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\ PREFACE

"Stud;§§

~J4
consists of two papersA_their purpose being to study in detail

on Bottlenecgaifoblems in Production Processes"

some representative problems which occur in the study of inter—
industry processes. The general techniques will be those of
the theory of dynamic programming. A brief description of these
techniques appears 1in [{]; a loqg expository account, together
witb“nn”app}&catton;'spﬁédFEJI; [7].
j?The first paper, by R. Sherman Lehman, considers a simple

mathematical model of the interaction of two interdependent
industries engaged in the production of one item. For conveni-
ence, we—shali—eall-these the auto and steel industriesgic o sdoe)_,

Utilizing a highly lumped model, we shall assume that at )
any time t the state of the industries 1s completely specified |

by the following quantities:

— A A WA
x,(t) = auto stockplle at time t AR K¢
x2(t) = auto capacity at time ¢t
) xs(t) = steel stockpile at time t
xe(t) = steel capacity at time t

Taking t to be a continuous variable, at each instant we
must determine rates of allocation of the steel stockpile towards

three distinct objectives:
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{a) Production of autos

(2) (b) Bullding of auto factories, 1.e., increase of auto

capacity

(¢) pBullding of steel factories; i.e., increase of steel

capaclty

The last two of these three objectlves are to be sublimated

to the >ver—all objective of maximizing the total number of autos

produced over a time—period T, which is to say, the quantity x,(T).

The measures of stockplle and capacity are chosen so that

one unit of capaclty, elther auto or steel, 1s required for the

production of one unit of stockplle in unit time. We assume

that by units of steel are required to make one unit of autos,

b, units of steel to increase auto capacity by one unit, and by

units of steel to increase steel capacity by one unit. GiHowever,

we 3hall assume that no

steel.

steel 15 required to produce additional

Finally, we shall assume that there are no time-lags between

allocation and production, an assumption of some magnitude.

Let
(a) z,(t) = rate
(2) (b) zp(t) = rate
(c) za(t) = rate
(d) z4(t) = rate

We obtaln the following

of production of autos
of increase of auto capacity
of production of steel

of increase of steei capacity

system of equations:
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_g%&- = zl(t), X;(O) = Ci,

8- = z2(t), x2(0) = cy,
(%)
—FE = 25(t) = b1zi(t) = baza(t) — beza(t), x3(0) = cg,

-%%4— = z4(t), X4(0) = cg,

together with the linear eonstraints

(a) z,(t) < xa(t)
(5) (b) zs(t) € xal(t)
(e) zi(t) 2 0, 1=1,2,3,4

(4) xs(t) > o.

The first two of these constraints arise from the capacity
limitations. The third 1s a statement that the rates of pro-
duction must be non-negative, and the fourth that the steel

stockpile must be non-negative.

The problem 1is now to determine the z,(t), satisfying the
:>h§§§ctions of (5) which maximize x,(T).

The second paper by Richard Bellman and R. Sherman Lehman,
'
treats the problem of maximizing qg(T) given the equations

Ax{}J~2/4ét'

asza(t) - 23(t),  %2(0) < oa, AV A

gy
b5 )i Gy m w3k (t) - Kizal(t), x3(0) = s,

/ 4 v VA~
v s 2 st pok D % X ¢ ‘

-t
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and the constraints -
¢ <" { A f“ 0
’ o 1 Lronwad
7 (a) 22, Zs R’n 0 ,’] ¢ oA Li.a ] )
. ) I, / o e
m‘ (b) zZ2 + :g“&) Lo "Fha oL ¢ ”;. { T L b~ >
i, <% 5 4 f 7 ) ‘ o ¥ o o %
(c) loza +%¥s e /... Tla » sow 14 ]

where az, bs, X.g; ¥ are positive constants.

This problem 1s derived from the same t of mathematical
model as the first. \\

Both problems require for their treatment \l'n intimate inter-
mingling of general theory and detailed analysis. It seems
fairly certain that &£ is not altogether the fault of our methods
that the analysis is so complicated, but that these are actually

complicated problems with nonobvious solutions.
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STUDIES ON BOTTLENECK PROBLEMS IN PRODUCTION PROCESSES

STUDY 1I:

A SIMPLE TWO-INDUSTRY PROBLEM
INVOLVING MULTI-STAGE PRODUCTION PROCESSES

by .
R. Sherman Lehman

§1. Introduction

In the Preface to these Studies, we have formulated in
mathematical terms the problem of utilizing the steel and auto
industries so as to maximize auto production. Let us then con-
tinue from equations (4) and (5) of the Preface.

These equations can be combined to provide an equivalent

system of integral inequalities:
zy £ X2: 2z;(t) -J za(s)ds < c2

(1.1) O £ xs: ! (=2s(s) + b12,(8) + baza(s) + beze(s))ds < cs
z23  Xe: 2a(t) - ! z4(s)ds < cq

Our problem is a special case of the following more general
problem. Let Z be the set of all vector functions z(t) which
satisfy the conditions.

z(t) > 0
t

Bz(t) + f cz(s)ds < ¢
0

(1.2)

® If u and v are vectors, by the notation u { v we mgan that each
component of u £ the corresponding component of v, cf. [2].
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where B and C are matrices, and ¢ 1s a constant vector. The

problem is to find a vector function z(t) in Z which maximizes

(1-}) f (z(t)pc)dt’
o

the integral of the inner product of z with a constant vector a.
In [2], 1t was shown that there 1s a dual problem which pro-

vides a sufficient condition that a z(t) belonging to Z be a

maximizing vector function, or in other words, that a feasible

solution be optimal. Let W be the set of vector functions w(t)

for which

1y B2

B'w(t) + C gx w(s)ds > a

where B' and C' are the transposes of B and C. The dual problem
is to find Min JI (w(t),c)dt. It can be proved readily that for
weW

b T
(1.5) [ (z(v),a)at ¢ [ (w(t),e)at,
o (o}

and that if we find two vector functions for which (1.5) holds
with equality, they must yield the maximum and minimum, respec-
tively, for the two problems (see [2]). Two such vector func-—
tions for which equality holds will be said to be paired with
each other. Thus, a sufficient condition that a z belonging to
Z be optimal i1s that it can be paired with some w in W.
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For the auto—steel problem formulated above we have
/
/1 0 0 O 0 -1 0 0 1
(1.6) B=|{0 0 0 0 Cw= by by =1 be ae|®
0
0O 01 o0 (0] 0 0 -1 0

The dual system of inequalities is therefore

T
1 = wa(t) + b, [ wa(s)ds =1 % 0

T T
(1.7) 2 = .Ef wg(s)ds + bz J '3(3)68 20

T
Ly = we(t) - Jn wi(s) ds > 0

T T
Ly = by fr Wa(s)ds - ir we(s)as > o.

We have chosen to call the components of w, wp, W3, and we in
order to keep the connection with the inequalities z, £ X2,
0 £ X3, 23 { X4 Clear.

The optimality conditions, i.e., the conditions that (1.5)
hold with equality, are:

If z,(t) > 0, then g,(t) = 0, (1=1,2,3,4)
(1.8) If 2,(t) < x2(t), then wa(t) « 0

If 0 < x3(t), then wy(t) =« 0

If z5(t) < x4(t), then we(t) @ 0
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The following are equivalent to the optimality conditions:

It 24(t) > O, then z,(t) =0, (1=1,2,3,4)
If wa(t) > O, then z,(t) = xp(t)

If wa(t) > O, then O = xa(t)

If we(t) > O, then z5(t) = xe(t)

§2. Delta-functions

Before we proceed to determine the solution, let us discuss
the use that we will make of delta functions. It can easily hap-

pen that the general problems discussed above have no solutions

i1f the sets Z and W are composed only of vectors having compo-—
nents which are measurable functions. In fact, as we shall later
see, this 1s the usual case in the auto—steel problem. This
difficulty can be evaded by enlarging the sets Z and W so that
they contain vector "sinctions" whose components are sums of
measurable functions and “delta functions.” In these enlarged
classes the problems have solutions. By a delta function concen—
trated at to with weight &, which se denote by w6(t=t ), we mean

an improper function such that

t

of 6(s=ty)b(s)ds = LN

o1fr t <ty

for every function ¢ continuous at t,. (For t = t, the integral
1s undefined except when b(to) e 0, in which case it 1s defined
to be 0.)
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The use of delta functions can be Jjustified rigorously
either by the alternative use of Stieltjes integrals, »r by
regarding the delta runctiong as obtained by completing the
space of measurable functions by a process similar to that used
in obtaining the real numbers from the rationals.'

The optimality conditions remain the same even when Z and W
are enlarged in the above way. We observe that there 1s no harm
in the violation of the optimality conditions at 1solated points
or even in sets of measure zero when only measurable functions
are allowed as components of z and w. But, when one of the vec—
tors, W, for example, has a component wy which is a delta function

at the point t then for a z to be paired with w, the corres-

o’
ponding optimality conditions must be satisfied at the point tor

We shall find that we never have to use delta functions con-
centrated at any point other than O to obtain an optimal z. Intul-
tively, this means that radical changes are not necessary except

at the beginning.

53. The Solution

The procedure that we use will be to construct a number of
w—solutions which we can pair with z's belonging to Z and hence
obtain solutions of our problem. The chief difficulty occurs in
constructing w—solutions with suitable properties. In this we
are guided by a combination of guessing and observation of proper—

ties that an optimal z should have.

* Cf. G. Temple, "Theoreis and Applications of Generalized Func-
tions," Jour. Lond. Math. Soc., 28 (1953), pp. 134-148.
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First of all, it is clear that we should always have
23 = X4. To produce too much steel 1s not harmful. This tells
us that we should have L3(t) = O for all t; 1.e., we(t) = E; wa(s)ds.
The remaining inequalities of (1.7) then become

£y = wa(t) + b;w.(t) -120

(3.1)
L2

bz"(t) - f '2(8)68 20
Lo = bawy(t) — Jx we(s)as > 0

Shortly before T it is clear that we should be producing x,
since that 1s the quantity we wish to maximize at time T. Hence,
we will have z; > O, which implies that ‘1‘. 0. This alone will
not give us sufficient information to determine wp and ws.

We first construct a w sblution, which we shall call the
basic w—solution, with the property that £ = O near the end.
This means that we must have wy (T) = O. Then by (2.1) we have

s -1}_‘_(1*—1):('1'—”/5:,

(3.2) b, (T-t) /be
wa(t) =e

We see that wo, wa, and wg all remain posftive as t decreases.
We must check to see whether the inequality f4 > O is satisfied.

With the above choice of w we have
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=01 (T-t) /o
(3.3) e = P (1 ") - LI, 2 (1

-bl(T-t)/ba)

The quantity on the right side of this equation’is positive for
T-t small but is negative when T-t 1s large. Let to be the valwe
of t for which the right side becomes zero. Then T-t, is the
solution of the equation

b, (T-t ) /b
(3.8) Tty = (by + —R)(1e o5

Thus we see that at t, we must abandon one of the equations
£y = 0O and £> = O. Let us try to choose w so that £, = O and

L = O before to. We have

(to-t)/bo

we(t) = "o(to)e

3.5
( ) (to-t)/bd

wa(t) =1 = bx'c(to)e

To verify that L2 > O we compute its derivative. We find

(3.6) -g%l - b,.g%; +%g @1 = (by + Ef‘)'4(to)e(to-t)/b.

A condition sufficient to insure that f2 2 O is that -g%l € 0 for
all t € ty. This will hold 1f

(3.7) "(to) Zﬂ?ﬁ—‘w
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which by (3.2) and (3.4) 1s equivalent to T-t, > be. This last
inequality can be checked by putting b,y in place of T—t in (3.3)
and verifying that the quantity thus obtained is positive. We

have

<b,be/d
(3.8) 4= [(b. s (e ')-b.]

- P2 o
b%

=b,bs /b2 [ eblbo/'ba < b!:‘ )] > 0.

Hence f2 > O for all t  t, with the above choice of w.

"We also see from (3.5) that wy, and w3 remain positive. Thus
(3.5) will give a satisfactory choice ol w until wp becomes zero.
Let t, be the value of t when this happens. Then, by (3.2) and
(3.4) we have

(to—tx)/bo be + b2/b,
o
Before t; let us see whether we can choose wgp = 0 and have
Le = O. We see that wg > O and ws > O. We have —g%!— - bg—%%* €0

so that £2 > 0, and —ytb = b, 3%

€ O so that £, > 0. Hence
this choice of w will be valid for all t ¢ t,.

Our basic solution is summarized in the following table.
This table also 1ists the properties that a £ paired with this
w solution must have. Any z with these properties gives a policy

which, if feasible (i1.e., satisfies the z constraints), is optimal.
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.
td Ly XS t, <t (T
rt1>»o 3,0 le 0 le 0
{2)»0 z, = 0 22;’0 l2==0 ﬁz' 0
- gy s Yeo
(3.10) | ¥, =°© y=0 {70 |3z,=0
vy = 0 vy ) 0 3 =X vy >0 32X,
937 0 X, = 0 ¥y 0 Xy = vy >0 Xy = 0
v, Y 35X, LR 0 3,5%, v, ? 0 3= X,

Let us see how this table can be used to obtain a partial
solution of the auto-steel problem. For the moment let us assume

cs = 0. For t < t, we must have
(3.11) zy =0, 22 =0, 2y =X, Z¢= X¢/be.
For ty € t £ toy e must choose

(3.12) 2, = xs, 22 =0, 23 =Xs, 2z, = -Sapui2

This can be done if and only 1f x4(t;) — byxa(t;) > O. Let us
assume that this inequality 1s satisfied. Then for to <t < T

we must have

(3013) Z, = X2, 2 = —x"%l'h, Zs = Xg, 24 =0
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which 1s possible provided x4(t,) — b;x2(t;) > O. Thus we

see that for certain initial conditions we can obtain the optimal

solution.

$4. The Modified w Solution.

As already has been noted, we run into trouble 1f x,(t,)
- b;x2(t;) < 0. To handle this case we consider a modification
of the basic w solution of Fig. 1 above. Let u, be in the inter-
val [t,,T]. For each such uy we define a solution as follows:
For u, < t < T we let w(t) be the same as in the basic
solution. For t < u, we choose wa(t) = 0. Por t ¢ u, but near
u, we choose we(t) = 1/by so that £, = 0. This choice will keep
£4 > O for a while before u,. We define u,; to dbe the point
where £, becomes O with this choice of w. For t < u; we choose
w so that £, = O. It is easily seen that this choice makes
£y >0, 22 > 0, wyg > O and wy > O for a1l t < u;. Hence, in
this way we obtain a w solution for each u, in the interval

[:,T]. We observe that for u, = t;, u; = t; and this solution

(]
1s identical with our basic solution of Fig. 1. Note that u,
depends continuously on uy. Since for Uy, = T, uy = T - by, there
1s a w solution for each u; in the interval [t,, T-bg].

These w solutions together with the properties of the cor-

responding z solutions, are summarized in the following table:
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tdy “I'Et <Y o < ° WDZE {t (]
:1>0 3,=0 l.lso 1180 11-0
L2020 | 20 |3,20 | 20 3,20 | 4=0
13.-. 13:0 l,:o 23:0
(4.1) 14=0 z,.)o 3,=0 tL=0 (.‘70 3480
=0 w=0 L TAN L B PANE Tk,
V20| X3=0 | uy=0 ) 20 X320 | w350 2320
HL)C 33814 u‘>0 z3=xl. u‘)o 1381‘ "'1.70 a,sx‘
Since w, is a delta function at u , ve must have x,(u°)= 0.

Ng. 2

Note that 1if u, > t,, then there 1s no t satisfying the
conditions of the third column; and 1if u, = T then there 1s no t

satisfying the conditions of the last column either.

85. The Equilibrium Solution

A policy which seems plausible in some instances is the
following: Make an initial adjustment to bring xs down to zero
in such a way that after the adjustment Xy = byxp. If this is
done, after the initial adjustment no increase in capacities 1is
necessary and all available steel can be used for auto production.
Such a policy would require for the w paird with it that £(0) = O
and £4(0) = 0, because in general both zz and z, will have to be
delta functions. We shall construct & w solution with this property.
First, we note that our basic w solution has this property
when T 1s such that t, = 0. This suggests that we try to choose



P-492
-12-

TR S

where a and £ are constants. If wy 1s chosen so that f, = O,
the inequalities (3.1) become

T

L2 = bawe(t) — (T-t) + b, f we(s)as > 0
(5.2) o t

e = bg'g(t) -_ ! w.(s)ds 2 0.

If £2(0) = £4(0) = 0, then

(5.3) we(0) = -mg—‘r‘—

-5,T/b2
We set E= e and from (5.1) = (5.3) derive the follow-
ing two equations for a and B:
boa + (bg + blT)B e T
(5.4)

(b2 + byb)Be + (bg + bybgy)R = T.

A solution of these equations will give a w for which £3(0) =
£4(0) = 0. We have

a=T |1 bg + 5,7 | =T [By(be=~T)]
(5.5) A 1 by + bibs a
B=T]| bg 1| ® T Cbe(1=E) = bybsE]
Al (bg + Db )E 1 a
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where

b2 b + b;T
(5.6) = = (b2 + byby)(ba ~ bE - b,ET)

(bg + b|b4)E bz + bybe
Also

b;T/b2

(5.7) = (b2 + byby)E (bge - bz = b,T)

(ba + b;b.)E (bg + DT - bp = bgT) = 0

Now let us assume that T — t > T » bs. Then from (5.5)
We see that a < 0. Let us check to be sure that for the w we have
defined wa(t), we(t), and we(t) are non-negative for 0 { t < T.
This 1s equivalent to verifying that O S we(t) < 1/b, and
—S{-ﬁ £ o. ‘ve have —3¥s . a -%:- e1(T=t)ds £ 0. Hence 1t will
be sufficlent to check that we(T) > O and we(0) < 1/b,. Since
T =t, 2T, we conclude from (3.4) and 5.3) that

” T Tt b b
(5.8) ¥4(0) = 5prpr < BagElpT < 1‘-5—3!&&’,". 2 - 1/5,

and
(5:9)  we(m) =asp =L b, [(be+ veby)1-8) - T]20

We also must check that for 0 { t < T, {2 20and £4 3 0.



~Since

(5.10) Ji2- =1 S 41 - bywe(t) =1 = by8

and £2(T) = bawe(T) > O, we have g2 > O for all t in [0,T]. Simi-
larly, we know that £4(T) = bewe(T) > O. Hence, if we show that
-g-:-ﬁ-ﬁ < 0, we will have proved that f4 2 O for all t in [0,T].

We have

L4
(5.11) Gt = alve + g&-) (1';.:_)5 0.

This completes the proof that the w which we have defined is a
solution. Its properties, together with those a z paired with 1t

must have, are summarized in the following table:

t=0 0{t{"?
y=0
1280 !2)0 32-0
y=0
(5.12) "1.'0 l‘)o 34-0
w)o | n=x
v,)O 2’80
v‘)o X=X,

Hg. )

Note: This solution is valid
only for T2b,,
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86. A Short—time w Solution

The w solution which we construct next will be useful in
finding the solution of our maximum problem when the total time
is short, T < by. This solution differs from those already
constructed in that it allows x3 to be positive and 23 to be a
delta function concentrated at O.

For 0 { t < T let we(t) =¥, wa(t) =1 — b, ¥ where
0< ¥<1/oy. Then £,(t) = 0, £4(t) >0 for 0 { t < T. Also

(6.1) t2(t) = bp ¥ = (T-t)(1-0,F) = [Bat+by(T=t]] ¥ - (T=t)

Now, if we choose Y= 1.—3‘:‘.— then £2(0) = 0 and £(t) > O for
t > 0. Thus we obtain a solution of the system of inequalities
(3.1). It 1s summarized below together with the properties a

2z paired with 1t must have.

t=0 0 t?
5= o
1230 12)0 1280
Yoo
t‘>o 3‘80
e DA B T
(6.2) vy =0
v, 20 He%,

Since is e delta function at
nﬁ(-m
Mg, 4

Note: This solution #s valid
for T ¢ b‘ only.
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57. Description of Solution and Proof

We now can give the complete solution to the original
problem. There are quite a few cases that we must consider
separately. The critical values t, and t,, which are defined
by (3.4) and (3.9), depend on T, but in such a way th=t for

fixed by, b2, and by, T - to and T - t, are constants.

Case I: T 1s large enough so that t; > O. In this case we

choose z4 to be a delta function concentrated at O to bring xs
down to zero immediately. This means that if the total time 1is
long enough we should not keep any steel in storage but should
be using it to bulld more steel plants. The use of the delta
function 1s permissible because 84 = O for t near 0. For

0t ty we let
(7.1) Zy =0, 22 +0, Zy = 2x,, B¢ = X¢/bg

thus keeping x5 at zero level. At t, we must distinguish d4if-

ferent subcases:

IA: xe(ty) = byxe(ty) 2> 0

(7.2)
IB: xe(t1) — byxa(ty) <O

In case IA we can produce autos at capacity without run-

ning out of steel. Hence we let

(7.3) Zy = Xg, 22 =0, Zg ® Xy, Zqg = _&%:ﬂl
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for t; { t { ty; and for t, <t T we let

(7.4%) zZ; = X2, zz-x—‘%?, Zs = Xq4, 2Z4 = 0.

This solution for Case IA 1s optimal because it can be paired
with our basic w solution of Fig. 1.
In Case IB we do not have enough steel to produce autos at

capacity. Hence we continue to produce no autos for t > t,, i.e.,

(7.5) 2y =0, 23 =0, Z3 = X,, 2Z¢ = -%% .

We do this until x4 — b; Xz becomes zero or t = T-b,, whichever
happens first. If x4 — b;X2 becomes zero at t' then we choose
Z, = X2, 22 = 0, 25 = Xq, 24 = O thereafter. This solution is
seen to be optimal by pairing it with the w solution of Fig. 2
for which u; = t'. As we have already remarked there 1s such
a solution no matter what t' is, so long as t; < t' { T - b,.
If, on the other hand, x((T-b,) — b;x2(T=bg) < O , then for

T = by {t {T we choose

(7.6) Z, = -%?—, 2z = 0, 29 = Xq, Z¢ = O.

This solution can be seen to be optimal by pairing it with the
w solution of Fig. 2, for which uy = T, u; = T — b,.
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Case I1I: T is such that t; < 0 £ t,. As before we choose z,

to be a delta function concentrated at O to bring xs down to
zero immediately. Thereafter the solution is as before. There
are two subcases:

IIA: x4(0) — b;x2(0) > ©

(7.7)
IIB: x4(0) = byx2(0) € O

In Case IIA we let z; = x2, 1.e., produce autos at capacity.
We use the remaining steel to increase steel capacity before to
and to increase auto capacity after to. That 1s, for 0 < t ¢ to
we let

(7.8) Zy =Xz, 22 =0, Z3 = X, Zg® -5‘:%f1‘

and for t > to we let

(7.9) Z, = Xa, 22'&-%2&» Zs = X4, 24 =0

This sclution is optimal because it can be paired with our basic
solution of Fig. 1.

Case 11B is similar to IB. The same prescription holds,
and the solution 1is paired with one from Pig. 2.

Case I1II: T 1is such that t, { O { T = bs. There are three

subcases:



IIIA: ¢4 = bycz 2 by—pi-
7. : - . .
( 10) I1IB Cqe byecz < —ﬁ

IIIC: 552 < e = byoa < S

In Case IIIA we use our initial stockpile ot-steel to
increase auto capacity, i.e., we let z; be a delta function con-
centrated at O bringing x5 down to zero. Thereafter, we let
2, = X2 and use any remaining steel to increase auto capacity,

l.e.,

(7.11) Z, = Xg, 22 = -5‘§§15‘ » Z3 ® Xe, 24 =0

This solution is optimal because it can be paired with the basic
w solution of Fig. 1.

In Case IIIB we find ourselves short on steel capacity. The
policy and proof are the same as in Case IB.

In Case I1IC we can make an initial adjustment so th=t xs
becomes zZero and X4 = b;Xa2. We do this by choosing zp and 2z,
to bde delta functions concentrated at O. After that we let
2, = X2, 22 =0, 23 = Xq, 8¢ = 0. This solution is optimal
because it can be paired with the equilibrium w solution of
Fig. 3.

Case IV: T ¢ bs. There are three subcases which depend on the

initial values:
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IVA: cq = byca > _Bﬁfa

(7.12) IVB: c¢ — byea > -:.‘f.-t

IVC: T-c‘Lsc‘ - bjecp <1‘?’L03

In Case IVA the solution and proof are the same as in Case
IIIA.

In Case IVB we choose zp = O and Z¢ = 0 for all t. As
always we let z4 = x,. We choose 2, in any way such that
z;(t) < x2(t) and %5(T) = 0. Thus, in this case the solution
is not unique. Any solution of this form can be seen to be
optimal by pairing it with the w solution of Fig. 2 for which
u, = T.

In case IVC we find ourselves in an intermediate case, unable
to follow the policies suggested by IVA and B. In this case
we make an initial adjustment of the steel stockpile down to
the value cs, using this steel to increase auto capacity. There-
after we choose z, = x;, 2z, = O, 23 = x4, and 24 = 0. The

value cy 13 determined so that xs(T) = 0. It 1s found that

' DiCa=bo (Ce=b; e
(7.13) e,._LJ.s:éﬁTJ_;l

has this property. This solution is optimal because it can be
paired with the short-time w solution of Fig. 4.
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Initial Adlustnants

Ceses] I: t 2 0] II: ty¢0¢ III: .6 0<&T-b, [IViT by
A Adjunt:g,tn 0 by Bring x, to O by
1mn1uiimg:a
increasing x,, "Build guto cépacity”.
B "Build steel capacity. b J"“l “;tl..
c No Case No Case Ad just eo =0 .ﬂjlﬂt:,
- "1‘2"%’ ] 4o ’
1nnnnaimzxz .nlx‘. g?t;rfh::
x.(T)= 0,
ILu1‘u|221

After the initial adjustments the optimal policy can be
determined by a priority system. Before ti, building steel
capacity, l.e., z4, has first priority. This continues after
t: until either x4 > byxz or t — be, Whichever comes first. Wwhen
this happens, which may be at ti, of course, first priority is
given to auto production, z,. This will use up all availabdble
a;eel unless x4(t;) > byxa(t;). In that case second priority
is given to building steel capacity until the time ty,e After
to second priority is given to building auto capaecity.
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STUDY 1II:
A MATHEMATICAL MODEL OF TWO
INTERDEPENDENT PROCESSES

o¥

Richard Bellman
R. Sherman Lehman

S1. Introduction

In this paper we shall study a simple mathematical model
of the interaction of two processes.

Using the fundamental device of the theory of dynamic program-—
ming, we shall convert the original problem involving the maxi-
mization of an integral subject tc integral constraints into
that of solving a functional equation which may be converted
into a nonlinear partial differential equation.

Although the over-all approach is straightforward, the details
of the analysis are not simple and, in genersl, a very precise

argumentation is required.
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$2. Formulation of the Problem.

We shall consider the following maximization problem: Given

—g%l—— = 8222 — 23, x2(0) = c2

(2.1)
%XFL = b;'als —vtz!p xs(o) = Cs

where zp and z, are functions of t subject to the constraints

za(t) + 25(t) < xa(t), z2(t) > 0

'(2.2)
foza(t) + Kza(t) < xs(t), zs(t) » O,

determine z> and z3 so as to maximize x2(T). The constants az, bs,
Y2, 33 are all positive as are the initial constants cs and cs.

This problem is equivalent to the functional equation

f(cz, c3, s+t) = Max_ f(xe(s), xa(s),t) f(ca,cs,0) = ca.
(2.3) p[0,S]
where x; and x5 satisfy (1) and the maximum is over all choice of
the decision variables zp; and zy which satisfy (2) on the interval
[0,8], and Max x2(T) = f(ca,cs,T), cf. [1].
A solution of the partial differential equation
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() B (enoart) = arx [ (o2 35— % Bojea + 00% 35 - 35

where D[O] represents a choice over all z,(0) satisfying (2), will
yleld a solutiorn of the functional equation and hence the original
maximum problem.

Our procedure 1s to assume the existence of a solution of (4),
a functior f(c>,cs,t) with continuous partial derivatives in its
three arguments and plecewise continuous second derivatives. We
assume also that the gi(t) for this maximum function are plecewise
coritinuous. Using these assumptions we derive the form of the |
solution.

It 1s convenlent to look at the question in terms of regions
in the (r,T) plane where T i1s the time remaining before the process
ends and r 1s the ratio x2/x3 or cz/cs. A solutionto (4) and also
(3) 1s uniquely determined by the specification of what policy is
to be followed for each couple (r,T). For given T the optimal
policy depends only on the ratio because of the homogeneity of (1)
and (2).

In the quadrent r > O, T > O we can find certain regions in
which a given policy, for example, z3 = Xz, Z3 ® O, 1s to be
followed at t = 0. The problem reduces to locating the boun-—

daries of these regions.

$3. B/A is a Monotone Function of r.

First, let us look at the partial differential equation (4).

The right side 1s a linear form in the variables z3, zs. Let

)sz
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A= (ap 2 7—- - ¥ )f )

The location of the maximizing point (zz,zs) will depend on the
éatio B/A. Our first aim is to consider this ratio B/A as a func-
tion of r'_ and T. Let f(cz,cs,T) = r;(e./e,. ¢s, T). Then

f 1 of

ac2 ¢ T

a SR £}
3Cs ?iar + s

Also because of the homogeneity, fi(ca/ca, acy, T) = afy(ca/cs, cs,T);

and hence c, ggt = f1. Consequently

Clearly B/A 1s a function of r and T alone. For simplicity we con-
sider A and B as functions of r and T by setting cy = 1, and we

drop the subscript on f. We have
A =a; gé— -%(f -r gg—)
B=by ¥s (f-r %;—) - g%-

Considered for fixed T, A is a monotone-decreasing function

of r,and B 1s a monotone—increasing function of r. To prove this
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we differentiate with respect to r and find

-g%— = (a2 + JQP)'€EE;

—gg— "(1 + bga;r) jsf; .

lr .
It will be sufficient to prove Q_;; < O because the first deri-

vatives of f are continuous. This will follow from the fact that

f(r+a) + £(r-a)
2

e(r) 2

To prove this we note that a possible poliecy for time T with
irnitial values rcs, Cs 18 the mean between the policles which are
optimal with initial values (r+A)cs, cs and (r-d)ca, cs for the

same time T. This 1s true because both the equations and restric-

tions are linear.

B4. The case ¥s/¥% <1
Let us begin by studying the case 1in which ¥3/% < 1. If we
consider the constraints (2) in the 2z, zs piane, we find there

are three cases depending on the position of the lines

L2: 22 + Z3 = X2

£s: Jaz. + ,523 = Xg3.

The line f{z may be above f3 8o that £ is the only essentisl con-
straint. The lines may cross so that both are essential. The line

{2 may be below £3 so that 1t 1s the only essential constraint. In
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each of these three cases we denote the vertices of the convex

set defined by (2) by P, P', Q, R, R'.

Zs T > 1/¥ /8 < <1/8s , r<1/sm

is L2 L2 Ls
For P': 27 = XS/‘tr Z9 =0

R': 25 = 0, 23 = Xs”g
Yaxa—X3/Ys~b2, zs = xs—%xa /Vs-%

P: Z2 = Xg, 29 = 0

Q: 22

R: Z = 0, Zs = X,

The linear form in the right side of (4) will in general be
maximized by choosing (2zz,zs) to be a vertex. Houever; if the
ratio B/A = ! or 8,/% the maximizing point (zg,2zs) 18 not uniquely
determined by the linear form. Conzider the trajectory curves
for a given solution in the (r,T) space, that i1s, the curves deter—
mined by (—:3{-:-} » T-8) 88 s runs from O to T. If the trajectory
never runs along one of the curves B/A = 1 or B/A = Js/%, then at
each point an optimal policy will be to choose (z2,2s) to coincide
with one of the vertices. A policy of choice of an intermediate
point can only be optimal on a curve in the (r,T) plane and not in

a reglon.



Except for this disturbing possibility of choice of an
intermediate point, if we knew the location of the curves B/A = 1

and B/A = ¥3/%, we would know the optimal policies. They are

as follows:

r>1/f 1/ <r <1/% r<1/%
B>§:-A; R B>A: R B>A: R
B<-}:A: P A>B>-}§.A: Q B<A: P

B<-—¥:~A: P!

It 18 clear from the differential equation (1) that for T
sufficiently small the optimal policy is to maximize zp and take
z; = O. The favorable effect of taking zs positive is of second
order while the unfavorable effect of decreasing g-? is of first
order. This means that the optimal policy is P when r‘< 1/%= and
P' when r > 1/¥s.

$5. Region Where P' 1s Followed.

Knowing the solution for small T, we use the information thus
obtained to extend the solution to larger T. First we treat the

case in which r > 1/y, and P' is followed. There
-
o

80 that xs(t) = c,e"t; x2(t) = cp + 2— c,(l-e"t). Consequently

£ (ce,cs,T) = cp + —:g- cs(1-e7T)
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and

A= age-T

B e —b}gﬂh (1-e~T) - 1.

We wish to find when B = —;:— A. Then we have

T o b,lf,..-? - bizfi%a-g‘
30132+ 5582 a2 33(ba+l,

The necessary and sufficient condition that there be such a T is
that A ® bs¥saz —¥2 > O. From (1) one sees that following P' does

not decrease r. Define T* by the equation

T o A
8293 (b+17)

if the right side 1s positive, and let T* = 00 otherwise. Then for
r>1/%2, T < T*, we know the solution completely. We note for
future refererce that this result holds also when ¥3/¥> > 1.

Let us look at the region 1/¥; € r < 1/¥%. Because of the
continuity of B/A we know the policy Q is followed for values of T
that are slightly larger than T*. We now prove that actually the
policy Q 1s followed in the whole region 1/¥s < r < /43, T > T*.

§6. @ Policy not Preceded by P'.

Let us first establish that in an optimal policy it does not
happen that first P' is followed and then Q. For, consider any
policy which consists in following P' for O ¢ t € u->5and Q for
u-56<tgu. We prove that for & and/b usufriciently small there
is another policy which 1s superior having the form Q for 0 ¢ t € A

and P' for A < t < u, where A is a positive number.
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Let
((0) az/¥2
P = >
-1
4 1 3363 + 52 —(32"’1)
[ 3= 2: (-Zf,z{,(b,-tl) babig'k\(g
x2(t) Ce
Using vector matrix notation with x(t) (t) sy C -( >.
st Cs

we have %’é— = P'x(t) when P' 18 followed, and g%-— = Qx(t) when

Q is followed. Thus for the policles described above we have

I: x(u) = eQbeP'(H)-c = (I +Q6 + o(b6))(I —P'6 + o(6))eP

- (I+(Q-P")5 + o(5))er 'Y ¢

11: x(u) = o:*P'(“‘A)eQA - ep'“(I + (Q=P")A + o(8))-c

For 6/u, O/u, u —> 0, the differences between the results

|}
at time u obtained by Tollowing these policies and eP U, ¢ which

is scbtained by following P' for the entire interval are
1: 6 [(Q—P') + (Q—P')P'u+o(u)]'c
11: A[(Q—p') +P'(Q—P')u+o(u)] °c.

Setting &y, = ag¥s + Y2, 823 = —Y2Y¥s(ba+l), we find

.u.c




. (az I+ %2 —(22 Fs+&)/fz)
(Q-p') =
(ds-%) 8255 (ba+1) % (ba+1)

1 a, -a11/582 )
(%-%) az, - 8z21/52

0 ay,
(Q — pr)pr = f(8221) ( )
(63‘4)52 0

and also

82,

az -az/%2
P'(Q — P') = _aI.I.LQL
(8s-%) _%, )

The difference in lower components at time u 18 thus

[
.

((ﬁx‘,) [aax(ca - ca/¥%2) + -(E;Lll 8z;Cau + 0(“)]
3— 2

6 9 (‘i&?) [821(02 - c3/¥%2) - az, (ca - c;/b'g)u-bo(u)] .

The difference in upper components 1s

- 661) [a..(ca - cs/%) + —%g*—‘la,,c,u . o(u)],

11: (lf—fé_) [au(ca - ca/%) + —;}l—'—’l (cz — cs/%)u + 0(0)]-




We choose A s0 that the policy of type 11 gives the same
value for xs(u) as that given by the policy of type I. Thus

5 [ (caca/B) + {2881) cqu + o(u)]

(ca—c3/¥2) (1-u)

D=

Now we prove that the quantity xz(u) for II exceeds xz(u) for I
by & positive amount. Since (¥3-%) < 0, (c2—s/¥2) > C, and

(1=u) > 0, this is equivalent to the statement

a [(Cz—caf(as + (—a'gfl—)—- cau + 0(\1)] (1-u)
> [(cz-ca/jg) + L!§§ll cau + o(u)] (ay, + 9§§ asu + o(u)).

The quantity ir brackets 1s poslitive because u is small. Hence

this statement 1s equivalent to
211 (1-u) > (211 + @21 = u + ofu)).

But az, %"— + 83y = —8283(batl) + a2¥; + X2 = — (a203%:-%) -A< 0,
so that the above inequality holds for u and &/u sufficiently small.
We see that with the above choice of » the policy of type II is

superior.

§7. Q Policy not Preceded by R.

Now, we prove that an optimal policy cannot have the form:
Follow R for O ¢ t € 6; follow Q for 5 < t < T — T*; follow P'
for T —T* ¢ t < T. This will complete the proof that Q is followed
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in the whole region 1/¥> < r < 1/¥s, T > T*. We show that a
pollicy of the above form is not optimal by comparing it with a
policy of the form: Follow Q for O < t < T - T*; follow P' for
T —-T* <<t T.

As before we let P' and Q denote the matrices for which
dx/dt = P'x and dx/dt = Qx when P' and Q respectively are followed.
Similarly we let

-1 0

bafs O

For the policies described above

I: x(T) = eP'T* eQ(T ok &' e R0 . RO, c

P'Te Q(T-T*) (I + (RQ)E + <(8)) * ¢

o c.
NOw
¥ (ag+1) (a2 + 1)
(F - Q) = =57 ;
js(bals**‘a) - (bs¥3+ %)

m_me Q11 a2
Let eP'T' eQ(‘ ) = (

oz 122). Then for the two policies we

have respectively

I: x2(T) = ayjc2 + a12¢3 + ﬂ%ﬁ:‘ffl E!u(la*l)-ﬂlz(ba’a*‘a)]* o(s),

112 Xz(T) = Q31C2 + Q12C4y.
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Since (¥s-%) < O, (ca-é,ca) > 0, it will be sufficient to prove
that

ay (az+1) - 012(b3‘3+8;) > 0.

Note that a;, and a2, although they depend on T, do not
depend on r. Consequently, 1if we succeed in verifying the inequality
for a particular r for which 1/Yf2 < r < 1/6;, we will have proved
the desired result. There 1is a value r* in this interval with the
property that if Q 1s followed and 2g/cs = r* then x2(t)/xs(t) = r*
as long as Q 1s followed. We postpone the proof of the existence
of such an r* for the moment and continue the above proof, with

the additional assumption that cz/cs = r*. In this particular

SQUT-T*) )lm °
0 /u('r)

where/l('r) > 0 depends only on T. Since

case

x2(T) = x2(7-T*) + -%3 x,('r-T')(l-e"T')

- TT* _T* L!;!S + 82)
x2 ( ) + xg(T-T*) %, fa(og + 1)

we have
1 axls + ¥3)
prT» Y, Va(bs + 1)

where the asteris«s represent numbers in which we are not inter-

ested.



Consequently

(a0 ¥ + 3}!
,‘T) ,‘T) ¥2¥a(Da+1)

» »*

oP'T" LQ(T-T*)

We want to prove

_
L(aan) — (bs¥as¥a) —ﬁ:ﬁﬁ] > 0.

or
8o (0a41) (bs+1) — (0o8s+¥e)(a2dat &) > O
-
(Ja—Ko)(azbs¥a—) = (Fo=8a)A > O

which holds since > > f» and A > 0. Except for the proof of

the existence of r* this completes the proof.

88. Effect on r of ¢ Policy.
Let us investigate the effect on the ratlo r = xp/xs of follow—
ing Q. Since this will be important alsc in the case ¥3/¥z > 1,

we consider both cases at the same time. Since xg = rzs, we have

Now, 1f we let



aslat ¥ —(az+1) a1 a2

(G-12) Y5 (bs+1) Dbalatle (¥s-¥%) ag: Qg

we have

8;:X2 + 8;2X3 = —g{-is“a—&) + ragXz + rézzXs
or

—(%s-12) 1(3—% = 82,7 + (2z2-811)r — 252.

The zeros of the rignt side are

.21;21 \/a“ )2 + 4 __LZ

There 1s one positive zero and one negative zero. We define r*

to be the positive zero

-ty ++%ﬂ-*—n;:. v e
( u

Also r* 1s between 1/¥; and 1/¥>. The easiest way to verify this

is to compute the value of the quadratic on the above right side

forr = 1/f> and r = 1/)%. The values are

LLB*YI.M ang (Pa*l) (Ya¥2)
2 ¥




which differ in sign.

When the Q policy is followed and r = r*, r does not change.
It is also easy to see from the differential equation above that
for §s/%2 < 1, r increases when r < r* and r decreases when
r > r*. On the other hand, for Js/% > 1, r increases when

r > r* and decreases when r < r+.

©9. Remaining Regions.

We finally conclude tnat Q is followed in the entire region
1/%2 < r < 1/¥s, T > T*. It follows that in this same region
¥s/¥2 < B/A < 1. Since B/A increases monotonely as r increnﬁea,
we can conclude that B/A < 1 for r < 1/¥2, T > T* and B/A > ¥s/¥a
for r > 1/%s, T > T*. From this we conclude P is followed in the
region r < 1/62, T > T* and R' in the region r > 1/, T > T*.

The solution has now been found everywhere except in the

region r < 1/82, T < T*. A natural conjecture is that P 1s followed

in this region also. This can be checked directly, but it also
follows from the monotonicity of B/A. We know that for T  T*,
r > 1/§2, the function B/A < ¥s/¥e < 1. Hence in the region
T<T* r<1/f2, B/A <1 and P 1is followed.
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T

P!

1/%2 1/%s

{10. The Case Y3/d > 1.
Now we consider the case in which X;/&; > 1. Again there

are three different cases depending on the position of the lines
£2: 22 + 23 = X2

23t Y22z + ¥azs = X3.

We use the same letters to denote the vertices as in the case

%s/b2 < 1.

r> 1/% 1/ < r<1/% r<1/¥%s

Z2
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The optimal policies are determined by the ratio as follows:

r>1/fe 1/4s < r < 1/§a r < 1/4s

B> }%— A: R B> }é— A: R! B>A: R

B < ;}— A: P! A < BK —§§ A: Q B <A: P.
B<CA: P

The results obtained in the previous case shows that for
r>1/%, T < T*, the optimal policy 1s to follow P'. There is
another important point which can be calculated using those results,
the point on the line r = 1/¥, where B = A. Let T, be that point

iIf 1t exists and otherwise let ’I‘o = 00. We have
T, bs ¥sag _To
aze = 3 (1 — e ) =1
2

oo . aabe¥s-b  _ _ »

a,03 ¥a+az 2 az(ba¥a+¥z)

A necessary and sufficient condition that : $ o0 18 A> 0. Also,
when A > O, Ty < T* because K, > ¥2.

Because of the monotonicity of B/A as a function of r, B < A
in the region T < T, r < 1/%; and hence the policy P is followed
there. Our next aim 1s to determine the location of the region

where Q 1s followed.

911. Q Policy Does Not Precede P.

First, we establish that in an optimal policy it does not




happen that first Q is followed and then P. The method 1s the
same as that used previously. Consider any policy which consists
in following Q for O < t < 5 and P for 6 ¢ t < u. We prove that
for 6 and 6/u sufficiently small there is a superior policy having
the form P for 0 ¢ t < u-Aand Q for u —A < t < u where & 1s

a positive number.

Let

and Q be the matrix for which dx/dt = Qx when Q is followed. For
the policles described above we have

P(u-o) P .om epu(I + (Q-P)d + o(5))

11: x(u) = eXBFLU=8) Lo (14 (@P)D + o(D))efV - ¢

I: x(u) =e

For 5/u, D/, u —> 0, the difference between the result at
time u obtained by following one of these policles and ePu'c is
[(Q—-P) + P(Q-P)u + o(u)] -

11: A [(Q-P) + (Q-P)Pu + o(u)]

Setting a;2 = —(82+41), 822 = bs¥s+ %, we find

‘z‘xz L%

(Us-u ) \‘2‘22 S

(-P) =



—x:la az
—P) = — 212
B (xs—&) jg Y2

X a2
The difference in lower components at time u 1s therefore

——(b’ 6{2) [lzz(c.-caﬁz) — aj2¥82(cs—ca2¥2)u + °(“):|
-

-
(¥o=%)

a22(cs—<2d2) — (az+1)¥2822c2u + o(u) ]
The difference in upper components 1s

(xs—f;z) [‘12(03—0212) + B|zaa(ca_cax2)u + o(u)]

- .
(3s-k)

l:lxz(cs—czvz) - aj2(ag+1) ¥ cau + O(U)] .

we choose A so that the policy II gives the same value for

x3(u) as that given by policy 1. We have

A = 5(ca—cg¥z) ran-cnlgu + os’ug

aze [(ca—<282) - (ag+1)Faceu]

Now we prove the quantity xz(u) for 11 exceeds that for 1 by a
positive amount. Since (¥,-82) > O, (cs—c2¥2) > O, @22 > O, this

is equivalent to the statement
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L
a2 [(c,—c,ﬁz) - (lz+1)xzcau + O(U)]Eaa-luxa“ + O(Uﬂ

> aza [1 + azu + o(u)]an[(c,-cgfg) - (ag+1)b'gcgu].

This 1s equivalent to

[&22-01252\1 + o(u) ]( az [1 + ;au + O(U)]-

But azpap + a32); = ag(bsl,+(.) - %a(ag+1) =4 > 0. Consequently,

the ahove inequality holds for u and 65/u sufficiently small.

$12. Q Policy Does Not Precede R'.

Next, we establish tnat in an optimal policy it does not happen
that first a Q policy is followed and then R'. Consider any
policy which consists in following Q for 0 < t < 6 and R' for & <t
< u. We prove that for u and 6/u sufficlently small there is a
superior policy having the form R' for O Kt <u-a and Q for

0 —1/‘3
u—-A<t<u, where A 1s a positive number. Let R' = o bs -

For the policies described above we have
I: x(u) = ew(“-b)caqb cCc = eR'“(I + (QKR')6 + o(B)) * ¢

I1: x(u) = eQAeF"(u'A) ‘c= (I4+ (Q=R')A + -:)(A))eﬁ'u - ¢

For &8/u, &/u, u —> 0 the difference between the result at time u
]
obtained by following one of these policies and e’ Y. c is
I: & r(Q-R') + R'(Q-R')u + o(u)]- c

II

A[(Q—R') + (Q-R')Riu + o(u)]- c.

Setting a1y = ag¥s + fa, 82, = ~Y2fs(bs+1), we find
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a3, —Cn/xs

(QR') = —1
(KS—YQ)

az, -sz/fa

-1/% /8
RY(QE') = —2R1_
(XS-‘) bs —bs/¥s

0 a3y
(Q=R'")R' = —(bg+1)
xS(x."&) <O as, )\

The difference in lower components at time u ls therefore

T: (—x% [a;,(c,-cg/xs) + az,b3(ca—cs/fs)u + °(“)]'

1I: ﬁ—)— [821(02—03/(3) — a2, Q;ﬂl Cau + O(U)J .
3=02 3

The difference 1n upper components is
——(Kai‘a) [811(02—03/6) - ?s-l— (ca—cs/¥3)u + O(u)J

II: —(—‘i&)[an(cz—ca/xs) - a3, '(Pix:—ll cau + 0(0)]-

We choose O\ so that the policy II gives the same value for
xs(u) as that given by policy 1. We have
A = 6(cg—3/Ka) [1+b3u+o(‘ﬂ

(ca—a/fs) - —-‘-‘-’?ﬂ csu
S

We prove that with this choice of [\ the quantity xz(u) for II

exceeds xz2(u) for 1 by a positive amount. Since (¥s=f2) > O,



(cs—cs/¥s) > O, this 1s equivalent to the statement

a;, [1 + bsu + ofu) :H:(cg-ca/'da) - —SL%:H cau]
> [au - —%‘J— u + O(U)][(ca-cs/xs) - —(2?'—11 c,u],
s 3

which 1s equivalent to

&‘1(1 + bau + O(U)) > a;y - ——a-'ﬂ-u.

¥s
But
a
be + = b b - bDa+l) = 0.
8,308 72"' azbs¥fs + bale - ¥a(bs+l) = A >
Consequently the above inequality holds for u and &/u sufficiently
small.

§13. Location of Q Region.

Moreover, since a Q policy is nct followed for T < To’ we
conclude that a Q policy 1s always succeeded by the P' policy.
Now wez prove that the region where the Q policy is followed does
not contain any pointe (r',T') where r' < r*. Suppose the con-
trary. Then, since, as in §8, r decreases when the Q policy is
followed for r < r+*, there are points (r,T) in the Q region for
which r < r*, T < T,. But this contradicts a result which states
that all such points are in the region where P is followed.

Consider the Riccatl differential equation in §8 which repre-
sents the dependence of r on t when the Q policy is followed.
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For r* < r, < 1/82 et b(ro) be the time required to reach
r = I/X; beginning from r,- From the differential equation we
see that ¢(r) 1is a monotone decreasing function of r and ¢(r) —>
+ 00 as r —>r*. Also $(1/62) = O.

The result that a Q policy is always succeeded by a P' policy
permits us to reach some conclusions about the location of the Q

region. In fact, if (r,T) is a point in the Q region then
Ty T —o(r) <T*,

and consequently
To + $(r) T LT + ¢(r).

There are points (r,T) in the Q region with arbitrarily
large T. To verify this we consider the continuous curve on which
B/A = 1 which passes through the point (1/42,To). Near the point
(l/té,To) it forms one of the boundaries of the Q reginn, and it
will continue to do so as T increases since by the above results

1t can never leave the region r* < r < 1/)fa.

$1%. Remaining Regions.

In the Q region 1 < B/A £ 8;/8}. By the monotonicity of B/A
as a function of r, we infer that to the right of the Q region
for T > T* the optimal policy 1s R', while to the left of the Q

region the optimal policy is P.
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This completes the finding cf the solution except for one
possibiiity. What policy 1s followed on the boundaries of the
regions? It will make no difference if a solution trajectory
crosses the boundaries, but if the solution trajectory runs along
one of the boundary curves we cannot even be Sure that an optimal
policy is obtained by choosing one of the vertices P, P', Q, R or
R'. We can eliminate this possibility by showing that to follow
the P policy on the P-Q boundar;jgigve us into the Q region,
and that similarly to follow the R' policy on the Q-R' boundary would
drive us into the Q region. For we already knog that the Q policy
keeps us in the Q reglon; hence it would follow that any convex

linear combination with one of the policies P or R' would drive us

into the Q region.
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First, let us consider the result of following P on the P=Q
boundary. Looking at the differential equations (2.1), we see
that following P rather than Q increases xz more, increases X,
less, and consequently increases r more. Hence the solution
trajectory must go into the Q region. A similar argument gives
the same result on the Q-R' boundary.
Finally, we note that there is also the intermediate case
8;/6; = 1, which forms the natural connection between the two
cases already discussed. As should be expected the policiles

followed are:

For r < 1/Y2 = 1/¥a: P
Forr > 1/¥a, T < T*: P!
Forr > 1/¥2, T > T*: R

In this case the boundary between the P and R' regions 1s of

interest. To follow P would drive us into the R' regilon, while
to follow R' would drive us into the P region. But there 1s an
intermediate policy which keeps us on the boundary. The policy

is given by

batl)x ag+1)x
zZz = ia,+5,+§} s Bg = iag+5,+§)

It is this policy which 1s followed. This 1llustrates that care
must be used in assuming that an optimal policy consists only

of vertex choices.
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