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ABSTRACT

A general theory is developed for obtaining linear estimates, of

minimum mean square error, of components of random processes. The funda-

mental requirement for applying the theory is that the process in question

be vector Markov in the wide sense, a requirement typically satisfied ex-

actly and almost invariably satisfied approximately. This estimation

theory has considerable advantages over methods of functional analysis

mentioned in Section II in that: (a) it is concerned with vector observa-

tion functions which may be time-dependent linear combinations of com-

ponents of the process; (b) very general nonstationary processes are

treated: (c) explicit solutions are obtained without difficulty; (d)

linear prediction is an immediate consequence of linear estimation; and

(e) estimates are obtained sequentially. In contrast to the typical ap-

proach of considering the observation as the sum of a quantity of inter-

est (sometimes called the signal or a linear combination of unknown parame-

ters), together with disturbances (sometimes called noise or errors of ob-

servation), the observation is considered a linear combination of components

of a vector process, and the best linear estimate of a complete state vec-

tor of the sample process is obtained.

(The essentials of the theory were presented in an internal memoran-

dum, CLM-30, 1960, and a more complete exposition, with examples, in CLM-

46 and CLM-46A, 1961.)
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I. INTRODUCTION

The basic problem considered is the sequential determination of oest

linear estimates of a vector x( ) based on non-denumerable vector observa-

tions linear in x( ), for [x(T)3 vector Markov processes in the wide sense;
Abest linear estimates x(T) are by definition linear estimates minimizing

the variance of estimate, E [x(') - x(7)] Ek.) -

Wide sense vector Markov processes, considered in Appendix B, are

those processes [x(T)) such that, for any time sequence T1 5 T 2 55 ... ! TV

the best linear estimate of x( V ) on the basis of X(l), ... , x( _1 ) is

a linear function of x(- ',l), not depending on X( ... , x(Tv2). This

is equivalent to

x( V ) - L V, _I X(T V I ) + vV,

with the transition matrices LV, _1 not depending on the sample function

x(T), and v orthogonal to all preceding v and x. With slight restrictions,

wide sense vector Markov processes satisfy the relations (2 a T1I

x( 2 ) - K( 2 , 1 )x( 1 ) + w( 21),

dK(T 2 ,I)/dT - B( 2 ) K(, 2 , 1 )

Ew( 2 ,T 1) w(T 2 , 1 ) -f K(i ,) Q(c') jr( 2,) do,

with the w('2 ,) corresponding to non-overlapping intervals mutually

orthogonal, B(r) and Q(T) integrable square matrices, and Q(T) non-negative

definite. The structure of [x()il is thus characterized by B(€) and Q(T).

We consider observations y(T) - A(r)x(i) made over a finite or non-

denumerable set of values of T, and obtain, sequentially, best linear esti-

mates i() in extremely general cases which may involve time-varying A(-),

B(), and Q(7). Best linear prediction is a simple consequence of best
linear estimation. The assumption that [x(r)j is a wide sense vector

Markov process does not appear to be very restrictive.



Introduction

The basis of the analysis is the fact that best linear estimates and

observations on which they are based are orthogonal to resulting errors of

estimate; this and the linear structure of fx('r)] permit orthogonalization

of successive observations by subtracting from each observation its best

linear prediction.

Section III treats a finite set of observations; Section IV, con-

tinuous processes fx('r)): Section V, continuous observations; Section VI,

some aspects of Gaussian x(T).

Standard vector notation is used, with E the symbol for expectation;

A, B, C, D, F, G, .. for matrices; a, b, c, ... for column vectors; and a,

0, y, ... for scalars. The transeose of a vector or matrix Is denoted by

the tilde. I and i represent identity matrices and column vectors of unity

components, respectively. The symbol stands for "is equal by definition

to." Time derivatives are always considered as derivatives to the right.

To avoid undue complexity in writing, we use the short notation:

d F( )F'(-r) C

d
F(F,T) j-d F0 ,T).

That is, the prime denotes the derivative of the function with respect to

the first time variable, the dot the derivative with respect to the second

time variable. One further special symbol is the asteriskrepresenting

the operation:

*F(T) F'(T) + F(T) B(T),

with B() a specified matrix partially characterizing fx(')]. By .2, we

represent the repeated operation

*2 F(1) j * [*F()].

The concept of orthogonality of two random vectors is used exten-

sively. Vectors x and y, whether or not of equal dimension, are said to

be orthogonal if, and only if, the matrix Exy is zero.

2



II. HISTORICAL NOTE

The beat linear absolutely unbiased estimate of a vector x based on a

finite vector y of observations linear in x has been well known for many

years. The standard demonstration, showing that the estimate minimizing a

quadratic form in residuals yields the minimum variance absolutely unbiased

estimate of every linear combination of x, is called the Gauss-Markov Theorem;

this corresponds to Conclusions D and F of Theorem 0. Theorem 1, regarding

the best linear estimate of a vector x based on a vector y of observations,

is presumably also well known, but the author has not found it in the

literature. To the best of the author's knowledge, the first work on se-

quential calculation of best absolutely unbiased linear estimates was that

of J. W. Follin, Jr., about 1955, in the first case considered in Section

111.5.

Kolmogorov, 1941, obtained the best linear prediction of a wide sense

stationary scalar process observed over a sequence of uniformly spaced

times extending indefinitely into the past. Wiener, 1949, considered scalar

observations, continuously or at uniform intervals, extending indefinitely

into the past, on the sum of a signal process and a noise process, each with

absolutely continuous spectral distribution function, and obtained the best
linear estimate of the signal; convenient instrumentation gave estimates

sequentially. Estimation problems involving multiple observations were

treated with considerable success, but gave rise to the difficult problem

of properly factoring spectral density matrices. The reader is referred to

Doob, 1953, Chapter XII and Supplement, for a discussion of estimation

based on scalar observations on wide sense stationary processes observed

indefinitely into the past, and remarks on contributions to such problems.

Considerable effort has been devoted to more realistic and general

problems related to those solved by Wiener. The basic problem studied is

the linear estimation of P(T) + !1(T), given observations made continuously

over an interval [0,r1i of

P(T) + (r) +*V2 T()- (T) 1i 2

V

with ir) XL . c(7), where the (P) are known functions of time, and

- 1
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Historical Note

(T) and VT) are zero-mean processes, not necessarily stationary. Some-

times the best linear estimate of p( ) + 91(T), subject to the restriction

that the estimates of P(T) be absolutely unbiased, is desired; we call this

the best hybrid linear estimate. Methods employed include extensions of

the Wiener-Hopf integral equation, expansion of random functions in terms

of a denumerable infinity of orthogonal random variables (usually by the

methods of Karhunen, 1947 and Love, 1946), Green's function, and repro-

ducing kernel Hilbert spaces. Zadeh and Ragazzini, 1950, considered caseswith ( ) -1,
with 1()- , 1 and 92 (T) having absolutely continuous spectral

distribution functions, extended the Wiener-Hopf integral equation, and ex-

pressed best hybrid linear estimates in terms of solutions of integral

equations. Grenander, 1950, obtained the explicit solution for X in the

case p(T) - X, 910) - 0, 92(T) autoregressive and stationary, using

Karhunen-Lo~ve expansions. Davis, 1952, characterized the solution of cases

with P(T) polynomial in time in terms of characteristic values and charac-

teristic functions appearing in the Karhunen-Loeve expansions. Somewhat

similar methods were applied by Kallianpur, 1959, in cases with 91(T) un-

correlated with 92(T). Pugachev, 1960, also uses such expansions, which he

calls canonic representations, to characterize estimation problems. Dolph

and Woodbury, 1952, used Green's functions in cases with 91(0) and 920)

uncorrelated and autoregressive, and generalized to some extent the results

of Grenander, 1950; in more complicated cases, they express the results in

term of solutions of integral equations. Bendat, 1955, generalized the

Wiener-Hopf integral equation and solved estimation problems with 91(T) - 0,

% (T) having a damped exponential cosine autocorrelation function, and P(T)

a finite Fourier series. Shinbrot's work was similar to that of Bendat; he

set v(r) - 0 and solved some special cases. Parzen, 1960, characterized the

problem in terms of reproducing kernel Hilbert spaces. The explicit solu-

tions of estimation problems considered in this paragraph are limited to a

few very special cases, most studies leaving difficult problems involving

solution of integral equations, iterative evaluation of reproducing kernel

inner products, or determining an infinite sequence of characteristic values

and characteristic functions.

Problems of best linear estimation in the fictional limiting case in

which observations include white noise have been completely solved, even

with vector observations, although frequently in a non-rigorous manner.

Important work on this problem was done by Follin (Carlton and Follin, 1955),

based on sequential calculation of best absolutely unbiased linear esti-

mates. General results for the white noise case are given in Kalman and

Bucy, 1961.

4



Historical Note

The methods of the present paper are much more elementary than those

used in the cited literature, and lead to explicit solutions in very

general situations. The key assumption of the present paper is that the

random process in question is a wide sense vector Markov process. The ex-

plicit solutions found in the literature assume this and considerably more;

first, scalar observation functions, and second, particular types of wide

sense vector Narkov processes, e.g., autoregressive processes.

5



III. FINITE SET OF OBSERVATIONS

In this section we consider a finite number of observations, say Y,'

Y2 .. which are functions of the x we wish to estimate. We con-

sider estimates x which are linear combinations of the observations, and
*

wish to choose x to minimize the variance of estimate

s* a s(x - x*) (x -*.

An estimate x is said to be unbiased if and only if E(x - x ) - 0. It

will be shown that the x minimizing S , denoted by A with corresponding

is unbiased. An estimate x is said to be absolutely unbiased if and

only if E(x Ix) - x for arbitrary x. The x minimizing S among absolutely

unbiased x is denoted by x, with corresponding 9. It appears reasonable

to consider A the "best" estimate of x, and i the best absolutely unbiased

estimate of x, and to restrict the use of x as an estimate to those cases

in which it is not possible to calculate .

We shall consider first x, then k, and compare these estimates in

the case in which either can be obtained. Sequential calculation of x and

A will then be developed. We shall finally consider sequential calculation

of i by use of these results. In Appendix A, the best absolutely unbiased

estimate of xC() in a non-trivial random process is considered.

III.1 The Best Absolutely Unbiased Estimate, i

The theory of i is classical least squares theory, developed by

Gauss, Markov, and others. We summarize the results in Theorem 0 and its

corollaries. (In Theorem 0, y and v are column vectors of W components;

x, g, XF,g and i are column vectors of v components. M is p x v; R, H

are 4 x p; SF g' are v x v; F, F are v x w; A is c x v; G, B are ax .

The hypotheses imply that w z v.)

Theorem 0. Given an observation vector

(0.0.1) y - Ux + v,

7



Finite Set of Observations

v having zero mean for every x and finite variance

(0.0.2) R j EvV,

with R and U-1 U nonsingular; M, F, and g constants.

A. The linear estimate of x,

(0.0.3) XF,g Fy + g

is absolutely unbiased, i.e., for all x

E xFgIx - X

if and only if

(0.1.1) g 0 0, and

(0.1.2) FM 1 I.

B. Of the estimates xF,g satisfying FM I, the estimate which

minimizes the variance of estimate

(0.0.4) SFg _ E(XF,g - x) (XFg - x)

is

(0.0.5) x (R 1 M) 1 Rly

i.e.,

(0.0.6) IF (]R 1I{R1,

(0.0.7) 0 .

The minimum variance of estimate is

(0.1.3) r A E(i - x) (i - x) - JFlP - (M - M) 1

8



V
Finite Set of Observations

The variance of estimate associated with xF~ is

C. i-x is orthogonal to x and to the residuals y - Mi, which

have mean zero and variance

(0.1.5) E(y - bMi) (y - Mi) -R -MIR-
1 M) 1 '

D. ini the value of x which minimizes

(y - Mx) R 1y --X

E. i is invariant under nonsingular linear transformation of y.

F. The minimum variance absolutely unbiased linear estimate of

Ax is (I) - Ai, for A any constant.

Proof A. From the hypotheses and definitions,

Ex F,gi x - K E(Fy + g) I X] - Z [[F(Mx + V) + ru Fx + g,

which is identically x If and only if g - 0, FM 1 .

Proof B. From (0.0.4), (0.0.3), (0.0.1), (0.1.2), and (0.0.2),

(0.2.1) S Fog - Z(Fy + g - x) (y g x)

a IF [FX + V) + g - d] - i3FT-x]

= Z Ev +g] [F 2'7+ ] - nv~vT + g-F6+ 99

Substituting 7 and j from (0.0.6), (0.0.7) into this,

(0.2.2) YR- F - Eft -R I) WiIR]R[- M(VR 1l M)_j - (19R_ IMUr

9



Finite Set of Observations

Noting from (0.0.6) and FM - I that F - (b- 1 M)-I V-I RU

.(h- 1 U)-1

we have (F - R) R (F - Y) - FR- RY

This relation, with (0.2.1) and (0.2.2) yields

SF g - FRY + g-R- FRY - (F - Y) R (F - V) + g,

which is (0.1.4).

9 is minimum over SF,g, since

SF,g - 3 is clearly non-negative definite.

Proof C. By (0.0.5), (0.0.6), and (0.0.1),

(0.2.6) x - x - yy - x - Y(Mx + v) - x - Yv

and further using (0.1.2)

(0.2.7) y - MI - Mx + v - Mr (Mx + v) - (I - MY1) v

Since v has mean zero for all x, by hypothesis, (0.2.7) shows

that y - Iff has mean zero, and (0.2.6) shows that x- x is

orthogonal to x.

To prove orthogonality of i - x and y - IG, we compute from

(0.2.6), (0.2.7), (0.0.2), and (0.0.6),

I(y - I) (- x) = (I - MY) (Iv )7

= (I - UF) RR-1 M(WIR M)-l

- (U - M) (VR"1 ) -1 = 0

10



Finite St of Observations

From (0.2.7), (0.0.2), and (0.0.6),

E(y - Mi) (y - Mi) = (I - MY) (Zv ) (I - MY)

= R - RN - MIYR + MIYR

= R - M(-MR
-1 M) " i .

Proof D. From (0.2.7) and (0.0.6),

UR- 1 (y - MR) =M -R 1 (I -MF)v

= MR-I -M(gR-I M) - MR-1] v

= (RR-  -iR- 1 ) v = 0

from which it follows that

(0.2.8) (y -Mx)R- (y - Mx) = -M+M(i- R-1 [- li +M(i-

= (y - 1G) R- 1 (y - M)

+ [jM-ijx R' Mi x]
proving assertion D, since the scalar term

LM('ix-x)j R- 1 m(i - xJ is clearly non-negative definite.

Proof E. We assume, without loss of generality, that the nonsingular

transformation of y is homogeneous, with matrix H. Then y, M,

and v are transformed into Hy, HM, Hv, and R into

2 [(Hv) (Hv] = Hlili. Thus 1 g (iR-IM) 1' MR"1 y is transformed

int ~') H~T)1 (H - ~(H ~ Y fly, which is i since

(HRt) - x = l R-1 a -1 .

11



Finite Bet of Observations

Proof F. By conclusion A, every absolutely unbiased linear estimate of

Ax is of the form Gy, with O = A. Let 0 = AlF + B; since

7M = I, GM = A implies BM = 0. The variance of Gy is, by

(0.2.1),

(0.2.9) GRa = (AT + B) R A-" B) = AJ1RFV + BRI, since from (0.0.6)

and BM = O,one has FRI = (R "1 M) "1  R -' R

= ( - 1 M)-1 I = 0

BRI being non-negative definite, the variance is minimized by

() = Ay =A

Corollary 1 to Theorem 0. If v is transformed into Yv, 0 <Y2< 7 is

unchanged and IF is changed by the factor Y

Proof of Corollary 1.

This is evident from inspection of (0.0.2), (0.0.6), and (0.1.3).

Corollary 2 to Theorem 0. If v Is normally distributed, then i - x and

y - Mi are normally distributed and independent;

(y Mx) R1 (y - MI) is distributed as X with degrees of

freedom equal to dimensionality of y minus dimensionality of x;

and x is the maximum likelihood estimate of x, if R does not

depend on x.

12



V
Finite Set of Observations

Proof of Corollary 2. By (0.2.6), (0.2.7), i - x and y - IG are linear

combinations of v, hence normal, and are independent since

orthogonal by conclusion C.

x is the maximum likelihood estimate by conclusion D,

since the likelihood of the observations is proportional to

.(--x) R-1 (y - Kx)/2

The quadratic form of (0.2.8),

R-1 v = (y - Mx) R-1 (y - Ai)

+ (x - x) (UR -I M) ( -),

is the sum of squares of orthonormalized components of v,

while the second term on the right is the sum of squares of

orthonorualized components of 1 - x. Thus the first term on

the right is the sum of squares of orthonormalized variables,

the number of which in the dimensionality of v minus the

dimensionality of x. These variables are linear combinations

2of y - IG, hence are normal, so the sum is distributed as X

Corollary 3 to Theorem 0. If R = (Rjv , with U (2 and

13



Finite Set of Observations

y (Y2 corresponding partitions of M and y, then if

iM R 'l M- is nonsingular, a = 1,2,.., ,

(0.3.1) 1 Z - i
a=l 0=1

(0.3.2) N = Z N -1

where

(0.3.3) A (iaSRq 1 -) 1 a 0RP- I yS

(0.3.4) Ta ( RU - 1 )1

Proof. Immediate, by substitution into (0.0.5), (0.1.3), since

'iR,-1M = ( 1, 2,J .. M 'V ) (R, 1  
V

0.=0VV

and R1-1 y decomposes similarly.

The hypothesis that the vector v of errors of observation be of zero

mean for every x is essential; without it, the estimate is not absolutely

unbiased. We warn the reader of two forms of estimate often confused with

14



Finite Set of Observations

-" (1) the estimate minimizing (y - Mx*) (y-7--Nx*), the sum of squares of

the residuals; (2) the maximum likelihood estimate minimizing the weighted

sum of squares of residuals when the observations are not linear in x.

The first estimate is absolutely unbiased but, in general,has greater

variance of estimate than 1; the second is in general not even unbiased.

Case III.l.a. A frequent special case is that in which errors of

observation are uncorrelated, with common variance a2. Then R is scalar,

I = (()& , l = o 2 (MM) 1 . If the errors are further assumed to be

normally distributed, (y - AG) (7 1V) is a sufficient statistic for .

Case III.l.b. Another frequent special case is that in which M is

nonsingular, so that x and y have equal dimensions. Then i is the only

absolutely unbiased estimate (T. W. Anderson, 1962), and unless R is known,

the variance of estimate cannot be calculated.

Example III.l.c. Shinbrot (1956) gives the following problem, which we

shall consider exhaustively: Given successive observations of 9 + c,

9 constant over the sequence of observations and uniformly distributed

between YI and Y2 > YI, c uniformly distributed between -X and +X > 0,

successive c mutually independent and independent of 9.

Here, we calculate . We have y = ( + (C)

so that x U = I,R = (E "'" EO 2 1

= 1 A

12

-(R - M) - 
=-

The best absolutely unbiased estimate of . is nonlinear in this case,

being half the sum of the largest and the smallest observation. The-2 -I
variance of the best nonlinear estimate decreases as p-2 , rather than W ,

15



Finite Bet of Observations

so that the linear estimate has an efficiency tending to zero as V increases.

(Carlton, 1946).

111.2 Best Linear Zstimate,

Given the first two moments of x and y, one can calculate x without

requiring linearity of y in x. The following theorem Is stated for zero

means of x and y, but is general since x and y can be transformed to zero

mean. (In Theorem 1, y is a column vector of M components; x, Fg gP

and i are column vectors of v components. F and I are v x p; S Fg and S

are v x v; A is a x v; (Eyy) and H are U x p; (Exi) is V x I.)

Theorem 1. Let x and y be zero mean random variables with finite second

moments,

Eyy nonsingular, with F and g constant.

A. The linear estimate of x,

(1.0.1) XF,g A Fy + g

which minimizes the variance of estimate

(1.0.2) SF,g xg - x) OZ

Is

(1.0.3) A y

with

A

(1.0.4) F 6 (RxY) (Ey) -1

is an unbiased estimate of x, i.e.,

(1.1.1) A; = Zx = 0.

The minimum variance is

(1.1.2) t = XX - Rxy (Zy,)"l Zy,

16



Finite Set of Observation.

and the variance of any linear estimate is

(1.1.3) S F,g f+ (F E)yj (F ~+ g-.

B. x - is orthogonal to y and to

C. i Is invariant under nonsingular linear transformation of y.

D. The minimum variance linear estimate of Ax is A4, for A any

constant.

Proof A. From (1.0.2) and (1.0.1), and hypothesized zero means of x and y,

(1.2.1) 3 F'g = E(Fy + g - x) (Fy + g - X) = E(Fy - X) (Fy -X) + gg

= F(Zyj) T - F (3y-) - (Exj) IV + Eax + gg.

Substituting (1.0.3) and (1.0.4), i.e., ft=0, -(Ixj) (Eyj) 1,o

(1.2.2) at = Zx-x - (1xi) (Ey-Y) 1 (By-).

Subtracting (1.2.2) from (1.2.1), again using (1.0.4),

(1.2.3) S ,,g Cg= g+F(Eyy)PF (Eyy) (Zy~)

+ i(Ey-Y)

g + (F - i) (Zyj)(F-)

Since (1.2.3) in clearly non-negative definite, minimizes

the variance.

Since y has zero mean, (1.0.3) shows that i has zero

mean, i.e., Is unbiased.

17



Finite Set of Observations

Proof B. From (1.0.3) and (1.0.4),

(1.2.4) EC(x -Y~ = Exi - EF'y-

= Exy - (Ex-Y) (Eyj) 1l (Eyj) = 0.

Thus x -~is orthogonal to y and, by (1.0.3), to A

Proof C. Without loss of generality, let the transformed y be Hy, H

nonsingular by hypothesis.

Then, from (1.0.4), 9 is transformed into [Ex (ryjJ [E (Hy) (ffrJ -
= Ex) it[H(y ) = 9 H 1, and from (1.0.3), is

transformed into (9IC1) (Hy) = 9y =

Proof D. From (1.0.3) and (1.0.4),

()=(EAxj) (Eyy)-1 y = A(IX-Y) (EyZ -l- yAt

Case III.2.a. Let

(1.3.1) y = xx + V

v having zero mean and variance

(1.3.2) R A Evv,

with M constant. Define

(1.3.3) s A EX;

Then

(14.) =(Si+ T) NO+ MT + +R) 1l

is



Finite Set of Observations

(1.4.2) S = S - (Sit + T) (MSM + MT + N + R) -1 (MS + ¥).

These results follow from evaluation of Exy as Si + To

Ey as MS + MT + TM + R.

111.3 Comparison of i and x

Suppose we have observations y - Mx + v, with hypotheses of Theorem 0

and Theorem 1 simultaneously satisfied, with S nonsingular. Thus in the

special case 111.2.a., A - S - S9 (MS + R)-1 MS, since T - 0, while from

Theorem 0, § - (IR"1 M)- l. To compare these variances of estimate, we use

the following lemma.

Lemma A. For any real matrix K,

I - K(I K + I)-' (K i + I)-'.

Proof. K being a real matrix, the indicated inverses surely exist. The

identity can be verified by power series expansion, or developed from the

evident identity

K i K + K=K I K + K.

Factoring each side, we obtain

K(I K + 1) (K K + I)K.

From this identity, the desired identity is obtained by post-multiplying

each side by (i K + )l (K K + 1), adding K i + I to each side, and pre-

and-post-multiplying by (K I + )1. (The identity is valid for any K

such that the indicated inverses exist.)

Using Lemma A with S1/2 vR "1/2 playing the role of K, we have

-1 + - 1 ) (UR- 1 M + S l )

- 1l/2 (S1/2 1R-' MS1/2 + I)- S1/2

SI/2  ,- 31/2 aR-1 /2(R- 1/2 MS R-1/2 + I)- R- 1/2 MS1/23 1I/2

=S - S (MSV + R)
" MS A.

19
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In short, the inverse of f is the sum of the inverses of S and of I.

Consider a sequence of values of 8- 1 tending to the limit zero.

The corresponding sequence of values of f must tend to I (in fact, it can-2

be shown that < - < € I, if 5 - 
< £ N ). From Theorem 1, Conclusion A,

(1.1.3), since Yy = i and = , we have that

9= ft + E(V - i) (1 9,

so that as A tends to 9, 1 must tend to i in quadratic mean. Thus i can be

considered a limiting value of A.

To show more directly the approach of q to V as S-1 tends to the limit

zero, we can modify the identity of Lemma A as follows:

(KR + I) - 1 K = K - K( K + I) - ' 1 9 K

= K [I - (9 K + I) - 1 it K = K(i K + I)-' f( K + I) - R K))

= K(I K + i)- 1.

Using this identity, we have

= Si(M + R)-

= 51/2(81/2 RR-1/2 ) [R-1/2 MS1 /2 ) (81/2 ;R-1/2 ) + -1

= S1 /2 (81/2 aR
- ms1 /2 + )-I 8l/2 vn-R/ 2 R-1 /2

(hIR- 1 M + 8-1) hR- 1 ,

1-1

which clearly tends to F = (hR - 1 M) hR "1 as S- 1 tends to zero, so that

= y tends to 1 = Ty.

1II.4 SeQuential Calculation of (d. f)
With observations linear in x and the structure of x suitably linear,

it is possible to exploit the orthogonality of x - to I and calculate

and A sequentially. We denote by x., .. I x the values of the process

x(T) at the epochs of the successive observations yl, Y2 , "" Y,'" The

successive values of x are assumed to satisfy the relation

20
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xa= Laa.iXlal + V a p

with the Lapa_, specified matrices, va random disturbances. This relation

implies that x. is a complete state vector, that the x-process is a vector

Markov process in the wide sense. The following theorem shows how one can

predict § and A, how transforming the observations by subtraction of pre-

dicted value of observations orthogonalizes them, and how to estimate

A(T) and its variance sequentially. It is assumed that one has a best

estimate of x0 , and known variance of estimate, at some epoch prior to the

first observation yI. (In Theorem 2, ya and z. are column vectors with w

components; x., va, x,,, and ua are column vectors of aQ components.

(Typically, but not necessarily, a = 02 a ..--. ) Letting w represent

V V

W., and a represent Z CO, one has that x and v are O x 1; y is 0 x 1;
Q =I a=l

L is o x a ; (Eyy) in w x w; Aa is 1a X a ; S is a x oa; and

Va, $ is Ca x a V)

Theorem 2. Let the random variables

x X(v) A (Xl,X2 , .. , x v )

y Y(v) a (YlPY 2 0 ... , ,

V i V(V) A (Vl.' 2s V)

satisfy the relations, for a - 1, 2, .. ,

(2.0.1) xa M L C, Q.I  xQ.I  + va ,

(2.0.2) y = Aaz a P

with L and AM constants; va mutually orthogonal zero man

random variables; second moments of v and x finite; Iy

nonsingular. Denote by AR the minimum variance linear estimate
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of x based on Y(m) (y1,'y2  -" I YO), and assume v orthogonal

to A0,0 and tox 0 1
0,0.

(2.0.3) L 0a L B- ,-2 "" La l (a <

(2.0.4) Sa, E(x a - A (x-

(2.0.5) V a Z(xa - kcxB ) (x- ,)

(2.0.6) ua xa - ,

a A-

(2.0.7) t a

(2.0.8) za= AauQ

Conclusion A. For a < 8,

(2.1.1) i a = LSo Is~
0' ,a aL, a

(2.1.2) S,a = LB,a Sa,a ! 8,a + L P,Y (Evy) LB,y.

Conclusion B. The linear transformation of y into z, defined by (2.0.6)

and (2.0.8) is nonsingular. The vectors zlZ*2 .. , zV are

mutually orthogonal, with mean zero and variance

(2.1.3) ua = AaSa,-l , "

For a < 0, za is orthogonal to u .
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Conclusion C. Estimates k1,1' A2 , 2 , '' A and their variances can be

obtained sequentially by use of (2.1.1) and (2.1.2) with

B = L + 1, and

(2.1.4) ka., =  A.,o.-1 +  q0x

(2.1.5) um = (Euai) (Ezia) Zl

(2.1.6) SO, = 5 ,-l - Sa, _1 XC (ASOSa,_I -)I AaS , .1

A
Conclusion D. Estimates Aa,a+1 1 AcL,cL+21 . , V and associated variances

can be calculated sequentially using the additional relations,

for a < B,

(2.1.7) , = xa,B-I +V - LI (z )- z8

(2.1.8) Va, = V CL, - LS'-I - (Ez J )-I AS 8"

(2.1.9) SOL# = S asl

- V ,. - (Ez J) AL8,81V ,8•-l

Proof A. The hypotheses of Theorem 1 are satisfied, assuming, without

loss of generality, that k0 ,0 
= Ex0 = 0.

Repeatedly using (2.0.1) and (2.0.3),

(2.2.1) xe =v 8 + LB_.1 x. 1.- vS + L , _lv _1 + L ,,_ 2 x. 2

v + L 0,8_iv I + L 8,8-2v _2

+ .. + L ,a+V I + L a, x .
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By Conclusion Dof Theorem 1, A -0 + +. +Lo(AM By

hypothesis, v0,.. , vL~1 have mean zero and are orthogonal to

X0and v v2, .. , a hence from (2.0.1) and (2.0.2) toy.

so thatft=

From (2.0.4), (2.1.1), and (2.2.1), using orthogonality of

the components of v,

S, ~E(x, - sa )($-8d

=Ev + L B01Ev 6- Z _ ,-

+ , IX v a~ ;L 1OC~ + Lq S CL Pa

which is (2.1.2).

Proof B. From (2.0.8), (2.0.6) and (2.0.2).

(2.2.2) zOL = Aa (XC - cXJ

= YOL - A a L

wit by definition a linear combination of y,, y2, "I., -1

Thus the transformation matrix is triangular with unity diagonal

elements, hence nonsingular. IzCL = 0 since by Theorem 1,A

is an unbiased estimate of x(X

From (2.2.2) and (2.0.4)

EZZ =AE(x-Aq ) (x,---) -O =AaSJa .C a a., a-l M. CL, .-l a ~a., -l a

which is (2.1.3).

24



Finite Set of Observations

From (2.0.6), (2.0.1), and (2.1.1),

(2.2.3) u 0 - 0,0-1 = L0,0-.Ix6-I + v - L0,0-I 0-1,0-1

= L0,0. 1 (x _I -1 + VB

By Theorem 1, x_- -1,6-1 is orthogonal to y(,_1),

and v was shown above to be orthogonal to Y(,- 1 ). Thus u,

Is orthogonal to Y(l,-), hence to zl(81) which is a linear

combination of Y(_-1 ). Thus u, is orthogonal to za, a < 0,

and since z, a A~u,, the components of z are mutually orthogonal.

Proof C. (2.1.4) follows from Theorem 1, since

xCL a-- l ,. + (xQ - AMM.I) a ka'm. 1 + um

(2.1.5) is obtained from Theorem 1 and Conclusion B:

amta' (Eum70 )(zz a)i (a) 1 (a

=3u~ (Ia- )-I z-

(2.1.6) is obtained by using (1.1.2) with x A xm - -l Us,

y j za, I.e.,

-1
, = , - (Eu z) (hiz ) C(z ),

with RzQzm = AaSa, a-l10. by (2.1.3), and

RuJm = XuMA, = 8, a-lWQ

by (2.0.8), (2.0.6), and (2.0.4).
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Proof D. From (2.0.1), (2.0.2), and hypotheses, vB is orthogonal to

xa, x 00_ 1 . Using this orthogonality, (2.0.8), (2.0.6), and (2.0.5),

(2.2.5) E(x - C-,_ u

= E(x - B1 L

= E (xOL - ,6_) (xBl - .1,0_1 s8-1

= V C, B- 0B,0-1 '

Writing x E ,B-1 + (xa - ), using (2.2.5) and

orthogonality of components of z(,), Theorem 1 gives

A

CL 0
=

- (81,EN)-(

= ,-I + V ,-1 L BB-I W (Ez 0 zB)'- zo

which is (2.1.7).

To verify (2.1.8), write (2.1.7) as

(2.2.6) xO0  (, = (x0 - k, .1)

- V,B. 1 LB,B. A(EzB4
)-1 z•

From (2.0.6), (2.o.7), (2.1.5),

(2.2.7) x -%, = .- = 0 - (Iui) (Ezz) A uo

Taking the expectation of (2.2.6) times the transpose of

(2.2.7), and using (2.2.5) and (2.0.5),
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(2.2.8) V , A 8,_L,_-V,_ ,_ (Ezo z )- l (EzO 01).

' [ - W ( E z j ) -I ( EzI a8

From the proof of C, EzBuB = ABS,,_I, while from (2.1.3),

Ez = A SBABA. Substituting these results in (2.2.8)

yields (2.1.8).

Taking expectation of (2.2.6) times its tranpose, using

(2.0.4), (2.2.5), (2.0.8), one obtains (2.1.9).

The theorem has been stated, preparing for later application, in terms

of a decomposition of the column vector y into column vector components.

In application to a finite set of observations, however, one could de-

compose y into scalar components, simplifying the computation by reducing

to a scalar the matrix to be inverted.

Example III.4.a. (Prediction) An example from Wiener (1949) supposes two

periodically observed signals with spectral densities t11 (w) = t2 2 (w) = 1,

t21() = C e , 412M = c e , with C < 1. We wish to predict each

signal at future times of observation. Let the first signal be 91 = n1X
the second signal 92 = n2. Then (i) = x = y = ( L) The given spectral

densities imply xC = La, _1 xa. 1 + va,

w i t h L a a - = o e v j C ( l _C 2 )

For =Lo (R: o ) :)2

3 8 P CL~~~ ~ ~ = L " L a t X + 1 ' E j ) L 'Y=2+l

27



Finite Set of Observations

since ( ) =0, 9-a > 1; L 0,0 = 1, and SCL, a 0

~A.+ila. (11n2 ) a.) ,Ml' = - 0)

and for B > a+l,

=L (02 o i; ) = (

Example III.4.b. Here we consider example III.l.c., and calculate g sequentially.

Since g is constant, we denote by" 0' ''" the best estimate of

0M

based on no observation, one observation, *.., W observations, and since
A

successive € are independent, we need not compute € nor its variance.

Assuming only the information presented, we have

0 = E (Y 2  + Y0)/ 2 "

E~g- g)2 = Y2 Y )1 2 =- O0, the variance of estimate of 0

0I 0 0-1 ^

1= gO+ 00 (S + 8) ( 1 - 0 .
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Letting o represent the variance of estimate of

S1 -- 0 0(o 0  + 8)1 00 0  e (00 +

a = 0 +8) ,

= o (o + M+ o (+1)o +

the final expression the result of a trivial induction. We recall from
1 2example III. 1.c. that the variance of I is X /A= 0/p, whereas the variance

of i is here shown to bec = 0  [I 0 0 + 0 1 
= [1 + B/ao 0 ] 1 F. it is

interesting to notice that 0. the best linear estimate with no observation,
0' 2

is superior to T based on M observations, when m <O/o 0 = 4X2/(y2 - Yl )

It is also interesting to note that the best nonlinear estimate of ,

which is far superior to when IA is large, can be obtained sequentially.

We state without proof that after the mlh observation, 9 is uniformly

distributed over an interval El, X 2,] X, with 1X1, 0' X2 ,] - [1' Y2] .

X 1,M+ = max (X 1S0MP nC+I - X)

'2;0+1 = mIn (X2,C. 110+1 + ")

The best nonlinear estimate of after the a.th observation is ( I'm + X2,0.)/2,

with variance of estimate (X 1 a -X I)2/12.

m.. Sequential Calculation of . Sequential calculation of 1 will be

desirable in case one wishes to obtain 1 first on the basis of one set of

observations, then on an enlarged set of observations, etc. It Is tempting
to suppose that i can be calculated sequentially by using a preliminary

calculation of i for initial estimates in Theorem 2, then calculating the

resulting i. This supposition is not correct in general, but in view of

the fact that i can be considered a limiting value of A (of. Section Z.3),

the technique can be used in either of two cases: a) the errors of observa-
tion of the various sets of observations are mutually orthogonal; or, b)

the initial calculation of i is based on a set of observations with non-
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singular i. While these assertions are intuitively not difficult to under-

stand, the proofs are somewhat cumbersome.

In case (a), consider two sets of observations:

Y = MIx + V1

Y2= M2 x + v2'

with R Z (v1  (v1, Z2 ) (R, 0)

v 2 0 R 2

Then 1 = 2 ) R- 1  M(1 1]- (R 1MI + 2 R2 M2 )
1

and the variance of V 1. based on yl alone, is 91 = (21RIM 1 )
1 . Calculating

AA based on y2, with initial estimates and variances 7, and lU1? we have from
example 111.2.a,

A =U -U? IN? R 1
S 91 1 a 2 ("2I1W2 + R 2 1

1/2 [ 1/2 1  " CR -1/2 1 -2 -l/- 1/2
1 - 1  2 /2 2 2l1  2R2-1/2 +1) R i2  U2111  U'F

by evidently justified manipulations, lI and R2 being positive definite.
1/2 1/2

Applying Lemma A, with K = 21 I2R2
1

- the above relation gives

= l1/2 [ 1/2 i12 1 iil lr1 2

iR " 11/ 2 M2 '1"1 1  =+ .- 1

2 (R 1 M 2 + IF -l -Il 1

Since a - U?, i must equal 1, the Minimum variance being attained uniquely

by A, from Theorem 1.
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In the second case we consider Y, = Mx + V1

Y2 = M2x + v2 0

withR= ( RII R 12 and M1 nonsingular. Since mI " 0, and M1 is

(112 R 22

nonsingular, we have x - = - I-1 vl z = Y2 -M 2 I = v2 - M 2M1
1 vl,

and = I-i R •1

We compute

(x -1i ) z = MI RII1 1 M 1  2 - R 12

Zzz = R2 2 -R12M1 -1v2 -M21MI 12 +M2 M1- 11 M1- 2
-1 1/2 ON. 1/ 1/2 "- -1/2

21(M2M" R11 - R12 RII Iu (R11  1 I 2 - R1 1  R12)

+ R22 - R12 R11
"I R12

Thus the a calculated on the basis of Y2 and initial value of 1I, ' is

-H-il (1- z -l -1

=MI' Rl1 N MI- (Rl1- - R12 (M2MI- Rl R RI) MI "

1 1i 1 11 1 12) :Li ( 2U
1  11 -12 1 .

Some evident factoring, and use of

-x l" a12,
22 R22 - i12R11 R 1
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yields
1/-1,/2 1/ 1 u2 -1/2 p1/2

1  11 R 1  - (R 11  - Rl1 R12) P2 2 '

" 91/2 (11-1 Rl 1/ 2 1,1-1/2) (JRl1/2 -101 , _l11/2 12,1/2 +

P22  (21 11 1211 11 -1 2 -R 1  12 22

/2 l 1/2 Rilt1 /2 1/2

P2 V2 m1- 11 12 R11- R 11 m 1

Applying Lesma A to this expression, with

1 "2 1  1/2 1/2K= (R11 /  m1- V2 " Rll -  R12) 22

we obtain

-1 1/2 1 /2  -' "1 -1/2 -11/2 1/2

I 11  11 1- V2 - R11  R12 )P2 2 ( 2 Ml-1 R1 1  R R1 2 R1 1 /) +

R1 1  1  , giving

a-1 , (U[ -U[Rll-1 R) P(M-f2 " 1 1 11) + 1l 111 'V

-1

It is easily seen that this is I[ = VR "1 i, since

R- 1  /Rll - 1 R1 2 P2 2 12 R 11-1 + -1 1 R

- P2 2 i 2 R 1 1  P22

Thus the equality of a and I is established, so that -= as in the previous

case.
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Even though observations are made only at discrete time points, it is

desirable to consider a continuous process x(T) correctly, rather than as a

discontinuous process. This is especially true in case it is desired to

predict future values of the x process, not necessarily only at times of

anticipated observation. In this section we consider continuous processes

corresponding to the discrete processes specified in Theorem 2, and develop

continuous extrapolation of best estimates and their variances of estimate.

In IV.2 cases of simple prediction are considered; these are cases where the

best predictions depend only upon the present values of scalar observations

and their derivatives. In IV.3 the limiting case of observations with

superposed random impulse functions is developed.

IV.1 Continuous Linear Structure

In the preceding section we considered processes with a linear

structure:

xa = L ,o.1 x-l + v.

We wish now to subsume these processes by continuous processes with a

similar linear structure. This Is frequently done by expressing the struc.

ture as
(+ )

(IV.l) x'(T) - B(T) x(v) + v

where B Is a matrix function of time and v is a random impulse function

(fictitious derivative of a process of orthogonal increments). Although

this is a reasonable characterization, It is possible and for some purposes

preferable to express the structure of the process without introducing such

random impulse functions, and we shall do so in the following theorem. In

practice, one may frequently view the structure as specified either way,

+ We recall that we denote dF(T)/di and dl(',o)/dr by 7'(f) and F'(T,o)
respectively.
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with the symmetric non-negative definite matrix Q(T) the rate of growth of

variance of the process of orthogonal increments, of which v is the ficti-

tious derivative.

If (IV.l) is to represent the structure of x(T) it is clear that the

vector x(T) must be a complete state vector, including as components all

existing non-zero derivatives of components, and can not in general be

restricted to a particular set of linear combination of components (some-

times called the signal) which may be of special interest. If the ath

diagonal element of Q(T) is non-zero, no derivative of 9(T), the ath com-

ponent of x(T), can exist. The following theorem exhibits a general process

structure replacing (IV.1) and Identifiable with the discrete process struc-

ture of Theorem 2, with L , _ non-singular, and shows the best linear pre-

dictor of x(r), and its variance of estimate. (In Theorem 3, x(T), A(r,rC),

and w( 2 ,T 1 ) are column vectors of p components; K( 2 ,I1 ), B(c), Q(G), and

B(T,'M ) are v x w.)

Theorem 3. Over a finite interval ET*,,415 let B(o) and Q(o) be bounded piecewise

continuous square matrices, with Q(o) symmetric and non-negative

definite. For any * 5 T1 S 2 f- T,*' let K(, 1rT 1 ) - 1 and

(3.0.1) K'(1 2 ,P1 ) - B(02 ) K(r 2 , 1 )

let x(T) be a random process with x(T*) having finite variance

and

(3.0.2) x(r 2 ) - K(7 2 , 1 ) x( 1 ) + w( 2,Il),

where the random variables w(T 2 1, 1 ) have mean zero, variance

(3.0.3) Ew(r 2 , I ) 1( 2 , 1  -f 2 K(12,) Q(o) '( 2 ,o) do,

are mutually orthogonal for non-overlapping intervals (i.e., for

s I 1 o2 -3 ! %4 e **' Iw(i4'? 3 l)(12 " 0], and are

orthogonal to x(r) and i( ,r) for any T S T1"
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Conclusion A. For any 0 ,'1, .. , with . r 0 < 1 < .. < T V sT*,

the hypotheses of Theorem 2 regarding xa, LCC_I, and v are

satisfied by x(T ), K(%T , l _) , and w( 2, L'1), respectively.

Conclusion B. For T k TV let A( ,a) and S( , ) represent the minimum

variance linear estimate of x(r) based on y(,), and the corre-

sponding variance of estimate.

(3.1.1) A',rT) .T - B(T) A(eTa)

(3.1.2) SI(T ) S(,a) - B(T) S(r, TOL) + S(T, TC) N(r) +Q(T).

Proof A. The identification of x() with xC, K( M, ' 1 ) with L _l,

and va with w(r L 1 ) is evident on comparing (3.0.2) with

(2.0.1). K(r2, 1 ) is a bounded constant by (3.0.1), B(o) being

integrable by hypothesis. The w( , _ atl), for a - 1, 2, .. ,

v are mutually orthogonal by hypothesis, of finite variance by

(3.0.3) and hypotheses on B(o) and Q(o). The variables are

orthogonal to A0,0 and x0 by the final hypothesis. Finite sec-

ond moments of x follow from (3.0.2) and finite variance of

x(e,).
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Proof B. From Theorem 2, Conclusion A, and (3.0.3)

(3.2.1) 1(0,r I ) I K(,rr) A(rl,lr),

(3.2.2) S(, r 1 ) - K(, 1 ) S( 1 ,V'r1 ) to ,r 1 )

+ K(r,o) Q(o) Z(ir,o) do.

Differentiating (3.2.1) and (3.2.2) with respect to T, and using (3.0.1),

one obtains (3.1.1) and (3.1.2).

If (,r) is constant over [ir,,r 2 ), then K( 2 , 1 ) - B

The processes x( ) postulated in the theorem are continuous

vector Markov processes in the wide sense, without discontinuities in first

or second moments. Such processes are typical in practical applications.

Problems in which x(r) does not satisfy the requirements of the theorem may

require the use of Theorem 2 as an alternative or supplement to Theorem 3.

Ixample IV.1.a. An example from Wiener [19493 assumes observation on an

ergodic process with spectral density 1/(l + w2 ). Here we have

1n - y - x -C.

To specify problems of this nature, one can factor the spectral

density into conjugate factors in P - w , one of which has neither poles

nor zeroes in the lower half plane, and regard I(T) as the result of this

factor operating on a random impulse function. Thus in this example,

l(r) -V v, with v a (fictitious) random impulse function. Operational
calculus gives n(r) + n'(r) - v, or C(-) - -9 • '('r) + 1 • v, so that B -

-1, Q.- 1.

Clearly t(r,r) - '(-), the observation, and 8(r,r) - 0. Assum-

ing observations extending to time T, we can predict 9(, + ) and its vari-

ance by (3.1.1), (3.1.2):

t'(r + c,r) = 3(- + a) t(r + c,,) - t(r + a,,r)

8'(B + ,T) = 8Sr + a,,r) ~(e + a) + 3( + a) S( + c,7)

+ Q(T +'c) - - 2 S(r + a,,r) + 1,
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from which (( + ai') - (ri) e - e " ,

S(- + cL,r) - (1 - )/2

IV.2. Simple Prediction.

It is well known (e.g., Doob (19531), that prediction of an ob-

served stable scalar process with spectral density of the form

1/1It CP Y u )y]1, with j - Fr---, depends only upon the values at the time

of final observation, of the variable and its derivatives up to the (0 - 1)a t

which exist. Let the observation be n1(lr) - g1( ); then the successive

derivatives give 1 Y ) - g1'(T) - 92(r), etc. The complete state

vector is x(,r) - 1 , and by equating ?,(r) and its derivatives to

('r)

"Y10, 2('r ... C (), we have A(,'r) - x('r), S - 0.

This result can be generalized to nonstationary cases. Suppose

that the complete state Vector is x() -g/ 1 ( and that over an

arbitrarily short interval ending at time T, the observation (o) -%(o).

The derivatives of d(') are the derivatives of 1(,r), so that x( ) can be

determined with zero error as / ,('r)

The best prediction is obtained by applying / (ir)

(3.1.1) with Initial values (r,) - I)

3?(04) (T)
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The initial variance S( ,T) is zero in relation (3.1.2):

'(. + a,r) = 9(r + a) S( + Ct, ) + S( + Ct,T) 9f(r + )

+ Q(,r + c) .

We note that the essential requirements for simple prediction,

i.e., estimation with zero error based on observations over an arbitrarily

short interval, are twofold: first, the vector x must consist of a com-

ponent I(7) and possibly some of its derivatives: second, the observation

,i(,r) over the interval must be 1(r). Absence of "error of observation"

is not sufficient for simple prediction.

Example IV.2.b. An example from Wiener [19491 assumes observation of

an ergodic process with spectral density 1/(l + o, 4). We have x(T) -

(/ (r(- T with A - (1,0). Here the stable factor of71l+wt2(r) ,(,

is 1 . etting 1(T) - - 1+ v, we have +1 + /2-p + p 1 + /V-p + p ,wehe 1)+

/2 g'(T) + g''( T) v. Setting t 1() - 2 (r), this gives .( ) = 1 ( ) -

- l (r)- /2 2 (T) - 1 v, so that B - (0 1) Q - (0 0).

1 2 0 1

This is simple prediction since n(T) - g1( ) and x() - 1

In writing the solution, to shorten notation we write for *(r + a,r), S

for 8(r + a, ), and let - 11 .12 The prediction equations

:12 22)

are "

el- -

8' - (2o012 022 0 11 - 2l\

22 - 11 - /2 012 1 - 2a12- 2 022)
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with initial conditions (,r) - (te))' , S(T, ) - 0. The solutions of

the differential equations are:

1(T + a,i) - (cos o//2 + sin a//'7) e - a/ / (

+ /2(sin cL// 2 ) e - a / / l'(T

2(T + C,T) - /2(sin C/I2 ) e- L/ / n

+ (cos aLi/2 - sin ol//2) e - %/ / l T' (T

o11( + OL,)- /"2 - (2- cos I a + sin 2 a)e - V
M

a1(r + OL, ) "(1 - cos /A a.) e- 2

2 + 22- (2 {1 - (2 - cos 2 a- sin /A a.) e- 2

Example IV.2.c. From Wiener [1949) we have the above example except

with spectral density 1/(1 + W2) x(T), A( ), Q(T) are as before, but now

B- (0 1) . Routine substitution gives, using short notation as before,

A, A
l :. 2

A e  A

92 - -l -2

S' 2012 '22 - '11 - 2c1 2

a22 -li1 2c 12 1 - 212 4022,)

with Initial conditions X(T,1) - / ()) , S(i,T) " 0. The solutions of

the differential equations are:
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A 1( + a, r) - (1 + a) e "  rn() + ce- n' (T)

S(T + ,) - - me- TI() + (1 - a) e '( ,T)

a 1(- + ,-r) - {l - (1 + 2a + 2a 2 ) e-2a /4

121 (r+ a, ) - (a 2 e-2a)/2

a (' + ai) "r { - (1 - 2% + 2m2) e-2L} /4

Example IV.2.d. Wiener [1949) considers an ergodic process with spec-

tral densitye - wa , theoretically completely predictable, and approximates

it by a rational spectral density for prediction purposes. This is a limit-

ing case of simple prediction, with all derivatives existing, and the com-

plete state vector not of finite dimensions. The B matrix is infinite, of

the form

01 0
0 0 1 0 . . . . . .

00 0 1 0.....

To predict to any desired degree of precision, one can use the

observation and its derivatives to an appropriate order, and extrapolate by

a finite Taylor series.

Example IV.2.e. An example from Wiener [1949], involving non-scalar

observations, assumes that the two components of observed stationary proc-

esses have spectral densities *11 (w) - 022 (w) - 1/(1 + ",2 ), 012() -

C/(l - jW) 21 (U) - C/0 + J), with 0 < c < 1, j- /I. It is desired

to predict each component.

To represent this problem in our term, we note that the speci-

fied * 1 1 ( ) and 022 () would be obtained with 1 (1 + jw)-I vl and 2

(1 Jw) " v1 + -7 c 1 (I + J..)-I v2, with v1 orthogonal to v2 , the forms
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being suggested by the c in, $ 12 (w). These trial values yield f12 (W), (ex-

pectation of n, times complex conjugate of ) as c[l - (jw) ] ; the de.-

sired value of t 12(M is obtained if the first term of the trial r 2 is

multiplied by (1 - jw) (1 + juw) - , and this does not affect §2. Thus we

may write

12 "€(I - jW) (I + J,,))-2 Vi + /l 2 (i + jw) - 1 v 2 ,

n2elj 1(~" 21 (~u 2

I - (1 + j,)- vl (1+ ju) (1 + jw)- 2 v

From inspection of these relations, and results of earlier examples, we

have

I1 l + 2

2 - (gl - g2) + - 2 g3  with

- -2 0 0 1 0

0 0 1 0 0 1

A : 1, 0

For predicting the observation process y(T), this is a case of

simple prediction. Using the results of examples (IV.l.a) and (IV.2.c)

T1 T+ OL,r T E T + oL, ) + t 2 ( L

[ 1 '0 + A - e l
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+ _,') e 3(T + 3(, )

Tevariance of estimate of i + cT) is (1 - -2)/2, from

example IV.l.a. That of 2 (T + ci) is

- + c (, r +2 1( ) + T 2 e r 2 (T+M]

~~~~ A A l - 1 + 'a2 £ ) e c } /

The cvariance of estimate of + O,) and( - + )/,) iso

V.3. The "White Noise" Limtitng Case

A fictional limiting case of some interest is that in which,

superposed on the linear function of x(T), the observation contains so-

called "white noise," that is random impulse functions, or the fictitious

derivative of a process of orthogonal increments. This limiting case can

easily be derived from Theorem 2, which states that for any discrete obser-

vation y. - AXx ,

A x€ x. OLca-l - [Ea_ (x OL , -l) ( C Aaxa a-1
-1~

rA Al A
[Z(y- A X(1,0-1) (Yc - Aa x, _.l)j (y- Aa, .l,

If we deal with y- Aax + va, where v is orthogonal to x and vol,
cia A

etc., the relation remains valid, since v . is zero. Now let the time

interval between observations be , with Zvv - N / , nonsingular N., ob-

taining for the increment A X:
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A 1A "- S , a-1 X a 8aa-la a+ N /0- (Ya - Aaa,a-1)

Considering a sequence of decreasing 6, tending to zero, one hast with T

the time of the observation y L

X(TT) - lim (A /)
6-0

-ur lim Aa(8AS +Na)- I (y ~A~a)}
0 S a,-l , + N-l -a A aa,a-

- S( ,,) A(t) N-l (T) [y(T) - A(T) 1(,, I

provided that A(T) and N(T) are continuous. By a similar calculation it is

easily seen that

S(T , ) - S( ,T) A( ) N-1 () A(T) S(T ,).

Combining these results with those of Theorem 3, we have the general solu-

tion of this limiting case in terms of differential equations. It is neces-

sary only that the matrix functions of time, A(T), B(T), Q(r), and N(r), be

piecewise continuous. There are numerous cases in practice where the sim-

plicity of this limiting case outweighs its defects, just as there are

numerous cases in which simplicity of the limiting case in which one con-

siders his processes stationary and A(T) constant outweighs resulting defi-

c ienc ies.

Example IV.3.a. [Wiener, 1949.1 One observes the sum of a stationary

process (the "signal") with spectral density 1/(1 + w 2), and "white noise"

of spectral density c 2 . As earlier, the signal . has A -" 1, B - -1, Q - 1,
2

while the noise term has N e . Thus,

(T,) - S(T,) T- ) ) - (,

-S(,T) C-2[n( )- T (T,,)

tRecall that F(T,O) a dF(T,a)/d.
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1 , - S(T,T) WN-1 AS( ,T) ( - S2( ,r)/c 2

From Theorem 3 we have

A A
( ,r) - A( , )

S'(TT) " 1 -2S( ,T)

During observation, we have

A
dg("r,r) . i(.,.) +

and

dS( T) S 2 T)E2
S(,r) + S'( ,r) - 1 - 2S(r,r) - S2(r T)/ 2

Suppose that one observes from time 0 to time T, (possibly with
A
g(0,0) - 0, S(0,0) - 1/2, from the nature of the process). The differential

equation for S(T,T) has the solution, with

Ser) - 1 + 2y "(y21) S(0,0) + Y + 1 e
2yr _ 1 -

Y - - (0,0) - y + 1

with l/(Y + 1) = e(V/1 + 2 - e) the asymptotic value of S(-, ) as r in-

creases without limit.

As in example IV.l.a, prediction from time T to time (T + a) is

given by:

A A O
t + C,i) - (T,) e

-

A(- + a,'r) - .+ [S( -r) 1/2] e_2 c

Example IV.3.b. [Wiener, 1949.1 One observes the sum of a stationary

signal with spectral density 1/(l + 4) and white noise of spectral density

C4. It is desired to estimate the present value of the derivative of the

signal. As in an earlier example, we have
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x(T) -(i)\ , A -(1,0), B - 0 1\

Q- (: :)
We consider observation from time 0 to time T If our only information at

time 0 is the nature of the stationary process, we have 1(0,0) - 2(0,0) -

0, 8(0,0) - /74 )
0 7/

We shall write SOC + ,T) - (:11 a12) During the observa-

+12 a 22 (,r + cL,,)

tion interval,

-S(, ) r) -0 N -) CO)

SC-4

Z:12) ()

A
with C( ) - n(') - ('1(, )

,r)- c-4 ( a 2 0l1012\

11a12 12,

Both during and after the observation interval 9'(, + a,') - B (r + a, ),

so that
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A,
1(r+ ar t= , + oL,

' (T + ,) - - (T + Q,') - /2 t2(T + CL,)

Also 8'(€ + C,T) - BS(r + ,T) + S(T + C,T) 9 + Q -

2°y12  ° 22-0 11- /2o 12

/2a12 1-2o12-2 /2c22/

Equating to zero dS(T,T)/d - 6( ,'i) + S'( ,T), one obtains the

asymptotic solution as r increases without limit:

a 11(-,') - /2 c3 ((1 + e4)1/4 - C) - /2 e4 $

- 2 (( + 4 1/4 -)2 e 4 $2

4)3/4 2 4)1/202(..)- /2 e(1 + ) -2 /2 2(1 + )

+ 2 /2 e 3(1 + c ) 1 / 4 - /2 4 4 /2 e4 s(82 + B + 1),

with B C -1(1 + 4 ) - 1. Substituting the asymptotic S(-,-) into

d I /dT and dt2/d, one obtains the asymptotically optimum frequency opera-

tora on r; with p - /1 x,

2 (T,) 82 p -/2 0
(0+1)2 + /2 (0+1) p + p2

A , /2 8 P + '(0+2)

(0+1)2 + /2 (8+1) p + P2

the asymptotically optimum operator for g2(l, ) agreeing with the result In

the reference.

Example IV.3.c. EShinbrot, 1956.] A particle leaves the origin at

time zero, with constant velocity of mean zero and variance 0. One ob-
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serves from time 0 to time T the sum of particle position and white noise

of spectral density y.

Let the particle position be %1(T), its velocity be 2(T); we

have

X(0,0) - (0) S(0,0) - (0

B- (0 1) Q -0, A -(1,0).

With a, 0, S(T + QT) ( ( 1 1  1

" 1 2  22

(T + O,T)

During observation

x(,,,r) B(, ) XN-1 C() all) C()/Y

(a12

A
with C(T) - n(T) - A.T);

a12 a2

- 2 0 l :0 2 )11 12 12 (TT

Always A'(T + OT) - BA(T + QLT) - ( T + +
L ' T

S'(T a,'T) - (2a12 022

' a22 0 /
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Solving dS(,r,,r)/dr - 0 with 8(0,0) 0 ( 0:

S(T ,') - 3y ( T2 T

3y + 3
1

Predicting from time T to time 7 + a we have

A AA
(T + a,T) " (,T + a 2(T , T

+ (T , -

and from S'(T + a,T), or directly from the above pair,

5(T + a,T) - 30y 3 (1 + a) 2  T+O
3y + OT 1

Example IV.3.d. [Shinbrot, 1956.1 Over a finite time Interval begin-

ning at time zero, one observes the sum of g(T) and white noise of spectral

density y. 9(0) is zero; t(T) is constant over the interval (0,T1) except

for one jump of mean zero and variance 0 T1V the time of the jump uniformly

distributed between 0 and TI; for T > TV (T) - t(T1
) . The best linear

estimate of (T) is desired.

Here A - 1, ?(0,0) - S(0,0) - 0. We have V.(T) . 0,

E2 () - j 1  (1/T1) - I

LI r" 1)

Thus B - O,Q - , (T < 1

(T >

A
, S(T,T) C(T)/Y

5(1,T) - - S2(,r)/y

'(T + a,T) - +'( + Q,T) - 0
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S'(T +, ) -,(T + a < T I

(T + M > )

For ' T dS(r ,) _ 8 - S2(,)/Y

so that

S( , ) - (By) 1 / 2  tanh B/y)1 / 2 (T , T 1

For T Z T dS(,'r ,) - -S 2(T,T)/y, giving

Y 81 il I

( Y + (-1 S(l I )(

A

For prediction from time T to time (T + a) we have t(T + L) -
A

S (T + a,T) - S(T,T) + ,

with in - mn 1 - TO), if T < TV and cp zero otherwise.
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V. CONTINUOUS OBSERVATIONS

In this section we consider observations continuous over an in-

terval, in fact with A(T) possessing a derivative A'(r) 4 dA( )/dT. The

processing of data in such a case cannot be by numerical methods and it typi-

cally uses electronic equipment. A good example is the processing of data

considered by Wiener(19491 in which processing is specified in terms of a

constant coefficient frequency operator on continuous inputs. In general,

the best estimate on the basis of continuous observations will require con-

tinuous data processing, but can often be approximated well enough by

arithmetic methods in which the observations are lumped into approximate

discrete observations or even simply sampled. Once this approximation has

been made, the methods of Section III can be employed. From a mathematical

standpoint, it is not advisable to ignore the case of continuous observa-

tions, as the study may shed light on theoretical points as well as practi-

cal points involving techniques and accuracy of approximation. From the

standpoint of applications, the methods of processing continuous data are

of great interest, since in many cases continuous processing may be cheaper,

faster, and/or more precise than digital processing, despite the tremendous

progress in digital computers.

In Section IV a fictional limiting case involving continuous

observations with superposed white noise was considered and solved, but

our primary interest is in realistic situations involving observations

which are finite with probability one. We must now require that continu-

ous A( ) be differentiable. The simplest case is considered first, In

which the matrix A(T) Q(T) X(T) is nonsingular. This condition is satis-

fied if each scalar observation includes a simple Markov component, unless

there is redundancy in the observations. In general, it is presumed that

trivial singularities resulting from redundancy in the matrix A(T) are re-

moved by routine methods. The next case considered is that in which the

observation function is scalar, A(T) consisting of a single row vector

i(r), but with i(') Q(T) a(-) possibly singular.

V.1. A(T) Q(T) X(T) Nonsingular.

With continuous A(), it is natural to attempt to apply Theo-

rems 2 and 3, with the time between observation y -I and y shrinking to
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zero. The difficulty that arises is that 8 I is zero, as can be seen

from (2.1.6), so that the estimate A of the error of estimate of xa, given

by (2.1.5) is a meaningless expression involving the product of a zero matrix

times the inverse of a zero matrix. We must therefore obtain the limit of

(2.1.5) as the time interval 6 between the observations y(T) and y(T + 6)

shrinks to zero. This limit exists provided A'() and [A(T) Q(T) -(T)]- 1 exist

at T, as shown in the following theorem. (In Theorem 4, y(r) is a column vector

with v components, x(T) and P(T) column vectors with W components. A(T) is

V x p; B(T), Q(r), and S(T,T) are w x -.)

Theorem 4. Given the hypotheses of Theorems 2 and 3, with A(T) a specified

differentiable function, A(T) Q(T) X(T) nonsingular. Let A(T)

represent the increment in A(T,T) due to the observation y(T) -

A(T) x(T), S (,T) the time derivative of S(T,T) due to contri-

butions u(r), and z(T) - y(T) - A(T) X(, ). Then

(4.1.1)6(T) - [SCU1) W(T I ' [A(T) S(T,T) W(T)] Z(T),

(4.1.2) I(,) SCT ( I[A(T) S(T,T) W(T~JI1 [A(T) SCr,T]

with

(4.1.3) s,(TT) W(T S(T,T) 1r) + S(T,T) g(T) W(T)

+ Q(T) X(T) ,

(4.1.4) [ACT) S(T,T) TCI ACT) Q(T) W(T)

Proof. From (2.1.6) of Theorem 2, S(T,T) X(T) Is zero. From (3.1.2)

of Theorem 3, (+)

(4.2.1) S'(T,T) - B(T) S(,T) + S(T,T) I(T) + Q(T)

+Recall that F'(T,o) A dF(r,o)/dr.
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Since S(r,T) X(T) - 0 - A(T) S(T,T), (4.2.1) yields

[s13 T, ) - S(rr) 1) + B(T) 0

+ S('r,T)ff(r)X(T). + Q(T) X(T),

which is (4.1.3). Similarly, (4.1.4) is obtained from (4.2.1)

and (4.1.3) by

A(T) S(r,T) ][(T A'(T).O + A(T)[SI(T,rT)(T)'

-A(T)S' (T,T)lr(T)

- A(T)Q( )X(T)

To determine 0(T), we have from Theorem 2

(4.2.2) A(T + 6, T + 6) - A(T + 6,T) - S(T + 6,T) XT + 6)"

[ AT + 6) S(T + 6,T) X(T + 8].

[ Y(T + 6) - A(T + 8) A(T + 6,)].

A
Now U(T) is the limit as A - 0 of (4.2.2). From Theorem 3 and

the-differentiability of A(,) we have that y(T + 8) - A(T + 6)0

A(T + 6,T) A(T + 8) [x(T + 6) - A(T + 6,T)] is continuous at

6 - 0 if w(T + 6,T) is continuous at 6 - 0. (3.0.3) indicates

that the mean square of w(T + 6,T) is continuous and tends to

zero as 6 tends to zero, so that w(T + 6,T) is continuous with

probability one. Thus the final factor on the right of (4.2.2)

tends to the limit z(T) as 6 approaches zero. The limit of

the other factors on the right of (4.2.2) is as given in (4.1.1),

by the Mean Value Theorem, in view of (4.1.3), (4.1.4), and
the hypotheses on the matrices involved. In the same manner,

the limit of (S(T + 6,T + 6) - 8(T + 6,T)l/A is seen to be
given by (4.1.2).

Ixample V.l.a. [Shinbrot 1956.1 A particle leaves the origin at time

zero, with constant velocity of mean zero, variance 0. One observes, from
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time zero to some finite time, the sum of particle position and a distur-

bance 93(T) of mean zero and E 93(rl) C3(T2) - ye , with Y > 0,

> 0. (A limiting case, with 93 (7) replaced by white noise, was con-

sidered in example IV.3.c.)

The product moment function for g3P with T1 - '2' shows that

the constant variance of g3 is y. Comparing the product moment function

with 2
with e21 E 2( ) , obtained from (3.0.2) on multiplication by g3('li

and taking expectations, shows that the element of B corresponding to 3
is - cP. Finally, the element of Q corresponding to 93 is 2yp, by S' -

BS + 39 + Q, since the variance of g3 is constant.

Here we have gi(,) - position, g2(T) - velocity, 93(T) = dis-

turbance.

B=(0 1 0) Q= 0 0 Ym)

A- (1, 0, 1).

Following the initial observation at time 0, when A(T) jumped from 0 to

(1, 0, 1), during the observation interval A(T) is constant and A(T) Q(r)

%(r) - 2y1P > 0, so that the hypotheses of Theorem 4 are satisfied. The

initial observation must be used as shown in Section III. Assuming no in-

formation other than that of the problem statement, we have A(0,0-) -

0, 8(0,0-) (0 0 0).

At the initial observation, 0(0) - S(0,0-) 1(0) [A(O) S(0,0-) W(3 n(0)
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i.e., the initial observation specifies the value of 93(0). From this or,

if preferred, more formally, one has S(0,O) - 0 0 0). Thus the

0 0 0

0 0 0

continuous observation has initial values k(0,O) - (0) ,(0,0) -

(0 0 0) Since S( , ) X(T) -0 during the observation interval,

0 0

0 0 0

- 11 - 12 11 (T, )

With C(T) r(T-() - A(t) A(T, ),

ko- [Se~ (- , + Q] (AQ)- -I C (T)

( 2 + W1
"1 0 + TO C(')

2y:4, - "'11 - a12

'(a12 CP 11 2(0 12 +'00 11 ) (LI22 + P° 12) (012+Coo 11) (2y;P-o 12-"' 11)

Y 2) 1 - ( 2 2  1 2 )--11)

(2y55-o 12"; O11 ) 2
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Both during and after the observation interval,

9'T+ a,T) -B9( + a,*r) - 8(T+ MT

0

_ C 9 3 ( - + a , T )

S'( + C,T) - BS(T + cL,T) + S( + C,r) T + Q

2o°, G. '0 )
- 212 022 101 12

22 0 12

\ °11- 12 12 2(- 11)

Solving dS(r, )/dT - S(T,r) + S'(,T), with S(0,0) as specified, one ob-

tains

S(o - 6__________ y -6y- + 30r + 3 ' 2 
+ 2 3 T 2 -T 2

The problem of sequential estimation has been solved. Possible

confusion may be avoided by calculating also the prediction from time T to

time T + a, and then taking into account an observation at time T + a,

assuming the continuous observation ceased at time T. The predicted vector

is from 4'(- + aT),
A

T + CL,) - 11( ,7) + a .2(1T),

e(T+ a,-r) _- TT

e3 (r + a,T) _ t3( ,T) • e -

During the prediction interval, we do not have S( + 0, ) constrained by

A( r):
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S'(T + a,T) - BS(T + CL,T) + S(T + a, ) + Q

" ( 2012 022 ) 23-'013

U2c(y - 033)

Writing C(T) 6yep/(6ycp + 307 + 3rpT 2 + p2 OT ), the solution of the dif-

ferential equation, with initial condition S(T,T), is

S(T + ,r) - ( + O.)2 C(T) (T + O.) C(Ti) -T(T + a) e - VO C(T

( C (r) -. re- C (.T)

For an observation at time (T + CL),

O(r + CL) -S( + C,r) A(T + )) SA( + CL) ( - + T) X(1- 1 C( + Qi),

S(T + CL,T + CL) - S(T + CL,T)

- a (Cr + a rT) X(T + a) [A( + CL) 8( + CL,T) X(r + 0L)-
1 A(r + CL) S(r + Q,r)

Example V.l.b. Wiener, 1949, considers observations over [- -,T 1) on

a process with spectral density 4(w) - (1 + m2 )/(0 + U4), and wishes to pre-

dict the value of the process at time (T + a). This Is similar to Example

lV.2.b, except that here A - (1, 1) or perhaps (1, -1), so that this is not

a case of simple prediction. We shall consider separately Case I, In which

A - (1, 1), and Case II, in which A - (1, -1); in each case we assume ob-

servation over an interval beginning at time zero, with initial estimates

zero and variances of estimate the variances of the processes; namely

S(0, 0-)- (/:14 /240)

57



Continuous Observations

The initial observation of n(O) gives estimates A(0,0) -

S(0,0-) X[AS(0,0)-X]"1 n(0) and 8(0,0) -

S(0,0-) - S(0,0-)X [AS(0,0-)X]"1 AS(0,0-), or

Case 1: A(0,0) 1 n(o); 8(0,0) - /2/8 - //(/2/8 /2/81

Case 11: 2(0,0) - (0,00) /2/8 //

5(,0 -(/2/8 /2/8)

During the observation interval, S(1, ) ?-0 implies that

S(/,-) -() in Case 1, (o o) in Case 11.

Recalling that B - (0 1 Q2 00 0 we compute

1 i( )- [S(r,T) 9 + Q1 I(AQX) "1 C(T), S'8,r) " S1r, ) B + BS( , )

+ Q, S - [S(,T) 9 + Q1 X(AQX) - 1 A[BS(,1) + QI, and

A'(T') - BA(',), obtaining 0'(r'i) " (0 - 1) x(r,) in

both cases.

In Case I,

A (,') " /- (2 - /2)o

+ (2 - 12)c)
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S- 1(2 /2) 2 2  - (2 - /2) a - (2 " /2) a2

El + (2 -/2)0)2

8,('r - (- 20 /2o

/2o 1 + 2(1 - /2) a

The solution is defined in terms of o( ), which from dS/d =

8' + 6 satisfies do/dT - - 2o - (2 - /2)2 o2 with initial value /2/8. The

solution for o(r) is

o( ) = [(3 + 2/2) (e - 1) + 4 /21 -1 ,

tending to zero as T increases.

In Case II,

A(,r,) - (2 + /2)o

(2 + /2)o 1

io(r)- - ((2 +.Z2) 2  2 (2 + ,2) 2 - (2 +/2)

[(2 + /2) -1

S'((,2) 2a -/2, )

-/21 1 - 12o(1 + /2)

In Case II do/dT - 2, - (2 + /2) 2 a2 , which with o(O) - /2/8

yields

7(r) - [(3 - 2 /2)(1 - e-2 ) + 4 /21-

tending to 3 - 2 /2 as r increases.
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The extrapolation to time 71 + m is in either case given by

( 1 E(TI) - (-10 - 12) A( ,,r1 ), yielding estimates of the same

form as in Example IV.2.b, with r(r) and '(T) replaced by 1('1V and

e2 (T1, I), respectively. Letting a j represent the covariance of estimate

of t and ti, we have the same differential equation for o j(T + ,) as

in Example IV.2.b, but different initial conditions since S( ,T) is non-

zero. Thus 8(TI + O,T1) is as in IV.2.b, together with the increments due

to 0( 'l 1

Case I

- 6011(01 + O,
) - a( I ) e- /2a (( 2 - /2) + (1 - /2)(sin /2a - cos /2a)-

68o12( r1 + a,"1 ) - a('1 ) e- /2a((1 - /2) + /2(1 - /2) cos /2a.I

0 22 (T 1 + CT1
) - (- 1 e" /2'[(2 - /2) - (1 - /2)(sin /2a + cos /20

or Case 11

all(l + OLl a ('r e- /2a.(( 2 + /2) + (1 + /2)(sin 2a. - cos /2L))

6 1 2 (r I + L,ri) T ( I ) e- /2a[(( 2 + /2) coo /2a - U1 + /2)

60o22 (1 + Mi a (rI e- /2a[ (2 + /2) - (I + /2)(sin /2a + cos /20)

The non-equality of S(T,w) in Cases I and II is natural, al-

though somewhat obscured in treatments merely estimating n( I + m). The

variance of estimate of Yi, + a) is of course the same in Case II as in

Case I, namely, / (1 - e- /2. [(2 - /2) - (I - /2) coo /2a.) + e- /2a.

2(3 - 2 /2) (1 - cos /2c.)/[(3 + 2 /2) (e2T - 1) + 4 /2).

For T large, a(T) will be approximately equal to its asymptotic

value of zero in Case 1, or 3 - 2 /2 in Case II. The corresponding asymp-

totic values of A A are:

60



Continuous Observations

Case 1, e~A ()
Case 11, ~A (2 /2

(1 /2

Combining these with A' - BA, one obtains the asymptotically optimum fre-

quency operators on n( ) for (r) and e2(T):

Case I: 1 -1 + ju) - 1 2 - Ju(l + jw)-

Case 1: - (1 + jui)-I [(2 - /2) J-' + (/2 - 1)) ii

e 2 - - (1 + Jw) " 1 [(/2 - 1) Jw + (2 - /2)1 3

A Note on Instrumentation. One aspect of the solution for con-

tinuous observation is maintaining at zero the difference between y(T) and

A(-) A(), by absorbing variations in y( ) immediately into A(T). Thus we

call for A(T), the Instantaneous increment In A(T) to be a multiple, say

C(), of z(i) - y(r) - A() A(,,). In practice, a difficulty may arise in

a system operating on z(,), because the change in 9(T) immediately affects

z(r), so that Infinite amplification of z(T) appears called for. The

simplest reaction is to be content with an approximate solution, multiply-

ing .(r) by a large number, say one million, to render the Inaccuracy neg-

ligible. The estimation equations can be mathematically transformed in

many cases, particularly if the function A(T) is known for all time, to a

form eliminating this difficulty; it can also be avoided by assuming the

existence of a convenient limiting case, such as the "white noise" case or

the stationary case considered by Wiener; finally, It can be avoided by

sampling the observable function. One should take care, however, that

errors arising from incorrect mathematical formulation or types of instru-

mentation requiring great precision do not far outweigh the inaccuracies

due to finite gain In a system operating on z(T).

V.2. Scalar Observations.

We shall now consider scalar observations, with the hypotheses

of Theorem 4 not necessarily satisfied. Since y(T) has only one component,

we shall now write n(T), C(T), and i(t) for y(T), Z(T), and A(r); and singu-
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larity of a matrix of the form a( ) Q(T) a( ) is equivalent to a zero magni-

tude. We assume as in Theorem 4 that a(T) is piecewise absolutely continu-

ous, i.e., that a(T) is differentiable except at a finite number of points,

at which salti or isolated values occur (we are considering observation

over a finite time).

We have previously considered the case in which a(r) S(T,T-)

a( ) is non-zero; and that in which this form is zero, but a(T) is differ-

entiable and a({) Q(T) a(T) is non-zero. This leaves the case in which

Z(T) is differentiable but both quadratic forms are zero. It is reasonable

in this case to consider differentiating C(,), possibly obtaining a non-

zero form corresponding to Z(T) Q(T) a(T); the derivative of C( ) will in

general include components of x()' more directly related to the disturbances

represented by Q(r). The following theorem + indicates that, under mild

restrictions, such differentiation is possible and is a nonsingular trans-

formation of the function 71( ). We use the operator *, such that

*F('T) 4, F'(Tr) + F(Tr) B(T).

(In Theorem 5, a('), x(T), A(T,T), and w(o, ) are column vectors of " compon-

ents; S(r,T), Q(T), J(o,T), and K(o,p) are i x A.)

Theorem 5. Given the hypotheses of Theorem 3, with S(r,T) a(r), Q(T) a( ),

and [Q(,r) a(T)1' zero; *Z and 2 existing; then, with proba-

bility one,

(5.1.1) '() =(*Z) [X(T) - A(T,T)] - '(T) -(*) (,)

exists, and is a nonsingular transformation of C(r).

Proof. Let a > T, with hypotheses satisfied at time T. From (3.0.3),
o

(5.2.1) J(o,0r) A Ew(OT) w(C, ) -f K(c,p) Q(p) l(c-,P) dp.

'I.

Using (3.0.1),

+Here and later we make use of the fact that AXI is zero if and only if
AX is zero, for X symetric and non-negative definite.
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(5.2.2) J'(o, ) = B(a) J(o,') + J(C, ) 9(c) + Q(a).

Defining

(5.2.3) y(o,-r) A i(c) J(c,,) a(a),

and differentiating y(o,r) with respect to a, using (5.2.2)

and the * operator,

(5.2.4) y'(0,T) - a'(0) J(0,r) + i(a) [Q(O) + B(C) J(o,T)

+ J(a, ) g(o)] a(c) + Z(a) J(a,r) a'(a)

- C~())J(a, ) a(c) + ~()J(c, ) E~ah

+ !(a) Q(o) a(c).

Similarly,

(5.2.5) y''(a,) -F2Z(0) J(o,i) a(a)

+ 2 E (a .(o,I

" Z,() J(a,) [yea(a) + La(o Q(a) a(o)

" (a) Q(O) i ...o . [o, Q(o) .

By (5.2.1) J(o,r) is continuous and zero at c - T. Together

with the hypotheses of this theorem, this makes every term of

y(a,i), y'(c.t), and y''(o,r) zero at a .
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By a familiar theorem, it follows that

(5.2.6) y(a, ) - T (a - r) Yl(, ),

with yl(o,T) tending to zero as o approaches '. Consequently,

from (5.2.1), (5.2.3), and (5.2.6),

(5.2.7) E [a(ci) w(o,tr)/(o - A r (o,,t) a(o)/(, -r

2.- y(o, )/(0 - r) -Y0,0/2

has a zero limit as o approaches T. But this limit is the ex-

pected square of the derivative of a(o) w(o, ) at o - ", so that

the derivative is zero with probability one. Consequently,

using (3.0.2) and (3.0.1),

(5.2.8) n,(r) - [a ('r) XCI)] - 'r) x(r) + 4( ) B(r) x( ')

- Ea(-] x('r),

with probability one. From (3.1.1),

(5.2.9) 1 () t(,r,r - ' ( ) A(,T) + (1r) B(r) 1(,r)

From (5.2.8) and (5.2.9), (5.1.1) is immediate. The transformation of C(,) into

C() is nonsingular, since C() is zero by the hypothesis that 6( , ) a(r) - 0.

In the hypotheses of Theorem 5, some mild restrictions have been placed

on the functions a(T), B(T) and Q(T). We recall that the hypotheses of Theorem

3 required B(T) and Q(T) to be piecewise continuous, while those of Theorem 4

implied A(,) piecewise absolutely continuous. The hypotheses of Theorem 5

require that B(T) and any existing derivative of a(T) be piecewise absolutely

continuous. Repeated application of Theorem 5 will require that higher lxisting
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derivativces of Z(T) and B(T) be piecewise absolutely continuous.

The second restriction imposed by the hypotheses of Theorem 5 is that

when S(T,r) a(T) and Q(T) a(r) are zero, we must have [Q(T) a( )] - 0, so that

isolated zeros of Q(T) a(T) are inadmissable. This restriction does not appear

to be onerous in practice, so that Theorem 5 has been simplified by assuming

such a restriction. If it is not satisfied, the proof indicates that the re-

sult is merely to change the expected square of the derivative of i(a) w(a,T)
at a - T from zero to [Z(-) Q(r) a(f)]'/2, thus adding a term both to n'(r) and

CI(). The practical consequence is that the observation TI(T) should be ig-

nored for any T at which 8(rT) a(T) and Q(,) a(r) are zero, but [a(T) Q(T)

a(r)j is not zero.

When Theorem 5 is applicable, one simply replaces r(T) by n'(T), and

Z(T) by *a(T), then applies Theorem 2 or Theorem 4 if possible, otherwise one

uses Theorem 5 again.

The writer has found in the literature no illustrative

examples requiring the use of Theorem 5. To show the method, we apply it in

Example IV.2.b., a case of simple prediction. Here x(r) -((T)) (B (0 .,

Q (0 0),

and ACM) - (1.0) for I Z O, assuming continuous observation beginning at time
zero. Assuming only the naturelof the process, we have i(0,0-) - 0, 8(0,0-) -

( /2/4 02/) - 1a1
0 12/4 (12 a 22) (0,0-). The initial observation at time

zero yields d(O) = S(O,O-)a(O) [a(O)8(O,O-)a(O)] - I C(O) -

/ (2/4 ) (/2/4) (0~() - 01 - (nr(0)

0" ( \ ), and

3(0,0) - 8(0,0-) / (2/4) (/2/4)- (12/4,0) -(0 0

0 12/41
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/

After the initial observation S(7,T)a(T), a'(r), Q(T)a(r), and [Q(r)a(T)] are

all zero, so Theorem 5 can be applied.

4(T) ( T) + a( )B(T) - 0 + (1,0) (0 1 ) - (0,1). The square of the

-1, - /2

expected value of C' (0) is

E [CI (0)12 - *Z(O) [S(OO)J [*a(O)] -

- (0,1) (0 /24) (0) -/2/4 # 0.

The initial observation of 7(7) therefore gives

0(O+) - S(O,0) [*a(O)]f[*a(O)] S(OO) [*a( ]- 1  (0+)

- (/f2O4 (,f2/4)1' (11'(0) -0) - (~0)

2/4 ( ) (0 ;

S(O+,0+) - S(0,0) -(//4) (2/4) -  (0,/2/4) - 0.

Following the initial observation of l'( ), 8(,T) F; is zero,
but Q(T) [*a(T) 1 0 0)() - () ~'0, so that Theorem 4 gives

A(T) - Q(T) [*(T)1 i1j*a(T)J Q(T) [*a r'j] C'Cr) -

-(0 [(0,11)(0 0 ) (: -1 C'(
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Since S(T, ) - 0, S'(r,T) - 0 o) The above expressions0 1)
for u() indicate that A(T) - x('). After the initial'observation of rn(0) and

n'(0+) one has

0 M (- l 1 (0, 1) 0 ( 0) S'(T,T), showing formally that

J(T,T) has zero variance of estimate.

V.3. The General Problem. All the results needed to solve the estimation

problem are now at hand. Summarizing results of V.2, when the observation is a

scalar function with a(T), B(T) and Q() possessing required piecewise con-

tinuity (absolute in some cases), at each T we consider the sequence

the sequence terminating at the first non-zero term, called the critical term,

which is of the form *W())H(T). One replaces n(T) and a(T) by the yth deriva-

tive of n(T) and *ya(), respectively, thus replacing C(T) by CM(T) - r(Y)(r)

- (*Yi)x(r,T_). If the matrix H(r) is S(T,T_) one applies Theorem 2, obtain-

ing

OCT) - S(, .) [Ya( ] Y'§[ "(. S(T,T_) Y(' CW(T),

S(r, ) - S(,T_) - 1 ,r(_ ( [*Y( 5( 1,1.1) [eY;(r

•* YZ(, ) S(,,T) .

If the matrix H1(M) in the critical term is Q(T) one applies

Theorem 4, obtaining

('- %('r,r) Y~+ Q(r,') ( [*Yr(1 Q(.,)[Ya()] I (Y)

am (,+)- - ([,r) *] Q(r) *+() •
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Q~r [v 5 )% T+'i ) S(r, ) + [*v( ]QT 3

If the sequence has no critical term, the observation should be ignored. In all

cases, from Theorem 3, one extrapolates continuously by

91(T + M,r) - B(" + )(,r + a,r)

j '(T + OL,') - B3(T+OL)S(rC4,T) + S(Ti4L,l) 1(,r+C4) + Q(r+cL)

with a - 0 when one is sequentially calculating A(r,T).

In considering observations which are non-scalar functions of time,

we must first transform each scaiar observation as discussed above, in order to

avoid singularity of matrices to be inverted. To simplify notation, let us now

use the symbols n+(T), a (T), and C (T) for the transformed values of the MthC' a' a
7. observation, coefficient row vector, and difference between observation and pre-

dicted observation respectively. Scalar observations with no critical term

should be ignored.

Let A() constitute the matrix formed of row vectors aa(T) corres-
aetponding to critical terms in S(T,T); and z 8() the vector of corresponding

C+(T). If the matrix A (T)S(r, _)'1(T) is nonsingular, Theorem 2 can be applied,
giving

as-() 3Cr, r) Cr) [AS(r)S(rI _1)XSr -T za(T),

(IT) - S(I.T) - S(, . CO)X(r) [AS(c)S( ,r 1)x(. r A8 r)8(r,T.).

Similarly, let AQ(r) and zQ() represent the matrix of coefficients

and vector of scalar observations for which the critical terms contain Q(T), and

apply Theorem 4 if AQ(t)Q(i)[(r) is nonsingular:

4Q - , AQ(-r) + QIr)AQ( Q )q)( £ (T),

with -(Cr,,) of similar form, zQ(-r) being replaced by the transpose of

the first term.
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Thus, in aummary we vary tT) by '( ,I), (T), and QIT); and vary S(T,r) by
8' (T,T), ('r,T) and the incremental term involving A8 (t)B( , _1 )0(T). There
remains a question regarding possible singularity of the matrices to be in-
verted. The only reasonable possibility of singularity appears to be observa-

tions which are linearly dependent, in which case an elementary algebraic

transformation should be used to remove the singularity.
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VI. GAUSSIAN PROCESSES

In previous sections, it has not been assumed that the process

(x(T)) is Gaussian, an such an assumption is of no significance regarding linear

estimation with minimum variance of estimate. In this section we consider an

important aspect of Gaussian x(T), namely that A(T + a,T) and S(T + a,T) define

completely the distribution of x(r + a) conditioned by the observation. This

implies that a) the estimate of any function of X(T + M), which minimizes the
expectation of any loss function, is specified as a function of A(i + M,T) and

8(r + Q,T); and b) k(r + M,T) is the minimax estimate, with respect to mean

square error of estimate, over any class of possible distributions of {x(T))

which includes Gaussian [X()).

Asymptotically best estimation in ergodic Gaussian {x(T)), treated

by Wiener, 1949, will be considered briefly.

VI.1 Sufficiency of Best Linear Istimates

It is well known (cf. Doob, 1953, pp. 561-562) that the estimate

minimizing variance of estimate is linear when {X()l is Gaussian and observa-

tions are linear in x(T), that is, that J(T + a,T) is the expectation, condi-

tioned by the observations, of x(' + a). It follows that k(T + a,T) is a suffi-

cient statistic for x(1 + Q), and that .(T + Q,T) and S(T + M,T) together

specify the conditional distribution of x(T + a).

If we wish to estimate any function of X(T + a), say f(xT + C), by

f*(x T+ C) so as to minimize the expectation of a specified loss function, say

CP If(XIt + ), f*(X + ) , we need only minimize the expectation of (p over the
conditional distribution of xT + ., which is defined by I(T . n,T) and
8(T + C,r). Consequently if tX(T)) is Gaussian there is no need to restrict

ourselves to minimizing the variance of estimate of linear functions of x(T + a);

once A(i + MT) is determined we can minimize the expectation of any loss func-

tion of any function of x( + 4). The further problem is merely that of mini-

mizing the integral:

(f*) C2) ( v/2 a -1/2 f f*(x), f(xe - x - 1)8(x - dx.
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In this expression we assume the time argument fixed, and also assume that 8 is

nonsingular, possibly as a result of reduction of the number of components of

the vector x. The minimization of the indicated X(f*) is not typically diffi-

cult, although analytic methods will not always suffice. In many cases the

problem is simplified by nulling the derivative of X(f*) with respect to f*.

If f(x) is a linear transformation of x, and c is a symmetric non-negative
A

function monotone non-decreasing with If- f; increasing, then x minimizes
), :*).

Example VI.l.a. Suppose f(x) - x and

~-1/2 (x - 0 C2 (X-C)

ep(x *,x) - (x*- x) C1 (x*- x)e 2  dx,

with C1 and C2 symmetric and non-negative definite. Here c may be a vector

chosen on the basis that for x near c, small errors of estimate are specially

desirable. This is an example of minimization of a weighted mean square, a

topic which has been given some attention recently. The specified loss function

can represent quite a variety of situations, including the basic one considered

in this paper (C2 - 0). Letting Y represent any positive scalar not depending
*

on x or x ,we have

X(X*) - Y f (x-X)Cl(X*- x)e - C) + X- - dx.

The quadratic form in the exponent is

(+B1 -I A] 11 E1Cc81)Ix - (C2 +-) (C2 c+S_ lx (C 2c+S 1 ) x - (C 2+s) (C2c+

Thus X(x*) is proportional to the expectation of (x - x) C1 (x* - x) over x

normally distributed with ean (C + - 1 ) (C2 c + 5- 1 A), so that this mean is
* 2 2

the minimizing x . Note that x does not depend on C 1, and is a linear combina-*
tion of 9 and c, replacing A by an x biased in the direction of c, proportion-

ally to c-9. Such a bias is to be expected on the basis of the prescribed loss

function.

VI.2 A Minimax Property of Best Linear Estimates

We observed above that the best linear estimate is best among all
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-estimates, if fx(T)) is Gaussian. On the other hand, best nonlinear estimates

are superior to best linear estimates for all but a few distributions of fx(?)1;

Example III.4.b is a case in which the best linear estimate has asympotic

efficiency of zero. In most cases the complete form of distribution of [x(T)J

is now known, although it is frequently assumed to be approximately Gaussian.

For fx(T)J satisfying the relevant hypotheses of our theorems, it can be seen

that the best linear estimate is minimax over any class of (x(T)) distributions

including the Gaussian. This result follows at once from the facts that the

variance of estimate of a linear estimate does not depend on the distribution

of x() except for the first two moments; and that the best linear estimate

uniquely minimizes the variance of estimate for Gaussian fx(i)].

VI.3 Ergodic Gaussian Processes.

The problem of best linear estimation in ergodic Gaussian processes

was considered by Wiener, 1949, who derived for ergodic Gaussian observation+
processes, the time-invariant operator asymptotically minimizing the variance

of estimate of the observation, or of a desired component of the observation,

called the signal. The examples considered by Wiener are discussed in Sections

III, IV, and V of this paper. In one sense, the problem treated by Wiener is a

special limiting case of the general problem considered in this paper, with

B(T) and Q(T) constant and restricted so that (x(T)1 be ergodic, A(T) constant

from indefinitely in the past to the time of latest observation.

In another sense, Wiener's problems are more general than those of

this paper, as he considered all stationary Gaussian processes possessing spec-

tral density functions, whereas our stationary Gaussian processes cannot have

spectral density functions which are not rational. This distinction does not

appear to be extremely great, however, in view of the fact that every spectral

density function can be approximated arbitrarily closely by a rational spectral

density function. In Wiener's one example with a non-rational spectral density

function, namely e-" , he approximated by a rational function in order to pre-

dict approximately.

In estimating parameters of a distribution function, the statisti-

cian often uses inefficient estimates Justified by asymptotic efficiency, when

the asymptotically efficient estimate is easy to calculate and not too far from

optimum. Similarly, one should often use Wiener's methods to estimate in random

+ The results are valid also for best linear estimation with non-Gaussian and

non-ergodic stationary processes.
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processes when the simplicity of the method outweighs inaccuracies which in

many cases are extremely minute. The reader can find excellent expositions of

Wiener's method by Lee, 1960, and Darlington, 1958. A simple application of

Theorem 2 to the initial observation will sometimes reduce the error associated

with estimation using Wiener's methods.

With vector observation functions, there may be considerable diffi-

culty in determining the asymptotically optimum linear operators. The tech-

niques of this paper supply a method of determination, since the problem is re-

duced to that of finding the asymptotic value of the S(T,T) matrix, with

dS(Tr)/dT - S'(T,i) + b( ,T). This is a matrix Riccati equation, studied by

Reid, 1946, and Levin, 1959. Writing the matrix Riccati equation as

d r (r)/dT - G2( ) + GI(T) P (T) - r ( )G4 (T) - r (T)G3 (r) r (T)

we have

r( ) - [M() () (0) + M2 (T)] [M3(T) T (0) + M4 (T
I)T

where dM(,r)/dr - G(r)M(T); more explicitly,

M I (T )  M 2 ()\ / GI() G2 (')

U3(T) M4 03(") G ) 4(T)

with M(O) - I, provided the inverse and integral indicated exist throughout the

interval (0,T). The proof given by Levin [1959] is as follows: substitute

P (1) into d P (M)/dr. With P (T) representing S(1,7), G4(1) - - a1(T) and
02(7) and 03(T) are symmetric. In the Wiener case, the G matrix is constant,

and we seek the asymptotic value of P (1), with P (0) the S(0,0) determined

from integration of spectral densities. The differential equation for the M

matrix, dM(1)/d- - GU(E) is a constant coefficient linear differential equation,

with well known methods of solution. Thus the asymptotic value of S(7,1) can

be obtained routinely. We note that the differential equation for

(1 is the same as that for , but that initial values are and
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(),respectively. Note also that S(T,9) in typically singular, and that

computation will then be simplified by reduction to a smaller matrix; several

examples of this paper are illustrative.

The Wiener methods can be extended, at least with scalar observa-

tions, to derive minimax estimation procedures, when the spectral density of

the signal, the remainder of the observation (called noise), or both are not

completely specified but subjected to linear restrictions [Carlton and Follin,

19561. The minimax estimation procedures minimize the maximum of the variance

of estimate over all spectral density functions satisfying the linear con-

straints. The constraints may be inequalities or equalities, of the form

YOL f $ (w) 8M(w) dw - 1, with 6 a prescribed symmetric non-negative function,

YO either unity or an arbitrary number > 1. O(Lu) proportional to 1, u)2 , or

w4 represent bounded mean square magnitude, velocity, or acceleration of the

process considered. The minimax linear operator is the Wiener operator based

on the maximin spectral density. The maximin spectral density is such that

the square of the absolute value of the resulting minimax frequency operator

is a constant linear combination of the e(w) at all frequencies with nonzero

spectral density, and equal to or less than this constant linear combination

at frequencies with zero spectral density.
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APPENDIX A

BEST ABSOLUTELY UNBIASED ESTIMATION IN WIDE SENSE MARKOV PROCESSES

Consider discrete linear observations on a process which is vector

Markov in the wide sense, as in the hypotheses of Theorem 2, with L
-1

existing and denoted by LQI, .  Repeated application of

x, La, C._lxal + v a

:,x 0 L (%, (+ 1 (x (+ l + v o +l

yields x - Lam xu + KL, 0 v,.

S-2

with K L ,B(Q < 9 < w + 1) or (m < B < a + 1), zero otherwise.

Writing x - (x(1 , where x( 1 ) is the subvector of x. for which

the best absolutely unbiased linear estimate is desired, and correspondingly

writing

LA a (L ,W,(1), L-,u,(2)), we have

xO - L , (1 ) x( 1 ) + L Ou ,(2) x (2) + K M'O'W v s

0-2
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Thus the observation r is

V

- - Lc ,(m)x(1) + LcJ,(2 )X(2 ) + , Bv

0 -2

To obtain an absolutely unbiased estimate, we must have the "error of

observation," r - a, (1)3Xl) have zero mean for every x(1). The

hypotheses on vB are sufficient, provided aZLa,LP, (2 )x(2) has zero mean for

every x(1). If x(2) has non-zero mean, one should replace x(2) by x(2 ) -
Zx(2) , and n. by na - aaLaIA,( 2 )E2C2 ). The requirement is then satisfied

if the mean of the adjusted term, aLa,,,(2) 1x(2) - "x(2)1, is zero for

every x(1 ), a condition which surely is satisfied if x(1 ) and x(2) are

mutually independent. The vector y can now be written as

V

y 1 I'l ~(1) + G lx(2) + Z G8S
B-2

with -the ath row of M, of GI , and of G(2 < B < v): ala,W,(1); aaLLW,(2);
and a K ,XO, respectively. Assuming that the mean of Gx (2) is zero for

every x(1 ) , and that MN and R a 2(y - Nx( 1 )) (y-- "1 ))are nonsingular.

Theorem 0 can be applied to give

I(1) - (I R 1 M) M R- 1 y

with

V V

R - 3 3x(2)+ Z G~vI) (°,1(2) + Z G0VS) - VG
0-2 0-2

with a- (G, G2, ... , 0)

and
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V- E x( 2 )X( 2 )
z0

0
E vV

using the orthogonality of x(2 ), v2, .. , v .

The computation to obtain x (1) is extensive, particularly if one

wants to estimate such a subvector for various values of a. It has been

exhibited to indicate the possibility of absolutely unbiased estimation in

cases not generally considered parametric. There is a widespread tendency

to seek best absolutely unbiased estimates of parameters, but best esti-

mates of non-trivial random variables. The logical basis for such a

tendency is not clear, as it would seem more difficult to obtain a priori

information for complicated unknowns than for simple unknowns.
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WIDE SENSE VECTOR MARKOV PROCESSES

Letting f represent the best linear estimate of random variables in

terms of conditioning variables, the wide sense vector Markov processes

are those with the property:

f [X(T V ) x(T._ 1 ), x(rt_ 2 ), .. , x= .x ) I x(rv-1)]' (B-1)

whenever T 7 1 a, T1' Considering first a fixed sequence

7I3 T2' - v' Tv+l' , denote x(Tl), x(T 2) by xl, x2,. Then

property (B1) is equivalent to

xv = LVV.1 xv_ 1 + vv , (B-2)

with v. orthogonal to xl, x2 , ", xv_ 1 and to v, v2 ,. , vV. 1 . It is

evident that (B2) implies (B1). To show that (Bl) implies (B2), we write

(Bl) as

ft( x\,)_, xl ) Lvv_ 1 xv-1

implying that xv = Lvpv_ 1 xv I + v , with v v orthogonal to xvl. Similarly,

xV-I = L v-1, v-2 xv-2 +  1V-lp with v . orthogonal to xv-2 . Since vV is

orthogonal to xv., a linear combination of the orthogonal variables xv-2

and vv-l, it follows that vV is orthogonal to xv_ 2 and vvl. Repeating

this argument, it is seen that vV is orthogonal to V-l, .. , V1 . and to

X_ , Xl, establishing (B2).
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To extend the property (B2) to all sequences 1 2 '' , we write

(B2) as

x(T K( 2 , T1 )X(T 1 ) + w( 2, T 1), (r2  T 1 (B-3)

with w( 2,T ) orthogonal to w(T4 , 3 ) for T4 a T3 ; T2 T 1 and orthogonal

to x(T) for S T 1" Repeated application of (B3) shows that for 3 ? 2 V 1P

K(TZ3 T1) K=r3,T 2 )K(T2 1T1 ), (B-4)

and it is clear from (B3) that K(T,T) = I, w(T,T) = 0. The nonsingular

solution of the functional equation (B4), with K(T,T) = I, satisfies the

relation

dK(T2 1 1 ) = B(T2 )K(T 2, 1 ), (B-5)

with B(c) any function bounded over the interval of interest. (In Theorem

3, it is required that B(O) be bounded and piecewise continuous, a condi-

tion which seems necessary for practical applications.)

In order that the process fx(r)) possess finite variance, w( 2 ,r 1 )

must have finite variance. The variance of w(T2,-T1), if continuous, can be

written as
T2

Uw(T2 ' 1);(r2, ) =T fT K(T21c)Ql)rIr 21 a)da, (B-6)

1

with Q(c) a non-negative definite function bounded over the interval of

interest. (In Theorem 3, considering practical applications, it is re-

quired that Q(a) be bounded and piecewise continuous.)

From (B6), it is seen that w'(7,T) does not exist unless w(O,r) is

zero (with probability one) for a in the neighborhood to the right of 1;

for if it did exist, we would have
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Q(r) = E'w(,);(r, ) = Ew'(T,r);(T,T) + Ew(TT);'(TT),

with Q(T) non-zero and W(T,T) zero. Applying this result to the individual

components of w(C,T), it is seen that no component of x(T) can include the

derivative of a component for which the corresponding component of w(C,T)

is not zero in the neighborhood of T, i.e. for which the corresponding rows

and columns of Q(T) are not zero.

The processes specified by (B3), (B5), (B6) clearly have continuous

first and second moments, and thus are continuous in quadratic mean (Loeve,

1955, p. 470). In extending (B2) to apply simultaneously to all ordered

times, we have imposed two restrictions: first, that the transition

function K(T2,T1 ) be nonsingular; second, that the variance Ew(T2,Tl);(T2P I )

be continuous. In the vast majority of cases, these restrictions are of no

significance. If Ew(T 2, 1 );( 2, T1 ) is not continuous, Theorem 2 can be

applied at any point of discontinuity. Singular continuous transition

functions typically imply trivial components of the x-vector, which pre-

sent no problem.

As examples of wide sense vector Markov processes, we use in the body

of the paper all the examples considered in the papers of Wiener, 1949 and

Shinbrot, 1956. As another example, we mention the Gaussian vector pro-

cesses [x(T)) with first and second moments satisfying our restrictions.

Letting *,T**]I be the interval of interest, the Gaussian processes satisfy-

ing (B3), (B5), and (B6) are those with Ex(T) = K(r,T,)Ex(T,),

and for T < 0,

Ex(T)Z(a) = K(T,T,) [x(T*)i(T,)] K(aT,)

+ fi K(Tp)Q(p)K(T,)dc - i(a,T) •
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