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ABSTRACT

This study is concerned with the optimnization of mnultivariable saimpled-

data control systems. A squared error performance criterion is chosen and the

effects of controllability and observability are studied. 14 particular it is shown

that the optimization can always be carried out on a system all of whose Coordinates

are both cootrollable and observable. In each case several illustrative egmurples

are included,



TABLE or coNTENTS

MOCTION I. INTRODUCTION Page 3

SECTION it. ANALYSIS or MULTIVARIABLE
SAMPLED-DATA SYSTEM Page 4

SECTION Me ELEMENTS or iDYNAmic PiorOG-AmumIo- Page 9

SECTION IV. OPTMrIZATION WITH DE-SIRD FINAL VALUE Page 14

SECTION V. REGULATOR PROBLE:M Pag 32

CONCLUSION Page 42

REFERNCESPage 5 1



I

INRODUCTION

The purpose os thin study is to consider a problem of optimizatioxi

using the point of view developed by Gilbert Cu I about the analysis of a multi-

variable systera. in particular the notion of controllability and observability
introduced by kalman EZ], modified somewhat by Gilbert [I ]will be recalled in
order to determine in which way the optimnization problem is affected when some

of the coordinates are uncontrollable or unobservable.

A srnmpled - data system will be considered. Section II contains the

basic elem ents of Gilbert's analysis of a multivariable systen adapted to the

case of a sampled - data. Section ii recalls briefly the theory of dynamic pro-
grarning which is used in the following sections

Section IV considers a problem of optimiization using a quadratic
error criterionf with given desired final value. Section V treats the regulator
problem where the output is desired to follow a given reference input.

It Will be shown that the niumber of initial conditions that has to be
stated is equal to the number of observable coordinates. The reference input
has to be stated a priori i.e., must be known when the process starts. Finally
the optimization can be limited to the part of the system whose coordinates are
both controllable and observable.



SECTIO II

ANALYSIS oF A MULTIVARIABLE SAMPLZD-DATA SYSTEM

2.1 treduction:

A tnuiltivariable samnpled-data systemn can be represented by

x(,k+l) A X-k)+ bu~k) 2)

v~k) C Cx~k) + D uk)(2)

whereA(k): is a p di mensional input vector at

- -- X --- the sampling instant k

v (k) is a q dimhensional output vector at the

sampling instant k.

OA SYSTEM

x (k) is a n dimeonsional state-vector at the instant k. This vector is characteristic of

the state of thes sstem at any sampling instant. n ip called the order of the system.

A is an nth order square matrix

B is an n rows, p colum ns :matrix

C is a q row, n colum n matrix

D is a q row, p colum n m atrix

The signal ftowmgrapb of this representation is given in figur'e 242.

FIG. 2"Z. SIGNAL FLOW-*GRAPH OF EQUATIONS (2-1) and 4-4)
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With this representation the state of the systemn is known only at the sampling intstanits.

Its behaviour between those instants is not known. In particular, when a problemn of
optimization will be considered on such a systemn, determining an optimumlt input will be

interpreted as 'determining the Values of this input at the sampling instants".

2-2. WO AL REPE NTATIONQ OF A SYTM-)~ 3)

The eigenrvalues of matrix A are assumed to be distinct. These eigenvalues are
the solutions of the nth order equation

det [A~.I = 2.

where I 1 1 is the identity matrix

If kiis one particular eigenvalue the vector -i ytemtix eqaton

is called the eigezrwector corresponding to the particular eigenvalue .

if the Xare distinct, to each of them corresponds one and only one eigenvector.

Thus, there are n different elgenvectors.

Consider now the matrix p whose colum vectors are the n cigenvectora,
Vit VZO .021 V. 0it is possible to show that the matrix

A p AP (Z5

is a diagonal matrix given by

Given a n rows m atrix A =a the jth colum n vector X is the n dimensional vector
whose~~~~~ cCmon-t ar te o mpents of the jthcou ofA [1:1
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0 n

Defne now a new set of state-space coordinates by

p (2m?)

The let of equations (2-1) and (2-2) defining Initially the system becomes

(k +l1) jAyik)+ u k) (248)

vik) = y (k) +D u(k) (-9)

where
~p P B (2-10)

p (Z&10)

The ya' s are called the normal coordinates of the system. The matrix p and

therefore the nora coordinates are not unique. It is always possible to multiply a

column of p by a given number or to arrange the colurns in another order. By doing

so we get another matrix which still diagonalize "the matrix A.

The system of equatons is stable if Re < I for all i. The rank of the input

u is defined as the rank of the matrix B. If this rank is ru, it means that r u inputs are

independant, the rem aining (p - r ) being linear combinatins of the r independent inputs.

The system can be considered as having ru inputs. In the same way, the rank

of the output rv is the rank of the matrix C or y. It gives the number of linearly

independant outputs when D = 0.

I1 is always possible to reduce the number of inputs by (p - i u ) and the number

of output@ by (q - rv ) so that the rank of the input (output) is equal to the number of inputs

(outputs).
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2-3. OBSERVABILITY AND CONTROLLABILITY

These notions were introduced by Kaaman f2], and sormewhat

modified by Gilbert El)

A system is said to be controllable, if has no rows of Zeros. The

controlable c6ordinates Y, are the ones corresponding to non zero rows of O. The

uncontrollable coordinates are the ones corresponding to zero rows of ,. It is

clear that uncontrollable coordinates cannot be influenced by the input. They

only depend on initial conditions or on disturbance inputs.

A systeh is said to be observable, if y has no colum-h of zeres.

The observable coordinates are the ones corresponding to non-zero colum ns of -y.

The non-observable coordinates are the ones corresponding to zero colums of ,

it is clear that non-observable coordinates are the ones which do not influence the

output.

2-4. CONS EQUENCE

A System S can always be partitioned into f our 3u--ysters.

1. A system S*, all the coordinates of which are both controllable

and observable and having a transmissotn matrix D-

2. A system So such that all its coordinates are observable and

uncontrollable.

3. A system Sc such that all its coordinates are controllable

and unobservable.

4. A system Sf such that all its coordinates are uncontrollable and

unobservable.

s-U

FIG0s 2.- PARTITIONN OF A SY-STEM INTOM FOUR SUBSYTEMMS
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The System.s 0 S C, a~ have zero transmissioni matrices. The proof of this theorem.
obtained by partitioning a systemn given by equations (24B) aind (249), is given in appendix

I1.

245 CONCLUSIONS

A multivariable samtpled-data systern can be characterized by an n

dimensional stateavector. The values of this viectojr are known onily at the samplinig

instants. The behaviour of the system between those instants is undeterm~rned.-

The components of the mtate-veetor are classified in~to four categories:

1) Somnoe of them are said to be controllable and observable bec ause they are

affected by the input of the systemh and they affect its output.

2) Somue components which do not affect the, output but Are affected by the input

are said to be controllable and unobservable.

3) some comnponents which are affected by the input but do not affect the output

are observable and uncontrollable.

4) Some compontents, which are indepenidant of the input and do not affect the

output are uncontrollable and unobservable.

Each group of comnponenits of the state vector can be represented as a subsystem

of the initial system.



SECTION II-

ELEMENTS OFDY NAMIC PROGRAMMIG [41, [
3-4 INTRODUCTION

Consider a multivariable sampled-data system with a p dinensio.ai input

vector u' (k) where k is the kth sampling instant.

FIG. -1. -GENERL MULTVARIABLE SYSTEM

it is desirable to have the output follow as closely as posilble a q dimensional

reference input vector r.

The output x and the control input u are related by the plant dynamics wich,

in the case of a sampled-data system can be written as

x (k + 1)=- f fx(k), u (k)] (3-1)

In many cases the possible values of the control inputs are restricted by physical

considerationi In our problem it will be assumed that there is no strict limitation on

u such as LI < As where A is a given number. However it. will be supposed desirable

to have a reasonably small input vector. This will be taken into account by introducing
u In the performance criterion.

Generally, it is impossible to get the output to have the desired behaviour.

The general performance criterion may be represented in the form
T

S = F(x r, U) dt (3-2)

0

In the case of a sarmpled -data system, where the state of the system is known

at sampling instants only, this c iterion may be replaced by
N

=- F [x(k (k) , U(k)

kii 0



This to referred to ais an N stage process.

3-2 OPTIMAL-CONTRO0L PROBLEM

The problemn which is posed now is the following:

Given a performance criterion (24.) and ant arbitrary initial output x(o), deter-.
mnine a sequence of control inputs, u 0 (0), tP i) .u

0 Ni)wich rainlim ies (or

mnaximitzes) S.

In the following chapters two types of performance criterion ill be conside-redi

1) F-a vleproblem:.

After a certain number of stages the output should be as close as possible to a

reference r (k). :Besides, as we have seen, the limitations on the input is taken into

account by introducing the magnitude of ,u into the performnance criterion.

The performance criterion will be of the formn-

S 'X1 ()- 1 ( + [xZ(k) -rZ (k)~ .. x(k) r(k)]2

N

Z) Regulator proble -v

Determine u(k) which maintains x (k) as close as possible to a reference input

r (k). In addition u must be as m rall"* as possible.

The criterion for this case is

N x k r-k)]2 + 2k

+11 (k) + u 4(k) +. + up (k)

N

= [-i[(k) r (k)j T x(k)u ) r(3k)T

The-notatioen AT is used f or the transpose of the xmatr ix At
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it is noticed that expression (3-4) is not exactly of the formof equation (3-3)

both equations (3-4) and (3-5) can be represented by

s F rx (0), r(O), U(0)jj+ F, [x(1sl), (I)']0 + -.. + r tx(N)t r(Nh U(N)]

(3-6)

which, for conven~ience, is expressed as

In equation (M-)Y r ' .. F

In equation (34F0 =..=Tl4F

3-3 METHOD OF DYNMI PROGRAWM - [5], [Z]-

1) FPrinciple of optimalr [51

An optimal sequence of control inputs, u (0), u (1), g. i (N-4), has 'the property

that whatever the iiiitial state x (0) and the initial choice of ui (0) are, the remaining
seuece u(), u (1,..u(-) must constitute an optim al sequence for the N-i stages

process starting at k =1, with the initial state x ()

2) This principle Provides a method to solve the problem of determ ining a sequenc e

ui (0), u (1), . u(N-i) whic minimizes a performuc Ue ance criterion given by eq. (2-6).

Let S x (., be the optimum value of S for an N-i stage proces starting at
k =-0 with the initial state x (0).

Thus $N4 [ x (1)] .wAi be the optim um value of S for an N-l stage process

starting at k = 1 with the initial stat

The matbemnatic alI translation of the principle of optimnality can be written as:

5 NI~-( CO ( (0)) + F (0P(38



The method will consist in a 1 atage by stage optimiization".

Consider first a one stage process. The performance criterion is

S Lj J0 (0) 1m [ N o)(3 9

Thisa equation deter minesa u (O) for a one stage Proess; i it wilt be u (l) Mr at

two stage proc-ess, q (Z) for a. three, stage process, u (N4) fof a N stage Process.

Consider now a two stage procest: u(1) has been determntined by the preceeding

step.

To determine u (0) consider the expresasion, derived from the principle of

optimnality

j (x (0)] In U0 [F- 0 + a1 K (1)1 (340l)

In this expression, it is possible to replace x(l) by its expression given by

eq. (3A1

x(1) i~x (0), 14(0)] (0-1l)

Then S [() depends only onx_(0) which is known as ain initial condition. and
on u(O). It is then possible to determine the optimnal u 0) The process can be repeat-

ed N tin-esa, and each step will determine a member of the optimal1 sequenc e u (0).

3m 4 OPTIMIZATION IN STATE-SPACE-

Consider a system given by Eqs. (2-8) and (2-9). The problem is to deter mine

a sequenceg of control inputsuOul,. uNl whichmnmrs~ efrac

criterion of the form of equations (2-4) or (2-5).

In these expressions for S, it is always possible to substitute v (k) by the way

of equation (2-9) and to get, for the performance criterion, an expression involving

the state vector and the control input. it is then possible to carryon an opti-mization

process, just by considering a plant with an output vector x ,acontro ip u and a



dynamic behaviour behaviour charactarimed by equation! (Z.-8).

Eqs E
MMh (2.6) ond (2 -9) Yk IL(k) 2.8 x (k)

MI. 3m2. STATE-VECTOR CONSIDERED1 AS THM NZW OUTPUT OF A SYSTEM
This 1s refered to asa " optimismation in state-spjace". It it the type of optimization that
will be conisidered in section IV and V.



dynAmtic behaviour behaviour characteorized by equationt (2- 8).

Eqs3 Eq
(2k))and(9 !v(4) ~Ik) 28xl(k)

FIG 32.STATE-VICTOR CONSMIEE AS TkM NEW OU1TPUT OF A SYSTEM
Thin in jreferred to as " 6pti*mitAtioxi in state~ spae"n. It is the type of optitiliation that
will be coidered in mectioni IV and V.



SECTION4 IV

OPTIMZATION- WITH ESIRED FINAL VALUE-

4-1 mINTIODUCTION-.

Let a m-nultivarlable samhpled-data syst~rn be represented by

x(k +l) -A x (k) + Bu(k) (44)

-vy-k) -C x k) +D u(k) (4mZ)

q (k): p dim ensional input vector

v (k) q dimnefilotal output vector

x (k) xdirensional state vector

A a row, a colunn mnatrix which can be mnade symnetrical (cf section II)

B: q rownftcolu Wn Matrix

D :q row p column matrix.

Let r (k) be a given q di meansional reference input vector.

Consider now an N stage process where

I) At the end of the process the output v should be as cloe as possible to the

reference input r.

2) The average value of them magnitude of 14, during the process should be as

small as posrsible. A. convenient performance criterion will be

S =,[v(N) - r(N)] v~ - r (N)]I + N T u (k-43

The problem is to determine a sequence of input s u (O), u (1),. u (N4l) so tht S is

m inimum.



13

The problem depends of course on a Certain number of intitial conditions. if

the order of the system is n, the state-vector ha. nt comrponents and the system

depends generally on ni initial conidition. (the case where this state ment is not true will

be examined later). it will be assumned that the intitial state'is givenf by the Comhponents

,of the state-Vector at the instant mero. Ini other words x. (0) is assumned to be a known

vector.

in the case where the comnponents of the state vector d6 riot depend on ui (this

is the case wheni the driving functioni depends ont u(k) onily) the iitfial state can be

given by the components of the vrector outputs at instants 0, 1, 2',. mh, Ir depending

ont the respective values of ni anid p. if n = m p + a with a.. p and mu and a integers x(())
Will depenid an v(0), v(1), .. v(m) and a com ponents of v(m + 1).

As a samnple example Consider a nth order single .in-put, single output system

v~cn)an vk~-l+...a~~k=b U(n) (4-4)

A set of appropriate state variables are

1(k) v(k)

n(k)~ v(k +ln)

v (1)

x V(ZM
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It to important to notice, that, in the case 6f a sai pied-data system, the
"initial etate" of the system do6es not mean, like in the continuous caseP the utate

of the systemn at the instant zero, but can require, for instance, the knowledge of

the 6utput at a -later instant. It is clear that equation (4-4) defines the variable V(k)

under the condition that v(O), v(1), . v(k- 1), are given asf "iniftial, conditions.

S will be minhimized by the met-hod! of dynamic programmring disicussed in

Section IMI Let SN; [ (o)] be the th mui value of S for ain N sitagea procesis which

starts at k oawith x (o) specified. The different S's are reliated by' the following

relations

~ ~ (a)] iii {[v (6) -r (6)], v (6) -r (a) 3~ T(o) u (6)} 45
u()

53X (0)] M- min fs x (1)1 + UT~ou (4.7)

SN 3x (o) =min + uNl~() 1 () u (64.(48
u (o)

4. Z. ONE STAGE PROCJES

The optimu m value of u (o) in this case is given by eq. (4-5)

sl[X(9)]: miiin [v(o)-r (o) T [ v(6) r(o + UT (0)U (o)

or else

s [x (o)]~ min {Cx (o) + D u (o)"r(o)~ T[~(9) + (9)wr (o)]+ u T Mu (o)) (4--9)

Eq.(49) a n pprusin nvolving all the components of u o.Letting l h

au1 ~) 8u(o)equal to zero and condensing the result in

ma~trix form, u(o(ieu(o) optimum for a one stage pro~ess) is given by(cf
appendix 11)



(6) r)u 0 ( 0) 0) a (4150

or

where

U 1 - (!+DT D)-) T (4-12)

In this came the result tan be made particularly simhple by nottiig that,

according to Eq. (4-2)

v (o)-tCk(o) + Du (b)

Equation (44-10) c an be wr1-t t as

D t(6)ro] + u (a) VCo (4-13)

Hlence

u 0 (O) DT 0 6 (4-14)

Consequently., the contr oller, in the case of a one stage Process canl be
synthesized by simple feedback. This will be true for the last stage of any multi-

stage' process.

FIGURE 4 -. COQNTROLLER FOR A QNE STAGE PROCESS:5.

The actual minimum value of S, [x o then:

so$t (o).j a C X(o) + D U1 r(o CX (o)). r (9) C (o)c + D U, (ro Q x ()-~

(a -C~o ~uTu1 r (o x (0)] (4" 15)
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Let

&1 (D U 1 . ) T (DUI'l-) +UtIT 111i6

H1 i a cmetrcal atri whih deend only on the matrix

S x(o)..lcan be written in the formh

d. WT(0) *Gao H r (o) -C 6

Which show,* that S1 I2 (o)] is a linear form of the vector r (o) m C x (o)

In the rather frequent came wher6 DO ,U 1 is the sero in-atrix and H1 to

the identity matrix

ul Is 0HI Ii

an ~X~ optimuth is, equal to the magnitude of the vector r (0) C CX (a)

4. 3. -Two STAGE POCS

The -error criterion for a two stagsa process is

Satm (6)] -Sfx (1)] + UT (6 u (o)

(1). C (l)] HT~ (1) C )+ T (o) u () (4" 18)

Xquation (4m 1) for k * o ashows that

x (I)isA x(o) + D u(o) (4-19)

Hence

Sz~~xio~~j r t(1)CA )C uo)H~ )C A x(o) . B u (9)

+ 4T 9 u (o) (4-20)

The result shown in appendix U gives u0 (o) by the equation

.(CD)T H It(1) -C-A x () 0B u 9(o)]!1 + U 70(0) . 0

or
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u 2 [ cB H B]CT (-)

The minimnum value of the performance criterion for two stages, is

S~ [~o) '[(1)c~xo)~ B 2 (V ()CAx (o))]TH1 [ r(1)-CAjx(6)mC B Ug(r(I) -A o

s [x (0)] = [ r(1) - C A x (a) 1  r() C A x (0).]( . 3

where

I2 [. C B UZ] TH 1 I C B U2 ]+uTu 2~t (4-24)

In equation (422a3), M 2 is a symetrical matriX.

The synthesis of the controller requir~es the knowle ari1, of f 1)

The value of -6 (6) can be then precalculated, but the controller ca&nnot be

synthesized by feedbacks

Ln the case where the components of the state-vector are either uncontrollable

or unobservable, then C B - 0, therefore uo o=.

This result could have been easily predicted. In this case the V's cannot be

influenced by the u's. So S will be mninimium for uT(o) u (o) _ a0i e., u (o)t 0 .

COQNCL USION

The input which optimizes a one stage process is

VA r(0) -GC.(0)

The sequence of input which optimizes a two stage process is

The U's are p rows q column m~atr ice a depending on A, B, C, Da.

so~ x (o]is a linear form of the vector r (o) "-Cx (M. 9 [x (o)]ia

linear form of the vector r (P) - C A x (o).

Those results can be generlized for an N stages process.

4.4. NS$TAGE PROCESS,

Assume that for an N"l stage process the error criteron is



5N~ ~ (Mm" (C) z~rN2 AN&?'o x -HN (4~ AN x (0)] (4-)

'where Hi is at qx q syrnetrical rhatix.

Taor an N4 stage process the error criterioni is

8 a]=S~ [ x Mi]+ u.1T (o) u (o)

T
(W) +uA j () u w o) ) (4-i6)

The result shown in appendlix 1I gives the equation giving 0 (6)

-(CAN H-)T (r(N-1) CAN"lx (o) - AN~~o~ au it

oru - o) -UN~ (N- 1) - GA NXI(o)] (4-27)

- Z+',NZ) -2 N 2-r

UN I+C AM2I HN (CAN jq (C A N B)- HN 1 (4m!8)

This shows that u 0 (o) is a linear function, of r (N"i) and of x (a). Therefore

r (N-i1) has to be known befo the process Starts.

The minimumn value of the performance criterion is then

s 1 .[1 (o)] ar (Nm, ) m CANX (a) 1H,[.r(N" 1)" CAN'ic(o)]: (4-29)

where

HN 1-C AN"ZB UN IIN_ I CA-B N N- (-0)

Equation (4w30) can be interpreted as a recursion formul~a between the H'e with the

initial value

H 1[+D DTD] I
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Therefore it is possible to compute all the H'ts using eq. (4-30): and deduce

the U'.e via eq. (4m28).

This work can be programmthed in advance on a computer and the U's can

be known a priorki.

CO NCLUSION

For ant N stage process, the sequence of optimal inputs@ is

uN(6O)* UN r(Nl)-CAN'O)c (4m41)

U 0 * U r ( N- A2Ix 1 1)

u 14(2) & ux !r (N 1) CA3 (x) (4433)

11 0 N )~ U~ (Ni) C x (N-1)]

x(o) being known, uN0 can be coniputed; and this cannot generally be done

by feedback for x(o) can depend on the atatc of the systemn at later instants. A
synthesis, using feedback will then be possible in the only case where the order

of the system is equal to the rank of the output.

For the next step, x(1) is given by

x()A x o) + B u'o(o)

Eq. (4-32) gives then uo (1), and so on.

The sequence of opti!mal inputs has to be precalculated, and fed into the

Plant at the proper ingtants.

All the expressions involve A to a certain power. Thus it is advisable to treat

the problem in the state variables which diagonalize A.
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NN

L L NNj

An

4.5.e CASE WHEE SOME COMPONENTS OF THE STATE-VECTOR ARE

UNCONTROLLABLE ORt UNOBSERVABLE.
N.1.-iriAe

The coefficient of it (o) in Eq. (4-27) is CA *if some of the coordinate

a.teunobservable C has nc~ + colum ns of serox (wJbdch can *lways be the

ae + n lastOttes.

C can be 'written am.:

10 0

1 0 0

e c fn a +n

where n' =n* + no number of observable coordinates. On the other hand AN-I

is a diagonal matrix given by

Nm 1

~N-1 0

A~ = o (4-36)
0 &N"

L j!
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Cons equently

N-i c .. .. N-i llo O

Ioo
ManI nn i I

CAN - 1 10 0

n +n

The ric 4 fil last couinns Of CA N-i are .eros. As a consequence u (6) does not

-depen on thej nobseviecodntsf ()

This result could have been predicted6 The unobservable coordinates, by

definitiofi, do -not affect the output; so they do not appear in the expressiont of S.
As a resilt, the optimization carn be carried On systems S* and S0 and system

SC and Sf can be forgotten. The order of the system is n* 4. ho and the proble.mn
depends on n* + no intitial conditions, which are the components of vector y-*(o) and

Consider now the equation v v* + vo which states that the actual output of

the system is equal to the sum of the "controllable and observable" part and of

the observable but uncontrollable part. Saying that V should be as close as pos-sible

to a reference input r is equivalent to saying that v* should be as close as, possible
to a reference

r or (4-38)y -t- qjjL_ .- It is thsps et

v - depends only on the vector y0 (o) but is indepen4ant of u It is thus possible to

deter-mine v0 and therefore r I a priori, before startin any optimization process.

CONCLUSION
Instead of carrying on am optimization process over an I + n0 system with a

reference input r, it is possible to carry out the optimization on the n th order

system S*, with a reference input 0 = r _

FIGURE 4-Z. OPTIMIZATION ON SYSTEM S*



Finally the case where all coordinates are either uncontrollable or unobser-

vable (no syste m *) ha. already been me-ntioned. in this Cave the output ts

disconnected from the Input and the control problemn ha. no solution. The only thing

to do to iniftmize S is to set Umeo

FIGURE 4-3. CASE WHER-E ALL COODIAE ARE EITHEUM

UNCOTRQLAB LE OR NBSRABE

4.6. ]EXAMPLES

3Exa mplg, 1

COnsider a t*o inputs two outputs system as shown in fi. 4-m4 characterized

by the equations

fy, (k +Z)+ 3 v (k + 1) - 2 v,(k)~ xi(k (4"39)

v(k +1) + 3 v1 (k) If v. (it +1) + 3 v2 (k) =up (k) J(4-40)

V2

FIGURE4-4. TWO INPUTS, TWO OUTPUTS SYSTEM



A set of approprlat. atte-vari&ables ij

!L (k) - v1(.k)

2 k)i v + ( + 1) (44)

3(k),* vl (k)

I (k)i  [, (k)]

The initial conditions are stated by the vector

[v() (o (i4z

x (a) ~ I(4-42)
:v2 (0)

The dynamics of the plant are defined by the equation.

_v~k) 1= .00(k)

The normal coordinates are defined by

x (k) -p(k)

where

Th 1 2-3 (4-44)

The plat dynmics are de-- -nod by the now set o91 equations
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The soystem is sumpposed initially relaxedk (o)01(o

1. STAGE PROCESS

As D t 1 0 li a

2 STAGE PROCESS

U2 is given by eq. (4-22).

GB 1 [h 11 2 :?

(C BF'= 2]

L o- 14]

UZ~~~o) 2 - rl

(BFor,(CB
u~'(4"470
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If the process has mhore Ithanl two Istages it is nocessatry to cc~mpute 1o

givent by equation (4.&24),. The result is

49 981
Hi 57 41 448

Consider the sinigle-iniput, singleliut-put,soeconid order syitemin

v (k + ) - v (k) ~u (10+1) (4&49)

The state Vector can be qh~sen of the form-

xZ W ) v (k. +1) F1I u (k) (4 -1)

then

3e I (k +1) xZ(k) + F~uk (4- 52)

x(+ 1) x 1  +F 2 u (k) (4m 53)

Fad F. are determnined by writing

X?{k +1) = v (k+ Z) F u (k +!); v (k) + F. u

V(k+Z) 1 v (k) +F, vu(k+ 1) + F? u (k)("4

On the other hand

v (k + 2) v (k) + u(k+I1) (4"55)

Cro pring eq., (4"54) and (4--55) gives I and F2

FIWI F2 0
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rinauly the state vector to

and the Plant dynamhic. Can be Written as

x~ (k) + 0 K Ix10+ ~ u (4-57)

The normnal coordinates cam be defined, as

x (4-59)

and the normal form representation is

.k+ (kI+)-k

01

Two stage process_.

00

u 0 is given by eq. (4-21) And (4"42)

eq. (4-22) gives

Tj= 3/
S+



and equation (4-22) gives

U!~ (o)* [r(,~ y(o) + 4 y(a). (4- 60)

u~ (j)O (4-661)

Thto~esggsces a

Eq., (4 -30O)gtves H 8

and Eq., (4"28) gives

CABH NZ-

3 1 +(CAB)z 1-4

U3 t: 0. 12

u () .2[ ()4y (6)-~y (o)]4-23

~ (1)4- [r(): -- ) y~~ (4-63)

0 (2) -- 0 (4-64)
-13

Ecxple 3

Case where sorne components are uncontrollable or Unobservable.

Let a third order one-dimensional input, one-dimez~ionl otput systern

be given by

x(k+1) !; -10;xkW+ K ] DOk (4-65)

v~)1 0 x (k) (4466)

The system is initally relaxed.
The third coordinat is uncontr-ollable, the seodubevabls.

The system S0 is characterized by

Xc3 (k + 1)~ X 3 (k)

V0 (k) X3 (X-)



Therefore v' (k + 1) N vo (k) =V.0 (o) a

The optithization, process can be carried Out usrig the equations

x ~ k + ) = ~ Xl(k)

v(k) kx, Wk

Which are equivalent to

v. (k + 1) .v (k) (467)

In this case ax Optimization inl the state-apace is equivalent to an optifnaiiiation with

respect to the actilw Output.

Consider the cascade connection of the two systemns

a Yk l ~ ~ ( ) % k ( 4 6 8 )
V (k)= ya W)+u-a(k)

Sbf b{ f1) ZYb (k) + ub()) (4m-69)
=(k yb (k) m b W

- V0 - Ub

FIG. 4mS. CASCADE CONNECTION OF TWO SYSTEMS

The state vector of the overall systemn S can be taken as

-7' 'Y N *)b
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The systemn S can be repretlented by

v Wkx- W ]! k,+ ) u (4- 70 )

and for

The normnal formwi represenitation io

X~k 1 0 j] k)+[]

v N)[ I1] IX(k) -u(k)

All coordinates are either uncontrollable or unobservable. Even though

Sa and Sb spearately can be optim ized, their cascade connection is such that inpult
aid, output are disLconnected and the optimnization proble m is rneaningless.
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SECTION V

REGULATOR PROBLE9M

5.1. introduction

In this section the tegulator problem io considered that is, the output
v is desired to follow as closely as possible a reference input r and besides u

should be as "small" as possible.

The expression to be mhirnimited is

The plant Is still described by the set of equations discussed in Section II

x (k + 1) -A x (k) + B u (k)
v (k) -- Cx (k) + D u (k4

The initial conditions ate given by the componants of the state-vector at
instant o

FXl (o) 7

x (o) =(5- 3)

Let~~~ ~ ~ S,,- (o)] jednd a xli
Le 5  [ ()]bedeindasexl ine n Section HLI as the minlim value of S5
for n N tage proess t~tug at k =o with the initial value x (o). Testo

following equations can be written

S x(o)] mini [v (o)m r (o)]T[v (o)" r (o)]u V; uo} 54

_~ ~~~ mi(s[()][o)r()Tv(o) -r (o)] +UT() 4()} (5w5)- (o)] mi-(
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+~o v (0 ,

The optimization processa will be, as explained in stetibfn I11, the sfomcalled

"dyaniiac prograrmmrinig" process.

The expressioti to be mhinimized in the case of a onle-stage process fs

x o)] j min (o() - r (o 1 (o]+T(.u()57

The rnifimizatlon of this expressiofthas already been studied in 3-.1 In

this case the controller can be synthesized by sifnple feedback and the optimnal

'input is given by

Where j [ID +TD] DT

or
T

The mhitinlum value of S1 [X (o)] is given by

x(o)] r (o) Cx ()]T HL r (o) -Cx (o)] 59

Whpre -I is a sym etrical matrix.

2. 3. Two stage process

The expression to minimize is given by L~q. (5-5)

s [xo1 r (1) -C c(1)]T H1 [r (1)~ x(1)] 4 v(o)-r(q)1 !(o L )-u(o) o)(-10)

or using eq (5".)



S2 [~o)za~(1)C~x(o)"CB U(O)] 1 [ r(1) - CA x(o) m CB u1(o

x)+u(o) (0)T [x(6) + D u(o) r.(o +u''~ --T )(51

The computation givent in Appendix III shows thatlZu2 o) is given by tho

equation

(-CB)T H, [r (1) CAx (o-Cu() + DT[x()+u())] () o(1)

or

u(o) x (W + uy(2) r (o) + I r (1) (-3

x r0r

where

e) I C[BH fB + H1 ](1CB CA+D C] (51)

r 0 (CB)TH1i _.B +HX DT (5-15

r I C c)TH B + HI]' (CB)T H, CA (~6

The result can be written under a more condensed form by introducing the

Zq dimensional vector

R (oW [ : (5-17)

The index Z mreans that the vcor is Zq dimensional.

More generally the vectors RKo) RK ().ar einda
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Ir(1
~K~) mL~K Kq dimensitonal

(1))

Let j=(2 U-m (-9

Eq. (5m 13) can be rewtittexn as

~ ()+ U .(0) (-O

Similarly Eq. (5-8) shows that

where

U (1 U

It is now possible to comnpute the minkir-nm value of .51 x (o).

s5x ()>lr (1)- CA (9 " CB (V(Z x (a) + U()R(y

+[ X + D(U (Z) a() + R 2) R(o) r (o) ]
+;[U~ x(o) +U (Z) R ] [(](5)2

This expression is a linear form of the two vectors x (o) and R(o.It.

can be written as follows
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a 14oi xT (6 H Al RT (6) K R + xT (oLR -(o) (-3

Where H2 , KI, LI are symmesutrical matrices depending on A, B, Ci Di

3.4i -Three- stage pro-Cess

The expresgion to be mninimizedd in this ca.de is

Sjx (6)] X, (!), 1 c x( 1) + aT(1 K R (1 A!() 2 R (1)
(524

or if x (1) is substitkuted by the way of Eq. (5m2)

S3 (X ~ ~ ~ H (oA [A o c~)THA (e) + 8 u (6)] A2 (l) K R2 (1) (25)

+ [A x (0)+B u(o)] T Lz~z (1) +'[ x ()Do-r)]T [ x(o)+Du(o) r(o)1 + uT (O)M(a)

Therefore U0 (o) is given by the followin~g equation (gf Appendix M)

2BTH [AX(o) + DO +o) ;9i +D [ (91 + D u(o)*r(o)] + u(o) =o (-6

or

0 1 o + 2BTH B+ DT~r (ZBTH A + DTC) ) + BTK2  l + DTr (o)]

This can be rearranged as~

u3 o - Uj x (o) R (3 - (5-28)

Substituting this value of uO (o) in the expression of S3 {() itileartae Sx()

is only a function of xK (o) and A., (o) for
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aq 0 0 (5-19)

q q

so S x (o)]! can be written in the form

S3,(o)J x T (o) Htx (o) + R3 (o)K 3 oo)  (o) (5"3'0)

And the pr6cess can continue in the same way.

5-5. CONCLUSIONS

I) For an N stages proces the sequence of optimal input can be written

in the form

a (6). U (N)_ () +U(_ 1( )  (-

Ri xN- (N- ()5+V)

Z) The general expression for the various matrices Uts are too com-

plicated to be given explicitely. However eqs (5-31) show that the value of the

optimal input uo (k)at the sampling instant k depends on x (k) and on the value of

the ref erence r at all the s ampling instants k, k + 1, . • •N following k.

3) The reference r must be known a priori. This makes the problem

possible to solve when it is a regulator problem; but the dynamic problem where

the system is desiredtofollow an indetermined reference input cannot be solved by

this method.

4) The sequence of optimal inputs can be pre-alculated and fed into the

plant. However the expressions i nvolve are very complicated and the optimization

became very impractical for high order systems and processes with a great number

of stages.

5) Clearly the conclusions of Section IrV about the effects of controllability

and observability are still valid here, for those conclusions are valid for any type

of criterion.
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,u)0 I 
R( q) 0 0 o0 i 3 ( )  SZ)

q q

So 3 [ -(o)] can be written in the form

b3~o)J a XT (o H x (o) 4+ R T (o)R 3 1 3 (6) 4.x T(a) L3 Rt () (530)

And the process can continue in the sae way.

) -For an N stages process the sequence of optii, al input can be written

in the form
o ( (N (N4) R,(

S(N)u 1  x (N) +U R

o (N.) Is ty x) ( ) tUT
-N) x - R ZZI ( 1) (.]

2) The general expression for the various matrices U's are too com-

plicated to be given explicitely. However eqs (5-31) show that the value of the

opti mal input uo (k)at the sampling instant k depends on x (k) and on the value of

the reference r at all the s ampling instants k, k + 1, . . N following k.

3) The reference r must be known a priori. This makes the problem
possible to solve when it is a regulator problem; but the dyna m-ic problem where

the system is desired to follow an indetermined reference input cannot be solved by

this method.
4) The sequence of optmal inputs can be precalcujated and fed into the

plant. However the expressions involved are very complicated and the optimization

became very impractical for high order systems and processes with a great number

of stage.,

5) Clearly the conclusions of Section WV about the effects of controllability

andh observability are still valid here, for those conclusions are valid for any type

of criterion.
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9.6. EXAMPLES

Let a Medohd order single iniput single output systemn be given by

_(~)0  1] xN ' ()(-2

v (N) [1 0] (N)

The slysterm if supposed inti'1ly relaxed.,

The eigenivalues of mhatrix A are 6 and I1 with

The normal forin repreaentatin is

]+ (N)+

v (N) 11 1 X (N)

It is clear that both coordinates are observable but only one is controllable.

The syster". Sbis defined by

y2 (N + 1) y I (N)

-~(N) =y? (N) (S 3 5)

O9 (N + 1) vo(N) z: vo (o) (5-36)

fthe system is Initially relaxed the new referencer r v 0 iqa

to r.

The problemn is now one-imensional. The plant is defined by

and the criterion
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v (k) w r (k)] 2 + U 2 (k) (538)

In this case the state vecto is identical to the output v

The results of section (5-2) show that

sdv( o)] [v (o) - r (o)]1 + ( (5-39)

( (540)

S,.v (0)1 .[v (a), .r (o,,j2  (5-4,)

Two stag~e process

S1 for a two-stage process stands ams

s,:[* (o),,L (w' r' z [ o (o),1 + u 9 (0

Ku(o)-rr + V ([v (o_- ko ]2u (0)

u2 (o) is given by the equation

uo (o). r ] + uo (o)= o
2 2 (5-43)

and Ithe miotimum value of S3 [v (9)] is

2,s vo] z(,) [ (o)] -
_() =[-- .... + v (o) r 0 (5-44)

The expression to minim is :



3'8

53[ ()m r2 Z + [(1-r ( +[ ~ (o2( + u 2(o)

u (o) in given by the equation

(5&46)

More generally, due to the fact that v (N + 1) does not depenid on v (N) but onlty

on u (N4), for a N stages process, the sequence of optim-al inputo S iigiVen by

u(5lo71

U N (N- 1) o (-1
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Let a first order single input single buput systemn be given by

v (N + 1) " v (ni) u (N + 1) (5 m48)

if the state Vector is chosen as

X (N) ftv (N) u (N) (S"49)

the plaxit dynamics ate given by

fx (N + l) ± x (N) + u (N)
(5-50)

v () x (N) + u(N

Oie- istagepres

The expression to mflimnize Ai

Therefore (cf Eq. 5-7)

I (o) ~r(0) -x (6)1(-2

and

'[x (0)] * [r (o) - x (o] ~(5-53)

The expression to minimize is

r (1)x +[x(Q) +u (o)r (o)
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and Eq. (5 13) gives the optirin1 inputs

u~ (o) r (6) + r (1) + 3 x (o)) (,5-[55
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SECTION V!

CONCLUSION

This study was concerned with multivariable sarnpled~data Systems.i It haq
been~ Shown that an 6ptiriziationft of Such a system with a, squared error criterionI
if generally possible arid leads to a sequence of optiffial outputs depending 1) oni
the state-vector at any instant 2) on the reference input at sanpirtg irnstantsi The
Conitrolle -Afnt work oft a real tim~e basis; the Sequence of optimnal inputs c;An be
prelcalculated arid fed directly into the plant. In the case of a des§ired fiial v,,lit
studi ed -n ectiotn III, this pre ealeulation is reasonably sim. ThIeuho

type Problem is much more involved and requires the knowledge of the refercnce
input before the Process starts.

The imiportafice of controllability and observablillity of the coordinates of the
State vector has been Shown. In particular the opti m-iization problem~ becomnes
meaningless when all the cdot-dinates of the System~ are either controllable or
tmnobservable. In the general case the a umber of initial conditions which has to
be stated is equal to the number of observable coordinates. The 6-ptimizatioh can
always be carried: out on a n* th order System where n'* is the number of observable

and controllable coordinates of the systemn.

In Section IIthe care of anoptimization with desired final value has been studied
qu~ite thoroughly. The s equence of optimal outputs can be derived using a recursion

formula. The regulator-type problem, studied in Section IV leads to rather involved
results, and only the form of the results has been given. In both cases the Study
was Ii mited to a finite number of stages.
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Partitioning of a inultivariable syistetmsi into submystms according to tontrol-

ability anid observability.

Consider a miultivariable n th order oafnpled;dat* systemn S given by the

equations.

v(k) Z 1 (k) + E) u (k)(I)

The order in which the camponents of the state-vector can b ragdi

arbitratr. Let us arrange the m so that

-The n* first (n* < ni) are both conitrollable and observable a

Nk)1
]Define e*()= ~()

.The nc following (he < ft) are Controllable and unobservable.

Define y (k). +Yn*+(k)1

- The no following (no< n) are observable and uncontrollable.

Define? zok) [Yn* + nc* + I~)

.yn* + n (k)J

f

Define Ir (k [Z~ cc o1(]

*eshow here the theoorem for a sAmnpleds-data system., It goes without saying that
similar theorem can be established for continuos systems.
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Let now the different mnAtrices be partitioned in the following way

~~~~y (k) , ~ VA *IA~;" 1  14

A A IA (-4

1* ii na1I

PCC (Y ~ y (1-6)

-oho

n

n

-f fBy assumption the matrices ,y ,y have all their elements equal to zero.

The systerti S can now be partitioned into the four following subsystems;

1) A subsystem S* defined by the equations

y* (k +1) A y*(k)+0* u(k) (I _7)

v* (k) _y~ (k) + D u(k) (1- 8)

p~has no row of zeros and y* has no columna of zeros. Therefore the system
S~is both cotrollable and observable.

2) A subsystem Sc defined by the equations

IC (k + 1) AF Ac (k) + P'C u (k) (I_ 9)

vc (k+ 1) yC ck 1-

hCas no colu mn of zeros but at the rows of pc ar eo.T rfreSi

controllable but unobservable.
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1) A subsystem go delined -by the equational

This systern- to contrdilable but uno ber'.able. -yo [6] v0 (k) tio]

4) A slubsystemnS defi±ned by the equations

(k + 1) A -t (k) + (k) (-3

Me-yI'(k) (1- 14)

Obviously Sf is both unobservable anid uncoitrollable.

The preteeding analysis shows that n nm1 + no + n C + (115

for

v0 (k) v 1 6

j'* (k) u Ci 00~~k W11

We notice too that we included the term D) 4 (N) in the syste m S*. This is by

no means necessary. it can be introduced with any of the subsystems, or even

constitute a system by itself.



4PENIXI

Conisider the following expression

F= (Aux) 1 (Aly + x1) + (A2A+ x2 ) B,- (A. +x)+..i+(A u+x.-T Bn(A +x~

nX n ri4 )

Where u is a D diimensional vector

X- X .xaep.p.. p d'imensional vectors

nn

n1 n

Assumin that tU x ts ar(nepnet1f a -3)emtixsivovdi

A is a inro cobiaion of. ax1 ,x, h iiu fFi bandb

isolvgth ne oftra equations.
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o (11-4)

aF

p

This is a met of p linear equations with p unknowns u 1 , u 2 , 

Now let Fi = (Ai + 1 )T Bi (Ai-U +xl)

F1: f bi (aiktk + xl(jt I ~ dx j (l-5

i t i, ..,q l ,

j l,2...q 1

k 1, -... p

2= , Z...p

F1 ---- bi~a (a u +x 1 j)+ b i j a jl(aikUk xlI)

Notice that we can commute the indexes i and j or k and I in any of the

=+ (b +b "- a (aj (11-7)

isyl ijk -' iJ (j k + x1j)

and s it is asnsudeNd b ij (B, symmetrical)

OF 1F- a b,, (aJk ukx1J)O
ak. +bx,)
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similarly

S2 il t b il (a'fk ,k + ,hlj) M") .

8i a b
"-Z aip bij (ajk N +1

p

This is equtivalert to the matrix equation

A T[B AIu+x 1 ]-.o 9)

Coming back to the former epressiot of r it is clear that the solution of our

problem is given by the equation

lTB a + k1 }+ A TB3[ u ix + AT BfA.~~oI~
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APPENDIX III

Appendix HI gives the solution of the problem of nitnimizing with frespect

to ui an expresdsion
n

ZIS (A1 u + k)lk (Ak u+ 2k)

This Appendix is concerned with a similar problemn but the expreslsioii to

* minimnize, instead ol being as inxdicated in Eq. (Il- 1) has the forft.

Ff = F + (A ( _ )T lk (flik

Where A~ ku + Xk is a pkdimensional vector

ikis a rk dimensional vector

B 'is a ros clmsintrik kr"eIk el'i'&''

solution
nT

Let F" (A + Bkv 113
k 1-

The mini m tuf of IF is obtained by solving the set of equations

OF' OF OF''

8F' OF O'-5~--=5 + 0114

OF, oF OF''F

Let Fn (A, _+)T B v m5

F" can be written a s

Ju 1, 2, .. r
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The det of partial derivatives Of F" with respect of uipu~ .l .up io given ad

*F"

- --I L ii tI

n st!u4 bij ai v j

Letting all thei. partial derivatives to zero is eqivalent to solving the matrix

equation

ATB1-4

Corning back to the expression of F" as given in (4fl-1) and taking into

account the result given in (II1-YO), the u which solves our problemn is given by

the equation

n m
z kTBAT BrK + 1

k [k + k] k~ A kiltkh (11
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