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ABSTRACT 

The effect of a plane slab of ionization located in the focal plane of 

a focused lens transmission system is investigated It is found 

that if the effective dielectric constant is close to unity (no loss) 

then the transmission through the slab is the same as if it were 

illuminated with a uniform plane wave, * 

♦This research is part of Project DEFENDER, sponsored by the 
Advanced Research Projects Agency, Department of Defense. 

iii 



I 
I 
I 
I 
I 

I 
I 
T 

The properties of the ionized wake behind a hypervelocity projectile 

are currently of great interest. These properties may be determined 

through the use of microwave radiation — a powerful technique for 

probing the ionized region. 

This problem is very difficult to analyze mathematically, but appar¬ 

ently some progress can be made in the case of plane and cylindrical 

distributions. The present work will, therefore, be restricted to 

consideration of such distributions, and a discussion of cylindrical 

distributions will be reserved for Part II. 

Figure 1 shows the section of a collimating system along its optic 

axis, with the aperture of the lens on the left. This represents the 

focused antenna. The originO is taken at the geometrical focus, 
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and Oz is along the optic axis away from the aperture. Let 

be a point on the aperture and let 

R rO<? 

r’PQ‘{(X-%)*+(y..rj)*+(z+f)eyz 

Suppose that the incident waves on the circular aperture are excited 

by a source (such as a waveguide), which makes the field distribution 

thereon plane polarized. It has been shown by Matthew and Cullen 

(Ref 1) that the resulting field in the image space, inside a sphere 

around 0 whose radius is small compared with f is also plane 

polarized and is given by 

(2) 

where (0,00) is the value of E over the aperture, the integral is 

taken over the aperture plane, and the usual approximations of the 

Kirchoff solution for the scalar wave function E x are made. 

The effect of the collimating system is to direct a spherical wave, 

converging towards O through its aperture. 

Accordingly, 

(3) 

2 
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At distances from the focus, Osmall compared with Eq. (2) leads 
to (Ref. 2) 

E*- 
(4) 

In Eq. (4) the effect of the incident field upon a plane slab of uni- 

formly ionized gas must be examined. 

Let this slab be located at-r<z<r(i. e., have thickness ZX) and 

be considered to be equivalent to the effect of a dielectric, of 

(possibly complex) dielectric constant <. 

f 

3 
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BOUNDARY CONDITIONS 

Let the field tnstde the slab be E' (B¡, 0,0) ; u',0) 

EÍ=E| , H, = H , 

but ä = if- CuH E 

= A£ fo dEx 
^ i ’ ^7’- 

^Ex\ 

à't J 

Hence, boundary conditions are 

EI=EI * ¿Zl/óz^dEi/óz 
for all X ? for then also ' 

óE¡/áu = dE|/áy 
From Eq. (4) the incident field on the slab is a superposition of ele- 

mentary plane waves, the typical wave being 

(5) 

:: *q- (5\iS to Eq. (4) as far zap f—,2/(2) and ^ equ, 
aient form (Eq. (5) ) has been used because it makes* 

EX + k2 Ejt'O 
(6) 

and so Eq. (5) is a true plane wave. 

"up to ÄXewMchthis antÄ (VJSMSñes E0- Was far and ^ /ry, wnicn is all that Eq. (4) is an approximation for. 

4 
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Hie plane wave (Eq, (5) ) sets up in the medium waves of the form 

exp d td 7 

where/(i (-/( V/c)is the propagation constant for the dielectric K and 

the numbersare different from £ ,7) because^ J/f, 7/f) 

(¾^ ^l/f)are theX and ^ direction cosines of the inclination of the 

waves (Eqs (5) and (7) ) in their respective media, which are, of 

course, different. 

The boundary conditions at z*Oare, assuming also a reflected wave 

iff ptn 
XT? tk 

1J (8) 
that 

0 * r) :(A+e,) expfr^iííB') 
(9i 

where A and Bare the constants in the linear combination of the types 

(Eq (7) ) for the internal forward and backward waves inside the slab 

Ibus by Eq (9) , *7**i7i 

the wave types set up byú(J^¿^inside the slab in the form are itaken 

as 

cLUy 

5 
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In accordance with the above and assuming a reflected disturbance 

y¿ 
z 

for the region-f<Z<-T , and assuming 

+ a exp l't'/t # ^ 

for the slab regiert'^<2< T, and, finally, 

1 R1exp 
Af* 

for the transmitted wave for region Z>T. 

The boundary conditions now give on Z » - £ 

» 

+¿kr<t) exp 

A 

where 

+ R exp -ikr<p 
r 1 

exp-fiAr^ +Bexp|-tAr^ 

‘/z 

exp 

<t>K 
T 

ikTf^-Retp-ikTÿ 

A exp \dr<l>*\+ 

* m 

5 *xp - ik ri 
rlC 

(12) 

(13) 

(14) 

(15) 

(16) 
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(17) 

R1 exp A exp -ikrh -B expl^ikrj^ 

(18) 

The field inside the slab will be found by determing A and Band 

integrating the resulting expression (Eq. (13) ) over the aperture 

(multiplying Eq. (13) bydfid*/&nd integrating over the aperture). 

The field well beyond the slab will be found by the technique of this 

report, for the present expressions for 7T are only valid at distances 

from the geometrical focus O small compared with f . This techni¬ 

que will be to find 7T and<^Aat the back of the slab (i. e., on 

Z*T+0 ) and determine 7T at far points by a Kirchoff integral over 

this face, noting that points over the back face whose distance from 

O is large, or comparable withf, give negligible contribution to 

this Kirchoff integral. 7T and<tyá* atz-TTmay, therefore, be cal¬ 

culated (for this purpose) from the present theory. We have from 

the last two equations 

(19) 

B 
0/c 

10 f I exp 

(20) 
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Also, by the first two equations f *    V vtjucii&UllO 

{^^ye,p{{kr(<pK-<p)].[¿X\t 
&e*p{-^(<l>K+<p)} 

2 e*p (ikT$) * A T í -^í-f 11 e»p(ikT<t>K )-j^ 'i 
■ 0 J f^ç.+í| 

«xpf-3 itr^J ' ^ J 
Hence 

A= 2f ̂ +'}e*p{- ikr(0K-<p)^ 

1 í^2 
e*p(-4<.kr<f>¿) 

(23) 

B 
■i\exP[- ■ikT(s4K-ti 

'} 
i) exp\-4ik- t4>k) 

R'= 
4K-^exp{-2tir^-0)) 

(24) 

(25) 

It is obvious that R ' reduces to unity, as it should, when T-» o 

whenK»/ , and when K-/, 8*0, A-l as it should. 
or 

The Field jn the Vicinity of the Focus Within the Slab 

Using the above values of>4 and B, the expression (Eq. (13)) for the 
field due tocífá7! inside the slab is 

8 
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k(i (<i>)‘*p{' 

t^exp |-4t/rr0^j i 

{(Qk * ¢) exp[- +(<pl(-<p)e*p {ä(z-ZT)<pk]\ 

Hence the field in the slab has, for its Hertzian vector (multiplying 

the above by ^i<(y and integrating over the aperture) 

wit$We*p [-^(¾ (*)-<Pm) Jo (^) (27) 

-4 (^/c (ü)+<p(-ü)J2- (<p¿(-ü)- tpíüiJexp^-AikTípicfc) j 

[{<t>ic(üfr(t>(ù) }tf ikz <t>K (ü)p {(pK (û) 

expl-ikfe-iT) 0Kfaj}-wd û> 

Wheren0W^ C*:ï+V 

and <pKfc)*(lC 

the integral being taken over the aperture. 

9 
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il 

í! 

VERIFICATION-SPECIALCASE z = 0 

Putting O gives the field over the focal plane inside the slab. If 

further, IC-1, the above reduces to 
A 

ZW* I T/krû\ - 

as it should. 

Considering now the limiting caseT>CjK*/ ; the integral (z = O) 

as it should 

10 

i 
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THE FI ELD JUST OUTSIDE THE SLAB 

Using the formula derived for R1 and Eq. (11), the expression for 

the Hertzian vector due tod td^is 

<Pe*p{ik(~^j-2ilrr(^-$)-¿^) (28) 

{A * 0} TA] 

so, (multiplying byd td 7and integrating) the required field is 

sir tic [A4 tkkr(4K- 
\icrH 

Af*l 
\ A-¢)-{4k-4} fexp(-4ikT<ptc) 

(29) 

the integral being taken over the aperture. 

This expression will, of course, be valid only at distances from the 

focus small compared with f . For distances where this condition 

is not satisfied, we would adopt the previous technique of expressing 

the field as a Kirchoff-type integral over the plane s^T+O . For 

calculating the integrand of this Kirchoff integral, Eq. (29) is, of 

course, useful. 

11 
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A USEFUL CASE 

The present theory is restricted to neglect of the squares ofû*/f*. 

Thus, we may replace in the above 

If K, is not too small we may also replace 

,-,1 

In doing \hiayi04/6IC*f* is neglected in comparison with / ; this 

allows K to become even as small as 

Thus 
O 

iZl 2 

f2 

/ic7- 

f* 

TJ 2 

2f2/ÍC7 
-I + 

2f 2 
(30) 

Further, if < is near I , write 

ic-i + e 
then we have 

^2 
-i+ 

2f2 2 r 2 z 

» f ) 

(31) 

(32) 

12 



TR62-209N 

Also 

K W M'-^/ -? + F£ (33) 

Hence, ne glee ting £ % in comparison with unity, the denominator of 

the integrand in Eq. (29) may be replaced by /. 

Approximating the numerator of the integrand, Eq. (29) is now equal 

to ra 

kr*]adiõ 
2TH 
Xf* 

(/+2 - f2 ) txplçLér-ikl 
•f (34) 

fíexpjikíT) 
which is simply ^ , the undisturbed focused field. It must 

be emphasized that this result has been established only on the hypoth- 

esis that squares of £ are neglected in comparison with unity. 

13 
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PHYSICAL INTERPRETATION 

The forms of the solutions in Eqs. (27) and (29) bear an interesting 

physical interpretation in terms of ’’reflected and transmitted waves”. 

Field Inside Slab 

This is given by Eq. (27). 

The result, in the form of an integral is the sum of elementary plane 

"cylindrical” waves of the general form 

(35) 

Note that 

The term involving exp[-^z (<-îi J represents the sum of the 

forward* propagated waves within the slab, and that involving 

(k-^ j j represents the sum of the backward propagated 

waves within the slab. 

Forward Propagated Waves 

Placing the denominator of the integrand effectively equal to 4 (this 

'•‘"Forward” means away from the aperture. 

14 
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means neglecting all but the first "transmitted” wave within the slab, 

1. e., neglecting secondary forward propagating waves caused by re¬ 

flection from the 1st edge), the effective focal plane of this wave is 

given by putting the phase equal to zero, i. e., by 

l.e.,2- 0^* (first approx) 

This is shown at /•" in the diagram. 

Conducting the same approximation with the denominator (this means 

taking account of only the 1st internal reflection — see Fig. 2), the 

effective (virtual) focus will be given by 

Z * 2T= + T 

z*2T+-L(IC‘I)t (f lrst approx) (36) 

This is shown at in Fig. 2. 

is the mirror image of /7 in the 2nd face(z -T)of the slab which 

is as it should be. 

15 
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Field Outside Slab 

By referring to Eq. (29), it can be seen that there is 

propagated wave. 
only one forward 

With the same approximation as the above for the denominator of the 

integrand (this means that only the primary transmitted ray is taken . 

see Fig. 2) the effective (virtual) focus will be given by 

z=-?T 

2 = 
(first approx) 

This is shown at in Fig. 2. 

(37) 

Note thatOFj*ft}F|, which can be easily proved from Snell's law 

usmg ray theory and elementary geometry and remembering that 

all the angles with the optic axis are aman 

16 
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THE APPROXIMATIONS TO THE FIELD 

The Field Inside the Slab 

The denominatoi' of the integrand will now be approximated. 

Let 2 = F| ) z = F3 be the positions of the real focus for the mal 

transmitted wave (within slab) and the virtual focus for the main 

reflected wave (within slab). 

Thus, Eq. (27) is 

K-l 
4“ **P l 

where 

fa'1)7 '> F¿$ZT+ j(ic-i)t 

The Field Outside the Slab 

With the above-mentioned approximation for the demonimator of the 

integrand, Eq. (29) becomes 

4% 

17 
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Il the last formula, the effective distribution over the new focal plane 

(virtual focal plane) at z -(fc-T lefe- hfjH 
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Far Field for Slab Distribution 

With a slab of dielectric, of thickness 2T, centered at the geomet¬ 

rical focus (0,0,0) whose plane faces are parallel toXOy, it was 

found that, if 1C was near to unity, the field just outside the slab 

(z>T) times the ’’free space” value. 

Hence, the perturbation field anywhere to the right of the slab is 

exp\-ZikT(jK-\)]-\ 

times the ’’free space” field. 

This agrees with a factor obtained for the perturbation field of a 

thick cylinder. 

20 
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