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Research and Development Center. Numerical analysis and programming were 
performed by Sidney Kalman, Saul Serben, Bernard Sackaroff, and Harold Schechter 
under the supervision of Morris Gershinsky Norman Levine of the Digital 
Computing Division. 

A separate report containing a detailed description of the computer program 
has been prepared. This report includes input instructions, flow charts, a descrip¬ 
tion of the pertinent format, and all other information required to perform the 
analysis on an IBM 7090 computer. A copy of this report may be obtained by con¬ 
tacting the Flight Dynamics Laboratory, ASRMDS-22. 

The entire program was coordinated and supervised by Dr. Robert S. Levy, 
Head of the Structural Research and Development Group. The value of his active* 
participati <n is gratefully acknowledged, as well as the helpful assistance of 
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Specific heat 

3 
Plate flexural rigidity ... —— 

12(1 V) 

Young's modulus 

Plate thickneiiis 

Thermal conductivity 

Bending momenta per unit of length acting on sections perpendicular 
t,o the X and y axes, respectively 

M rb:il! M, rl:;i:i 
"ïlr"" * "wT " resPect:i:ve]y "" nondinienslonal 'bending moments 

Tlwlst:íng moment per unit of lengtli 

m: b 
2 

„I 
E 2 a Tz dz 

l:i. 

.2 

1D|[ 1--1/)11 
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X
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Stresses in the x, y, and z directions, respectively 

Shearing stress in the xy, yz,and zx planes, respectively 

and ^ , respectively 

Superscript - Refers to midplane 



SECTION I - INTRODUCTÏON 

In Part I of this study (Reference 1) an analysis was presented for the determination of 
the bending deflections and stresses in rectangular plates subjected to temperatures which 
varied through the thickness only. The present work is an extended, more comprehensive 
analysis which accommodates three-dimensional heating, : .e., where the temperatures are 
time-dependent and vary arbitrarily over the planform and through the thickness. 

Attention is restricted to Fourier heat conduction problems, and the analysis employs 
classical plate theory. This permits the uncoupling of membrane and bending effects so that 
the stress analysis problem may be divided into the following superposable parts. 

(1) An "in-plane” problem in which the plate experiences only in-plane force result¬ 
ants (membrane forces) and displacement components. 

(2) A "bending" problem in which deflections normal to the undeflected midplane 
occur (without stretching), producing bending and twisting moments but no 
membrane forces. 

For the in-plane problems, the following boundary conditions are treated: 

Case I: Immovable edges - Dispu 'cnts normal to and along the edges are 
prevented. 

Case II: Edges unrestrained tangentially but normally immovable - Points on 
the plate edge can move freely in the direction of the edge (freely 
sliding), but are restrained against motion normal to the edge. This 
situation occurs when the plate is inserted into, but not mechanically 
fastened to, a frictionless, rigid frame. 

Case III: Free plate - No forces at the edges. 

The following bending problems are accommodated: 

Case IV: Clamped plate - No deflections or rotations at the plate edges. 

Case V: Simply supported edges - No deflections but free rotations at the 
boundary. 

The complete stress analysis problem is defined when one of the in-plane cases (I, II, 
or III) is coupled with one of the bending cases (IV or V). The total stresses are then obtained 
by superposing the sets of stresses resulting in each case. 

In order to automate the numerical analysis, a heat transfer program (described more 
fully in Section V-A) was written and then integrated with the stress analysis. This integration 
resulted in a general digital computer program which, based on heat transfer, material, 
and geometry input data, permits the determination of time-dependent temperatures, quasi- 
statie deflections (i.e., neglecting dynamic effects), and sUesses. 

The major emphasis in this study was the analytical development pertaining to the 
thermal stress analysis. Thus, Sections II, ni, a>d IV present the basic stress analysis 
equations and their solutions. The heat tr *nsfer equations, however, were solved numerically 
rather than analytically by a finite difference procedure. 

Manuscriptreleasedby the authors 290ctober 1962 for publication as an ASD Technical Report. 
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SECTION n - FUNDAMENTAL STRESS ANALYSIS EQUATIONS 

A. STRESS-STRAIN-DISPLACEMENT RELATIONS 

The plate (see Figure 1) is referred to a Cartesian, xyz coordinate system with the 
origin at one corner of the midplane. If plane sections are assumed to remain plane and 
normal to the deflected middle surface, the x and y components of displacement are 

u = u° (x,y) - z |~ 

(1) 

V = Vo (x,y) - z g 

where u°, v° are the x,y components of midplane displacements and w = w(x,y) is the dis¬ 
placement in the z direction. The strains are then given by 

c x 

where 

ôxôy 

O _ ãVQ 

y Sy 

o _ M° , ÒV° 
xxy üí 

(2) 

(3) 

2 



U a 

If normal stresses through the thickness are neglected in the comparison with ctx and 
a , Hooke's law yields for the stresses 
y 

= [<x + v*y ■ (1+y)aT ' 

= 7^2 [€y + ycx - j (4) J 1-v J 

^ E 
°xy - °yx 2(1 +v) yxy 

where T = T(x,y,z) is arbitrary. 

B. RESULTANT FCRCES AND MOMENTS IN TERMS OF DISPLACEMENTS AND 
TEMPERATURES — 

The resultant forces and moments per unit of length 

h 

<Nx-VV = fl (0x'°y’axy)dz 
‘2 

h 

ÍM .M .M ) = f2 (0 ,a »ct ) z dz v x' y' xy; J h 'x’y* xy7 

“2 

can be expressed in terms of midplane strains and displacements by substituting Equations 
(2) and (4) into the above and performing the indicated integrations: 
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N = Eh 
1-1^ 2 X 

01 ÎÎT 
y J ^ 1-1/ 

N„ = Eh 

l-,2 

o , 
+ l/c 

o 1 NT 
cxJ-ï^ 

Nxy 2(l+i/) yxy 
Eh 

-«■-nÿ-ÿrS 

M. = .D rñ!s: + „ àjy -] _^t 
L ay2 ax2 J t-v 

,2 
= - M _ = D (l-l/) 2-^- xy yx N 7 Bxôy 

where 

Nt = E 

h 

[2 aTdz 
J h 
"2 

MT = E ï a T z dz 

C. TOTAL STRESSES 

(5a) 

(5b) 

(5c) 

as 
From Equations (2) and (4), the total stress at any point of the plate may be expressed 

o' = Te° + „€0"¡ . EaT _ Ez_ ra^w a2w ~i 

x l-,2LCs ^ X-,2 U2 + -J 

cr = I £°+pf°]_ I“! _ I2_ r^ + ^ôfwl 
y Ly 1-y ^2 Lôy2 ôx2 ^ 

2Ï 

öy5 

öy 

2. 

^6a) 

a = E Ez ò w 
xy 2(1+1/) ' xy 1+1/ öxdy 

4 



f 

or alternately, from Equations (5' In terms of the resultant forces and moments as 

„ _ 1 fM + ^l] MI + 122. + 
ffx - h V’x l-u/ ‘ 1-v + ha \Mx 1-v) 

rr l ( K¡ A. NT ^ EttT 12z /„ MT \ 
y ” h \Ny i-v) ' h3 \My ) (6b) 

„ = 5ar . M 
axy h h3 »5 ‘ 

D, EQUIMBRIUM EQUATIONS 

The three-dimensional stress equations of equilibrium in the absence of body forces are 

òx 

òa do- _yx _zx 
öy 

ÒO- 

ÒZ 

ÒCT òa ò(T 
-IX + -z + = 0 
òx dy dz 

âa òa òa 
+ _z = 0 

òx òy dz 

(7) 

Integration of the first two equations of (7) through the thickness yields 

òx òy 
= 0 

(8a) 

òN ÒN 
_M + _y + 
òx òy k 11 = 0 . 

Due to the condition of zero shearing stresses at the faces of the plate, the last terms 
in Equations (8a) vanish, and 

òn3 

ST 

ÔN. 

ay 

ÒN 
Ó3s¿ + _ 
òx òy 

(8b) 

0 . 
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If the first two equations of (7) are first multiplied by z and then if all three are inte¬ 
grated through the thickness, there results 

where 

and 

aMxv 
òx òy 

ÔX 

9¾ + ^ 
ÔX òy 

0 

(8c) 

is the resultant load intensity in the positive z direction. 

E. DIFFERENTIAE, EQUATIONS FOR THE IN-PLANE AND BENDING PROBLEMS 

Under the assumptions of small deflection theory, the quantities N , N , N „ in the in- X y xy 
plane equilibrium equations (8b) are independent of the deflection w, while M . M , Mw, Q , 

oo ^ y «y 
and Qy in Equations (8c) do not depend explicitly on u and v . Thus, the differential equations 

governing the in-plane and bending problems become uncoupled and may be treated independ¬ 
ently. 

For the in- plane problem. Equations (8b) are satisfied identically by the Airy stress 
function 0(x,y), such that 

ÒJÊ 

ôy 

ò20 
òxòy * 

(9) 

6 



In order to satisfy compatibility of strains in the midplane of the plate, the equation 

a2-0 

ay2 

—y _ —¿y = o 
ax2 axay 

(10) 

must be satisfied. From Equations (5a) and (9) we obtain 

V40 = - V2 Nt (11) 

where 

4 2 
= 7 + iiW^i + 

\ ax2 ay2/ \ax2 ay2/ 

For the bending problem, substitution of Equations (5b) into the first two equations of 
(8c) yields 

Mr 

% ■ -ike«3" * à] 
M, 

(12) 

Qy = [DV2w + -£) . 

If the load intensity q = 0, the third equation of ¿8c¡ may then be written as 

= 0 . 
4 V2mt 

D7 w + l-v (13) 

Equations (11) and (13) are, respectively, the basic differential equations governing the 
in-plane and bending problems. 
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SECTION m - SOLUTION OF THE IN-PIANE PROBLEMS 

In this sectiDn, general solutions for the three in-plane problems, i.e., Cases I, II, 
and III, will be dçveîoped. The solutions thus obtained must satisfy Equation (11) subject to 
th' appropriate boundary conditions, where N*p is an arbitrary function of x and y. However, 
instead of solving these boundary value problems directly, an alternate approach will be em¬ 
ployed in which equivalent variational problems are solved. To accomplish this, energy type 
functionals will be formulated such that (out of the entire class of mathematically admissible 
functions which satisfy the boundary conditions) those functions which render the energy 
functionals stationary will also satisfy the differential equations. This implies that the Euler 
equations of the variational problem are the differential equations to be solved. 

A. CASE I: IMMOVABLE EDGES 

This condition requires that u° = v° = 0 on all edges. Solution of Equation (11) subject 
to these boundary conditions is cumbersome if the stress function 0 (Equations 9)is employed. 
It is convenient instead to deal more directly with the displacements u° and v°. Substitution 
of Equations (5a) and (3) into (8b) gives the following in-plane displacement equilibrium equa¬ 
tions: 

E 
2(1 -V) ôx 

E 
2 (1 -1') d y 

ran0 . av°i 
L dx òy J 

rsu° ôv?i 
L dx dy J 

+ 2 (1 +V) 

+ _E_ 
2 (1 +P) 

„2 o 
V V 

1 
h(l -P) 

1 
h (1 - Z/) 

(14a) 

which must be solved subject to 

o u 0 

o 
V 0 

(14b) 

at the edges. 

Solving this boundary value problem is equivalent to solving a plane stress problem where 
again the edges are immovable but the temperature does not vary through the thickness. To show 
this, let the displacement components in this' hypothetical plane stress problem be denoted by 
u and V, while the planform temperature (which does not vary through the thickness) is denoted 
by T . To obtain the plane stress solution we must solve (Reference 2) 

E d r du 
2 [1 -V) Sx L ax 

E 

âvl i E 
3y J 2 (1 + y) 

1_L F ¿ü- + il ]+ E 
- V) dy L dx dy J 2(1+p) 2 (1 - y) dy 

2 - 1 
V ““hirrry 

v2v ■ i 
h <1 - 10 

3(E a fh) - 
3x u 

ÜEOLThl 
3y 

(15a) 
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u° = I i a-sin ^cos ^ mn 
m=l n=0 

00 co 
(22) 

I I 
m=0 n=l 

bcs^p Bin^ mn a b 

Following the procedure of Case I these displacements are substituted into the expression for 
total strain energy, which is then extremized (made a local minimum) with respect to the coef¬ 
ficients. There results 

0 w0 

b pa 

0 0 

Nr 

bon .L cos T <ÊT) ^ ^ <n =1'2--) 

(23a) 

b ^a 

mn 2. 
a b 

4 (1 + y)m7r T 

(^)2 + (-¾1)2] "0 Jo 
N, 

J.L oo.aioo^i^ifcd. 

= (^-) (4-) amn mn 'm ' ' b ' mn 
(m = 1,2...) 
(n = 1,2...) . 

(23b) 

Thus the Fourier coefficients of Equations (22) have been determined explicitly. 

CÁSE IQ: FREE PLATE 

When the edges of the plate are unrestrained, i.e., stress free, the boundary conditions 
in terms of the stress function 0 (x, y) are 

0 = 0 and Ü = 0 ; x = 0, a 

0 = 0 and = 0 ; y = 0, b. 

(2¾) 

Thus the solution for the stresses in the plate may be obtained by first solving Equation (11) 
subject to the conditions of Equations (24). However, it may be shown that this problem is 
equivalent to extremizing the functional (Reference 3) 

(25) 

subject to the same boundary constraints (Equations 24). Utilizing this approach, we construct 
the complete class of functions 
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o (33) P + —3L = 

on all edges. Then, from the maximum and minimum value theorem for harmonic 
functions (Reference 4) 

M, 
S 0 

0(1-1/) 

Therefore, the problem reduces to solving 

0 £ X <; a 
0 s y s b . 

V 
2 w 

mt 

00=57) 

subject to 

w = 0 

on all edges. By using the Fourier series representation 

(34) 

(35) 

(36) 

Mr 

D(l-v) 
= Y Va siniSSS " SOL 

Li mn a b 
m=l n=l 

(37) 

where a are the 'tsual Fourier coefficients, it is readily verified that mn 

w 
■ 11 

mn 

m=l 
« (?) * (f ) 

sin Sff sin m. 
a b (38) 

The moments in the plate can be obtained by substituting Equation (38) into Equations 
(5b). At the edges, however, the resultant Fourier series expressions for the bending 
moments are invalid. To remedy this situation, the computer program imposes the con¬ 
straint conditions 

Everywhere in the plate interior, the Fourier series for the bending moments yield the 
correct solutions, although near the edges convergence is slow. 
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SECTION V - DESCRIPTION OF COMPUTER PROGRAM 

The complete program for the determination of stresses and deflections due to 
three-dimensional heating is subdivided into two major phases: 

(1) Heat Transfer Program for the determination of time dependent (transient) 
temperatures. 

(2) Stress Analysis Program for the evaluation of the quasi-static stresses 
and deflections. 

The integration of these two phases permits the continuous flow from given heat 
input, material, and geometry data to the deflection and stress responses. Detailed 
descriptions of the program formulations are given below. 

A. HEAT TRANSFER PROGRAM* 

1. GENERAL DESCRIPTION 

The solution of the heat transfer problem is based upon the Fourier heat 
conduction equation in rectangular coordinates 

(39) 

K = thermal conductivity. 

Note that in Equation (39) space gradients of K have been neglected. Aside from this 
approximation, K , p, and c are permitted to be temperature dependent. They thus 
vary with the spatial coordinates and time. 

For the rectangular plate, two types of boundary conditions are accom¬ 
modated by the program. 

Type 1: Temperature is given on a bounding surface as a function of 
time and position. 

Type 2: A heat flux condition is specified, of the form 

J£ï= H (T - Tw) + e a (T4 - Tw4) - S (40) 

where 

and 

pcff =KV-T 

2 Ö 
V = 

* 2 ox o y 

p = density 
c = specific heat 

where 

n = inward surface normal 
H = surface heat transfer coefficient 
c = emissivity 
a = Stefan-Boltzmaim's constant 

* This subsection is due principally to the efforts of M. Gershinsky. 
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Tw = adiabatic wall temperature 

S = heat flux to surface . 

For transient problems, the initial temperature must be given in addition 
to the boundary conditions. 

NUMERICAL ANALYSIS 

Numerical solutions are obtained by imposing a rectangular mesh on the 
plate, with the understanding that the finer the mesh, the closer is the approximation 
to the exact problem. For each mesh point, a finite difference equivalent of Equation 
(39) is written. Tj j kin denotes the temperature at the 1th point in the x direction, 
the jth point in the y clirection, the kth point in the z direction, and the n“1 time step 
(the n subscript is omitted for steady-state problems). The expression 

ÔT At 
/0 c is then approximated by a central difference expression at mid-time t + 

as 

pc TirjiM+/L 
At 

where c is determined by the time average of temperature at the point. The right-hand 
side of Equation (39) is also evaluated at mid-time as the average of the central dif¬ 
ference operators at times t and t + At. Therefore 

_ t+ (At/2) I7,p ' T. . i + T. . . , ^ 
2 (Ax) 2 LV i+l,j,k,n i,j,k,n i-l,j,k,n/ 

+ (Ti+l, j,k,n+l ‘ 2Ti,j,k,n+l + Ti-1, j,k,n+l )] 

+ . . . 
ò T 2 When the approximations to p c g-j- and KV T are equated, a system of algebraic 

equations is obtained. These, together with the boundary conditions, are solved for 
T. . i . i in terms of all the other T terms by a Gauss-Seidel type iteration pro- 

1, j, k, n+1 
cedure. 

3. INPUT TO THE PROGRAM 

The following input data are required by the program: 

(1) 

(2) 

(3) 

(4) 

(5) 
(6) 

(7) 

where items (5) 

a, b, h (plate dimensions) 
H (surface heat transfer coefficient) as a function of both temperature 

and time 
T (adiabatic wall temperature) as a function of time for each 

w boundary 
S (heat flux to surface) in the form of a product of functiono of time, 

position, and temperature 
K (thermal conductivity) 
c (specific heat) 
e (emissivity) 

- (7) are given as functions of temperature in tabular form. 
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The initial temperature distribution is to.be determined by means of linear 

interpolation in the i direction of the initial temperatures at the faces z = ± g* the bound¬ 

ary conditions are given as prescribed temperatures on the faces z = ± 2’ they may be re” 
presented in the form 

[(*. y)}[{2^]+ f3(t)- 

The program is such that, on 19 edges, the temperature or flux boundary conditions must be 
given as functions of time alone. 

The time intervals may be specified arbitrarily. However, upon failure to con¬ 
verge, they will automatically be reduced by half. 

Temperature or flux boundary data on the faces z = ± | are to be specified in 

sets of discrete nine-point arrays (clusters) as shown in Figure 2. Within each cluster the 
data are matched exactly at the nine points by a polynomial of the form 

i / a xm yn. This yields approximating analytic representations of the temperature 
L „ L _ mn m=0 n=0 

or flux conditions over the bounding faces. 

Figure 2. Plate Planform Subdivided into Four Nine-Point Clusters 
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4. PROGRAM LOGIC 

The transient problem determines the temperatures at time t + At, given the 
temperatures at time t and employing the numerical equations. As the first estimate of tem¬ 
peratures at time t + At, the program uses the temperatures at time t. A relative test is 
employed to determine whether the most recent approximation indicates convergence, and 
the solution is accepted only if convergence takës place at all points. If the iteration process 
fails to converge within a specified maximum number of iterations, the time interval is 
reduced by half. If the number of cutbacks exceeds a specified maximum in any one time 
interval, a failure to converge is acknowledged. 

The steady-state problem can be solved in two ways: 

(1) By direct solution based on the boundary conditions. 

(2) By solving the transient problem up to any time t and then using this transient 
solution as a first approximation to the steady-state solution. 

B. STRESS ANALYSIS PROGRAM 

1. NONDIMENSIONAL COMPUTATIONAL FORMULAS 

In order to standardize the numerical procedures for computing purposes, the five 
solutions presented in Sections III and IV were nondimensionalized by defining the quantities: 

N - Ny 
y En y 

(41) 

K =2bilUd N_ 
xy Eh xy 

W - T 

^ = 

M _ = 

M = xy 

h2 
fnrMx 

¿M Dh y 

i2 

DhMxy 

(42) 

N = 
Eh' 

2 ^T* 
— b 

^T =(1 -y)Dh MT 

= - £=- r) b * ^ a * 1 b * 

(43) 
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In terms of the above nondimensional quantities, the problem solutions reduce to the following 
forms: 

In-Plane Problems 

Case I 
00 CO 

Amn cos m 7T £ sin nirTj 

Nx= rfe I I 1 
m=l n=l + ynïï Bmn sin m77 £ cos nïïT? J - np 

m œ nïï B „ sin mïï È cos nffT] + 
_ 1 V V ^ 
Ny 1 + i/Z ¿j Ymî7A cos m^4 sin nïïrj 1 - N_ 

m=l n=l ^ mn J T 

” œ nïï A sinm77¿ cosnïïT? 
n r L mn 

-ij;. 
mTT 

=15=1 TirB— cosni mn ïï4 sin nTrrj] 

where the coefficients A_and are determined from mn mn 

Ars[^T“+ X ®2 ] ^ 
es CO 

+ 4 (1 + 1/) ra^ Y [ 1 - (-l)m+r][ 1 - (-l)n+s] 

m=l n=l 
m^ n^s 

,,1 ,1 
= 8 (i + i/) m 

mn B 
mn 

. 2 2. . 2 2. 
(m -r )(s -n ) 

I N^. cos r 7T £ sin s TTT] d £ d î? 
0 1 

(44) 

Brs[2Xs2 + (1^) V] 7,2 

00 CO 

+ 4 (1 +1/) rB ¿ [ 1 - (-l)m+r] [1 - (-l)n+S] 
mn A 

mn 
2 2 2 2 

(n -s )(r -m ) 
m=l n=l 
m/r n^s 

Ia 1 - 
= 8(1 + i^)(sïïX) I N-, cos s7? sin r Tr £ d£dT? 

J0 J 0 1 

(45) 
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Case n 

where 

00 CD 

Nx=ï£7 [xl=1 I0 mamnco8mui cosnîTTJ 

CO 00 

+ v) ) n b_cos m 77 £ cos n 77 r? - N™ 4=o 4=i mn J T 
00 00 

N , = r~r. ) ) n b COS m 77 4 COS n 77 77 
y 1 + uíiíx=0 4=1 mn 

00 vD 

m amn cos m 77 4 cos n 77 7] j - nt 
m=l n=0 

00 00 

L (naiim+” bmn) sinmlr« 8innffi? J m=l n=0 

_2q + ^)X 
mo m 77 

b =M±J1 
on n77 

,1 ,1 
I cos m77t> ’„d4 dT] 

' 0 J0 
(m = 2.) 

1 r1 
j j cos n77T? NTd4dT7 

0 "0 

a = 4(1+|y) - I1 i1 
mn rm n2X] 0 J° 

ff[x+—J 

b = X a mn m mn 

(n = 1, 2, ... ) 

cos m JT £ cos nnri dîj 

(»1 = 1,2,- n = l,2,-) 

(m = 1,2, • •. • n = 1,2.) 

Case in 

(46) 

(47) 

(48) 

N “ (1 -V) [ç(Ç-l)l2y 7 B ¿m77nr(n+4)(n4.3)T?2-2(n+3)(n+2)7/ 
x L J m=0 n--0 L n 

+ (n + 2)(n+l) 
(49) 
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00 CO 

Ny =72^^-1)]2 I n I Bmn i“ ^[(=1 + 4)(111 + 3) 42-2(m + 3)(m + 2) 4 
a m=0 n=0 u 

+ (m + 2) (m +1)1 

co „ (49 cont’d) 

% = -41+^ Bmn ^ [ (m + 4) Ç2-2 (m +3) |+ (m +2)1 • 
m=0 n=0 J 

r 2 i 
^(n+ 4) t¡ -2 (n+3)7?+(n + 2)J 

where the coefficients are determined from 
« » ain 

l l Bmn[ J + 2@ + x2 
m=0 n=0 

,1 .1 
Jo^V1)2 {(r + 4)(r + 3) ^ -2 (r + 3)(r + 2) Ç + (r+2)(r+l)j- (50) 

+ X2 42 (£ - I)2 |(s+4)(s+3) V2 -2 (s + 3)(s+2) TJ + (s + 2)(s+l)jj 4r 17s dÇd^ = 0 

and quantities ¢), (H), and (Si) are given by Equation (27b). 

b. Bending Problems 

Case IV 

CO 00 

w=[^-i)(7,)(„.i)]2 y y Bmnr r? 
m=U n=0 

-0*? f++iV 

(51) 

(52) 

M 1 - y S2 w 

where 

xy T" ‘s^Tj 

li m=0 n=0 

1 U 

+ Jo J 0 [^2 (í’"1>2{(1'+4) (r+3) ? -2(=+3) (r+2) ^ +(1-+2)(1-+1)} (53) 

+ X2 I2 (¢-1)2 {(s + 4) (8 + 3)7,2 -2 (8+3)(8+2) 7,+ (8 + 2)(8+1)]]Çr tjS MTd4d7, = 0 

and quantities ¢), ^n), and (^are defined by Equations (27b). 
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CO CO 

W -ZS-l.l 

Case V 

mn 
sin niTTg. sin nirri 

ïï m=l n=l m , 2 
— + n 

(54) 

where 

2 2. 

M. L L ?1»2.+ V 2 Amn sin mïï? ain llff ” " MT; 0 s 7} s Î m=l n=l (m /X“) + n 

My = 
M 
MX = C f ¿ = °, 1 1 
My = - (1 - v) mt|o < r? < i; 

CO CO 

v=l Z oX n2 A sin mrr ¿ sin nff îj - mt; ® 
y m^l n=l <m2/\2) +n2 mn Ç T o<r?<l 

My=° _/0<Ç<1l 
Mx = - (1 - ^)MT [7? = 0, 1 J 

M. 

CD CO 

xy I, Ä»” “ 
m=l n=l J 

(55) 

Aran=4J0 J0 
M TsinmïïÇ sinnTrrjd/tdt? (56) 

2. NUMERICAL ANALYSIS 

The five previous cases can be divided into three classes for purposes of 
numerical and programming analysis: 

(1) Case I 
(2) Cases III and IV 
(3) Cases II and V. 

Item (1) presents an infinite system of equations in coupled sets of coefficients A ana B 
(Equations 45). The system must be truncated by specifying an appropriate uppeP&mit onmn 
m and n. If, for example, m and n (and hence r and s) are permitted to take on all the values 
from 1 to 10, the solution vector consists of 200 elements. This involves (200)2 elements in 
the coefficient matrix, which creates a storage problem, because the core memory of the 
IBM 7090 íCj exceeded. Analysis performed upon the problem has reduced the size of the 
matrix to 4 sets of submatrices, each having approximately one-eighth the size of the 
original matrix, thereby making possible the use of direct methods of solution. 

The second class of problems, Item (2), involves an infinite system equations 
for coefficients B (Equations 50 and 53). Again, these equations must be truncated by 
prescribing an appropriate limit on m and n (and therefore r and s). For example, we have 
a set of 121 equations to solve if m and n assume all integral values from 0 to 10. However, 
by interchanging m and n with r and s, respectively, it becomes evident that the coefficient 
matrix is symmetric. We take advantage of this symmetry to reduce the storage require¬ 
ments. For purposes of solution, the Ch 'lesky method (Reference 5) is employed. This is 
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The program calculates nondimensional force resultants (Cases I, n, or El); 
deflections, bending moments, and twisting moments (Classes IV or V). After calculating 
these quantities, each according to the selected combination of cases, the results are super¬ 
posed to yield the stresses and deflections at the grid points in accordance with the formulas: 

(N* + NT>+¿2^ + Mt) - aT ] 

E fh h z 
O = 7^— I TT <Nv + nt )+ Hr y 1-V Lb ' y T ' b2(1+y) (My + Mt) - aT ] 

a = 
E h 

xy 2b (1 + !/) 
r Tr 2 z TT 1 
L Nxy " b (1 - 1^) Mxy J 

(57) 

w = w h . (58) 

The evaluation of stresses and deflections is not necessarily restricted to the 
mesh points at which the temperature data are specified. The program will automatically 
interpolate the solution to specified intermediate mesh points by means of a potynomial fit. 
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lo, order to dtomorietrtto to validity trad accuracy of to stress analyst» prof ram, test 
problems were deviaed for eaoh of to Cases I through ?.. !i tose problem.«, to forms of 
the temperature distribution» were chosen so that accurate numerical resulta could be obtained 
by methods other than those of the present computer program. In each case, comparisons 
were ton made between to two sets of results. The construction of the test problems and 
to numerical comparisons are given below for Caaes H - V, where to accuracy of tos auimer- 
leal calculations is amply established. In Case I (Immovable edges) a test problem was also 
devised as shown in Section VI-A. However, the computer calculations for this case revealed 
that more terms of to series given by Equations (44) were required for adequate convergence 
than bad been anticipated. As a result, to core storage capacity of the IBM: 7000 would be 
exceeded (primarily because of to additional storage requirements of Cases ÏÏ « V). Thus, 
at present only 144 terms of to series can be accommodated, while in general several 
hundred terms may be needed for adequate convergence. (Nevertheless, the test problem 
calculations for this number of terms, although not shown in this report, did converge 
satisfactorily at many points of to plate.) Time limitations do not presently permit the 
required program modification for additional storage space. It is anticipated, however, that 
this will be accomplished in the near future through to use of magnetic tapes. 

A. CASE 1: IMMOVABLE EDGES 

To date numerical results for this case have net appeared in the literature. However, 
closed-form analytical solutions, corresponding to a particular class of temperature functions 
nt 0«. y)> can be constructed is follows: 

("'I1 0 
We seek displacement functions u'fx, y) and v1, (x, y) which satisfy the boundary con¬ 

ditions of Equations (14b) and, when substituted into Equations (14a), yield a unique tempera¬ 
ture function Nip * Nj. (x, y). When this is accomplished, the u° and v<> thus chosen constitute 
an exact solution of the displacement equations of equilibrium corresponding to N«j.. Differ¬ 
entiating to first and second of Equations (14a) with respect 1» y and x respectively and sub¬ 
tracting, we find tot Nr is single-valued only if 

V2 !- 
Ò M 

0 
«'Ni|II«i|I|i(i|IIH<|4'NI|I|i 'IHfl .HiIIIIii.H'MHiHI'M'I 

9 y 
2v .. 
& »; 

0 
) == '0 (59) 
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(61) 
u° = X^x) • Y1(y) 

Vo = X2(x) • Y2(y) . 

The boundary conditions of Equations (14b) require that 

Xn<°> = Xn(a) = Yn<°) = Yn^ = ° (n==1,2) * (62) 

Equations (60) - (62) possess many solutions. A simple solution may be obtained by selecting 

X2 = X (x - a) 

Yx =y2(y -b)2 . 

From Equation (60) we then find that 

Xj = 2 c X (X - a) (2x - a) 

Y2 =2cy(y -b)(2y -b) 

where c is an arbitrary constant. Therefore, 

u° =5 ex (X - a)(2x - a) (y2) (y - b)2 

Vo = cy (y - b) (2y - b) (x2) (x - a)2 . 

Substitution of Equations (65) into Equations (14a) yields 

NT = fS- { *W[ey<y-b) + b2] +y2(j-b)2 [6x(x -a) + a2] } 

(63) 

(64) 

and v° are given by 

(65) 

(66) 

Inserting Equations (65) and (66) into Equations (3), (5a), (41), and (43) yields the follow- 
ing dimensionless stress resultants: 

N - - (1 - F) £2 <£ - 1)Z (6T? - 6T? + 1) 
X 

5^- (6Ç“ - 64 + 1) T)2 a 
X' 

Ny = - (642 - 64 + 1) T)” (V - 1) 
(67) 

i^y= ÜLp (4) (4-1) (24- !) (V) (V -1) (2n -1) 

where, for convenience, we have chosen 

c = _ (1 + P)h 
4y3 a b 

(68) 
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may be determined from, the approodmate asftlysis developed Iby Lo (Refareacne «), II» method 
of solution employ» a combined point matching and least square technique. Specific numerical 
results for % at several point« of a plate of aspect ratio ). 1.2 and v «« 0.3 'have been «- 
tracted from Lo's data and comj^irod with the corresponding computer calculations In Table 11,. 
Alio shown are the resulta for Ny, The function N« used in calculations have been chosen 
to be 

b3 (I V) 
X (y - 4x) 

The series solution of Equations (49) has been evaluated for 9, 25, and 36 terms. The 
table shows that the nondimensional stress resultants thus, obtained have apparently converged 
to accurate resulte after 9 terms. The values of Nx obtatiied &omReference 6 agree well with 
these results. 

A test program for the clamped plate is again obtained from Reference 6 where numerical 
resulta, are given for the case of uniform pressure loading. This case Is analogous to a thermal 
bending problem if we set 

9 
* constant 

which satisfies Equation (74). In Table III the computer calculations are compared with Lo's 
approximate values for X = 1..2 and j/ ::= 0,3. As in Case III,, the series ..ns converge 
rapidly and substantiate Lo’s re suits. 

E. CASE V: SIMPLY SUPPORTED PLATE 
.111^1111^1^ ... ....... »M.H.-ill.l.HII» 11... kill.«.. Ml.... 

The Fourier series solution for the deflections w given by Equation (54)..sill generally 
converge rapidly, 'die bending moments, which involve second derivatives of the deflection 
function, must be evaluated ... the slowly converging Fourier series of Equations (55). 
However, for the special case Mm = constant, theta..moments may be evaluated from 
a modified series which converges more rapidly (References 1. and 7). Numerical results are 
obtained on this basis in Reference 1 for a number of aspect ratios. Therefore, the more 
general solution procedure of the present study has been tested against these results. The 
data of Table IV show this comparison when hL*l, X* 0.6, and v * 0.3. The number of 

n 

r 

i 



terms taken are 2500, 3600, and 6400. As expected, the results for the deflection converge 
very rapidly. Actually, the number of terms required for accurate deflections is considerably 
less than the 2500 terms taken. The convergence of the bending moments is slower and 
oscillatory in nature. Nevertheless, the bending moments My in the long direction, which 
are generally much larger than Mx in the plate interior, differ from the results of Reference 1 
by at most 4% after only 2500 terms have been evaluated. Further, the maximum discrepancy 
between the data is reduced to 2.5% after 6400 terms. We note that the values of Mx and My 
computed from Equations (55) both deviate in magnitude from those of Reference 1 by approxi¬ 
mately the same amount. This results in a larger relative_discrepancy in Mx, which is not 
too significant, however, since Mx is much smaller than My in the plate interior. 
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TABLE H 

CASE ID: COMPARISON OF COMPUTER CALCULATIONS WITH PREVIOUS 
APPROXIMATE RESULTS 
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TABLE IV 

CASE V. COMPARISON OF COMPUTER CALCULATIONS WITH 
RESULTS OF REFERENCE 1 
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SECTION VIL SAMPLE PROBLEM - HEAl TRANSFEB AND THERMAL STRESS CALCU- 
IATIONS FOR AN AERODYNAMICALLY HT ATED WINDSHIELD 

The computer program has been applied to the problem of determining the temperatures, 
thermal stresses, and deflections in a rectangular glass plate subject to time- and space-de- 
pendent surface heating. In the specification of the geometry, boundary conditions, and heat¬ 
ing environment, an attempt has been made to reasonably simulate the conditions encountered 
in an X-15 type windshield. 

The chosen plate geometry and material properties are: 

a = 32,0 in. 

b = 8.4 in. 

h = .375 in. 

E = 12.45 X 106 lb/in.2 

V = .26 

a = 25.5 X 10-7 in./in. -°F 

— = .795 X 10-3 in.2/sec pc 

where the last quantity is also referred to as the thermal diffusivity. The material properties 
are listed for a #1723 fine-annealed aluminosilicate glass at representative temperatures. 

In order to approximate the boundary restraints due to the windshield framing, Cases II 
and V are assumed to be applicable. This implies that the plate edges are free to slide and 
rotate within the frame while all other displacements are prevented. The edges of the plate 
are assumed to be perfectly insulated, while the temperatures of the faces, i.e., T(£,7/, t) 
and T(£ , T?» » t) are prescribed. Here the interior face is cooled so that a constant tempera¬ 
ture rise of 150°F is maintained, viz., 

T(£, T?, ! , t) = 150“F . 

The face exposed to the airstream (z = -g-) is aerodynamically heated, which results in a 
surface temperature distribution which varies timewise according to 

T<4, 7?, t) = 150 + T0(C, r?)f(t) 

where f(t) is defined by the following sketch. 
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r- -1 

f(t) 

80 

0 80 t, sec 

Thus the temperature rise on the hot face increases linearly for 80 seconds, and remains 
constant thereafter. The function T0(£, tj), which defines the space variation of the tempera- 
ture rise, is given by 

f- -|)2 ; os ? £ J 
(76) 

+ (84-7)2 (2tj 

The graph of this function is shown for three sections of the plate in Figure 4. Note that the 
temperature rises sharply in the neighborhood of the edge £=1. This variation was chosen 
to simulate the stagnation condition which would occur at the aft edge of the windshield because 
of the tripping of the airstream by a ^retaining strip, 

The abo ' data were entered into the computer program and numerical solutions were 
obtained at grid points which divided the plate into ten, four, and six equal intervals in the 
£, 7?, and z directions, respectively. This resulted in an evaluation of the temperatures, 
stresses, and deflections at 385 points for several time slices. 

The temperatures at all grid points were determined at two-second intervals from time 
t = 0 to = 80 sec. Also, the steady-state temperature distribution was calculated. An 

-inspection of these data clearly revealed that maximum stresses and deflections would occur 
either at the end of the heating ramp (i.e., at t = 80 sec) or in the steady-state condition. 
Therefore, the stress analysis was performed for these two heated states. In addition, in 
order to demonstrate the plate response at an early stage of the heating process, stresses 
and deflections were calculated at t = 4 sec. Temperature variations through the thickness 
at the center of the plate (which are typical of the thickness variations elsewhere) are shown 
in Figure 5. Note that the steady-state condition is typified by an essentially linear gradient 
in the z direction, implying negligible heat flow over thv planform. Since the heating is 
symmetrical about the long centerline of the pla+e (77 = .5), the calculated quantities also 
possess this symmetry. 
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The deflections along the plate centerlines are shown in Figure 6. The deflections 
along the centerline r¡ = .5 tend to become constant in the plate interior, and drop off sharply 
in the neighborhood of the edges £ = 0 and £=1. This effect is less pronounced in the short 
direction, indicating that (because of the large aspect ratio) the plate deflection is character¬ 
ized by the thermal bending of independent strips in the q direction. 

Stress variations through thickness are shown at three planform points in Figure 7. The 
trends indicated by this figure are typical of what occurs throughout the plate, namely that the 
peak stresses for all time slices occur either at one of the plate faces or in the vicinity of the 
middle plane. In addition, the steady state stresses are essentially linear through the thick¬ 
ness and are generally larger in magnitude than the transient stresses. Detailed values of 
the middle plane and face stresses in the x and y directions, for time t = 80 sec and the steady- 
state condition, are given in Figures 8 through 11. The shearing stresses cXy were found to 
be negligibly small and are therefore not shown. In general, the stresses acting at the hot face 
are larger in magnitude than those at the cold face. Note that because of the sharp rise in 
temperature near the edge £=1, the stresses rapidly change from compression to tension as 
the edge is approached. 

39 



(S
'0

‘5
) 

CQ 

m 

QNOOaS/ d ONooasM, 

c- 

40 

F
ig

u
re

 4
. 

T
er

ni
 e

ra
tu

re
 V

ar
ia

ti
o

n
 o

n 
th

e 
H

ot
 F

ao
; 



640 

80 

-1/16 0 1/16 1/8 

z, INCHES 

3/16 

Figure 5. Variation of Temperature Through che Thicwness at 
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