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SUMMARY

Short cut conputational metliods are
developed for solving systems whose
matrices may be generally described
as block triangular. \




UPPER BOUNDS, SECONDARY CONSTRAINTS, AND BLOCK TRIANGULARITY
IN LINEAR PROGRAMMING

by
George B. Dantzig

O

Lith the growing awareness ol the potentialities ¥ Lhe Jlineshe
programming approacn to both dynamlc and static problems of Indubtry,;
of the sconomy, and of the military, the main cbstacle toward full
application is ¢t inability of current computational methods to
cope witn tne magnitude of tne technological matrices for even the
simplest situations. How=ver, in certain cases, S ch as the now
classical Hitchcock—Koopmans transportation model, 1t nas been

possible to sclve the linear incquality system in spite of zize

becaus2 of simple properties of tne system c]. This Buggests
that consideratle rescareh ve undertaken to ecxploit certain special

matrix structures in order to facllitate ready solutlon of larger
SRS E R

Indeeda, recent computational experience nas made 1t clear that
standard techniques sucn as tne simpiex algorithm,which have been
wed Lo solve successfully general systems involving one hundred

equaticns (in any reasonable number c¢f non-negative unknowns ), are too

tedious and lengthy to be practical for extensions much beyond this

<)

igure. Our purpose here will be to develop short cut computational

ethods for solving an important class of systems whose matrices
Ay w

=

may be generally described as lock triangular.

i
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Consider a system of equationc

e
I Y
e ng 4%y = 0 5 Xy > (j=1,2, A &
(1) <
n
Z ay 4%y = by (G015 Bn o oa i

where it 1s desired to obtaln values of X, such that the form

J

> a ,%, 1s to be minimized (or wrat is the same
v

the variable xo).

I - Variables wiir Upper Bounds

The size of matrix assoclated with such a linear programning
problem may become uncomforiably large when, in addition to (I-1),
many (or all) variables of the initial set have upper bounds. Thus,
if each varlable satisf{ies O & xJ & aJ, it is cusiomary to add an

additional variable, zsay x!, and a new equation

I-2 Xy o XU w0 » 2 (O 0
2 T Bl (2 2.10: 252 a8l
to take care of each such restrictlion. To illustrate, by way of
example, a linear programming problem of the transportation type

involving m destinations and n origins has a matrix involving m+n




rows and m.n variables x4J assoclated wlth m«n possible routes
A

Jeining origins wivh destinations. Suppose now there 18 a capaclity

limitation 'y 4 ON 2 route 8o that i addition to the crigina
17
system of equations and linear lnecualities O < %y, One mus’ Lmpose
- ]
m.n additional restraints
Xyy * %5, =1, (x, ;-2>0, % .—> 0l
o, ~ - = ‘l. o

it 1s clear now the original systerm has teen expanded to {mn + m + n)

ows and <men varlables, Not only has the svsiem become enoyicusly

ariiarged cut Lt L5 not clear snat has happened to that wonderful
triangularily piroverty for transportation type nodels of a basis

wilcr permits ease of hand conputation. We shall refer to tie orig—

inal system plus these upper hound restrictions as the enlarged

putiindiaiinll < Al

(&}

syster. The ourpose of tnis sectlon 1s to show that the upper
tound restraints whicn s a special case of block {riangularity
(see Section II) may be provided for vy aprlying the Simplex al-

gorithm [1t], [3], [8a], to the original system with due care that

the ranyge of values of a variable appearing in a basic solution
stays witnin its upper and lower tounds. (See footnotes 1, 2, 3,

below and on following page). In this paper 1t will be assumed that

1. A problem of Optimum Scheduling of Projects on Punch Card
Equipment considered bty Clifford Shaw of RAND was characterized by
many variables with fixed upper bounds. (These represented the maxi~
mum number of hours that could be assigned to a project in a work
period.) The method described here was developed tc provide a




|

the reader is famillar with this method. DBy way of review, a basic
solutlion to (I-1) is defined as a solutlon in which n—m varianles

X, &re set equal to Zero and the remainder X, X. , ..., %,

sattely (BQ) sucii that x, > O and tre submatrix B = {P P, "“’PJ ]
ui 1
formed f{rom tiie columns Pj of coefficients of thesc variarles is
1

non-singular. In each iteraticn of the simplex algoriihm a new

tion is formed in whilch one of tiie hbasic variables x

J !1
ls replaced by a non-tbasi and one of columns ?J of
r
the "pasis" B is replaced by F,.
“ec shall assume that one sStarts out witn a basic solution t
the original system which does 1 violate conditions (F2). It is

posBible ol course that such a solution may not exist or may be
difflcult tc determine. However, Lif we vegin with phase 1 of tre
simplex process where the nroblem L1s Lo determine a haslic feasible
golutlon, we wlll be In the position of having a basic leasible
solution tc a related protlem which satisf{ies the relations Xy £ aJ.
‘he regular simplex rules for shifting from one basic solu.ion

of the original system (Fd) to the next apply unless the value of a

variable in the basic set changes from x, ¢ s to a new value

J

short cut computing routine and was first reported by Clifford Shaw
and the author before the Jjoint RAND-U.C.L.A. Seminar on Industrial
Scheduling in the winter of 19.2.

2. For other applications of tiie method described above sece
A. Charnes and C. Lemke [4].

3., Sulte often in linear programming problems it 1is possible to
obtain a starting basis for an enlarged system from a basis of a
smaller system, A typlcal case occurs when a feasible basis for the
enlarged system exists which differs from a feasible basis for the
original system by having additional rows and corresponding unit
vector columns. An example of this technigue for bounded variables

Ts Tound In Charnes [2].




xj + OyJ > a'j or x. = e > a,. Thern 1t 1s necessary to reduce the

permissible range of © so that x, + 8y, < a, and tg < O in order
oy J — (53

J
to preserve feasipility in system (I2). Let € = 60 be the largest

value for whichi all relations O ¢ x, < &, are satlsfied and suppose

J J

for this critical value, Ob’ one of the varlables x, In

(S

e

-
w

set x x, f{or the variable x_ being introduced 1
W

» X, . s
Jl J2 Jm
the basic set) attains 1ts upper bound a, .

Consider now a new (equivalent) linear programming problem,

ottalined from the original probklem by replacing X by a, — xé.
letting Pj denote the column of coefficlents asscciated witn xJ,
the effect i3 to replace
(a) The constant vector Q by & —‘a, P,
() The vector Pt by -Pt
{c) The vartable x. by X
w
(d) Ceclumn Pt in the basls 13 replaced by P_ unless
a2
t = 58; in whiecnhr case vasis vectors are unchanged.
(e) The values of the new basic variables denoted by
X% are
£y w Ry = Y s (31 ¥ t)
i fL o
(1-3)
* = 6 8
X2 A (s +t)

where € = 66 is the critical value of ®. The basic solution c¢f the
equivalent programming problem has improved value for the minimizing
form (excluding the possibility of degeneracy).

We are now in a position to iterate using the regular simplex

It may be of passing

algorithm or the modifled one as appropriate.




interest to note that the row vector B ("pricing vector") used to

-]

determline which vector P, to Introduce into a taslis B In subsequent
A%
iterations is uneffected wiether one (or several columns) ol thne
PJ the tasis are renlaced Ly ~P since £ 1s def'ined so
o
that BB = é{_?o, P ] 1,

columns

(Lo Ty 3 5457 PJ ¥R IL G se.p Q. "TheTsRk
o 1 2 m

to be intreoduced into the basis i1s determined by Min 5PJ T

=

x.j has been replaced by x} and P} is not im the i
i ;

which says a varlable x, at its upper bound may be derreased T rom

o

its upper bound with improvement in the value of the solution pro—

sis, by Min a(~PJ)< 0

o
&)
Y

£

e

viding the negatlive cof the usual simpleXx criterion le =at

There 13 a close relation between the simplex algorithm for
the orizinal problem (as mcdified atove for variables with upper
scunds) and tne one which would Le oLtained If one were to directly
apply ‘he regular simplex procedure to the enlarged proclem. The
procedure Jjust described was first obtained =y noting that when
the simplex procedure is applled to the enlarged prcblem certain
computational simplifications could be ohtalr.ed because the vector

assoclated witt is a unit vector.

\(l
J
II - Plocit Triangularity (General Case)

*
By "block" triangular 1s meant that if one partitions the
matrix of coefficlents of the technology matrix into submatrices,

the submatrices (or blocks) considered as elements form a triangular

*A term suggested by Walter Jacobs.
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Now the maln obstacle toward the full application of standard
linear programming technlques to dynamic systems ig Lhe rnagnltude
of the matrix for even the simplest situations. For example, a
trivial 15-activity—7—item static model, when set up as a 12-period
dynamic model, would become a 130-activity by 8i—item system, which
1s considered a large problem for applicaticn of the standard simplex
method. A fancy model lnvolving, say, 200 activities and 100 items
for a static case would become a 2000 x 1000 matrix 1f recast as a
10—period model. It 18 clear that dynamic models musti be treated
with speclal tools if any progress 1s to be made toward soluticns of
thiese systems.

From a computational point of view, there are a numper of
cbserved characteristics ol {..e dynamic models which are often true
for statlc models as well. Tnece are:

(1) The matrix (or its transpose) can be arranged in

triangular form {TI-2).

(2) Most submatrices A,. are elither zerc matrices or oM

peses of elements, most of which are zZero.

(¢} & pasis for the simplex method is ofien block trlangular

with its dlagonal submairlces sguare and non-singular
(referred to as a "sguare bleck triangular" tasis).
(4) For dynamlic models similar Lype actlvities are likely

to perslst in the basls for gseveral perlods.

To 1llustrate, conalder a dynamlic version of the Leontief model

in which (a) alternative activities are permitted; (a simple case




2 b Y -
system, (2). For example, von Neumann, [;], in considering a

constantly expanding economy, developes a linear dynamic model whose

matrix of coefficlents may be written In the form (ER=3)

'—A - — —
| | A11
= R PR e
=) b (ames) 21 "2z ;
3 ‘_'B A | o . . . H
—t .‘.
L Gl wApy Ay App

where A 1s the submatrix of coefficients of activities initiagted in

]

period t, and B is the subtmatrix of output coefficlents of these

activities 1n the following period. When activities extend over
many time perilods, it 1s not difficull to show Lhat they can be

sundivided into a set of in erlocied Suvbactlvities over time, whose

D)

input occurs at time t and output at time t+l. Moreover, it is not
niecessary that the input output blocks A,B be identical from one time
period tc tine next. Because of the general applicabllity cof such

a model, tihe autnor in an earlier paper suggests that it is worth-—
whille %o give special attention to the solution of linear programming
pronlemns where the matirices are of this form, fla]. In this paper,
however, we shall consider the partitioned form (I )as standard;
primarily because, cast in this form, most models will involve fewer
equatlons and variatles and because the essential feature of block

triangularity is preserved.




would be where 3teel can be obtained from direct production or
storage), (L) inputs to an activiiy for production in the < ime
period may occur in same or eariler lime periods. It can te shown

in this model that (2) a basic solution will have exactly m actlvities
in cach time period (where m = number of time dependent eguations),
(b) each shift in basis wlli bring in a substitute activity in the
same time pericd, and (c) optimlzation can be carried out as a
secuence of one-—-pericd optimization provlems; l.e., the optimum

choice of activities (Lut not their amounts) can be delermlned for

i

the first time period (in:: endent of the later perlods); this

sermite 2 delermination for the second time pericd (independent of

~
+
B
-
[o9)
N
e
o
=
]
o
Ve
+
R

W [ ’y e v
whien flow mcdels arc

onplex models which

include initial inventories, capaciitles, angd 2 bullding of new

capacitlies, ¢ ideal structure of & basis (sce third character—
istic above) nc longe clds However, tec's (carried on since
1950) on a number of cases indicate that tases, while often not
sguare LIoC Langpu ar in the sévnige Above, could be made 80 by

changing reia ively few columns in U.e tasis (e.g., one or iwo

setivitles in small models). This characteristic of near square

. el

plceck triangularity of the basis, i.e., with non—sSingular square
submatrices down the ulagonal 1s, of course, computatiornally coii-—
venlent and thls paper will be concerned with ways to exploit 1t.

However, therc appears to pe & strong alternative possibility

L

which may pe bullt around bases whose non-zero elements

either cluster above (or below) the main diagonal. An example of
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this approach 1s found in the Production Smoothing Problem proposed
by Jacobs [6]. Selmer Johnson and the author have Leen able 0
show that the basis in that problem either does not extend beyond

the main diagonal or if it does, it does so by not more tnan one

&

column. This will be the subject of another paper. These consider--

ations point up the need for further research on the structure of a

*
basis whose columns are drawn from a block trianicular matrix,

Trie remainder of this section will be concerned witih a technique
that should reduce materially the size of the computation jobL when
the given model satisfies the {irst three enmpirical properties.
Extensions can be introduced to take advantage of property (4) also

but these are beyond the scope of the present paper.

Let system (II-2) be the form of the matrix of coefficlents.

Let A_. be a matrix with n. colurns and mg rows (£=0.2,7 . 5% Colhy
vectors PJ which have elements in cormon with Att’ as well as

their corresponding variables,will be considered as "belonging to"
the ttL nariod. JSimilerly, the m, eaquaticns which have coefficients
in common witr Atz are also consldered as belonging to the Lth
period.

We wish to apply the simplex algoritiim and will do so for each

jteration through the use of an artiflcial tasis Z and a true basis

*

Recently H. Markowitz of BAKD has pointed out that inverses for
hases composed largely of zero elements (randomly distrituted or in
blocks) may be avoided. Instead, he conjectures that the direct
solution of the associated system of equgtions for each 1iteration (as
is done in the transportation model, [1c3) can be done at a fractlon
of the usual computatlonal effort for a general system of this size.
He 18 currently developing an electronic computer code to test this
method out on large systems.
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B. The artificial basis will be square block triangula:». As many
columns as possible of B will be mede the same as B..

It 1s assumed that expressions are known which express any

column Pa of B as a linear combination of the columns P o B
Ji
m
2, - -
(I1-2)  Py= 5 n, P, (p, =p),
1=0 91 Yo
sc that we may write
l—4 ) 3= B.n
where n 1s 2 matrix whose ath column has ecoefficliants Nig- 15 gt ¢
has many columns in common with B, it is clear that n willl be com—

posed largely of unit vectors so that tiie essentlal part of 7

consists of those columns which glve the representations in terms

of P, of those vectors P, in L and not in B (called artificial
ui 1

The use of true and artificlal baees has many important appli-
catiors. Some of these will bte considered in subsequent papers.
In zeneral, the purpose of the artificial btasis 1g to have a tasis
In a desirable form for computa:iions; the purpose of the side con-—
ditlon is to transform the computations hased .on an artifiIclal Dasis
to thelr correct value In terms of the true basis. Application of
such a device calls for some Judgment, since 1t is clear that 1{ the
numver of side conditions becomes too large, the method will have no
advantages over a standard solution,

For our purposes 1t 1s not strictly necessary that these arti-
{lcial vectors be part of the original set of vectors P,; they could
(if convenient) be any vectors {such as the artificial énit vectors
found in the regular simplex process).

- 4

rn S
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vectors) in terms of P .
Jy
In the standard application of the revised simplex algorithm
@q, it is customary %o maintals the inverse ol the uasls (or the

y o [P -
inverse in product form Lf}) in order to solve readily the system of

egquations

(T1=5) % o= {1, 0, ..., O

*

where B 1s the price vector and Y is the representaticn or

vector entering the next basls In terms of the vectors oi

ceding basis. This we replace vy

(11-7) Bl [, Oy .05 Oln

)

]
=1

<

(1i-3) BT = P

In order to solve readily systems involving © as matrix, 1t is cnly

necessary to maintain the lnverses of tihe smaller non-singular
Y g

-
M™-25 dnfiniticn of B applles only to phase II of the slmplex
procedure; for phase I, replace trhe right—hand side by H001,0] ey Gls
gee [a|, where it 15 assumed that tre first column of the basis is

P, corresponding to the variable x, 1n (I-1]. In phase I, however,

the second column corresponds to dummy variable x whose value
n+l
is8 belng maximized. ;
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dilagonal matrices of B (or their inverses in product form) which

we denotle by E@o’ 511’ ... . For example, in solving (II-£) the
inverse of ¥ when multiplliled by the first m_ components of the
oo’ s Q P

righi-hand row vector will give the {irst mg, components of Y.

Zecause of triangularity, these values can Le substituted into
eguations assoclated with the second time period and the next my

components of Y ottalned through application of the inverse of

5} ete.

d?

.

Except for elements associated with the inverses of the diagonal
blocks (either in direct or product form), 1t will be noted %that
2ll other operaticns 1involve scalar products with parts of columns

ra)

of ¥ in thelr original form. These often are entiiredsy  mals ok
composed largely of zero elements. This advantage 18 to he con-
trasted with the case where thne entlre artificial basis B (or 3‘1)
is maintained!

gacn change in true basis replaces a vector P by PS. The

i

representaticn of P, 1in terms of the vectors of the next basis is
P

given oy

(11) Bh e B g By iRes LK

i 1+I' e i -
where My is glven in terms of Lhe components of Yy of T-bi
S
(II-10)  nyy ==y, 5 oy =1/, (1 % r)

r




By substituting the expression for P, 1in (II-3), vectors P, can
I

i

ve recxpressed in verms of the next Lasls. Tials constitutes the

teanglformatilion of w from one cycle Lo nexi. 1Ir P, 48 4In E also, then
o r.

in the next cycle P, will be an artificial vector, and expression

"

(II-5) forms npart of the essential part of n for the next cycle.

e 2 18 not in B, 1is expression (II-4) in terms of the true

e

b s

basis 1s no longer of any interest and may be thrown away. In the
former case the size of 3 (where by "size" 1s meant the number of

essential columns) has increased. In the latter it 1:a8 rermalined

)

the gsame. On the other hand if PS was arcificial in in the pre—

vious cyecle and lntroduced into 5 in the next, then thne size of
v 3

o

N would Gecreese,

We next consider the possibility of modifying the definition
of B in corder to decrease tre numter of essential columns in 1.
This 1s important because unless the size of n can be kept relatively
low, the transformations of n are the same as the transformations on
the columns of B‘l in the standard simplex algorithm and no advan—
tage would accrue by using this approach. Let Pﬁ be a column of B,
not in f, Lelonging to period t, and suppose there are artificial

vectors also belonging to this period., We form the representation

of the partitioned part of Pa pelonging to period t in terms of the

> B
columns of Bet

(II~21) 3




wrere those components of a vector associated wlth period t are

denoted by a superscript (t). Consider now those components of
7(t)

, corresponding to artificlal column vectors Pa. If any of

these components are non—zero, then it is clear that P, can replace

B
the corresponding Pa in B and thus reduce the silze of the essentlal
— 4
part of n; moreover, Y(“) may be used as in regular simplex routine

to obtain the corrected inverse of “tl (tn direct or product form).
v
It will be noted that, tecause of block triangularity of the

S

3

original matrix, the first step in the representaticn of P.3 in te
of columns of B uy (I1-C) gives the representation of Pgt) in terms
of the columns of Stt (wrere PS belongs to perilod ). However,
this 1s the relation required by (II-11) and may be used to deter—
mine if Ps can replace an artificlal vector in B, Hence, in this
case 1%t is not necessary toc make a separate calculation to deter—
mine whether PB can replace Pa in B. Moreover, by saving the

Pét) in terms of the coluruis of TCt (and
transforming them, should the columns of ftt change) 1t is possible

relations that express
to nave all relations (II-11) readily avallable. There are, of
course, as many such relations ag there are essential columns in
n; however, the wo:ri Involved in maintalining these relations 1s a
fraction of that réquired for n.

III - Secondary Constralnts

Here, as in the special case of variables with upper bounds,

we suppose in addition to (I-1) the variables must satlsfy a
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"secondary" system of constraints of the form

n
Ead k) jg; 2, X, + X~ b P W - S
e %

24
> 03

Xntk 2
mathematically, these latter restrictions differ in no way from
the former, but from the pnysical point of view it 1s antlcipated
that only a small subset of the restrictions (III-1) will be
active in an optimal solution. DBy a constraint being "active" is

meant that 1ts "slack" variables X = 0

it
To illustirate: In a gasoline blending problem there may be
a number of equations controlling the performance characteristics
of a blend, for example, its viscosity, specilic gravity, .....
It iz expected that only one or two of these characteristics are
limiting in a given run. A second related example would be capacity
restralnts on varlous processes within the reflnery as in a thermal
cracking unit, storage capaclity of tanks, etc. Again 1t may be
expecied that some of these restralints will be active, but not many
for any particular problem on any particular iteration of the
simplex process,

To take advantage of the expected small number of active

secondary constraints, we shall make use (as in section II) of

a true basis and of an artificlal square block triangular basis

in executing the simplex algorilithm.

For this problem the artificial bvasis will have a special

form; its columns will consist of vectors PO, Pﬁ , PB FAR Ty PB R
& 2 m




[ =

P LA B W 5| < rentore
BRIk E N R 2 7 Tt here 1 < ﬁl <mn. The vectors Pn+i

are obviously unit vectors. B nay be partitioned in the form

(111-2) B =

|
i
o
1l'--{
[Ty

where Eél) are the components assoclated with system (I-1),

g(‘) with system (III-1), and I+is an m' x m' tdentity matrix.
Since {III-2) is in "square block" triangular feorm, L1t is clear

that 1t 1s cnly necessary to know the inverse of the smaller

w11 \ | . =
m X m submatrix i( ) {or its egquivalent) to determine ¥ or {2

through 7.

Let the true basis consist of the vectors P P

s P 2 R 2
It will bLe supposed that many of tThe vectors of the ariiflctal

Jm+m|

vasls are the same 2s those in the true. lowever, some of the
unit vectors in tne artificlal basis may not be found in the true
vasis, In this case, the side conditlons (II-3) are simply the
representations of these artificlal unit vectors in terms of the
vectors of the true basis. With these observations one may now
proceed to apply the algorithm of section II to the special case
of secondary constraints.

The method of additioral restraints has been Tound tou be a

j
powerful tool in solving many large scale systems, for example,

the recent successful solution of a 49—city traveling salesman

problem. Indeed, in some problems 1t is easier to find a point
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p where 2 function assuwnes a minimum for a region R* than for a
smaller reculired region R in R*., If, by good luck, the minimum
vaiue of the functlon is assumed at a point p of R* which is also
2 point of' R, tien it 1s obvious that this point 1s also the re—
guired vptimum sclutlion for E.

To 1llustrate, suppose an optimum solution is obtained for

(I-1) without regard to whether the slack variables X, 4y deflned

20
by the secondary conatiraint conditions (III-1) are non-negative or

> 0 then the soclution 18 an optimal

g, If B5w lack ail x
no J LF n+i 2

solution for (I-1) and (III-1) combined. Consider now a situation
where only a few of the secondary restralnts are expected to be
active; 1.e., the sclution may be expected toc have some but only

a few negative values. In thils case 1t appears reascnable to take
the optimum solutlion of (I-1) as a good starting point to begin a
corrective procedure to clean up the negative values of the variables
in order to obtain an ootimum solution for (I-1) and (III-1)
combined. This approach can be formalized as follews:

{a) Find an optimum basic solution (x _,x, ,X, ,...,%X, )
G Jl Ja 2 Jm

to the smaller system (I-1) withiout regard to (III-1).

(The fact that a smaller system 18 being first solved

can be an important computational advantage in practice

over methods which work always with the entire system.)
(b) Determine the values of the slack variables by substitution

P

in (III-1) and regard B = [_—PO,PJI,...,PJm; R o Mmj

as a starting basis for the combined system (I-1) and (III-1).




=l

I’ Xn+1 2 O for the solutlon associated with this basis,
then this 1is an optimal solution for combined system
and this terminates the algorithm. Ir not, 1t is clear
that the "price vector" B for this basis satisfies

BPJ 2 - for jal,ﬁ,...,n,n+1,...,n+m'. Indeed, B has

clearly zero components for those components correspond—

[,

Ng to equations of system (I1I-1) while those
corresponding to system (I-1) are the same as the
optimal B for the smaller systemn.

(e) mis vasis can be used to initiate the dual simplex

algorithm of Lemke, as this method requires that all
SPJ 2 0. See [7], [8v]. Computationally, the latter
procedure resembles the Simplex algorithm in that it
snifts from one basis to the next and differs only in
the selection criteria for determining the column io
drop and to introduce into the next basis. It does not
require that xJ remaln non-negative from one iteration
to the next, -

(d) The initial vasis B 18 block triangular; however,
Subsequent bLasis will have to lose this characteristic.
However by introducing an artificlal basis as glven 1in
(III1-2) and side conditions to express the artificial
unit vectors in terms of the vectors of the true basis,

the computational advantages discussed 1in Section II of

the near block triangularity of B can also be realized.




Finally, 1t should be remarked that if it 1s known in advance

that a certain variable x in a general linear programming must be
8 baslc variable in the optimum sclution, this variable can be
eliminated from all but one of the egua:iions and the cbjective
function. The resulting smaller system can then be optimlzed and
the values of thls solution substituted ln the remaining equation
(which 1s treated like a secondary constraint egquaticn) to deter—
mine the value x. To illustrate in a dynamic economic model it
is highly likely that the stock vroduction activities will be
operating in all time periods. In a recent example H. M. Wagner*
lhas shown that it is convenlent to eliminate the correzponding
variables from all but one equation each and optimize the remain—
ing system. In a {ew examples tested by this approach it turned
cut toc te a trivial matter to make proper adjustments to correct
the negative stock producticn azctivities even without recourse tc

the dual simplex algorithm recommended earller.

*
Unpublished.
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