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ABSTRACT

This paper presents the resolution of so=called thermodynamic
paradox, which was first pointed out by Iax and Button. It is
shown that the Bresler's resolution is insufficient; and there
can exist a single unidirectional mode in a lossless medium. The
Poynting theorem is investigated for a discontinuity in the one=way
system, and the solution is shown to exhibit a marked discontinuity
depending on whether conductivity is zero or approaches zero.

It is shown that Maxwell's equations with completely lossless
medium which leads to thermodynamié paradox is in fact "Improperly-

posed problem," which does not correspond to physical reality.
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1. Introduction

The first one-way transmission system was proposed by Lord
ﬂayloich‘[1901}‘[rbgan, 1956] using the Faraday rotation in an
optical system. Since then, through the work of MecMillian
[1946]. Gamo‘[l959] and bthers:[Carlin. 1954]. it is well=
established from general energy considerations that the one=way
transmission system must include resistive elements.

In 1955, however, Lax and ButtOﬁ‘[l955. 1956] pointed out
the possibility of existence of one=way propagating mode in a
lossless ferrite loaded waveguide, thus apparently violating the
basic laws of thermodynamics. In an attempt to resolve this so-
called "thermodynamic paradox®™, it was argued that the power
flow in reverse direction takes place via cut-off modes [Kales.
1956], That this does not provide a satisfactory resolution was
shown by Bresler [1960] and Seidel [1959]. At present, there are
two schools of thought on the resolution of this paradox. One
approach [Seidel. 1957] is that a lossless ferrite medium possesses
an "intrinsic loss" based on a consideration of the atomic model
from which the ferrite properties are deduced. The other approach
was advanced by Bresler [l960], in which he rejected the intrinsic
loss approach, and on the basis of the lossless permeability
diadic, he showed that while a single unidirectional mode is
obtained for the ferrite slab placed at the guide wall, if a gap
of width d between the ferrite and the wall were considered, the

different secular equation results, and in the limit d = O, there
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are always an even number of ororagating modes, half of which are
the forward waves and the other half the backward waves, Thus,
Bresler stated that this clears the way for the resolution of the
thermodynami¢ paradox,

This paper first shows that the Bresleris resoilution is not
valid for the general case of a single unidire¢tionsl propagating
mode. There exists a unidirectional mode in a lossléss medium,

In order to resolve this thermodynami¢ paradox, we first
note that there is no thermodynamic difficultles involved in an
infinite lossless system, and that the difficulty occurs only
when thereé is some discontinuities in the waveguide, whi¢h include
input and output terminations.

Next, the Poynting theorem is studied in detail, in particular,
its integral form for the case of one-way system terminated with
a lossless short, It is shown that the solution and the power
relation show a marked discontinuity whether conductivity is zero
or approaches zero.

From this discontinuous behavior, it is shown that the
Maxwell's equations with conductivity approaching zero is "Properly-
posed problem" which corresponds to physical reslity and which
satisfies three basic requirements. On the other hand, the Maxwell's
equations with zero conductivity is "Improperly-posed problem"
which does not correspond to physical reality and satisfies only
two of the three basic requirements.

Thus, the thermodynamic paradox is resolved by stating that

only "Improperly-posed problem" presents any thermodynamic

i
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difficulties, and {f the problem is properly=posed, there is no
thermodynamic difficulty.

2,

In this section, it is shown that the discontinucus behavior

of the solution diséussed by Bresler is not valid for the general
case of a single unidirectional mode, and 3 single unidirectional
mode Gan exist in a lossless medium,

Instead of the ferrite loaded wavequide, a simpler model
shown in Fig. 1 is chosen to illustrate the point,

Consider a semi=infinite lossless ferrite region y > d which
1s bounded by an air gap d > y > O and an electric wall aty = O,
The dc magnetic field is directed in 2z direction and it is assumed
that the geometry and the field quantities sre independent of 2
coordinate. The permeability tensor is given by

b JK O

= .
p=l-3K p 0 (1)
O 0Oy
t 4

where
= K, 1+ '—"M_Q") (2)

k 4
n

Wy = = WM, saturation magnetlzation frequency
W, ® 7 W, H gyromagnetic resonsnce frequency

The differentisl equation for E' in ferrite is
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A =0 (3)

where

Hx is given in terms of Ez.

H = 4@(,,,,z u-al) (4)

where

Now, matching the tangential electric field E2 and the magnhetic
field H at the boundaries, we obtain a secular equation

. I. k ‘
+5k =d Y (5)

=3k ,
f X p, ten ky d

y

where kx is a propagation constant in x direction, and ky and

k. are propagation constant in y direction in eir and in ferrite

fy
respectively, For comparison, let us consider the same problem
with a magnetic wall at y = O. Then, the secular equation is

k. +8k 'uk ky d (6)
J fy BoX - uo tan o

First, we notice from (5) that when d = 0, the right hand
side becomes infinite, and there is no solution, However, the
solution of (6) exhibits & continuous behavior irrespective of

whether d 2 0 or d = O,
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Thi: same situation takes rlace when a lossless plasma is
hounded ky an 2ir gar and an electric wall, It can be shown

that in a fraquency rarge

%
i
i
{
i
i
i
i

foTrucucdfwPru?su]) (7)
where ”p is plesma frequency and e is cyclotrorn frequency, a
unidirectional suriace wave €ah prupagate in a lossless opague
plasma [Ishimaru. 1901 ahd 19@2]. In this range the dielectric
constant is negative, and the plasma is opaque, thus; there is fo
radiation power. In such a case, the only power flow is by means
of a single unidirectional surface wave mode without being
accompanied by any backward waves,

It is important to note that this single unidirectional wave
mode i§ a surface wave type imode, which means that the field decays
exponentially in transverse direction. As will be snown later,
this behavior is important In the discussion of the thermodynami:
paradox.

3.

In the previous section, it was shown that a unidirectional
surface wave can exist in a lossless medium.

We note, first of all, that no thermodynamic paradox occurs
for an infinite uniform (or endless) lossless one way system.
For example, an inflnite lossless waveguide which carries the one= ;
way mode does not violate any thermodynamic law, becsuse an energy
is being transferred from minus infinity to plus infinity and

there is no source or load which may be cooled or heated. The

i‘; dfpreiitinis ©
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same can be ssid about a ring type wavegulde which propagates a
one~v.ay mode,

From the above considerations, we note that the sco-called
thermndynamic paradéx occurs only when there is some di%continuities
in the wavequide. The ehergy consideration which léad to McMil!ian's
conclusinn of resistive elements in the one-way system was hased
on the fact that the system 15 terminated at both input and
output ends where the Voltage or ¢urrent csn be specified. This
{s only possible when there is some discontinuities in the system,

Stnée there must be discontinuity in the waveguide in order
for the thermodynami¢ difficulty to occur, let us consider a
typical rroblem of terminating the one-way system by a lossless
short circuit. This is shown in Fig. 2, 1In order to investigate
this problem, it is necessary to examine the Poynting theorem.

From the Maxwell's equations, we get
V'EXH':J.U[E’D.’H.'B]

Taking the volume integral of the both sides of the equation, we get
o * -

provided that such an integral exists.
is valid only when the integration can be performed to yield a
finite value,

Let us first recognize that for the case of lossless medium,

5 and € sre Hermitian, and thus the integrand in the right side of
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(8) is pure imaginary as is well known. We note first the apparent
difficulty associated with this problem, From the integral form of
Poynting theorem, provided that this form i, veiid, the left side
of (8) has a real part representing the real pcwer carried by the
one-way rmode, The right hand side, however, has the pure imaginary
integrand, and it asppears that the integral may also he pure
imaginary. Thus, the real power carried by the one=way mode must
be equal to the imaginary power, which is contradictory.

simple example.

Let us consider an opaque plasma hounded by an electric wall
as shown in Fig. 3. The one=way surface wave mode propagates
towards the right. Suppose that the magnetic wall is placed as
shown, which does not support the propagating mode. Thus, the real
power carried by the one-way mode is being stopped by a lossless
wall,

First, consider the behavior of the field components near this

corner, Hz satisfies the wave equation,

2 2
8- L 80 L, 2 ? 22
(8;2 * 6;2 tky ) Hy = 0s k" ® ey )

The boundary condition cn the electric wall is

8 8 = =
(’8?**”'82:{) H;eo.ke% (10)
The boundary condition on magnetic wall is

H, =0 (11)

The dielectric tensor of the plasma is given by

T R  Ges o Rt e s e
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E Jjq O
E=l-3q ¢ 0 (12)
0 0 ¢, J
where
€= (13)
(14)
(15)

The plus sign in (14) is when the dc magnetic field is directed
in +z direction, and the minus sign is for -z direction,

We note that in a frequency range given by (7),

: 18

5’1'(0‘,5‘)1 (1€)
Hz can be represented by

H, =Z avg ng (ka) sin vy # (17)

where Zv is a Bessel function of order vy and a, is constant,
i : i

Consider small distance from the corner.

|kpp|<<1

e —
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Then, the first dominant term of Hz is

Z

From the boundary condition,

tan vg, = 3 & (19)

Since | Al > 1, there is at least one root of (19) which is
pure imaginary. This imaginary foot represents the exponential
decay in transverse direction and this corresponds to the one-way
mode. The other field components are

Ep = T‘}EZ— pv-1 vlcos vff + I\ sin v@)
T

E¢ - ;_L;. QV""]. V(J)\ cos V¢ = sin V¢)
T

D, = 3]; o'l v cos v (20)

Let us calculate the right hand integral of (8).

Ivju E- D dv

* ',
= ?%E;r viv +v") pvw -1 dpfzo (N cos @
= sin vf) sin v'ﬂ dg (21)

First, we note that if the medium and the boundaries are

]
completely lossless, v is pure imaginary, and thus, v + v =0,

H =p’ sinvf, v#0 (18)

[y
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However, the integrand conteains p"w which becomes p *. Thus,
this integrand is indeterminate, and moreover this integral is
not defined because the behavior of the integrand at p = 0
cannot be definitely known,

However, if the integration is performed before the medium is

allowed to become lossless, then

2 (A sinh Viﬂo - cosh viﬂo)] (22)

[ 2 )
provided that v +v > 0, and v = v t jvi. As the medium becomes
lossless, v, * 0.

Thus v
]
IV JWESD dv=-2-u-§;¢° (23)

The left side of the integral of (8! is
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irrespective of whether v is real, imagimary or compléx, The sbove
results can be summarized as follows:

The power relat}e:n represented by the integral form cf the
Poynting theorem shows a marked discontinuous behavior depending
on whether the conductivity of dielectric medium énd the resistivity
of conductor is zero or approaches zero, i.e., 0 £ 0, 1/0 = 0 or
g »0, 1/0d =0,

In terms of the integrals in (8), these two cases correspond
to the integration being performed gfter or hefore o(eand 1/6) is
allowed to become zero.

The left side of (8)

yields the real power, irrespective of whether integrstion is
performed before or after the limit ¢ = O,

éigfsExu'- dss_[sgg[ﬁxﬂ.]° ds

= lﬁg real (25)

However, the right side of (8) is not defined if the limit
is taken before the integration, and this is the case which yields
the thermodynemic difficulty, If the limit is tsken after the
integration, this yields the same result as (25) and there is no
difficulty associated with the power. It may be interesting to
note that even though the integrand of the right side of (8) is

pure imaginary for lossless medium, when the integration is
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performed before tha limit ¢ < O is taken, then the Limit is purely

real representing the real power dissipation,

N R T D ,
1im | Jw(E - D = H ¢ B) dv = =*= real (26)
g0 Iv ZUET

j 14m juw (E « D" = H' + B) dv = Not defined (27)
v 720

In the preceding section, it was shown that the solution of
Maxwell s equations show a8 remarkable discontinuity at o = 0
for dielectric and 1/0 = 0 for conductor. It was shown that if
0 =0 and 1/0 = 0, then the integral form of Poynting theorem is
not valid, and, tnerefore, the power relations cannot be meaning-
fully discussed. Also, this case leads to so-called thermodynamic
paradox, On the other hand, if ¢ and 1/0 are allowed to approach
zero, then the Poynting theorem is valid and there is no
thermodynamic difficulty,

Our problem is to investigate why one solution of Maxwell's
equations, namely the case 0 = 0, 1/0 = 0, yields such difficulties,
while the other solution, ¢ = 0 and 1/ = 0, offers no difficulty

st all,

intrinsic loss as was proposed by Seidel, However, we do not
wish to rely on the intrinsic loss idea, We wish to resolve this
difficulty within the framework of Maxwell's equation itself, as
was advocated by Bresler., In other words, we wish to choose one

of the two solutions, purely on the basis of mathematical problems,
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without employing the idea of atomic model or the intrinsic loss.

In order to do this, it is first necessary to investigate
what must be the requirements of the mathematical problems if
this problem is to c¢orrespond to physical reslity, These
requirements are explored by‘Courant‘[l962]. In general, there
are three requirements which a mathematical problem should
satisfy:

They are:

(1) The solution must exists.
(2) The solution must be uaiquely determined,
(3) The solution should depend continucusly on the data.

The last requirement is most important for our dlscussion. This
requirement is necessary if this mathematical problem is to describe
natural phenomena. The data such as time, space coordinate, angle,
dielectric constant, permeability, conductivity, eétc., can only be
given within a certain margin, and these data cannct be measured
without a certaln amount of error, Therefore, for a small
variation of the data, the variation of the solution must be also
small if this problem is to describe physical phenomena.

The mathematical problem which satisfies these three require-
ments is called "Properly-posed problem", while the problem whose
solution exists and is uniquely determined, but does not continuou-
sly depend on the data, is celled "Improperly-posed problem",
the thermodynamic paradox.

tie note that the solution shows a sharp discontinuity at
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c =0 and l/o = 0. Thus, the Maxwell's equation fur purely loscless
medium constitutes "Improperly-posed problem", which simply does not
correspond to physical realitly. This is why this lossless case
leads to so-celled "thermodynamic pdradox®, which does not exist
in reaiity.

On the other hand, the Maxwell's eguation with medium whose
conductivity approachés zero, constitutes "Properly-posed problem",
and indeed there is no thermodynamic difficulties involved.

5.

1t may be interesting to note that the idea of "Improperly=
posed problem” may bée applicable to other physical problems,

Fcr example, the edge conditicn in a usual sense [-kins, 1955].
which states that the energy in any small vclume conaining the
edge should be finite, is meaningless in the problem discussed in

the previous section, Instead, the condition should be stated as

1imJ' (z+ D" + W' + B) 4V = finite. (28)
o0 "V

Felsen [1959] observed that, in the case of wedge with linearly
varying impedance, the edge condition is apparently violeted unless
2 small loss is introduced. This is in fact the same situation,
and the above edge condition should be employed.

Another situation is Fourier transform applied to physical
problems. In order for Fourier transform to be valid, it is
necessery to assume that the wave number %« has a small imaginary

part,. This is also an example of "Properly-posed problem",

CE e O RS R BT SN



S

1.

2

'Y

5

7.

8.

9.

10,

11.

12,

13,

14,

-15_

REFERENCES

breslers A D., "Cn the TE  Modes of a Ferrite Slab Loaded
Rectangul ar Waveguide and $he Associated Thermodynamic Paradox,
1HE Trans., MIT=8, €1 January 1960,

Button, K. J. and B, Lax, "Theory of Ferrites in Rectangular
Waveguides", IRE Trans. PGAP, Vol 4, 531-537, July 1954,

Carlin, H. J., ®rinciples of Gyrator Networks", Symp, on Modern
AMvances in Microwave Techniques, P, I1.3., 1954,

Courant, R. and D. dilbert, "Kethods of Mathematical Physics",
Partial Differential Equations, Interscience Publishers, Vol 1I,
23’/'2:9. 1962.

Felsen, L. B., "Electromagnetic Properties of Wedge and Ccne
Surfaces with a Lineafly Varying Surface Impedance", IRE Trans.
FGAP, Vol 7, 231<243, Special Supplement, December 1959.

Gamo, Hideya, "On Passive One=way Systems”, IRE Trans, on Circuit
Theory, Vol Ct=6, 283-298, Special Supplement, May 1959.

Heins, A. and S. Silver, "The Edge and Conditions and Field
Representation Theorems in the Theory of Electromagnetic
Diffraction", Proc. Camb. Phil. Soc., Vol 51, 149-1€1, 1955,

Hogan, C. L., "The Elements of Nonreciprocal Microwave Devices",
Proc. IRE, 1345-13638, October 195€.

Ishimaru, A., "Unidirectional Surface Wave Along a Perfectly
Conducting Plane in a Plasms in the Presence of a DC Magnetic
Field", presented at the URSI-IRE meeting, Austin, Texas,
October 1961.

Ishimaru, A., "The Effect of a Unidirectionsl Surface Wave Along
a Perfectly Conducting Plane on the Radiation from 8 Plasma
Sheath", presented st the Second Symposium on the Plasme Sheath,
Boston, Mass., April 10-12, 1962,

Kales, M. L., "Topics in Guided Wave Propagaticn in Magnetized
Ferrites", Proc. IRE, Vol 44, 1403-1409, October 1956.

Lax, B. and K. J. Button, "New Ferrite Mode Configurations and
Their Applications", J. A, P., 1186, September 1955.

McMillian, E. M. "Violation of the Reciprocity Theorem in
Linesr Passive Electromechanical Systems", J. Acoust, Soc,
Amer., Vol 18, 344, 1946.

Rayleigh, Lord, "On the Magnetic Rotation of Light and the
Second Law of Thermodynamics", Nature, Vol 64, 577, 1901,



15.

1€,

-1&=
Seidel, oy "Ferrite Slats in Transverse Electric Modes
Waveguide”, J. A P., Vol 28, 218-226, February 1957.

Saidel, ‘. and R. C. Fletcher, "Gyromagnetic Modes in Wavequide
Partielly lcaded with Fexrite", BSTJ, 1427-145€, Ncvember 1949,




B T

B o S Pt et

»

Ferrite
or
Plasma

WOV IVIVINIIIIA

d !

. |

Electric or Ma‘gﬁé{ic Wall

Figure 1 Unidirectional wave in anisotropic medium bounded by

an electric or magnetic wall.

One way trans- lossless
mission \ _

€2 Hermitiar

Figure 2 Poynting theorem applied to a one-way system terminated

by a lossless short.




L

_magnetic
- wall
Opaque Plasma -

/
Y

" Electric Wall

\

Figure 3 Unidirectional wave along an electric wall terminated by
a magnetic wall,

1

e s et ot b A R P AL - R 1215

e o e 1 8 SO i i



Y ST s e f o

TECHNICAL REPORTS PUBLISHED ON CONTRACT AF 19(604)4096

21 G. Held
25 G. 'lld
G, Hasserjiasn
26 A lshimaru
G, Held
29 G, Held
A. Ishimaru
32 J. W, Blundell
G. Held
A. lshimaru
33 A Ishimeru
G, 4eld
40 G. D. Bernaxrd
A, Ishimaru
45 R. B, Kieburtz
A, Ishimarv
G, deld
46 A lshimeru
47 R. B, Kieburtz
A, Ishimaru
‘8 R. B. Kisburtz
A Ishimaru
G. Held
50 G, Hasserjian
4, Ishimaru
G, Held
,l L. J. Vanden=
Bos
G. Held
52 A Ishimaru
R. G. Bosse

519-

The Impedance of a Slot in a Waveguide

An Experimentsl Analysis of the Surface
and Tip Excitation of a Cone by a Slot

Radiation Pattern Synthesis with Sources
Located on a Conical Surface AFCRC-TN-
58=1T

Optimum Radiation Pattern Synthesis for
Circul ar Aperture

Synthesis of Rectangular Apertures
AFCRC=TN=59=147

Analysis & Synthesis of Radiation Pattern
for the Travelling Vave Type Sources on a
Circular Aperture AFCRC-IN-59-170

Closed Form Analysis for the Rgdiation
Pattern of the Modulated Antenna AFCRL-
IN-60-1143

The Variational Method for Evaluation of
Scattering of Electromagnetic Waves by
Cbstacles AFCRL-TN-60-961

Sinusoidally Modulated Nave Guides for
Traveling-Wave Antennas AFCRL=-TN=60-1117

The Variational Method for Evaluation of
Scattering Electromagnatic Waves by
Obstacles AFCRL 100

Diffraction by 2 Periodically Apertured
Conducting Screen AFCRL 101

Currents Induced on the Surface of a
Conducting Circular Cylinder by a Slot
AFCRL 551

Propagstion in Bounded Anistropic Media
AFCRL 718

Azimuth Radiation Pattern Synthesis for
Circular Aperture Antennas AFCRL 768

1 May 1956

March 1958

April 1958

29 Sept 1958

March 1959

Merch 1959

November 1960

August 1960

September 1960

January 19€1

January 1961

September 1961

Oc tober 1961

August 1961




IR No. Author

53

54

57

58

63

G. D. Bernard
A. lshimaru
A Ishimaru
Hang=-Sheng
Tuah
Ishimaru
Hsieh

o

>

Ishimaru

by
L]

Ishimaru

>

A, Ishimaru

Jitle Date
Tebles of the Anger and Lommel=Weber 1962

Functions AFCRL 796

Frequency Scanning Antennas AFCRL 711 April 1961

Frequency Scanning of Slow Wave Antennas August 1961
AFCRL 797

Pattern Synthesis with a Flush=Mounted September 19€1

Lesky=Wave Antenna on a Conducting
Circular Cylinder AFCRL 798

Theory of Unequally Spaced Arrays January 1962
AFCRL=62-325
The Effect of the Radiation from a April 1962

Plasma Sheath of a Unidirectional Surface
Wave Along a Perfectly Conducting Plane
AFCRL-62-355



