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FRONTISPIECE

1. The purpose of the contract was to provide experimental data
concerning refraction, absorption and scintillation of radio
waves propagated through the auroral ionosphere,

2, The contractor's approach to6 the porblem was to employ
standard interferometer techniques to monitor the radiation from
radio stars. Much valuablé data were obtained and evaluated,

3. The results have extended the state of knowledge of the fine
scale structure of the auroral ilonosphere and its effects on
radio wave propagation, Interferometry techniques were employed
to monltor the electronic radiation from 'radio stars'.
Statistical data were collected on the phase and amplitude
scintillations of this energy causéd by both the "normal'" and
"disturbed" ionosphere, These data were then examined to deter-
mine the dependence between the seintillations and fregeuncy of
operation, solar time, zenith angle; and angular size of the
radio "source”, The data were also correlated with the following
known phenomena: Spread F, Sporadic E, magnetic disturbances
and auroral activity, Conclusions were then drawn concerning the
size; shape and orientation of the small scale irregularities in
the auroral ionosphere,

4, The ionosphere has been a field of study for sc¢ientists for
many years and probably will continue to be for many years to
come, This item fits into a vast storehouse of knowledge that
man hopefully will someday fill,

5. This specific piece of information is being used as a guide
by present systems engineers and also as a guide in the design
of future experiments concerning the auroral ionosphere,
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PREFACE

This preséntation constitutes the final repott on Contract
No, AF 30(635)-2887, Radio Properties of the Auroral Ionosphere.
The work carried out under this contract is described in Sections
I, II and VI. The results of other programs given in Sections
III-V and VII are included because they are considered pertinent,
Each section is essentially self-contained, Section I reviews
the theory of single scattering of radio waves in wéak aniso=
tropic irregularities, extends it to multiple scattering, and
explains obseérved radio star visibility reductions in terms of
this process, Section II describes the radio star scintillation
observations performed under the contract, and contains an anal-
ysis and interpretation of these observations, Subsequent radio
star observations during auroéral activity are reported in Sec-=
tien III, The relation between spread F and radioc star scintilla-
tions is discussed in Section IV, Satellite radio signal
scintillations are considered in Section V, while Section VI
discusses electron density measurements above the F layer peak
by means of satellite radio transmissions, Section VII treats
high-latitude radio aurora observed on VHF and UHF radars,

The investigators connected with the contract do not agree
among themselves on the role which the finite size of the radio
stars plays in producing the observed long-duration visibility
fades; and two points of view are presented, The difference of
opinion appears to reflect divergent evaluations of the physical
process lnvolved,

The final report is submitted in three parts due to the

amount of material included.

vi
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THEORY OF RADIO WAVE SCATTERING IN THE
AURORAL IONOSPHERE

by
Leif Owren

The purpose of Section I 1s to review those elements of the
theory of radio wave scattering and diffraction which have &
bearing on the experimental studies reported in Sections II-VII.
The review 1s based meinly on papers by Bcokéri’é, Ratcliffej,
and Fejer!,

All the experimental evidénce obtained at College; Alaska
from radio investigations of the E and F layer over the fre-
quency range from 1 to 800 M¢/s indicates that presence of field-
aligned, i,e,, monisotropic, electron density irregularities is
a characteristic property of the auroral ionosphere under quiet
as well as disturbed conditions, This makes it particularly
important to consider the existing theory for radio scattering
and diffraction by nonisotropic irregularities, A basic paper
on radio scattering in the troposphere was published by Booker

4 in 1950 and extended to nonoisotropic scatterers in

and Gordon
the auroral ionosphere by Bookerl in 1956, A critical examina-
tion of the theoretical developments in these two papers show
that they contain hidden assumptions which affect ionospheric
applications of the theory, Physical factors and some observa-
tions which are important for model descriptions of the auroral
ionosphere are discussed, and show the need for a theory of
multiple forward scattering in thick layers of weak, anisotropic
irregularities, This theory is developed and applied to radio

star visibility fades observed with interferometers,
1



2, Scattering by Dielectric Irregularities

Booker and Gordona considered in 1950 the problem ot radio
wave scattering in a medium of capacitivity, €, containing weak
irregularities; i.e,, small local fluctuations A€, Thé sugges=
tive designation "dielectrie noise" is sometimes used for such
5,6)

fluctuations (Silverman®’°), The physically important quantity

is the relative fluctuation or relative deviation 0€/¢.

In general the capacitivity is a point function € = €(r),
depending on the position r: (x,y,z) in the medium relative to a

fixed frame of reference, O=xyz. Define the local deviation by

(1) a€(x,y,2) =€ - Ee=¢€ -7

where £€ = € is the expectation value or mean value of € for the

r,2). Thus € is also, in general, a function

of position in the medium,

We have

(2a) aefe = (€-€)/€
(2b) 8e/€, = (€-T)/¢,

where €  denotes the free space value, Hence
(2¢) Q€/€Q = (A€/€) (E/eo).

The elctric field strength at a point Q in the scattering
volume v due to linearly polarized radiation from an isotropic
transmitter T of power Pp at a large distance Ry (see Fig. I,1)

from v is

(3) By = V(zpg/em) &I (W0 KFo) g



where Z is the intrinsic impedance of the medium and k 1s the
propagation constant, The harmonic time factor exp(jot) will be
omitted in the following. A deviation A€ at Q produces a change
of

(4) AP = EA€

in the electric moment per unit volume,

and the contribution from a volume element dv to a receiver at

& large distance R from v is

() &/7; = (1/4m) Bg(ae/eo) &R av/m

Here the scatter field is expressed in terms of its polarization
potential, Hence the total scatter field at R 1s obtained by

integrating over v 4
(6) 7 Jd /7y @v

Choose a reference point O which may be located on the
ground under the scattering volume v, or in this volume 1itself.
Consider two points Q and Q' in the scattering volume inside
respectively the scattering volume elements dv and dv' (see

Fig.I.1), Denote the different distances as follows

(7) OP=ry , OR=rg , 0Q=r° , OQ' =1 ,

R'=r

TQ

m

B, , ¢'=R' , RA=R , RQ' =R

Lam)

t will also be convenlent to introduce two unit vectors, t and

foa

» in the direction of incidence and scattering respectively:



(8a)

fict
i

= (Zl’mi’ni) = go/ﬁo

-R/R

W

(&)

\|;m
|

= (zgxmgxne)

(8e)

»

Denote the difference vector § = t by

(84) d=5-t%

Then the phase difference at R between the waves scattered at Q
and Q! is
(8e) of = kr + (8 -

v
ct

~
il
3

I

Now

&) Ty /e Taryen | eeseg)e o aymen
: - v
- (/4 f (¢ /@o)eém(ﬁo@)dv
' \4

neglecting the variations of R R in the magnitudes of the con-

tributions from the different elements dv of vy but not in the

The complex power density at R due to scattering in v 1is
(10) %EH* = %(!*E?/ufrﬂ) k%stn x  |1/°
where

(11) 1= fé(rg) a(r)* oJH+L grogr
v

This result follows from use of the relations:

(12a) E = k%/7sin X

L}

(12b) H=YE = E/2

4



where X 1s the angle between the direction of scattering § and
the direction of theée incident E field vector, and

(13a) By =Rl=-2,R-R =¢p

il

(13b) ter Lyx' + myy' + nlz‘

(13¢) s

fuw

. P ) w! & om vl & nagl
r zgx * Mgy + npz

with the abbreviations
(14a) a(ro)

]

QG/@Q(X,Y,Z)

(24p) B(rt) = a(ro4r) = a€/6G(x',y",2")

(14e) dr® = dxdydz , dr' = dx'dy'dz’

If T and R are at great distances from v, and the linear dimen=
sions of v small compared with Ro and R, then Ry and 55 are
practically parallel,

Let ¢(r) denote the autocovariance function

(15) c(r)

Jré(r°) A(rO+r)™ gr°

\'4

and

(16) c(0)

M

_[’A(r°)[2 dr®
7 |

Then we may define a normalized autocovariance or an auto-

gorrelation function

(17) R(r) = ¢(r)/v c(o)

and write for (11)

(18) uPsvcm)fmmemgiu

v

since dr' = d(r%r) = dr.



We have now reached a ¢rucial point in the Booker=Gordon
analysis; and it is desirable to reiterate the essential assump=
tions introduced so far, These are:

Ass. 1 The distances OQ, OQ' and RQ, RQ' are large compared with
the linear dimensions of the scattering volume,

Ass. 2 The scatter field is weak compared with the incident field
(Born approximation - the scatter field represents a sec-
ond order effect, This requires that A€/€, be small,

pEfE, <K 1

We must now introduce two more assumptions in order to follow the

Booker=-Gordon theory,

A

88, 3 The mean, local capacitivity € differs insignificantly

from €, in the scattering veolume:

€ = €, inv

80, to the first order,

A;é/eo (x,¥,2) A€/€ (X;Y,Z),

Having made this assumption we can drop the subscript from €, and
the bar from € in the following.

The fourth assumption is less obvious and of the greatest import-
ance, Let the relative deviation & = A€/€ represent a random

process with the probability density function f(u) where

u = [a¢/€|. Then the variance or mean square fractional devia-

tlon 1s

(19) Var(u) = |A€:/é:lé; f* oougf(u)c;lu.
/- o0

if the integral converges.,



Now provided the random process is ergodic, which in practice

implies a stationary

gaussian process with zero mean, the vars

lance 1s also given by
A {

(20) Var(u) = lim 5 v av
v

but not otherwise, Therefore we are forced to make one further
assumptions:

Ass, 4 The relative deviations A€/€ represent a gaussian random

process with zero mean which 1s gpatial
This implies that the random variable u = |
probability density function of form

£(u) =(1/2m?) o= (v/ug)%/2

and that this function may not depend on the space point (x,¥,z)
in the scattering volume, That is, the process must be statis-
tically uniform in space, Under this condition we can write
for (16) —

(21) c(o) = $1é/€‘2

and for (18)

For a stationary gaussian process the Vilener-Khintchin theorem
may be invoked, This theorem states that for a zero-mean sta-
tionary process u(t), the power spectral density G(w) and the

autocorrelation function R(T) of u(t) are Fourler transform mates;

(23a) G(w) 5‘[+ ¥ R(r) e™*T ar
‘- @



J

(23b) R(T) = j 6(w) %% duy/or

7= @
provided G(w) is absolutely continuous (the physical case) and
non=negative,

Therefore we have, under assumption 4,

P,

(ak) 112 = v Jaere]® 2o

where P(€) denotes P[k(zgiﬂl): k(méaml), k(nganl)}, and
(25a) p(6) = | T TR(r) ML gr

.+ 00 , -+ €O P
. _ ¥ A A %* o » T K- <
(25b) R(r) = f 5(29)a (x5 1) ar»°/[ o Jpe)|® ar
Ja D J= 00 | {
The power scattering cross-section (power scattered per unit solid
angle, per unit incident power density, per unit volume) is
therefore:

(26a) o

(1/v) [32 ! 5’2 /gz;]} / [P T/“’rﬁf }

&
Z
o)
(

= (1/v) 1F2 sin? X lI'Q/)\ll

|éf/€la (72 sin® &/hu) P(0)

(26¢) o

i

The direction d =

e

.8 the external bisector of the

angle € between the direction of ineidence and the direction of
scatterlng, The vector d is normal to the plane which mirrors
the incident wave into the direction of scatter and defines what

is known as the mirror direction, The mirror plane is therefore

8



defined by the vector equation
(a7) R+d=p , p= distance from R
This mirror plane may bée regarded as an "aperture" plane for the

scattered radiation, A eorrugation along the "aperture"

plane of
wave length

(28) /| = %2 sin(6y/2)

will produce constructive interference of wavelets in the direc=

tion of scatter 65,

3. Ionospheric Single Scattering by Anisotropic Irregularities

Two more steps are required to obtain formulas useful for
the ionosphere:
(a) A specific autocorrelation function R(r) must be
selected,
(b) The variance of [AG/CI must be expressed in terms of the
ionospheric electron density N or refractive index

new - X

3,1 Autocorrelation Functions.

The following forms for the autocorrelation function have
been introduced by various authors:

BookersGordonu

(29) R(r) = exp §-1

]
@®
al
~A.
.Ilj
N
[
-

7

Fe jer

(30) R(r)

exp {~(r/1)%

Bookert
(31a) R(x,y,2z) = exp {

nr\)ll -

- [(/2)? + (3/0)% + (z/g);’]}

0



—~
N/
=
o
~
—~—
-
<
-
~r
1]

= éxl‘o{- %[(x2+y2)/T2 + z?‘/L?Bﬁ

(32a) = exp {- f[.(x/a)2 + (y/0)% 4 ‘(2/05)2]}

=
—
e
-
<
-
[\
~—
Il

i

exp {-V((x2y2)/1° + 2%/1L%)]

The resulting expressions for P(6) are

(32b) R(x,¥,2)

P(o) = 81rL3

[ + (2L)2sin® e/2)]

—~
D
O
~
b v
—
D
~r
i

~
3
=
)
—
D
S
I

= /213 exp - k®1.2s1n% (6/2)]

P(z,m,n) = (21,-)3/2 abe exp{ ;ke[ 2(2 -ﬁ ) +b (m2 1)2*'@2(?125‘!112]}

'TU‘
—~~
D
-
fe]
~
]

(27r)3/ 212y exp{aékeﬁ‘gsina(e/a)} exp{- %ﬁkz(Le-’rg)nE}
. 2
where n° = (nzsni)‘
(32a')
81r abe
P(£,m,n) = ———a— = = R S

{1+ xg[ag(zr ) v o3(m, -ml) + o (n 1)2]}2

(320')

811'LT2
P(6,n) =

{1+ k2[2T2 sin® 9/2 + (L -7 )(n -nl) ]}2

The derivation of the expressions (29') through (31') is elemen-
tary, and follows Fe,jer',s7 method for (32a') and (32v')., The
choice of the autocorrelation function from physical consideration

is discussed in Subsection 4,

10



3.2 Ionoespheric Expressions for the Variance of §A€/€};
The capacitivity of the ionosphere neglecting collisions
and the magnetic field is
X g /E = gy 2 2
(32) /¢ =1 - o /o
where 2

“N

(eg/éo»m) N

N = electron déensity, e = électrorilc charge, m = electron mass,
in rationalized MK3S=units,

Hence

=), -2 a 5 2 2

(34) LE/E = - (GO/F) Q“f’N /@

=~ (ko/k) AwN /0=

2,2

M
t

- (%/xo)é AwN

and

(35) lae/el

()\/7\0) 2 I AwNz/wQ ‘

(V1) (/@) on/n|

(56) jse/e]® = (/2)" (ay/e)* jan/m)?

If, as before, Ié€/€§ represents a spatially stationary gaussian
process and further if also:

Ass, 5 of = (é%h€o)N(x:y,z) is constant,

that is, N(x,y,z) = N = constant

then, and only then, can we set

(51)  jee/ei? = gt ow?

11




using wyo = M and assumption 3

7\/7\N = %@/AN

The cross-gectlon for scattering of UHF or sufficiently high VHF
radio waves by weak irregularities in the ionosphere then reads

 (38'> & (6,X)

{;ﬁ}ﬁié (7 sin x/‘xNé)2 2(8)

density N.
Sometimes it 1is convenlent to
sxpress 1A€/€l2 in terms of the relative fluctuation in the
refractive index Ou/ju rather than AN/N. We have
(392) €/¢, = n?
' s 3 12

Let X

i
]

L6€/€, t = tu/u 80

(4ob) t =~(1+x) -1

Now, i1f x 1s a random variable with the density function f(x) and
t 1s a strictly increasing, or strictly decreasing, function of x,

then t is a random variable with the density function

(41) g(t) = r{x(t)] x'(t)
where x(t) is the inverse function to t(x).

Therefore, setting

(hz) £x) = f0/2me ) e {-4 (/)%

12



80

(42b) x© f
it follows that

(43a) g(t) = V(1/2mx 2) 2(t+1) exp{ l(t/x’ lt+2]

X2 (x)dx = x

i

2

5
4
S
3

and
{ 2}

(13) €2 = V(1/2m, 2)}' [£2%4¢2] exp -4 L(t/x,) [t+z] at

\,r‘/

Aetually, the limits in the integrals (42b) and (43b) should be
finite and not infinite because of the assumption
‘x ! = :‘ A€/€ ‘ << 1

so we shall take the integral (42b) over the interval (-a,a) and
the integral (43b) over the corresponding interval (-b,b)
Then,

(44) x2 = x 2 erf(a/xN2) - (2/x.) ax exp{ -L(a/x )2"2

' T Ry TS o €/ TN 0! o TTHY T2V el )

(o]

consider the integral (43b), If the variance of x

2. .2

is very small, the main contribution to t2 in (43b) will come from
values of t which are much smaller than unity. Therefore, if we

neglect t compared with 2 in the expontential factor [t#z]g

obtain 2
(45) t2 22 (2/x,) (am) fb(t3*t2}e‘2(t/"°)" at
) J=b

The first of the two resulting integrals vanishes, and we find

(46)  t% = (KQ%/Q) erf(We/x ) - V(2/m) (bxo/e)e’g(b/KO)



Therefore,

7) (26702

]

i
i
|
ém‘

2 _ xo°

(48)  (ou/k xo- (8/x,)%]

N l
N i
[

[erf(a/x N2) - J(a/2mx,) exp ‘-5

Now, provided
(49a) ‘A€/€} < 1/10 or
(49b) ‘Au/h§ < 1/20 and

(49¢) x, £ 2x10° -2, X, £ 0.2 |2€/€;
y max

(49d) xeg <4 x 10‘&, (A€/€) LU x 10~

it is readily seen that equation (48)
reduces to
] S ———— B l e ——————c : - “:‘: é
(50) (Au/h = 5 (e€/¢)
Therefore, under these conditions together with the assumptions

1-5 made earlier,

(51) o (00 [k (or s 1292 5(0)

. 3

When collisions are neglected so the quantities 0€/€ and Ap/p are
real, it makes no difference whether we use absolute value signs
or parantheses for the squared quantities in the equations, Ve

have used this fact freely above,

14
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The autocorrelation function (29), R(r) = exp = (£/L), Baves
a good empirical description of the irregularities associated
with isotropie turbulence (?éké?isg); It was therefore used in
the Booker-Gordon theory of tropospheric radio scattering and
also applied to ionospheric scattering by Bailey et ailo; It will
be seen that this particular form of the autocorrelation function
implies a scattering medium having irregularities with sharp
points or discontinulties in the electron density distribution.
This was thought to be an unrealistic assumption for ionospheric
scattering, and Féjér7 thérefcfé used instead the functional form
(30), R(r) =

lecal irregularities but having smooth electron density profiles,

Il
2
ko]
1
=
XN
5
h
<
5
oy
o
5
)
pae
o
o
5
kod
et
e
®
@
w
2]
o
o
[
f=d
=1
=
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=
0
ko]
fe 8
®
=
M

It was realized later from radio star scintillation observa-=
tions (Spencefll), that the irregularities in the ionosphere are
elongated along the magnetic field lines, Booker® then intro-

duced the gaussian autocorrelation function,

(31b) R(x,y,2) = exp -

n =

{ x *y /T + z /L ], in connection

with his theory for VHF backscatter from auroral columns of

ionization, Later Renau used the function,

(32b) R(x,y,2) = exp *J’[(x2+yg)/T2 + 25/L° J; for a theory of

spread F, Comparison of the corresponding expressions for P(8),
equations (31b') and (32b'), with equations (29') and (30'), shows
that the modification in going from Booker's model to Renau's in

an ionosphere with anlsotropic irregularities corresponds closely
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to that of going from Fejer's model to the Booker-Gordon descrip-
tion in an ionésphere with isotropic irregularities,

The discussion by Booker and Gé?&Oﬁu of scattering in a
medium with spherical irregularities brings out some important
points which have validity also for other shapes of electron
density profiles, Thus thelr discussion implies that in a medium
containing both large and small irregularities, the forward scat-
ter depends on the large irregularities while the small irreg-
ularities control the backscatter, For isotropic (spherical)
scatterers the equation (38) tegether with (29') or (30') show
that iu the case of forward scatter, (8 = 0),

3

(52) Op ¢ (kL)

regardless of the scale size, L, and for both of the profiles
R(r) = exp = (r/L) and exp ;(f/L)ga For backscatter, (9 = ),
we have similarly

(53) 0, o« (k1)’ when KL << 1

but

(54a) o« (k1) for R = e (/L)

(54b) 3 =(kL)" fo; R = e’(R/L)E

o
&

=

&
()]
L]
O
e}

e o)
]

when kL >> 1.

is much larger than wavelength, kL >> 1, the scatter is mainly

forward and confined to a cone with half-power beamwidth, 26,

about the direction of incidence, 6 = 0, which is
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é‘(r/L)g

it

(55b) 20, = 3.3/kL for R

For forward scatter and backscatter the two profiles there-

fore lead to different results only whén the scale of irregular=

L >> V/2r, The profile exp - (r/L) gives a slightly narrower
forward scatter cone than exp -(r/L)Z, and backscatters a larger
fraction of the incident radiation,

Another important point made by Booker and Gordon is that
the power polar diagram of scattering for a medium containing a
statistical distribution of irregularity sizes is the same as the
amplitude polar diagram of a single irregularity whose c¢ross-
sectional profile of A€ is proportional to the autocorrelation
funetion, R, for A€, This means that in the case of forward
scattering, for kL >> 1, we can infer what the scattering power
polar diagram will be by regarding the cross-section of a single

irregularity as the aperture plane of an antenna. In other words,

the usual antenna formulas connecting beamwidth and aperture width
apply, only the angular spectrum or polar diagram is the power
spectrum rather than the amplitude spectrum because the Fourier
transform of an autocorrelation function rather than of an
aperture field distribution is involved, The differences be-
tween the scatter polar diagrams for the profiles exp -(r/L) and
exp =(;I‘-/L)2 when kL >> 1 are now readily understandable qualita-
tively, Although neither of the two autocorrelation functions

vanish for finite values of r, the function exp -(r/L) decreases

17



more slowly for incpeasing argument than exp a(r/L)2 after the
cross-over at r = L where both functions equal 1/e, Therefore
the profile exp =(r/L) gives a larger effective aperture width
and narrower forward scatter cone than the profile exp a(ﬁ/L)gi
The backscatter properties are on the other hand determined by
the behavior of the autocorrelation function for sma.l values of
the argument, that 1§, the small seale structure in the irreg-
ularities is important, Therefore the sharp peak of exp -(r/L)
at r = 0 gives more backscatter than the rounded peak of

exp =(x/1)%,

The observational evidencée shows that for the ilonosphere in
general, and the auroral ionosphere in particular, the electron
density irregularities are elongated in the direction of the
magnetic field lines and may be described by smooth spheroids of

the type

1;@%ﬁVﬁ+z9fJ

(31b)  R(x,¥,z) = exp = :

1‘;

n

with L > T, in a coordinate system where 2z 1s parallel to the
direction of the geomagnetic fleld lines. Under disturbed,
auroral conditions we may expect sharp local increases or dis-
continuities of ionization to appear in the general structure of
field-aligned irregularities, These local properties may more

adequately be described by an autocorrelation function of the form

(32v) R(x,y,2) = exp = Jl(xg+y2)/rg - g?/g? , with T.<T and L <L.

This suggests that the appropriate model for the aurorally dis-
turbed lonosphere might be a statistical collection of smooth

field-aligned irregularities, such as described by the

18



—'——‘«:‘:‘v‘:‘:,‘}, =

autocorrelation function (31b), with sharp cores as described by
the function (32b), Thus a description in terms of two sets of
simultaneously occurring irregularities is proposed, involving a
combination of larger, smooth ellipseids aceurding to formula
(31b) and smaller, sharp irregularities characterized by formula
(320) where the values of the parameters T and L may be different.
Since forward scatter is controlled by the large irregularities
and backscatter by the small, this indicates that the scattering
law should be takeén as (3lb!) for forward scatter but possibly as
(32b!) for backscatter under disturbed conditions, For quiet or
normal conditions the autocorrelation function(3lb) and the law
of scattering (31b') may probably be used both for forward scat=
ter and backscatter,

cided on an empirical basis from the observed properties of radio
signals from radio stars and artificial satellites traversing the
auroral ionosphere as well as from radar backscatter in auroral
ionization,

The properties of the forward scatter polar diagram for the
scattering law (31b') may be inferred from the fact that the
cross-section of the A€ surface, A€(x,y,2) = constant, in the
plane having the direction of incidence as its normal is in gen-
eral an ellipse, The scatter beam must accordingly have an
elliptical cross-section, The minor axis of this ellipse liles in
the plane through the z-axis and the direction of incidence, per=
pendicular to the latter, and the major axis 1s parallel to the

xy-plane, The major axis is the same for all directions of
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26, = 2,4/%xT for the law (31b'), The minor axis length depends

b
on the angle between the z-axis and the direction of incidence,
For directions of incidence parallel to thé field lines the
scatter beam 15 circular and has the half-power beamwidth just
stated, We shall confirm these deductions by a discussion of the
formula (31b') in the next sub-section, It may be noted that for
nearly vertically elongated irregularities as in the auroral 2zone,
the wide dimension of the scatter beam cross-section is nearly
horizontal,

Intermediate latitude observations of radio star scintilla-=
tions have indicated that the region producing the scintillations
is somewhere in the upper F layer, possibly at a height of about
400 km (Hewishl®), Investigations of the scintillations in radio
signals from artificial satellites made in the auroral zone at
ported by Frihagen and Tr#iml3, The observations were made on
the frequencies of 20, 40 and 108 Mc/s and show that the height
of the causative region is between 300 and 600 km with a mean
height of 450 km for the Tromsg observations, The irregularities
were found to be highly elongated along the magnetic lines, with
a typical width of about 0,6 km for the field-aligned cylinders.
The horizontal extent of the patches of irregularities is said
to be at least of the order of 1000 km, which agrees with the
results of the oblique HF backscatter soundings from College,
Alaska (Bates; ). The authors also note one case of 20 Mc/s
scintillatlons produced by sporadic E irregularities at a height

of 104 km, Recent, spaced receiver observations of 20 and 40 Mc¢/s
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(31

satellite radiations at College, Alaska, indieate thav
induced scintillations may oceur more frequently than indicaved
by the observations in Norway, and typically under disturbed
conditions when aurera is present,

Nicholsls has found evidence of multiple scatter in radio
star seintillation observations made at Ithaeca, New York, with
radio interferometers for 53 and 201.5 M¢/s having anténna pairs
spaced about 280 meters (50 wavelengths at 53 Mc/s) apart on
East=liest and North-South lines. During lower transits of the
radio star Cassiopeia A the interference pattern amplitude showed
large decreases on 53 Me/s but only slight decreases on 201.5
Mc/s. The visibility of the 53 Mc/s pattern inereased as the
antenna spacing was decreased; and the normal amplitude was
regained for small spacings of about five wavelengths, The
elevation angle of Cas A is 11 degrees during lower transit in
latitude 42,5°N which means that the direction of incidence is
nearly normal on the magnetic field lines, The geomagnetic
latitude of Ithaca, New York is 53.5 degrees so at lower transit
the line-of-sight to the radio star crosses the 400 km helght
level in the auroral zone at geomagnetic latitude 65°N, This 1is
nearly the geomagnetic latitude of College, Alaska (64,5°N).

Visibility reductions or losses similar to those reported by
Nichols have been observed at College, Alaska on 223 and 456 Mc/s
near upper and lower transit of Cassiopeia A and Cygnus A, as
well as at other times, with an East-West tracking interferometer
as discussed in Section II,5, The antenna spacing is 68 wave-

lengths at 223 Mc/s and thus comparable with the 50 wavelengths
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spacing for the Ithaca 53 Me/s interferometer, The visibility
fades are deeper at College since in most cases only weak fades
oceur on 201.5 Me/s at Ithaca with an antenna spacing of 190
wavelengths, The lonospheric conditions under whiech the
visibility fades of Cas A occur differ in two respects for the
two stations: (i) For Ithaca the pathlength through the dif-=

by a secant faetor, and (ii) At College the line=of-sight to the
radic star passes through the auroral E layer which happens only
exceptionally for Ithaca, The difference in the angle of incid-
ence on the magnetic fleld lines has no bearing on the visibility
fades because it is the azimuthal scatter beam produced by the
transverse irregularity dimension which is important for the near-
transit interferometer observations in both cases,

waodmanl6 has reported frequent occurrence of a similar
phenomenon in the 108 Mc/s satellite radio signal recordings at
the NASA Minitrack stations located near the geomagnetic equator,
in Ancon (Peru), Antofagasta (Chile), and Quito (Ecuador). Phase
anomalies arc observed on the socalled "Fine" East-West inter-

ferometer channel which records the phase difference between two

o
fe ]
=
@

tennas spaced 55 wavelengths apart in this direction, The
anomaly consists in a distortion of the phase record which in
severe cases makes it impossible to reduce., During severe dis-
tortions the recorder trace has an irregular, noise-like appear-
ance indicating that no phase correlation exists between the
signals from the two antenna., The rapid phase fluctuations are

of the order of 360 degrees and correspond to an apparent East-
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Viest movement of thé satellite; that is, angular scintillation,
of the order of one degree of arc, These anomallps are not
observed on the North=South fine céhannel for which the antennas
have the same 55 wavelengths spacing, but phase changes of up to
0.02 wavelengths are evident when the signal disappears on the
East-West fine channel, The coarse East-llest (narrow antenna
spacirz) and the fine and coarse North-South channels exhibit
correlated; rapid phase fluctuations during the phase anomaliles,
At Antofagasta sudden transitions from normal to completely
irregular phase variations are observed on the wide East-West
anteuna spacing.

The phase anomalies occur only during the night hours and

are nost pronounced near midnight. A nearly 100 per cent cor-

relation has been established beéetween the occurrenceé of phase
anomaliés and spread F at Ancon while there is a negative
correlation with magnetic disturbances as generally observed for
equatorial spread F,
¢ohen and Bowlesl7 have deduced from 50 Mc/s forward scatter
studies over South-American transequatorial paths that the
scatter in the equatorial F layer occurs in relatively thin
sheets or patches about 50 km thick containing fleld-aligned
irregulsrities, The scattering layer is generally near or below
the bottom of the F layer but may occur up to heights of 450 km
or more, The field-aligned irregularities are found to have a
width of 10 meters or less, and a length in the direction of the

field lines of 1 km or more, The above investigation as well as

other by Bowles et 3118 and by Eganl9‘show that the equatorial
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E region is also an important source of VHF scatter, The E
region irregularities are field-aligned and appear to be
assoclated with the equatorial electrojet. The scatter echoes

have a striking resemblance to VHF échoes from auroral E region
ionization, Although the equatorial E layer forward scatter
occurs predominantly during the daytime hours, it is also
regularly present during the night,

These various observations indicate that under auroral con=
ditions we may expect to have two séparate regions of scattering
irregularities; located respectively in the upper F layer and the
E layer, which econtribute to radlo star and satellite sc¢intilla-
tions. The F layer region probably has considerable depth,
making 1t necessary to allow for multiple scattering. The E
layer region may be thin measured in units of length but its
scattering properties could nevertheless be such that multiple
scattering occurs as we shall see later. The existence of two
scattering layers per se requires an extension of the theory for
forward scattering in anisotropic irregularities to include the
effects of rescatter even if the individual layers may be re-
garded as thin and singly secattering., A technique for dealing

with such multiple scatter conditions is discussed in subseéction 6.

1s turbulent, The "Smokepuff" experiments in Florida by

Gallagher et 212’

further indicate that the turbulent part of the
E layer extends up to heights of about 105 km, but not above, and
that there is a sharply defined transition region. 1In this

connection it is of inte

rest to note that statistically the
majority of auroral forms observed in the auroral zone have their
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2, Stfrmer®

lower limits at a similar height (Harang has
found from a large material on height observations of various
auroral forms that the mean height of the lower border of homo-
geneous arcés is 107 km, Although auroral luminosity is fre-
quently observed below this height down to 80 km, and on rare
occasions the lower border of intense rayed ar¢s and bands may
penetrate down to 70 km, the auroral height statistics neverthe-
where between 105 and 110 km., Howells®) has shown that ioniza-
tion irregularities which are elongated along the magnetic field
lines cannot be formed by diffusion processés in the presence of
turbulence, In a turbulent, ionized medium with a vertical mag-
netic field, pancake-shaped irregularities elongated in the

horizontal direction will form. The implication of this is that

and the D layer may be described by autocorrelation functions of
the form (31b) with T >> L rather than the usual assumption of
T <KL or T <L used for the upper E layer and the F layer, The
small scale irregularities formed under auroral conditions by
particle radiation incident parallel to the magnetic field lines

would probably still be described by the autocorrelation function

(320) with Ty < L, even in the lower E layer, These special
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of scatter from electron density irregularities known or believed
to occur below about 105 km are interpreted.

It should be noted that the correlation or scale lengths T
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are not the actual physical lengths of the scattering irreg-
ularities, but differ from these by a numerical factor. The
value of this factor depends on the particular form of the auto-
correlation function, Rieééa has shown that if a random func=
tion, f(x), has the autocorrelation function, R(x), then the

average distance, d, between the maxima 8f f(x) is
B uw o, (4

(56) (@/em? = - & /8"

This gives for

(57a) R(x) = o~ (%/%,) s 4 = 2mx = 6.3x

L
q1]
¥
—~
5
‘o:
~
n
-
(o))
]

(57b) R(x) 2mx /N6 2,6x,

CONECRRES (2NN

"
It

2mxo N3 = 3.6x,

A last physical point of some importance is the magnitude of

i)"}-'

the relative mean square deviation of e¢léctron density, (Aﬁ/ﬁ

which appears in the equation (38) for the scattering cross-
1

section, Bookeri has deduced a value of

(52)  (WM° = 3x107

on the assumption that a suitable estimate for the plasma wave-
length 1is AN‘s 30 m, corresponding to a critical frequency of
10 Mc/s for auroral E layer lonization, This value has been

corrected by Nichols®? to

(58)  (aW/N)? = 6 x 107
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based on auroral backscatter studies on 41 and 106 Mc/s at

College, Alaska, and a change of plasma Wavelength to the more
y = 50 m corresponding to a critical fre-
quency of 6 Me/s. If Booker's premises aré accepted otherwise

reasonable value of A

but the plasma wavélength increased to 50 meters, the value

(s8)  VF = 25k 20

is

(59) ¢ = pwnf® (7 stn 1AD2 p(e,n)
with s n
(60a) P(e,n) = (av)}/2 % e T 9/2 (L o )

or

(60b) P(6,n) = == ,81[‘1‘,1.._

o
~~
D
‘.
(]
A
L
|
I
I
'
i
)
i1

and

(60¢) a? = (n, - ny)®

Eqn. (59) with (60a) will be used for forward scatter under all
conditions and possibly should be used to describe backscatter
under normal conditions, but (59) with (60b) is more 1likely to
apply for backscatter under disturbed conditions.
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scatter are one or two orders of magnitude larger than any radio

T and L for the 1

o1l
(¢

irregularities which control the forward

wavelength used in VHF investigations, The scale lengths deduced
from VHF and UHF backscatter observations of auroral E layer
ionization are much smaller, and generally a value for T of the
order of the exploring radio wavelength is found,

Some properties of the angular power spectrum and the
scatter beam can be inferred from the expressions for P(6,n).
Let the direction cosines (1, m, n) be expressed in terms of the
angles (a, B, y) by

(61) 1

cos a, m = c¢os B, n = ¢o8 vy

As vefore the direction cosines for the incident wave are denoted

by (11, m, s nl) and the direction cosines for the scattered wave

by (12, My na). The direction cosines (1, m) and the cor-

responding angles (a,B) have disappeared from the expressions for
P(6,n) through use of the identitiles

(62) 12+ n® 4 n% =

and

(63) 1,1, + mm, + nn, = cos 6

where 6 1is the angle between the direction of incidence and the

direction of scattering., Thus only the direction cosines with
regpect to the z-axis

(64) n = cos vy and Dy = 08 ¥,

remain explicitly., The z=axis is assumed parallel to the direc-

tion of the magnetic field lines., The longitudinal dimension
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of the irregularities in the direction of the field 1lines 1is
characterized by the scale length or correlation length L. The
irregularities are assumed circularly symmetric about the z-axis
with a transverse scale length T in the Xy-plane,

Substitution of (64) in equation (60a) and using
(65) nen,=n =cos vé - ¢o8 Vl

i oo ooy et iy L
2 sin E(Yg'* Yl) sin g(Vé Yl)

]
i

2 sin y sin % 6

where Y2 # Yl = 2y 5 Yg = vl = 6

gives o ) 7 w ]
. o 3/2 sékz(Tzéoszv * Lesinzv)singg/z

(66) P(6,v) = (2r) e

From thée last equation we have for:

Transverse Forward Scatter

it

- o ;‘ 2 2 o
(em) /2 221 esgkaT”sin*Q@/g

(670)  P(8q,0)
independent of the angle of incidence, yl,‘and for:

Lon itudinalfForward Scatter

(680) B(op,v) = (2”)3 ° g2y, o 2" (TTcos®y + L%sin®y)sin®g /2

The autocorrelation function describing the electron density

deviations in the field-aligned irregularities is

a9



(69)  R(x,¥,2) = e_% | (Pey®)/e? o 2]

The electron density contour corresponding to: R(x,;¥,z) = eil;

in a plane with normal: (1, m, n), is an ellipse since any
diametral plane éuts the oblate spheroid

10)  (xByd)a? e 2nl =2

in an ellipse., The plane z = O, normal t6 the direction of

incidence (0, 0, 1), intersects (70) in the cirecle

(7T1a) xg/T2 5 ye/T2 s 2

while the plane, ¥ = 0, intersects (70) in the ellipse
(718) /1% 4 22nf = 2

and in general the plane: 1lx+ my <+ nz = 0
intersects (70) in an ellipse whose projection on the xy-plane,

say, 1s the ellipse
(Tie) ax? + Bxy +0y? - m® =0
with

A= (o/m¥s /w8 B=wid = (D ()P

L]

If an arbitrary semi-diameter of the intersection between (70)
and the plane: 1x + my + nz = 0, is denoted by r and has the

direction cosines: (1', m', n'), then

(12)  x® = @EB? . nfnf

L]

with 11' + mm' + nn' = O



The electron density contour acting as aperture for the

scatter beam is an ellipse with semi-axes ys fg}and areat
(73) v, = 2P A(2212 4 1% + 12n?)

The angular power distribution in the resulting cone of
scattered radiation is given by the formula (60a) for P(8,n)

or the equivalent formula for P(k 12611’ mesml, n2=n1). The

equipower contour corresponding to: P(8,n) = constant x e“!, may

be represented by thé intersection of the scatter cone and the
ARSI 1; say. This contour is a plane

plane: llx = m

angles, 6, is defined by

o - A, 5 A - Y- T .
(T4a) kargeg k®(r%c0s®y + L2sin?y)e, = 2
The last equation represents an ellipse with semi-axes

]

(The) e Vo/k N(2%cosy + 12s1n?y)

Let L = pT

Then the axis ratio 6,/6, is given by

(75a) _'91/6g = JT@Q@QY + pgsinay)

and we find that for
(75b) Y
(75¢) 4
(754) ¥

These results confirm the statements made in subsection 4,

o 6,/6, = 1
L7 6,/8, V(1+p2) N2

/2 i 6,/6, = p

]
i
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6,1 Approach

The problem we need to consider is the transmission of
radiation through a thiek, plane=-parallel layer containing
anisotropic dieleetric irregularities acting as scatterers of the
incident radiation field. We are interested in the emerging
radiation field at the bottom of the layer which in general will
consist of the direetly transmitted; attenuated radiation (un=
deviated component) and the scatter radiation (deviated
components), Since the directly transmitted component 1s of
importance to us as well as the scattered radiation, we are
actually concerned with a problem of multiple diffraction rather
than multiple scattering,

The problem we have described is a time-honored one in

astrophysics where it is treated under the name of the theory

of radiative transfer, The particular problem We are concerned

parallel, finite atmosphere with a c¢onstant net flux, The most
complete treatment of the general theory is given by
Chandrasekhar®® in his book "Radiative Transfer”. Van de HulstZ!
has discussed and classified into three types the avallable
methods for solving multiple scattering problems, Specification
of the state of polarization is accomplished by introduction of
the Stokes! parameters for the intensity of the radiation field.
This casts the equation of transfer into vector form,

It appears that the problem of scattering by anisotropic

irregularities probably does not admit a solution in closed form,
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but it can be solved in any finite approximation (Chandrasekhar,
loc, eiti; chs X). The difficulty in the case of anisotropic
scatterers 1s that the socalled phase matrix of the vector trans-
fer equation or the phase function of the scalar transfer equa=«
tion, corresponding to our function P(6,n), is too complicated
for a closed solution, Under these circumstances we have to
decide to which order of approximation we desire a solution.

Our present aim is to obtain an anlytical expression which in
addition to deseribing the physical conditions with sufficient
accuracy also 1s simple enough to be readily applicable to

observations, If we limit ourselves to forward scatter by large,

ﬂ

due to Fejerf which satisfies both requirements,

Fejer treated the case of small-:ngle multiple scattering
in weak; isotropic irregularities., The thick, multiple scattering
layer is divided into a number of thin, plane-parallel, singly
scattering layers and an equation of transfer written for each.
The phase function or angular power spectrum for single volume

scattering can then be applied successively. The extension of

this method to multiple scattering in a medium with anisotro)

F14
irregularities is simple because the radiative transfer equations
are the same in both cases and only the phase function, P(6),
needs to be changed from Fejer's form (30') to the form (31') or
(60a) appropriate for anisotropic scatterers,

of two, separated, multiple scattering layers having anisotropic

irregularities of different scale sizes., For the gaussian type
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phase funetion we are concerned with this extension is straight-
forward although it does complicate the final expression for the
emerging radiation somewhat,

6:2 Radiative transfer equation for forward scattering

The equation of radiative transfer will be stated in the
usual astrophysical notation (ef, ChandrasekharaG)a The equation
of transfer for a plane-parallel atmosphere reads:

(76) (cos x) div(zsx;ﬁ)/xvdf = = iv(z,x:ﬁf) * JV(ZJX:’!)

where

]
I}

the speeific intensity or spectral power density

L
I

y = the volume absorption (scattering) coefficient

Cy
]

the source function = Jv/xv

the volume emission coefficient

P
<
1]

linear distance normal to the plane of stratification

‘N]
Il

inclination to outward normal

azimuth angle referred to the x-axis

< B/ =
[}

frequency, indicates radiation in the frequency

it

interval (v,v+dv).

The subscript, v, will be omitted in the following for
convenience,
For a purely scattering atmosphere the source function is of

the form

where s 1s a unit vector denoting some direction through a
point r, p(s,s') a phase function normalized to unity, and

2 a solid angle,
34



We introducée the normal optical

inward from the boundary, and defined by

z
(78) ar = xdz , t(z,2') = j’ x 4z

The equation of transfer may then be written as
(79) dl/dr see x = I = J

The formal solution of (79) is for the emerging intensities,
Qutwards
(80a) ,
"1 ,
L _ A =7, 8écX ﬁ -t seeX ,
I(0,X,8) = 1(f1,x,¢)e 1 + .f J(t)e dt secX
] J

Inward:

(8ob) o T
I(fl,X,ﬁ) = I(O,Xsﬁ)eiflsecx + ‘[‘ J(t)e

°

&{ Ty 6t" Secx
(ry-tdseeX o seex

The first term on the right hand side of (80b) is the attenuated,
incident radiation and the integral gives the forward scattered

rediation, as they emerge at the bottom of a layer of optical

tizickness fl. This formal solution becomes a solution to a

physical problem when we specify a phase function and solve the

resulting integral equation for I, Oné approach to the problem
of solution is to replace the integral equation by an equivalent
svstem of differential equations, and this 1s the method adopted
by Fejer7.
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The analysis 18 based on the following suitable assumptions:
(1). A rectangular coordinate system O=xyz,
(2). A thick slab of material with random dielectric irregu=-

larities, delimited by the planes z = z_ and 2 = zl, and of
thickness much larger than the scale leﬁgth, Ls

(3)., The mean capacitivity, €, is the same inside and outside
the slab,

(4), The rms deviaticn of the capacitivity; (AG) g’ is a
function of 2z only.

(5). (Ac) varies sufficiently slowly so6 that there is no
stratification within a single irregularity,

(6)s A plane wave of intenaity (power density) I_ is incident
on the plane z = 2o frém the néegative z-dirgction at an
argle X with the z=axis,

It should be noted that the last condition will reverse the signs

in the equation of transfer (79).

The equation of transfer for the first, singly scattering,

elementary layer is

(81a) dI,/dt seeX = I, + Iy

or

(81b ar./ds = -1

(81b) a1 /ac .

with ds = dt secX and Jl = 0

and has the solution
(81c) I. = 1 e°

The eqiation of transfer for the second, elementary slab is

(82) dlg/ds

L
’
sl

2 v

2
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and for the p-th slab we have similarly

83) dI /ds = ==I + I_.
(83) ﬁ/ ¢ p=1
This system of differential equations has the following solution

for z=3z oOr 1= T,
1 1

I
i
(e
et

. 7 -
(81) L ]

- - =8
12 . I6 51

$or0000ddsstivtsio

T oD .51,
Ip I, 87 € /p!

i

where §. = 1. seeX,
o "1 1 e

Addition of both sides gives

-5

L+I, v+ +, = Ie (1+ 8+ o0+ 5/pd+ 00)

W

so the solution satifies the condition

It will be seen that the approximation involved consists in
putting the source function, J, equal to the scattered radlation

emerging from each preceding, elementary slab

]

(86a) Jé - degl/ds = I

p=1
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which means that the backscattered radiation is ignored,

For isotropic scatterers we have from (52) and (54b)

WY
(86b) cs/g% é-(kz)

When k2 > 1
Similarly, for anisotropic scattérers, with L > T,

2

-2k?(7%c0s®y + 1.%s1n%)
e

(86¢) aﬁ/df =

L-2(kr)* ) ,

p <

For kKT > 2  wehave oo < 110
which shows that the approximation reflects the actual physical
situation to a high degree of accuracy under the stated
corcitions,
The final expression for the emerging intensity at z = 2z,
is of the form 4
00

(87) I = I St }j I P (0)

p=l
and 1t remains to find the expression for the angular power

spectrum after p-times scattering, Pp(e).

6.3 Angular power spectrum after multiple scattering

Consider two plane-parallel, singly scattering layers which
need not be adjacent and may contain anisotropic irregularities
characterized by different scale lengths Tl, L, and Ty L, in

2
layer 1 and layer 2 respectively.
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Let:
The direection cosines of a plane wave incident on layer 1 be

(88a) (1, m, n)

The angular power spectrum of the plane wave after scat-
tering in layer 1 be
(88b) Pl(llo, M 3 niO)
Thé angular power spectrum of the same plane wave incident
on layer 2, after scattering in layer 2, be
(88e) Pa(lps Mags Fipg)
The angular power spectrum of the plane wave after successive
scattering in layers 1 and 2 be

(88a) B(1a97 Ma02 Bo)

The notatien (110, my o nlo) stands for (11616, my =M, nlsno),
etc,, and 1s to be understood in the sense of equations (24) and

(31a').

Then the angular power spectrum of the plane wave after

successive scattering in the layers 1 and 2 is the convolution

—~~
00
e
EVE
S
(g7
1]
o o

*
2 +]

with
(89p) P,

~~
n
#»

S

(89¢) P

n
#

o
"
A



The evaluation of the convolution integral is elementary,

and the resulting expression for P reads

L ona0i2 1222
e 2k T (l +m20) k L°n g,

(90a) P

1]

or

A 2m2qin28/5 ) 2., .2
@ é2k2T sine/2 o k (L =T7<) (“e’no)

i

(90p) P
where

(90¢) ¢

[}

(2m) %2 53 (Tf+T§)~f(Lf+L§)

woa)  1f = ta%eded) , 1f - dAdadad)

Comparison of (90b) with (31b') shows that the angular power
spectrum has the same form after a single and two scatterings as
might be expected,

If we now put: T, =T,=T and L =L, =L ,
we see that after two scatterings in adjacent, élementary slabs

of a single layer the angular power spectrum is

: ‘ . o o-2k¥/2)12sinfe/z -
(91) Play = c,e e

(k%/2) (1L2-1%)nf,

‘l\)l [ ol

and similarly, after p scatterings we have

(1@ /e \ M i naa /2 L2/ 7702 m2y\ne
(91a) P -2(k%/p)sin"e/2  -L(k%/p) (L5-T%)ng0

H

(p) p °

(ﬂ()xv2 2

<
L
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The above expressions for the angular power spectrum of the

p-times scattered wave in a thick layer with weak, anisotropic

irregularities reduces to Fejer's equation (38) for the angular

Lo

ower spectrum after multiple scattering in weak; isotropic

irregularities if we let

N2 and sine/2 = 02/4

3
]

£
1

Examination of the expressions (89d) for T° and L

show that T2 and L2 are (half) the harmonic means of
- 2 .2
respectively T,, T and LS, L2

convenient to introduce the reciprocal scalé lengths or related

. It will therefore be

We have shown earlier that n,. may be written as

20

(92a) By = By =B, = 2 sin Y sin 6;/2
with X = (Yg + Ye)/g ? QL = YQ = Yo

We also have from spherical trigonometry that

(92b) cos @

(]

cos 8. cos @
or

(92¢) sin®9/2

il
w
=~
i

sinfer/2 + sine/2

2 sin°(0,/2) sin®(e /2)

]

ofje
w0
o
e}
N
n
L}

sino /2 - 4 sin*e/2



Therefore P may be written as

22, 2, 2. 2 2 2 2
- ]  =2kT%s1n6/2 -2k “(L°-7%)sin"v sin-e. /2
(93) P = Ce / . (L™-T )sin vy L/

2

2.9 2. . i ~
o észkeTﬂs;n‘qP/z é~-,2k2('1‘ cos Y+L251n 2y) s4n6; /2

_ -i®(12.12) 5102y sinte/2
X e

or

(94a) P = ¢ é‘4(51n 84/2)/t e h(sin6;/2)/4

with

(94v) t2 <« 2/kp?

(9ke) 4" é/ké(Tééo*sgv + Lésin?\()

and ignoring the term with sinué/z in the exponent.
For small forward scatter angles, 6, we have with

4 sing/2 i 6

. a2 2 - 92 2
(952) P = C . e eT/tJ e D/ZJ J = 1,2

where

2
t
2
J

2 - S 2., 2
(95¢) 4 g/k*(TJcos Yy Ljein v ooty o= (vgr,)/2

In terms of the parameters tJ Ly we have from (89b,c) and
(90a) that when a plane wave 1s Scattered by the elementary slab 1
into the angular spectrum

2 2,,2
- 97‘ t - 6 z
(96a) P, = C, e ‘T/ Q/'l



and the same plané wave is scattered by the elementary slab 2

into the angular spectrum

N N

_ 022 g2/,

(96v) b, = ¢, & O/t &0/
2 2

then successive scattering by the slabs 1 and 2 produces the

angular power spectrum

2, 2

>, 22 5,2 2
(96e) B = ¢ e /(81 83) - /(4 + Lp)

o)
]

The angular power spectrum resulting from multiple

irregularities having different scale lengths T., L, and

1 1

L. 1s now easily deduced,

Tg’ ’;-/2

of the incident plane wave in the layer 1 is for small angles, 6:

2,2 2,2
= 6/t, = 9/2

and after p scatterings in layer 1 the angular.spectrum is:

2 2 2 2
= 6n/Pty - 6./pb;

“(p) p €

If this angular power spectrum is incident on layer 2, then

after one scattering in this layer we have the angular spectrum:

2

(97e) Py = %

62 /(or2 1«2y - 82/(042 4 42
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and after q scatterings in layer 2 we have the angular power

Spectrums

2 2 2, ,2 2
(pty + atp)  -61/(pfy + aby)

L
[
[4)]

(97)  Ppq) = Cog

or

(p,q) psa

where

(986) K-

P
#
3

(98¢) K

N P
1

The quantities

Tng/(pT2 + q$1) ’ leg/(px2 qK,l)

4!\)

2
T and K2 K2 .

are weighted harmonic means of respectively T 10 K5

)l—'
d\)

interested 1in the transverse scatter angle, 9@* only, although

occasionally in the longitudinal scatter angle, 6., but seldom in

both eT and QL simultaneously,
The above results for the convolution of two or more angular
power spectra will also be useful for ascertaining precisely the

Ly



consequences of replacing the incident plane wave radiation from
a fictitious point source at infinite distance by either the
radlation from an extended source at éssentially infinite distance
(radio star) or a point source at a finite distance (artificial
satellite),
6.4 The solution for the multiple scattering problem

The solution of the radiative transfer equation for the
intensity of the radiation transmitted through a thick, multiple
scattering layer can now bé found by combination of the equations
(77), (87), (97b) and (92c). We have from (77), with cos X = u,

(9%a) 4

Jp+l 2 (1/411")[
-1

air
/ Pp(g,/é,g',ﬂf') ip'(s,:u,ﬁ,@’;;é') du'dg!
0

pr‘(s.iu@;%o)

L

by the mean value theorem, In oérder that the normalized phase
function, Pp(e), be independent of the azimuth angle, £, the
coordinate évstem 0-xyz must have its z-axis parallel to the
direction of the magnetic field lines, Therefore X is identical
with the angle vy introduced earlier, This implies that the
ionosphere is assumed to be stratified in plane-parallel layers
normal to the magnetic field lines rather than normal to the
vertical through astronomical zenith, For auroral zone latitudes
the difference is slight since the angular distance of magnetic
zenith from astronomical zenith is in the range 11-14°,

For the purpose of evaluating the integral (99a) it is

convenient to write Ep(e) on the form

us



ja(é/pzl?‘)(l - cos 8) é(z/paf)singeT/é

with

(99¢)  1/a; = kP(ir)einfy,

Then the normalizatien condition

(99d) ..
[ (2/p82) (1 (2/pa2) sin?6, /2
Wuﬂf f :, e (2/p41) (1) (efpay)sin‘ey/2 “ - 1

—~
RO
O
[¢:])
i
Q
I

s =(2/pa®)sine /2

2

o, 2
au/pll

ignoring the term e L, If we use the small angle

approximation

2, 2 2, 2
. , ) 2, 6x/pPa_
(99£) o= oce /pky  Sq/pa,

and

-9 2 e,
(99g) (l/lhr)f Jr /pl T/pale 46 4 = 1

we find

rl\)x

Laall 2V

2
(99n) (1/p83) e ~op/Pe]

Q
H

L6



which for: T = L = 4N2 reduces to Fejer's

corresponding equation for isotropic irregularities:

(991) ¢, = #2£2/X2p

The solution for the emerging intensity after multiple

gcattering in layer 1 is

(100) (s, 0uf) = I, ¢ 1, ¢ L (aB/pl) B (6)

]
L
®

1
v
o

%

=gt
Oy

with I = I(0,X,f) and s, = 7,secX, where

. =(2/p4? 1726'2
(M/pﬂf) o ( /P l)S n / fp(sin QT)

-
O
O
v
S’
o]
—~
D
S~
|

or

(1000)  E (6) = (i/ph)) 3 (o)

2, 2 2, ,2
6/Pty -6:/pé-
TP /o £, (8p,p)

]
P
N
ke
B

- N
N
@
]
)

(100¢) gp(e)

and with
0270y (12.02) <1y ainle /o
es(ax /p) (Ly-17) sin®y; sin®6,/2

(100d) £ (sin o) =

2.2 /0 (1.2 5m2) g 12
(100¢) £(0..8) = o~ (ork /2p) (L7-2T7)s1n"Yy
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The factors fp equal unity for ¥1 = 0 and will oftéen pe
sufficiently close to unity to be ignored., The solution reduces
to Fejer's solution for multiple scattering of a plane wave

normally incident on a thick layer with isotropic irregularities

if we let T = L = gA2 and X = 0

The intensity of the radiation emerging after multiple
scattering in a second, thick, planesparallel layer is readily
deduced by repetition of the procedure for layer 1, using the
expression (100) for the intensity of the incident radiation.
Denote the diffracted radiation, I(Sl,x,ﬁ), emerging from layer
1 by I'. Then we have for the first elementary slab of layer 2

the equation of transfer

10la di'/és = - I!
(101a) ,;1/ 1
and for the g-th elementary slab

(101b) di'/ds = = I' + I'
Q Q=1

where, ds = dt sec X, as before, The solutions for z' = zé
or T= 1, in a coordinate system O'-x'y'z! shifted along the

z-axis (x'=x, v'=y, z'sz-c, ¢ > gl)! are

]
o]
€D

]
17/]
n

(102)

i as]
= -
O

L I
Iq. I, € s2/q



§0 the solution for the emerging intensity, I"; 1is
5 AR w1 =1 »asé 71 pl{A
(103a) I" = I_e + Iy pq(e)

with
5,
v =6 /aly

(103b) Pq(é) = 0 : fq(é )

Tl

il
(@]
o

The normalized phase funection for a wave scattered p times in
layer 1 and q times in layer 2 is

2 2=l -6 /(pii+aly)
005+ ass) | 1727 ¢ (o)
(pffng) e ;pq( )

i

(104a) "qu(é)‘

with
2, 2 2
e "Gﬁ/(pa‘jﬁ' qag)

]

(104p) qu(éT)

2
J)

(108c) 1/a§ - ‘(k2/72)(L§:-vT 51n2YJ ,  3=1,2
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with I, = I(0,X,£) , Sl = 7,8€C X , s, = Ty8€C X,

For large magnetic zenith angles, X greater than 50°, say, a

correction for layer curvature must be made, The corrected secant
1

factor, sec X ; is given by

1
(106) sec X

(1 + h/ré)/JTc@sgx + 2n/r  + ng/rg)

whére h 1is the height of the ionospheric layer above ground and
r_ is the radius of the earth.

When the number of scatterings in one or both of the layers
is large, useful approximats expressions for (100) or (105) can

be found. Application of Stirling's formula to (84):

Lo
]

, I e ~ (s7/p!)
" I, (s3/p!)

gives

(o1 1 2 1,(2m)

-1/2 -8
P o

=-S5 ) D
1 (Sl/P)p
Logarithmic differentiation of this expression shows that it has

a maximum when

pe = = 8 or p for p >»™1,.

o il »
{0)]

Similariy,

o]
0"
=
D

has a maximum when

o
slle
(4]

and q

olle
L]

5 for p>1 , g>1l,



The maximum is sharp for large p, or large p and q. Therefore,
when the number of scatterings is large, the main features of the
emerging field, and in particular the angular distribution of
intensity, may be estimated from the following approximate

expressions

o s oo TH 21 Dy b (e |
(168) I £ I + Izt (sl/p.) Pp(e) |
!
| with p = 5, > 1
| : =(8,%8,) -(8,#8,) . . »
[ (109 s g e Bt L TS pa iy s (e
| (109) I" = Ie e 5, 87/plal) qu( )
| with P s > 1 and a2 s, 1

These expressions can be simplified further by use of Stirling's

formula,

7. Diffracting Screen. Fresnel and Fraunhofer Diffraction

The diffraction effects of the ilonosphere on radio trans-
missions from radio stars and satellites are frequently represented
in terms of a thin, plane, phase-changing diffracting screen. The
diffraction field resulting from multiple scattering in a thick
layer may be simulated by the effect of an equivalent screen of
this type. For such representations we need two-dimensional
versions of the autocorrelation function of the kind resulting
from intersecting the three-dimensional function (70) for the

electron density deviations with a plane, 1lx + my+ nz = O,
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normal to a specified direction of incidence (i,m,n), In the
special case of incidence parallel to the direction of the mag-

netic field lines; (l,m,n) = (0,0,1), we can write

(e/n)®
e

P
[
=
O

e
X

—
2

g

0

7

with »° =x" ~ y%, and A2 = T, Then Fejer's' discussion
applies,
The point of interest is that the autocorrelation function,

R, may be represented as a sum of the autocorrelation functions

for the elementary scatterings

|=

w»
1

(111a)

Rp

i

g
K
o

with

(111b) Rp = (s5/pl) e “ e , 8. =1T.8ec0=T1
4 ' +

and the following approximations obtain,

For

il
«}

r <« 4, dominant term: p

"
o e

L, dominant term: p =

/]
Wy
=

=
‘.

t

e

o

r & o, dominant term: p = O, R = e

28
A comparison of this with the results by Hewish  for a thin,

phase-changing screen shows that when
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P 24(0) = (e/0(2r)

84(2)

1

=
o i
>

J(2r /o)

r = o0 24(w) = f(gfi)

where Ag denotes the root-mean=square phase difference between
tvio points in the equivalent phase-changing screen separated by
the distance r. Now the diffraction effects caused by the plane,
phase-changing screen depend only on / if A is less than one

radian; but depend on 4/64 1if the rms phase deviations are

3

than one radian. The upshot of this for a thick layer

larize
(and r

o ihe

L or r = %) is thersfore that for Ty less than one, the
diffraction effect depends only on the size, £, of the irregular-
ities, but it depends on &Af%l when 1,
Thus multiple scattering in a thick layer with optical thickness

is larger than one,

less than unity is equivelent to diffraction in a phase-changing
screen with rms phase deviations less than one radian, A multiple
scattering layer with optical thickness larger than unity has as
1ts equivalent a diffracting screen with rms phase deviations
larger than one radian, The representation in terms of an
equivalent, plane, phase-changing screen can clearly be extended
to other angles of incicdence, with proper allowance for curvature
at large zenith angles. But we prefer the more direct approach
based on the actual physical scattering process and shall not
pursue the method of representation in terms of equivalent dif-
fracting screens, The latter method has recently been discussed

by Wagnerg9 who extends the theory by Hewish for the case of a

23



shallowly phase-modulating screen to the case of a deeply phase-
modulating screen,

An important consideration in the interpretation of the
observed diffraction field is the distance between the diffracting
layer or equivalent diffracting sereen and the plane of observa-
tion, The distinetion between the Fresnel and Fraunhofer dif-
fraction regions which is made in this connection according as the
wave fleld is observed near or far from the screen will be well
known, Physically the situation is as follows. Close to a
diffracting aperture the radiation is propagated rectilinearly in
a column of the same cross=-section and shape as the aperture, By
and by amplitude or intensity fluctuations start to appear near

the boundaries of this column, When the diffracted field is

to fringes around the boundaries known as Fresnel fringes, Vith
increasing distance from the diffracting screen, the size of the
Fresnel fringes increases as the square root of thé distancée and
in the end become so large that only one or two fringes remain in

the pattern of the aperture. Finally the transition to the

spreads out in a cone, The Fraunhofer pattern increases in size
proportionally to the distance from the diffracting screen, and
The distance at which the transition from Fresnel to Fraunhofer
diffraction occurs is known as the Fresnel distance, Zpo and

given by
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where d denotes the linear dimension of the aperture or
diffracting obstacle,
For a scattering irregularity described by the autocorrelation

function, R(x,y,2) = exp =% [ X +y /T * Z /L J , the

Fresnel distance for the transverse scale length, T, 18 according

to (57¢)

(113) 2 13 15/

dimension of d = 600 meters and a typical E layer irregularity
a transverse dimension of d = 150 meters,; the corresponding
Fresnel distances are

F layer: 2o = 360 % 10?/x meters

E layer: 2p 22.5 x 10?/% meters

ki

Conversely, the limits placed on the transverse size, 4, and scale
length, T, of the irregularities in order that the Fraunhofer
pattern may have started to develop at distances of respectively

400 and 100 km from the F and E layers are

*3

F layer: 4 < 630 WA meters, < 175 ¥A meters

E layer: d < 310 ¥A meters, T < 88V meters ,

These estimates are important for the interpretation of the
diffracted radio star radiations observed on the ground, It
should be noted that the distinction between Fresnel and Fraunhofer

regions has a bearing only on the extent to which amplitude or

intensity fluctuations have developed as the diffracted radiation
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reaches the ground; and whether the radioc star secintillations will
appear mainly as amplitude or phase variations, or a mixture of
both (see RatcliffeS), The angular power spectrum of the dif-
fracted field is completely developed as the radiation emerges
from the diffracting layer or screen, and does not change with

the distance from the séreen,

8. MNatural Sources of Radiation

The theory of single and multiple scattering of radio waves
developed earlier assumes that the incident radiation may be
represented as monochromatie, linearly polarized, plane waves such
as would result from an ideal Hertzian dipole radiator located at
an essentially infinite distance, Natural radiation does not

possess these idealized properties, and in applications of the

deviations from the ideal conditions, A general, comprehensive
discussion of the interference and diffraction of real wave fields
produced by finite, polychromatic sources has recently been given
by Born and WOlfBO, 50 we need only consider a few specific points
here,

The bright radio stars used for the experimental study of the
auroral lonosphere reported in Section II are extended sources
with angular diameters of a few minutes of arc, radiating
unpolarized, random noise over the entire radio frequency spectrum,
The linear polarization and narrow r-f characteristics of the
recelving equipment ensure that the accepted radiation field has
the polarization and quasi-monochromatic properties required by

the theory, This may be seen as follows,
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The state of polarization of any electromagnetic radiation is
completely characterized by the four Stokes' parameters (see

2 or Born and Wolfjo)s Natural radiation may be

Chandrasekhar
decomposed into two independent oppositely polarized beams of
equal intensity. The total intensity of a mixture of two
oppositely polarized beams is not affected by relative phase
retardations between the beams., This has the important conse-
quence that the radiation in the two beams can never interfere
With one another,

The degree of quasi-monochromacy of the received radiation
is characterized by the ratio, Af/f,, of receiver bandwidth to
center frequency. In the cases we are concerned with; this ratio
is of the order of 10°2 - 10*35

Our primary concern is therefore the effect of the finite
size of the radio stars and other physical sources of radiation,
Since no physical source can be a true point source; it is
reasonable to introduce the concept of a quasi point source, and
seek a measure of the degree to which the actual source may be
sald to represent a quasi point source, The proper measure of
this 1s the degree of (partial) coherence existing between the
radiations from different points of the finite source (see Born
and 1o1r>°),

Let x denote the distance between two points, Ql and‘Qg,
located on a plane of observation, Q, If x is smallwcomparé@
with the distance of the source, or the distance to the image of

the source on a diffracting screen, then the diameter of the

circular area that is illuminated almost coherently by a
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quasi-monochromatic uniform source of angular radius, @, 1is
(114a) X = 0.160/a , X = mean wavelength,
For a uniformly illuminated rectangular strip of angular half-
width W the corresponding distance is
(114b)  x = 0,130/w

The degree of coherence between the wave fields observed at

Q1 and QQ decreases steadily as the separation x 1increases, and

complete incoherence is attained for

(115a) %! .61 A/at cireular disk

It
o O
U

(115b) x! VAL rectangular strip

is almost coherently illuminated has the angular diameter or width

(116a) 20 = 0,32 i/xo circular disk
(116b) 2u

0.26 3/x, rectangular strip

There is complete incoherence if the disk or strip has the angular

diameter or width

117a) 2a' = 1,22 %/x! circular disk
(6]
(1170) ow! = i/xé rectangular strip

Intuitively we expect the extended source to represent a
quasi point source when the angular diameter or width is less
of finite size will become increasingly important for objects of
increasing angular dimensions exceeding the limits set by (116a,b).

This qualltative statement can be made preclse by evaluating
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the angular power spectrum of the extended source in question, and
deducing the differential effects resulting from use of the actual
angular power spectrum and the delta-function angular power spec-
trum of & point source,

The normalized angular power spectrum of a eircular disk with
radius R, or rectangula?r strip of half-width W, having a uniform
brightness (intensity) 1s respectively

(118a) P(sin 6) = 2J, (kR sin 6)/kR sin 6 , ecircular disk

—
o
et
[e 0]
o

~
g0

—
D

~
[l

2Ji(kﬁe)/kﬁe s, for small angles 6

(1192) P(sin 6) = sin(kW sin 6)/kW sin 6 , rectangular strip

—
'—l
[
‘w;’
&
-
o
-
@
g
W

sin(kWe)/xWé , for small angles 6

show that for small values of the argument there are convenient

representations in terms of gaussian functlons:

(120a)
P(6)

ge%/aef

e

N
[

1 (8/20)%2 + (6/20,)"/2.3!

oo

with 6, = I/kR , and

(120p)

P(6)

n
L
2

2 4
(0/6,) /31 + (6/8,) /5% = ...

el
o

with 8 1/kW,



In order to determine the value of the constant SD for a given

source and observing (interferometer) system, let

sin & = x/r 6

o llie

with: ©r = distance to the source; x = separation of antennas or
mirrors, The angular radius, a, or angular half-width, w, of the
gource is: a = R/r ;, w = U/r,

Now

(121a)

i
t

L o 7 N éag/gag
P(x) = 2J,(kax)/kax = 23, (a/a,)/(8/a;) = e

ol e

n

(1

21b )

2 2
p(x) ~w/bwg

e

Ik

sin (kwx)/kwx

1l

sin(w/w )/ (w/4,)

.o

with a, = W, = 1/kx

Merx = 1/2mx, .

The equivalent strip, angular widths of the radio stars

. o . . . 31
Cassiopela A and Cygnus A are réspectively (Shakeshaft et al.a”)

Cas A: 3:8 or 0.0011 radians

Cyg A: 2)3 or  0,0007  radians

The value of 6, corresponding to the angular half-width 119 1s:

6, = 0.0009

over a strip of (half) width 1.9 , measured in wavelengths, is
. = 177
X 177
We can now use the results of subsection 6 to estimate the
number of multiple scatterings which the radiation from a point
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source must undergo in order to spread out in an angular spectrum
matching that of a radio star, This is not by itself sufficient
to make the two radiation beams equivalent; but if the directly
transmitted component of the point source radiation is simultan=
eously attenuated sufficiently in the multiple scattering layer,
then equivalence 1s attained.

We have from equations (100b) with (95¢) and (120b)

2 TR
= ptf = 2p/(kr)

(122a) 66

& ny

(122b) p = 3(6.k1)°

old v & Emy\2 2
9(6,% 3.6T) /A
For Cas A, which has the larger disk of the two brightest radio

stars; we find that

(123) b = 7.2 x 107 (3,6 )22

For a transverse irregularity dimension of 600 meters this gives
(scale length T = 600/3.6)

(124) p = 2.6/A°

or one scattering for wavelengths equal to, or larger than, 1,6
meters (frequencies < 185 Mc/s), If the transverse irregularity
length is 200 meters, we find

(125) p = 0,322

or one scattering for A > 0,55 meters (f < 550 Mc/s).

The effect of the finite size of the radio source Cas A can
now be ascertained, Assume that the radiation from an infinitely
distant point source traverses a multiple scattering layer of

optical thickness equal to or greater than one, which has
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irregularities with transverse dimensions of 400 meters or less,
and that the radiation is scattered ten times or more. Then, at
any very-high frequency, the effect of replacing the incident
radiation from the point source with that from the finite source
Cas A; 1s to reduce by no more than one the number of scatterings
reguired to produce the same emerging diffracted field. There-
fore, the error in the estimated number of scatterings, and hence
the thickness of the multiple scattering layer; resulting from
ignoring the finite size of the source, will be ten per cent or
less,

This indicates that in most practical cases a finite source
of argular size less than the almost coherently illuminated disk
may be considered to be a quasi point source, and the finite
extent ignored, If desired, and in the exceptional casés, the
effect of the finite source can be ascertainéd and removed by
evaluation of its angular power spectrum and use of the convolu=
tion law, This law states that if the angular power spectrum of
the diffracted point source field is

_a2/p2
) /ed

(126a) Ed(e) < e

and the angular power spectrum of the finite source is

2 o2
(1260) pg(0) o 7%

then the resultant, observed angular power spectrum will be

A2 2 2
(126¢) po) « o0 /(Ca* )
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When the angular power spectrum of the source i8 known, or can
be estimated, a correction for the finite size of the source can
easily be applied to the observations,

For a radio star visibility fade observed with an interfero-
meter, the angular power spectrum is determined by the condition
(see subsection 10)

(127a) 62/(62 + 68) = 1

P
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N
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Here 6 has a magnitude corresponding to the angular width of
the strip giving complete incohérence, 2w', while 6, has a
magnitude of the order of the almost coherently illuminated strip,

2w, Since w/w! 1/4, the correction factor (1 = 6;/95),

taking account of the finite size of the source, 1s of the order
of 0.9 - 0,95, This indicates a 5-10 per cent correction to the
value for p obtained by regarding the radio star as a point

source, provided that the optical thickness of the scattering
layer and p 1s sufficiently large,

9. Limitatjons of the Theory

A correct application of the foregoing theory for radio wave

scattering to actual sltuations requires an appreciation of the
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conditions under which it may be expected to work and its
inherent limitations, We note first that it is a weak scattering
theory based on a Born approximation, This means that the ob-
serving frequency must always be considerably larger than the
highest plasma frequency encountered in the medium., For auroral
ionization the plasma frequency is in the range 3=30 Me/s, with
10 Mc/s as a typical peak value under average auroral activity.
Therefore the theory will generally be applicable to VHF and UHF,
but not HF radiations, During strong auroral activity use of
the theory for exploring radio waves below 50=60 Mc/s, say, is
questionable, The Born approximation approach poses no problems
beyond such frequency limitations, that is, a weak scattering
theory is considered to give an adequaté and proper description
of the interaction of VHF-UHF radio waves with the auroral
ionization,

The mathematical development and discussion of the theory
of single scattering in weak irregularities in subsections 2 and
3 shows that the assumptions imposing the most serious limitations
for applications are:

Ass. 4 The relative deviations A€/€ represent a gaussian

random process with zero mean which is spatially

stationary,

Ass. 5 The mean electron density must be the same throughout
the scattering region affecting the exploring radio
waves,

The last assumption is a corollary of assumption 4 for the

ionosphere when A0€/€ 1s expressed in terms of AN/N, Both
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assumptions arise from the requirement that the conditions for
the Wiener-Khintchin theorem, which plays a vital part in the
theory, be satisfied,

A moments reflection will show that for applications to
single scattering situations these assumptions require use of
pencil beams illuminating small scattering volumes. For radar
backscatter from auroral ionization a further requirement is
sufficiently short pulse lengths and that the backscatter is
received either from a single, well defined range or that echoes
received over a range interval can be separated, The requirements
of the theory are satisfied in the case of single, forward scat-
tering of radiation from radio stars or satellites, but hardly
for multiple scattering. Since radar beams tend to be wide and
backscatter may be received from fairly large regions, while

radiations traversing the auroral ionosphere, the theory needs to
be improved, that is, the conditions 4 and 5 weakened, to provide
an appliecable theory, It is fortunate that such an improvement
through weakened conditions is feasable so a realistic theory,
suitable for applications, can be established in principle.

The approach 1s to introduce the concept of a locally

stationary random process and establish a generalized Viener-

Khintchin relation which holds for this situation, The notion

of a locally stationary random process has been defined and dis-

2, who also glves the required generalization

cussed by Silverman’
of the Wiener-Khintchin theorem, The heuristic equivalent of

this approach in which the locally stationary random process in
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a region of space is approximated by suitable stationary
processes for sufficiently small subdivisions of the region, is
Justifiable and theoretically sound,

The reader who is familiar with the use of the concept of
local thermodynamic equilibrium in the theory of radiative trans-
fer (see Chandfésekhareé), will intuitively realize that the
introduction of local stationarity puts the theory of multiple,
forward scattering on a sound theoretical foundation, The quasi
point source nature of radio stars and satellites ensures that
the theory is satisfactory not only in principle but directly
applicable to the observations,

For radar backscatter from auroral ionization the improve=
mént appears to be mainly theoretical because a wide echo range

together with the smoothing of the backscattered radiation by

the antenna beam introduces interpretational problems,

The yearly June occultations of the radio star Taurus A by
the solar corona represent a phenomenon closely related to the
radio star visibility fades caused by the auroral ionosphere,
Hewish™ has interpreted the Tau A visibility reductions observed
with the University of Cambridge radio interferometers, He
suggests that the decrease of the recorded amplitude of a radio
gstar, viewed through the outer corona, is produced by the angular
spread caused by the coronal irregularities, Hewish states that

the decrease could arise in two ways as follows,
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(1) Thin layer scattering, Only a fraction of the incident
energy 1s scattered, corresponding to 7 < 1 or rms phase
deviations smaller than one radian, but the scale, 4, of the
irregularities is such that the spread of thé angular spectirum
is considerably greater than the angle betweéen the interfer-
encé maxima of any of the interferometers in use; so that
only the unscattered energy is recorded.

(11) Thick layer seattering, Most of the energy is scattered,
corresponding to T > 1 or rms phase deviations larger than
one radian, but the spread of the angular spectrum is
comparable with the angle between thée interference maxima
50 that the recorded amplitude depends upon the spacing of
the different interferometers,

The observations permitted Hewish to rule out hypothesis

(i), while they were found to fit hypothesis (ii). He then

applied Fejer's7 theory of small-angle multiple scattering by

isotropic irregularities to the observations, The essential

formula is
(129a) P(O) o e for 7 > 1

with

i)
o~
(e
n
™~
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N
n
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n

(129b) T

(8,06x10™2)2(am)? 7/ 24z/"2

From the required spread of the angular spectrum, a lower limit

for AN and 4 4is defined by
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(130) P(6) = et or 62 - (Ae/e)ad'v (z/2)

2

]

For the solar corona the values of (AN) and £ are not known,

Therefore Hewish could only determine values for the quantity

(AN)%/E; and minimum values for AN and £ .

10,2 Auroral lonosphere

Tha interferometer observations of the Cassiopeia A
visibility fades reported by Cornell University workeff':sja on the
frequencies 53 and 201,5 Mc/s show conclusively that multiple
scattering in thiek layers of the auroral ionosphere is
responsible, The same is indicated by the frequency dependence
of the 223 and 456 M¢/s visibility fades observed at College,

Alaska, For the auroral ionosphere a more favorable situation

auroral E layer, and know the approximate size of the F layer

irregularities from radio star and satellite radio signal
scintillations, It will be helpful to have also estimates of
the approximate size of E layer irregularities under auroral
conditions, Local observations of visual aurora indicate the

horizontal dimensions given in the following table,

Table I,1

Horizontal Dimensions of Auroral Forms

Homogeneous arc North-South extent l1-5kn

Payed arc North-South extent 200 - 1000 m
Coronal filament Transverse extent 2 200m

Individual rays Transverse extent 50 = 200 m
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From this and the infobfiation in subsection 4, we may adopt

the following irregularity dimensions for the initial analysis

of the radio star visibility fades.

Table 1.2

Irregularity Dimensions for Auroral Ionospheére

Ionospheric|

Layer

Longitudinal
size scale

X L

F | 600 165

E |150-300  40-85

| x. <xy LKT

3l 0.8-1,1 |

CRCI S IR R A BRI SN NI I I NG B BN 2

XL > Xep L>T

300-600
110-130

90-110 |

The Ithaca, New York, observations on 53 and 201,5 Mc/s

together with selected, representative College, Alaska, observa-

tions on 223 and 456 Mc/s, provide data for a determination of

the characteristic properties of the multiple scattering layers

causing radio star visibility fades,

The following tables give

the pertinent equipment parameters and the observational data

used,



Radio Interferometer Data

‘ A x| W w o
e/s | m | Al rad, | are

55 | 5.66 | 50 | .0026 9
[ 2015 | 1.9 | 190 | .00068 2,3
223 | 1.35 | 68 | .o010 | 6.7
[us6 | o.66 | 130 | .0009 | 3.2

Table I.4

Cas A Lower Transit Observations at Ithaca, N,

Date

53 Mc/s 201,5 Mc/s

1960 | V X | v X,

Jan., 30

. ® 0‘
n =Co
n
O

20
4o

- Apr, 2

QOO0 OO0 OO0

25

70




Table I,5
Selected Observations at College; Alaska

) | | 223 Me/s | 456 Me/s| K
Date {Source}| Az | ! R R |
| 4 v min | V min | Index

({a]]
N

{Dec, 30 {cygal 4° |03 | 9 | 0.6 |

[x5]
O
N
O
»
'_JI
-~
O
*®
=~
=
ON
N
*)

| Nov, 26 | Cas A | 202

* Aetive aurora

The quantity V appearing in the two last tables is the

visibility of the interference pattern defined as

(131) \

I - I I + I . )
('max "min)/(”max “min)

where I . and I are the maximum and minimum intensities

max in

or amplitudes, The antenna separation measured in wavelengths
is denoted by Xy . The duration of the visibility fades

The magnitude of the visibility fades observed at Ithaca,
New York, show a simple dependence on the magnetic activity
K-index which was measured at Canadian statlons near the auroral
zone, There 1s no clear relationship between the visibility

fades observed at College, Alaska, and the College magnetic

K-index, It is important to note that during lower transit of

Cassiopeia A at Ithaca, New York, the line-of-sight to the radio
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star crosses the auroral zone F layer, The 400 km height level
is erossed in geomagnetic latitude 65°N which is within half a
degree of the geomagnetic latitude for College (64.5°N). The

College observations were selected to include both a lower and
near upper transit case of a deep visibility fade, The latter
occurred when an active auroral form crossed the line-of-sight

to the radio star as described in detail in Section IIIL.

Conditions for V = 0, The conditions that the radio star
interference trace shall be reduced to zero visibility due to
multiple scattering in a thick layer are the following:

(1) The directly transmitted component must be reduced to at
least IO e‘1~ that is, the optical thickness, s, must equal
or exceed unity,

(11) The semi-angle of the scatter beam, 6, must equal (or

exceed) the angular width, 2w'!, for which complete

incoherence is attained:
(132) 6 = 2w' = 1/227\

The latter condition implies that the angular size of the

central, almost uniformly illuminated part of the diffracted

radio star disk equals the angle between the interferometer lobes.
When these conditions are satisfied, the following relations

obtailn,

Number of scatterings:

(133) P (xTe)2/2

W
p|

(3/2)(2WT/J3)g(l/xgxm) Transverse
case

2 .2 2
- L"sin'v)(k/xx) Longitudinal

case
/2

|
-
Py
-3
o
(o]
]
-
+

p = %(1°

(kL/x,)" for v
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Minimum value for scale length (transverse clse):

(13) Tz see x 3 1.5x0°(1/A) evm?

when L = pT .
Scattering coefficient (transverse case):
(135) k(X) = j’G%sec X dan

(ﬁ/2)2g€/é)é (7\@‘);2 sec X

I

with

(ae/6)2(xA%)2 p(0)

W

(136) %

¥

@A) (1) (o)

L a2 gD I (¢
Nofme/s electrons/m” , n, = 1.24x10

£

(137) N,
Optical thickness:

(138) s £ p >»1,

T se¢ X

o
i

k(X)z = rn(0)z sec X .

The Ithaca observations where during total fades the antenna
spacings are decreased till full, or at least partial, visibility
is regained are very useful in that they give information on the
actual angular spread of the diffracted radiation., Evaluation

of the scattering conditions from a partial visibility fade only,
when the antenna separation cannot be increased to produce a
total fade, prisents some difficulties, It is possible to work

out solutions by successive approximation procedures based on

the complete analytical expressions (100) and (105), using as a
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starting point the fact that the term for the directly
transmitted component must be less than the recorded intensity,
Thus the magnitude of the visibility sets a lower limit on the
optical thickness of the scattering layer, At College total or
very deep partial visibility fades are observed on 223 Mc/s, but
usually only fairly shallow fades with visibilities in the range
0,9-0.5 at 456 Mc/s, In the following analysis the attention is
concentrated on the total or very deep visibility fades observed
at Ithaca on 53 and 201,5 Mc/s and at College on 223 Mc/s.

The scattering properties of the auroral ionosphere will
now be estimated in terms of a two-layer model based on the

following transverse irregularity dimensions,

F layer: Xp = 600 meters , T = 165 meters
E layer: X, = 150-300 meters , T = 40-85 meters ,

T

The results obtained by application of the formulas (133)-=
(138) to the individual observations listed in tables I.4 and
I.5 are discussed bélow,

Ithaca, February 4, 1960

Number of scatterings in F layer: p = 10.5 for 53 Mc/s

Slant thickness: sec X = 6 km

N

Vertical thickness (apparent): z = 1lkn
The slant thickness 1s an estimate obtained by assuming that the

average distance between the scattering irregularities is 600
meters, which is Jjustified by the fact that the direction of
incidence 1s almost normal to the direction of the magnetic
field, The apparent vertical thickness of 1 km indicates that

the layer is no thicker than the longitudinal dimension,

Th



X, = 3.6L, The actual vertical thickness will depend on the
ratio p = L/T, We may coneclude that the 53 Me/s visibility
fade is due to the large number of scatterings of the incident
radiation along thé slant path through the auroral F layer,
When the activity level is low such fades will therefore be
observable only near lower transit of Cassiopeia A for the sub-

auroral zone station in question,

Number of scatterings in F layer: p = 27 for 53 Me/s

Slant thickness: z sec X = 16 km for 53 Mc/s
At the time of this observation the magnetic activity was high
(K = 7), and it might be expected that the auroral activity
would spread to lower latitudes and a scattering E layer appear
in the radiation path also, A model c¢alculation was made to
test this possibility but the observational data do not allow a
two-layer interpretation in this instance,

The visibility fade occurred at lower transit of Cygnus A,
The situation is very similar to that at Ithaca on February 4,
1960 except that the radiation path must necessarily also cross
the auroral E layer, It could be argued that at the low eleva-
tion angle of the source, 15.,5°, and the low activity level,
K = 2, there would be no auroral F layer effect, But the College

observations of radar backscatter from auroral ionization show

that scattering irregularities are regularly present out to

slant ranges of at least 1000-1200 km, Also, as mentioned, for
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an auroral zone station the K-index value seems unrelated to
the occurrence and magnitude of visibility fades, A model
calculation based on F layer multiple scattering only indicates
that this is a possible but not a reasonable solution, The
resulting number of scatterings is p = 43, It was therefore
for the Ithaca 201,5 Mc/s observations on April 2, 1960, and a
reasonable two=layer solution could be obtained on this basis as

follows:

Number of scatterings in F layer: 6 for 223 Me/s

Number of scatterings in E layer:

i

8 for 223 Mc/s
3.6 km

N

Slant F layer thickness: z, s€c

Slant E layer thickness: z,sec

o =x a 9
U

2.4 km

2

The two layer solution for this upper transit observation
of Cassiopeia A is:
Number of F layer scatterings: p = 6 for 223 Mc/s

Number of E layer scatterings: q 16, 7, 4 at 223 Mc/s

]

for transverse irregularity diameters of 300, 200, and 150 meters
respectively, The last value, q = 4 using x_ = 150 meters, is
the most reasonable although the condition Q >> 1 1is not well
satisfled, The vertical thickness of the scattering layers can
only be deduced if assumptions about the ratio p = L/T are
introduced,

The results of the model calculations are summarized in the

following table, The values for p, cos X and T follow

directliy from the observations for the stated transverse
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irregularity dimensions. It may be noted that the possible
range of values for T which will give internally consistent
results, is quite limited, The values for z and x given in the

tables depend on additional assumptions, and are not reliable.

Table I.6
Values for Multiple Scattering Layers

f |Layer | psalcos X| 7 |z |«x | x| XT‘{ Activity

"Mc/s | | | ;‘km“ | | m
53 F | 10{0.173[1.7 |1 |1.7|3|600 | Moderate
| F 27 (0,173 [ 4.7 | 3 |13 |7 [600 | Disturbed .

] esoecefjentsdddopioscsodjdscrsaidjoncsacdefovscsidlodosciorifsoioe A AN RN R

201,5| F 60.173|1.05|3 |3 |7 600 | Disturbed

223 | ¢ | 60,29 |1.75|1.5]2.6|2|600 | Moderate
E | 8[0.29 [2.3 [0.711.6]|2]|300 | Mogerate

B pl1.0 |4 {3 |12 |2|15 | Aurora
E 7110 |7 3.5 1 30 200
(610 |16 |5 7|8 | |300]

| eoecevojoscesoossdocsocefoscccccfsrossejeoncisioviotisrspeococgocsroessscsene

lus6 |F&E lo.29 |>0.2 | 2 Moderate

F & E 1.0 | >0.4 121 | Aurora

The results indicate that the visibility fades of

Cassiopela A observed at the sub=-auroral zone station Ithaca,
New York, on 53 and 201,5 Mc/s during lower transit of the radio
star are caused by multiple scattering in the auroral F layer

under most activity conditions, The visibility fades of
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Cassiopeia A and Cygnus A observed at the auroral zone station
College, Alaska; on 223 and 456 Mc/s can in some cases be ex-
plained in terms of multiple scattering in the F layer only,

but in general multiple scattering in both the auroral F and E
layers appears to be the more reasonable explanation, In view
of the differences in the geometrical factors both as regards
the ionosphere and the radio interferometer systems, these -
statements do not contradicét each other, The Ithaca data con-
cern low elevation angle observations with interferometers which
at 53 and 201.5 M¢/s have antenna separations of 505 and 190
wavelengths respectively, The College data involve visibility
fades observed on 223 and 456 Mc¢/s at almost all azimuth and
elevation angles with interferometers where the effective base-
lires vary in coursée of the day, and the maximum horizontal
baseline at 223 Mc/s i1s only one-third of the 201,5 Mc/s antenna
separation used at Ithaca, This suggests that if larger antenna
spacings and preferably variable ones, had been available at
College, many more visibility fades could have been recorded
and studied more systematically, The actual number which may be
observed with the present system is indicated by the following
table for December 1957, a month which has been studied in
detail,
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Table I,7
Visibility Fades Observed at College December 1957

é231ﬁé/é B | 456 Me/s

Source | Connected  Individual |Connected Individual |
Events Events | Events Events

cas A | 5 9 | o | 26
cyg A 15 | 25 | 29 | 63 |
P e dadeancecioorsosineiend iii.’.ii.ig’iiq“i06656@@’.5‘!6'0.65'0!656‘

Total | 20 | 34 | 38 | &

For the purposes of this tabulation & visibility fade is counted
as an individual event if the visibility 1s reduced to 0.5 for
3 minutes on 223 Mc/s and to 0.7 for 2 minutes on 456 Me¢/s. The

connected events are thosé where two or more individual fades

The table indicates a larger number of 456 than 223 Mc/s
visibility fades but the selection criteria are somewhat biased
in favor of the former, The larger number of fades recorded for
Cyg A than for Cas A during December 1957, in spite of an equal
(alternatingly four days for each source), appears to have no
particular significance when a longer period is considered, The
total number of 223 Mc/s visibility fades for the five months
December 1957, January and March-May 1958 is
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Table 158
223 Me¢/s Fades for 5 Months

Source Connected Individual |
Events Events |

Cas A 47 89
Cyeg A by 64

The strong correlation between the magnitude of the
visibility fades and the magnetic K-index found for the Ithaca
observations and the apparent lack of correlation for the College
observations probably reflects the difference in mechanism, The
results indicate that while formation of F layer scattering
irregularities is magnetically controlled, other physical factors
influence the formation of E layer irregularities and tend to
mask the possible magnetic effects.

We concur in the view expressed by the Cornell University
workez"s34 that the radio star visibility fades cannot be ex-
plained in terms of a weak, single scattering process, or even
by a few scatterings in an optically thin layer, because such
processes will not reduce the directly transmitted radiation
component sufficiently relative to the diffracted radiation,

A strong scatter theory for the ionosphere, which to our knowl-
edge has not been developed except in the case of scattering by
critically dense or overdense ionization columns, could be

invoked but appears implausible in view of the known properties

of the auroral ionosphere and the observing frequencies used,
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or two, optically thick, layers could alternatively be expressed
in terms of diffraction in an equivalent phase-changing screen,
by use of the relations given at the end of 6,4 and in 7. The
two-layer multiple scattering solution for the 223 Mc/s College
observation on November 26, 1959 is equivalent to a diffraction
pattern on the ground with structure of size 67.5 méters; In

view of the equivalent rms phase deviations of the order of 3

200 meters would be deduced for the diffracting screen, in good
agreement with the results quoted in the discussion of the
visibility fades in Section II by Little and Reid. The thick
layer; multiple scattering solutions indicate that the finite

size of the radio stars do not in the actual situations contribute
significantly to the angular spread of the diffracted radiation
although in principle this is a contributing factor,

11, Summary and Conclusions

The existing theory for weak, single scattering of radio
waves by anisotropic ionospheric irregularities combines a Born
approximation with a stochastlc description of the properties of

the medium, A critical examination has shown that the original

Wiener-Khintchin theorem which restrict its applicability, These
restrictions can in principle be removed by introduction of the
concept of a locally stationary random process and a sultable
generalization of the Wiener-Khintchin relation, The resulting
theory provides a satisfactory tool for analysis of scattering

phenomena in the auroral lonosphere for the VHF and UHF radio
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wave spectrum, excepting perhaps the lowest VHF decades,

The main problem remaining is the choice of an autocorrela=
tion function which will give an adequate description of the
electron density irregularities, The choice of a gaussian type
autocorrelation function is upheld both for reasons of physical
plausibility and mathematical convenience; although it is
suggested that a modification accentuating small scale structure
and discontinuities may be appropriate for analysis of back-
scattered radiation, The final decision regarding the proper
autocorrelation functions must be made on an empirical basis,

All experimental evidence indicates that the ionospheric
electron density irregularities are elongated in the direction
of the earth's magnetic fleld both in the F and the E layer,

It is suggested that due to turbulence the E layer irregularities
below 110 km may be flattened so their larger dimension is
perpendicular to thé magnetic lines of force., At the present
stage the usual assumption of circular symmetry about the field
line direction 1s a suitable working hypothesis, but the
characteristics of main visual auroral forms show that one should
be prepared to replace the prolate or oblate spheroid models with
three-axial ellipsold or other models whenever the observation

so indicate,

A perusal of radio star and other radio investigations of
the auroral ilonosphere indicates that traversing radio trans-
missions may be subject to forward multiple scattering in regions
or layers which are optically thick. It 1s suggested that

multiple scattering layers may form in the E as well as the F



region, A physically correct interpretation of radio star and
satellite radio signal transmission through the auroral iono=

sphere therefore requires a theory for multiple forward scat-

tering by thick layers of anisotropic irregularities,

The astrophysical theory of radiative transfer in a scats
tering atmosphere can be invoked, and a solution ignoring back=
scatter, which is accurate to the first order or better; is
obtained using the gaussian phase function or angular power
sprctrum derived from the theory of weak, single scattering in

anisotropic irregularities, Convolution integrals are simple

blem of multiple scattering in two layers having irregularities
of different scale dimensions is solved in a first order, or
better; approximation,

The diffraction effects of multiple 8cattering layers can
be described in terms of equivalent,; thin diffracting screens,
but the direct relation to, and insight in, the physical process
is lost.

The effect of finite source size on the diffracted radia-
tion beam is 1nvestigated analytically. The conditions for

regarding an extended source as a quasi point source are deter-

the conditions are not fulfilled,

A two-layer model for forward multiple scattering of radio
transmissions through the auroral lonosphere is used to explain
vicipllity reductions of radio star signals ohserved on

interferometers at Cornell University, Ithaca, New York, and the
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University of Alaska, College; Alaska, The visibility reduc=
tions observed on two very-high frequencies during lower transits
of Cassiopeia A from the 53,5°N geomagnetic latitude of Ithaca,
N.Y., are explained in terms of auroéral zone F layer multiple
scattering, The visibility fades observed for Cassiopela A and
Cygnus A during upper and lower transits, and at other times,
from the auroral zone location of College, Alaska, at a higher
VHF and an ultra-high frequency, are best explained by multiple
scattering in both thée F and E layers, A difference in the
dependence of visibility reductions on the magnetic K-index is
noted for the two stations and related to a difference in the
physical factors controlling irregularity formatioen in the F and
E layer. Under the given experimental conditions, the angular
spread of the diffracted radio star radiation emerging from the
multiple scattering layers is insignificantly larger than the
spread which would result for radiation from a point source.,

The lack of movable antennas in the College experimental
facilities has prevented systematic investigations of visibility
fades so the quantitative data necessary for a complete analysis
of the multiple scattering layers of ionization are not availlable,
The estimates which could be derived from the existing limited
Ithaca and College data show that experimental studies of radio

stars with variable spacing interferometers provide a powerful

too

1 for exploring the radio properties and physiecal character-
istics of the auroral ionosphere, The most effective program of
radio investigations would include coordinated investigations of

the transmitted and forward scattered radiation from radio stars
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and artificial satellites using spaced antenna, phase comparison
and interferometer techniques, together with simultaneous radar
investigations of the radiation backscattered from the auroral

ionization in thée E layer region traversed by the radio star or

satellite signal,
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Fig, I.1 Geometry of scattering



