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THE L.MITTNG DISTRIBUTION OF THE VIRTUAL WAITING TIME

AND THE QUEUE SIZE FOR A SINGLF-SERVER QUEUZ WITH

RECURRENT INPUT AND GENERAL SERVICE TIMES

Lajos Takacs

Colwrbla Unlversity, New York

1. INTRCDUCTIOK, Suppose that in the time interval (0,00)

custcmers arrive it & counber at times T, , ?2, eees T ;. eue o The

customers are served by a single server in order of arcival., The

server 1s 1dl: if and only if there 1a no customer in the syatom.

Denote by % _

the service time of the n-th cuatomer. It 1s supposaed

that the ssrvice times X (n =1,2, ...) and the intsrarrival times

6, = ’b’m_l =T, (n=1,2, ...) are independent sequencss of identically
distiributed, :wutunlly indepondent, nositive random variables with
distribution f'unctions
1) PiX 5} = H(x)
and
(2) P {8, £x}=Fx) .
Let E{%X 2=« &nd Ef6 } = f. Throughout this paper « and B
are supposed 30 te finlte and the trivial case P{% = 8% =1 1s
excluded,

Denote “y »)z(t) the virtusl walting time at tire t, i.e.,
er(t) is the 5ime that a customer would have to walt 1if ha arrived at
time t. Let

n

‘Zn *'Z (T, = 0), t.e., T 1s the acturl waiting time




of the neth arriving customer. Denote by &£(t) the queue size at
time t, 1.0,, the total number of customers (either waiting or being
served) in the system at time t. Let §n =€ (Tx'x - 0), .., § 1s
the queue s3ize Immediately before the arrival of ths n-th customer,

In wkat follows we shall determine the limitling distribution of
() and that of &(t) as &t ~»oo . We note here that the distribution
of the queve size is independent of the order of sarvice,

A% this polnt I should like %o mention briefly the idea which
leads to the notlon of virtual wailting time., One can suppose, without
loss of gerieralily, that each customer 1s assigned his service time in
advance at hls arrival, because tho service times are identically
distributed, mutually independent random variables and independent of
the arrival times, Suppose that we use a readingetimer which has a
clock mochanism end each time & customer arrives we set the hand for=
ward by his future service time, Since this clock runs as long zs there
are customers in the system, it will at any given instant show the
appropriate virtusl walting time, Thus an arriving customer can
immedlately see hls own actual waiting time on this cloek, 'z(t) can
also be Interpreted as the occupation time of the server at time t,

that 1s, the time that 1s needed to complete the service of all those

customers vho arrived before t. In certain qusues "l(t) has a real
physical moaning. TFor instance, 1f we consider reading of messages
In a telegraph office, then 'Q(t) can be interpreted as the length
of all messages which remain to be read at time t.,

The proceas ifrl(t)} has interest not only in the theory of
queuss but also in the investigation of operation of dams., If qz(t)
denotes the content of a dam at time t, then {'rl(t)'! has the same




stochastic behavior as the virtual walting time in a queueing process,
(cf., J.Gani snd N.U. Prabhu [5].)
Finally we introduce the following Laplace-Stleltjes transforms:
(3) Yie) = [ o antx)
(o]
and

f’(s) = fo) e”3% ar(x)

which are convergent 2R (s) > 0,

2, TEX LIMITING DISTRIBUTION OF THE ACTUAL WAITING TIME.
The followin; resuits have been proved by D.V, Lindley [6]: If « <f ,

then the limiting disiribution 1im 1“{%1 € x} = W(x) exists, independ-
N>
ant of the initial state and it is the unique solutlion of the followe

ing integral ecuation of Wiener-Hopf type

Q0

(5) ix) = J; Kxey) dW(y) if x30,
0 if x <0

where

6 X = H 4ar

(6) (x) j‘;’ (x+y) dPly)

and further W(0) > O, If « 3§ (the trivial case P{X = 03 =1
13 excluded’, then P m /zn = o0} =1 , whence it follows that
1im P{r gx = 0 for overy x irrespective of the inisial state.
nﬂnaDefina the event & such that & is sald to occur at the n-th

arrival if the server 1s found to be idle at that time, Evidently

® is a recurrent event, If « $PB , then € 4s persistont, and if
4 > B , then B 1s transient, (As to the theory of recurrent events

we refer to I/, Feller [:3] pp. 278-310,)




Denote by R(x) the probability that the distance between
two succesaive occurrences of ¥ is gx. If « g0, then R(oo) =1,
1.6,, R(x) is a proper distribution function. The mean recurrence

$ims of g is

(o) ool .
(7) g = 5‘ x dR(x) = j’ B oREx)] ax =8 M(0) .
0 0
If @ < B, then §< o , vhoweas if o« = 3, thon §= . If « >3 ,

Finglly we aote that 17 F{x} Is noi a L..tlce distribution
fonetion, then R{x) is not one eithewr,

3. THE LIMITDNG DISTRIBUTION OF THE VIRTJAL WAIYING TIWME,
Wo shall prove

THBEOREM 1 - I « <B and ¥{«x) Lo uobt e latbtics distribution

function, then the limiting dlstribution

(8) i A plb) < =t o= WH(x)
t=» 00 {4] N

exists, independeni; of tha initlal stete and is plven by

(9 W) = (Lo ) v Wix) e HA(x)

where W(x) 1s dsfined by (5) ,

(10) B*z) = \% J’ R - aylay i x20,
0
0 it x<0,

and # denotes convclution, IT « 3 B (the triviel csse P{’A’h = 9n3 = ]

is excluded) , ther 1lim 'P{vz(t) = x} = 0 for overy x, irrespective
t=>00




of the 1nitlal state.

PROOF, The proof consists of twec parts , Fi-st we prove
thet the limit exlstas and then ws find the explicilt form of the

liniting dlstridbution in case of « <f , We need

LEMMA L. Let A be gn svent uvhich kas ths lollowing

-

AL

prenertys 4 A occurs of time u gad does mch cceur s blme wit,

-
s -

Ghen this Iroli-g thet of least one customer srrives in the inbcevel

(w,u+t] . Danot3 by P,(%) the probability that the system is in

stcte A at_time &, If « <P gnd F{x} is not a lattice

disvribusion Tfuncktlon, then 1lim PA('i;) = PK exiats and 1s
t ~>co
Independent of Hhe Initial state,

PROOF, Dencte by M(t) the expecied numter of occurrsnces
of € 1n the time Irterval (¢,5] . Let QK‘('G) douote the probability
thet the syctem is ir. state A ab time t and ¥ rnever occurs in the
interval (O ,,t]. Measuring time from on occurronce of & denots by
QA{t) the probability thet A occurs at time t and & never occurs

during tho intervel (0,%t]. Evidently

<O
(1) Polt) = @3 (6) + [ Quft-w) antw)
0

If « <, then § 1t a persistent ovent and congequently 1im Q}{(t) s
L= G

1lin QA(t) # 0 , Ys 3hall prove later that QA(u) is of vounded

t~= o
variation in every finite intervel [0,%]. If « <f and F(x) 1s not

a lattice distributicn functlon, then by a theorem of D, Blackweil [1]




we have for a1l k > 0 that

(12) Lim  Meh) o MCB) 1
t =) co

$

whore § 13 defined by (7). Tuwus I « <B ond F(x) 1s not a

lattice dis:crituiion funcition, then it follows {rorr {11) and (12)

that
£12) 1im P, (bt = & 7 Q. {u) ar
2] e At 2 ‘SO 1a 3

Jrrespecitive of tha Initld stvie. (00

Yo WaL, Suth (91, ana [L1]

A
Viw
N e s A G

Py . 227«228.) Since

() Qi (u) £1 - Riw)

for wu g O, tha Integral on the rlght hind side of (13} convergos.
It remuins Lo prove thet Qylu) is ~f hoandod variaticn

In any finite intervel [":O ..] s *he prool ls based ca an idea of

Hevo Smith 10] . Measvrc time from an occurrence of % ., Donato

by Y({t) the aumbsr of srrivale iIn the interval (0,t] ~ Define

Z% =% i A occurs =t Simo t cond & doss not occcur ii the interval

(0,855 %, ® 0 otherwlss: For C gu gt we have

Xy 1Que) « (g BfE, - BE + 2 2006 - ¥,

Loz,

Qut) = Qyu) = BfZ, ~% 3= Pfi6 =0, K =1} . P{% =1, % =0},
whe nee

§iss

K, - A3+ 2 3 =1, % v o]




and b a .vwphion
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A satisfies the
assumptions of Lemma 1 and Py(t) = PZ»z(t) s x}.
Thus by Lemma 1 the 1imit (8) exists and W*(x) 1s a monotons non-

decreasing function of x and by Rewark 1 Wloo) = 1

v

It «>B , ther 1im P{{t} gx§ = 0 for every x
= 00
irresvectlive of the initia)l stato. Since /7(1‘;) 2 ?n for

T.nnl < % <T‘,n” n=l,2, eas , and by Lindley's theorem P%himmﬂ{‘ vt m1 =]
for « 3 B, we can conclude slso thet in this case I¥lim /Z{ = ouf =1 .
l.t"? fo.0)

RIMARK 2. WNow ve shell pirrova directly thet

P} 1im P(t) = o} =1 If «>F . Denote by » (i} the number of
=) o
errivals in the interval (0,t] . By a theorom of J.L. Doob [2} ws

have

(a7) Pi1im X8 o %—J ~1 .
t=> 0 ‘

since obviously

Y(t)
7(¢) ;ftz(o) + ?"LT oy =%,

we have = Vi)
7 7(0) »e) 1 2
(1-8) -‘é--)- ;. —é—~ + Tm % %1 @ L °

If 4 >0 ian (18), then we have with probability cne that
701/t =>0,  V&)/t > 1/B and
v;t)

—ml =T ﬂi - L
The latter follows from an easy extension of the strong lawof large
numbers, Thue by (1.8)

1m o HEL 3 5 .10

t=>
with probability ons, whence




H
0

(19) P{ lim 'T(t) = oY =1,
t- oo

This proves that 1f « > B , then t_:..3.111 P{9(t) 5xf = 0 for every
> 00

irresvective of the initial state,

Finally 1t remains only to find 1lim Pi’?(t) g x} = W(x)
=y 00

1f « <B and F(x) 1s not a lattice dlstribution function, First
we define a random variable ©(t) as the tims between ¢ and the

first arrival after t. Then we observe that the vector variables
inz(t), 8(t)} form & Markov process. The initial gstate 1s glven by
(OZ(O),G(O)) where »rz(o) i1s the initial occupation time of the

server and 6(0) = T, 1s the time of the first arrival., (We note

that if the input is a Poisson process, then {’Il(t)} is a Markov process
in 1tself,) Define now A as follows: A occurs at time t if |
'Tl(t) sx and O8(t) g y where x 3O andy 3O, This A
sablsfies the assumptions of Lemma 1 and if « <8 and F(x) 1s not

a lattice distribution function, then hy Lemma 1 we can conclude that

(20) 1,-mP t “ » e t o W s
1;_)mi"l():ax (¢) sv3 (z,7)

exists and is indepondent of the initial state, W¥(x,y) 13 & two
dimensional distribution function, becauss by Remark 1 W *(o,c0) =1,
Let

(21) ﬂ“(s,w,t) aP ie"s ’Q(t) -w Q(t)}

and

{22) Q%s,w) = T ?e“”""’ dih w¥=x,y) .
0 0

"If £ <P and F(x) 1s not a lattice distribution function, then by




~10-

(20)

(23) 1im Q*s,w,t) = Q%s,w)
t=> o

for W(s) 20 and (w) & 0. If

{24) Qf(s) = To"’" aw * (x) ,
0

then obviously Q%s) = QYs,0) .

Now we shall prove

LEMMA 2. Denote by m(t) the expected number of arrivals
in the time interval (0,t]. If m(t+at) « m(t) = O0(st), then

(25) ﬂ‘(s,wﬂ;-c-ot)o% Ofs ,8) o (w+a )L™ (s ,w,t) = 8Py (t) $ (w,t) -

m(t-!-dgv); =8(t) 3 cy(s)F )] Q) (s,8) + %_ﬁe_tl

where Py(t) = P{m(t) = 0} ,Q(s,t) = E{e~* 1t [o(t) = 0

and  §0u,8) = B0ty (1) = 0},

PROOF. 1if O(t) >A t, then O(t+Aat) = 8(t) -4t and
'Q(t-rAt) = max (0,4l(t) -At), Thus
Eie-sal(tu\t) -W O(t-c-At)le(t) > ot} =
Part) = 0,0(t) >4 ¢} Efe~*7EIWOE) 00000 006) > 8t} Quwat) +
Plo <7(t) ‘At,e(tbdt}Eie's'z(t)'"e(t)Iaz(t)>At,6(t)>At} @+ (w+s)at]+00t)
If 8(t) gAt, then 6(t+Ot) = 6 - 6141; and 77(t+At)= ol(t) +
X w GzAt where X 13 the total service time of all those customers who
arrive in the interval (t,t+4t], © is the interarrival time
between the last arrival in (t,t+At] and the first arrival after

{




t+4 t, and further Ogel $1 and 0;62 €1 . Thus

E{e=2(t+0 8)wB(t+A8) 1g(1) <At} wif(s) P (w) ELo™27(E)VO(E) |g() atyr0at),

Since P{e(t) gAt} gm(t+ At) - m(t) = 0(A$) wo obtain by the theorem
of total expectation that

O¥Ns,u,t+At) & L+(wts)At] Q¥(s,w,b) = sAtL P{A(t) = 0,6(t) > t3 .

(26) 5§ ) () = 0,0(6) >4t} « [« Wis)F () )efe® 1) jo(s) gAt} .

P{e(t) cAt} + o(At) .
Since m(t+A t)em(t) = P{o(t) sAt} + o(4t%) also holds, we get finally
Qs w,t+bt) = L + (wis)at] QNs,w,b) = sA ¢ Pfr?(t) = 03 ,

(21 E{e™ ) ipe) = 0} - B - Via)p (0] Efe™* T (o) = 0F .

[m(t+At) « n(t)] + o(At) ,
which 1s in agreement with (25).

By Lemma 1 the following limits exlst tlimﬂ"(s ,t) = O%(s,w)
-3¢0
(c£. (23)), 1im P, (t) = P% (It is casy to prove directly that
t=> o0

Pp=1 = «/8 (cr. (11] p. 142.) and 1im Fw,t) = & (w), say
t=> ®

By Lindley's theoremn 1im £2(s,t) = €1 (s) where
- oo

(28) {l(s) = f e"%* aw(x)
0

and W(x) 41s defined by (5). By Blackwell's theorem

(29) 11m Eﬁ.t.%%_:ﬂﬂ. 1
t-d 0o | F -

If we let t - o0 in (25) we obtain




lee

(30) (wes) % (s ,w) = PGP (W) + EL_-_’:E%_LL(E_LZI L(s)

If w=> 0 in (30), then we get
(31) Qre) = pg+ B=Yiell Qe .

Since (0) =1, we obtain that Py =1 - « / B . Thus finally

the Laplace-Stieltjes transform of W (x) 3is glven by

(32) e = 0 - e § Bzl e,

<8

whence (9) follows by inversion. This completes the proof of Theorem 1.
EXAMPLES. (1) Suppose that F(x) =1 - o * (x g 0) and
H(x) is arbitrary. In this case f = 1/A . If A« <1, then

o A= AL
33) Q6e) = TRIvm

and thus by (32) (Xs) = (Q(s), l.e., W*(x) = W(x).
(11) Suppose that F(x) 1s arbitrary and A(x) =1 - o°*¥
(x 2 0). 1In this case « = 1/p. If uf >1, then

(3) Qis) = @ - 8) + 0 0l

where gz = 8 1s the only root of 2 -f (p.(laz)') inside the unit
circle, Now if we suppose that F(x) 1s not a lattice distribution

function, then we obtain by ( 32) that

(35) Qe) = 0 -3 < A

From (34)
(36) Wix) =1 = 8 0~#(=0)% 3¢ x 30,




Wl

and from (35)
(37) W¥x) =1 -&5 el = B)x it xz 0,

Lo THE LIMITING DISTRIBUTION OF THE QUEUE SIZE. The followe
ing two theorems are concerned with the limiting distribution of the
queue slze. Formulas (39) and (47) were first found by Mr, M. Aczél
(oral communication made in January 1958 during = neeting on
"Queueing Theory and Practice" arranpged by the Institute for Engin ering
Production of the University of Birmingham, England), Formula (447}
has also been proved by =I. Kawata [7]. Under somo restrictive
conditions the exlatence of the limiting distribution of the queve
size for manyeserver queues has been investigated by P,D, Finch (L].

THEOREH 2. If « <f snd F(x) 1s not a lastiice distribution

R S R A

1in Pi§(t) = k} = Pl'; (k = 0,1, ...) gxists and 1: independen% of
t=> 00

the inltiel queve sige., We have

(38) Paala-‘é'

and fOl‘ kal"?, 50

0
(39 g § Frat®) - m]ai) s n¥a]
0
whore P, (x) denotes the k-th iterated convolution of F(x) with

LEself; Folx) =1 4f xz 30, and Fylx) =0 4f = <03 W(x) 1is
defined by (5); and H*(x) is defined by (10). If < 3 B, then
t‘;;;‘oo Pig(t) =ki =0 (k=0,1, ...) irrespectivs of the initiai
queus size.




olli=

PROOF. If we define A as the event that the queue size is
sk (k = 0,1, ... ), then this event satisfies the conditions of
Lemma 1, Accordingly if « < and F(x) 3is not a lattice distribution
function, then the limiting distribution lim P{E(t) s k¥ exists
and is indevendent of the initial s’cate.t—ii?o « 3 £, then
lim PES(t) %3 =0 (k= 0,1, ...). This follows from (50) which
w?g c‘ge proved later.
REMARK 2, Wa shall give a direct proof for the case « > 3 .,
Denote by B8(t) the numbar of departurés in the time interval (O ,t]
and by W(t) the number of arrivals in (0,t]. Then €(t) = X0) + Mt) -

8(t) , whence

(10) e o BO) o, ) X0 |
By Doob's theorem t]_.)im P(t)/t =1/8 and 1im sup 8(t)/t g1/«

L) t=> oo
with probability one. Since 1im £(0)/t = 0 with probability 1

t~-> 00
we obtain from (4O) that
Sétz 1 1
1lim inf T - i >
t=> oo o 4
with probability one, i.e.,
(t) PL 1im §(t) = oo} =1 .
t=> 00
To find P; for k= 1,2, ,,. we can write that

t te
FBt) = k} = Q(t) + §) [Fk_l(t-u) - F (t~ul] Su[i ~ H(t-u-y)] .
0




(42) dy Bqu) gy | o(u) = 0% d m(u) ,

where Q;(t) 1s the probability that the queue size is k at time t

and there 1s no arrival in the time interval (0,t]. The second term

on the right hand side of (42) can be obtained in the following wey:

The customer being served at time t arrives at time u (0Ogusg t),

his walting time 12 3 (0 gy ¢ t-u) and in the interval (u,t] k-1

customers arrive. If « <f and F(x) 1s not a lattice distribution
function then u}-imoo Pioz(u) sylo(u) = 03 = Vi(y) where W(y) is

defined by (5). By using (29) we obtain from (42) thatt};néol’{_’s'(t)u kg = Pf

where P§ 1s glven by (39) for ¥ =1,2, ¢os o If k=0 , then

PR =1 - /B , because
(413) 1im P§%(t) = O -1-%1"’.1-".
v sy FLH®) = O 1
REMARK 4. If
(4hy) W = x aW(x)
\

is finite, then
<= 1
(45) mk?;-—ﬂ—(wli-d.),
An intuvitive proof is as follows: Obviously

f E(u) du = é_;') (11 +7y)

0
is bounded with probability 1, i.e.,
t t)
1 . U 1
(L6) b}?mw -+ S E(u) au t}-;moo = g (?1 + 71) =~ (Wl-M)

o)




with probability one, For, by (17) »(t)/t - 1/8 with
probability 1, by the strong law of large numbers
vY(t)
1 é-—
linm VIET Y = &
t>o00 Y8 43
with probability 1, and by the ergodic theorsm

)
t—?oo-TT gL/Ziﬁw

with probability 1, If we suppose that {§('&:)} is a stationary

process, then evidently
e o) »
Ej §(t)} = E:US— X P}

for every t & 0, and if we form the expectaticn of (46) we obtain
(Ls).

THEOREM 3. If « <P, then P{g = ki = Py (ks ,2, eool
n-)oo

oxists iIndependent of the initial queus size end we have

(47) P, = f’ [y(x) = Py (0JaF () # B(x)]
(¢}

where W(x) 1s defined by (S). If « 2 8, zhen 1.,m P{_En =k} = 0

for every k I1rrespective of the inltial queve size.
PROOF, The event §n+k+1 € k& occurs if and only if the

neth arriving customer departs before the n+k+l st customer

arrives, 1.e., if and only if the queus size immediately after
the departure of the n-th arriving customer is g k. Thus for

arbitrary initial queue size §(0) we have

(18)  P{& ey %) = }: R - P, A0, (x) # HCx)]




where Wn(x) -P{’tzn s x} » because the queue size immediately after
the departure of the nwth arriving customer is equal to the number
of arrivals during the walting time and the service time of the neth
arriving customer,

If «<B, then 1lim W (x) = W(x) and by (48)
n-> o

oG
(19 o pfg, g = 50[1 o P ®)]afii(x) # H(x)]

which proves (7).

If «28 , then 1im Wn(x) = 0 for every x and by (45)
= n=> 00

50) 1im P k¢ =0
< n, S =13

for every l.
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