' - . « 
the  second coluriji  corresporids  to dummy  variable  ^n+1 Whose 
is being maximized, 
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diagorial matrices of B (or their Inverses In product form) which 

we denote by B00, ^ii» ••• •  ^or exarnule, in solving (II—^) the 

Inverse of ^00, when multiplied by the first m components of the 

pight~4iand row vector will give the first ra components of Y. 

Because of triangularity, these values can be substituted into 

equations associated with the second time period and the next nu 

components of Y obtained through application of the inverse of 

B,., etc. 

Except for elements associated with the Inverses of the diagonal 

blocks (either in direct or product form), it will be noted tnat 

all other operations involve scalar products wit.-* parts of columns 

of " in their original form.  These often are entirely null ox- 

composed largely of zero elements.  This advantage is to be con- 

trasted with the case where the entire artificial basis B""1 (or LT"1) 

is maintained.' 

Each change ir true basis reclaces a vector P. by P .  The 
Jr    s 

representation of P, in terms of the vectors of the next basis is 
^r 

given  oy 

(II-O) P      -In,.     P.     ♦  Tjri     P. 
o -, , -'■Jr.      J \ l 0 r. 

l+T 

where  rj,       is given  In  terms of  the  components of y.   of  Y by 
•■ r 

(ll-io)      T1IJ    - -y1/yr    ,      ^rj    " l/yr U + r) 
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By  substituting the expression for Pf     in   (II-3),   vectors  Prt can 
j. a 

4 

be recxpressed in \,evn\s  cf the next basis. This constitutes the 

transformation 01" q from one cycle to next.  I P, is in 5 also, then 
-r- 

in the next cycle P. will be an ar'tificlal vector, and cxpreaslon 

(II-9) forms part of tUe  essential part of q for the next cycle. 

If P,  is not In B} its expression (11-^) in terms of the true 

basis is no longer of any interest and may be thrown away.  In the 

former case the size of T) (where by "size" is meant the number of 

essential columns) has increased.  In the latter it has reralned 

the same.  On the other hand if ?n  was artificial In i In the ore— 

vious cycle arid introduced into 3 in the next, then tne size of 

T) would decrease. 

We next consider tne possibility of modifying the definition 

of B in order to decrease the number of essential columns in q. 

This is Important because unless the size of t) can be kept relatively 

low, the transformations of r\  are the same as the transformatjons on 

the columns of B  in the standard simplex algorithm and no advan- 

tage would accrue by using this approach.  Let Pß be a column of 3, 

not in h,  belonging to period t, and suppose there are artificial 

vectors also belonging to this period.  We form the representation 

of the partitioned part of Pß belonging to period t in terms of the 

columns of 3^. 

(II-11)   F^0 - Btt 7
(t) 
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where those components of a vector associated With period t are 

denoted by a superscript ('..).  Consider now those components of 

Y^  , corresponding to artificial column vectors Pa.  If any of 

these components are non-zoro, then it is clear that Pg can replace 

the corresponding P- In B and thus reduce the t;ize of the essential 

part of IJJ moreover, Y^u' may be used as in regular simplex routine 

to obtain the corrected Inverse of lei (in direct or product form). 
I. u 

It will be noted that, because of block triangularity of the 

original matrix, the first step In the representation of P3 in terms 

of columns of B by (ZI~-8) gives the representacion of P^1' in terms 

of the columns of 3,  (where P„ belongs to period t).  However, 

this is the relation required b;, (11-11) and may be used to derer- 

mine if P can replace an artificial vector in B.  Hence, in this 
s 

case It is not necessary to make a separate calculation to deter- 

mine whether PQ can replace Pa In B. Moreover« by saving the 

relations that exoress Pjr^ in terms of the columns of "r      (and 

transforming them, should the columns of ~tt  change) it is possible 

to nave all relations (11-11) readily available.  There are, of 

course, as many sucn relations as -.here are essential columns in 

T\;  however, the wo  involved In maintaining these relations is a 

fraction of that required for r\. 

Ill  - Secondary Constraints 

Here, as in the special case of variables with upper bounds, 

we suppose in addition to (l-l) the variables must satisfy a 
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"secondary"  system of constraints of   the form 

n 
(III-I)       t    ^JXJ  + xn+k - bk (k  «  1,2.... .... ,m'). 

j"* 

W > 0 : 

mathenatically, ■hese latter restrictions differ in no »ay from 

ti:e ferner, but from the physical point of view It is anticipated 

that only a small subset of the restrictions (III—l) will be 

activ in an optinal solution.  By a constraint being "active" is 

meant that its "slack" variables x ^ «0. n TK 

To illustrate:  In a gasoline blending jrotlem there may be 

a number of equations controlling the performance characteristics 

of a blend, for example, its viscosity, specific gravity,   

It is expected that only one or two of these characteristics are 

limiting in a given ram.  A second related example would be capacity 

restraints on various processes within the refinery as in a thermal 

cracking unit, storage capacity of tanks, etc.  Again it may be 

expected that some of these restraints will be active, but not many 

for any particular problem on any particular Iteration of the 

simplex process. 

To take advantage of the expected small number of active 

secondary constraints, we shall make use (as in section II) of 

a true basis and of an artificial square block triangular basis 

in executing the simplex algorithm. 

For this problem the artificial basis will have a special 

form; its columns will consist of vector's  P , PA , ?_ , ..., ?_ 
1  ^2       ^r m 
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n+i' Pn+2J •••' ^TH.)' 
where - < Pi ' n. Ihe vectors P .^ 

o vlously unit vectors. B may bo partitioned In the fonr. a re 

(II1-3)  B = 
B(^  I. 

L       m'j 

where i^1^ are the components asscciated with system (I-i), 

B 2 with system (III-l), and I^.is an a« x m» Identity matrix. 

Since (111-2) is in "square block" triangular form, it is clear 
that it is only necessary to know the irverse or the smalle 

m x m suLrnatrix r(1  (or Its equivaleni) to determine Y or ß 

through T). 

Let the true basis consist of the vectors P  P       p 
0  Ji ' ' '' '  J 

It will be supposed that many of the vectors of the artificial m 

basis are the same as those in the true.  However, some of the 

unit vectors in the artificial basis may not be found in the true 

basis.  In this case, the side conditions (II-3) are simply the 

representations of these artificial unit vectors in terms of the 

vectors of the true basis.  With these observations one may now 

proceed to apply the algorithm of section II to the special case 

of secondary constraints. 

The method of additional restraints has been found to be a 

powerful tool in solving many large scale systems, for example, 

the recent successful solution of a 49-Gity traveling salesman 

problem.  Indeed, in some proulems it is easier to find a point 
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p where a runctlon assuines a minimumi for a region R* than for a 

smaller' required region R In R*.  If, by good luck, Ihe minimum 

value of the function is assumed at a point p of R* which is also 

a poin*. of R, then it is obvious that this point is also the re- 

ouired jpvlmum solution for P. 

To illustrate, suppose an optimum solution is obtained for 

(1-1) without regard to whether the slack variables x  . defined 

by the secondary conatralnt conditions (III—l) are non-negative or 

not.  If by luck all x , > 0 then the solution is an optimal 

solution for (I—l) and (III—i) comtined.  Consider now a situation 

where only a few of the secondary restraints are expected to be 

active; i.e., the solution may be expected to have some but only 

a few negative values.  In this case it appears reasonable to take 

the optimum solution of (l-l) as a good starting point to begin a 

corrective procedure to clean up the negative values of the variables 

in order to ootain ar. optimum solution for (1-1) and (III-l) 

combined. This approach can be formalized as follows: 

(a) Find an ootlmum basic solution (x_,x, ,x. ,...,x. ) 
0 Jl  J2  *  Jm 

to the smaller system (I—1) without regard to (III—l). 

(The fact that a smaller system is being firs:, solved 

can be an important computational advantage in practice 

over methods which work always with the entire system.) 

(b) Determine the values of the slack variables by substitution 

in (III-l) and regard B- [P^Pj '•••'Pj >   Pn+1' ' ' ''Pn-Kj 

as a starting basis for the combined system (l-l) and (III—1). 
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.  If xn+i > 
0 for the solution associated with this basis, 

then this ia an optimal solution for combined system 

and this terminates the algorithm.  If not. It is clear 

that the "price vector" ß for this basis satisfies 

ßPJ ^ 0 r0r ^1'2 »*»« n+m..  Indeed, ß nas 

clearly zero components for those components correspond- 

ing to equations of system (lll-i) while those 

corresponding to system (l-i) are the same as the 

optimal 3 for the smaller system. 

(o)  This uasis can be used to initiate the dual simplex 

alSOrithm of ^"^ a8 "'is method requires that all 

ßPj > 0.  See [7], [8b].  Computationally, the latter 

procedure resembles the simplex algorithm in that it 

shifts from one basis to the next and differs only in 

the selection criteria for determining the column to 

drop and to introduce into the next basis.  It does not 

require that x^ remain non-negative from one iteration 

to the next. 

(d) The initial basis B is block triangular; however, 

subsequent basis will have to lose this characteristic. 

However by Introducing an artificial basis as given in 

(III-S) and side conditions to express the artificial 

unit vectors in terms of the vectors of the true basis, 

the computational advantages discussed in section II of 

the near block triangularity of B can also be realized. 



-20- 

Flnally, it should be remarked that If it is known in advance 

that a certain variable x in a general linear programming mus^ be 

a basic variable in the optimum solution, this variable can be 

eliminated from all but one of the cqua:lons and the objective 

function.  The resulting smaller system can then oe optimized and 

the values of this solution substituted in the regaining equation 

(which is treated like a secondary constraint equation) to deter- 

mine the value x.  To illustrate In a dynamic economic model it 

is highly likely that the stock production activities will „e 

operating in all time periods.  In a recent example H, M. Wagner 

has shown that it is convenient to eliminate the corresponding 

variables from all but one equation each and optimize the remain- 

ing system.  In a few examples tested by this approacr. it turned 

out to be a trivial matter to make proper adjustments to correct 

the negative stock production activities even without recourse to 

the dual simplex algorithm recorrxiended earlier. 

Unpublished. 
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