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SUMMARY

This paper eovers a theoretical investigation of the determina=
tion of the basic geometrical quality of the relative and absolute
orientation procedures and the propagation of the errors from these
operations to the final results of the photogrammetric procedure,
including the elements of the exterior orientation. The geometrical
quality is determined as standard errors from the standard error of
unit weight of the basic data: image coordinates, parallaxes, and
model coordinates. The principle of compénsation between the ele=
ments of the absolute and the relative orientations is applied.
Comparisons of the geometrical quality to be expected from normal-
angle, wide-angle, and superwide-angle photographs have been made.

It is coneluded that:

a. The method of least squares and its laws of error
propagation allow a well-defined theoretical determination of the
geometrical quality to be expected in the final results of the

y-parallaxes.

b. The theoretical geometrical quality of the elements
of the exterior orientation after double= and single-point resec-
tions in space can be determined in this way only.

¢. The influence of the errors of the interior orienta-
tion must be taken into acecount. A well-defined procedure for the

calibration of the camera and photographs is therefore necessary.
Also, here the method of least squares is of basic importance.

d. Tolerance limits for the relative and absolute orien-



RELATIVE AND —ABSOLUTE_ QRIENTATION PROCIIURES AND “THE

FINAL RESULTS OF THE PHOTOGRAMMETRIC PROCEDURE

I. INTRCDUCTION

The phatogrammetric procedure c¢an be divided into four funda-

1. The photography, i. e,, the creation of perspective images
of the obJect to be measured.

2. The reconstruction of the ldeal bundles of rays between
the points of the object and the (exterior) perspective center of
the camera lens at the moments of exposure.

3. The relative orientation of overlapping bundles of rays in
order to make corresponding rays intersect and thereby create an op-
tical model (real or imaginary).

L. The absolute orientation for scaling and orienting the
model into & given coordinate system and the final coordinate deter-
mination, numerically or graphically.

None of the mentioned fundamental operations can be performed
free from errors. The geometrical quality of the final results,
therefore, is a function of the geometrical quality of the opere=
tions. For a rational investigation of the geometrical quality of
the final results it is necessary to consider them separately.

In Research Note Nos. 1 and 2 on the basic geometrical quality
of aerial photographs and on the plotting instruments, i. e.; the
fundamental operations 1 and 2, have been discussed. In this in-
vestigation, the fundamental operations 3 and 4 are considered and,
in particular, the mutual relation between the operations (the prin-
ciple of compensation) is studied. Finally, the geometrical quality
of the end results is expressed in terms of the geometrical quality

of the fundamental operations.

The investigations primarily refer to the practical operations
in plotting instruments of first order but the results can be ap-
plied to all types of stereoscopic photogrammetric plotting instru-
ments, and the same procedures can, with minor modifications, be
used for the investigations of the geometrical quality of analytical
photogrammetric methods of various kinds.

Important prerequisites for the following investigations of the
theory of errors of the relative and absolute orientations are that



the geometrical qualities of the aerial photographs and of the
plotting instruments have been carefully tested under operating con-
ditions for the distinction between regular errors of various kinds
and for the estimation of statistical values of the inevitable ir-
regular errors. For such purposes, the method of least squares is
the most relisble and convenient procedure, in particular, if regus
lar errors can be obtained directly as parameters from the adjust-
ment. From the standard error of unit weight the standard errors of
the regular errors can be dirvectly determined too, as well as of all
functions of the basic observations. It is always desirable that
the test procedures of aerisl photographs and of plotting instru=
ments be repeated several times and with certain intervals under
varying outer conditions in order to see the possible variations of
the regular errors themselves. From well-known statistical prinei-
ples; tolerance limits for the regular errors can be c¢reated for the
test whether the variations can be accepted.

In summary, it is assumed that the most important regular
errors of the fundamental operations 1 and 2 (the photographs and
the plotting instruments) have been determined and can be ecorrected
for; and the irregular errors have been estimated as standard
errors of unit weight Furthermore, it is desirable that the staté

normal on the 5-percent level at least.

The problems considered here have partly been discussed in
different connections by the author, and some results have been pub-
lished in different languages (references 3, 4, and 5). Therefore,
no complete derivations are shown where such treatment can be found
in literature; instead, a summary of the most important formula
systems is made for the purpose of facilitating the rewding and de=

II. INVESTIGATION

1. The Basic Geometrical Quality of the Relative and Absolute
“The purpose of the relative orientation is to make

Orientations. E
all pairs of corresponding rays in overlapping bundles intersect.

According to projective geometry, this is in principle achieved when
five pairs of rays have been brought to intersect, provided that
some general conditions concerning the locations of the rays or the
intersected points are fulfilled. In the plotting instruments, the
relative orientation is usually first performed empirically through
systematic changes of suitable elements of orientation in order to
bring corresponding rays to intersect in at least five points. This
is equivalent to the vanishing of y-parallaxes in the orientation

points. There are many different methods in use for this preliminary

[2V)



part of the relative orientation and all lead to the following situ-
ation in the plotting instrument: In the five primary orientation
points the rays intersect more or less correctly but never exactly
because the intersection has to be observed; i. e., the ys-parallaxes
have to be obsérved and corrected with suitable elements of orienta-
tion. This is a measuring operation which never can be made free
from errors and therefore it is not possible to make the five pairs
of rays intersect éxactly. This is also c¢learly shown by the fact
that even if the operator does not see any y=parallax in a certain
detail of the model, there may be considerable y=parallaxes in de=
tails in the 1mmediate area. Furthermore, in other points of the

which are arbitrarily located there are certainly conSlderable y-
parallaxes found when the model is inspected. 1In practice, many
operators try to correct such residual parallaxes through small
changes of the elements of orientation, and the result is a kind of
empirical adjustment of the relative orientation where the residual
y-parallaxes are made as small as possible although usually only
through subjective judgment. There is, under such ¢ircumstances,
no defined, objectively determined principle used for the important
question when the relative orientation is to be regarded as finished.
In general, no measurements of the residual y-parallaxes are pers=
formed either, and therefore, it is not possible afterwards to make

orientation.

Here, it is always assumed that the residual y-parallaxes
are measured in the orientation points or rather regions after the
empirical procedure. It is further always assumed that the resid-
uals are observed and measured in at least three details around each
ideal point and that the average is used as the parallax. We assume
such measurements to be made in 5, 6, 9, and 15 regularly located
points or regions of the model. The principles of least squares are
applied to the treatmeént of these residual y-parallaxes. As stated
previously, it is assumed that the errors of the image coordinates
and of the instrument in principle are of irregular character and
normally distributed on the 5 percent level. Next, the basic dif-
ferential formulas are summarized.

For the definitions and signs of the Wild Autographs, the
following basic differential formulas have been derived for the re=-
tation of a projector and the changes of projected coordihgtes of
approximately vertical photographs:

dx = ax, = % dzy = yd - <§ + §§£)hdm + %% do (1)
h = 4



h

dy = - dyy - L dzg + xdn = % do +<1 + hL2> hdw (2)

These formulas have been derived, e. g., in the author's textbook,
reference 6, p. 292. When the elements of orientation take arbi-
trary values; the differential formulas of the general projective
relations have to be used (reference 6, pp. 247=256 and reference T).
The following derivations are applicable to arbitrary conditions
provided that the basic differential formulas are correctly derived
in the manner indicated. Also; for iteration, the basic differen-
tial formulas are most important.

For a y-parallax; defined as a difference between two pro=
Jected y-coordinates from two overlapping photographs 1 and 2 (left
and right) as Dy = ¥1 = Y2, the general differential formula (Fig. 1)
is:

Bl

=dby; + dbys = % dbzy + % dbzp + xdny - (x=b)dns - %% doq +

DY g 4 (1 * L) hdwy = (1 + L ) hdey (3)

Only five elements are to be determined through the rela=
tive orientation; <therefore, the necessary differenmtial formula for
the following developments contains only five terms. Usually, only
those terms which belong to projector 2 (the right one) are chosen,
which means the dependent procedure of the relative orientation. If
the independent procedure had beén preferred, the elements dwuy, dwnp,
dey, dep, and dai or dwy would have been chosen. For the derivation
given here, the end results must become identical for both proce-
dures of the relative orientation.

By

For the dependent procedure, the following differential
formula is:

Py = by + § dbzp - (x-b)ang + ﬁ%’ﬁ dep - é + hL2> hdwp (k)

The relation between the elevations of the model and the elements of
orientation according to the dependent procedure is given by the
following differential formula (reference 6, p. 294):




y

Fig. 1. Definition of the elements of the relative orientation.
The arrows, defining the directions of the rotations, are placed
between the actual axes and the reader.

The corresponding formulas for the x- and y-coordinates of the model
(reference 6, p. 294) are:

&

g
|




These formulas are basic¢ for the investigation of the error propa-
gation from the relative orientation to the final elevations and
coordinates of the model and also to the final elements of the ex-
terior orientation. The principles can be desceribed as follows.
From at least five y-parasllax observations the elements of the rel-
ative orientation can be determined with the aid of formula (4).

If redundant observations are available; an adjustment
according to the method of least squares can be made, and the basie
accuracy of the y-parallax measurements can be determined as stand=
ard error of unit weight. The determination becomes stronger with
inereasing number of redundant parallaxes. If the points in which
the parallaxes are measured are located regularly, the normal equa=
tions become simple, and generalized solutions can be made. Simple
forms can be used for the necessary caleulations.

Corrections t6 preliminary measurements of elevations and
coordinates x and y can then be computed from the determined ¢orrecs
tions to the elements of the relative orientation and with the aid
of formulas (5), (6), and (7). The accuracy (standard error) of
these corrections can be computed from the accuracy (standard error
of unit weight) of the basic observations from which the corrections
of the elements of orientation were computed. However; in some
points of the model, which are to be used for the absolute orienta-
tion, ‘the errors emanating from the élements of the relative orien-
tation and propagating through formulas (5), (6), and (7) become
compensated by the elements of the absolute orientation. If there
are no redundant control points (i. e., two points in planimetry and
three points in elevation), the errors from the relative orientation
can be completely compensated in the control points, and only the
errors of the model coordinate measurements affect the control
points after the absolute orientation. But the elements of the ab-
solute orientation become affected with the errors from the relative
orientation and in all other points of the model except the control

fect the elevations and coordinates in addition to the errors from
the elements of the relative orientation. If redundant control
points are available, some principle must be used for the distribu-

tion of the inevitable discrepancies in the control points in order
to determine the elements of the absolute orientation uniquely.

Also, here the principles of the method of least squares are applied.
Through this procedure, which is founded upon the prineciple of
compensation, the influence of the errors of the relative orienta-

tion upon “the final elevations and coordinates of the model can be
studied theoretically correctly, and the standard errors to be ex-

orientation, can be expressed in a well-defined and theoretically
correct way. Evidently, the number of and the locations of the
control points as well as the number of and locations of the model



points in which the y-parallaxes are observed and the basic stand-
ard error of unit weight must be taken into account. It also is
ghown from the formula systems (to be derived) how the geometrical
data of the photographs (in particular, the opening angle and the
overlap) influence the determination of the final accuracy.

h

Fig. 2. Locations and notations of model points for the rela-
tive and &bsolute orientations and the differentials of the

elements of the absolute orientation dx,, dy,, dhy, da, dn, 4§,

Before the procedure is presented more in detail the basic
formulas for the absolute orientation are shown (Fig. 2). For the
elevations, the absolute orientation consists of one translation,
dhy, and two rotations, dn and 4§, around two horizontal axes,
usually the y- and x-axes of the model coordinate system, respec=
tively. The differential formuls between the model elevations and
the elements of the absolute orientation is:

dh = dhy + xdn + yd§ (8)
If at least three elevation discrepancies, dh,, dhp, and dhg, have

been observed in the model points, the correc ions of the e ements
of the absolute orientation can be found from three equations of



type (8). If more then three elevation discrepancies have been
measured, redundant data are available and a well-defined prineiple
must be applied for unique determination of the ecorrections of the
elements of the absolute orientation. For n elevation discrepancies
dhl....dhn in the model points xlyl,....xnyn the method of leéast
squares gives unique solutions of the corrections. If the coordi=
nates lel--- xnyn are translate& 1nﬁo a system, the origin of which

Xin....a.XﬁYn, the following correctiens (references 3 and 6, p.
315) are obtained:

dhy = - i%%L (9

o o LXYI [yanl - [¥¥][xdn] ]

M= - 2 (10)
. [XY) (xan) - (3] (¥an] 1)

X1 (Y] - [x12

In planimetry, the absolute orientation consists of two
tramslations dxg, dyss ome scale change d_b ; and one rotation da
(Fig. 2): The basic differential formulas relating the differentials
and the changes of the coordinates dx and dy follow:

ax = dxg 4 x%% -~ yda (12)
4y = dy, + y22 + xda (13)

The discrepancies in two points are evidently sufficient for the
determination of the corrections of the preliminary values of the
elements of the absolute orientation. If more than two points are
available, the method of least squares is applied for the unique
determination of the corrections. Again, if the coordinates x and
y are translated to a coordinate system, the origin of which is
located in the point of gravity, the corrections of the elements of
the absolute orientation are obtained as follows from the discrep-

ancies in n points (references 3 and 6, p. 316):

x. = - Ldx] :
Axp = - =2 (1)



a _
T (16)
da - —— :":::1::,‘,’ —— V,:: 7‘?’,,_,: s 17 4

xa «+ tYY] ( 7)

2. Some Different Procedures of the Relative Orientation. As
inaicatéd previbﬁéii; thé relativé ofIéntafioﬁ ééﬁ”bé'ﬁédé“ﬁlfh the

bers of model polnts and in various p051tions Each such p01nt eom-
bination constitutes certain conditions for the relative orientation
and the geometrlcal quality of the operatlon and, in partlcular, the
tion. Some different point comblnations are cons1dered here, and
then the érror propagation and the principles of compensation are
applied to one specifié type of the relative orientation; the six=
point combination, which is the most usual one in practice.

For the various point combinations the orientation points
are chosen from such & scheme as is indicated in Fig. 2.

a. Five-Point Combination. As indicated previously,
five points are generally a minimum for the relative orientation.

As an example, the numerical determination of the corrections of the
elements of orientation and the corresponding weight numbers and

correlation numbers are shown here.

We assume the y-parallaxes after a preliminary orientation
to be measured in the model points 15, 95, 19, 99, and 11. After
formula (4), written as a correction formula, is applied to the five
mentioned points and after the formula system is solved in some way,
the following corrections of the elements of the relative orienta-

tion are obtained as direct functions of the measured y-parallaxes:

(19)
dbz H(Pll + P19 + 21)95 15 - 2p99) (20)



h

a4, = g5 (P19 *+ P95 = P15 “Pgg) (21)
G0y = % (p11 + P19 - 2015) (22)

The weight and correlation numbers can next be computed
aceording to their definitions. The numbers are shown in the weight
matrix in Table I.

Table I. Weight and Correlation Numbers of the Elements
of the Relative Orientation; Five Orientation Points

I ‘vz | w | e
v whadt | n2-a2 33
2 | T adb ba2 2al
: | 242 2pd? 24
e a———————— — o e — v hﬁé, ro— "’f‘:g aa
“e 2a*

With the aid of the general law of error propagation and
the terms from Table I the standard errors of all functions of the
elements of the relative orientation, as for instance, computed from
formulas (4) through (7), can be determined. The standard error of
unit weight cannot be determined from measurements in five points

only because no redundant measurements are available but must be de-
termined from measurements in more points.

b. Six-Point Combination. This combination is the most
common in the theory and practice of the relative orientation. The
sixth point is a good check against gross errors in the parallax ob-
servations or corrections but means also a condition in which a dis-

crepancy always 1s to be expected. Usually, the following model

10



points are used: 15, 95, 19, 99, 11, and 91. The general solution
of the six-point orientation problem is well known (reference 6, p.
282), and the final formulas, only, are given here. For moderate
elevation differences on the ground (h = const.), the following
corrections are obtained:

1
dby, = -1-5;1-—{ pls(éh 4ha?) - p95(6h +83%) + (pll+pl9)(3h +28%) +

+ (Pgl*ng)(3h2‘2d2)} (23)
drngy = = 55 (= P15 + Pgg = Pyy + By = Prg + Pgg) (2k)
dbzs = %% (pgy - p99) (25)
dop = gz (= P11 + D1 + P1g = Pgo) (26)
dop = E%g (= 2py5 = 2pg5 + P11 + Pgy + P1g + Pog) (27)
(] = g5 (- 2035+ 2gs + yy = By + Brg - Bgg)° @8)

(29)

0
"
]

The weight matrix is shown in Table II.

The error propaegation from the basic y-parallax observa-
tions to arbitrary functions of the elements of the relative orien-
tation can be studied with the aid of the laws of error propagation
and the terms of Table II. It should be noted that the determina-
tion of the standard error of unit weight according to formulas (28)

servation. Therefore, it is always advisdble to use at least nine
and preferably fifteen points for the determination of s,. The
formulas are given here. But the corrections of the elements of the

1



relative orientation can, in general, be computed from the formulas
Just given, provided that the residusl y-parallaxes are small (less
than about 0.05 mm in the photographs). The weight and correlation
numbers are only slightly changed if more points are used.

Table II. Weight and Correlation Numbers of the Elements
of the Relative Orientation; Six Orientation Points

RE | %2 {v22 | ea | e
1 | o | o
oYz - % |
2 )
” = 0 0 0
———— S I N e Ea—
h h |
bz —— i | 0
2 242 | 2va

n? ,,
%2 222 0

v24¢
o b

c. Nine-Point Combination. This combination is of
particular importance because there are four redundant observations.
The standard error of unit weight, therefore, becomes determined with
considerably higher relisbility than in the six~point combination.
The work is only slightly inecreased. The following formula systems
refer to terrain with arbitrary elevation differences, and the pre=
vious formula systems, in principle, refer to flat terrain, although
considerable elevation differences can be allowed if the preliminary
orientation is performed so that the residual y-parallaxes are of the
order of magnitude 0.05 mm in the photographs. It is difficult to
derive theoretical tolerances for elevation differences and residual
y-parallaxes, Practical tests, performed in connection with the in=
ternational controlled experiments, within the International Society
of Photogrammetry (ISP) 1956 through 1960, and reported in reference
5, have indicated that the results of adjustments of the relative

residual y-parallaxes are of the order of magnitude as 1ndicated
previously. The following formula systems have been derived by
Ottoson and have been published in reference 5:

12



dbyp = %g (p15=5Pg5+P11~5Pg) +P1g=5Pgg~2Ps1 “2P5g-2P55) +

(30)

dug = 5 (= Py5 + Pgs = By * Doy = Py + Bog) + Fyes (31)

s s 1__ IO Y ¢ AT R - § A A . 4_,_B___’~ o
dbzs = % (- P11 + 5Pgy + P1g = SPgg + 2p51 - 21)59) - l_z'ﬁdm (32)

(33)

%i?
W‘.
5

I S
= Zhx (= P11+ Doy *+ Prg = Pgg) *

< Slat +rus sv) + 8d 4 be + of -
6(t% + vf + vB) + 4 4 % 4 £

The symbols are defined as follows:

z; = the flying eltitude over the
* actual point i and on the proper
scale

(L =1+k2)

¥4 = the y-coordinate on the same scale

C = L(zyy - zg) = 219 * Zgg)
§ = 235 + 295 + Zg5 + L(zy) + 2g) + 239 + 299 + 25) * Z5g)

- 2py) - @Pgy + hpgy + 2pgg

©
]
[
ko]
=
j
el
O
A

b= - 1)15 = P95 - 2Pl9 - 2999 + )-l»psg + 2p55

0
n
L]
L]
|—l
-
]
el
@)
=
4

* Pig * Pog * EP5) - EPsg

a=- 15 " %95 - 2lzyy - 2LZ91 + hLz5l + 2&55

13



e= -2, =2 _ =2Lz = 2Lz__ % MLZSQ * 22

15 95 19 99 55

f= =Ly = 1291 + Lzl9 + L299 + 2L251 - 2L259
qQ=z = psi = psg * 2p55 t == Lis - LZSQ + 2255
s = 2pgs - PgL - Pgg v = 22g5 = Lzg) = Lzgg
[W]9 = 31;7? {6(@2 + 72 + 82) 482 + b2 4 2 -
vg) + 3% 4 &2 4 12 )
8o = g = 0.358, (36)

Confidence limits are:
On the level 5 percent: 0.6sy = 2.95
bobsg

!

On the level 1 percent: 0.5s,

Most of the formulas given previously can be considerably simplified
because, provided the residual y-parallaxes are smaller than 0.05 mm
in the photographs, the flying altitude can be chosen as an average

for the model and, consequently, all zj be substituted by h. Under

this assumption the following formulas are obtained:

deg = 6—;’ [‘Pls(d +2he) P95(3d +2h )+(P11+P19‘2955)(d ) =

12 _1.2Y . ( 2 o
any = —— ( P15 + P95 1+ Pg1 = Pyg + 999> (38)
dbzp = 15— (= pyy + 5P + Pyg = SPgg * 2Pg) - 2Pgg) (39)



=¥
o
ml
[}

* 553 (= P11 * PoL + P19 = Pyg) (40)

dup = =5 (-2p15-2pg5+P114Pg1+P1G+PIGHP51+P59-2P55) (b1)

(vv] = iz ('2P15+2P95+P11'P91*'P19“P9‘9) *

o / o, )
+ % {fP11+P91-2951)2+(P15+P95‘2P55)2+(P19*P99*2P59)é} (42)

(43)

For the practical computations special forms can be used
(Tables III and IV). The computations of the weight and correlation
numbers can be made according to their definitions. For formulas
Table III. Form for the Computation of Corrections to the
Elements of the Relative Ovientation from Measured
y-Parallaxes; Nine Points, Vertical Photographs AT
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(30) through (34) the numbers become complicated: For most practi-
cal purposes, however, it is sufficient to usé the weight and corre-
lation numbers from formulas (37) through (41). These are shown in
the matrix, Table V.

Table V. Weight and Correlation Numbers of the Elements
of the Relative Orilentation; Nine Orientation Points

byé ny | bz | o2 ‘ ®5
2 b 3 w3 + 242
- 1 2h® h | 1 , 3h3 + 2d4h
bY2 5+=3 v | =% 0 0 1
_Mz ¢ 3@ 2F QA_;EW o 6d"
, 2
Ms == 0 0 0
2 3b2
o =2 | 2 -
" Sh= _he
b2 1532 | opa? 0
124 2bd
h2 .
— 0
?2 b2d2
. 2t

A comparison between Tables IL and V shows that there are
only minor changes of the weight and correlation numbers. This
means that the accuracy of the corrections of the elements of the
relative orientation is only slightly increased if y-parsllaxes from
nine points are used instead of those from six points. But the re-
lisbility of the standerd error of unit weight is considerably in-
creased from the six-point to the nine-point adjustment. Further
increase of the relisbility can be obtained from an adjustment of
measurements in 15 points. Therefore, the formulas for the computa-
tion of the standard error of unit weight from 15 points are shown
here (but without derivation) because this has been done earlier

(reference 5).

d. Fifteen-Point Combination. A complete adjustment
can be made from y-parallax observations in 15 regularly located
roints but only the formulas for the standard error of unit weight
are given here. We have:
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(45)

Confidence limits are:
On the level 5 percent: 0.Ts, - 1.8s,

On the level 1 percent: 0.6s, - 2.2s,

It can be noted that the 4 first terms of formula (Ll) are
identical with formula (L42). Furthermore, each of the 10 parentheses
of formula (4U4) contains a condition, and the standard error of unit
weight is determined from the discrepancies in these conditions.
which shows effects of possible radial distortion. For the practi-
cal computation of formula (4k) it is suitable to use forms. Such a
form, which can be used for the treatment of formula (Li4) as well as
of formula (42) is shown in Teble IV.

e. Rules for the Determination of y-Parallaxes in the
Wild Autographs. We assume the y-parallaxes in the “model to be
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measured with the by; (left) or byp (right) projector. The readings
of the elements have been recorded in the form as well as the reads
ings of all the elements of orientation before the measurements.

The readings of the by; and by, before the measurements
are denoted byl and. by2 , respectively, and the results of the

readings (averages) from the y-parallax measurements are denoted
byl and bygm, respectively. Distinction is made between the four

combinations, base in; base out, byl, and bys; respectively. The
y-parallax is denoted by

Base in, measurements with byy (left):

+py = by'ij = bylo

Base in; measurements with bys (right):

+py = byzo - bygm

Base out, measurements with byj (left):

+py = bylo - bylm

Base out, measurements with byp (right):

*By = by - g

If these rules are applied to the determination of the y-parallsxes
the preceding formulas give the corre s of the elements of the
relative orientation with the correct signs.

3. The The Principle of Compensatign and the Derivation of
Formulas for the Standard Errors in }én»metry and Elevation from
Single Models. ~For the investigaA,uﬁ"of the propagation of the
errors of the relative orientation to the final results, the compen-
sating effect of the absolute orientation and the consequences of
this must be taken into account. We assume the relative orientation
to be performed up to a certain standard so that no significant cor-
rections to the elements of the relative orientation can be found

from the measured y-parallaxes in the orientation points (regions)
The quality of the relative orientation can then be expressed in
terms of the standard error of unit weight of the y-parallax measure-
ments. The coordinates and elevations of the model are not to be
regarded as errorless because the elements of the relative orienta-

tion still are affected with errors resulting from the lack of
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weight. The errors of the coordinates and elevations are usually
described as caused by model deformations and are analytically shown
by formulas (5) through (7). Also, the residual y-parallaxes in
other model points than the orientation points are functions of the
errors of the elements of the relative orientation according to
formula (4).

Statistical expressions for the model errors dx, dy, dh
and the residual y=parallaxes ¢an be found from the mentioned forms=
ulas by applylng the general law of error propagation. The weight
and correlation numbers to be used depend upon the number of and
locations of the orientation points (Tables I, II, and V) for 5, 6,
and 9 orientation poiﬁts, respectively. For the folloWing examples,

ment with practlce.

As an example of the determination of the standard errors
of the coordinates, the elevations, or the y-parallaxes of a model
after the relative orientation but before the absolute orientation
we use the elevations according to formula (5). In fact; dh refers
to the flying altitude, and the standard error sph to be determlned
first is the standard error of the determination of the flying alti=
tude after the relative orientation, only. This is different from
the elevation differences of the model after the absoluté orientation.

Applying the general law of error propagation to formula
(5) and noting from Teble II that many of the correlation numbers
are zero, we find:

2 h)e
Q- > gz * e Sape, *

2

,zwqath +(melQ

v 7 - 2\0=X, (46)

After the weight and correlation numbers are substituted from Table
II the following formula is obtained:

1h ba

) R R R R ) M T )
“n = st oo ——— e
3b 2;@' b 1° h‘d-

(be)(_? + x2 + b2 - Ele} 47)

pa2
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The standard error of the elevations (flying altitudes) is found
from

where s, i5 the standard error of unit weight of the y=-parallaxes.

In order to show the order of magnitude of the standard
errors for & certain procedure, formula (48) is plotted in Fig. 3
for wide-angle photographs and 60 percent overlap (b =4 = =
and for sy = 1.

_ Similarly, formulas (6) and (7) have been plotted. The
results are shown in Figs. 4 and 5.

it must be emphasized that the stan&ard errors shown in

6.0 5.0

Fig. 3. Standard errors of the elevations of the model (from
the air base) resulting from the relative orientation only.
Vertical wide-angle photographs, about 60 percent overlap, de-
pendent relative orientation, so = 1.
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Fig. 4. Standard errors of the x=coordinates of a model result=
ing from the relative orientation only. Vertical wide-angle
photographs, about 60 percent overlap, dependent relative orien-
tation, s, = 1.

only, and that other relations will be found after the absolute
orientation because of the compensation effects. The standard
errors as shown in the figures are of great interest too, however,
because the error propagation in different procedures of aerial tri-
angulation is based upon the errors of the individual models after
the relative orientation, If the scale is transferred from model to
model with the aid of elevation measurements in the vicinity of the
nadir points of the models, the standard errors of the actual eleva-
tions can be found from formulas (48) and the corresponding graphical
plotting. It should be noted that the standard error of the

elevation-measuring operation has to be taken into account in addi-
tion to the influence from the relative orientation. The standard
error of the y-parallax corrections according to formula (4) is also
of interest and can be computed concerning the elevations as has
been shown previously. A graphical presentation of the standard
error according to formula (4) including the measurement in arbitrary

model points is shown in Fig. 6.

For the derivation of the error propagation formulas after
the absolute orientation, the elevations and the coordinates x and y

are treated separately.

ny
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Fig. 5. Standard errors of the y-coordinates of a model re-
sulting from the relative orientation only. Vertical wide-
angle photographs, about 60 percent overlap, dependent relative
orientation, sy = 1

a. The Elevations. We assume the relative orientation
to be performed and adjusted according to the method of least squares
after measurements of the y-parallaxes in the six points. For the
absolute orientation, elevation control points are assumed to be lo-
cated in the vicinity of the model points 11, 19, and 95 (Fig. 2).
The model coordinates of these points are:

X171 =0 X9 = 0 xgg = b (49)

"
B}

Y1 = =d Yig = @ ¥95 =

The elevation discrepancies in the control points after a preliminary
absolute orientation are defined as measured value minus given value,
It must first be noted that the discrepancies consist of two parts,
viz., one, caused by the elevation-measuring operation (the correc-
tion of the horizontal parallaxes) and then another caused by the
model deformations resulting from the elements of the relative orien-
~ tation and expressed by formula (5). These two parts of the eleva-
tion discrepancies are assumed to be independent of each other and
are therefore considered separately.
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Fig. 6. Standard error of residual y-parallaxes after the rel-
ative orientation and including the measurements in arbitrary
model points. Vertical wide-angle photographs, about 60 per-
cent overlap. sy = 1.

(1) The Error Prqpaggtion from the Elevation Measure-
ments. The elevation measurements are assumed to be of ‘equal qual-
ity. A certain weight variation of the elevation measurements can
be derived from the found weight variation of the image coordinates
(reference 1), but more determinations of the basic weights of the
image coordinates are desired before the weighting of the measure-
ments of the coordinate differences or parallaxes. Furthermore, the
standard error of unit weight of the parallax measurements is deter-
nined as an adjusted value from measurements in at least 9 and pre-
ferably 15 points. Therefore, the weight relations also become ad-
Justed to a certain extent. When sufficient determinations of the
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weights of the basic image coordinates are available it might be of
interest to introduce weights also in the measurements of differences
of projected image coordinates. The influence of the elevation
measurement errors in the control points upon the elements of the
sbsolute orientation can be found from formula (8).

Applying this to the three elevation control points (49),
we find:

dh19 = dhy + A4€

dhgs = dh,, + dby (50)
Hence,

a = (51e)
The corresponding weight and correlation numbers are:

Qhoho = % (52a)

Qy = -5—2 (52b)

points are measured s1multaneously, corrections to the measured data
can be computed from the results of the corrections in the control
points, 1. e., from formula (8) in which the results in formulas (51)

are substituted after the signs are changed. The weight number of a
corrected elevation in an arbitrary point x,y can then be obtained

a5



from formulas (8) and (52). The original elevation measurement in
the actual point has the weight number 1. The standard error of the
corrected elevation in the point X,y then becomes:

- % (53)

Son denotes the standard error of unit weight of the elevation
measurement and is a function of the standard error of unit weight
of the corresponding parallax correction which is assumed to be of
the same magnitude as the correction or measuréement of a y-parallax.

Because the relation between parallaxes and elevation differences is

Soh * % S0 (54)

It is assumed that the same measuring technique is used for horis
zontal as well as for vertical or y-parallaxes (preferably stereo-
scopic measurements). Otherwise, the weight relation between
monocular and stereéoscopic measurements must be introduced, usually
1:2.

If different weights had been assigned to the measurements
of the elevations as a result of the weight variations of the image
coordinates and the reconstructed bundles of rays, such weights
could have been introduced in formula (50). The further procedure
is in principle not influenced as to whether weights are used.

If more points than the minimum number three are used for
the absolute orientation, the inevitable discrepancies must be
treated in some well-defined way. Again, if the least squares prin-
ciple is applied, formulas (9) through (1l) can be used. The expres-
sions of the accuracy become comparatively simple if the control

points are located symmetrically around the center point of the model.

and 99, the standard error of an elevatlon as a result of the e;eva—

tion measurements only, would become (reference 4):

(55)
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The chosen point combination is of particular practical importance
and is much used in connection with cadastral photogrammetric
megsurements .

] rToT resulting from the relative orien-
tation accordlng to formula (5). The errors in the control points
can be found after substitution of the coordinates; x and y of the
points, respectively. These errors will next be compensated by the
elements of the absolute orientation and aceording to formula (8),
into which the coordinates x and y are substituted. The compensa=
tion means that in each control point the sum of the influences from
the reélative and the absolute orientation procedures becomes zero.
For the points 11, 19; and 95 is found:

, . . 2 A
Point 1l: - 1]‘.—?- dup = dbzy + 2%_ dey - dda, + dng - AdE' = O
Point 19: 3= dwy = dbzy + ==5——dep + dday + by + ddE" =

- hg X i . _,
Point 95: 5 dep +dhy +bdn =0 (56)

The elements of the absolute orientation are denoted with & prime
minus sign in order to point out the different meaning in comparison

with formulas (51).

Hence 2 .2
’ dh} = dbz, - 2;_%,2,,@¢2 (57a)
d" = - dbz2 27h ]
' h

These formulas are of fundamental importance for the investigation
of the error propagation from the relative orientation after the
absolute orientation to the final results of the elevation measure-
ments or to the angles ¢ and w of the exterior orientation.

The weight and correlation number of formula (57) can be
found as follows, according to the definition:
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“nihg = Sozgbzy * T2 0"2"’2 = Q%bze (582)

= = 0 . 4 0 - % ' = O3
Srnt = 17 Yzgbzy * Baen T B Ygbzy (580)

The weight and correlation numbers of formulas (58) depend lpon the
method of the relative orientation and the number and location of
the model points used (Tables I, II, and V).

Next, the influence upon arbitrary model elevations from
formulas (57) can be found after substitution into formula (8). But
8till in each point, the influence o6f the relative orientation ac=
cording to formula (5) is found. Consequently, the influence upon
the elevations in arbitrary model points from the relative orienta-
tion is found from & sum of formulas (8) and (5).

2 . v - 2 5" 2
Qhr = &hé + xdq' + yd&' + %?-dng - (} - %) dbz 2o + Qf”iﬂ“¥ipr“'d@2 s

After formulas (57) are substituted and some rearrangements are made,
the following is found:

thy = & G - Vv, - I oo, (60)

The weight number is

(61)

The standard error of unit weight to be used together with this

weight number refers to the y-parallax measurements and is denoted
So* The final standard error of the elevations can now be found

from the quadratic summation of formula (53) and shr

For the weight and correlation numbers according to Table II we then
find:

D
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# 3¥§7 (62)

After using the relation formula (Sh) between 85 and Boh We finally
find:

(63)

If the five points, 55, 11, 91, 19, and 99, had been used
for the absolute orientation, the following influences of the errors
of the relative orientation would have been found upon the elements
of the absolute orientation:

b "2 - he  9b\ . 2),

dn, = + =5— (—b + £5) 4%, (6lke)

I (6kb)
deo

T o)

ag' = = Zan, - == (6ke)

These expressions can be derived after using formulas (9) through
(11) and after substituting the individual dh by the corresponding
formula (5) applied to the respective points.

After a procedure, identical to the one just shown, we
find the following formula for the standard error of the final ele-
vations of the model:

ho f1 )/ %=, b2
Sh =8, t/d_{< ,.;b,+x», 5

Formulas (63) and (65) may serve as examples of the stand-
ard errors to be expected from photogrammetric elevation measurements

under the assumed conditions. A certain generalization of the form-
ulas is possible by using root mean square values of the standard
errors over the model surface. Such a root mean square value can be
found from the technique for the determination of mean values of
functions from the integral calculus. For the area as defined by
the model points, 11, 91, 99, and 19, and expressed by 2bd, the root
mean square value of the elevation errors can be found from



(66)

Applying this formula to formulas (63) and (65) we find for the
examples of three and five contrel points:

(67)

(68)

¥
(L]

The correct double integration of formula (68) bas been made by Dr.
Harkin, GIMRADA.

Formulas (63) and (65) are graphically plotted for sg = 1
and for wide-angle photographs, about 60 percent overlap, in Figs.
7 and 8. For meny purposes; it is suitable to simplify formulas
(67) and (68) further by substituting the relations E-and of the
photographs. For wide-angle photographs and about 60 percent over=
lap we find

Mps = 2.0s, (68a)

cal quality of elevatlon measurements has been treated fer converg—
ent photographs in reference 8, The formulas for the final standard
errors of the elevations are identical to those shown previously,
and therefore, a comparison between the standard errors of elevation
determinations from various kinds of vertical photography (normal
angle, wide angle, and superwide angle) and convergent photography
can be made, It should be noted that the relation between the fly-
ing altitude h and the terms b and d is influenced by the different

types of photography, and that consequently, the density of control

points on the ground also beeomes influenced. Furthermore, therﬂu_

to the same scale as the standard error of the elevatlons. The geo-
metrical gquality of the photogrammetric determinations of elevations
on the ground can be determined from information about the relation

between h, b, and 4, the number and location of the control points,
and the standard error of unit weight of the y-parallax measgurements.
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Fig. 7. Standard errors of the final elevations after abso-
lute orientation in the points 11, 19; and 95. Wide=angle
photographs, about 60 percent overlap, 8y = 1,
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Fig. 8. Standard errors of the final elevations after abso-
lute orientation in the points 55, 11, 91, 19, and 99. Wide-
angle photographs, about 60 percent overlap, so = 1.
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It is assumed that the most important regular errors of the photo-
graphs and instruments are known and have been corrected for. If
squares, the root mean squ&re value of the residual y-parallaxes of
the model, as determined from at least 9 but preferably 1% points,
¢an be used as a substitute for the standard error of unit weight.

This means & certain approximation.

Some applications of the aerivea formulas to important
geometrical quelity of the final elements of the exterior orienta-
tion are considered here.

b. The Coordinates in Planimetry. In principle, the
procedure is applied to two types of control point distribution, viz.;
two points located 1n the v1cinity of the nadir points of the model

and in the center of the model. The formulas (6) (7) and (12)
through (17) are used. The two nadir points are

*15 = 0 *95 =
Vig = 0 Ygs = 0 (69)
Also, here distinction is made between the influelce of the COQrdi-

the relative orientation.

If the coordinate errors of thée measurements are dénoted
dx), dyy, dxp, and dyp, the differentials (corrections) of the ele-
ments of the absolute orientation can be expressed as follows:

dyo = - d,yl (70b)
d = ax; - dxp (T0c)
dy - dy ,

The weight and correlation numbers are:

LS A (T1a)
Qp = 2 (T10)



Qe = o5 (T1c)
o = <L (714)
Qo= - % (T2e)

The standard errors of céorrected x- and y-coordinates according to
formulas (12) and (13) are then

_ N
By = By = 8. V2 = "% +1 and (72)

is the standard error of wit weight of the X- or y-coordinate
measurements in the model.

Next; the principle of compensation is applied to the
model deformation in the control points. The 1nf1uences of the

orientation are'

ax, = 0 (73a)
dby, 3 h o .

dYo = —g2 + 2 Wy - 2 dw, (730)

db = hdpy (73c)
an

The total influence upon the model coordinates of the

errors of the relative orientation, including the compensating
effect, is as follows:

~-"‘Pha¢2+(; ) E a,  (15)

After the general law of error propagation is applied to the preced-
ing formulas, the weight and correlation numbers of Table II are used
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Fig. 9. Standard errors of the final x-coordinates after abso-
lute orientation in the points 15 and 95. Wide-angle photo-
graphs, about 60 percent overlap, 85 = 1.

Fig. 10. Standard errors of the final y-coordinates after ab-
solute orientation in the points 15 and 95. Wide-angle photo-
graphs, about 60 percent overlap, so = 1.
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and if the standard errors of unit weight of y-parallax measurements
and of model éoordinate measurements are assumed to be of the same
order of magnitude, the following formulas are obtained for the
standard errors of the final x- and y=-coordinates under the actual
conditions:

V/(b-zx)zréAA 2(x-‘b)2 xR (xa

2b2a2

(1]

Bx

(76)

+a(_§ ﬁegn) (17)

Formulas (76) and (77) are shown graphically in Figs. 9
and 10 for wide-angle photographs, 60 percent overlap, and s, = l.
From the diagrams, the following root mean square values of the
standard errors can be found:

MX lgéso (78)

For five control points located in the vicinities of ‘the

used for the unique determination of the influences of the errors of
the relative orientation and of the measurements of the model coord-
inates upon the elements of the absolute orientation and then upon
the final coordinates. The procedure is similar to the one shown
previously for two points, only. The final formulas for the stand-
ard errors of the x- and y-coordinates are shown here. Some minor
errors in the original formulas have been discovered by Dr. Harkin,
GIMRADA, and are corrected as follows:
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Formulas (80) and (81) are shown graphically in Figs. 11 and 12 for
wide-angle photographs, 60 percent overlap, and 8o = 1. The root
mean square values of the standard error of the x- and y-coordinates
are

Orientations aod Soms Pract =T
formula systems show the accuracy of the final results of the photo-
grammetric determination of numerical values of elevations and co-

ordinates in planimetry from vertical photographs under the assumed
conditions. Again, it should be emphasized that the operations num-
bers 1 and 2 of the photogrammetric procedure, the photography, and

the reconstruction of the bundles of rays, must be tested for regular
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Fig. 11. Standard errors of the x-coordinates after absolute
orientation in the points 55, 11, 91, 19, and 99. Wide-angle
photographs, sbout 60 percent overlap, so = l.

QO

'ig. 12. Standard errors of the y-coordinates after absolute
rientation in the points 55, 11, 91, 19, and 99. Wide-angle
photographs, 60 percent overlap, s, = 1.
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errors under operational conditions and that the regular errors are
corrected for up to the tolerance limits according to the irregular
errors. It is further assumed that the latter errors are normally
distributed at least at the 5 percent confidence level. Moreover,
if the relative and the absolute orientations are treated as previ-
ously stated, i. e., in particular, the inevitable discrepancies of
these operations are adjusted according to least squares, the accurs
acy of the final results c¢an be expressed in terms of the standard
error of the y-parallax observations. With some approximatiOn the

lute orientation can be used for the aceuracy determination.

As is shown here, the derived formula systems can be used
for the treatment of important practlcal problems in connection with

the final accuracy in elevatlon and planimetry. Furthermore, the
accuracy of the elements of the exterior orientation can be deter=
mined theoretically and uniquely This aetermination is of great
tests of other methods for the determination of the space coordi-
nates, e. g., of airplanes. In such tests, the accuracy of the
checking method must be well known. Before these applications are
discussed, some results of practical tests of the formulas derived
previously are shown.

The most important tests were performed in connection with
the controlled experiments within the International Society of
Photogrammetry during the period 1956 through 1960. From series of
y-parallax measurements in connection with the practical photogram-
metric plotting and coordinate determination, the accuracy to be ex-
pected in the final results was predicted by the Subcommission IV:k.
The tests were applied to large-scale plotting after aerial photog-
raphy of rugged terrain from a comparatively low altitude (Subcom-
mission IV:1 I,S.P.), as well as to small-scale mapping after photog-
raphy from high altitude (8,000 m, Subcommission IV:3). The results
of the tests-are presented in the report from Subcommission IV: b at
the London Congress in 1960 (reference 5) The agreement between

ical results were astonishingly good The discrepancies were found

to be well within the tolerance limits at the 5 percent level, and
the theory behind the formulas, therefore, became verified. This
means that comparatively simple y-parallax measurements can be used
for a good check on the accuracy to be expected from photogrammetric

plotting under assumed conditions.

Further checks have been made in different connections.

In particular, one made within GIMRADA follows.
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For certain tests, elevation measurements had been made in
a great number of check points in 24 wide-angle models. The resid=
ual y-parallaxes had also been measured in 9 points of each model.
The y=-parallax measurements were made avallable and a root mean
square value of 9 microns was determined. In each model, four con=
trol points had been used for the absolute orientation. A theoretis
cal investigation was made concerning the error propagation under
the actual conditions, and the root mean square value of the errors
to be expected in the final elevations was computed as a funetion of
the root mean square value of the residual y=parallaxes. The fol-
lowing formula was found:

Mp = ZeOemg S

where My is the root mean square value of the elevation errors to
be expected;

5mg is the root mean square value of the y-parallaxes (the
standard error of unit weight of the y-parallaxes if a
strict adjustment had been made) on the secale of the
photographs ;

S is the scale factor of the photographs, i. e.; E-where h
is the flying altitude and ¢ is the camera constant.

Here, the scale factor § was 18,000 and the expected value of My be=
cameé, consequently:

Mp = 2.0 x 9 x 18,000 microns = 0.324k m

The confidence limits at the 5 percent level are 0.194% through 0.940
m. The root mean square value of the elevation dlscrepancies in a
great number of check points was found to be 0.344 m. The agreement
betweén theory and practice is consequently very good, and another
practical verification of the theoretical laws of error propagation

has been obtained.

Even if there are a great number of simllar veriflcations,
practical tests are desir&ble. It 1s always";dvisable to measure
the residual y-parallaxes independently in connection with practical

photogrammetrical work and, in particular, in comnection with ordi-
nary photogrammetric tests.

and Elevation of Various Methods of Photog;ammetric Trian Y‘
Similar principle 181y .
tion of formulas for the geometrical quality 1n planimetry and ele-
vation from single models can be used for investigations of the

5. Summary of Formulas for the Standard Errors in Planggetgz
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geometrical quality of the results of various methods for photo-
grammetric triangulation. Necessary prerequisites have been clearly
stated and are summarized here. The fundamental operations must be
carefully investigated and tested for the distinction between regu-
lar and irregular errors. The irregular ones are to be estimated as
standard errors of unit weight according to the method of least
squares. The residuals after the adjustments, from which the stand-
ard error is computed, must be normally distributed at a reasonable
level, usually 5 percent. Discrepancies in available conditions,
primarily those of the relative orientation shall, in prineiple, be
adjusted according to the method of least squares. It is further
assumed that the elevation differences of the ground are moderate
and that the aerial photography is made under normal, uniform
conditions.

Here, we distinguish between three methods of photogram=
metric triangulation which are of practical importance (reference 6).

a; deing‘* Aerial Trian”ulation. No auxiliary informas=
tion coneerning the ele s of th > r orientation is assumed
to be available. For w1de-angle photographs and 60-percent overlap
the standard errors in planimetry and elevation can be expressed by

the following formulas.

(1) Cantilever Extension.

S Y =Ry

ey f=2

71 - h,"férfwlv :: = 2,, _:V A’ — .';f:l': ——
/;B-(hn. + 3902 - 310 + 39)

/n3+6n2-10n+33

Sz_ SO

(Y t=4

Only the first model is assumed to be absolutely oriented with con-
trol points.

n is the number of models after the first one;
h is the flying altitude;
¢ is the camera constant; and

So 1s the standard error of unit weight of the y-parallaxes
- and image coordinates.
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In Table VI, some examples of the standard errors are shown under
well=defined assumptions. The standard errors in planimetry are
presented as radlal standard errors but the possible correlation is
not taken into aceount.

Table VI. Standard Errors in Planimetry and Elevation
after Cantilever Extension;
Wide-Angle Photographs, 60-Percent Overlap

! T Standard Errors | Standard Errors ‘ -
‘Number | on the Scale of | for so = 0,01 mn | Triangulated
. of . the Photographs [ and ;000 | Distances
‘Models { for sg = 1 N
N el o) | s, | e
3 11.49 | 9.17 2.2 1.8 3.7 2.3
b 15.82 | 12.37 3.2 2.5 5.5 3.4
5 20.37 | 16.06 k.1 3.2 7.k k.5
6 25.1% | 20.12 5.0 4.0 9.2 5.7
8 35.25 | 29.13 7.0 5.9 12.9 8.0
9 - b0.59 | 3h.03 8.1 6.8 14.7 9.1
10 | k6.1 | 39.15 9.2 7.8 16.6 10.3
15 76.18 | 67.88 15.2 13.6 25.8 16.0
20  110.06 | 101.16 22,0 20.2 35:0 21.8
25 1h7.39 | 138.41 29.5 27.7 L. 1 27.4
50 377.64 | 373.54 5.5 .7 90.2 56.0

In long triangulation strips, longer than at least 10
models, the arc sine law becomes actusl. This law states that even
1f there are onl irregular, normally dlstrlbuted errors in the
basic observations of the aerial triangulation the errors in plani-
metry and elevation along the strip may show apparent systematic or
regular variations. These are caused by the correlation in the sum-
mation and are not regular errors caused by regular sources of errors.
Sometimes, therefore, the irregular errors, expressed as standard
errors according to Table VI, may be considerably influenced by the
apparent regular errors accordlng to the arc sine law in long strips.
Therefore, even if the standard errors theoretically would amount to
the figures shown in this table, the discrepancies found in practice
from a long triangulation strip can deviate more from the theoreti-
cal values than the confidence limits allow. Under all circumstances,
it is advisable to keep triangulation strips between control points
below 10 models because of the just mentioned arc sine law. It

should also be remembered that the previous formulas were obtained




under well-defined conditions and that some approximations have been
used.

. ridging. The bridging is made between two
groups of control points at the ends of the strip.

According to reference 6, the standard errors in plani=
metry and elévation can be expressed by the following formulas,; which
have been derived under well-defined c¢onditions amd with certain
approximations.

8y = So

oI

In these formulas, the strip is assumed to consist of the photographs
il, 0, +1, 2‘..666-66. n‘l, n,‘ n+]_-

The control points are located in the models -1, O; and n, n+l, and
P is the notation for an arbitrary model, the standard errors of
which are to be determined. The other notations are identical with
the notations used in the cantilever extension method.

In Table VII, the previous formulas are numerically cal-
culated for some values of the coefficients. The standard error in
planimetry is expressed as a radial standard error but no attention
is given to the possible correlation between x and y.

Also, here the arc sine law must be remembered. Triangu-
lations over more than 10 models may be influenced by the correlation
in connection with the summation of the errors from the fundamental
operations. The confidence intervals can be determined by statist-
ical methods for certain levels apd with respect to the number of
observations in the determination of the basic standard errors of

unit weight.

b. Independent Model Triangulation. In this form of
triangulation, the individual models are levelled with the aid of
available control. The triangulation is performed through a series
of planimetry coordinate transformations from model to model. Only
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Table VII. Standard Errors in Planimetry end Elevation
after Bridging, Referred to the Middle of the Strip

" Number | Standard Errors | Standard Errors | ,
of | on the Scale of | for sg = 0.01 mm | Triangulated
Models | the Photographs and h:e = 20,000 | Distances
r

| forsg=1 | Me ters 1
n |a+3 | &, « | =~ -
‘ Sp(xy) | 8z sp(xy) - 8

“Miles .

-I:'-P‘\n! O\OIH—'
W+ O OVINO 0.0 =

=3O\ E

25 | 28 | 51.30 | 30.70
50 | 53 | 1hbk.sk | 85.51

OV 1= OV OO GOV & L
OFDOWH O ~3un &

DO~ F 10 b = O
- b O 23 n o B0 0o O

81 £y N k)' [ ] ‘
EOT O\ O O W

PO

O D 00—l DO OV O OO
-
NOFWHHHO OO

Y PO B

coordinates in planimetry are to be determined through this form of
triangulation. Also, here, distinction is made between cantilever
extension and bridging. The following formulas have been derived
(reference 6):

(1) Centilever Extension.

Sx # Sg (20 n3 + Sh 0?2 + 61 n + 3)

leli=g

sy= st |/ F (0w + 60% 4 500+ 10)

(2)

S = So 151 I/ ‘}:_ 20p(n-p) + 61}

5y = 8o f:-‘ /P_(E_Pl 5p(n-p) + 25}

13



The notations are identical with those used in the diseussion of
ordinary triangulation Jjust given.

c. Numerical Radial Irian"ulatign. For & numerieal
6, the error propagation

has been derlved for cantlleVer extension and for bridging. Here,
the basic standard error of unit weight refers to the image eoordi=
nates and furthermore; the radial distortion in the photographs is
of limited importance for the accuracy of the triangulation results.
It must be assumed; on the other hand, that the inclinations of the
photographs are sufficiently small so that the influence upon the
image coordinates can be neglected. This eondition can be checked
in connection with the measurements of the image coordinates through
determination of the y-parallaxes between adjacent photographs.
From the y-parallaxes the inélination differences between the photo=
graphs in & strip can be determined and taken into aceount if necess
sary. The nadir point or the isocenter can be determined or, still
more suitable, numerical corrections tc the measured image coordi-
nates can be computed from the determined inclinations and inclinas=
tion differences. The simplest method is to use a mirror stereo=
scope and a parallax bar for the basic parallax measurements.
Through such simple methods the requirement on sufficient vertical-
ity can usually be fulfilled for the following formula systems:

(1) cantilever Extension.

8o

e

/3 @ e n v 25)

Sx

tfg(lon +15n+107)

Q)

0

]
"
w0

(o}

b

/ %‘I;'__P) {upm;p) : 25}

o

referred to the y-parallaxes and can be determined in connectlon
with the measurements of such parallaxes for the determination of

Ll



the inelination differences. Consequently, the theory of errors of
the relative orientation can be applied here also, although in &
limited sénse. Because a combination between stereoscopic measuring
methods and radial methods is assumed, the actual triangulation
method has been denoted stereoradial trian”‘s;;;;:;~

6. Determination of the Accuracy of the
Exterior Orientation after Double=Point Re

al

mined The accuracy will of course, depend up@n the number of eon=
trol points and their 1©@aticns. The derivation is referred to the
ninimum number of control points and locations as assumed previously.

Derivations of the final accuracy for other combinations and loca-
tions of control points can be made according to the same principles.

The final values of the angles ¢ and w are denoted @l “l

and ¢2 2, respectively. The final values of the three space

coordinates of the exposure stations are denoted X3, Y3, 23 and Xp,

Yg, Zz, respectively. For the determination of the accuracy; the
differentials of these data only are of interest. The values of the
preliminary results of the resection in space can be determined with
the aid of the scales of the instrument or from numerical calculations.

According to Figs. 1 and 2 and because the relative orien=-
tation is assumed to be made according to the dependent procedure,
the following relations are immediately found:

dvp = dep - dn (84)
dZi = 4§ (85)

- dap + 4§ (86)

Next, the expressions for dn and d§ are substituted from formulas
(51) and (57).

3
of!
Ml

de, = —22 éb_lli 19 . bﬁ - de, (87)
2dh,. = dh,, - dh dbz,.
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doy = =222 By, - awy (89)

. dnyg - dby,
= 19 - 1l h , OC

The standard errors of the angles are now found from the laws of
error propagation. The standard error of §; is derived, e. g.
We find:
2 2 3
s_l = soh b2

b %21’2 "t Q"922?2

According to Table II and formula (54), we find:

(s1)

i
o0

(92)

(93)

(94)

I O Ara r 3y ;

Concerning the three space coordinates of each exposure
station, we have the differential relations (Figs. 1 and 2 and
reference 9):

dX; = dx, - hdn (96)
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hd€ (98)
. hd€ + bda (99)

A
=<
B
1] w
2 Qs
o &
] [

&
'_‘I

{1
£
oy

5

o
g

dbza (101)

s

5
B

For six orientation points for the relative orientation and minimum
number of control points (two in planimetry and three in elevation)
in the locations previously assumed, we find from formulas (51),
(57), (70), and (73):

o L B o . o U -
dXy = -dx; - 5 (2dhgg = dhy; = dhyg) = hdpy + § dbzp (102)

-axp - éhg (2dhgs - dhyy - dby) +‘%a‘ts>zé (103)

.
L\%
it

(%
=
I

]
Bl

Q¥p = -dyp - 53 (dhyg - dhyy) + 5 day + = Gy + 5= (105)

log

£
n

(dhyy + dhyg) + dbzy - F=

o] o

dz, = (106)

, N he .

The standard errors of the space coordinates are then found with the
aid of the general law of error propagation. The weight and corre-

lation numbers of the elements of the relative orientation are ob-

tained from Table II. For the coordinate X; we find:

: 2 ‘
sy, = sgc + 85 =5+ s8 e (108)

vl B

where

8oc 1s the standard error of unit weight of the model coordinate

measurements ;
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Soh is the standard error of unit weight of the model elevation
measurements; and
8o 15 the standard error of unit weight of the y-parallax
measurements,

When the following assumptions are introduced

o¢c = %o

8

©
laxg

|
laglag

6

the following expressions for the standard errors of the coordinates
of the exterior orientation, resulting from the relative and ebsolute
orientation, are found:

| TR
e oo 3t ht 108
Xy T "Xy T %o / tah 2b2d2 (109)

(110)

w

(111)

it

(112)

(113)

The differences between the standard errors of the Y- and Z-coordinates
of the exposure stations 1 and 2 are caused by the assumed number and
locations of the control points. Similar derivations can be made for
arbitrary conditions.

tion of Cameras “and T PrgJectors. In referenge l, the theory of errors
of the interior orientation has been discussed and, in particular,
the standard errors of the elements of the interior orientation have
been derived from the calibration procedure. A well-defined proce-

Qure for the calibration is necessary for the determination of the
actual standard errors as functions of the standard errors of unit
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weight of the image coordinates. From the derivations made in
reference 1, the following standard errors were found for the prin-
cipal distance and the image coordinates of the prineipal point:

(- 131 )
8a = S F (llh‘)

(115)

The standard errors of the angles ¢' and «' of the image from the
calibration procedure were found to be

J

I - &1 116
§.1 =8, = 8y —z z (116)

In these formulas sy is the standard error of unit weight of the
image coordinates as determined according to the method of least
squares from an adJustment of discrepancies in points on a cirecle
with the radius r' around the prinecipal point and one point in the
vicinity of the principal point. When the formulas are applied to
aérial photographs taken under operational conditions, the standard
error of unit weight should refer to tests under such conditions.

It should be noted that the final camera constant (cali-
brated foecal length) is determined after a correction in order to
make the radial distortlon zero along a circle around the prineipal
point with the radius r (the zero distortion radius). The correc-
tion is computed from the expression

_ "C P | 39
de = Fg‘ ar; (117)

the conditions assumed in reference l concerning the number of points,
and the like. The standard error of formula (117) is:

The standard error of the correction dc, therefore, is dependent

upon the radius of the circle to be chosen as zero-cirecle concerning
the radial distortion. This depends upon the shape of the radial
distortion curve and, consequently, also upon the optical system of
the camera (sometimes also upon the optical system of the plotting
instrument). Therefore, because the standard error of the correction
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obviously is comparatively small in comparison with other standard
errors of the interior orientation; it is neglected here.

The standard eérror of the coordinates of the principal
point in the system of the fiducial marks is also affected with
errors resulting from the measurements in the fiducial marks. We
assume here that the standard errors of these measurements are of
the same magnitude as sy. Furthermore, the standard errors of the
elements of the interior orientation are transferred to the elements
of the exterior orientation with the scale factor of the photographs
h
c— .

The standard errors of the elements of the exterior orien-
tation caused by the elements of thée interior orientation are conse=
quently, with minor approximations:

o

SX" = SY' = (118)

i} _ h e s
S71 = 8p HuT (119)

Further, we have

.. _.e [5 o
s@n sml = By I*';é % (120)

Formulas (118) through (120) refer to the photographs only and are
therefore to be used in analytical determinations of the elements of
the exterior orientation. If conventional plotting instruments are
used for the purpose, the influence of the errors of the projectors
of the instruments has to be taken into account. When the same cal-
ibration procedure is assumed to be applied to the projectors as to
the cameras (the grid method), the influence of the errors of the
calibration procedure upon the elements of the exterior orientation
become of the same type as has been shown previously concerning the
camera (photographs) in formulas (118) through (120). According to
experience from practical tests (references 1, 2, and 5) the stands
ard errors of unit weight seem to be of the same order of magnitude,
for the photographs as well as for the projectors, but great varia-
tions may occur in photographs and instruments used in practice. It
is most important that practical tests of the basic accuracy be made
of all cameras (phgtographs) and plotting instruments to be used for
the determination of the accuracy of the elements of the exterior
orientation.

In order to derive the final formulas for the accuracy of
the elements of the exterior orientation, it is necessary to
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distinguish between measurements in stereocomparators and analytical
caleculations, on one hand, and measurements in stereoscopic plotters,
on the other. In the latter, the errors of the projectors must also
bé included in the formulas. The standard errors expressed by form-
ulas (118) through (120) will, under the assumptions previously made,
be multiplied by y2 for the second method. The final standard
errors of the elements of the exterior orientation after measurements
in a stereoscoplc plotter can now be expressed as follows:

W T R TR
. =8y =B /22 b , 32 . n _1,= 2
8% = 8%, = ¢ / ~ + 2d2> 5 56 (121)
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(azimuth) of the base can be determined. We find

In g similar way, the standard error of the direction



According to practical experience from tests in connection
with calibrat%ons, the standard errors of unit weight of the image
coordinates sy and of the y-parallaxés sy can be treated as approxi=
mately equal, and consequently, formulas (121) through (129) can be
simplified. Under this assumption, the numerical values of the
standard errors as shown in Table VIII have been computed. Distine=

angle, wide angle, and superwide angle. The camera constants are
210 mm, 153 mm, and 88 mm, respectively, and the image formats 180
by 180 mm, 230 by 230 mm, and 230 by 230 mm. The following values
of ¥' have been assumed: 120 mm; 153 mm, and 146 mm, respectively.
image coordinates have been obtained from different sources. For

the normal and wide-angle photographs primarily, the results from

the International Controlled Experiments from 1956 through 1960, as
reported in reference 5, have been ugsed in addition to the results

of tests from 1952 through 1956, as reported to the Sub=-commission

IV at the Stockholm Congress for photogrammetry in 1956. The stands
ard errors of unit weight are 0.004 and 0.006 mm, respec¢tively. For
superwide-angle photographs there are only a few practical tests of
the y-parallaxes available. The standard error of unit weight to be
used in Table VIII is 0.010 mm and has been obtained during some

test measurements within GIMRADA. It should be emphasized that the
standard error of unit weight can be used only under the condition
that the orientation is adjusted according to the method of least
squares. If empirical adjustment according to usual methods is used,
the standard error of unit weight should be substituted by the root
mean square value of the residual y-parallaxes as determined from at
least nine but preferably 15 points. Practical experience has indi-
cated that the root mean square value usually is about twice the
standard error of unit weight. The figures of this table, therefore,
should be regarded to show the highest quality to be expected in the
determination of the elements of the exterior orientation from double-
point resection in space under assumed conditions. It is always ad-
visable to measure and record the residual y-parallaxes after the
absolute orientation has been finished. The standard errors of the
angles are given in units of centesimel minutes (®). If s, is given
in units of millimeters, the standard errors of the angles are ob-

a minute (¢).

For a certain flying altitude the wide-angle photographs

give the best results, except for the flying altitudes, where the
superwide-angle photographs are better. It should be emphasized

52



again that the standard error of unit weight of superwide-angle
photographs should be better determined.
Table VIII. Standard Errors of the Elements of the
Exterior Orientation after Double—Point Resection
in Space in a First-Order Photogrammetric Instrument

5%, = s =
| Photographs t Sy e 55 &7 AL 5.
| ' x, | A | 2 | A % | %, & | &
Normal angle 12.954 s 13.084 by 10.2s5 [28.655 <128.7s¢ e 4011085 394708, 3183150 ‘

¢ = 210 mm | .
_h 1%6 156 | 1%3

o . | : _h_
= 0.00k mn |I755 5600 [51o0  |IBoo  [IB0o

— N I | S

| Wide angle bibs B M98y 2 {b.sg B [5.78, 2 |5.855 2 (1719080 | 1687080135608,
e = 153 mm ‘ A : 5 Q-

‘ _h _kh _h_ b b 1% | 1% | of8
8o = 0.006 ma  |5506 5200 (6200  |k500  |BLOO
e otelo e B oo B lea B B s reans Lineane | genn. |
Superwide: angle|2.85, by 2.9s, 5 2,854 Py 1.865 = |1.9s¢ Y l0680so: l05808<?) 85005o ‘
¢ = 88 mm ' ‘ ‘ .

o a_ |n o fa e | 2% | 1% | o8

So = 0.010m 5555 |3900 [0 [F00  [66o0 |

Exterior Or nta oin ir
completeness sake, the formulas for'the’accuracy of the elements of
the exterior orientation after single-point resection in space are
summarized here. The principles of the derivation have been used
in references 9 and 10. The basic differential formulas for the re-
lation between small errors of the elements of the exterior orienta-
tion and the corresponding errors of the projected coordinates are
well known and have been shown in formulas (1) and (2). These

formulas are applied to three points with the following coordinates:

‘ (130)
y1=0 Yo = -8 y3= a

Through a preliminary resection in space the elements of

the exterior orientation are assumed to have been rather well deter-
mined and only small discrepancies remain. The six equations, which
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can be formed with the aid of the six coordinates, can be solved in

a genéral manner, and the corrections of the elements of the exterior
orientation can be expressed as linear functions of the diserepancies.
Then, the weight and correlation numbers can be determined according
to their definitions. We find:

Q x = (131)
Q0

Q‘Y@Y@ = (132)
onzo = gii (133)
Qu = ‘91_;;;23 (134)
v o et
Qo = SalnZ (135)

(136)

The standard errors of the elements of the exterior orientation can
be found from the standard error of unit weight of the image coordi-
nates and the square roots of the weight numbers. In addition, the
influence of the errors of the elements of the interior orientation
must be taken into account. The standard errors of the elements of
the interior orientation and the angles ¢' and &' were given previ-
ously in formulas (118) through (120). Assuming the standard errors
of unit weight of the image coordinates at the camera and image cal-
ibration to be of the same order of magnitude as at the measurements
for the resection in space, we find the following formulas for the
standard errors of the elements of the exterior orientation under
these conditions:

SIS FANSCRF ) (137)
r= s (138)




(239)

8o = (1k0)
3
8. = (1k1)

In these formulas,
h is the flying altitude;
¢ 1s theée camera constant;

a represents the image coordinates of the control points
(ef. the relations (130)); and

r' is the radius of the cirecle around the principal point
upon which the points were located in connection with the
calibration of the camera and the photographs.

Formulas (137) through (141) are applied to three differ-
ent types of photographs, and the results are shown in Table IX.

If the single-point resection had been made in an ordinary
photogrammetric plotting instrument, attention should have been paid
to the errors of the interior orientation of the projector from the
calibration. The standard errors of Table IX would therefore have
become larger. Under the assumed conditionms, singlespoint resection
in space will give more accurate results tharn double-point resection
in space. For a certain flying altitude, the wide-angle photograph
gives the most accurate results. In reference 10, & study has been
mede of the variations of the accuracy with varying locations of the
control points.
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Table IX., Standard Errors of the Elements of the
Exterior Orientation after Single<Point Resection
in Space with Numerical Methods

~Pwowgremhs | 5% | & | | s |
s S R I @
| Normal angle T4 B 5,18, 2 20.8s, & | 272508 23000s
| VY= glc 7' SO e | 5""50 e | =¥ s@ c | .'7 5 SQ 3 SQ
¢ = 210 mm ‘ | | g |
8o = 0.00k mm ' _h_ ; A 1% | 0%
| Wide angle I 3.ks, Llop 5s h 1.58, h 127328, | 108238
I 9¢TRe T ¢80 = °3z 5286 e}
¢ = 153 mm I
PP S | o | e, | e,
=0.006mm | h | _b | _bh_ | 08 | 0.6
| preac100mm | 7500 | 10206 |T7066 | |
Superwide angle‘ 2.285 5| 198 3 0.Tso Py 700354 03668,
= 88 mn : : :
o=oo0m | & [ b | _n_ | o | o
O _ 000 §&00 12500 ' ‘
r' =g = 100 m

different assumptions concerning the fundamental operations of
photogrammetry. Under such conditions, it is always of interest to
estimate the maximum deviations to be expected or to be allowed if
the photogrammetric data are compared with geodetic check data,
vhich are determined with such a high geometrical quality that they
can be regarded as errorless, at least in comparison with the photo-

grammetric quality.

Qp to the present time, the "maximum errors" or tolerance
This is a crudleule, which probably originates from the fact that
in & normal distribution of errors there is a probability of only
about 0.27 percent or 1:370 that an individual error exceeds three
times the standard deviation of the distribution. This rule assumes

a large number of observations. In practice, this rule is usually

regarded to be fulfilled if the number of the observations (errors)

is larger than 30. If the number 1s smaller than 30, the mentioned
rule for estimating the maximum error or the tolerance limit becomes
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approximate. Therefore, it is more correct to use procedures which
have beern derived for a limited number of observations for the de-
termination of the basic accuracy (the standard error of unit weight).
Such & procedure for the determination of tolerance limits of indi-
vidual results of the photogrammetric (coordinates and elevations of
terrain points, elements of the exterior orientation, and the like)

is given by the t=test.

The distribution of the residuals (errors), from which the
standard error of unit weight has been computed, must be assumed to
be normal at & reasonable level (the 5 percent level is the usual
one), and this assumption should have been c¢hecked in a satisfactory
nuiber of tests in connection with calibration procedures.

From the number n-u of redundant observations in the des=
termination of the standard error of unit weight and at a certain
(tolerance, fidueial) level D percent the factor t can be determined
with which the standard error is to be multiplied for the determina-
tion of the tolerance limits.

The determination of the standard error of unit weight of
the y-parallaxes has been made from y-parallax measurements in 6, 9,
or 15 model points. This means that there are 1; 4, and 10 redundant
observations, respectively. The level is usually chosen at 5 percent
but 1 percent also is used. For the combinations of 1, 4, and 10
redundant observations and the levels 5 and 1 percent, the following

t-values are found from a table of the t=distribution.

n-u = 1 te = ti12.7 ty = £ 63.7
n=u =4 t5=:i,2.8 tl=i)+6
n-u = 10 s 2.2 ty = 3.2

Consequently, if the y-parallax measurements are made in 15 points
for the determination of the standard error of unit weight and the

5 percent levei is chosen, the tolerance limits (maximum errors) are
obtained as t 2.2s where s is the standard error of the actual result.

This means that the statement that the maximum dev1ations between the
elements of the exterior orientation) and their true values should
not exceed 2.2 times their standard errors, can be wrong in 5 percent
of the tests. The statement that the maximum deviations should not
exceed 3.2 times the standard error can be 1 percent wrong. There
are certain approximations in this procedure, too, for the determina-
tion of the tolerance limits but they may be accepted, in particular,

because the level 1s more or less a choice.
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If root mean square values of true discrepancies have been
determined, e. g., between photogrammetric and geodetic coordinates
and elevations, and these root mean square values are to be compared
with theoretical values as determined from the standard errors of
the fundamental opergtions, another type of test must be used,
founded upon the chiS distribution. Examples of such root mean
square values from a theoretical derivation are given in formulas
(67a), (68a), (78), (79), and (82). The tolerance limits for 4 and
10 redundant observations and at the 5 and 1 percent level are as
follows:

n-u = L, level 5 percent: 0.655-2.955; level 1 percent: 0.5s5=k.ksq

10, level 5 percent: 0.7s5=1.8s5; level 1 percent: 0.685+2.28¢

L3

n=y

This means that if the standard error of unit weight of the y-
parallaxes has been determined from observations in 15 points and if
the level 5 percent is chosen; the true root mean square value of
elevation discrepancies of a model sheuld be Within O 7 ald 1 8
unit weight. This statement can be 5 percent wrong. Also, present-
ly there are certain approximations in the procedure.

III. DISCUSSION

Through these investigations the error propagation from the
relative and absolute orientations to the final results has been de-
termined under well-defined conditions. In particular, the compen=
sating effects of the absolute orientation is of great importance
and has theoretically to be considered for each actual combination
of control points in planimetry and elevation. It should also be
emphasized that the derivations have béen made under the assumptions
of moderate elevation differences on the ground. The effects of
such differences, however, is dependent upon the actual situation
concerning the relative orientation and is reduced if the residual
y-parallaxes after a preliminary orientation are sufficiently small,
of the order of magnitude some hundredth of a millimeter in the
photographs. It should also be emphasized again that the most im-
portant regular errors of the photographs and of the instrument are
asgumed to be corrected for and that the residual errors are normal-
ly distributed 2t a reasonable level. "Critical surfaces" must be
noticed, however.

The derived formula systems for the geometrical quality of the
final results are of great significance for a number of problems, in
particular, concerning the planning of aerial photography for plot=-
ting with defined tolerance limits. In a separate investigation,
the application of the formulas to the problem of topographic mapping
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will be shown. The quality determination of the elements of the
exterior orientation is of interest for the test of other procedures
for the determination of the exterior orientation in connection with
aerial photography.

it can be mentioned that preliminary formula systems for the

elevations from photogrammetric models and derived by the author
were tésted in practical experiments arraenged by the International
Society of Photogrammetry and presented at the Stockholm and London
Congresses in 1956 and 1960, respectively. At these times, specials
ized conditions were present and the formula systems had to be de=
rived accordingly. The results of the comparison between the theo-
the practical results from the check points on the ground were ens=
tirely satisfactory. The deviations between the theoretical and
limits, determined from ordinary statistical procedures (reference
5). Therefore; it must be expected that the formula systems which
have been derived and presented in this investigation acecording to
the same basic principals are sufficiently relisble for the purpose.
It is, however, desirable that further tests be made between the
theoretical and the practical accuracy. For the elemeénts of the ex-
terior orientation such tests cannot be arranged because the photo-
grammetric method for the determination of the eléments may be the
most reliable. But, because the same principles have been used for
the final model coordinates and elevations, on the one hand, and the
elements of the exterior orientation, on the other, it seems proba-
ble that the reliability of the derived dats for the orientation
elements is satisfactory within the confidence limits which have
been computed and shown.

the geometrical quality is obtained from the contents of the photo-
graphs only, and that in principle no additional control data are
assumed to be available:; On the other hand, redundant control is
always welcome in practice for checks against gross errors and of
the theoretical geometrical quality.

IV, CONCLUSIONS

9. Conclusions. On the basis of the results of the investi-
gation reported herein, it is concluded that:

a. The method of least squares and its law of error
propagation allow a well-defined theoretical determination of the
geometrical quality to be expected in the final results of the
photogrammetric procedure in terms ‘of the standard errors of the
y-parallaxes.

9



b. The theoretical geometrical quality of the elements
of the exterior orientation after double- and single=point resections
in space can be determined in this way only.

¢. The influence of the errors of the interior orientas=
tion must be taken into account. A well-defined procedure for the
calibration of the camera and photographs is therefore necessary.
Also, here the method of least squares is of basie importance.

d. Tolerance limits for the relative and absolute orien-
tations can be derived from the results of these investigations.



10.
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Correction Sheet to GIMRADA Research Note No. 6
"Investigation of the Geometrical Quality of the Relative
and Absolute Orientation Procedures and the Final Results

of the Photogrammetric Procedure".

Page 4 expression (5) Read: h%

Page 14 expression (36)
Page 15 expression (43)

Page 27 line 19

Page 29 expression (62)
Page 33 expression (75)

Page 51 expression (122)
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