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NOMENCLATURE

velocity potential of flow

acceleration potential

U free stream velocity

t time

a normalized cavity pressure

d fluid density

M1(t) slope of foil

B(t) y intercept of foil

I semichord of foil

c position of rear end of cavity

a C

Ba

f force on foil

m moment of foil

wcavity length/chord length (r7)

folmo,(o steady parts of f,m,co

7 frequency of oscillation of foil

reduced frequency (Y)

Ko,K 1  Bessel functions (see [3] page 172 )

iv
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r Theodorsen's function

6 net normalized unsteady pressure on foil
f* normalized unsteady force

m normalized unsteady moment

c0 normalized unsteady cavity length
fs c real and imaginary parts of f_

ms, c real and imaginary parts of m

in8 mc real and imaginary parts of M*

Mo  steady part of M(t)

MI, B1  amplitudes of unsteady parts of M(t), B(t)

The following quantities have complex definitions

given in [1]

CkOk pages 4 and 7

Appendix VI

QIQ 2  page 30

VcVs page 34

cl, * page 32 (see also page 22)

ac , as  page 22

Jk,c' Jks page 17

Ik,c' Ik,s page 22

a' *a' Ja, s' Ia,c' Ias page 31

v
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1.

This report contains the results of calculations of

the unsteady force, moment, and cavity length of a partially

cavitated hydrofoil subject to unit heave or pitch oscillations.

These can be combined with arbitrary amplitude and phase.

Included also are analytic descriptions of the zero-cavity-length

limit and of the zero-frequency limit. Numerical results for

these limiting cases are also included.
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2.

2, INTRODUCTION

A previous report [ 1 ] presents the theory for the un-

steady motion of a partially cavitated hydrofoil. In order to

carry out a hydroelastic analysis and also to indicate directions

for further experimental and theoretical work, numerical calcula-

tions had to be made. The results of these calculations form

the main body of this report.

For certain limiting cases, namely the cavity length

approaching zero and the reduced frequency approaching zero,

we obtain simple expressions for the solutions. For the cavity

length going to zero, we show that the limiting result agrees

with Theodorsen's standard result[2 ].

The limiting result for zero reduced frequency was

obtained by a quasi-steady analysis of the steady state solution.

The results agree graphically with the limit of the results of

the above-mentioned calculations.

A short sunnary of [1] is included. This makes it

possible to use the results presented herein without reading

all of (1].
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1 3.

3. BMWA OF' TRG-153-SR-1l

In (1] the problem under study was the determination

of the flow around a partially cavitated hydrofoil. The foil

was assumed to be a flat plate of infinite span and immersed in

an infinite fluid. The free stream velocity and the cavitation

number were assumed constant. The foil was assumed to be subject

to unsteady motion, specifically, simple -harmonic heaving and/or

pitching, and the particular question raised was the determina-

tion of the unsteady terms for the flow in these cases.

flow y

velocity - U

wet

f-cavity

pivot for pitch

Tiummn's general solution in terms of the accelera-

tion potential 0, defined by -t + U4 x where A is the velocity

potential, is

TECHNICAL RESEARCH GROUP



4=a + k :1 Ck(t) Ok

where Ok are explicitly given* (Appendix VI), c3 and c4 are

defined by the motion of the foil (page 7), while c1 and c2

are (along with 'ie length of the cavity) to be determined.

The four possible boundary conditions to determine the three

unknown functions are stated, (page 6). The vertical com-

ponent of the velocity by, is derived in terms of *k. the

conjugate functions of O, to be:

NY Ck(t)k" 1 d x x'(t" )dx')
Ul (kZ t -r t c( U *k (xY

The steady state solution is then derived (pages 9-12)

with the result

12 a

with a (defined by a - J) given by:

A second linearization is carried out and the problem

is reduced to solving six linear equations in six unknowns

(pages 13-24), where the six equations are given on page 23.

The unsteady lift and moment are derived in terms of the unknown
---------------- ---- ------------------ ------ -

* All Appendix and page number references in this section are
to AG.
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5.

constants (pages 25-28) and are given on page 28, along with

the steady lift and moment.

In pages 29-35 we rewrite the equations in a non-

dimensional form suitable for machine computation. We define

solutions for unit heave and unit pitch as functions of

(oM cavity length/chord length and n - reduced frequency, and

show how to combine these solutions for arbitrary pitch and

heave.

TECHNICAL RESEARCH GROUP
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4. ZERO CAVITY-LENGTH LIMIT

For analytical purposes it is convenient to represent

the set of six real linear equations by three complex linear

equations. Let Q -Q2 + iQ1, v - va + ivc, and let

q qu + iqL where

/ ,s~k(-)

4 1 k 1)k 3k

3EU dkc(Jkc + I)+ k as k

d Cikc + difsikf
*--

dk,c~k(-)

4 3- k
qL k 3-k * c + k

"3 ,cJs+ 2- "( )  dk, s(Jkc +  -- )

ctkd, d,s k,c

Then

q E d Mk
3

( k

where

di Clio + idj,c

Mk k's +7' 100~o) i(Jkc + nL

- J(jk + (.1) k + i(Jk 3-k - '() -- iN*

*ai*

k ""i(Ikc + ilks)
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7.

Therefore

* 4
3

In this notation

Q*v iq*

i0k('0)

Let rk k

L*

To determine the asymptotic properties of v*, it is

necessary first to determine the asymptotic properties of Q*

r 3 , and r 4 , since we may write:

Q * d * r ,- - d~r3 - d~r4

In Appendix I we obtain

L3 + 3u- (l + =-)
8a (1 8ai

16a (1 + )

From the results of Appendices II and III we obtain

3  -ieiflK(in)

* i K K0(in) i la)
N4 * ie (2z Knifl))

TECHNICAL RESEARCH GROUP
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In Appendix III we obtain
1

04 (0) - 1a
Furthermore

* * * N*
Q N1  N2  N

L L* L*
2 a

Where

" Jk,c + i(Jk, " Vk((c))

k= 'k1 c + k ,s

N and La are similarly defined.

In Appendix I we obtain
3 35

S4 (1 + 5- i)

8a a

r1 ,;,m the results ,f Appendices II and III we obtain

N1 2+_.7* 1 aeif(Ko(i) + KI(in))
2a 3/C

TECHNICAL RESEARCH GROUP
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N2 -42a. e i (Ko(in) + Kl(in))

N 0 nein (Ko(in) + K(a))a; 01

In Appendix III we obtain

01(m ) + a-1/2

02(-) + 
- a1 / 2

Oa (,-) + 1

Let d* i "d*

uI = a 3/2

d + id
u2 2sa1/2 .

u a s8 + iac

a a

1
r K + K1 (Theodorsen's function)

K0 +K1

The three equations become

u I - u2 + u S a 0

Ul + u2 (d3(-7 r) + d4(A) (1-r(1 + ri))*i

(2d* r - d4(1-r(1 + 2 Am

3u + u2 - 3u, - 0
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10.

Since d., d4 and r are independent of a and

1 -1 1

1 1 0 -- 8

3 1 -3

Ul, u2, ua are all finite as a + co

To obtain the pressure distribution on the hydrofoil,

and also the lift and moment, it is sufficient to obtain ul + u2

only since aua 6a + 0 as a + 0 while

3/2 + 1/2 u2 52 * (uI + u2 ) "xx ; (see Appendix IV).

Therefore the (normalized) net unsteady pressure 6 on the hydro-

foil (as a 4 c) is given by

6 U+ 2  
x  2 ^jj-_X * x I ' -x *

6 - (u 1 + u2 ) ,J2 - d 3 d4

Similarly the (normalized) unsteady lift and moment are given

by (see Appendix IV)

f* 1(d4 * R

7r(u 1 + u2 - *)

[(2 - 1)d3 - (A + ( 2 r)d 

21 1a
• o1+so2

u1 + u2  , 4

3 _%( -1)d + 7 + (J7- M r)d

TECHNICAL RESEARCH GROUP
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To obtain the limit of the fractional cavity length

change we write from the first and third of the simultaneous

equations,

U uI1 + u2
Ua --- =+

Let * -, 3 + * (see Section 6.)

The * - - 2=g(a s + iac)

. _ 2a 2m

2a2
a 2 + Ua +1 cx

=2u 
a

Therefore as a e

(0 * -(ul + u2)**(

2 1rd* + + (-7 m)r)d4

For the unit heave solution d- - i 2 d4 = 0

Therefore:

f*= r(2ar + in 2 )

- 7r(nr + in )

T * S -R2ar

TECHNICAL RESEARCH GROUP
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or

f T(2nF)

mc "(n + n )

*
W*s . -2nF

coc - -2nG

where r - F + iG (F,G real). This is Theodorsen's result.[2]

For the unit pitch solution, d 3- - 2nd m 2

Therefore

f*- r(f + nr - 21r)

* 2

-m - ir + 21r

or
*

f s " r(fn +  F + 2G)

fc - r(nG - 2F)

* " l + G +ms  P

mc -F+ r

Ws n -" aF - 2G

*c - G + 2F
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13.

This is Theodorsen's result. [2]

f 8 fc' ms Mc. we were calculated in both cases

(unit heave and unit pitch) for n - 0, .05, .1, .3 and from

.5 to 4. in steps of .5 . The results are included in Table I

(under oDo - 0).

Since to determine the limiting solution, the particu-

lar term u1 + u2 is sufficient, rather than the individual

ul, u 2 , ua, we see that only the second equation stated above

is required. This equation is simply the statement that the

vertical component of the velocity on the foil is determined

by the foil motion. Since all physical models in this context

include this condition and drop one of the remaining three

(pressure at infinity, closure, continuity of the vertical

component of velocity in the wake), we see that this limiting

behaviour sheds no light on the question of the proper choice

of model.

TECHNICAL RESEARCH GROUP
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14.

5. ZERO-FREQUENCY LIMIT

We now perforo a quasi-steady analysis to determine

the behaviour of the solution in the limit of low reduced frequency.

This is done by approximating the exact solution at each time by

the steady solution appropriate to the configuration at that time.

The solution obtained by this approximation is called the quasi-

steady solution.

For heave motion the quasi-steady solution is essentially

independent of time so that the zero frequency limit is zero for

all unsteady quantities.

For pitch motion, the angle of attack varies, and a non-

trivial result is obtained. If the cavity length is less than 3/4

of the foil length, the magnitude of the unsteady force, moment,

and fractional cavity change are all finite. The quasi-steady

nature of the behavior implies that these quantities are all in

phase (modulo r) with the motion, i.e. the sine component is zero.

At 3/4 cavity length the magnitudes of the unsteady terms are

infinite, so that a physically meaningful phase analysis can not

be made.

The steady state expression for a is given implicitly by:

M - N; ( a. ) )u -7 + ) 2

Therefore

d14 -a 'T2(t1 1+ + 2cl 2

and

dT N U2 VCL (VRC + )U2

TECHNICAL RESEARCH GROUP
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The quasi-steady change in the length of the cavity

is gotten from

- - 2coaua , where

Aa W anM

Mc M 1

u2  aT 1 + 2 M1

0~ 2a - a/ 7 i

2a Va + o

Therefore

&Z2g 2  H1

(D Va=+l(2az - =l M

or

(c 2a 2  in the quasi-steady limit.

The quasi-steady force term is derived as follows:

1 -

1 dfRSERCH ROU
di?2  

a - 2 a + 1

TECHNICAL RESEARCH GROUP



16.

Af = M 1

- -(d u2Mo) 0 ;i + 1M
2a - Va +1

or

f= r. (/ + a) in the quasi-steady limit.

2a - V

The quasi-steady moment term follows from

m r __ _a97 4(a 2 +l 1)3/2 (a Va +1 + (a+l+) 2

+;a7 + + )2

1 dm = r( 1 - a2 3 a + 2 v -1
adYa 4(a2+1)2 (a+ 1 + a) 2(a+1)

dm (U 2d12 )v 3a + a +1 + (a 2 )WZ7j+ + a) 2

'M "7 - 2 +a2 +) 2/2S(Ud12)( -= 2a)(a2+) 4(/a+- 2a) (a 2+l)

Therefore, in the quasi-steady limit 2_ 1) 2
m ".7a+ -(Va++a) + = 1+ a
M cwy- - 2a)(a 2+1)2  4

The results associated with n - 0 in Table I are based on these

formulas.

TECHNICAL RESEARCH GROUP
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6, DISCUSSION

In Table I we have tabulated the cosine and sine

components of the normalized unsteady force, moment and cavity

length, ' fs mc Ms. cl *' due to unit heave and due to

unit pitch. We may obtain the total force f, moment m, and

cavity length o from the following:

Force f- f + Cf(f* cosvt + fsf'c Sint

Moment M - mo + Cm(mc cosvt + ms sinvt)

Cavity Length co - co0 + CaW(o c cosvt + Cos sinvt)

For heaving motion of amplitude B1 :

Cf - dU2B1

Cm - d1U2 B1

C W-oB/M0A

For pitching motion of amplitude M :

Cf - dBU 2M

Cm - di2 U2M1

CO)- =) 0M 1/Mo

The steady state terms are given by

fo " dAU2Moir(l + )

( + -d 4( +1)
0 2

a0a0 l/(a-+l)

TC 1/(a2+1)

TECHNICAL. RESEARCH GROUP
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In these formulas, f is positive upwards perpendicular to the

foil, m is counter-clockwise around the leading edge (with the

flow going from left to right), and co is cavity length/chord.

We now call attention to some overall features of

the data. In figures 1, 2, and 3 are examples of the type of

plot which indicates the general behaviour of each of the

unsteady terms, constructed by plotting the sine coefficient
("s" subscript) against the cosine coefficient ("c" subscript)

and indicating contours of constant frequency and constant

cavity length.

All heave functions have the following low frequency

behaviour: amplitude goes to zero, while the phase tends to

r -/2, except for the critical 3/4 cavity length. For this

case the phase cannot be precisely evaluated, but it appears

to be 0 (modulo r). For high frequencies, the force and moment

increase in amplitude and tend to become fairly constant in

phase, the value depending on the cavity length. The unsteady

cavity length term increases in magnitude at a roughly constant

phase up to some critical frequency (dependent on the cavity

length) and then more slowly increases in amplitude and under-

goes a rapid phase change.

The unsteady pitch terms have significantly different

behaviours at low and high frequency (a - .5 appears to be the

transition). At low frequencies except at the critical 3/4

cavity length, the amplitude tends to the value predicted from

TECHNICAL RESEARCH GROUP
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FORCE DUE TO UNIT PITCH (HIGH FREQUENCIES)

FrGURE 3.
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the steady state theory, and the phase tends to 0 (modulo r).

For the 3/4 cavity case, the amplitude becomes w, as expected

from steady theory while the phase is again hard to predict,

but seems to approach +.7/2. At high frequencies, the behaviour

of the force and moment in general resembles that of high fre-

quency heave motion, i.e. increasing amplitude, with no signifi-

cant phase effect.

The cavity length term exhibits an unusual behaviour.

As we go from zero to high frequency, for each steady cavity

length, the amplitude first decreases at roughly constant phase,

then begins to change phase while the amplitude reaches a

minimum and begins to increase. This strange behaviour may be

worth further study.
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7. CONCLUSION

Numerical calculations have been made to obtain the

quantities which describe the unsteady behaviour of a two-

dimensional flat-plate hydrofoil in an infinite fluid without

gravity subject to oscillatory heaving or pitching, based on a

particular physical model. The limiting behaviour for zero

cavity length was obtained by an asymptotic development, while

a quasi-steady analysis was carried out to obtain the zero-

frequency behaviour. For zero cavity length we found that the

limiting behaviour does not depend on the particular physical

model, i.e. dropping the closure condition, that was selected.

The consistency of the quasi-steady results (for the zero-

frequency limit) with the numerical results tends to support

our choice of model.

It would be of interest to carry out an asymptotic

expansion, instead of a quasi-steady analysis, in the zero-

frequency limit to determine if all models are consistent in

this case also. Furthermore since experimental evidence indi-

cates that the low frequency (reduced frequency less than .5)

behaviour is important, further study of the limiting behaviour

would have independent interest.

Since it has by no means been conclusively demon-

strated that this particular physical model (omitting the cavity

closure condition) is correct, although it seems the most

reasonable, it would be of interest to work out all other models

TECHNICAL RESEARCH GROUP
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which are possible in the same context, i.e. as solutions to

Laplace's equation in linearized theory. Specifically the un-

steady closure condition would be set up as a fourth condition

and solutions would be obtained for the models obtained by

dropping the continuity of the vertical component of velocity

and dropping the condition of having the acceleration potential

go to zero at infinity. In addition a third case may be con-

structed by introducing an unsteady singularity at the trailing

edge of the foil (i.e. dropping the unsteady Kutta condition)

and then using all four previously mentioned boundary conditions.

It would also be desirable to extend the analysis to

include

1) non-zero thickness and camber

2) finite span

3) curved, surface-piercing foils

4) gravity and free surface effects,

and to perform a hydroelastic analysis in each of these cases.
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APPENDIX I - Asymvtotic Values of the I Integrals (see p.22 and

The I and k* are of theAppendix 
IV of (1)

where P- (2 + a)2 + 1 (and where is used instead of

for I, )

For all values of e and a, P > a2 + .2n 2a-- 2n frlag
Therefore 2, 2 = . so that cos

and fixed n, independent of .

Consequently the asymptotic value of the integral may

be given by the asymptotic value .of

100 'k P dz

Similarly sin ( 71) , , so that

I ka P 2n rk (g 2 3+ a), de

Since all the Ik, c, Ik.s etc. are expressible in terms

of I,, its asymptotic value will first be given

-7

1 1- V 2"+
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A.I-2

=s coe2 + a de

-32 + a1232+  a 

2 + a (t I + a2)

J1 + a

______ a1

4(l +--
-4(1+ aL) 2(1+ a 2)

4(1 + ) ( a + 1 + 2a)

3
Ta- Ii

iE2 + a de
-00 P

- 2n(J 3 + a13 )

3 +1 ( 12 -j 3))
"n(*3 -+=a + -,+ , ? 2
2fl( a12  1I

2a 3 + J2

-1--~ (Z 1, r- ( 4" + 2a - 2)
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-2n 3 =a~T+ a 1 (a
1+ a 4(1+ cz )

2 ( - -l + 2Ia)
1+ az 2 1 + a 32( + a)

a 16a 64a

00 7 2 g 2+a)
12c f p3

Ii
-- i-

I2 2a 1 00E2 (E2 +a) dj
28-00 p 3

"--

n 3 a
4(1l + Iz 2)

4(1 + a W)

n_ _ 3 a_ _ _

- 4 (l +a ( (
4(a + qj)

32aZ
5Cl
6a7- TECHNICAL RESEARCH GROUP
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I* and * ay be obtained from 1k,c and Tk sk, c 1kss m9
by differentiating with respect to a, noting L'Hopital's rule.

I* + 15 j
l,c l

a

1 31 va

2, IT 177

* 35 -

128S - 7M -707
a

Therefore
3

Ia,C a

's -7

I a 2A f a2(Q2 + a)(g2 + E) dt
3,c q p3

2A (E -2-+ M2

- A ((3a- E) J2  ( 2 2)

4a 4(z + 1) 

A ____1___g_(2a-_4a_____(2a

-((a + 4 1(

4a '\ , 4(a7 + 1)

. A (I+ 32 + 1) 3I

16a N\J+ a + 1

= ( 4a2 2
32a(a z+ 1) a Z+ 1

8a
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m4AD (El 3 + 3J3)
12 a+

- ~ ( =____ E __________+__

3a =~ .+ (~+a 2 \~+))1+a'\ 3)
- a12 +5

+ )il

-
4 (1+az) a)

13,s M 1  ,2a-A~ Na13,a=+ + 2a
33 a #1b a 21 (+a 32N 1+a

+ aAJ2 Ta+ )3 - 1+ax - AJ- a - _ ___

+~~ (16 ,J~)(CI. 32 (1+a )

- ~ 1 (6( 32 -1 +1)
96x -(a+1

- (aJ~i-a) (2 o- \fa2+)+( \/cx7+l+a) (2cz+ N3

- MU (6~2~.i 1 + 1) .

96 a 'ja1 - (a2+1) a2+1

32a(a+1) ~a

64a
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g2 ( g2+a% /+)d

4,c ,2A ,L, f p4d

m A 2F), de - 3a2+1 (I )(See Footnote)

2(01+1) -P p 4(az+1) 3,c

M, m 2A . (El 3 + 3.3)

12 .... + 1 , (,3 -1

3ae.e~ 32~ 1
64o(o+l) (a7+l) r,7-( J7 1 + a)

A 3J2 F12
S2(a (-- -

m A ((3a2+F)J2.F( a +1 +2S) Z)
16a(a +1)
A I 1  3 2 ) ( f a +Fa 1 + 2

16.(a +1) 4 4(o +

r 3a 2
= . .,- . ( 7 7

(0AJ3a -1 \F(x7+l)(/i + 0a ( az+l+2a%

. q .,- . + a

+ AJ37 (3oI\J= - 2(o2+1)-a2 + 2 +

Note: (13,c) and(13,s) stand for the asymptotic values of 3, c

and 13., respectively.
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3a 2

128a(a +1) Afa121 + a

-i~~2(3a 2 2i\/O+1 + 2 + 3a)

H3 - 3a 2+1
M3 4(a +1)' 8(a +1)

M1 2+M3  L 1 (30 +1
a(a +1) (a +1)l AJT(a=~+o )

1 2(a +1)

- .......2.... Da3 (32_ 1+(02+1)2 20(a2+1)3/2+3a(21)3/2
64a(a2+1)

- (a2 +1)2-2a 2(3a2 1) I

V -- s 4c2 2( 2+1)3/2 22 (3a2 +1)64a(a +1)

- -a~(+(a 2+1)3/2 -3a31

165
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22 A.I-8

I.,, 2A 2#2+E) d ( 2 +a)( E2"
4,s' 2n - a (22(z+1)

P5dj + A4 deh+~h

"312+1 (See Footnote)
4(a +1) (,)

- 2fl(N1 + N2 + N3)

N1  . 2A ( .4

- A ( E _E -1+

. +1

A___E 11 1E 3 J) + M

- (. -ff

8'435 -.2+j1 13+ (3 - )q

- A E 2

N2  . A 3aJ -FI3

2(az+l) 1z

N3 =. 3a2+1 2A EI3 + 3J3

N1 + N2 + N3 w A [(E(12a 2+1l)-3a(2+l)-4F(a2+)3/2

-4(3a 2+1) ( 2+1)E) 13 +(9(3 (c2+1) 2-a(ac2+ )E)+2a(a2+l) 3/2 12(3a2+1) (J2+1))j3 ]

6 +. [ (E(-12a 4a2+7)-4F(a2+1) 3/2-3( 2+1) 1

+(12( 2+ 1) 3 / 2 +3(a2+1) (-3a 2+5)-9( 2+1)E)J3]

-------------- w------------m------------------------------
Note: (I 3 ,and (I3) stand for the asymptotic values of 1 3c

and I3,, respectively.

TECHNICAL RESEARCH GROUP



A.I-9

The coefficient of 1 3
-- 2c(12a4 +4a -7) + Na 1~ (12cg 4+4cg2 -

+ 2v+1 (a+1)2

- 3a(2+1)

- -cz(28a4+9 2-7) + Va/ 7 (20a4+20a 2+1)

The coefficient of J
- 3(3a2_5)(2 +l) + 12a 4 f 2+ (a 2 +1)

-18a (a 2+1) + 9a,\aZ+i (a 2 +1)

- 3a+lX3a2+5) +21a ja2+1 (a+1)

1 2l 2
10 2 4 (aL+l) 9 Z((2a+9-)(2+5+7

-a(a 2+1) (2a2+4) (20a 4+20a 2+1)

+ N4a7T-( (2a4+5a2+7) (20ag4+20a2+1)+a2 (2a2+4) (28a 4+19a2- 7))

+ (a2+1) (7a(a2+1)2 (6a 2+5)+a(a 2+1) (6a2+8) (3a2+5)

- "'Zg+1l ((a2+1)(3a2+5)(6a2+5)+7a (a2+1) (6a2+8))]]

- ~ " ('4 ((a2+1) (20a (2a4+5a2+7)+2a 2(2 -1a7)
2048(az+1)

- (a2+1)(18a +45a2+ 2 5)-la 2(a2+1) (6a2 +8)]

- 2a4+5a 2+7+2a 2 (28a 4 +1a 2 -7))]

+ a((a 2 +1)[7 (a2+1)2 (6cz +5)+(a2+1)(6a 2 +8)(3a 2+5)

- (2a 2+4) (20a4+20a2+1)-2a2(28a4+19a2-7)]

- (3a 2 +7) (2l8a 4 +19a 2 -7))
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-~ 7 ~ [Iz+ (a 2+1) 2 (20(2at4+5a 2+7)+2 (28a 4+19a 2-7)

- (18a 4 +45a2+25)-(42a4+56a 2)2

- 2(28a 4+l9a2 -7)-(2Oa2+19) (2a 4+5a2+7)]

+ a[(2+1)2([7(2+1) (6a 2 +5)+(6a2 +8) (32+5)

- 2(2Oc 4 +2Oa 2 +1)-2(28a4+19a 2_ 7)]

- 2(a 2 +1)(2Oa4+2Oa2+1)(2+5)(28a4+l9a2.-7)J

V - 4~ ((a2 +1)(36z4 -3a 2_13)-5)
2 O4 8(a +1)Z(/=~

-a(2 1(p-6 4 +15a2+16)-136))

V a((2 +l)3a 24a+_,a3

-2048(az 4 1)4  7.71)( 36z a ~~ 1a-1\~-6

-54TI Af l 36aJ

7 (c2+1 15a 3  (a- \fz=+)
2048(a 2+1) 4 ((a 7+1+a

+(2a- (2+1) -a #JaZ +1))

-13Ara
2 7 - 16ax) - 54a=Tl+ l36a]

2 -15a3 -6a____2

1) a ((a2 +1( f-2O48(a+1) a +12 7) 'P + a

+ 4= 130\/a 2+1 - 16cg)- 5A4T~7+ 136 a]
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32ay

14, -7n~c
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APPENDIX II - Asymtotic Values for Large a of J Integrals (see

[1]. . 17).

-k c I kL cos(~x + O))dx

let w -

0
then Jk,a 0" f. *k cos(fb)dw

similarly

0
Jki s S2f 0k sin(Qw)d,

Let
0

Ja~c " f o * a cos(Cko)dw

0
3 ~ - f n 0* sin(fjcp)dw

where

10 "- + c 2 0 -

*a " UM

In these terms we need and k for large a.

To do this it is first necessary to put in terms of a and w

4t4 +4a 2  1 l+-9 0 (see [1] page 44)w
22

2 - -a + +1

1.2
- w

a + VC 771

T aL RESARCH- G R O
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*1) *'1 B

m 1

*2) v 2  B

q2a NFa + - 1(e7\ft=l

*'3) *3 - w(1 - 4 a-=++4~) 1 2 (CXZ +1)

m v(1 - 1 a+4a .. (4c~T~ +
2 al+ c-i4~7+1

- Qco- -77

2 aa +1

* w( I-A - - 1

2 -1

1 + 41- -
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2, A

-W .. MA~ 7 (2(=ai 3a2 1) t 2 _(2 3+ 4=ct+(2 2 +3))4(a-I-1)37

-2(1-rz
2 )RnI+i -(204+11Q2+3

mw(

( 1 )+ +

1 + 1+ -

+( 1 1

+PF
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*ag) N~L 7 7 \i 1)

,J7,

* a3 / 2

- 1

Mi* - 1 -
1 2

Therefore

(Since, as will be shown, ac an = are 0(a), while the

sufficient to show that these terms may be neglected.)

Let Nk = Jc + iJk

k 4,c/ k

c0

" f N 7a+ dv

-Co

Let v = - w

o
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Let w n f (4T- 1)e' n dv
0

w

0 1+

2N2

1+1

Let71 17vv+

c- le- 1K+(±fl2

N~le~ e' La ed"

- - ~ iK 1(il + +i

Le 2 -x - 2

- -i _P7 7 + 7£x~~4/

41-T-7 - 11 Xa

wo mTECHNICAL 1 eSERC GROUP
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f The results for woo w1, w2 are obtained by simple maneuvers

like integration by parts, see [3] page 172.
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APPENDIX III - Asmtotic Values of 64(&) and (c)

Part.,.;)-1

t- AJ

2 1

¢2- - A

4--

3 2(cx+ 1)

41

2(a +l)

1

1 2
ot z 1~ A Cko

Ca " T o k1

a 2 (a+1) 3/A7 2 a ou
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-- 1 4CtoI-4T(2ct- 4tTl) - (3c 2+1+3 a 4tT)J
4a aP>+l

-- 1 a(2+/Zf 1 1- 32 1-3cJc +)
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Part 2: ;k

1

B1.
2a

V2 aB

1

4a
2

ga~ (a z ( +,)

" 2(1-a2 )anT -(2a4+1 a2+3)
4 16(,m7+1) 2

1

"*'2

2cgV'i .. .. - o+1

- ( 3 a2+1+3 aPai))

-0
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APPENDIX IV - Asymptotic Form of Pressure, Lift, and Moment Terms

A) Pressure

Along the wetted surface of the hydrofoil, the

pressure terms are functions of n alone, where n is given by

+ i

where q+ is the value on the upper surface and T the value on

the lower surface. Let A =

then

a-

For large values of a

A-ja- (4 I+ -f I- I )
a vJ+x aykl-

iZ,

,\r- 1+x

Let 5- - where andk are the upper and

lower surface values respectively.

Let 6 1 a
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1 16 1= - -- + -

-J

62 -A

Observe that *iT 2 + a) + 1 (for both signs)

3 +x

3 -3 x +23 - +2

71 " 1 "1 + +.\/=+71

Therefore

A ( x) (2c)

3  -

Since A ' \-

63 - -2(&x2x ) A/x2

6 . 2,fk-x 2 l
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2 -3+

2(Ag2+1) 332+1

2A ~ 4 2 (2c&&~) -A (4I~ xa 3
a2Za W 83

-VAffix (_ (_,x) 2 
- + 3 &

fJ FR (px - tx)2

A z

6 B (2+1 a 81 7+2') B
a a 7-aa.cz+) (3a2+1+3aqc'+1) r

sBa 2  3 1B T

Since B . 1

3 =x:3 . =x

= o(l)
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B) Lift

Ii(-a) - v

(A

a+ 1 =I 1

R,= 21Na- - 2a)

az+l

R2 = 2 1

R3  X , (2a 4+3a 2+3+2a(a 
2+1)3/ 2)

2(a2+1)2

2rj

Rl3 (a(a 2+1)(4 + a) - 4,2)

4(a+l)3/ 4
2ag

(Note:) RTa RE(4ARa + R OU
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C) Moment

-l -2 (a(a 2+13) + \ F2+l (a2-5))Il

2

*sj 47

S 1"2(3+a2+( 2 +) IS2 "

2(az+1)

2

S3 4(7-1) (4a +o(a )+a VaJcC1 (4c* +oc )

S4  - 2 (8a8+o(a8) + 4a a2+1 (2a6+o(cg6)))64 (a2+)

(t S2  (a.(-52+19) + \-+l (-52+4))

(Note) Sa  2c(cz+1)

a

Note: In (1), Ra and S defined slightly differently (i.e. the

factor U2M was included).
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