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ABSTRACGT

This study is concerned with the optimization of multivariable sampled-
data control systems. A squared error performance criterion is chosen and the
effects of controllability and observability are studied. In particular it is shown
that the optimization can always be carried out on a system all of whose coardinates
are both controllable and observable. In each case several illustrative examples

are included.
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SECTION I

INTRODUCTION

The purpose os this study is to consider a problem of optimization
using the point of view developed by Gilbert [1]about the analysis of a multi-
variable system. In particular the notion of controllability and observability
introduced by Kalman [2], modified somewhat by Gilbert [1]will be recalled in

of the coordinates are uncontrollable 6f unobservable.

A sampled = data system will be considered: Section II contains the
" basic elements of Gilbert's analysis of a multivariable system adapted to the
case of a sampled - data. Section III recalls briefly the theory of dynamic pro-
gramming which is used in the following sections.

Section IV considers a problem of optimization using a quadratic
érror criterion with given desired final value. Section V treats the regulator
problem where the output is desired to follow a given reference input.

It will be shown that the number of initial conditions that has to be
stated is equal to the number of observable coordinates. The reference input
has to be stated a priori i.e., must be known when the process starts. Finally
the optimization can be limited to the part of the system whose coordinates are
both controllable and observable.



SECTION T

ANALYSIS OF A MULTIVARIABLE SAMPLED-DATA SYSTEM

2.1 Introduetion:
A multivariable sampled-data system can be represented by
x(ctl) = A x(k)+ Bu (k) 2

Yik)

C x(k) + D (k) (2-2)

S where u(k) i8 a p dimensional input vector at

the sampling instant k

¥ (k) is a q dimensional output vector at the
sampling instant k.

FIG: 2-1: GENERAL !

X (k) is a n dimensional state-vector at the instant k. This vector is characteristic of
the state of the system at any sampling instant. nis called the order of the system.

A is an nth order square matrix
B is an n rows, p columns matrix
C is a q row, n column matrix
Dis a q row, p column matrix

The signal flow-graph of this representation is given in figure 2-2.

FIG, 2-2, SIGNAL FLOW-GRAPH OF EQUATIONS (2-1) and (2:2)




With this representation the state of the system is known only at the sampling instants.
Its behaviour betweeén those instants is not known. In particular, when a problem of
optimization will be considered on such & system, determining an optimum input will be
interpreted as "determining the values of this input at the sampling instants".

2-2, NORMAL REPRESENTATION OF A SYSTEM (1} , [3]

The eigenvalues of matrix A are assumed to be distinct. These eigenvalues are
the solutions of the nth order equation

det [A=21] = 0 ‘ (2-3)

where 1 = 18 the identity matrix

if )‘i is one particular eigenvalue the vector !-1 given by the matrix equation

[A - N I) V=0 (2-4)
is called the eigenvector corresponding to the particular eigenvalue M, .

If the \; are distinct, to each of them corresponds one and only one eigenvector,
Thus, there are n different eigenvectors.

A = p!l Ap (2=5)

iagonal matrix given by

is a

iGiven anrows mgt;ix A=a
dhp

thg‘j"ti; column vector X_iaAaxe"ndimensional vector
jog A. [~ a N

i |

|

whose components are the ¢

onents of the jth column

a.
X M

i =

L% |




(2+6)

Define now a new set of state-space coordinates by

x =90y (2=7)

The set of equations (2s1) and (2-2) defining initially the system bécomes

Y +1) = Ayk)+ puk) (2-8)

W

Y& =y y@®+ D uk) (2-9)

where

p=p"lp (2-10)

Y=C p (2+11)

The y,'s are called the normal coordinates of the system. The matrix p and

therefore the normal coordinates are not u;ni:qu; Itis always possible to multiply a
column of p by a given number or to arrange the columns in another order. By doing

#o we get another matrix which still " diagonalizes”the matrix A.

The system of equations is stable if Re \; <1 for all i. The rank of the ihput
u is defined as the rank of the matrix B. If this rank is r , it means that r_inputs are
independant, the remaining (p - r, ) being linear combinations of the zuindependem inputs.

The system can be considered as having r, inputs. In the same way, the rank
of the output r_ is the rank of the matrix C or 7. It gives the number of linearly
independant outputs when D = 0.

It is always possible to reduce the number of inputs by (p - r,) and the number
of outputs by (q - r_) so that the rank of the input (output) is equal to the number of inputs

(outputs).
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2-3. OBSERVABILITY AND CONTROLLABILITY

These notions were introduced by Kalman (2], and somewhat '
modified by Gilbert [1] .

ble, if p has no rows of zeros. The

o‘ﬂtiéll"‘ ble coordinates y; are the ones corresponding to non zero rows of f. The
unéontroliable _coordinates are the ones corresponding to zero rows of ps It is
clear that uncontrollable coordinates cannot be influenced by the input. They
only depend on initial conditions or on disturbance inputs.

0>

i

The observable coordinates are the ones correlspondmg t6 non=zero colufins of ys

The nonsobservable coordinates are the ones corresponding to zero columns of y.
It is clear that non=obsérvable coordinates are the 6nes which do not influence the
outpiit.

A Systern S ¢an always be partitioned into four subsystems:

1. A system S¥, all the coordinates of whlch are both controllable
and observable and having a transmission matrix Ds

2. A system S° such that all its coordinates are observable and
uncontrollables

3. A system S€ such that all its coordinates are controllable
and unhobsérvable.

4. A system Sf such that all its coordinates are uncontrollable and
unobservable.

FIG. 2-3. PARTITIONING OF A SYSTEM INTO FOUR SUBSYSTEMS_




The systems S°, 8%, 87 have zero transmission matrices. The proof of this theorem,
obtained by partitioning a system given by equations (2-8) and (2-9), is given in appendix
1.

2«5 CONCLUSIONS -

, A multivariable sampled-data system can be characterized by an n
dimensional state-vector. The values of this vector are known only at the sampling
instants. The behaviour of the system between those instants is undetermined:

Theé components of the state=vector are clasasified into four categories:

1) Some of them are 8aid to be controllable and observable because they are

affécted by the input of the system and they affect its output.

2) Some components which do not affect the output but are affected by the input
are said to be controllable and unobservable.

3) Some components which are affected by the input but do not affect the output

are observable and uncontrollable,

4) Seme components; which are independant of the input and do not affect the

output are uncontrollable and unobs
Each group of components of the state veéctor ¢can be représented as a subsystem
of the initial system,



SECTION III

NAMIC PROGRAMMING [4] [5]

321 INTRODU

Consider a multivariable sampled-data system with a p dimensional input
vector u_ (k) where k is the kth sampling instant.

uo__-f-e PLANT fos

FIG: 3=1; GENERAL MULTIVARIABLE SYSTEM

it is desirable to have the outpiit follow as closely as possible a q dimensional

referencé input vector X

The output x and the control input uare related by the plant dynamics wh}c.‘t,

in the case of a sampled-da.ta system can be written as

xlc+1) = £ 2 0), 8 (k)] (3-1)

N

consideratxom In our problem it will be auumed t-h,at there is. no s‘txi«;t limitation on
1 suchas |u| < A, where A is a given number. However it will be supposed desirable

to have a zea_sgnably small input vector. This will be taken into account by introducing

uin the performance criterion.

Generally, it is impossible to get the output to have the desired behaviour.
The general peri@rmance, criterion may be represented in the form
: I T P
s=[ F(x,r,u)d (3-2)
3 2 =
o

In the case of a sampled -data system, where the state of the system is known

at sampling instants only, this criterion may be replaced by
8 N ) )

S

0 Flx(), @), 2 k)] (3-3)

e



3.2 OPTIMAL CONTROL ?) YOBLEM

The problém which 18 posed now i8 the following:
Given a performance criterion (2- 3) and an ai-’bttra'r‘y initial output %(0), deter-
mine a sequence of control inputs, um (0), u (1). cee ,;; (N=1) which minimizes (or

ma.xin_nizeu) S.

In the following chapters two types of performance eriterion will be considered:

1) Final value problem:.

After a certaln number of stages the output should be as close as possible to a
reference r (k). Besides, as we have seen, the limitations on the input is taken into
account by Introducing the magnitude of u into the performance eriterion.

The performance criterion will be of the form

5 =[x, - r;l(k)]iz;e[x-z(k) - 7, (K) ]}z * "”'ﬁ"qfk) "]

e 2 2, 2, ,
+ 4 Uy (K + 1, (K +..0F 2. (K, . 3‘;_.4
k;‘,o v ) +uy (k) Tl T (3-4)

Determine u(k) which maintains x (k) as close as possible to a reference input
r{k). In additionu must be as " small" as possible.

The criterion for this case is

N 2 2 ' 2
s kzo [mf - 7, 00] #[m00 -xp00] +...[x 00 - rqm)g
-I-ul (k)+uz (k)+... +u (k)
N T
=2, (2020 [x00-z0]+ T wum (3-5)*

The notation F is used fér the traﬁspoae of the matrn: A.



It is noticed that expression (3-4) is not exactly of the form of equation (3-3)

Both equations (3-4) and (3<5) ¢an be represented by
8= F, (x 0} £(0) u(o)‘]+ ¥, [xm, £ u(l)] oot B [N 2(10), u(d) ]
(3-6)
which, for convenitence, is expressed as
§=F  (0)+ F (1) +...4 F (N) . (3=7)
In équation (355)?0 EF £...=F,,

In equation (3-4) Fe H FI =2,

llt

1)} _finciple of optimalig

An optimal sequence of control inputs, u(0), u(l), ... u(N=1), has the property
that whatever the initial state x (0) and the initial choice of u(0) are, the remaining
sequence u(l), u(2), ...u(N-1) ‘must constitute ap optimal ééqueﬁee for the N-l stages
process 5;5rtin§ at k = 1, with the initial state x (1).

2) This principle provides a method to solve the problem of determining a sequence
u (0), u L,.. o (N-1) which minimizes a performance criterion given by eq. (2- 6)

k = 0 with the initia.l sta.te x (0)

Thus SN-I [x (l)] wiil be the optimu—m value of S for an N-1 stage process
starting at k = 1 with the initial state x ).

. The mathematical translation of the principle of optimality can be written as:

Sn ﬁz(o)} i lj‘le (o) +F, ()] (3-8)
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The method will consist in a " stage by stage optimization”.
Consider first a one stage process. The performance criterion is

8 [5(0)]= roia [ FN(o)]

This equation determines u(0) for a one stage process; it will he u (1) fér a
two stage process, u (2) for a three stage process, u (N-=1)for a N stage process.
Consider now a twé stage process; u(l) has been determined by the preceeding

g’tépo

To determine u(0) consider the expression, derived from the principle of
optimality
in | Frv.p (00# 8 & () ] (3-10)

In this expression, it is possible to replace X(1) by its expression given by
eq. (3-1) -
x (1) = £[x(0), u(0)] (3-11)

Then SZ [15_ (0)] depends only onx (0) which is known as an initial condition, and
on y(0). It is then possible to determine the optimal y (0). The process can be repeat-
ed N times, and each step will determine a member of the optimal sequence u(0),

g(l)’ .o ':(]—')l X 0%(N31)-

3-4 OPTIMIZATION IN STATE-SPACE-
Consider a system given by Eqs. (2-8) and (2-9). The problem is to determine

a sequence of control inputs u(0), uf(l), ...u(N-1) which minimizes a performance
criterion of the form of equations (2-4) or (2-5).

In these expressions for S, it is always possible to substitute v (k) by the way
of equation (2-9) and to get, for the performance criterion, an e—xprg,s;i@n involving
the state vector and the control input, It is then possible to carryon an optimization
process, just by considering a plant with an output vector x , a control input uand a
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dynamic behaviour behaviour characterized by equation (2-8),

= N _ Eqs ; i
(2.8)and (2 -“9“); -

N | ) Eq~ .
wik) | 28 | 2k

FIG. 3<2. STATE-VECTOR CONSIDERED AS THE NEW OUTPUT OF A SYSTEM“
This 15 referred to as " optimization in state-space", It is the type of optimization that
will be considered in section IV and V.,
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dynamic behaviour behaviour characterized by equation (2-8),

[ e .| Eqs

ok lesendte-o) |

ulh)

Eq
28

i s

X 'V(Tk )

FIG. 32. STATE-VECTOR CONSIDERED AS THE NEW QUTPUT OF A SYSTEM
This is referred to as " optimization in stato-space", It is the type of optimization that
will be considered in section IV and V.,
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4-1 = INTRODUCTION-

Let a multivariable sampled-data syst~m be represented by
x(k + 1)= Ax (k) + B g(k) (4=1)

L(k) z C j_;_(k) +D ii’}.-(k) (4=2)

u (k): p dimensional input vector
v (k) qdimensional output vector

x (k) xdimensional state vector
A : nrow, n ¢olumn matrix which can be made symetrical (¢f section II)
B q Tow i column matrix

D : gqrow p column matrix,

Let r (k) be a given g9 dimensional reference input vector.

Consider now an N stage process where

1) At the end of the process the output v should be as close as possible to the
reference input r.

2) The average value of the magnitude of u, during the process should be as

small as possible, A convenient performance ¢riterion will be

1T NoT (4-3
s=[viv -] [v)-200] 4 T v 00w 4-3)

The problem is to determine a sequence of inputs u(0), u (1),...u (N-1) so that S is

ueehite v ped PV WIS

minimum,
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The problem depends of course on a certain number of initial conditions, If
the order of the system is n, the state-vector has n components and the system
dépends generally on n initial conditions (the case where this staternent is not true will
be examined later), It will be assured that the initial state is given by the components
of the state=vector at the instant zero, In other words x (0) is assumed to be a known
vector,

In thé casé where the components of the staté véctor do not depend on u(this
given by the comnponents of the vector outputs at instants 0, 1,2;...m, m depending
on the respective valués of nand p. If o= m p +a with a< p and m and a integers x(0)
will depend an v (0), ¥(1), ...¥(m)and a components of vim +1)

As a sample example consider a nth order single ~input, single output system

vik +n) + a1 vik #n=1)+. ... ¥ a, (k) = 5@ un) . (4-4)
A set of appropriate state variables are
X, k) = vik)
x, (k)= vik +1)

xplk)=  vik +n-1)
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It is important to notice, that, in the case of a sampled-data system, the
"initial state™ of the system does not mean, like in the continuous case, the state
of the system at the instant zero, but can require, for instance, the knowledge of
the output at a later instant. It is clear that equation (4=4) defines the variable v(k)
under the condition that v(0), v(1),...v(k=1) are given as "in-tﬁal conditions " .

S will be minimized by the method of dyna.mlc programming discussed in
Seetion III. Lt SN [x (o) ] be the minimum value of § for an N stage process which
starts at k = o withx (o) specified. The different S's are related by the following

relations .
s;[xte)] = \in}g) ([t-r@] Tz -zt ]+T on (o)} (4=5)
Sz[:_g_(o)] = gm(i:) {sfxm] +4 T (olu (o)} (4=6)
s, é.tg(o) = gmin {sz{x (] +u T (o)u (o)} (4-7)
SN ;(°> - {sni (2] 42T (o) 2 to}} (4-8)

4.2. ONE STAGE PROCESS

The optimum value ofu (o) in this case is given by eq. (4=5)

5 [—’-‘- (‘”]‘ = ":‘tg) { [z (o)e;(O)]T [;(o) —g;(o)]j +gT (0)u (o)

or else

Sl[i (Q)] mi{.‘) {[ CX (o) # Dy (o)- r(°)] [Cx (0) + Dy (o)-r (0)]+u (o (o)} (4-9)

Eq. (4-9) is an expression mvolvmg all the componenta ofu (o). Letting ail the
8s 8s, 9s
1 1
derivatives I (o) ) 8“2(9) s -Eup(jQ) equal to zero and condensing the result in

matrix form, %i (0) (ises, u (o) optimum for a one stage process) is given by (cf

appendix II)
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pT rc % ()+Duf(o)er ‘(og)] +uf (o) = o (4-10)

or
8= U [2(e)=Cx l0)] (4= 11)
where
v,* (1+07p)"! pT (4-12)
. In this case the result can be made particularly simple by noticing that,
according to Eq. (4=2)
¥ (o)= Cx (o) +Du (o)

Equation (4<10) can be written as
D {yle)-zlo)] +u (o) =0 | (4-13)

Hence
85 te) = DT [2(0) -y (0] (4=14)
Consequently, the controller, in the case of a one stage procéss can be
synthesized by simple feedback. This will be true for the last stage of any multi-
stage process.

<

\
1"\"
it

FIGURE 4-1. CONTROLLER FOR A ONE STAGE PROGESS

=t - e —————————— -

The actual minimum value of S [X (o)] is then:

S‘;I’_‘_ (g)j = [5:5(9) +DU, (x (o) = Cx (o)) = x (o)} T[cz (o) + DU, (z(0) - CX (o))!;z‘(‘f”ﬂ

#z (0= cx(0)] U, TUy[ 2 to) - Cx (o)] (4-15)
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Let

Hl = (D" -I) (DU -I)+U1 Ul &441‘6’)

S;l 3[3_5 (o) ]éan be written in the form

SOUx(o)] [r(o)-Cﬁ(o)] HI[r(o)-Cx(o)] (4=17)
" Which shows that S [x (o)] is a linear form of the vector r (¢) = C X (o)

In the rather frequent case where Da O, U, is the gero matrix and H; is
the identity matrix '
7 | Ul ®« 0O Hl 8l
and S?[ X (o) ]j optimum {s equal to the magnitude of the vector r (o) = CX (o)

The error criterion £or a two stage process is

sz )= 8 {x] + uTio) ulo)

=(zm-cxm]T mlzm-cxm)+a’ @) 18

vl#

Equation (4=1) for k = o shows that

X(l)= AX (o) +Duy (o) (4-19)

The result shown in appendix II gives uz (o) by the equation

-_-(GB,)T [r (H=C Ax(0)-CB u, (o)]l 4+ uz {o)= o

uzlo)= U[x(1)-CAx (0)] (4-21)



'

(4=22)
The minimum value of the performance criterion for two stages is
s3[xt)] = [201)-CAx(01-C B, ¢ (1)-CAX(oN] THy[ £(17-CAx(01-C B U, (E(1-CA (o1)]

+z (- 6 A%(0)]) TU,TUy[ 2 (1) - € A% (o]

or
5,

[x@] = r=cax@]® Hy[z()=CAx (0] (4-23)

where

Ez = [ I-CB 72] THI[I -CB UZ]+ UZ (4=24)

In equation (4=23), H, is a symetrical matrix.
The synthesis of the controller requires the knowldege a priori, of ¥ (1)
The value of uj (o) can be then precalculated, but the controller cannot be
synthesized by feedback:
In the case where the components of the state-vector are eithér uncontrollable
or uriobservable, then C B = O, therefore gg £ o.

This result could have béen easily predicted. In this case the v's cannot be

influenced by the u's. So $ will be minimum for gT(o) ufo)=o i. e., ufo)=o.

The input which optimizes a one stage process is
u} = Ul[g; (0) = Cx (o) ]

The sequence of input which optimizes a two stage process is

The U's are p rows qcolumn matrices depending on A, B, C, D.

S‘i’ [3 (0)] is a linear form of the vector r (o) = C x (o). Sg [5 (o) ] is a

linear fo_z‘m of the vector r (0) = C AX (o).

Those results can be generalized for an N stages process.

4.4. N STAGE PROCESS

Assume that for an N=1 stage process the error criteron is
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Sxfx )] =f 2 (N-2) - ¢ A2 4 (o] Hyy[z (N=2) = ¢ & N24 *x(0)]  (4-28)

whétre HN i is a qx q symetrical matrix.
For an N stage ptrocess the error criterion is

shfx (0] = Sy [ ]+ a7 @)y (o
® [r (N<1) = ¢ AN-2 x (1) ] T Hq_l(_ (N=1) «cAN x\l)]-!-u (o)u(o)

or else

s o[ 260)] =] 28 1)-cAN* Yy o) caAN"2By(o)] TH wo 1l 208=1)26aN Y (6)-caAN"28y(0)]
g T (o) u (o) (4=26)

The result shown in appendix II gives the equation giving u ‘I’q (o)

(ca™2mTu [rvn - ca™x (o)« cANZBy S 0)] +ug 0= o
or B , o
st = U [z m-1-ca™ 0] (4-27)
where
uy= [1+e aV28)T ) (€ A N28)) ") c AN28)T Hy (4=28)

This shows that u 1?1 (6) is a linear function of r (N-1) and of X (0). Therefore

s § ‘[x (o)] [r (N=1) - AN"*x (o) IHN [ r(N=1)- GAN’l x (9)],‘ (4=29)
where

= (e a%28 uy ] m, [1-ca™ 2 UNA],'} Uy Uy (4-30)

Equation (4-30) can be interpreted as a recursion formula between the H's with the
initial value
= (14070 ]"!
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Therefore it is possible to compute all the H's using eq: (4=30) and deduce
the U's via eq. (4-28).

This work can be programmed in advance on a computer and the U's can
be known a priori.

For an N stage process, the sequence of optimal inputs 18

Up [z 1) - caN14 (o) ] (4=31)

e
Zo
a
M

UNai [ r (N=1) = CANézi (')]: (4=32)

le
Zo
E,
"

—
[
-
w
|
i
)

2 [ P (N=1) = CANisi_i (2)] (4=33)

z o
[ 1

;I%ﬁl o o @& llﬂ’

Zo
Fi
I

G

I

(N-1) = € x (N-1)]

x (o) being known, u I?I can be computed; and this cannot generally be dotie
by feedback for X (o) can depend on the state of the system at later instants. A
synthesis, using feedback will then be possible in the only case where the order
of the aystem is equal to the rank of the output.

For the next step, x (1) is given by

x()=Ax (o) + B uj (o)
Eq. (4-32) gives then 213 (1), and so on.
The sequence of optimal inputs has to be precalculated, and fed into the
plant at the proper instants.

All the expressions involve A to a certain power. Thus it is advisable to treat
the problem in the state variables which diagonalize A.
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fii=2

Az

(4=34)

»
2
"

Q)

4.5,

jey b

The coefficient of X (o) in Eq. (4=27) is CANil. If some of the coordinates
are unobservable C has n® + af columns of zeros (which can always be the
n° + nf 1ast ones.

C can be wiitten as!

{(4=35)

n' n4n

where n' = n# 4 n° = number of observable coordinates. On the other hand, AN!

is a diagonal matrix given by

N!'l - | . I3 )
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Consequently
_Cil SR N"l'! ool
!
caN-1, I {:‘ 0 O } | a (4-37)
| ‘ lo of
L_cl‘n)‘ IN‘_I cﬁiﬁ‘)‘ﬁi.wil { o oa /
The 5¢ + al last columns of CAN"! are zeros. As a consequence u (o) does not

depend on the unobservable coordinates ofx (o).

This result could have been predicteds The unobservable coordinates, by
definition, do not affect the output; so they do not appear in the expression of S:
As a result, the optimization can be carried on systems S* and 5° and system
§¢ and 5% can be forgotten. The order of the system is n* + 1 and the problern
depends on n* + n° initial conditions, which are the components of vector y¥o) and

¥lo):

Consider now the equation y= v* + v ® which states that the actual output of
the system is equal to the sum of the "controllable and observable" part and of
the observable but uncontrollable part. Saying that v should be as close as possible
to a reference input r is equivalent to saying that v* shouid be as close as possible
to a reference -

1 Kol

r =rs

i<

(4-38)

v° depends ‘n_ly n the vector y (o) but is independant of y. It is thus possible to

de:;"_, © and therefore r a priori. before starﬁng anyﬁbptimization process.

CONG mqj ION

;(o

Instead of carrying on an optimization process over an n* + n® system with a
reference input r, it is possible to canﬁy out the optimization on the n*th order
system S*, with a reference input r r =r- y__o

' '} = *"
L_ 'L—;o e c — s* | S—
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Finally the case where all coordinates are either uncontrollable or unobsers=
vable (no system S*) has already been mentioned. In this case the output is
disconnected from the input and the control problem has no solution. The only thing
t6 do to rainimize S is to set u = o.

Yomn] &

S‘é e i

amsidera two inputs two outputs system as shown in fig. 44 characterized
by the equations

(v (4204 3 vy (k +1) = 2 vyl = ) (K) | (4-39)

vy ( 41) # 3 v, () 4 v, (k #1) + 3 v, (k) = uy () (4-40)

FIGURE 4-4. TWO INPUTS, TWO OUTPUTS SYSTEM




A set of appropriate state-variables is
Xy (k) = v (k)
xp ll= vyt +1) (4=41)
X3 (k)= v, (k)

[ vy o] | [y )7
v (k)= | aRe=}
v k) | | u (),

The initial conditions are stated by the vector

v ) v
| (4=42)
Lva e

(4-43)

1 o 0]

The normal coordinates are defined by
X (k) =p y (k)
where

"1 .1 17

-1 1 OJ

The plant dynamics are defined by the new set of equations:



" (4=45)

(4=46)

2. STAGE PROGCESS

U, is given by eq. (4-22).

x 7 8 Z
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If the process has more than two stages it is necessary to compute H,,
given by equation (4=24): The result is

(4=48)

Consider the single=input, singlesoutput,second order system

v (k +2) —% vik) =ufk+]l) (4=49)
The state vector can be chosen of the form
xy (k) = v (k) (4=50)
x5 (k)= v (k+1) = Fy u (k) (4=51)
then

xl(k‘*l)gxz (k) *+ Flu(k) (4=52)
%5 (k.+1)=e§ %4 (,kHFZu(k,) (4=53)

F, and F, are determined by writing

xp It D=v(k+2) - Flult=g v () +F,yul

v (k+2) =-} vik)+Fiu@k+1)+F,uk (4-54)
On the other hand

vik+2)= 3 vik)+ullct) (4-55)

eq. (4-54) and (4-55) gives F, and F,



Finally the state vector is

v (k)

_x; (k) = 'j:“ R ‘ . “.

and the plant dynarics can be written as

0‘

x(k+1)=|

i

v =[1 o] x

The normal coordinates can be defined as

v =1 1] yao

One stage process .

As the transmission matrix D = O the optimal input is (cf 4-2)

2 0

I

21

Two stage process.

uj is given by eq. (4-21) and (4-22)
5 117
cB=[1 1] [z]:%

eq. (4-22) gives

(4=56)

(4=57)

(4-59)
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and equation (4=22) gives
ug (o) = % [r (1) --;lg ¥y (o) +71 ¥a (o.).]‘ 14=60)

ug (=0 (4-61)

Eg. (4-30) gives H, = 9g%
.and Eq. (4-28) gives

u(e)= 0.12 [ 2)=F ¥, (o) =5 v, (o) ] (4262)

ug (1)‘2:17% [r (2) --é- ¥y (o)+71‘ Y, (o) ]

Case where some components are uncontrollable or unobservable.
Let a third order one-dimensional input, one~dimensional output system
be given by

The system is initally relaxed.

The third coordinate is uncontrollable, the second unobservable,

The system §° is characterized by

VQ (k) = x;3 (k)
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Therefore v° (k + 1) = v° (k) = v2(o) = o

.0

Ve pay o=

r
The optimization process can be carried out using the equations

xp(k+1)=4 %, (&)
viie) =y (k)
Which are equivalent to
v+ 1)=gv (k) (4-67)

In this ¢ase an optimization in the state-opace is equivalent to an optimization with
respect to the actual output.

Consider the cascade connection of the two systemns

{ v, e+ 1) = <y, () +u, (k)

v, B =y, 0 +a, 0 (4-68)

Vp fk+ 1) = -2y (k) + uy (k)

5, - o | (4-69)
Crp ) = vy () =y, ()

FIG. 4-5. CASCADE CONNECTION OF TWO SYSTEMS

1 system S can be taken as
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The system S can be represented by

.

=1 O ]l 1
x (k4 l)i'[ 1 _2] x (k) +l 1]‘ u (k) (4-70)

v =1 1] x (0= e (4-71)

and for

The nofmal form representation is

-1 0]
yle+lp

[ yoo+ | |
O az\x

vik=[o 1] y@ -ute

All coordinates are either uncontrollable or unobservable. Even though
§, and S; spearately can be optimized, their cascade connection is such that input

and output are disconnected and the optimization problem is meaningless.



REGULATOR PROBLEM

5.1. Introduction

In this section the regulator problem is considered that is, the output
yis desired to follow as closely as poasible a reference input ¥ and besides '}
should be as "small" as possible.

The expression to be minimized is

n P .
s= 2 [sm-z00]T[zt0-200]+sT t0u (5-1)
k=% i

x(k+1)=Ax(k)+ By (k)

vi{k) = Cx(k)+Du (k) (5-2)

The initial conditions are given by the componants of the state=vector at
instant o
%, (o)

Let S [ (o)] e defined, as explained in Section IIl, as the minimum value of S

for an N stages process starting at k = o with the initial value x (0). The set of

following equations can be written
5 ,[xt)] = ?(;5 {[z@-xt ] [vt)-x (o)) +u’ (o) u (o)} (5-4)

S,[x to)] = min {51[ x (1)_]*[3 (0) -r (‘O)IT[__}:(Q) -r (o)] +ul(o) u ()}  (5-5)



31
{ e 1[ x (l)] [v (o) « 1 (0)] [v(o) -r(o)]+ ¥ (o) 1 (o)} (5<6)

The pti”izatiéﬁ process will be, as explained in section III, the so=called
"dyanamic programming " process.

5.2 One stage process

The expression to be minimized in the case of a one-stage process is

5[ 2 (o)) = min {[3 (o) - £ (0] Ty o) -z )] +uT (o) g (o)} (8-7)
in

8ion has already been studied in 3-2.

The niinimization of this expre
mple feedback and the optimal

this case the controller can be synthenze d by

input is given by

uf = U1[£ (6)=cn (o)] (5-8)
Where Uy = [I + DTD] pT
or

3 =D [rle) -y (o]
The mitimum value of 5, [J_f (o)] is given by

cx]T 1 zi-cxo)] (5+9)

1[ (‘”] [

Where H1 is a symetrical matrix.

\|1|1
’l

2.3. Two stagg pro cess

The expression to minimize is given by Eq. (5-5)

s,[x60)] =[ £ (-cxm]T 1]z (1)- cx (1] +{glerzle)] T[xto)- (e T+ u¥iolute) (5-10)

or using eq (5-2)
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5[ xt0)]= [r(l)-CA 5 (0)-CB (o) T [ 2(1) - CA xlo) = CB » (o)/]

+]G x(0)+Du (o)=x(e)] T [G (o) + B wlo)=re) | + uTie) u (o) (5-11)

The computation given in Appendix IIIshows that gzq(o) is given by the

eéquation

(.-.CB")T HI [_E (1) = CA§ (O)ECBE (@’]‘ § T [C x (o) + r)g_ (5)‘?(‘6)] +u (e) =6 (5-12)

or
uf ) =U® x@+u?® v rq (5-13)
where
CASE -[ier)T H, cB +HJ" [(CB) H, CA—+DT¢] (5=14)
v = [enTnyca+ul! o (5-15)
,U.rf?‘) = [(CB) H, CB+H] (CB) H, CA (5-16)
¥]

The result can be written under a more condensed form by introducing the

2q dimensional vector

3
=
i«
Nt

index 2 means that the vector is 2q dimensional.

More generally the vectors Ry (o), Ry (1). .are defined as



B-K (o) =

By (1)

o]

Let u® = [U (2)
Eq: (5=13) can i‘:@ rewritten as
= uf) x @) +u ) R (o)

Similarly Eq. (5-8) shows that

sw=uMzm+uf g 0

where )
- ) R
Ux = UL G
7(1) "
UR. U1

It is now possible to compute the minimum value of S

Q

s,_[g (0)]3—:-; (1)~ Cax o) - cB (1P (o) + U R z(o)}

X

+1cx (014D (02 x (o) + U®) Ry(0) - £ (o)

+0 x40 B, (o)]T [ ]

Kq dimensional

N

|
I

x (o),

(5-19)

(5=20)

(5-21)

(5922)

This expression is a linear form of the two vectors x (o) and 52 {o). It

can be written as follows



st[gg (o)]‘ = x" (o) H, x(5) +R, o) L, R, (o) (5-23)
Where H,, KZ" Lz are symmetfical matrices depending on A, B, C: D.

3=4. Three stage process

The expression to be minimized in this case is
§5(xt0)]= 7 (M H, x(1)+ R, (1K, Ry (D +x7 (1) Ly Ry (1)

+{x 012 @] T[t0)- 2 (0)]+x" (o) u o)

or if x (1) is substituted by the way of Eq. (5=2)

gt

[Ag(OHBg(é)]THZ[Agg(é)*Bg ]132 (MK, Ry (1) (5-25)

[

ll%

(o)]

+[A 5 (0148 (o)) TL,R, (1) +{C x (o1Dulol-z(e)] ] o ,o)wu(o)-r(o)] + 8T (o)ulo)
Therefore u3 (o) is givem by the following equation {cf Appendix III)

2 8TH, [A x0) + Bu (0)] # BEK,R, (1) + DT [G x(o) ¢ D wlo)-x(o)] + ulo) = o (5-26)

T

PSR A, T =8 on Ty, T, T, ) S
uje)=-[1+28"H,8+D'D] | 2B HyA + DTC) xlo) + BTK,R,(1) + Dz ()]

(5=27)

This can be rearranged as

19 t0)= 0 xi0)+ U R, (o) (5-28)

‘I«s:

Substituting this value of u3 (o) in the expression of S 3[_:5(0)3 it is clear that Sg[;:_ (9)]‘
is only a function of x (o) and R, (o) for I G



(o]

R, (o) (5-29)

0 O

i
i
.

Se 33[ x (o’)]; can be written in the form

83[x0)] = xT (o) Hy x (o) + By (01K R, (o) 4 5T

(o) L
And the process can continue in the same way.

55,

1) For an N stages process the sequence of optirnal input can be written
in the form

Ster= UM & () + UM » (o)

e
1™

IEUER A FTURT LA W (5-31)

sy M= g My en s vl g, vey

2) The general expression for the various matrices U's are too com-
plicated to be given e:cpliciteiy. However eqs (5-31) show that the value of the
optimal input u°® (k)at the sampling instant k depends on x (k) and on the value of
the referenceé at all the sampling instants k, k + 1, .. N following k.

3) The reference r must be known a priori. This makes the problem
possible to solve when it is a regulator problem; but the dynamic problem where
the system is desiredtofollow an indetermined reference input cannot be solved by
this method. '

4) The sequence of optimal inputs can be precalculated and fed into the
plant. However the expressions involved are very complicated and the optimization
became very impractical for high order systems and processes with a great number

of stages.

5) Clearly the conclusions of Section IV about the effects of controllability
and observability are still valid here, for those conclusions are valid for any type

of criterion.
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0

! o - o

| o R, (o) (8-29)
So 53[ x (o)] c¢an be written in the form
33 xi0)] = xT (o) Hy x (0) + Ry T(0)K, B, (6) 4 2 (o) Ly R, (o) - (5-30)

And the process can continue in the same way.

5-5. GONCLUSIONS

1) For an N stageés process the sequence of optimal input can be written
in the form N
2ter= UM & (o) 4 UM Ry fo)

4 x
PRACTER A PR TR ALl N (5-31)

P RTER ALY ST ALE WS

2) The general expression for the various matrices U's are too com=
plicated to be given expltciteiye However eqs (5=31) show that the value of the
optimal input u® (k)at the sampling instant k depends on x (k) and on the value of
the referenee:i at all the sampling instants k, k+ 1, .. .N following k.

3) The reference r must be known a priori. This makes the problem
possible to solve when it is a regulator problem; but the dynamic problem where
the system is desired tofollow an indetermined reference input cannot be solved by
this method. '

4) The sequence of optimal inputs can be precalculated and fed into the
plant. However the expressions involved are very complicated and the optimization
became very impractical for high order systems and processes with 2 great number

of stages.

5) Clearly the conclusions of Section IV about the effecta of controllability

and observability are still valid here, for those conclusions are valid for any type

of criterion.
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5.6. EXAMPLES

Example 1

Let a second order single input single output system be given by
~ fo 17 "1 ) B
§(Nélsl)§f:c 1] x (N) + ! u (N) (5-32)

v =1 o] aqw

=

The system is supposed initially relaxed.
The eigenvalues o6f matrix A are 6 and -1 with

(11
| ] (5=33)
lo 14

H

The normal form representation is

- fo o} ) M N
v (N¢1) = i vy(N)+ | | a (N
. lo l] o 3[0]4 ’ (5-34)

v = [1 1] yv

It is clear that both coordinates are observable but only one is controllable.
The syster S is defined by

Y2 (N+1)= Y2 (N)

PN = oy, (N) (5+35)

v N+ 1) = vO(N) = v° (o) (5-36)

If the system is initially relaxed the new reference r' = r -v_ is equal
tor.

The problem is now one-dimensional. The plant is defined by
v(N + 1) = u (N) (5-37)

and the criterion
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Y . ‘
5= [voo-rw]? +dd
k=o
In this case the state vector is identical to the output v

One stage process

The results of section (5-2) show that
Si{ v(@)] if[v (6) = ¥ (o)] 2 4wt (o)
u? (6)= o

Syfv @] = [v o) £ o)

Two stage process

S, for a two=stage process stands as

n N 132 .t B2
Sp[v ) ]={v ()= (] #{vie)er(o)] +u” (o)

sfue-r P +[vio)-r @]+ o)
uj (o) is given by the equation

1—;;’(‘,)i r (1)+ug (0)= o

and the minimum value of 53[v (9)] is

Sz [v’ (o) ] = rg (1)._ + [v {fo)-r (9)] 2

Three stages process

The éxpression to minimize is:

(5-38)

(5-39)

(5-40)

(5-42)

(5-43)

(5-44)
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Sy [" ‘(’o)]l"‘ L@ + [‘v‘ (=~ (°\] 2 +Lv (o) = ¥( )‘]; 2 4 o)

2 5 i 13 T 12 & 42 (o 5=45
= ——-z-———'r“*z\)“ +l[ u (6)‘-? (i)]z +[§[V(6)" i'('O)] +u (0) (5-45)

u§ (o) is given by the equation
ug (o) = ¥ (1)+ug (6) = &

L s (5-46)

I

More generally, due to the fact that v (N + 1) does not depend on v (N) but only
on u (N); for a N stages process, the sequenceé of optimal inputs is given by
= ()
S

uy (o)

. 0 {1 &= <(£)_
uroj (1) .3
(5-47)

{ |
;"l
I

uy @)
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Let a first order single input singlé output system be givéen by
viN#1l)=v(n)=u(N+1) (5-48)
If the state vector i8 chosen as
% (N)= v (N) = u (N) (5=49)
the plant dynamics are given by
(% (N+1)=x (N) +u(N)
} (5=50)
Sv (N) 2 x (N) +u(N)

One stage process

The expression to minimize is

Sl[x (o)] =[x (o) +u o) - ¢ (o}]?

2+ 42 (o) (5-51)

Therefore (cf Eq. 5=7)

[0S )= 7 (o) = x (o) | (5-52)

and
5, [x )= 3] = te) = x (o) 2 (5-53)

Two stage process

The expression to minimize is

5, [x @)= 3 [x 1 -xm ]2 4[x (04 w0 - r (o) * + %0
(5-54)

[+ (1) - x (0) - w (o)) 2 #] x (01 # w ()= 7 (0] + u(e)

L]
il\a -t
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and Eq. (5-13) gives the optimal inputs

1 ug (Voi)i-%@[irr(o)arr (1“3*(6)]

" ug (l)=%
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This study was concerned with multivariable sampled=data systemsa. It has
been shown that an optimization of such a system with a squared error criterion
is generally possible and leads to a sequence of optimal outputs depending 1) on
the state-vector at any instant 2) on the reference input at sampling inatants: The
controller cannot work on a real time basis; the sequence of optimal inputs can be
precalculated and fed directly into the plant. In the case of a desired final value
studied in Section III, this precalculation is reasonably simple. The regulator
type problem is much more involved and requires the knowledge of the reference

input before the process atarta.
The impeortance of controllability and observability of the coordinates of the

state vector has been shown. In particular the optimization problem becomes

meaningless when all the coordinates of the systern are either controllable or

unobservable. In the general case the numbef of initial conditions which has to

be stated is equal to the number of observable coordinates. The optimization can

always be carried 6ut on a n* th order syatern where n* is the number of observable

gnd controllable coordinates of the system.

quite thoroughly- The sequence of optlmal outputs can be ‘derw’ed using a récursion
formula: The regulator-type problem, studied in Section IV leads to rather involved
results, and only the form of the results has been given. In both cases the study

was limited to a finite number of stages.



APPENDIX I

Partitioning of a multivariable systems into subsystems according to controll=
ability and observability.

Consider a multivariable n th order sampled=data®* system S given by the
equations.

ylk41)=Ay (k) +puk) {1=1)

Y (k)= yy (k) + Dy (k) (1=2)

The order in which the cémpoziéms of the state=veéctor can be arranged is

arbitrary. Let us arrange them so that

b ]

The n* first (n* < n) are both controllable and observable =

[yi ('k)]
Define y* (k) = | Vo (k)
= The n® following (a° < n) are controllable and unobservable.

e [T @]
Define y° (k) = | o* + 1
[V + nel®) |

= The n° following (n°< n) are observable and uncontrollable.

Yo# + 5% 41 ()

Define y° (k)=
 Yow e e o
L n* + n, + llo(k) J
- The nf ollowing (nf < n) are neither controllable nor observable.

c. o /
[y .+4n0°+0°+1 (k)

Ln (k)

*We show here the Qgére_m io; asampled-da@;yamm- It goes without saying that

a similar theorem can be established for continuous systems.
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Let now the different matrices be partitioned in the following way

ECH R
| ¥ ) | LIS A
gos |5 Has as | AT a8 R A | e
{ £, ' {

nad = =y T
¥ :ﬂ ‘;5:‘;1”

(2]

]
ll
) i )
W oo U
- hy g
I
Il
ll

a e e \e‘-;{ =
W C ) wE
i n n n

By assumption the matrices g, B-f, 'y°, yf have all their elements equal to zero.
The systern S ¢can now be partitioned into the four following subsystems:
1) A subsystem S* detined by the equations
% % ]
Y k+1)=A y (k) +p*u (k) (1=7)
* )
y*(k)=y*y (k) +Du (k) (I-8)

@* has no row of zeros and y* has no column of zeros. Therefore the system

S* is both controllable and observable.

2) A subsystem S° defined by the equations

y& et 1) = 25 5% (k) + 6% u (k) (1-9)

xg (k + 1)'-=yg1g(.k) (1-10)

Y€ has no column of zeros but all the rows of g€ are zeros. Therefore S° is

sontrollable but unobservable:
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3) A subsystem s° defined by the equations

3° (e + 1=y () + 6° u ()

¥° e =y y° (o)

This system is controllable but unobservable: y° & i[é ], z° (k) =[o]

&/
4) A subsystem 'Sf defified by the equations

gf et 1) = A yf g+ 6f u ()
¥ 0= vy o

Obviously ?S'f is both unobservable and uncontrsllable.

_ . . . * é c .
The preceeding analysis shows that n® n + n° + n® ¢ ot

Y ()= y* (k) +x © )

for

Fn,

C)=v (k)& o

1< ‘
i<

¥ (k)= u® (k) = u (k)

(I-11)

(1= 12)

(1=13)

(I~ 14)

(I=15)

(1-16)

(I=17)

We notice too that we included the term D u (N)in the system S*. This is by
no rheans necessary. It can be introduced with any of the subsystems, or even

constitute a system by itself.
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Consider the following expression

)T

F= (Aslgf-glr)T Bi (Al‘y -#zi) + (A—zt___ﬁi

(1z-1)

Where u is a p dimensional vector

us=

e | Rzl %2 | . s | %2 | (11-3)

o

A "Iql J Lxng _1 anan

Ajis ag; rows ' p; columns matrix
A,is a q, rows  p, columns matrix

A is a rows s columns matri
A,is aq rows p columns matrix

B

is a q;th order square symmetrical matrix

—t

B, is a q,th order square symmetrical matrix

™~

Bn is a qnt.h order square symmetrical matrix

Assuming that the x's are independent of u as all the matrixes involved in

Solution

F is a linear combination of Xy, X,)+++x . Theé minimum of F is obtained by
solving the set of equations. ) B
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o 2o (11-4)

This is a set of p linear equations with p unknowns Uy, Uz e “?pi

Now let Fy = (A; u "‘gi)T By (Aju+x;)

Pyt Ly Bt x) @ gy by (11-5)

i= 1,2 cesdy
j= 1.2--'q1

k= 1‘0 Zlqop

l = l, Z|6QP

1 ;.E . . ‘ 14y 1 , 1I-6
g =L by ag (e u bx )+ ) bija fay w Fxg) (11-6)
by i ij %1% ¥ T Xy g & ik “c T X1
Notice that we can commute the indexes i and j or k and £ in any of the Z

a,Fl_z Z (b, #b,,)a.y (a,, u_ + x,.) (II-7)
LEPR Mt I Ut e e T ¥

and as it is assumed bij = b{j (B, symmetrical)

1 - y 4 =



similarly

aFl Z R _ L )
8F;
_Mh;: =2 Zalp i (a.jk Y + xlj) 20

This is equivalent to the matrix equation
A—T[B— A u# x] =0 (1I1-9)

1 171 =" =1}
Coming back to the former expression of F it is clear that the s<olutlon of our

problem is given by the equation

ATB (A utx ] +aT By [Audx;] bt A To,[Au+x,]=0 w10
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APPENDIX IIf

Appendix II gives the solution of the problem of minimizing with respect
to u an expression

(111=1)

This Appendix is concerned with a similar problem but the éxpression to
minimize, instead of being as indicated in Eq. (III-1) has the form

m

F'e F + ),

A i VTR o oo s
A, u+ %) B v, II=2
L Beutn) By (111-2)

Where A, u + x, i8 a p, dimensional vector
¥y is a r; dimensional vector
By is a p, rows 1, columns matrix
Solution A
e e n
Let F =kz;;}  Uputx)’ By (111-3)

The minimum of F' is obtained by solving the set of equations

(I11-4)

(II1-6)

i=}l, 2, reePg

ng, 2 e l'l
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The set of partial derivatives of F" j With respect of u,, LPYRY “p is given as

8 F";,
—F——?f"Tﬁ"l"”fi~‘- %, bu 81 Viy

. T B N (iﬁ-.?)
-T-——"‘ “ﬁ:i‘:?: - g blj aiz vlj

oF"
W % byj 2in Y1y

equation

(I11=8)

Coming back to the expression of ' as given in (III-2) and taking into
aceount the resuit given in (II-10), the u which solves out problem is given by

the equation

' n m
- T . . — ) | T - B ) e
2 l;l a B [Mutz ]+ kz‘}l A gBklk’ ° (m-9)
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