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properties of cubic.UP

ABSTRACT

Several methods were used to predict the therml ‘e@'aneion‘coeffidexits

" of pure, single-phase ceremics. The predictions were extended to cover 1700'
g pure phases, Based upon these calculations a pumber of phases » predicted

to have low values of thermal expamion coefficient, were synthesized and the

_thermal expansion properties of these mterials'were'neaem'ed.’ Several of

these were found to be low-expansion materials. The thermal expansion
UR,0, are particularly interesting." This material expendsb
with increasing temperature up to about hOO Ce Above this temperature the
crystal contracts, returning to its room temperature length at about 1000°C,
These propertiee are believed to be unique.

' Variation of the thermal expansion anisotropy by addition of solid -

' solution atoms to several base crystals was attenpted. Addition of va.na.dium o .-

to rutile (TiOz) resulted in a significant decrease in thermal expansion
anisotropy. Vanadium additions to cassiterite (SnO ) which has the same
structure as rutile, also caused a significant decrease in thermal expansion
anisotropy. - ’

Two principal methods were used to predict the themal expansion of’
tuo-phase ceramic bodies ‘cnouing the thermoelastic properties of the individual
phases. Kerner's method was applied to ceramic _bodies for the first time. .
Satisfactory predictions were made for several two-phase systems. ‘
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ABSTRACT

Several methods were used to predict the thermal expansion coeffioients

' of pure, single—phase ceramics. The predictions were extended to cover 1700

pure phases._ Based upon these calculations a number of phases, predicted

i to have low values o1 thermal expamion coefficient, were eynthesized and the

thermal expansion properties of these mater.tala were measurod. Several of
these were found to be low-expansion materials. The thermal expanaion -

,b.properties of cubic o 7 are particularly 1ntcrosting. , 'i’his material ’e?Pands‘:
with increasing temperature up to about hOO C. Above this temperature the '

crystal contracts, returning to its room temperaturo length at about 1000 C.
These properties are believed to be unique. ‘
Variation of the thermal expansion anlsotropy by addition ot solid

solution atoms to several base crystals was attempted. Addition of vanadium -
o  to rutile (TiO ) resulted in a significant decrease in ‘thermal expansion
o anisotropy. Vanadlum additions to cassiterite. (SnO ) which has the same
. ‘struoture as rutile, also caused a significant decrease in thermal expansion
o _anisotropy.

Two principal methods were used to predict the themal expansion of

two-phase ceramic bodies know:.ng the thermoelastic properties of the individual
v ,phases. Kerner‘s method was applied to ceramic bodies for the first time. o
' : Satisfactory pred:.ctlons were made for several two-phase systems. ' '
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FOREWORD
Th:l.a f:lnal technical report covers research performed on a progran '

sponsored by the Department of the Navy, Bureau of Weapons s under Contract
NOrd-18419. The report includes significant sections from reports previously

submitted for the peried Juna, 1958 to September, 1960 and complete coverage .

of research performed during the period September, 1960 to July, 1962,
'.l‘his research was performed under the general technical direction of
Mr. S. J. Matesky of the Bureau of Weapons.
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1. INTRODLETIOX -

- The themal expansion of solids is ome of several phenomena included
in 1:he general corcept of the equation of state of solids. - Several agpects
_ of the thermal expansion of ceramic materials were imestigated in this
progrg.m. Among these were the following '

1. Prediction of the thermal expanSion properties of pure
_ceramic crystals. Crude prediction methods useful in
- the search for low_ expansion materials were imestigated
7 along with more sophisticaued methoda useful for calculating
_expa.m:.on coefﬁoients. ' L

2. Investigation of the themal exparsion anisotropy of solid
solutions, :

3. Prediction of the thermal ei;:amion coefficients of two-

. phase ceramic bodies, knowing the ﬂ:emoelastic _properties
of the individual phases, :

In recent. years rapid progress has been made toward uhderstanding _
thermal exparnsion phenomena in terms of atomic vibration mechanisms. The
_ o‘b,,cctive of this research has been to indicate ways in which this knowledge
can be used to solve practical problems. In addition, several new low-
expansion phases were found and previously unavailable thermal expansion
and elastic property data were determined. ' .

L 3 AT {6 U




o=

v g,.:m

. X
P I

et

bt

* .-
Svmenmmc 4

mwmi g

seppnzr]

A

: ‘.a—&a-ﬁ‘]

. i r,«‘z%m‘

persim

o amand

bosermond

{»-"-*J

" II. PREDICTION OF THE THERMAL Emmsmm comrcrm'rs |
- OF PURE CERAMIC cmrs'mLs

I. Introduction

7 Several methods can be used to predict the thermal expansion coefficients
~of pure ceramic crystals. The choice of a method depends to a great extent

on the amount of available information and the accuracy required in the

. prediction. Since both of these factors may be subject to wide variations,

it is desirable to have several different prediction methods. 'l'he methods

_imrestigated in this program are listed in Table I together with listings of -

the information required for prediotion. The predictions made in the ;rogram
and the evaluations made of these predictions using our measurements and those

- of other mestigators are described in the follouing paragraphse

‘B. M@penness Method

The relationship between the openness of the crystal structure and the

~ thermal expansion coefﬁ.cient has been noted by several- authors.l -5 Several

measures of the openness of orysta]s can be calculated with 1ittle pl'j.or

lmowledge of crystal properties. One such measure is the openness ratio (R) '

R- Yew =V
- ’VFw

‘:'..n which V;w is t.he volume of a formula weight of the solid
. 7 and VI :Ls the volume of a formula weight of :I.ons or atoms -

The openness ratios of a mmber of materials havizg known values of thermal
expansion eoefﬁ.cn.ent were calculated as part of the CAL sponsored research

program which preceded this contract.s The effects of various assumptiom'
» ..oz:cermng ‘the degree of ionic blnding, on the volume of tbe a.toms, were
 determined. Calculat:.ons vsing Paul:.n,g's6 electronegat:uri‘w concept to

determne the iomc rad:l.us, with the additional assumpt.ion that there is

a hnear va'-iatlon of ionic radlus vwith percent jonic blndixg, seemed to

3 PL-1273-%12
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TABLE

 METHODS USED FOR PREDICTION OF THE TIlERﬂAL
" EXPANSION COEFFICIENTS OF CRYSTALS |

METHOD

INFORMATION REQUIRED

I
2.

a4

OPE“ESS
OPEMMESS OF I!MLOUIIS SERIES

ATOMIC SPACING AT MININUM FREE ENERQY
ASSUMPTION OF iIDEP_EIDEIT VIBRATIONS

ATOMIC SPACING AT MINIMUM FREE ENERGY
USING EWALD'S METHOD: VIBRATIONS K0T
INDEPENDENT

CHENICAL FORMULA, SPECIFIC GRAVITY
CHEMICAL FORMULA, SPECIFIC GRAVITY
STRUCTURE TYPE

CHEMICAL FORMULA,STRUCTURE TYPE

INTERATOMIC DISTANCE (LIMITED TO (ONIC

CRYSTALS WITH ONE BOND TYPE)

CHENICAL FORMULA,STRUCTURE TYPE
INTERATOMIC DISTANCE (LIMITED TO 10MIC
CRYSTALS WITH ONE BOND TYPE)

_ PI—1273-‘-1512
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= give the best correlation between the openness ratio and the thermal expemsion
[ B “coefficient, The results for some ceramic phases are plotted inﬁgmul
o . and 2 from data given in Tables IT and TII. At high values of the opemess

'>”ratin ere is a good correlation. At lower values of openness mﬁnm ‘
factors become important. ‘For example, the phases falling farﬁlmmm
curve cm the high R side are those which have relatively wesk bonis m
cations and isolated silicate groups (wollastonite, pseudo-wollastonite, ,

] ~ forsterite, etc.) Those falling farthest from the curve on the low 2 &‘
S " ‘are phases such as corundum (Al 03) which have espec:lal]y strong bonds. |

~4 - There.fu-e, it seems likely that this approach can be used most successDilly

' when arplied to the search for low-expansion materials..

The more rigorous theoretical approaches to prediction of tlm ﬁum‘!. -
e:épans:wn of ceramic phases provide some confirmation for these sta‘bm »
Smyth® ard others who have investigated the thermal expansion of maerfsls
vhich ¥ave low or negative thermal expansion coefficients have atixibated -
o - the low expansion of some materials to the greater freedon for travawerse
’ - vibratices in ‘materials having open structures. The cbserved chamgm i

vibratiza frequency for internal oscillations (nbratiorsm.thin gmm) 2t .
" lattice escillations described by Gan_esan7 for the case of sodium chlorate
and sodiza bromate, indicate the greater importance of the lattice v
oscilhtions, over that of inmternal oscillations in'deta'mining the theowal
expansion of crystals with group formation, The impor tance of the stremgfe
of bomds is recognizable in expressions derived by Grureisa:ﬂ, Kon-bamag,
 carts™®, Borelius'l, Kunar'?%3 and others. . o
Tre opermess ratios of many phases have been calculated, The res-a}.ts -
* “‘of about 1h00 of these calculations were presented previously lh. |
resulis of additional calculations are presented in Appendix & of this

§ report. Based upon the results of the first series of thesa calculations,

a mmber of phases naving open structures were selected for s:mthmis amt
-, thermal gxpansiop measurement, The results are summa.rlzed in Table .

J

-

s B e Rl weses B e e

R,

As a resalt of these measurements, several new low-expansion phases are , A
. H
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Table IV

THERNAL EXPMSION OF PHASES HAVING OPEN STRUCTURES

e ’ THERMAL EXPANSION - ,
FORMULA DESCRIPTION OPENMESS |  COEFFICIENT TEMP. | REFERENCE
» o RATIO | oc-ixi0?  RANGESC | v
M0y.As,0¢ [SAMPLE DECOMPOSED; X-RAY EVIDENCE OF 0.69 —— | = |KIRCHNER ET AL
203-432% ! .
" MON-CRYSTALLINE MATERIAL. ‘ ~ (1959) ;
€d0,Ce0y SAMPLE DECONPOSED 0.70 ~—— | ——  [KIRCHNER ET at
, , » , , | t1959)
3€00. P50, herar amac. IIDICATED SAMPLE WAS MAINLY| 0.78 80.8 | 20-700 [KiRCHNER ET AL
o 3C00. P05 . - A - [(19s9)
Li,0.28i0, X-RAY AWAL. INDICATED tizo.23|o, Pus | 0.83 105 20-700  |KIRCHNER ET AL
- t 20:3i0y AND QUARTZ - Jlisse)
¥n0.3i0, O X-RAY DIFFRACTION ANAL. 0.68 83.3 | 20-300 JKIRCHNER ET AL
' ' _ S (1959)
Tho,.8i05 -~ [x-RAY ANAL. INDICATED ONLY ThO,. 310, 0.68 '61.8 | 25-1015 |MERZ ET AL
I - ' - _ (1960) ,
3800.P,0¢ pnvnu.umunomuuaan% 0.7¢ - 96.7 | 20-700 | KIRCHWWER ET AL
: | [WITH SHALL AMOUNTS OF SaSOy AND NayPpOgf - ' (1989)
3Ba0.Al,05  [X<RAY ANAL. INDICATED PRESENCE OF 8a0. | 0.57 | 82.5 | 20-1032 |MERZ ET AL
' [Al03 AND BaO. NO PATTERN WAS AVAILABLE : (19¢0)
' FOR 3B30.Al,0, A ‘
Sr0.24150, - |X-RAY AMAL. INDICATED MAINLY sro.w,oaW 0.62 | 67.0 | 25-1052 |MERZ ET AL
: SOME FREE Gr0 AND Alj03 ALSO PRESENT.. ' (1960)
$r0.41505.25:0, | X-RAY PATTERN SINILAR TO s.o.as,o,. 0.62 82.3 | 25-1000 | MERZ ET AL
- |25109 nonoros ' e (1980)
£a0,Cu0. 4810y |X-RAY. PATTERN INDICATED oNLY. c.o.cuo. 0.64* | .29.7 | 39-1015 | MERZ ET AL
T sio - (1360)
o 2 , , 1 v
$r0,Cu0.4310, | X-RAY PATTERW INDICATED ONLY $r0.Cu0 | —— 19.0 | 26-1013 } MERZ ET AL
R Jusio, _ ' ' | (1s60)
Ba0.Cu0.43i0, |X-RAY PATTERM lnoICATiu ONLY Bad.Cu0. | — 36.6 | 38-1007 | MERZ ET AL
4si0; ’ : 1 (1980)
U0, Py0g X-RAY ANAL. INDICATES CUBIC UP207.UITN 0.72 48.8 | 20-400 | MERZ €T AL
A POSSIBLE TRACE OF {U0), Py0, -32.3 | 400-1200 | (1960)
-6.66 | 29-1200 |

'C:::] —

‘TMS,COMPOUND WAS SELECTED FOR MEASUREMENT BASED UPON THE OPEN SHWEET SILICATE STRUCTURE.

THE OPENNESS RATIO R WAS CALCULATED AFTER THE MEASUREMENT OF THE THERMAL EXPANSION

COEFFICIENT,
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'fhe most urmsual los-expansion phase studied in this program is cubic

UP207 Expansion‘mea»surmts were made using both the x-ray and dilatometer
» methods, The results far both methods are pfesented in If‘igure 3. The material

_i 1 | V - O xmy
a L S ‘ A nutweTRATA
o 1§:5'°r

AL

-20 . 1 L [l 1 ' L. I

° 200 %00 600 800 1000 - 200
K TEMPERATURE -°C ' ‘

S . nms THERIAL l—:xmslon oF upzo7

: expands up to about 400°c and then contracts, returning to ‘the room

B ’ temperature dimensions at abont 1000 C. Agreement between the two methods
‘of measuring the themal exparsion 1s good up to about 1400°C. Above 1,00° C,

4 the dilatomster glves alightly higher results. Between 900 and’ 1000° C the

u curves cross again so that at 1600°C the dilatometer measurerent is lower
) than the x-ray measurement, ‘Ihe lack of good agreement at 1000°C and above
B, - may be due to the presence of a small percentage’ of (UO)2 207¢ " The presence
‘ of this material would affect the dilatometer _measurement 'since this method

}3 : . measures the overall gxpansion of both .phaseg, mereas the x-ray method‘ is

N o m o prpe12

: e e Sy st s e e v S et T e T N T
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at 300 C and dissociates to the zirconyl compound (zr0)

of UP 0,
- negative at temperatures in the range from ).;00-500 C so that the sample

: sensitive only to changes in the cubic UP,0 phase and not to other phases.’

, 277
Comparison of the x-ray patterns for U 7 at room temperature and 1000°¢

(the temperature at which the urnit cell of UP207 has almost returned to its

- ‘rocm tenperamre dimemlons) shows close agreement in both ngn spacings and

intensities. 7 The pattern taken at 1000°C is ‘excellent and gives no indicaticn
-of'structural changes. Only tw weak lines not characteristic of cubic

- UP,0., were observed. This type of expansion followed by ccntraction without ‘

277

" a phase transformation is unique. Curvature of the’thermal expansion curve

in the other direction is not uncommon (Si, Ge, InSb and vitreous 5102 at

lov tenperaturee) but the reverse has not previously been observed.
The themal expansion of warium pyrophosphate can be compared with the

- results for the similar titanimm and zirconium compounds measured by Harrison

and Hmmnel.ls Y m4p 07 has a rather typical themal expansion curve. The
material expands almost lirearly from room temparature to 1000°C and has a
thermal expansion coefficient of approximately 122 x 10 7/ C. for the
temperature range from 50°¢ to 2000°¢. These crystals are weakly birefringent.
On the other hand, zirconium pyrorhosphate (ZrP, 07) expands slightly more

" than the titanium compourd in the rarge from room temperature to 400°C, but

above this temperature the thermal expansion ‘coefficient decreases so that
little expansion is cbserved., These crystals are isotropic.» Harrison and
Humme 1. 15 state that the ™normal® zirconium phosphate, ZrI’207 has a reversible
inversion from a low temperature cubic form to a high temperature cubic form

2 207 at 1550° C.

.The thermal expansion of UP 0, seams to be related to that of ZrP 07 in that

277

» the materlal exp ands to temperaizn-es in the range from 300 to hOO c and then

there is a change in the =hape of the thermal expansion curve. In the case
7 the thermal expans:.on coefficient gradually decreases becoming

contracts with increasing tempe'-atm'e in the range from hOO C to 1200°¢.

' Smyth has explained the pegative thermal expansion of vitreouq silica
ard the high temperature forms & quartz, tridymite, ard crystobalite on
the basis of the variation '-’lﬂ"‘. aﬁ.perature of the transverse vibrational ; )
freqnency of the oxygen atoms norating between two silicon a’wms. As the

12 L | PI1273-%-12
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volune decreases R the transverse vibrational frequency of the axygen decreases
due to an imrease in the high order repul sion forces which res sist restoration”
of t.he oxygen to its original position. This increase in the high order -
‘repmlsion forces is only. partia]ly offset by an increase in the electroatatic
attraction forces which tend to pull the oxygen back into its position.

1 e According to Smyth there 1s always the possibility of negative expansion if

: one or more of the lattice frequencies can decrease in this way as the volume

=3

0. decreases. Perhaps the negative expansion of UP207 can be “explained on this
= basia, Vyckofl’l 1 describes the structure of ZrP O (which is the same as
~ _  the structure of UP, 07) as made up of an undistorted array of Zr‘"'t and '

A : 2 7" _:lons. ‘ The 1'-'207 ion consists of a pair of POh tetrahedra vhich share
- an oxygen ion with a P-O separation of 1.56 angstroms. The other P-O -

_ sepa.rations are 1, 52 angstroms. Each Zr *h ion is surrounded by six

| ‘octahedrally distrihuted oxygen neighbors at a distance of 2. 02 X Relatively
‘large holes run through the structure bordering the oxygens shared by two
phosphorous atoms. Since there are no close neighbors in the transverse
directions, a displaced exygen atom is drawn back 'into_position by electi?of-
static attractions of its pair of phosphorous neighbors. This is opposed
samevhat by the high order repulsion of the same phosphorous atoms. As the
lattice shrinke there is a decrease of the restoring force on the tra:'zsversely
displaced oxygen atoms and a decrease in the transverse vibration rrequency.
This is the condition required for negative expansion. .

'L.f.g.,z

[T W

oo R oot |

C. = Openness of Homologous Series Methed , _
Many authors including Hummelli.l8 , Aus tin19 s Megalwzo, Rigbylanl Sm:\rth2
have stressed the importance of considering the crystal structure type‘in"

. ary attempt to systematize the thermal expansion properties of materials.

=

g Sirce structure type is an important factor in determining the ‘mermal

- ezpansion properties, it is likely that variations ‘among the phases m.thin
2l one structure type will be substantially less than the varlatlons observed -
R in groups of phases havirg several different structure types. Therefore, the

effect of variations other than structure type can be studied in series of

freiy
[

§g~‘ ' o o 13 . UP-1273-Me12




' studied
In same cases Megaw's rule (a.'rA)o/ in vhich o 1is the coordination mmber,

-compounds having the same structure type. " For this reason, an attanpt was~

made to correlate thermal expansion coefficients anmd openness ratios for
homologoue series of compounds. Chemical homologs are compounds having 'l'he
same structure and similar chemical formulas, for example, the series of

‘cubic compounds TiP, 7, ZrP,0, and UP,0,.

277 7
The thermal expansion properties of several homologous series have been

2122 mese studies vere handicapped by lack of data for mary phases.

# is the ionic charge and A is a constant) was approximately obeyed

| (cubic alkaline earth oxdes, oxides with the CaF, structure, and carbides

2

_with the NaCl structure), That is, within hamologous series the thermal

expansion coefficients are the same. In other cases, the presence of N
displacive trami‘ormtions or other processes made applioation of this method
of uncertain validity (the cubic pyrophosrhates TiF 7, ZrP, 07 ard UP207).

- In the case of the alkali halides there is a reoipmcal relationship between

the themal expansion coefficients and the openness ratios for the alkali

. metal and halogen geries. This is shown in Figure 4. In these calculations

100$ jonic binding was assumed, ‘The thermal expansion decreases with ,
inorea.sing openness ratio for the halogen gseries F~, Cl , Br ard I", This

: relationship is also cbserved for the alkali metal series Li Na' s K"', atc.

Exceptions occur for the fluoride series LiF, NaF, KF and CsF. The hallides

~with the cesium chloride structm'e (CsCl, CsBr, CsI) also show a small

decrease in thermal expansion coefficient with increasirg openness ratio,
The phases with the cesium chloride structure have high values of thermal ‘
expansion coefficient relative to those with the sodium chloride structure
due to an increase in ooordimtion number, g
The cubic rare earth sesquio:ddes represent an interesting hom010gous
series because variations in chemical bonding are minimized while at the
same‘ time there are substantial variations in the openness ratios, . Avallable
data on the thermal expansion of these crystals are given in Table V. ' The |

- openness ratio is plotted vs. thermal expansion coefficient for two temperature
- ranges in Figure 5 The thermal expansion curves for four members of this
» ‘series measured by the x-ray method are given in Figures 6 9. It is '
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Tablev o J
~ THERMAL EXPANSION OF CUBIC RARE EARTH OXIDES | |

OXiDE | SMPLE THERMAL EXPANSION | ypypepatune REFERENCE
" |vescrieTion | coerricianT 107/% ! n o TEETER ; B
Sc,04 cusic . 0-999°C | STECURA & CAMPBELL (1961)82 gl
1,0, cuslc 6 0-993°¢ | STECURA & CAMPBELL (1961)82 , j
o cuslc e | 20-1000°c | warswaw & rov (1961)80 .
Sm 0, cusic 88 | o-ss0°c | STECURA & CAMPBELL (1961)%2 ' U ‘
Eup0y cusic 18 | o0-1011°¢ | svecura & campeeLL (1961)82
64,0, cusic .86 | o-ios2°c | stecura & caupseLL (1961)82 -
Oy05 | - cusic 82.9 26-1200°C | BROWN & KIRCHNER (1961)8! ' ~ l
: cuBIC 82 | 0-985°C | STECURA & CAMPBELL (1961)%2 -
- 88 - 30-840°C PLOETZ, KRYSTYNIAK & DUMES
| A : © 0 (iesy)T!
| oy | cusic | sz ~ 0-869°¢C STECURA & CAMPBELL (mlv)"; i
R Erg05 | cusic szt | 25-1200° | sRow & kiRcHwER (1981)®! ik
Lo | cusic 7 | o0-1038°c | STECURA & CAMPBELL (1961)82 ,ﬁ'
' Tmg0y cusic | 82 : 0-1031°C | STEURA & CAMPBELL (1961)82 L
{ Yoo, | cusic | 82.1 26-1200°c | BROWN & KIRCHNER (1981)®! .
| ~ cusic TR 0-1021°C | STECURA & CAMPBELL (1961)82 f
o o | eusic 18 0-1046°C | STECURA & CAMPBELL (1961)82 I
; % . pI-1273-M12 . 'Lf
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 OPENNESS RATIO-
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evident that there is little variation in thermal expansion coefficient
emng these phases. /The thermal expanéioxi coei‘ficient of Sc203 increases
more rapldly m.th increasmg temperature, than that of the other phases- ‘
’I'he conclusmn to be drawn from these observatlons is that the openness '
ratio does not provide a method for predicting the ‘thermal expansion within
homologous series except in the case of series like the alkali halides in-
whlch there are very large variat:.ons in ionic radlus, ionic po]arizability
ard openness ratio. In series like the cwic rare earth oxides, carbldes
with the sodium chloride structure, alkaline earth oxides with the sodium
chloride structure, ete., little variation in the thermal expansion

coefficient is observed.

D. Prediction of the Thermal Expansion Coefficient Based Upon Atomic
Spacing at Hlnmum Free Energy . :

Our study of various methods of predicting the thermal expansion of
materials included an investlgation of the atomic spacing at mlnimum free
energy utilizing statistical mechanics, . In this researeh some relationships
which exist between the atomic structure of solids and themal expansion are
pointed out. This approach is important because our principal approach to’
the Frediction of the thermal expansion using ‘the openness concept does not
Ainvolve direct knowledge of the atomic structure. 'l'herefore, it seems
. likely that many of the'rinconsvistencies in the predictions will have to be
explained in terms of the atomic structure. In the following paragraphs
are presented some explamtlons of the effect of crystal structlre on the
- thermal expanslon and a summary of calculat:.ons of the thermal expansion
values for some alkali halides having the sodiun ohloride structure. The
complete calculations are presented by K:i.rchner:l‘h based upon Smyth's research.
' The purpose of this work is to show how the strucmre of some crystals

and nrlasses can be related in a qualitative and even seml-quantltative way
to the expansion characteristics of the materials. Two different methods
were used, The first method is not mathematically rigorous siﬁce the
vibrations of the individual atoms are considered as independent of each other
 rather than treating the crystal as a whole and computing the proper modes of
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" vibration. The latter is possible but extremely time corsuming while the

treatment of the 1nd1v1dual atcms, although not ngorously correct, can be’

'very helpful in leading 1o a better understardJ.ng of the relatlom ‘between

2,8

expansion amd structure. It has been shown that a mode of nbratlon, ‘

- the frequency of which increases with the expansion of the lattlce, makes a’

negatlve contrlbutlon to expansion and vice-versa. Some of the ‘ways in

- which this principle can work will be illustrated below.

l'. Independent Lattice Vibrations

, In order to compute the frequency of vibration of an atom or ion
about its equil:.brium positmn, it is necessary to know the forces wh:Lch act

on it when it has been d1splaced by a known amount from this pos:.tlon.
Since the atom at rest is in a position in which all the forces acting on it

add up to zero, it is necessary only to calculate the amount by which the
force of each neighboring atom is altered when the atom in question is
displaced by a known amount., In order to allow actual calculation of some

of the forces involved, the 1nteractions are treated as purely ionic with

‘~Coulomh attractn.ons or repuls:.ons mod:u.fled by hlgher power repulsions. ‘I‘he

equatlons for calculatlng the restoring forces are :mdlcated below. These
apply when the magnitudes of the dlsp]acements are small as commred with -

o the interatomic distances.

~If an ion at the orlg:Ln has a nelghbor at x, Y = attractincr it -
with a force |

e

1I-1)
SE (1)

4n which e, and e, are the charges of the 2 ions and 7 is the distarce

between them, and if the atom at the origin is given a small displacement'

tou,v ,w, the change in the x -component of the force exerted on the
displaced ion by virtue of its d:l.splacement is ’

e e ux + yXy + wxz . . i ‘
-—’p—g‘i{—a f-3‘ v r); } . . (11-2)
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‘inwhich 7 = X + Y + = -

~

~The y and # components have the same form. If the ions have ‘Chai’ges of -

the scme sﬁ'.gn, the results are th_e same withthye opposite si‘gn. .
If the ions repel each other with a force
4 2
in which 4 is a constant '

then the chanuc in the X -conponent of the force acting on the displaced atom o
| will be | | -

r?

ux’e vay+ A |
{ (r+l’ x7r vxy "’”i ()

"‘_The y and = ccmponents have the same form.

~ The effects of these forces can be 1llustrated by a smple example.
In Figure 10an ion P is located at the origin between a pair of ions @, at
(-2,0,0 ) amd §, at (@,0,0). If it is assumed that the electrostatic -

attractions between P ard @ are of the form (l) and the higher order repulsions

are of the form (3) then, if 2 is displaced to ( &, &, J), the force acting
on P by virtue of its displacement will be, on applying (2) and (k)

-——;—,‘-r ’7"LL+ f?i%—eﬁ' a _ (11-5)
Y
,ﬁo' : fp ‘g‘e:
T a ‘ :’.- a -

Figure 10 LOCATIONS OF THE ATOMR IN A SlHPLE EXAMPLE USED FOR
: CALCULATSONS OF lNTERATOMlC FORCES ‘
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'as to have con51derable freedom of transverse vibration. These conditions E .
are met in several of the forms of silica and other materials which crystallize

‘temperature form of cristobalite shows a negative expa.nsion. The more compact
. forms » such as quartz, where the more efficient packing irhibits the freedom

- simple quantitative treatment for crystals of cubic symmetry, The examples

If the ions were originally at thelr equilibrilm separations, the

‘ first term will predominate giv1n° a positive: restor:v.nb force. As a
~ decreases,  the first term increases more rapidly than the second giving a

greater restoring i‘orce‘per unit displacement or a higher frequency of ‘

- vibration. ' In this case the restoring force has ‘come from the hlgh order
.repu1510ns diminished somewhat by the Coulomb attractions. _

If, on the other hand, the ion at the origin is moved to (o, V, o)

~which means a trars_verse displacement, ‘the force, now in the Y direotion, is

i .ev-?—'se-ey" IR (-6)

If the original separation is the equilibrium separation, the second
tem will predom:mate and there will be a po:ntive restoring- force. Asa ,
decreases: the first term increases more rapidly than the second » diminishing_ :
the restoring force per unit displacement and-‘decreasing the frequency. Here -

" the restoring force comes from the Coulomb attractions diminished by the high
 order repulsions, This accounts for the different behavior from the previous

case. A vibration of this kind contributes to a negative expansion and one
of the former kind to a positive expansion, :

The conditions for the existence of a vjbration of the type leading ‘
to a negative expansion are that in the structure there must be some atoms
connected only to a pair of neighbors about 180 degrees apart and 50 arranged

with comparable structures. Vitreous silica shows a negative expans:.on at

very low temperatures and very low expansion at room temperature. The hlgh

of transverse v:Lbration, show positive expansions.
- If the vibrations of individual atoms or ions are considered as
taking place 1ndeperdently of each other, it is p0351b1e to develop a fairly

considered will be phases hav:Lng the sodium chloride structure. Phases

25 - PI-1273-M-12
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~ having this structure include most of the alkali halides and crystals of

ceramlc interest such as magresium oxide and other alkaline earth oxides.

' In the sodium chloride structure, a cation at the origin is
surrourrled by six anions at (2,0,0), (-a,0,0), (O, a-,O), 0,-2,9), (0,0,-J.)
and (0,0,a) where @ 1s the closest cation-anion distarce and is one-half of
the edge of the unit cube, Equation 2 may be used to find the restoring

- force on the ion at the origin when it is given a small displacemert to
u,v, w) where ¢« , V and w are small compared with & o The total

effect is zero and in the sane way it can be shown that the comple te group

_ of ions at any one distance of separation from any one of the cations or anions
‘makes a zero contribution to the restoring force on that ion when it is -

displaced in arw"direction. This, of coﬁrse, applies only to that part of
the restorirg force ansing from the Coulomb interactions and applies only

- in the case of surroundings of hlgh symmetry. It applles, for instance, to

the vibrations of a silicon in the cristobalite structure but not to an
oxygen ion in the same structure. Therefore, for imdependent vibrations in
crystals having the sodium chloride structure, the restoring force on any '
displaced ion can be computed entirely in terms of the high order repulsion

forces.

- The repu131on forces fall off very rapidly with increasing separatlon:

and not much error will be introduced by considering only interactions
between nearest neighbors ard second nearest neighbors. If the force of
repulsion between any ion at the origin and any of the six nearest neighbors
at distance @ from this, is of the form

A ' ’ R
. : . II-~
ry , o (1II-7)

~ then the X -corzponenf of the restoring force on the atom at the origin

arising from a displacement to (u, v, W) can be written using the equation »
L. Adding the six equations ard simplifying gives '

(e @
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, If » is greater than 2 this force is always regative .f.‘or a
positive displacement 78 inilcatlng that it really is of the nature of a

‘restoring force, The x -component of the restoring force depends only on u

which means that the vibrations in the X, y and z directa.ons are
independent of each other. : ’

If the force of repulsion between the lon at the omgm ard any of
the twelve ions at a dlstance ay’_' is of the form

A,
} . P | | (11-9)
the x'-cbmponent of the force on the atom at the origin when displaced to

(4, v,w ) can be determined using the equatlon h Adding the twelve equations

and simplifyirg gives

24, TR
W (Z-h)a o _ (1I-10)

~ Some reasonable estmate now has to be made for A, » A and 7

. _ for the different alkali halides. The method of traatment J.mplles the )

fqllowing model, - Each ion has three indeperxient modes of v:Lbratlon, all with

- the same frequency. Just enough interaction between the different modes is

assumed to allow the attaimment of thermodynamie equilibrimn so that the usual
laws of statistical mechanics can be employed. This allows the calculation -
and use of the free energy of the system and the condition that this free‘

' energy ‘ovf the system is a minimum detemines the state of -exparsion or

contraction of the crystal at any giveri -t‘en'xperature.y

The energy per mole can be written in the form

| ’»J/v}' N S
f:fﬁg (ng+ £)ho, +§ (nj+ 5£)h7_ (II-12)
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. where 77,' is fhe qué.ntum Tumber deScribibg the state of iribration of the ith

‘. node of vibration of the cation, and ¥, is the frequencjr of vibration of the

‘ cation,‘* n; and’ 27_‘ describe the jth que of the an;'._c)n, and 15':9 i's‘ the
potemtial energy of the lattice at rest. £, 2, and 2. are all functions
of the cation-anion separation. In the usual method of attacking such a -
_ problem, the parbition function § is set up and this has the form>?2

42 YV A Y
=L 2KT ~2KkT | v
' XKr ) e e
Qx & .XV v 7y (II—12)
- € o y-e s
The Helrholtz free energy U 1is given by ‘
' | U= KT fn Q - (II-13)

Hence

U= For '3N/(r‘[é7<’37_t rtn(1-e* )+5,’3-T +hn(1-e "r)] (11-11)

In the absence of stress or external pressure, the cation-anion separation
‘will be such as to make ¢ a minimum. The quantities '

aré the Einstein characteristic temperatures.

_ :5 has the form -

o , & -2
vf,:s___"'NMe "_BeN

y e . ~(IIf15)
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) 0 amd hay be expanded about 7, , the value of » for vhich EJ. is a minimun..
| M is the Madelung constant for the lattlce and B is a constant

| ' characteristic of the latt,lce. /‘-“O is given by

Py

FRo—

eed

[ROTY
[

a ’ 2 .
Me -
Lo - nle | . (1I1-16)

RS

-t

If e ot Ar , then £y takes the following form usinb the usual Taylor -
“series expan51on and omitting terms containing powers of Ar hlgher than

warmres §

. the gecond.

f 2 e” (, AW I)(Ar) @

o—

-

Here Ar is assumed to bé the amount by which the value of the cation- -

. anion separation at any temperature varies from what this separatlon would
" be in the absence of 'chermal motlon. The quantity - A7 is determined by
‘ choosing that value ﬁuch m:.nlmizes U  so that

1 et

4

!:.‘wz Q»::.—-‘«ul

ﬁd(j + -—-——-‘i’fd [@}t +@2)-= +Tln(7-e T)H'/”("e)?]’ 0 (1I-18)

o)

e

=

- The Substituting of the derivative of £ with respect to 4~» and
solving for A” gives

‘ {

-._N
[—

i ® @ |
N“j/'j‘gg(n' Ddr [‘f *2@*7 (- ?7*7 Onr-e )] (119
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where £ ( L;)_)  is the Einstein Fur.ction of @

Taking the derivative and simplifying

‘3'?" |1 dD, 14D, 1 d@l N
/VMee{n 15 [2 dr 7 dr T e@a-; 2—;"7‘-;‘@_—'27] (11~20)

T ‘ 7

But
‘ _ 1 dar) .
o = ;;- 7 (11-21)

ard if c{@,/a/r ard d@./e{ﬂ can be considered as donstant_s‘v

- independent of fhe ‘state of expansion ard therefore of the temperature,. then

Qo 2

7T 9 _ @
-3Rr, " 7 d@?. . T 4@ )
= N MeTn- 1) e@fl-o’ dr " e?:_,) - dr | (ILfZ?)

- "/-V%"’;",(n : [ : __,) E(@) d@_] |

=

In order to conpute the quantities ®, ad ©O_ _‘,’it is neceséar} -
v-to know the frequency of vibration of the cation and the anion, This can be. B
gvdetemlned by differentiating the potentlal erergy functlon_s suggested by
_Pauling 6ty give the force '

5 n-1
ne ,(7’;17") ; (11-23)

e£~
F="F-—2
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for the catlon and anion and equatlons of s:.mllar form for t.he forces between
cation and cation, ‘and anion and anion., Comparlng ‘these with equations II-7,
8, 9 and 10 it can be seen tbat by equating II-7 and the second term of .

II-23, we can solve for /4, "~ In a similar way we can find A, . Then, by

- substituting the values of 4, and A, in II-8 and II—lO and adding the

two tpms we have an expression for the restoring force per unit dlsplacement' |

as follows.

For the cation this is

Zn(n 1)5 e’(r, -/-/'.)n snln-1)B,e%ler,)”’  c,

(11-24)

f-
,.nv-z ‘ (/2“',)77*2 ,‘.777
~ and for..the‘anibn‘
et o
en(n- /)5 e (r,mr_) , Jn(n—/)ﬁoce(z,-_) S S )
T prE (ﬁr)”*z E ;7:72‘ (1I-
The frequencies of _vibrati.on of the cation and anion are given by
' ! 'C+ ) F C. .
P, o= o o —L , PO A S _
* 2N Ym.rtte -T2 VYmo ,.71+2 - (11-26)

where 77, and 77 are the respective masses of the cation and anion, »

Since » -
@* zmq/ : 7~77+z and @_ m‘/ — r"*z (11-27)
'd@ _h [ nr2 1 | ' - ‘ '

dr 27K 775 2 7»7?-1 ' : s (II—2‘8)
A : PI-1273-M-12




- and’

dO_ 4 [ nez 4 - S
dr  _2nk\ . 2z  rriE '» , ‘(II-’29‘)7

: d@_,-__ _n+2

7/ ;
®, dr @_ dr " zr (11-30)

Equations II-2l and 25 can be used to evaluate €y amd C. 50 can be
’;evaluated using equation 13-13 from Pauling6 ' In this equat.lon 60 must
‘be chosen so that F(p) has a value of unity for P = 0.75. Here p

“is the rad:Lus ratlo. When this is solved, it gives for 8, the value,0.029'
for 77 =9, This choice of Bo allows the use of Pauling's ifonic radii
for 7y amd 7. and gives the proper value for 7 (the cation-anion
distance for all of the alkali halides). .

Combmlng equatlons II-22 ard 30 the. expanslon coefflclent can be

written in the form

5 R(ne2) 7 (@+ (@) . -
oL-.Z W (1) +E | ()
Usirg n =9 o
R = 8.314 x10° -7 ergs per mole per degree
M = 1748

477 x 10'10 EeSel,

[

e
The first factor which is common to all the alkaJ.J. halides has the

value 711. Using thls, the: known values of the cation-anion separatlons :

( 7o ) and the values of the Einstein functions, Table VI was prepared

showing the computed expahsioﬁs. The experimental values for ‘the alkali

halides are givexi for combarison. These are the "best" values frdn the -
, literature as given by .Thie'lke.z'u, ' e
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o Table VI |
THERMAL EXPANSION COEFFICIENTS FOR THE ALKALI HALIDES

- AT 27°C CALCULATED AND LITERATURE VALUES

ct

‘Br

| apamer | .

Li

Rb

‘Cs

CALCULATED
EXPERIMENTAL®.

CALCULATED

EXPERIMENTAL
* CALCULATED

EXPERIMENTAL
CALCULATED

~ EXPERIMENTAL
CALCULATED

EXPERIMENTAL

210
340
Z70
360

350
7o

.3%0

%20

320

320

- 438

ag0

400

30

33%0:

%60

360

460

380

' 500

&0

X1
460

500

W
375

470

410
530

$50
470
480
3o

520
‘818

490

- * THIELKE'S (1953) BEST VALUES
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The agreement between the theoretical ard experimental values seems ‘ :

. to be ‘quite good considering the assumptions that have been made. It may be
possible to improve the calculated thermal expansion values by using
e@erimental values for the exponent of the repuls'ion‘tem’raﬂier than the
ninth power function whieh ‘has been assumed. ’

2, Vibrations of the Lattice As a Whole

The previous computatlons of thenna... expansion of ‘alkali halide
crystals were based on calculation of the frequency of ogcillation of the
ions urder the assumption that the ions are free to vibrate inieperdently
without disturbing neighboring ions. . 'I'he present stuw is undertaken to

v investigate the feasibility, in calculat:.ons of this kind, of treating somewhat

more rlgorously the wvibrations of the lattice as a whole. The assumptions
are still made that these vibrations are simple harmonic vibrations ard the
polarization of individual ions is completely neglected. Because of the
greaf. volume of work'involved, the calculations were limited to six alkali'
halides which are lithium fluoride, lithium chloride, sodium fluorlde,
sodium brom:uie, sodium 1od1de ‘ard potassium fluonde. ‘

3. Method of Attac’k

The forces between the ions were taken to be those used by Pauling
in his calculation of the interionic separations in the alkali halides, The
high order repulsiohs were all assumed to vary so that the potential energy
of a pair of. iorS' varies imversely as the ninth power of the separation and
t.he constant of p‘roport»ionality' was taken to be proﬁortional to the eighth :
. power of the sum of the.radii and to have the general form postulated by
'Paullng. This completely speclfies all the parameters necessary for a
description of the djna:rﬂ.cs of the lattice,

L. Ionic Forces

The role of the Coulomb forces was handled by the method of Ewald

which gives the value of the vector at any ion location for a wave described

by any wave number vec‘wr in the rec:mrocal ;at*lce. The method was modified

to give directly the components of electric field instead of the Hertz veetor.
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The high drder repulsions were considered by 'Caieulat'ing the forces

a.rlslng from the diaplacements of rearest nelghbors and ='econd nearest

neighbors only.’

The frequency of a wave travelhng m.th a wave nunber vector described -

by a point in the reciprocal lattice was computed by assuming a frequency
for this wave and then wrlting down the equatlons of motion for each of the
two ions in each of the x, y and z directions. This gave six equations which,

"on'elimination of the amplitudes ,' gave a deterxhinant which was a sixth degree
_ equation in the square of the frequency. Most of these determinantal equations

could be rather eas:.ly broken down into, at the most, second degree equations -

yielding easy solutions. The equations were all solved by electronic computer. ,

S. Recipm cal Lattice

To min:imlze the number of calcu]ata.ons, s:.xty four pOints \m:!formly
distributed in one unit cell of the reciprocal lattice were taken. to describe

" the wave‘mimbers of travelling waves, Because of the high symmetry of the

lattice, this imvolved only eight different calculatlons each yielding six

'values for the frequercy.

6. Expans:.on Coefficient

If there are 77, modes of vibration with frequercy 7, 77, modes

‘with frequency ¥, 4 etce then for one mole of the alkali halide crystal

. where /V is Avogadro's number.,

‘As was shown by Smyth2 the coefficlent of expanslon (44 of the
whole crystal will be given by

=t R 2 (A7) 9%, / / . P
T 9% r' Ek7)dr TS (11-33)
- dr _ .
35 , , ~ PI-1273-M-12
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~ where R 1is the gas constant in ergs per mole per degree, £g is the
_potential erergy of a mole of the crystal when the ions are at rest, -~
“is the catlon-anion separatlon in centimeters and E(X) is ’;.he Einstein

i‘unction of X,

For each of the modes considered, thc frequency p was canputed :

dv

as described above and g~ was found by increasing r ' by one percent,
keeping all of the force constants the same ,' and redetermming each frequency

Y . The value of f was considered to be given by —3—/’);- T e
' Equation II-17 showed that Es could be expressed as follows

& =~ NMG LEe - )+ A (—/)(Ar)z |
: (1143h),

where  Ar is the amourtt by which the cation—anlon separation at any

temperamre varies from the equilibnum value 1t would have 1n the absence

of thermal motion. From this

dEs — NM=23(n-))

dre r3

(11-35)

If the cation-anion separation is known, as it is for each alkali
halide, everything is known to determine the value of the coefficient of
expans:.on for each alkall halide. Table VII gives the values of the
calculated ard experimental coefficients of expans:.on ‘at 300 K for each of

the compounds studied.

Te Discuss:.on

The accuracy of the calculated expa.ns:Lon coefﬁc:Le ts depenﬂs_ upoh

a rmmber of assumptions including:

1. Negllgible ionic polariiability. ‘
2. Simple harmonic nbratlons.
3+ Degree of interdeperdence of lattice vibrations,

ho Choice of the exponent in the term representir)g the

repulsion forces,
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. Table VII _ _ v
THERMAL EXPANSION COEFFICIENTS FOR THE ALKALI HALIDES
AT 279C CALCULATED AND LITERATURE VALUES

Q ~ CALCULATED THERMAL EXPANSION ‘ .

= COMPOUND | COEFFICIENT BASED UPON EWALD'S METHOD |  EXPERIMENTAL

- - oc! x 107 S DATA®
uF - 280 3w

b evermat
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‘The choice of the Ewald method for allowmg sone 1nterdeperdence of lattlce

V ‘v1brat10ns, requires extensn.ve calculatlor;s whlch, in turn, limits the

number of results. The pr_edlcted expansion coefficients are of the correct
order of magnitude and vary in accordance with the experimental values.

- However, further calculat*ons of ‘this sort for the ‘alkali halldes do not seem
to be worthwhlle.r '

Variations in ionic polarization seem to account for many of the

"‘difi‘erem_es between the calculated and the experimental expansion coefficients: '

(Table VI). The influence of polarization on the thermal expansion of the

alkali halides has been studied by Wey125 Using Weyl's approach, we note

first that the theory gives reasonably correct results for ‘NaCl and NaBr

Substitution of Li for sodium 1eads to calculated results that are too small

whereas substitution of_ K and Rb leads to caZ_Lcﬁlated results ‘that are too

: ,‘«large. The principle forces determining the arrargement of the ions in the '

structure are the attractions between anions ard cations and the repulsions

between the anions. Neglecting the polarization of the catlons, as a first

approximation we note that polarization of anions results in higher electron
densities betwoen anions and cations., ‘At the same time, the electron density
between neighboring anions is decreased, Therefore, the eﬁ'ectrve charge is
greater for coulomb forces between anions ard cations and less for coulomb

forces between anions. As the temperature increases, the electrons becone

more symmetrica]lf arranged arourd the anions. This results in a decreased

'eﬁ‘ective charge for the anion-cation attract:.on forces and an increased
effective charge for the anion-anion repuls:.on forces. Therefore, the lattice' '

constants increase more with increasmg temperature, than would be expected

. without polarization of the anions and the exper:.mental expansion coefﬁclent |
-‘vis larger than the calculated expansion coefflclent Since the Li polarizes

the anions to a greater degree than the other cations, this polarization

effect ircreases the experimental values for the lithium halides to a greater

extent than the other compounds, Within the - gmup of 1ithium halides the
polarizatlon effect increasges with increasng anion size and polarizability
s0 that LiI has the highest expansion coefficient of the alxali halldes. " On
’che other hand decreasmg the polarizing powar of the catlon, for example

38 : PI-1273—M-12
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by substltutlno K or Rb for Na results ina decrease in the polanzat1 on

o p—sy;,.;g_-*%

effect and the calculated exparslon coefficlen..s are la.rger than the
expermental values. '
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' coefficient. For instance Rigby, Lovell and Green

~ of FeD+Si0
gomewhat. Kozu and Ueda’ have fourd in their sfucb' of plagioclase that the
‘reTative amount of albite and anorthite strongly influences the magnitude

"o anend

III. THE THERMAL EXPANSION OF SOLID SOLUTIONS

A, Introductlon

There is a 1arge difference in the thermal expansmn coefficients along

different crystallographic directions in many amsotroplc mteria]s26 2

,Single phase ceramic bodies prepared from materials hav:Lng a high thermal

expansion anisotropy tend to form internal cracks upon cooling. The
hysteresis observed in the thermal expansion curve of T:i.O2 is _probably «
caused by t.hese internal miorocrack32§ Other polycrystalline ceramic
bodies such as those composed of MgO. 2Ti0 .111203 TiO and Li Oe 1&1203 ZSiO

'( -3 -eucryptite) have low thermal expansion coefficients but are very weak
becanse of a high expansion anisotropy. 21 Reduction of tho thermal expansion
anlsotrOpy of the crystals used in these bodies should result . 1n stmnger,
more useful bodies.

The effect of solid solut.iom atoms on the themal expansion of ceramic

" materials has been studied in a few cases. Aust:i.nl_9 has suggested on the

basis of literature data, that exterded solid solution lowers the expansion '

1?7 showed that the addition
of FeO-SfLO2 to Ca'J.O'SiO2 i'ec_iuced the thermal .expan'si'on.' On continued addition
o however, the thermal expansion coefficient began to increase

30

of the thérmal expansion anisotropy. These au‘!;hors31 have also studied 'the

‘effect of mpurltles on the thermal expa.nsn.on of diopside minerals from

various localities. ' The thermal expansion anlsotropy of one of these d10p31de

'crystals which contained a relatively large amount of iron was found to be

considerably less than that of pure diopside (CaMgSi 06) Ricker and Humme132
have reported that the solid solution of S:lO2 in TiO -decreases the themal
expanslon coefficient.

The papers cited above indicate that the thermal expanslon of crystals

‘can be varied by addition of solid solution atoms, In the case of one

natwrally occuring mineral sample, variation of thermal expansion anisotropy

41 o PI-1273-M-12




» wivth‘éomposition i;as roted. The objeciive of this imvestigation was to
study the vaz;iaticm of thermal expansion anisotropy with coinpoéition for
-several ceramic solid solutions. Since this effect has not beén studied in
series of prepared solid solutlons, it was decided to begin a study of the
.'inﬂuence on the thernal expans:Lon anisotropy of the replace:zent of" giﬂ‘

in rutile w1th ions. of differing size and charge such as Zr ~ and ¥n .

' Ti0, was chosen for study since there are approximately 4O cations which are

2.
within 15% of the s:.ze of the Ti *h ion so that substantial solid solution is

possible with many ions. Also, rutile possesses the relatively Simplé
tefragonal Stmcture ard, therefore, the thermal expansion anisétmpy can be
determined by high—temperature x-ray diffraction methods. Later in the
imrestigation, samples in the Sn02-V205 ard A1203-Cr203 systems were |
*rves+igatod to determine whether these solid solutions also obey the rules
" that appear to hold for rutile solid solutions.‘ 7 ‘

B. Experimental

1. Speclmen Preparation

Except for Nb 5 33 Sn h 3 Zr b' 35 an:l Be+2 36 there is little
1nformation in the literature on the extert of solid solution in 1‘102
of the additives were selected for the present study on the basis of ion .
size since it is generally considered necessary fori the substituting ion to
have an ionic radius within about 15% of the substituted ion in order for
extensive substitutional solid solution to take place, Ti*h has an ionic
radius of 0.68 § so that the radii of the substituting ions should lie in

- _ the rarge of 0,58 - 0,78 1.

- Because of the lack of 1nformatlon on the extent of solid solutlon
~in '.l‘iO2 » 10 mole per cent of the oxide_addltlve (based on the»cation) was
usually used. If this amount of substitution takes place on firing the

specimen, a relatively large change in lattice constants is expected. The

_samples containing 0.5 and 1.0 mole percent additive were based on Johnson's
research.37 It should be noted that the actual extent of solid solution was

not known in most cases,

12 | PI-1273-M-12
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becawe of the hlgh vapor pressure of these compounds at higher temperatures. H e
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.of pure'Ti02 for use 'as a standard was given the above treatment. The Sn0,,-~

1000°C for 16 hours. Also, solid solution specimens in the Cr

——

- A standard flnng tanperature of 1500 C was selected on the |

' bas:.s of the Nb 05--'1‘102 s ZrO -’hO and BeO--TlC)2 phase dlagrams, all of

which show considerable solld solution at this temperature. 1In the case
3 Sb, 3 and V 05, a temperature of 1200°C was used

: . 'mese additives were all reagent grade materials. The ‘I':i.O2 was

Titanium Pigment Corporation's Titanox TG. Tke analysis of this material
is < 0.01% Ca0, < 0,1% w03 < 0,008% Nb, < 0.007% Sb 03 <o0. Oh% SiO 0.0063
Fe,0 203 10 pm V, 0.5 ppm Mn, 5 ppm Cu, L ppm Cr and 10-20 ppm Po. In Table VIII
the additlves are given togeuher m.th the relative welghts of '1‘102 and
additlve, and the finng temperature and time,

" The rutile solid solutions were prepared by ball—milling the
weighed additive and T:r.O2 for four hours, The powder was passed through a
L mesh standard screen, mixed with 15% binder solution and dried at 110°C for

an hour. After passing the dried mix through a 16 mesh screen, it was pressedr
~at 7000 psi into 1" discs about l/h" thick. These discs were fired to

temperature and then cooled to room temperature in less than 30 mimites to

' aveld possn.ble preclpitation. The x-ray powder speclmens were prepared by

crushing the discs in an alwuna mortar to pass a 325 mesh screen, A sample

, A 2
V205 samples were prepared as described above using a firing temperature of

203-A1,04

system were prepared as described above us:Lng a firing temperature of 1500 Y
for 17 hours. ~Additional experments were performed usirg the phases vo,,
GeOZ"'ngZ’ MgO.ZTiOZ ard A1203-T10 Theselatter e:cperiants vere

unsuccessful for a variety of reasons such as decomposition of the desired

2?

phases ’ lack of sto:.chlometry or inabillty to get the oompound in the desired
crystal form.

2. Experimental Procedures

 The equipment used for the x-ray thermal expansion measurements

consisted of a G. E. XRD-S epectrocromorne‘t;er and a Tem-Pres high tempera.ture

'x—ray dlffractlon furnace, The sample holder %zs a platimm plate with a.

B R s S5 by WIS
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. Table Vil : - |
DATA ON THE PREPARATION OF RUTILE SPECIMENS . S
o MOLE % - , : ~ FIRING FIRING Y
ADDI TIVE ADDITIVE |  WEIGHT OF WEIGHT OF | TEMPERATURE TINE
usep -] (CATION BASIS) | ADDITIVE (g) Ti0, - (g) o¢ HRS, r
a0 10 1.3 100 1500 1”7 '
Liycoy 10 5. 14 100 1200 ' q
Mg 10 5.8 100 1500 14 L
Cra0g 0 10.57 100 1600 17 -
8$by05 10 20.25 100 1200 18 |
Mn0, 10 12.08 100 1500 1”7
V05 10 12.6% 100 1200 18 T
Wy 0 33.2 100 1500 i7
w0, 1.0 5.7 1993 1500 15 )
Nb,0g 0.2 w2 %0 1400 3 ]
Ir0, 0 17.15 100 1500 ”
PO 10 23.68 76.34 1600 14 M
¥,0, 0.5 071 99,29 1600 ” L
Ca0 0.5 0.35 99.65 1500: 17 )
Be0 10 0.31 99.69 1500 17 1'
Mol 1.0 3.58 196.4 1500 i7 -
$i0, - 30 (TR 162 1500 15 i
$n0, 10 16.76 80 1500 17 8
800, 20 3r.7 80 - 1600 17
S0, 30 64.7 g0 1500 7
!
o
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~milled depression 13 x 16 x 0.75 mm deep. Because of 'che hlgh thermal

conductivity of platinum, the maximum difference in temperature across the

- sample holder was found to be 2°C over the range 25-1000°C. Using a precisiop '
‘potentlometer, it was possible to malntaln the temperature within + 0. 5 C

during a diffraction peak measurement,
The sample holder mounting was prov:.ded with rotational, tilting and

translational ad;justments so that the specimen surface could be aligned on,
‘and parallel to the spectro'neter axis, ‘

‘Copper radiation (A=1, ShOSO % for L ) was used for all

' measurements. The x—ray tube was operated at 50 Kv ard 16 ma with a 0. 0007"

nickel filter. A 3 beam sllt ard O, 2 detector slit were used with a

'sca.nning rate of 0.2 (29) per mmxte and a chart speed of 30 inches rer hour.

The peak p031t1c>ns were taken as the mldpomt of the diffraction curves at
one-half peak height., Precision in measurement of the peak position was
within + 0;010(28). To attain precision and accuracy in the determiration .
of lattice constants, use was 'made of lines in the back reflection i‘egion.
These were: for Ti0, (303), 20 = 13h.7, (521)29 =138, 8° ard (213) 20 = 9. 7%

 for Sr0, (323) 20 = 137.7 and (512) 26 = 147.3; for 21,0, (0, L 10)20 = 15.2°,

and (h16)29 = 136,0%; and for Cr,05 (330) 20 = 137.5° and (3, 2, 10) = 149.8°,
.An analysis was made of the precision and accuracy of the x-ray '
measurements, At 2)4°C, considerirg diffraction lines for 130° 20, or above,

" random errors due to angular measurement ard specimen centering were estimated

to be within + O, oool . This was checked by malcmg a series of nine
neasurements ona sample of Fisher precipitated silver (99 99¢ Ag) usmg

"~ the (511) axd (h22) lires, All of the measurements fell within the estmated
:prec131on. The accuracy of the measurements was estimated by compa.ring the

extrapolated ASTM card value for the a_of silver at 24.0% (4.859 %) with

" the observed values. Agreement between the values was also within : 0.,0004 ).
-The accuracy was therefore kithin the limits of the precision, The effect

of x-ray absorpt:.on on accuracy was estimated by conparlng the diffraction
peaks of pure silver ard a mixture of silver and graphite in the ratio 1/3.
The mixture had an a value of 0.0001 % greater than pure silver, The

'absorp‘bion difference of these twb_ compositions is considered to be much

s « | PI-1273-M-12




igreater than those between the onde SOlld solutlons investigated so that -‘
~ errors due to x—rav absorption are con51dered to be negligible, At high
' temperatures the data are less preclse ‘because of a temperature variation
across the specimen surface of *+ 2. 0° C. This is ‘equivalent to an error of
+ 0. 00016 X Added to the random errors (+ 0. OOOh X) at room temperature, "
the total precision is * O. 0006 X for hlgh angle lines up to 1000°¢, '

Concerning accuracy at hlgh temperature, systematlc errors. in

ktemperature measurement and sintering of the sample or sample movement duek '
- to expansion of the furnace parts ‘must be estimated. Considering the latter,
a displacenent of the specimen of 0,001" was fourd ‘to charge a of rutile -

by 0.00006 1. Assmnmg the maximum movement of the sample su.rface to be 5 mils,

- an error of * 0.0003 o is 1ntroduced whlch is added to the estimated room

tenperature accuracy of + 0. OOOh i to give a total hlgh temperature accuracy i,

~of + 0,0007 f. )

To obtain an overall estlmate of the accuracy of the measurements

- including temperature, the a_ of silver was measured to 600°C and compared
with the values of Hume-Rothery ard Reynolds (1938)"° The observed values
agreed with those of Hume~Rothery within + 0.0003 3 ' ,

| The room temperature lattice constants were measured for each

, rutile solid solution spec1men. These are presented in Table IX. If there
was a significant change in the lattice constants, it was assumed that a
cons:.derable amount of solid solution had taken place and x-ray thermal -
expansion measurements were made, In the case of rutile, the peak p031t10ns
f_or the (303) ard (521) lines were measured as a function of temperature up

to 1000°C. These data were then used to obtain the 'varlatlon of the. lattice '

) constants with temperature. .

- In order to obtain 1nformation on the extent of solid solution of

A vanadlun in T102, a series of samples was prepared with various percentages
of vanadium. As can be seen from Figure 11 s the a lattice constant varies
linearly with compos:.tlon up to about 17~-20 mole % vanadlum. The results are
plotted in terms of the comp051tlons originally prepared and do not take into
account changes due to volatlllzatlon of VZOS A chemlcal analys:Ls of - the

1.8 mole percent vanadlum sample indicated the presence of 16,4. mole percent ‘

w6 | PI-1273-M-12
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| Table 1X | . - ;
ROOM TEMPERATURE LATTICE CONSTANTS OF RUTILE SOLID SOLUTIONS -

leEam

3
1
£
.
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r k
g L ADDITIVE TENP. © LATTICE CONSTANTS A° o
r 'MOLEXA . o %, TR (N . cll .
t L PURETIO, [ - 25 4.5997 - 2.9598 1 e
i I FUL ® | wsws 20507 600
; eut | 45944 )  a.ses | .ewo
h IZ o a2 | s ol 2eses 6w
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_additive is not definitely known in some cases. Some work has indicated that
‘there is a tendency for solid solution atom to assume the oxidation state of
the host latt.:l.ce.38 This "valence inductivity" effect has been investigated for

 +3 oxidation state in imitation of Al 3 but then changes to a +4 state at

by Gerritsen and Lewis
present in the four valent state, at least at small corcentrations.

. on ion size, but also ‘because electrical neutrality must be maintained in

sample of '1‘102 with the composition of Ti0
- In such a sample each oxygen vacancy requlrg.s the fomatlon of two Ti

in order to maintain electrical neutrality, There are, then, two factors

‘expansion coefficient (CLV ) and average expansion coefficient (Qﬁav) than ¥

'ianéditim after héating to form the solid sélution. Wnile an increase in the

ratio of vanadium to titanium is unlikely (an error in chemical analysis is .

‘ more probable), ,the a.nalys1s does provide assurance that a substantial fraction

of the vanadium does remain in the material ‘after heating.,

C. Discussion of Results

~In dlscussing the results, several th:.ngs should be kept in mind, -
First, except for the case of vanadium and tin in TiO the extent of solid ,
solution in the titania specimens is not known. Seconi, the vglence of the

the case of low concentrations of Hn in A1203, where the Mn at first assumes a

higher concentrations. Recent electron spin resonance experiments reported
39 indicate that vanadium replaces titanium ard is

" The questLon of valence is not only important because of its bearing

the lattice. For instance, ions with a valence greater than four would require

the formation of Ti *3 jors. Since Ti'? has an ionic radius of 0.76 %, the

overall effect might be smllar to the addition of an ion larger than Ti"'h

(0.68 %). Slmlarly, the addition of ions m.th valences less than four

requires the formation of ~oxygen vacancies (O radius is 1.40 %). Mauer and

Bol Lo have measured the thermal expanslon amsotropy of an oxygen deficient

1. g7 UP to a temperamre of 13100 c. |
ions

operating'; cations of larger size and lower charge than ‘l‘i".h are created and

many anion vacancies are introduced into fhe lattice. In Table X, data based

on Mauer ard Bolz! work are given which shcw that thevTJ.O

1.97

sample has a ' B
much 1arger exparsion anisotropy (A ) ard a somewhat decreased volume '

19 o PI-1273-Ml2




THERMAL EXPANSION DA

Table X | | o
TA FOR RUTILE SOLID SOLUTIONS

(ROOM TEMPERATURE TO 10000C) -

=

—

* ROOM TEMPERATURE

T0 800°¢C

50

: WERAGE
SR | VOLUNE LINEAR
LINEAR EXPANSION EXPANSION [  EXPANSION EXPANS! ON
o ‘COEFFICIENT ANISOTROPHY | COEFFICIENT | COEFFICIENT
CMOLE § /oc /°¢ /% /%
AD‘DIT‘IYE 8 “‘.o Co ¥cyg lcco- A"o= Ak a, a,,
PURE TIO, | 83.4 x 107 1077 x 107 | 203 x 107 274.5 x 1077 o5 x 107
10 v,05 89.2 x 1077 .8 x 107 5.4 x 107 273.9‘;_1037 0.0 « 1077
10200, | 7.7 x 1077 1o.7 w107 | 3.0 x-10f7 208.0 x 107 | 88.7 x 10°7
I0>3b263. 8i.1 107 1080 x 107 | 209 x 107 265.2 x 10”7 | se. x 1077
9.2 M0,05 | 8256 x 107 11t x 1067 | 28.8 x 107 276.1 x 107 | 92.0 x 107
10 o, 79.4 x 1077 105.7 « 107 | 2.3 x 107 | 2645 x 107 | 88.2 x 107
30 Skoz'“ | 825 x 107 10w x 1077 | 22.3 x 1077 269.8 x 107 89.9 x 1077
10 Mn02 76 x 107 1.0 x 107 | 334 x 107 | 266.2 x 1077 | 88.7 x 1077
10 Ligco, | 82.2 x 107 1080 x 107 | 2.8 x 107 | z2 x 107 | 008 x 107
10 300,* | 75.5 x 1077 |ou;§ x 1077 | 284 w107 | 26 x 107 85.0 x 107
20 Sn0y 70.9 x 1077 93.0 x 107 | 22.1 x 1077 ‘23u;s'x.10'7 | 72« qo*?
30 Snbé.ﬂ s x 107 0.0 %107 | 2.6 x 107 | 228.8 107 | 763 x 1077
fdcrzo3 75.1 x 1047 109.7 x 107 | 3u.6 x 107 | 2640 x 1077 | 847 x‘i0'7
DATA OF MAUER AND BOLZ (1967)
PURE Tiog# | 78.6 x.1077 99.2 x 1077 20.6 x 1077 266.4 x 107 | 85.5 x 10”7
Ti0, g 68.0 x 107 10w.5 x 107 | 36.5 x 107 | 240.5 x 107 | 80.0 x 10”7
, ruae}rioz# 8.7 « 107 105.0 x 107 | 2.3 107 | zmm.ux 1077 | ory x 107
# ROOM TEMPERATURE TO 400°C
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stoichiometricﬂ‘iné " In Table X the thermal expansion data fz_‘em room -

temperature to 1000 C are listed for the specimens studied. Those ions

e

Wthh ‘produced relatlvely small changes in the lattice constants s Li, Sl,

Sb and W, also produced 1ittle change in the thermal expansion anisotropy
. (ac Y. Except for Sn, ions which increased the lattice constants (zr, M
and Mn) also ‘invcreesed A . And finally, vanadium which decreased the |
lattice constants, also decreased AOf to a yremarkable degree. It appears
"that 'most of these data can be systénatized on the basis of ‘ionic radn; if

~’there are no valence changes or vacancies formed, the substitution of an

a.h..v.m‘.l

g

- ion of larger radius increases Aﬁf and conversely, an ion of smaller atomic
radius decreases A ¥ . Accordirg to this interpretation, Cr3 with the same

:ionic radius as V h produces a larger mcrease in Ad. because of the

jg—

formation of anion vacancies. -The re:,ult here is similar to that obtaired
by Mauer and Bolz for oxygen deficlent rut:Lle. In the case of Sn h, the

” o “ionic radius is only slightly larger than that of 'J.‘i"h and there is almost
complete solid solution formation between SnO2 and 'l‘iO2 3 Figures 12

i ~ to 16 show the thermal expans:.on curves obtamed for pure TiO and for
I : v

,,-—_‘
e

‘ zirconlum and vanadlum additions to '1‘102

To provide addit:.onal evidence for the above explanatlon for

H . changes in AO.’ further work was done in the A1203 (21'203 system. These

oxides are completely miscible in all proportions. Unfortunately, however,

. v

the addition of only a small amourt of one into the other causes a large

Ee—)

broadening and loss in 1nten31ty of the dlffractlon peaks. Besides pure

: '_A1203-Cr 03, only two solid solution specimens were measurable. The results

are indicated in Table XI and Figure 17. Since the Curie temperamn'e of

P o Cr203 is just above room temperature ard thls causes a discontinult" in the

b1,42

1
- } ' - thermal expansion properties the thermal expans:Lon amsotropy has been

- calculated for the temperature range 1400-2000°C. The obaerved \.hanges of
i thermal expansion anisotropy are too small to be considered significant.,

R The .t‘act that the sign of the themal expamnon amsotmpy of A12 3

I ‘ whlle that of 01'203 is negative, leads to the concluslon that significant

changes in thermal expansion anisotropy will be fourd for larger additions

is positive,

! : - and a composition with zero thermal exparsion anisotropy (defined for a

-particular temperature range) will be “ﬂund in the :Lr“temedlate compos*.t_‘.on
- . .. range. ' ' : _
51 . PL273-MI2
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" In ‘some 'ca'ses;polycryStalline ceramics made from crystals having
substantial thei'nal ‘expansion anisotropy, show thermal expansion hysteresis.
This effect was shown for rutiie by Mauer and Bolz‘h‘0 and Charvat and Ki._ngery.z_8
In gpite of thisv complication, the thermal expansion 'coeffici'ent measured by

~ Maver and Bolz by the dilatometer method was 90.3 x 10~7/°¢ (0-1000°C) which
. compares favorably with the average thermal expamion coefficient calculated

from the x-ray data.

The addition of vanadium to the rutile lattice results in a ‘
progressive decreases in thermal ex,pansion anisotropy with increasing vanadium
content up.to 10 mole percent vanadium, At 10 mole percent vanadium, the
themal expansion misotropy is substantially zero. Contimued increase in
vanadium content results in a reversal of the anisotropy so that at low
temperatures the percent expamion is greater in the direction pa.rallel to
a, than in the c, direction. An increase in slope of the thermal expansion
curve parallel to the ¢ axis at high temperatures was observed in some cases.
Little change in the volumetric e.xpansion with increasing vanadium content
was observed. » ' :

According to Cz'onemeyerb’3 the structure of T.LO can be considered

a3 made up of Ti-0-0-Ti-0-0-Ti chains oriented normal to the ¢ axis Therefore,
3 replacement of titanium by vanadium with resulting decrease in a, and slight

decrease in ¢, can be thought of as causing a decrease in the length °f, the o

v chains but having little effect on the distance between them. To determine

whether or not vanadium would have the same effect in other crystals' of the
rutile structure, the effect of vanadium on the. thermal expansion anisotropy
of cassiterite (SnO ) was determined. In this case, too, the thermal
expansion anisotropy was reduced. The results are given in Table XII and
Figures 18 and 19. The thermal expansion anisotropy of crystals is important,

. in part, because of the effect of this anisotropy on local stresses, porosity

and strength of polycrystalline bodies made from these crystals. At high
temperatures during simtering, the stresses between crystals are relieved.
During subsequent cooling, the crystals contract unequally causing local
stresses, These ctresses may cause local failures and tae fomation of pores

' that are large in two dimensions. This change in microstructure can result

59 » PI-1273-M-12




PI-1273-M-12

1°2s B 5.1 | 9°8 N 6'0s | o%go1 + Zoug
-0 % 828 (01 * 8891 (=01 * g9 01 X 1°29 01 x 9°0g Sous 3ung
A ,  po =0 .0 . o 0y
*p - p PO= "% p n ' ,
j=do0 - 1=d0 . 1<% 1% , 3
1019141309 | : 1Ligey
1M312144300 MOISKVAXI |  WOISHVAX3 Adourosawy _ LB19144300 $ 3108
AVINIT JovHIAY IMMOA  NOISNYAX3 NOISNYAX3 ¥YINIT ,
00008 - €2

'SNOILMI0S 41705 SoZA - Zous wa4 vAYQ NOISNVAX3 RN
X oiqey




il I [_;..,.J D St S

r———
R

F“"“:"‘“’

" LINEAR EXPANSION-PERCENT

0 . 20 %00 . 600 800 1000

1.2
. '.o

. '0.!'

- 0.9

0.2

e
/“r,

) A

B R :o c AXIS
/,‘? — o a AXIS
n// _ ’

pZd

- TEMPERATURE °c

_ Flg'ure I8 PERCENT LINEAR EXPANSION OF Sn0,

61 | PIA1273-MA12




12— - I - B L

"o

e
o

e
-~

LINEAR EXPANSION-PERCENT
: (-]
o»

1 ' ]
O c Axis , : - |
04 Axs B o
ooz/lr: . ue

: : 1000 o
TEMPERATURE °C ' _ , .

I Figure 19 PERCENT LINEAR EXPANSION OF Sn0, + 10 MOLE PERCENT V505

62 . PI-1273-M-12 -




in low st*ength'and low thermal conductivity. Tﬁe reducticn of the thermal
expansion anisotropy of rutile and other crystals may make it posslble to

gy 3T i
e

prepars ceramics with 1mprcved propertles.
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IV. THE THERMAL EXPANSION OF TWO-PHASE BODIES

AL Intmducta.on '

The thermal expans:.on of oonpOsite materials (mcludmg multiple-phase 3

. ‘ceranics) can be predicted fron the thermoelastic properties of the individual '
: ) phases providing the resulting body is microscopically contlnuous ar’ the v
rhases do not enter into solid solution. The degree of validity of the theory '

| is dependent, prinarlly, upon the completeness with which the internal ‘

stresses arising from thermoelastic dissimilarities are described. The ease

.in which the compos1te body is homogeneous and macroscopicauy isotropic is ‘
', of immediate interest and will be treated in this report. The results

reported here are an outgrowth of research reported prev:.ously by Merz et aJ.

~In this earlier research the inadequacies of available prediction methods

became apparent This led to the use of more satisfactory methods which
are described in this report. ‘

In the literature, several simplifying assumptiors have been used to
permit computation of the linear thermal ,expansi(m of two-phase jceramio

‘bodies from existing data. These assumptions have been reviewed and a mcre

complete theory for multiple-phase ceramic bodies is resented.
An important factor in improved correlation between thermal expansmn

v theory and experiment is the determimtion of the intrinsic elastic properties ;

of each ceramic phase. Gross reduction in the elastic moduli due to finite
porosity resulted in attempts to produce high-density ceramic bodies.

" Apparatus was assanbled for mduction-heated hot-pressing to obtain high—

densmty spinel ard mixtures of Pyrex glass with spinel The Pyrex-spinel
system has been stud.ied in detail both theoretically and experimentally.

B. Relationships Between Elastic Moduli and stress Wave Veloccities In

Isotropic Bodies

" The application of a dynamic stress at the boundary of a solid will

generate a stress wave (or waves). For small disturbances, these stress

-waves will propagate away from the source with a veloc ity dependent so_leiy

upon the elastic properties, density, and geometry of the medium. Measure;
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- ment of el astic wave velocltles in appropriately shaped speclmens m.ll

" provide data for computatlon of the elastic moduli.

| Transmission of ultrasonic pulses, consistlng of a burst of radio
frequency (R.F.) stress waves, provides a convenient method for simultaneous . , I

| measurement of stress wave veloc1ty and attenuatlon over a range. of k‘
.frequencies. High frequency conpressmnal waves and high frequency shear - ' l
‘waves in ceramic speclmem have been measured using the electronic test v ‘ :
system indicated in Figure 20, The stress wave velocities (C) in , o }

seml—lnfimte medla are given by' c=-L
— ?—

where L = stress wave path length - . ’ ‘ : } l
¥ = stress wave transit time o ‘

'arxibyKolskyM EE - S A ’ J

’
: » 3
compress:.onal wave velocity W——Y-T(—,}:_—é—y/] for a,» A

shear _wéve velocity,, Cs = [/JG -2‘ .

 where Y= Young's modulus (modulus of elasticity)
V | G= shea.f'mod.xlns (modulus of rigidity) ‘
o= mass density | o : :
A= wavelength of stress wave in medium ' ' |

a = cross sectional dimension of specimen

¥ = Poisson's ratio

]

These equat.lons along with the relatlomhlps between the 1sotropic elastlc _

constants, ~ e.g

= E—(;:’-))—
==
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"’wéx?e ﬁsé'd to derive the fonﬁﬁng*
G= /,CSZ
(ci)
_.é;g)z '

LG (V) i-2»)
) ,

Y =

“/3(01 -4 Cs)

Note that while four elastic constants may be of interest, only two
independent elastic constants exist for isotropic media, hence only two

different stress wave veloclties need be measured.

‘The ultrasonic pulse method also permits convenient use of interferometric

techniques for accurate determimation of temperature coefficients of stress
wave velocity and attenuation. By simultaneous excitation of two sm;lar
specimens maintained at dif.gerent temperatures, small chahges in propagation
characteristics are readily observed as R. F. phase cha.nges.‘ Since these
specmens may be excited at megacycle frequencles, detection of small phase
changes constltutes a detectlon of ve...oclty changes of a few parts per
mllllon or less.

- vm s et s wm em am am am

#* Identical reiations. were also given by Birch.hs
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The attenuation of megacycle stress ‘waves' in ceramics »;ill arise from
several factors' L -
1. Elastic anisotmpy of the idividual gra:ms introduces
scatterlng losses. . .
. 2e Elastxc hysteresm within gralns 1ntroduces irrevers:.ble
' absorptlon losses, '
3. Rela.xatlon ‘effects between grains due to grain boundary
- “motion introduces relaxation-absorption losses.
Lo Thermal conduction between regions of compression and
rarefaction introduces thermoelastic losses.- :
S. The presence of impurities within grains introduces an atomic
relaxatlon-absorption loss, .
6. The pregence of pores, voids ard mlcrocracks introduces

another form of acoustic scattering los Se

A1l together, these various losses are called internal friction losses and
are intrinsic to the material (i.e. internal friction losses are independent
of specimen geometry) Measurement of internal friction over a range of

‘ temperatures ard frequencles provides a method for separating the several
losses. Grain boundary relaxation generally produces an internal friction

peak at slightly elevated tempye'raw.bres while elastic hysteresis losses

~ generally increase as a power of the absolute temperature. Scattering from

microcracks, ho&ever, will tend to decrease with temperature since the size
of the microcrack decreases. In some ceramics, the microcracks seem to
completely close and reheal hence the acoustic scatterlng loss fmm such

scattermg centcrs would dlsappear at appropriately high temperatures. ir

" this lossg mechamsm contributes significantly to the total internal fnction

at lower temperatures, then ultrasonics provides a method for nondestructive
determination of the onset of microcracks. Such information would be
immediately useful in computing the stresses required to induce’microcracks.

- o ap e s o o v e

# Private ‘discussion with Professor W, R, Buessem, Pennsylvania State University.
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Computation of the the mal stresses necessarily involves knowledge of

~ the smgle crystal elastlc constants for each of the ceramlc phases along
- with their temperature dependence. Such data are generally cbtained by

ultrasonic pulse techriques and have been reported for a few ceramic single-
crystals, e.g. sapphire, ruby, magnesium oxide, and magnetite (see Appendix C).
The number of indeperdent elastic corstants increases from 3 in a cubic

- erystal to 13 in a moroclinic crystal, In each crystal class, the several

elastic corstants may be used to compute the s:.ngle-crystal bulk modulus.
in multlphase ceramics, the bulk modulus will be a function of the porosity

~and the c_omponent _s:.ngle-crystal bulk moduli as discussed in detail in -
Appendix C. Since each of these properties may be measured independently,
'a theory of elasticity for porous ceramic bodies will provide the basis

for computation of composite elastic moduli, thermal expansion and resulting v
thermal stresses. ‘A systematic computation of thermal stresses in multiphase
ceramics should provide the 1n31ght toward the design of high-strength '

. ceramic bodies.

C. Applic atlons of Ultrasonic Measurements

1. Stress Wave Velocity Me‘asurements '

The ultrasonic equipment was arranged for use in measuremernt of the

onset of microcracks in polyphase ceramic bodies. Because of the desire to

' measure stress wave losses introduced by the smallest ‘possible crack dimension,

megacycle frequencies were chosen. However, at megacYcle'frequencies, the

acoustic éca_ttering lcsses due to both elastic ahisotropy of the grains and
the presence of voids or porés are sufficiently great that oh_ly short path

lengths through the specimens may be used successfully. - In order to dbtain‘

sufficient accuracy in the '_determihation of stress wave transit time in bar

type specimens, several variations of ultrasonic interfez‘énetei' tedmiques'
were employed. The most useful technique utilized a 1ong pulse-length such
that the pulse reflected twice at the fused silica-ceramic specimen mterfaces

~as indicated on Figure 21. The twice-reflected pulse produced phase

interference with the directly transmitted pulse intmducing combi ned response
nulls and peaks as the carrier frequercy was varied. Observation of the
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k : =_“£__." '.-_z_ff
amd 7 37 a.5

frequencle.; at which ma.ximum phase cancellation occurred, perfnltted computatlon

-of the phase veloclty. The expre551on derlved for stress wave veloclty is

ué

similar to that given by McSklmln.

c_-___?__é_f____.

1, 2
”*2 " 360

" where F£= frequency at which a phase interference nulﬂlk oceurs

Y= phase shift at the s;pecimen-bufr_er block interface
k - in degrees
na number of wavelengths in a 2L path length of the specimen

In the pulsed carrier measurement systen, the pulse length is always chosen ,
to 1rc11.de a minimum of several complete R. F. cycles in order to minimize
the frequercy spectrum. Thus for,a given pulse ler_xgth, a minimum frequency
of operation exists and the value of 7 cannot bevdetermined by counting
from zero frequency. However, measuremnty of two consecutive mull frequencies
provides a method of evaluating both » and C. For specimens whose

' geometry is selected to avoid velocity dispersion,

2LF L C = 2L +af)

ﬂ*0-5*% R h+/5+__£ -.

260

where A# = frequency change between successive nulls

For all'measur'ements made using this technique, eleven consecutive null
. frequencies were measured and the mean frequency change between rmlls

determired. In general, the stress wave velovcity'was accurate to three

- significant figures by the long pulse overlap technique which was adequate
~ for use in thermal exoansion computations.

Shear wave veloclties were measured with two independent metheds:

1. Total pulse transit time, and 2. The long-pulse overlap method. A

sumnary of the data obtaired with the second method is listed in Table XIII,
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A length of Pyrex cane was cut and lapped on both erds to obtain '
the 1003 Pyrex data. . For this specimen it was convenient to measure the

null frequencles between two pulses, the difference belng represented by
(/s +3p+/8+25t +z7‘+255 ) - (/s +IP+3S +2B+2T +2Bg ) =2P—23,

where 7= path length through one transducer
8= path lergth through one silica block
 P=path length through Pyrex specimen . ‘
Bf ‘path 1@ngﬂ; ﬂxrough one trarsducer/silica bord
" B;= path lergth through one transducer/specimen bond

© Ttcan be shown that the small effects of the bonds and transducer paths
- completely céncél out with the interferometer technique providing that the

reflection interfaces are ‘mroperly identified. As a check on the »ac':c»uracy‘ :
of these‘x:eisure' :nts, data for ‘Pyrex from two other investigations wefe
obtained from the literature. The differerces between these three sets of
shear wave velocity measurements were about 1%. The lorg-pulse mull

frequencies were gererally determired to only 1% accuracy (frequencies were

read directly from the signal generator dial, higher'accuracy may be obté_ined
through the use of a frequency counter when recessary). '
, The total pulse transit time provides a convenient check on the
stress wave velocity, but the aceuracy dec reases with decreaaing :.pecim:n
transit time. Typical values of transit times are given in Table XIV for
the shear mode transducer assemblies illustraued in F:Lgure 20,

ir the total trans:.t time was determined w:n.th + 3% accuracy, the

.ceramic specimen _trans:.t time would be known to only + hO% for the values

givén in Table XIV. In order to improve the attalnaole accuracy, a fixed
delay lire havmg a delay time near the value to be measured was used
(FlgureZO). Byylncorporatlng a delayed tngger_clrcult, the two delayed
pulses could be observed, simultaneously, with an expanded sweep, With this

_ arrangement, the delay difference could be determined with + 3% accuracy.

Thus, with the fixed delay equal to the time delay of the transducer—buffer
block assembly (mthout the specimen), the delay difference becomes equal to

7 - "PI-'12473—M-12




the specmen transit time and nmay be meas ured dlrectl_, with + 33 accuracy.-

s | 0'-"1 "“ !

In general all three nethods vere used to detcrmine =bear wave velocitles

in ea\.h ceranlc spocinen in order to ninimize operator errors.

g e Ab e e s f R A
S
4 e

¥

Table XW
SHEAR WAVE TRANSIT TIMES FOR TEST SPECIHEN COMPONENTS

PATH SHEAR WAVE SHEAR WAVE

LENGTH VELOCHTY TRANSIT TIME
Y, SYMBOL HED) UM . INCHES 105 eN/3EC | M1 CROSECONDS
8 FUSED SILICA BLOCK 2000 | o 3.760 13.5)
ﬁ By . INDIUM SOLDER BOND |~ 0.0001 o.71 | -0.003
: B, SALOL BOND . 0.0001 0.4 10.008
7 AC-CUT QUARTZ 0.00125 3.3 0.0096
H . | TRANSDUCER o
- c CERAMIC SPECIMEN . 0.2505 4.68 1.38
P (100% SPINEL) : _
r 23 + 2!!t +28,+ 2T | TRANSDUCER + BUFFER - - 27.08
' BLOEK ASSEMBLY - o o -
28 ~r-2nt +zs, +2T+C | TEST SPECIMEN ASSEMBLY| - - 2.42

——
b

ey
ot e

""'—'}

Compressioml wave mecasurements were severely restricted because the

~ transducer assemblies’ available consisted of one mezacycle ‘barium titanate

ceramic transducers. The ,fretluency response ‘of these transducers was poor

at the pulsed oscillator carrier frequencies (5 megacycles and abov.e). Large

———
[P

response ripples due to reverberations within the ceranic transducersprécluded
i ' use of interferometer techniques. Thie exterded rise tine obtaired with these

[—

transducers also precluded precise determination of trzrsit times. Prelimirary
measurerents of comgressioral wave velocities in the Fyrex-spirel series were

P not accurate enough to provide comparison with Ksrner's thecory for Younz's
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modulus and bulk modulus of “the composn.te bodies. I°‘used 5111ca blocks and
25 negacycle x-cut quartz crystal transducers prepared with optical polished
~ surfaces should be used.

D. Elastic Moduli of Polyggystalline Ceramics

Multlphase ceramics usually have average thermal expansion coeffic:.ents
whi_ch lie betw_een the two extreme end members. This occurs because the

internal stresses present in continuous solid—phase bodies prevent the

high-themal expansion phase from dilating as much as in the isolated .t‘ree-
particle state. of course, these same stresses also cause the low expansion
phase to dilate more than in the isolated state. A similar effect occurs in .
simple compression of composite bodies as illustrated by the two-phase model

in Figure 22, The important point is that the internal stresses are present :
within and be’cween thc individual grains. Hence, it is the elastic properties

of the indindual grains which should enter into the internal stress calculations.
Or restated, it is the single crystal thermoelastic constants which d etermine

the composite thermoelastic properties. Aside from the anisotropy corsiderations,

. the thermoelastic properties of available single—phase ceramics bodies differ

from the single-crystal values because of the general inability to produce
fully dense, pure s:.ngle-phase bodies. Finite por031ty causes each of the

three principal elastic moduli (\/ K,G ) to decrease, L.nghz for example,

found a 704 decrease in Young's modulus for a pure alumina body with 28% :
poros:.ty. Because of these gross changes, it becomes important to be able

: to prevdict the‘ porosity deperdence. In fact, porosity accounts for most of

the varlabillty found between reported values of elastic moduli for smgle-
ph.ase ceramic bodies, , ‘

" However, a comparison of static and Wnamic moduli requires cons:.deration
of two additiomal factors. First, the measurement of elastic moduli under

static conditions gives values for the isothermal moduli while sonic or

ultrasonic measurements give the adiabatic moduli. The difference between
these two moduli is dependent upon the ratio of specific heats ( ) and
is generally assumed to be negligible, Mason L8 has computed the elvastlc '
compliances ofla~qu‘artzm under the two conditions and fourd the largest
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‘dlfference t be less ‘than 2%. In rutlle,hg the differences are less than
o. 3% For isotropic solids, a relation given by Zeners may be used to
evaluate the difference between the adiabatic Young s modulus ( Y ,
‘unrelaxed modulus) and the isothermal or static modulus (Ys e

' . 2
Nu =/ - a7 Yu

= -1

where C\,ia ' speciflc heat at constant volume

0= density

T = absolute temperature ,
= lirear thermal expansion coefficiént

For am.sotroplc SOlldS » a relation derived by Voigt and reported by Vick
and Hollander b9 may be used

| Toviow , | |
Al'.k = - 7‘5‘;‘5‘ . » . _(IV-Q)

v‘where Ajg = édiabatic elastic compliance - isothermal elastic
' ' compllance | ' ’

oy, Ly thermal expansion coefflcz.ents in the ( and £ directions
Cp = speciflc heat at constant pressure

Using the following values for Mg0, »;u 3.03 x 10 dynes/cm2, = 28801(,

C = 0200a1/g/°C, e = 135 x 107 /C,and/) S8g/cm,ﬂ1edynam1c_

modulus ( Yo ) was computed to be 0.5% greater than the static modulus
( % ). A cursory review of the range of these physical constants for
other single~phase ceramic bodies suggests‘ that the ratio of adiabatic to |
_isothermal elastic moduli will not differ from unity by more than a few |
percent,

At elevatc,d tanperatures the test specimen may deform slightly by
creép producing an apparent lowering of ’che modulus, At sonic frequencies ‘
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and above, the period between cycles is too short to permit stress relaxation

by ci'eep. Hence, scnic measurements provide an unrelaxed modulus which is
~ always 'greater than the static or relaxed modulus. 'Dynamic elastic moduli
" have been us :d for all computations.

Table xv is a compilation of the elastlc propertles of mlly dense-
oxide ceramic bodies obtained from space averaglng of s:.ngle-crystal elastic

constant.s and from extrapolat:.on of porous body data. to zero poros:.ty.s 1

- B . Theoretical Thermal Expansmn of Hultiple-mase Ceramic Bodies

Turne15 considered the thermal expanslon of composite bodies” by assuming

that omy 1sostatlc stresses occurred within each phase due to the
‘dissimilarities in thermoelastic propertles. " Hence only the modulus of volume
- elastieity, or bulk modulus ( K ), and the volume coefficient of thermal

expansion (&, ) were requ:.red to defire the composite thermal expansion, i.e., -

V; K; |

Qv ..Z_'c_r'_"__‘-_._é__‘_ (1Iv-3)
' Z Kivi

where  V; = volume fraction of the ith phase

val = volume coefflcient of expans:.on of the ith phase
K = bulk modulus of the ith phase

For isotropic bodies, the l:.near coefflcien'c of thennal expansion ()
is approxmately one-third of the volume coefficient (a’.,\,) so that equation

' (IV—3) remains unchanged vhen (L is used. Preva.ous applmatx.ons of Turner's
) ‘ method 2,53 have resorted to an additional slmphi‘ylng assumptlon which
introduces considerable error in many systems, i.e, assummg VY= yz U‘, R

then K; may be replaced by Y, because Y= SK(/ - 22;) vhere Y = Yourg!'s

“modulus (modulus of elasticity), ¥ = Poisson's ratio and

PN - (1)
2V -
* For unrestrained isotropic m'a’ceria]s,fi'-acdt ?('/+£(,At)°ﬁ'—(1+3a:At) |
| for (LAt , hence oty 2 3.
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It is to be noted that for the entire range of solid materials, Poisson's
zjatvio is only required to vary from zero to 0.50 (the latter corresponds
to an ideal liquid)., Hence a small numerical difference in Poissonls ratio

- may reflect a large difference in solid state .propertieé. The agreement

between values predicted by equation (IV 'l;) and. dilatometer measurements has
generally been due to an opportune choice of values for the. elastic oonstants.
When the gross effects of porosity upon elastic moduli are ignored, ‘the
resulting apperent disparity of elastic moduli data has tended to permit a
Selection of those values which gave the best correlation uith Turner's‘method.
An examination of the internal stress model used by Turner reveals that

shear stresses between different grains and between similar grains with

. dssimilar orientations have been neglected. Assuming that shear stresses

are negligible is equivalent to stating that at least one phase behaves as

a liquid. Clearly; such a model is not adequate for use with ceramic bodlesQ
After establishing the necessa.ry corditions for a more realistic

internal-stress model, a review of the literature revealed that Kerner%xad

~ derived expressions foz' the thermoelastic properties of ccmpos:.te materials
" based upon such a model.' Kerner's model incorporates both the volume dilation

and the grain boundary shear stresses which arise in contihuous-solid—phase
composite bodies.'* The linear thermal-expara ion coefficient of composite

- bodies given by Kerner is

(“"‘*321 o 0 @
Ki

- e en e e s ws e =

% Neither Turner's method nor Kerner's method is applicable to discontinuous—

' sol:.d-phase bodies., Thus, the presence or occurrence of mlc*ocracks
decreases the validity of both approaches.
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where Z stands for a summation excluding the index -
. e _ ‘ ;

: , . o . ;
Lttty + ity
6, =G |4 TE @G T

Gy Ve V; B ,
Z( ~517)Gy -;-(8-70?;,)6[ * f5(/—{v;) (IY—6)‘

ard
Kiwve

3K; +4G!

Z S (v-7)
JK1+4G, a n - : ) . 1

The shear modulus (Go) and the bulk modulus ( Ky ) refer to the moduli of .
the composite body, Kerner's method requires computation of these two moduli

‘before the thermal expansion of the composite body maybbe determined, Since
‘most applications of thermal expansion data also require data on elastlc

moduli, these intermediate steps serve dual purposes (Flgure 23) Since it
is generally more convenient to prepare bodies on a weight-fraction basis,
the vollme fractions may be r_eplaced by 7?- vhere £ is the weight fractidn
of the ith phase and o/ is the density of the ith phase, MNote that phase-
densrhy deces not effect either the internal stresses or the composite thermal

- expansion except by deflnlng the fractiomal compositlon, ‘Cbviously, when
- the den51t1es of each phase are equal (eeg., in the MgO-HgO A1203 system), - ;

the weight fractlom become equal to the volume fractions. If the l:ulk
moduli of each phase were equal, then equations (IV-3) and (.LV—;) would
reduce tc one equation correspording to a s:mele rule of mixtures, i.e.,

Oczza,i\/z?;% o (1v-8)

# Index 1 was used for the annlhllated susoending fluid.
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Fe Comparlsons Betwee.n Theoretical and Enplrlcal Themal Expansion 7
" in Two-Phase Materials .

1. Almnlmlm-Sllica System

. Figure 2 11lustrates ihe dif ferences betﬁeeh’ predictions by |
equations (IV-3) and (IV-5) for the alumimn-fused silica system. Measurex;ents
3 ,

are included. The difference ‘between theory and experiment may be due to -

~of thermal expansion for two different compositions as reported by Kingery

stress induced microcracks. Microcracks arise when internal shear stresses
exceed the local shear strength and hence the occurrence of mlcrccracks would
cause the empirical data to lie between the values predicted by equations (1v-3)
and (IV-5) as was found for the alumimm-silica system.

Klngery used the ov'ersimplifled version of Turner‘s method (equation IV—h)

b compute thermal expansion toefficients for this s:ysten. ;Slnce Young!s moduli
- are 'équal for these two materials, the assump'ticn‘cf equal Poisson's ratio 1s
equivalent to assuming equal bulk moduli and eQuation (Iv-4) reduces to a simple

rule of mixtures. The simple rule of mixtures.is valid for a compacted

. mixture of powders in which no binder has been added, no sintering accomplished
and hence no internal stresses developed, This model does not seem representatlve

of the alumnum-sillca system unless all aluminum-silica grain boundaries have
fractured. Table XVI summarizes the differences between the several approaches
to theoretical prediction of thermal expansion in composite'bodies.

2. Magnesimn' Oxide-Spinel System

In the magnes:.um oxide-spinel (MgO'Al 0 ) system, the dlfference :
‘between predlctmons by equations (Iv-3) and (IV—S) is small (Flgure 25) In
fact, the range of reported va.lues for the linear ’mennal—expansn.on coefflcient

for the end merbers alone constltutes the greatest uncertainty to the predicted .

values for the t’no-phase ceramic body. Table XVII lists the values used for .
this ana1y51s. ’

The thermal expansion coefficient of several other compos:Ltlons in
thve‘MgO-spmel system were measured with a quartz tube dilatometer. However,'
the reproducibility of thc measurements was unsatisfactory (* 10%). These

data were omitted in Figure 25 since a precision of + 1% would be required 1o
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" validate the theory. ' Even with the several obv1ous mproven'ents in the

dllatometer, it is clear that it will be dlfflcult to obtain adequate .
precision to establish the relative validity of equatlom (IV-B) and (IV-5) \

in the HgO—spinel system. -

The concept which has been developed suggests two perturbations to -
the thermal expansion coefficient: l) The thermal expamion of a single-

‘ Iphase polycrystalline body (having the same chemical composition as the

,single crystail.) will depend upon porosity if the single crystal is anisotropic

in thermal expansion and elastic properties, and the pore phase is continuous.*
This dependerce should arise from the changea in the internal stress pattern
sﬁrrotmdixg each grain as the continuous-pore phase increases. The invést_igation
of porous alumina by Coble and Kinger; b as made. irith discohtinuous pore-

'phase bodies in whlch the expected charge in internal stress would be small

They concluded that poroslty had no effect upon the themal expansion in -
a.lumlna. 2) The thermal expansion of multiple-phase bod:.es will depend upon
poroalty if the elastic moduli and the expansion coefficient are dissimilar '
among the phases. ’

These perturbataons would not be present m'powder X~-ray measurements.

bDila;tometer equipment avai lable for this study did rot provide sufficient

~accuracy to conclusively validate these predictions. For example, several

' 100% spinel bars measured dmng this program produced thermal expamsion

curves which appeared acceptable btut which were not reproduclble. ‘The
porosity-dependent thermal expansion of this elastically aiisotropic phase

- could account for at least part of the data scatter, if large scale stresses "

induced in processmg result in local stresses between gralns due to elastic
anisotmpy (see Section IV-G).

3. Pyrex-Spinel System

Attempts to produce bars in the magnesia-spinel system with porosities
of five percent or less by cold-pressing and sintering were not successful,

# The ratios of —\\/-iu and (—3@[ “based on data given in Table XV provide
o v :

-a measure of the elastic anisotropy. Isotropic crystals would have a

unity ratio for each modulus.,

. 89 - SR PI-1273-M-12




In order to expedite development of hot«pressing equ:.pment to produce high—
density bodies at moderate temperatures, a glass-ceramic system was chosen,
Pyrex and spinel were selected as representative of two-phase systems having
grossly dissimilar thermoelastlc properties. ' :
Glass cane’ was cmshed, ba]l-milled, smve-separated ‘and mixed
with minus 325-mesh" " commercial grade spinel.
in an induction-heated graphite mold Ai,n the shape of L-inch diameter disks
about 3/8 inches thick. Forming data for the three disks selected are listed
in Table XVIII. | S | | |

‘Table XVII|
FORMING CONDITIONS H)R ﬂOT—PRESSED P’REX-SPINEL DlSKS

‘These mixtures were ho’c-pressed

, o FORMING , TIME AT
o COMPOSI TION PRESSURE FORMING MAXIMUN
SAMPLE HO. | BY WEIGHT | (QAUGE READING) | TEMPERATURE | TEMPERATURE
8%y 26% PYREX 6000 PSI 1060°%€ | 60 MIN

- 8%-5 50% PYREX %000 P3I 050°¢ . 30 MiN
3-8 76% PYREX %000 P3I 950°C 0 MIN

A test bar 0.2 x 0 Sxlh inches was cut from ‘the central portion of each
disk. Densities of the rectangular prism specimens were me asured by a

displaced-mercury weight-change method (Table XIII).

- e om e e o o w

' Py’re}ﬁ Code 7740, Corning Glass Works.
#¢ Particle size less than Ll microns.
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Thermal expansion of the Pyrex-spinel series of bars was measu.red
mth a quartz-tube dilatometer over the temperature range from 20 to

300 C (Figure 26). 'l'nose specimens had been subjected to no previous thermal

“cyeling except for the initial cooling after hot—pressing. Lo further
' annealing was attempted in order to avoid the possibility of increasing the

number of microcracks. Dilatometer readlngs were taken while the temperature
increased at a nearly steady rate of 3 c per minute. The thermal expansion

was found to be a nearly linear function of tanperature over the ‘temperature' ‘
range of 100 to 300° c. The data below 100° G contained apparatns-originated_ A_

‘ errors and was excluded from further consideration. Contraction measurements
_during the cooling cycle produced a hysteresis effect indicative of non-

equilibrium stress relaxation in the glassy phase. It is recognized that
future measurements on glass-containing bodies will necessitate discrete

. measurements at stabilized spec:lnen temperatures even when the test temperatﬁres

are well below the glass strain point. The elastic moduli for the Pyrex—spinel

: system as computed from equatiom (Iv-6) and (IV-7) are shown in Figure 27.

Figure 28 is a comparison of the Pyrex-spinel thermal expansion
measurements with the predictions obtained by equations (Iv-3) and (IV-5).

~ The superiority of Kerner's method is clearly demonstrated in this system.

Two end points for spinel are shown. The upper point (C¢ = 88 x 10 7/ C)
corresponds to the thermal expansion of powder specimens measured by x-ray

. dif fraction techniques, The lower point (o = 81 x 10 7/ c) represents

dilatometer measurements on polycrystalline bars.: The dlfference may be due o
to elastic anisotropy in the spinel crystal (see Section IV-G). The

appropriate value to be used in 'prediction of thermal ‘expansion in Pjrex-— B
spinel mixtures is determined by consideration of the origin of the internal
stresses. These stresses arise within individual grains which are surrourded,
on the average, with grains having the ‘elastic properties characteristic

of the mlxture. Hence, the thermal expansion of spinel powder. (x—ray technique) s
not of the bulk ceramic, should be used in the computations. Improved

" correlation would be ~expected if Kerner's modsl was extended to include elastic
‘kan_isotropy. Elastic anisotropy terds to lower the thermal expansion in

porous bulk specimers if large scale stresses induced by the fabrication
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‘Figure 25 DILATOMETER THERMAL EXPANSION MEASUREMENTS FOR PYREX-SPINEL BARS
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Figure 28 THERMAL EXPANSION IN THE PYREX-SPINEL SYSTEM
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. process, are present. This chang,e would be dependent upon the relative

amount of spirel present in the Pyrex—spmel system. It is expected that
the vchange in thermal expansion predictions due to the addition of
anisotropy terms would be similar to tre differences between the two curves

' labeled "Kerner's Method" in Figure 27. As a reasonable approximation (and

one which greatly sinpliﬁ.es the computations) s substitution of the thermal

_eypanslon coefficient for bulk specimem (dilatometer data) could ‘be used in

equation (IV-S) ‘to obtain the theoretical thermal ‘expansion in a two-phase
~ -system, one of which is elastically anisotropic. This s:.mplif:.cation would
- be much less valid if more than one phase were elastically anisotropic. -

It is interesting to note that equation (IV-5) predicts a thermal
expansion in the region of 15% Pyrex-BS% spinel which is slightly higher
(¢ = 88.5 x 10 7/OC) than for pure spinel (& = 88. 0 x 10-7/00) while

- equation (IV-3) predicts a continuously decreasmg therma.l—expansion

coefficient with increasing Fyrex content. This difference serves to
enzphasize the importance of shear stresses to the internal stress model and

“to computations intended to dé.fix}xecdnpds ition for purposes of matching

thermal expansion coefficients.

G. Thermoelastic Anisotmpy

In single-phase ‘pk)lycrystalline bodies, internal stresses may arise
from either thermal anisotropy, elastic anisotropy, structural anisotropy
or combimtiohs thefeof. For a cubic crystallite imbedded in a rigid, k
isotmpic body m.th a matchlng thermal expansmn coefi‘lclent, ard if no
restralrrts are present at the 51nt°r11g temperature and no temperature k

gradlexrbs are mresent during fokrmlng,’ then»th,e 1nternal stresses on the

éiysta’llite reduce to zero. However, if restraints are prresent diring

vforming due to temperature, pressure or compaction gradlents, then stresses

may arise in a polycrystallire medium even with cubic symmetry due to

'am.sotropy of the elastic restraints.
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bFérﬂé 'spiml crystal of the type (Mg0+3.5 A1203) reported by Verma,ss,

the anisotropy ratio is 2.1 to l,* jrdicating that elastic restraints in |

" a polycrystalline body may be anisotropic to a high degreé. In a mediuin of '
this type, the anisotropy superimposes a spatial modulation upon the internal
stresses. Norhomogeneous’ poi:,'crystalline bodies will generally possess regions
of sigrificant internal stress levels (.e. g., cold-pressed and sintered bodies
" in which uniaml j:’resstxré was employed are frequently found to have large-
scale laminar-type cracks). ivhen these internal stresses are significant,

then the effects of elastic ardsotropy will be significant even though the ‘
thermal expansion coefficient is isotropic. Hence, for predsmn dilatometer
reasurements upon polycrystalline bars, it is not sufficient to form a
spec:uen in a mnner which results in inhomogenities.

‘ In gereral, the spatial sf.ress function szy'ka crystallite within a
polycrystallire body will contm.n terms involving the direction cosines

up to the fourth power.5 6 The space averaged siress obtained by integration
of the cosix:eh ard cosine2 functions does not reduce to zero for elastically
anisotropic cr,ystals. Hence the thermal expansion of sirgle-phase |
mnhomoseneous polycrystalllne bodies may be expected to differ from the

- average thermal expansion for the single crysta.l Comparison of x-ray ard
dilatometer thermal expansion data for MgO'Al 03 spihel indicates that
differerces are often fourd (Table Xm).

H. Elevated Tegperatm'e Effects

Each of the internal stress thearies requires the compou:.te body to
consi st of a conmtinuous solid—phase. The presence of microcracks, from any =
cause, seriously impairs the validity of these several predictions. Most’

# Elastic anisotropy in a cubic crystal is proportiomal to the ratio of
313..“10 corpliance constants ( SLJ ) given by the expre:.s:.on

2 /«4[ - Srzz

(17-9)

‘where a unity ratio indicates an isotropic body.

96 . PI-1273-M-12

s B




[
1

e oy g e . ,
[ i

Lo
s

‘ Table XIX ,
THERMAL EXPANSION OF Mg0.Al1505 SPINEL

amp——

- AVERAGE LINEAR THERMAL EXPANSION COEFFICI NT X 107/°¢
POWDER SAMPLE, X-RAY POLYCRYSTALLINE BAR, DILATOMETER
o DIFFRACTION TECHNIQUE | COARSE aam} FINE GRAN ' ouen sources
i BEALS - o | T
‘ o . ET AL ZIMNMERMAN | WITTEMORE » A
H TEMPERATURE RAMGE | (1957) 28]  (1966) 65 eT A 66| Tms swoy (19%8)
25° - 300°¢  88.2 83 . B2 76 67
. 25° - 600%¢ | 87.8 83 ’ . 0 : 73
[ j 2° - 900% | - 89 8 90 - 80
25° - 1000°C - - - ' 868 86
1 26° - 1200°¢ 88.3 9.5 8 - -
R 25° - 1%00°C - - - - 8s
F 26° - 1500°C - - , 26 - -
[

i teerw |

: microcracks arise when the internal stresses exceed the local strength of
the body during cooling from forming temperatures. Hence, prediction of the
elevated-tenperature themal expansion of composite bodies (where the:

AT L

occurrence of microcracks would be less) should provide a better opportunity
for experimental validation. In order to apply equation (IV-5) to elevated
temperature predictions, the temperature dependence of both the elastic moduli
-ard the thermal expansion for each phase must be known. Wachtman, et al57
"have shown that Young s modulus for several oxide ceramics (e.g., sapphire 3

oo

i .

§ , alumina, magnesia, and thorla) follow an exponential temperature dependence _
5 T of the form

I S :

g 2 ' . _7— .

1= 875 Z @

|
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where - ‘7 = absolute temperature in °K

8,7, are empirical constants

% = Young's modulus at 0°K

Based upon Wachtman's data, Young s modulus for alumihé ceramics tvoﬁld
decrease by 10% fmm 2500 to 1000°C. Similar data for other ceranics show
a more rapid decrease with increasing temperature. Smiley, et al58 have
compiled d'tta on the elastic moduli versus temperature for spinel, mullite
and several other ceramic phases, - ' ' : '

A few observatlons related to the temperature-dependent effects can be
made., Young's modulus for spinel decreases with temperaturs more rapidly
thah for MgO. ,‘ Assixming both ‘the shear modulus and the bulk modulus decrease
in a similar manrer, the elei(ated-temperauire thermal-expansion coefficient
for the spinel-Mg0 system m.ll be everywhere higher than at room temperature.
Both ircreasing %4g0 (Table IVII) and decreasirg G plnel
this change. An increase of 10 percent was obtained by high-temperature
dllatometer measwurements i‘or the 503 MgO, 502 ..{;O'Ala 3 ,

The elastic moduli of a few materials increase with temperature below

would contribute to

800°C. This is characteristic of high silica glasses, for example. In the

aluminum-silica and Pyrex—splnel systems, the elastic moduli changes may be

expected to produce significant differerces between the room temperature and
elevated-temperature thermal expans:l.on.

I. Corclusions

Each ofkthke several methods used to predict thermal expansion of
composite bodies reqﬁirés data‘on the elastic properties of the end members.
It has been shown, that the elastic moduli which should be used far ceramics .
correspords to ‘the values for the fully-dense polycrystalllne body rather
than the lower values associated with the more readily available porous
ceramics,  The greater validity of Kerner's method over Turrer's method for
prediction of thermal emnéion for multiple-phase ceramics has been clearly

shown for three different two-phase systems., The completeness of Kerner's -

' model for ‘internyal stresses is expected to _reve_al the superiority of Kernerlé.

method for most compesite bodies (which remain continuous solids).

98 . PI-1273-M-12
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In general, the thermal expansion coefficients of two-phase bodies will

ie between the end members for 2l1 ranges of composition with one exception.

When the thermoelastic properties are grossly dissimilar, the resulting

. thermal expansion may lie sllghtly outside the bracketed range for compositions’
which are predominantly one phase (e.g., 15,0 Pyrex-85% spinel).

Prellmlnary calculat:.ons for polycrystalline specimens composed of '

‘elastically anisotropic crystals indicate that the presence of structural

inhoxrogenitles will introduce internal stresses which will tend to lower
the thermal expansion coefficlent. Under these conditions, the bulk thermal
expanslon for” polycrystalline bodies will differ from the single-crystal or
the x—ray—measured thermal expansion for powder specimers. These local

: stresses may arise even though the single-crystal thermal expansion coefflcient'
- 1is isotropic » providecx tnat large scale stresses induced during fabrlcatlon

- are mesent.

The elastic properties (e. ges K,G,Y, 2~ ) of composite bodies,
including multiple-phase ceramics, may be predicted_(with» small error for
bodies which remain continuous solids) by a method developed by Kerner. This

study appears to be the first applicatlon of Kerner! s method to ceramic
bodies, '
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V. CONCLUSIONS AND RECOMMENDATIONS

A. Conclusions

-1, The relationship between the openness ratio and the thermal

‘expans'ion coefficient for a number of oxides ard silicates, was investigatéd.

In these groups of mater:.als, phases having high va.lues of the opnnness ratio
usually have low thermal expansmn coeffic:.errts._ '

2. Several phases having high values of the openness ratio were
syrithesized ard the thermal expansion coefficlents were measured. The

' following phases have espécially < low thermal expansion coefficients:

Ca0+Cu0-Lsi0,
Sr0+Cu0-45i0

) 2
'Bao-Cuo-hSioz

Tetragonal sheet silicates

O7 (cubic)

3. Cubic UP207 has unique themal expansion properties. The crystal -
expands with mcreasing temperature up to ‘about )400 C. Above this temperature
the crystal contracts, returning to its room temperature dimensions at about

1000°C. Since the peak positions and intensities of ‘the x-ray dif”raction

. patterns are very nearly the same at room temperature and at 1000° C, these

expansion properties are not the result of a major structural change.

ho Little var:atlon of the thermal e_xpans:.on coefflc:Lent with openness
ratio is observed within homologous series. These observations confirm

! : A
Megaw's rule ( o = p .

7"

5. The thermal expansion coefficients of the alkali halides were
calculated based upon the charge in lattice spacing with tempec'ature at
mi nd mum free energy using the techniques. of statistical mechanics. These
calculations require. knowledge of the atomic structure, ionic charge and
atomic spacirgs at one temperature. The repulsibn vexpgﬁerrt was assumed to .
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,bhave one value for the entire gmup. Comparison of the results of these
calculatlors with experimental values gave encouraglrg results. Improvenents

can probably be made by taking into account the polarlzamon of the ion., ard

variation of the repulsion exponent.

6. The thermal expansion anisotropy of crystals can be varied by
addition of appropriate solid solution atoms. Addition of vanadium atoms to
replace titanium in rutile (TiO ) results in a marked decrease in the
thermal expansion anisotropy. At an addition of about 10% vanadium the

- thermal e.mamion anisotropy reverses so that the @ axis becomee ‘the

direction of highest thermal e)qaansmn coefficient. The effect of varadilm
on the thermal e:cpans:.on anisotropy is not restmcted to rutile since a

similar reduction in thermal expansion anisotmpy was observed when vanad:Lum '
. was added to cassiterite (SnO ) which also has ‘the rutlle structure.

7. The thermal expansmn amsotropy of Cr 03 is opposite in sign from

that of cov-undum (A12 3)e Sirce corundum and Cr203 fom a continuous solid

solution series, an intermediate composition must exlst for which the thermal

expans:.on amsotropy is zero.

8. Kerrer's method was used to predict the thermal expans:.on : »
coefficients of two-phase ceramic bodies., The predictions are satisfactory
and the superiority of Kerrer's method, which accounts for shear stresses

. was demomtrated.

. 9. In cases in which the thermoelastic pmperties of the pure -

phases are grossly di ssimilar, the thermal expansion coeifiments of some

intermediate t:cmpositicns may be slightly VOu'tside the rarge betwee;i the

" erd members.
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APPENDIX A

"O_penn'ess" Ratios of Some Ceramic Phases

| In the following list the ccmpourds are mainly eova;lent in character
of chemical birdinrg. Therefore, the calculation of ’rhese openness ratios
is based upon the assumption of 100% covalent binding. This computation
ig s impler than those previously madeu‘ since the radius of each atom does
not depend upon the other atoms present, .
The infomation in Apperdix A is printed directly by the IBM computer.
This results in chemical formulae written in an uncorxventi onal form. Lower

case letters were not available. Hence, for example, the abbreviation for
" aluminum is written AL rather than the customary Al. This will not result

in confusion if ore ixotes that the abbreviation for each single element is
always erclosed between two nurbers, As an illustration in line 1, one
finds the formula 1AL1B2. Inasmuch as there is no mumber between A and L,
these letters designate a single element, namely alumimﬁn, nermally written
4l. The number 1 whlch heads this formula ind:l.cates there is ore A132 group
in the formufla.' The mumbers after each element have the meaning of
conventional- subscripts. In some cases rather unuauai groups, such as

ININ1 in line 36, appear. The forrqula for the compound is LiGaNa. This

N2 is written 1NIN1 as a matter of convenience in programming. The number
of significant figures should be two numbers in most cases, A larger number

- are given mainly for convenience,
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. lower than theoretical unless the particle size, forming pressure, sintering

: density are caremlly controlled and Optimized for each new ceramic bow. :
'Iowering of density due to the presence of pores also lowers the elastic

‘, specimem having maximum density, it appeared desirable .to imrestigata
" methods of predicting the elastic properties of todies having theoretical

v'dens:.ty from measurements made on speci*nens with finite porosity.

:shear modulus (G ) for solids containing spherical isolated poress

~ APFENDIX B
" THE EFFECT OF POROSITY O THE ELASTIC PROPERTIES OF CERAMICS

The sintering of pure ceramic specimens gererally, results in densities

temperature cycle, sini:erino environment, s and other factors ai‘i‘ecﬁng final v

moduli values.' In view of the difficulty of obtaining suitable ceramic

59

- Mackenzie ?7 derived expressions for the bulk modulus (K ) and the

4KoGo 1-7)

K= 26,+3rp

=Golf-ZFP)

3Ko »4Go
9/(0 +8G,,

P= volume fraction of pores = l -

where (Table B-I)

S "l
Table B~}

DIMENSIONLESS ELASTIC CONSTANT OF OXIDE cmulcs
(USED 1N POROUS BODY. COMPUTATIONS)

3K+ 46,
Y +ae} ‘

Coruxpum | .97

CERAMIC PHASE

MAGNESIUM OXIDE
SPINEL R
FUSED SILICA
X~ QARTZ

2,03

2.04
2.02
1.93
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Table B~ 2

SHEAR MODULUS DEPENDENCE on POROSITY
BASED ON MACKENZIE'S RELATION

POROSITY, P K e,

Z=1.03 Z=1.08 |  2=208

o - - 0000 .} - M000 ] o §.000 .
0 0.807 o _0.”2' 0.797

B - TR - 0.81% 0.60% S 0.50%
‘0* : 0.423 0.%8 -+ - 0.9}

Mackenzie's model consisted of a spherical pere of radius ( Ap) surrounded

by a spherical shell of solid with rédius ( rp ) which in turn was surrounded

by an equivalent homogenious material hav'lxg the same properties as the pore
and shell combined. His solutions were obtained by expanding the furction
( ) in a power series. However s the higher power terms (i.e. those

above the third powver) were neglected in his solution, Coble and Kingerysh

. suggested the next term in Hackenzie's shear modulus expression will be of
_the form AP? ihere the constant (A') may be evaluated by setting G = 0

at P = 1, t.hus:

-solf-zp+AP’)

A =Z-1

and - G=Golf-ZP +(z-1)F]

B2 . . U PI-1273-M-12
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Table B-I lis’cs the values oi‘ Z corxputed for several d1fferent ceramics. o

Since Z is approximately two for many ceramics, it can be seen that this

- term increases the preaicted value of shear modulus, slightly, for porous

materials over that obtained fnjm Mackenzie's original expression as shown

~ in Figure B-l.b

Coble and Kingerys b fourd reasonably good agreement between predlctions

using the 1a,tter expression and measurements made on speclally prepared
‘ low—density alumina ‘bodies as shown in Figure B-1. However, recent data by

u7 does not fit either expression. In order to imvestigate further the

effects of Mackenzie's approx:unate solution, an additional tem in the fom
was added to give

G =Gy (1-ZP+AP?+BP%)

let G =0atP=1

dG o -
anddp =0 at P =1

| ten A=2Z-3
. B:Z _Z. R . .
G=Golt-zP+2z~3)P?+(2-2)P]

The effect of the 8P tern was small and the fit to lang's data was
not improved. Clearly, the finite porosity in Lang's specimens was not of -
the dlccontlnuous—pore-phase considered by Mackenzie s models In fact
w:i.th the exception of ceramic bodies purposely made low in dersity by foam.ng

" or "burn-out binder® techniques, normal pressing and smtenng will not
- produce isolated spherlcal pores except in the final stages of sintering

where the porosity will be under 5%. Mackenzie's relation invelved only the
elastic constants of the solid material and the bulk density of the porous
solid. Hence it cou.ld not distinguish between continuous solld-phase and ,
con'ca.nuous pore-pha.se materlals. ‘
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SHEAR MODULUS, 6 x 10~6 psi

13

4 3 ‘ ) :' :' S LR L ; ;.' v %
7= LUCALOX (c = 2.3y mﬁ P =3.98) L } |
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Continuous pore-phase materials could be re;resented by a simple cubic

' »structure of equal-size spherlcal grains in which an um.omp:essed model would
" have a poroslty of LBZ. Using G =0 at P A8 for the boundary conditions
_on Cobles' extension ‘of Mackenzie's relatlon gives

AL 35— 2.092

and G=Gol:/—ZP-(4.J5¥2.09Z)P‘Z:]

: kIt can be seen that the predicted shear modulus is lovered”by' these‘boundary'
'.'corﬂitions and approaches Lang's data for the contlnuous pore—phase boundary o

cond:.tmns. Therefore, if the " constant A were treated as an empirical

_ constant for cont:umous pore-phase boﬂ.Les, Mackenzie's relation could be
made to fit the experimen’cal data, In this case, the value of A would.

be deperdent upon the porosity of the unsintered body which is in turn
dependent upon the particle size, the pa.rticle size distm.but:.on, the

~ particle shape, the forming pressure, the percent birder and perhaps other’
'-experlmental factors. Another approach to the porous body problem was made

by extension of relations derived by Kerner for elastic moduli of composite
bodies, Kerner derived an expression for the shear modulus of compogite

materials ( Gp ) contained within a "suspending fluid" '(‘subscript 1) as

Ly ‘
AE (7 52@)6, +(8 /02;76, 15 (1= )
Z %
(7‘53’1)@ "'(5 -101:)G; T B0 vy)

By cons:l.derlng a porous body as composed of a porous phase (subscnpt 2)
and a solid phase (subscripts ¢ # 2), Kerner's equation may be used to
derive an expression for porous solids. For a porou.; s:.rgle-phase solid

B35 o PI-1273-MA12




(G, = 0)'“and"t_he shear modulus béqomeé:

v, 1
ol Bml ]
R T A
- Tourg " w0 |

For compmson with Mackenzie's expressmn, this equatlon may be wrltten |

in term‘s of the bulk modulus ( K, ) and shear modulus ( Gy ) of the i‘ully-
‘dense body. Collecting terms and substltutlon of

‘ Sky + 4G,
B Z_. 5 (9/(0 "‘560 }
gives _
- P
G fcé{pz +(/—p)] '

Figure B-1 iilustrates the dependerce of shear nodulus upon porosity

ih alumina ceramics according to the two approaches, The later expression

is labeled "Mcdifi 3 Kerner‘s Method" although he did not 1mp1y apphcablllty‘ ,

of his method to the porous body case.

Follow_mg a similar line of reasoning, the bulk modulus for porous

© sinpgle-phase materlals as derived from Kerner's expression becomes:

ke AGoKo (1P)
4Go +IKoP

Young's modulus for a porous singlerhase"hatefials was derived from'

the expressions for bulk modulus ard shear modulus and thelr 1sotrop1c
interrelatlonshlp"

__9KG
K +G -

B6 o PI-I27312
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" Young's modulus for porous media based upon Kkerner"rs expressions becomes:

g Golr- &)
. 'Ga Zp E
~ T3 T4

Based upon Mackenzie,'s expressions s Young's modulus becomes:

Go(;p))(/-fp) 2)
_zp P (2%, | ZP,

A comparison of these two expressions for the case of porous alumina is
shown in Figure B-2. The denation of Mackenzie's relation from the

r.‘empirical data of Coble and Klngery5 ~above 30 percent oorosity is probably
- due the higher order terms which Mackenzie neglected dxring his series o

expansion. As Mackenzie roted, his relations are valid only far small porosity,
For the application of Kerner s equations, the pore phase was comidered

as a simple mixture within the solid phase m.thout regard to pore geometry.

It might have been expected that such an approach would not co*relate well

with emplncal data indicated in Figures B-1 and B-2.

The succeSeful prediction of elastic ‘properties of . mlly~dem3e ceranic

‘bodies fromrsing_le crystal data described in Apperdix C, postponed attempts

to improve the porous-body model by including terms dependent upon pore
geometfy. Present equatione are reagonably valid for porosities of five
percent or less porosity. ' : .

" Yourg's modulus and shear modulus for porous magnesia splnel, mullite,
and thoria’ are illustrated in Fn.gure B-3 through B-B For the examples of

'alumlna, magnesia and spinel, values of Ioung's modulus Y and Xa - and _

- shear modulus Gy, ard Gz for the fully-dense ceramic body - as derived from

single crystal elastic constants are plotted along the ordinate,. In each
:lnstance, the extrapolated porous-ceramic value lies between the tw values

- computed -from single crystal constants. This denons trates a good correlation

between two 1rf‘ependent ethods for predlr‘tlng elastic propertles of fally— . ‘_
dense s:Lrgle-phase ceranmic bodles. The use of 51ngle crysfal elastlc

: .constants 1s described in Apper'dlx C.
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Kerner!s formula may also be extended to the case of porous multiple-
phase céramic bodies. For exanple, the bulk modulus for a porous two-phase

',ceramlc would be glven by‘

KB, Kh

/,/5K,+4G,) PASKo+4G,)
K° D, =X Vv

o3k, 4G T G vae) g,

where \/3 = volume fraction of pores = porosity

subscript 1 refers to the basic matrix into which

phase 2 material is added. |
Applicatlon of this expressmn to the alwn.lnum-s:Llica systen was 11.1ustrated
at the top of Figure 2}, In this system, an 4increase in porosity for any
composition results in a decrease of the composite bulk modulus as might be ’
eXpected.’ However, the mixture of phaseé'wim different compresSibiliti‘es
necessarily introduces shear stiresses between ﬂle"particles durirg compres-

- sion of the composite if the mixture has been sintered or otherwise bonded

together. In some systems' the présence of finite pordsit.y will not cause

a monotonic decrease in the composite bulk modnlus because of the 1ndependent
effects of poros:.ty upon the large-scale shear modulus. The ‘Pyrex-spinel
system, for example, has a cempos:.tlonal range in vhich small porosity

v produces a slight increase in the bulk modulus (Flgure B-9)., This rather

surprising result serves to illustrate the mportance of imlud:.rg shear

' stresses in any model d351gned to describe the thermoelastic properties of

composite media. It also provides fur ther endeme that Kerner's method

for predicting thermal expans:.o.. of composite medla should be superior to ‘

Turnerts nethod in which shear stresses were neglected.‘

Alternatlvely, the bulk modulus of a porous composite body might have .
been computed in two steps. First, the bulk m_odulus_of the solid composite
could be computed from Kerner's equation. Then Mackenzie's relation could
be applied to the composite bulk modulus to obtain the values for finifé .

porosity. However, Mackenzie's relation alwsys predicts a lowering of the

B-15 S PI-1273-M-12
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’modull due ’oc ’che presence of pores. Internal stresses arls:Lnb ﬁ~om the
dissimilar thermoelastlc properties of the several phases muld have to
remain constant with increasing porosity if this approach were valid. ‘But
 in the limit of high porosity, the internal sffesses approach‘ zero. Hence,
 Mackenzie's relat:.on cannot be correctly applied to multa.ple—phase ceramcs
.or composit.e bodies. : '

B-17 o PI-1273-M12
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APEENDIX C -

RELATIONSHIPS BETWEEN SINGLE CRYSTAL AND POLYCRYSTALLINE
ELASTIC CONSTANTS INCLUDIMG DATA' FCR SEVE&AL CERAMIC PHASES

The elastic propertles of fully-dense polycrystalhne bodies which are o

fmacroscopically isotmpic can be predicted from the elastic constants for

single crys’cals of each of the phases presexrt by the use of appropriate o
space averaging techniques. Space averaging Presumes random orientation’

of the grains. The validity of t.he rardom grain orientat.ion equa’cions will
be greatest 1f nelither the parthle shape nor the fonning technique induce

"As:Lgnlficam. amounts of preferred orlentatlon. Voigt took the stiffnesses of .

the aggregate to be the space average of the compliances of the single
cz'ystal. Alternatively, Reuss tock the ccmpllnnces of the aggregate tc be
the space average of the compliances of the single crystal. These two
approaches are equivalent to assuming uniform strain and uniform stress ‘
respectively, for each spherical grain in the polycrystalline body. While
neither condition will exist in a real hody, these approaches are valuable
in that they define the two extrems cases. BEnpirical data for polycrystalline
metallic ‘elements generally lie between these extremes according to data |
tabulated by Heav'mons ? Similar results have been fourd for s:.ngle—phase
polycrystalline ceramics during the course of this emdjr.

‘Hooke's law states that stress ( o) is proportlonal to strain ( S )
for su.fi‘iciently small strains. The generalized statement for an anisotropie

medium may be taken as
Z Cy St

vhere C‘./ o= elasta.c stiffness constants or the moduli of elasticity.
Alternatively, the relation may be wrltten in terms of the elastlc cc'"'“llance
constants ( Sej ) where

S = ;Sudj
j7

c-1 PI-1273-4-12




In gereral, S ' ) e

Iﬁe_elastickstiffnéés and complairce constants obtained with these feiatioﬁs
hold for a rectangular ooordinate'system with one preferred.drystallqgraphié
orientation. Table C-I lists repofted values_fof oxidg‘Crystals. If the
elastic constants for a more gereral direction are‘déSiréd;,eqpaﬁions‘for
.rotated elastic constants must be used. Hearmons”  has tébulated the 126
equatipns required for the.most~genera1'case. By integfation of the equation

for rotated elastic constants over all smace, i.e. o

o pem paw par
: : / / / F(D,%,6) ddayde
. (7] e Jo B

the space gveraged value will be obtained. This was done by Hearmon

who gives Voigt's results in terms of the elastic stiffness constants as

O

" = BL(3A*25*4C) ,

Cez= ‘5"(/'\—“45 -2C) ’

‘ !

= A4(A-8+3C)
where ' ’
' 3A 2611"'522;* Css
38=Cra* Co5* Cor
JG = C#* 055‘/‘ C“
ard the overline répresents- an average value. Since space averaged values

are macroscopically isotropic, the isotropic constants, Young's modulus ( ¥ ),
‘modulus of rigidity (G ) and tulk modulus ( 4°) may be derived in terms of

¢ . PI-1273-M-12
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_the expressioné' based on the Reuss approach as ' ' , »

i BT E et T e A A D i Aband e e Lo - - T B s USSP L

the elastic stiffness constants as given by Hearmon: . o -

_(A-B+3C)(A+28B)
CT 4‘2A+35“"C

. A-B8+3C_

where the suffix v denotes the Voigt mo&uli. ‘Sim'.larly‘,’ Hearmon derived

S o L - i

KT 3A*+68° ' | o
N ]

Gr T I IBY I

5 | -

b < Zx2EIC | i

where

‘ JA' =5, + 83, + S35

OB =S5 +S3 Sy,
- -
TC T804 *S55+ g4 : o o o

Comparison of Young! s modulus or shear modulus as conputed by. the Voigt

and Reuss technlques provides a measure of the elastic anisotropy of the L

single Crys'fal. For elastlcally isotropic bodles, Vo:Lgt's approach and .

Reuss' approach will give identical values. - : : o i B
For a cubic crystal such as MgO, only three 1ndependpnt el""+ stiff- L

ness or compllance constants appear ‘ ' }

C_;/ :sz :Ca\j =286 X/O'd_yf) eS/sz

Ca3=Cor =Ciz = 87x10'dyre sfom? - - - oy
c‘{; = 655 =Cees =14.8 X/O',%/ﬂe mz ‘ v ‘
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" Lang"' has measured the dynamic shear modulus of a series of alumine ceramic

Ky =

3 =22.2x10%psi

and  §,=8;=Sa5= 408 x10"%cm 7a5me. ~
S Sar =_'> S12 ‘-=‘f—’0.95 x10 cm-yd_yne.
Sy =S55 =$“=6.76170"°Cm7/a'yne'

7 ‘ VI
e = P2.2 XK po
KR aSﬂ,""'é\sfz 222)‘0 3¢
Ina cubic syste:m,.
S
Sy +282

C/’ +ZC[2 :

‘ard herce the bulk moduli ( A} and K= ) will be equal for all cubic vcfystals; |

Computation of both K, and ki for cubic crystals provides a measure of the

. corsistency of the reported values of elastic stiffness (Cy ) and (.s,:j ).

Bircl’;hs has applied these space averaging techniques to several ceramic

crystals to cbtain the compressional wave and shear wave velocities for ;
polycrystalliné bodies, For example, the shear modulus ( G ) for polycrystalllnev
corurdum (Al ) compu’ced from Birch's space averaged data are.

(Voigt) = 2L.0 x lO6 psi
. (Reuss) = 23.2 x 106 psi
w7 ‘
bars with varying densities, Extrapolation of his data to theoretlcal density

(P =3.98 g/cm3) gives an experimental value of 23. 5 x 100 psi for the
shear modulus which lies between the two ,predlc ted values, BJ_rr:h,"S has

c-5 , - PI-1273-M-12




tabulated similar data for eleven other mi‘ne'r’al 61" syrithetic crystals.
These data have been used to compute the elastic properties of fully dense
Ceramics 'i:i.sted in Table XV. However, it is to be noted that sevéral of

———

the ceramlc phases ‘of interest in studles of themal expan51on, internal - ;

stress due to thermal expansion amsmropy, tensile strength of multlphase E

ceramics and other ceramlc properties have no smgle crystal elas»lc R !
~ 'cons tant data reported in the hberature. e
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