UNCLASSIFIED

an 297 414

Reproduced
by the

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

®

UNCLASSIFIED



NOTICE: When govermment or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U, S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data 18 not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



G Gamt GeS bl bl bt Gt ed b b e —d DD

297474

cataLocen gy ASTIA

AS AD No.

291 414

L3-2-

ASTIA
= Lo anlaiinieal =
W FEB 271963 }
law . J
s )

TECHNICAL RESEARCH GROUP

2 ABRIAL WAY ¢ SYOSSET, NAW YORK



REPORT NO.
TRG-153-SR-2

Submitted by:

TRG, Incorporated
2 Aerial Way
Syosset, New York

UNSTEADY LIFT, MOMENT, AND CAVITY LENGTH
CALCULATIONS FOR AN OSCILLATING PARTIALLY
CAVITATED HYDROFOIL

Prepared under Contract Nonr 3434(00),
Sponsored under the Bureau of Ships
Fundamental Hydromechanics Research Program,
Project S-4009 01 01,
technically administered by
the David Taylor Model Basin

Author: / Approved: /Eé MZ
Herbert Steinberg Jack Kotik

Submitted to:

Commanding Officer and Director
David Taylor Model Basin
Washington 7, D.C.

Reproduction in whole or in part is permitted for
any purpose of the United States Government,

September 1962

TECHNICAL RESEARCH GROUP



TABLE OF CONTENTS
Page
ACKNOWLEDGEMENTS ----=-- e 111
NOMENCLATURE ==========me=mnomsooomeooomococoooconnoo- iv
SUMMARY ----- cmeeeetceeecmcececcmescmcecceseeem—na——- 1
INTRODUCTION =-=--cccemecemeasuesnocacnammmnmnacamnnann 2
SUMMARY OF TRG-153-SR-1 =s---ecsmccomcccecomeecacnacns 3
ZERO CAVITY-LENGTH LIMIT ----=-=s-ceccosecsecamuooncs 6
ZERO-FREQUENCY LIMIT --==---cc--cccccaccmcnnccancocnaan 14
DISCUSSION =-=--=-==-=c-eeccommcmaccomccaacnamacanconax 17
CONCLUSION ---=mm-memeeeccececesemmoceemaascaameecees 29

APPENDIX I - Asymptotic Values of the I Integrals ---- A,I-1

APPENDIX II - Asymptotic Values for Large a and J
Integrals --------=-ceeccccccccccncccrcnceccenn=- A.11-1

APPENDIX III - Asymptotic Values of ¢k(m) and wk(w)--A.III-l

APPENDIX IV - Asymptotic Form of Pressﬁre, Lift, and
Moment Terms ----~-ececccccsccccccnccccccnaccasa A JV-1

BIBLIOGRAPHY --=--=vecescccce-ccceccecccecmcamannonn= Bi-1

ii

TECHNICAL RESEARCH GROUP



ACKNOWLEDGEMENTS

Acknowledgements are due to Jacques Bresse and
Gerald Weinstein for programming and numerical calculation under
the supervision of Dr. Hanan Rubin, to Harry Bluston and
Peter Thomsen for checking the analysis, and to Mrs. Thelma Bourne

and Miss Ada Kirchner for typing the manuscript.

ii1

TECHNICAL RESEARCH GROUP



NOMENCLATURE

] velocity potential of flow

) acceleration potential

U free stream velocity

t time

o normalized cavity pressure

d fluid density

M(t) slope of foil

B(t) y intercept of foil

Y/ semichord of foil

c position of rear end of cavity

-C
o ‘\lm::
A A ’ Mag+1 + a

. g - o

f force on folil

m moment of foil

® cavity length/chord length (%)
:Ec.,mo,a)o steady parts of f£f,m,w

vy frequency of oscillation of foil

Q reduced frequency ({f)

K, Ky Bessel functions (see [3] page 172 )

iv
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r Theodorsen's function
+ _ 4=
% fie - b
5 net normalized unsteady pressure on foil
f* normalized unsteady force
m normalized unsteady moment
wr normalized unsteady cavity length
f:, f: real and imaginary parts of ff
m:, m: real and imaginary parts of o
w:, w: real and imaginary parts of wf
M, steady part of M(t)
M;, By amplitudes of unsteady parts of M(t), B(t)
The following quantities have complex definitions
given in (1]
Ck’ﬁk pages 4 and 7
wk’ﬁk Appendix VI
) page 30
V.sVg page 34
di’c, dﬁ,s page 32 (see also page 22)
Qs Gg page 22
Jk,c’ Jk,s page 17
Ik,c’ Ik,s page 22

L

ﬁa’ Voo Ja,c’ Ja,s’ Ia,c’ Ia,s page 31

v
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1. SUMMARY

This report contains the results of calculations of
the unsteady force, moment, and cavity length of a partially
cavitated hydrofoil subject to unit heave or pitch oscillations.
These can be combined with arbitrary amplitude and phase.
Included also are analytic descriptions of the zero-cavity-length
limit and of the zero-frequency limit. Numerical results for

these limiting cases are also included.
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2, INTRODUCTION

A previous report[ll presents the theory for the un-
steady motion of a partially cavitated hydrofoil, In oxder to
carry out a hydroelastic analysis and also to indicate directions
for further experimental and theoretical work, numerical calcula-
tions had to be made, The results of these calculations form
the main body of this report.

For certain limiting cases, namely the cavity length
approaching zero and the reduced frequency approaching zero,
we obtain simple expressions for the solutions. For the cavity
length going to zero, we show that the limiting result agrees
with Theodorsen's standard resulttz].

The limiting result for zero reduced frequency was
obtained by a quasi-steady analysis of the steady state solution,
The results agree graphically with the limit of the results of
the above-mentioned calculations.

A short summary of [l1] is included. This makes it
possible to use the results presented herein without reading

all of [1].
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3. SUMMARY OF TRG-153-8SR-1

In [1]) the problem under study was the determination
of the flow around a partially cavitated hydrofoil. The foil
was uoumed.to be a flat plate of infinite span and immersed in
an infinite fluid, The free stream velocity and the cavitation
number were assumed constant. The foil was assumed to be subject
to unsteady motion, specifically, simple harmonic heaving and/or
pitching, and the particular question ra:l.uﬁ was the determina-

tion of the unsteady terms for the flow in these cases.

flow y
B e

velocity = U

wet

t‘-— cavity

pivot for pitch

Timman's general solution in terms of the accelera-
tion potential ¢, defined by ¢ = 8§, + US_ wvhere & is the velocity
potential, is
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4
=0+ k-zl ck(t)¢k

where ¢k are explicitly given* (Appendix VI), Cq and c, are
defined by the motion of the foil (page 7), while ¢y and Cy
are (along with the length of the cavity) to be determined.
The four possible boundary conditions to determine the three
unknown functions are stated, (page 6). The vertical com-
ponent of the velocity Iy, is derived in terms of Ve the
conjugate functions of ‘k’ to be:

B = ¢

4 X
1 d -x! [ -x' 1
y {k-zl ck(t)wk' ﬁ aE [wck(t' x_ﬁ")y’k(x sy’a(t' 'x—ﬁ")dx )}

The steady state solution is then derived (pages 9-12)

with the result

c; ™ —Uién (a2|+1) (ci-'\Jaz+1)

cy = - !2-%? (3a2 + 14 3a'\'a2+1)

with a (defined by a = \/E) given by:

o= !'é-i ('\/a2+1 + a)2 .

A second linearization is carried out and the problem
is reduced to solving six linear equations in six unknowns
(pages 13-24), where the six equations are given on page 23,

The unsteady lift and moment are derived in terms of the unknown

* All[1 pendix and page number references in this section are
to .
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constants (pages 25-28) and are given on page 28, along with
the steady 1lift and moment.,

In pages 29-35 we rewrite the equations in a non-
dimensional form suitable for machine computation, We define
solutions for unit heave and unit pitch as functions of
o = cavity length/chord length and Q = reduced frequency, and

(]
show how to combine these solutions for arbitrary pitch and

heave.

TECHNICAL RESEARCH GROUP



4. ZERO CAVITY-LENGTH LIMIT

For analytical purposes it is convenient to represent

the set of six real linear equations by three complex linear
equations., Let Q* - Q2 + in, v* = Vg + ivc, and let

q* = qy + iqL where

d':,c"k(w)
4 K
w2z G,c i 6 + ;‘32%‘ R ACHER M S
* *
dk,cr'k,s - d'k,sIlc,c
Then
¢k(°°)
* 4 x| x
R s
I
where

K
My = e, s t ?;Ek - Pl - 10 e * L3

k
-1 3k _ o *
TGP R T oZ - ) = - ANy

* *
Ik - -i(Ik’c + iIk, s) - - iLk
TECHNICAL RESEARCH GROUP



Therefore

i‘k(“)
4 *
q =1 § dk Nk

*

Lk

In this notation
* k *

Qv iq
16, (=)
Let re = N;
L
To determine the asymptotic properties of v*, it is
necessary first to determine the asymptotic properties of Q*,

¥y, and Tys since we may write:
* * *
In Appendix I we obtain

* 01
L, + (1 + =)
3 Egj 8a
* Qi
L, » —1-3- (1 + =5)
4 16a ;2
From the results of Appendices II and III we obtain
*

K _(1iQ)
NZ > 1l — - %i K, (19))

TECHNICAL RESEARCH GROUYP



In Appendix III we obtain

$y() > 2
By(=) > - 5=
Furthermore |
B(*)  1hy(=) 18 (=)
- (e oW
L] L, L
Where

N; - Jk,c + i(Jk,s B Wk(“))

*
I"k = I‘k,c + ﬂk,s

N: and L: are similarly defined.

In Appendix I we obtain
LI-»8—2-§72(1+%%%21)
L’z"-»;#(u-%fzi)
L§+-:-:2(1+§85-%21)

Yrom the results of Appendices II and III we obtain

N; > 2—0;%77 el (k_(10) + K, (1%))
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Ny > Ebz el (10) + K, (1))

* 0 . .10
N =» -a Qe (Ko(iQ) + Kl(m))
In Appendix III we obtain

$1(=) » o712

by > - at/2
Bo(=) > 1
Let o K
B dl s g ldl P
ul = — 3"'2' e
a
* %*
d2 s + idz c
u, = —-'—1-7-2—-*—
a
a. + ia
- 8 (S
Yy a
Ky

r= f;-_!-T]'_ (Theodorsen's function)

The three equations become

ul-u2+ua-0

up +uy = =(d3- & 0+ g a-ra + &)

- 315(2&’; r- dZ(l-P(l + 23

3u1+u2-3ua-0
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* %
Since d3, d4 and I' are independent of o and

1 -1 1
1 1 0 = -8
3 1 -3

u;, Uy, u, are all finite as a » « ,
To obtain the pressure distribution on the hydrofoil,
and also the lift and moment, it is sufficient to obtain uy +uy

only since au, 8, * 0 as a » 0 while

3/2 "

a 161 + a1/2 Uy 8y > (u1 + uz)ngég ; (see Appendix IV).

Therefore the (normalized) net unsteady pressure 5 on the hydro-

foil (as a » =) is given by

- - _ 2 =X % _ x -X_ g%
e v 0 gl

Similarly the (normalized) unsteady 1lift and moment are given
by (see Appendix IV)

4
* 1 * %*
£ --ﬂ(fdknk-'-aRa)

-l &E - Da - G+ G- PO

4
* 1 * *
m = - (2 S, +as$s
22 2o S o
u, + u * *
A e A

=l 1) -G+ A+ Gz~ FDIY;)

TECHNICAL RESEARCH GROUYP



To obtain the limit of the fractional cavity length

'change we write from the first and third of the simultaneous

equations,
4 - u, + U,y
o Z
Let @ = a): + :I.a): (see Section 6,)
*
The = = 2<:nm(cazs + 1ac)
2
- 2g wu
-y
a“+1 @
> - Zua

Therefore as a + »
© > ~(uy + up)
- o 210 4* i 2 _ i %*
At @r CZ-and,

For the unit heave solution d; - - mz, dz =0
Therefore:
* 2
£ = ¢x(20r + 1Q%)
o - r(Qr + mz)
w* = =201

TECHNICAL RESEARCH GROUP
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or

Fh
® *

= 7(20F)

= 7(20G + Qz)

Fh
0 *

= 7QF

= 7(QG + 92)

* Osﬂ' WB*

-2Q0F

e
)
|

*

-2QG

08
1

where I' = F + iG (F,G real). This is Theodorsen's result,[2]
For the unit pitch solution, d; - - 2Q, dz = - 102 .

Therefore
f* = 7(Q + Qr - 21ir)

' 2

m o= w3+ B - 1r+ 8
w =Q - Qr + 21T

or

= 7(Q + QF + 26)
= 7(QG - 2F)
=73+ c+ &
-v(ggz--r+%c-)
=Q-QF - 26

= - OG + 2F

Cx iox O Bx oM o

TECHNICAL RESEARCH GROUYP
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This is Theodorsen's result. [2]

f:, f:, m:, m:, w:, w: were calculated in both cases

(unit heave and unit pitch) for Q@ = 0, .05, .1, .3 and from
.5 to 4, 1in steps of .5 . The results are included in Table I
(under w, = 0).
Since to determine the limiting solution, the particu-

lar term u; +uy is sufficient, rather than the individual

up, Uy, u,, we see that only the second equation stated above
is required., This equation is simply the statement that the
vertical component of the velocity on the foil is determined
by the foil motion. Since all physical models in this context
include this condition and drop one of the remaining three
(pressure at infinity, closure, continuity of the vertical
component of velocity in the wake), we see that this limiting

behaviour sheds no light on the question of the proper choice

of model.
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J. ZERO-FREQUENCY LIMIT

We now perforu a quasi-steady analysis to determine
the behaviour of the solution in the limit of low reduced frequency.
This is done by approximating the exact solution at each time by
the steady solution appropriate to the configuration at that time,
The solution obtained by this approximation is called the quasi-
steady solution.

For heave motion the quasi-steady solution is essentially
independent of time so that the zero frequency limit is zero for
all unsteady quantities.

For pitch motion, the angle of attack varies, and a non-
trivial result is obtained. If the cavity length is less than 3/4
of the foil length, the magnitude of the unsteady force, moment,
and fractional cavity change are all finite. The quasi-steady
nature of the behavior implies that these quantities are all in
phase (modulo 7) with the motion, i.e. the sine component is zero.
At 3/4 cavity length the magnitudes of the unsteady terms are
infinite, so that a physically meaningful phase analysis can not
be made.

The steady state expression for a is given implicitly by:

M-§< — )

(Vaz+1 + a)2

‘Vg.d-.Lz 20
N/f +1 (A/a +1 + a)

g 2 VTl (VoL + )2
? Za"\/az-i-l

TECHNICAL RESEARCH GROU?P
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The quasi-steady change in the length of the cavity

is gotten from

%9- = -~ 2ugAa , where

A“'%’H
2 VT T s g2,
L -9————0[———4)—_

2a =~ Aa"+1

1

-a 'V 2+1 M1
—a Vo t T

) 20 - Va2l

Therefore

o 202 o'

) M
a"+l (2a -\/a"+1 o

or

* 262
O, = —* 8 in the quasi-steady limit.

c
az+1 (2a - '\/az+1

The quasi-steady force term is derived as follows:

w T(a“+1l - a)

g’& - r (&= Valtl "’+1)

TECHNICAL RESEARCH GROUP
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16.

Af-%&“l

2 vﬂz;i + q) M1

= - (deUM))
(6] M
20 - Va“+1 °

o
£%a - Im in the quasi-steady limit.

20 -Va“+1

or

The quasi-steady moment term follows from

o L 3,’2 (a\!a+1+

= —— )
ods®  4(a® + 1)

4
(Va2+1 + o;)2
1 o . 30 + 2Vo%41 -
4 . 4(a2+1)2 (\/a2+1 + a)z(a2+1)
2

3a + ZVg2+1 2-1 a +l + g )

V] + .
02+l - 20)(a%+1) 40+l - 2a) (o2+1)

o

2 |-

& . (v2as?yn(
Am = gﬁ' M].

Therefore, in the quasi-steady limit

2_ 22
* T {a+2(‘\}a2+l+a) + (a”-1) g;+14(a +1 +gl2_]

€ R - 2a)(a2+1)2

The results associated with @ = 0 in Table I are based on these

formulas.
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6, DISCUSSION
In Table I we have tabulated the cosine and sine

components of the normalized unsteady force, moment and cavity

length, f:, f:, m:, m:, w:, w* due to unit heave and due to

s’
unit pitch, We may obtain the total force f, moment m, and
cavity length w from the following:

Force f= fo + Cf(f: cosyt + £_ sinyt)

*
*o *

Moment m = m  + Cm(mc cosyt + m_ sinyt)

Cavity Length o = o  + Cw(coc cosvt + w

*
*m

sinyt)

For heaving motion of amplitude By:

- an2

c, = de’s,
C, ™ woBllMoz
For pitching motion of amplitude M;:
Cp = daulyy
c_ = drfulm,
Cw = woMI/Mo

The steady state terms are given by

- —d el a+l
fo dsu Mow(l + - )

( { g )2
ZUZ 1 a+l + a

- -d M

o ¢ °1r(cz(cz2+1)572 ¥ 4(a“+1) )

oy = 1/(a%+1)
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UNSTEADY MOMENT DUE TO UNIT HEAVE
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In these formulas, f is positive upwards perpendicular to the
foil, m is counter-clockwise around the leading edge (with the
flow going from left to right), and w is cavity length/chord.

We now call attention to some overall features of
the data, In figures 1, 2, and 3 are examples of the type of
plot which indicates the general behaviour of each of the
unsteady terms, constructed by plotting the sine coefficient
("s" subscript) against the cosine coefficient ("c" subscript)
and indicating contours of constant frequency and constant
cavity length.

All heave functions have the following low frequency
behaviour: amplitude goes to zero, while the phase tends to
t /2, except for the critical 3/4 cavity length. For this
case the phase cannot be precisely evaluated, but it appears
to be 0 (modulo 7). For high frequencies, the force and moment
increase in amplitude and tend to become fairly constant in
phase, the value depending on the cavity length. The unsteady
cavity length term increases in magnitude at a roughly constant
phase up to some critical frequency (dependent on the cavity
length) and then more slowly increases in amplitude and under-
goes a rapid phase change.

The unsteady pitch terms have significantly different
behaviours at low and high frequency (Q = .5 appears to be the
_ transition). At low frequencies except at the critical 3/4
cavity lehgth, the amplitude tends to the value predicted from
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the steady state theory, and the phase tends to 0 (modulo ).
For the 3/4 cavity case, the amplitude becomes ~, as expected
from steady theory while the phase is again hard to predict,
but seems to approach tm/2, At high frequencies, the behaviour
of the force and moment in general resembles that of high fre-
quency heave motion, i.e. increasing amplitude, with no signifi-
cant phase effect,

The cavity length term exhibits an unusual behaviour,
As we go from zero to high frequency, for each steady cavity
length, the amplitude first decreases at roughly constant phase,
then bégins to change phase while the amplitude reaches a
minimum and begins to increase. This strange behaviour may be

worth further study.
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7. _CONCLUSION

Numerical calculations have been made to obtain the
quantities which describe the unsteady behaviour of a two-
dimensional flat-plate hydrofoil in an infinite fluid without
gravity subject to oscillatory heaving or pitching, based on a
particular physical model, The limiting behaviour for zero
cavity length was obtained by an asymptotic development, while
a quasi-steady analysis was carried out to obtain the zero-
frequency behaviour., For zero cavity length we found that the
limiting behaviour does not depend on the particular physical
model, i.e. dropping the closure condition, that was selected.
The consistency of the quasi-steady results (for the zero-
frequency limit) with the numerical results tends to support
our choice of model.

It would be of interest to carry out an asymptotic
expansion, instead of a quasi-steady analysis, in the zero-
frequency limit to determine if all models are consistent in
this case also., Furthermore since experimental evidence indi-
cates that the low frequency (reduced frequency less than .5)
behaviour is important, further study of the limiting behaviour
would have independent interest.

Since it has by no means been conclusively demon-
strated that this particular physical model (omitting the cavity
closure condition) is correct, although it seems the most

reasonable, it would be of interest to work out all other models
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30,

which are possible in the same context, i.e. as solutions to
Laplace's equation in linearized theory, Specifically the un-
steady closure condition would be set up as a fourth condition
and solutions would be obtained for the models obtained by
dropping the continuity of the vertical component of velocity
and dropping the condition of having the acceleration potential
go to zero at infinity. ‘In addition a third case may be con-
structed by introducing an unsteady singularity at the trailing
edge of the foil (i.e. dropping the unsteady Kutta condition)
and then using all four previously mentioned boundary conditionms,

It would also be desirable to extend the analysis to
include

1) non-zero thickness and camber

2) finite span

3) curved, surface-piercing foils

4) gravity and free surface effects,

and to perform a hydroelastic analysis in each of these cases.
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APPENDIX I - Asymptotic Values of the I Integrals (see p.22 and

* -Appendix IV of [1])
The Ik c and Ik c are of the form
] »

o 2
I % ﬁ%f_g). cos (3 at

where P = (£% + )2 + 1 (and where % is used instead of 7
for I, _.)
or k,C'

For all values of £ and a, P > az + 1.

Therefore % < —-%Q-I , 8o that cos (%)Ml, for large a
a

and fixed Q, independent of ¢ .
Consequently the asymptotic value of the integral may

be given by the asymptotic value of
2

R

Similarly sin (-21,‘1)~ %‘l , 80 that

® 2
L, s~ 29 :fw ?fk m;:,i-ﬂ d¢

Since all the I ., I, g etc. are expressible in terms
4 ]
of I,, its asymptotic value will first be given

- _JB

I
! ‘Va!+1

- I [ Y
'\/a2+1 ,\/2(’\]012+1 + a)
v ZGE;:!
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4(1 + o
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* *
Ik, c and Ik,s may be obtained from Ik, c and Ik,s
by differentiating with respect to a, noting L'Hopital's rule,

* - 315
Il,s-’ %ZEZHTZ
3
I2,c 7~ 18 agﬂ
* 35
I,s > - m*ﬁ
Therefore
. 3T
Ii,e * '8';'2'
105 70
o, >~ 8% &
T agggz +E) 4
Ia’c f P &
a1l
I 3J
- = EF g
a -+l
A (Na™+1 + 2a
= —=—— ((3a - E) J, + E ) 1,
banJas1 4_(a + 1)
A ,‘,2 a+l - a 2a=-\Ja“+1) (2t A/ a“+1
TR ene————— ((a 4 a +1) (A:——)-[— M I
: 4(a® + 1) !

ba\la"™+1 :

A 3q2 - 1
-t 1+ F=) 1)
16a’\}a2+1 ’ o + 1

2
- L ( 4a )
32a(c:z2 + 1) a +1

"

Q

TECHNICAL RESEARCH 6ROUP



A.I-5

~ SAQ
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(—z ( (4112_——" 1i2a, . L ) 1p+(ar VZFD)I)
3q '\’a2+ : 126 Mta 32( ’\la2+1+a) ] '

aIZ
J3 = - T*BJz

"5 ¢ 4?1 15: & oy

3,8
" 3aAkZrl : 32(«,a2+1+a)
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'\Ia2+1
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A +a) (" -F 3a™+1
" dg - —==p—=- (I, ..) (See Footnote)
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H ] ?
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2,,2 2
- 2A +E +a) (aé " =F d
o | S s Kl )

36241

| - Z?ZZII; (13,3) (See Footnote)

= 20(N; + N, + N,).

N . 2A EI§.’+3J4
1 6
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A E_ (11
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8 Ala“+1 @
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Note: (I3 o) and (I3 8) stand for the asymptotic values of 13 c
and’ 13 s respectively
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The coefficient of I
- -2a(12a +4a -7) + ’\’az+ (12a +4a -7)

~4a(a +1) + 8 az+1 (a +1)

-3a(a2+1)
= -a(280%+1902-7) +4fa2+l (20a%+20a2+1)
The coefficient of J3
= 3(302-5) (a2+1) + 12a4/a+1 (aZ+1)
-18a2(a+1) + 9a AJa2l (oaP+1)
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APPENDIX II - Asymptotic Values for Large o of J Integrals (see

1 17 ’

-4
Jk,c - ﬁ !“ Y cos(ﬁ(x + 2))dx

letw-—xit'i

)
then Jk,c - 0'{@ Yk cos?ﬂm?dw

similarly

)
Jk,s 2 !“ Vi sinfﬂw)dw

Let
o
J = Q[ y, cos(m)dw

o
Q[ Yo sin(Qw) dw

()
]

Where Wl awz

€10 3% T %20 35

0% 5 203%
U™

’ 4
In these terms we need y, and {Wk} for large a.
1
To do this it is first necessary to put ¢ in terms of a and w

454 + 4a52 -1+ % =0 (see [1) page 44)

RN » ey
a+m
ga—Dl ¥
’\/2(0 + «’a +1 - ;)2
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Therefore

Ya” a
(Since, as will be shown, a, and a, are 0(9), while the
a,c and Ja,s are 0(15, Vg " o(%) is

sufficient to show that these terms may-bé neglectéd.)

équations involving J

Let N, = Jk,c + i Jk,s
o

“Qf % W gy
-0

Let ve - w

00
N =@ [ we W ay
0
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w
N. »
1 2a
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2 2a
o 1 - 14+ =
Ny»>w =20 /[ ( e 1 gy
o £
1+ 1+V
©w 1 - l4+= 2
N4-bwzl%£( emvdv

Let x = v 4+ 1

v, = qe~10 {“ ( %I -1) e~ 10 4

= 0el¥(k (10) + K (1)) + 1

. - xt
wluﬂem{ (ﬁ e-mxdx

= - 1l (1) + G+ 1)
10 w 2
vy = -0—34-— { (x - J\/xz-l) e 10 4y
- :41 (1- % - 5"2) + iem(% K, (i9)- %Kl(iﬂ))
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The results for Wy W1, W, are obtained by simple maneuvers

like integration by parts, see [3] page 172,
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A.I1I-1

Il - Asymptotic Values of o) and )

Part:-.-.fl-:'i:.sk 4

Q

b = 2 c ok
- z
Mok-lk"

- - st at NG (20-Al%rD | (erirdangiiy),
a 2(a™+1) » Za'\laz-i-l
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A 1V-1

APPENDIX IV - Asymptotic Form of Pressure, Lift, and Moment Terms

A) Pressure
Along the wetted surface of the hydrofoil, the

pressure terms are functions of n alone, where n is given by

t =
LI G = 3

where ﬂ+ is the value on the upper surface and n~ the value on

the lower surface. Let A = n+ -
then

A’/\/a+/\/-f_-%: -\F-,\/ﬁ-%
For large values of a
R TN = RV =
" G oA
1 -
=R\,

Let & = ﬁ: - ¢; , where ﬁ; and ﬁ; are the upper and

lower surface values respectively.

2
1 3 -
Let 0, = Iy FCko 3w W
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Ao IV"Z

-—-F-T
11
1721 Js
~a £+x
52-A
“172‘1 AoX
~a yre

2
Observe that (q*z +a) +1= % (for both signs)

o - e G s W - 2 -
+1

I\Iq
T‘+3 -3 +2)

+2, + -
T =A( 'y + q

~3aA

Therefore

53 ~ - 2 (&% )
Since A ~ afa

oy ~ - 208 [EX
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A, IV-3

- —2A (%’5)2 (3 - 073 (o - 20) (qt-n"))

5
“ \}az+1

_.=3 - 3a +1
2( +1) (‘E—)(a( 1 )+[ar\/a2+1 “2(a +1)](f| -n) 72:1—)'53

~ - 2 g ® (o) 2y s - 35,

2
5 - 5T - 4% 3 &ixy)
- 2
~ \EE A - m5

= o X =X

)/

8, ~ IBE (q2+1) (ot /\Ia2+1) % 5, - -23-5 (3a2+1+3a'\/a2+1) % 3

~Ba’ (- —37 [FD- 3a (- 4y \[FD

1
2@
by~ = 2 B+ 2 o [EE
= o(d)
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B) Lift

Il(-a) = —1&—

'\Ia +1
v, #
L= 24( ja +1 - 2a) Il

R
a“+1
2§;
~ .
a
2*%
o~ .
a
R, = —Jhb—y (20430243420 (a2+1) 372
2(a"™+1)
~ 2714

R4 = —-E-‘—s (a(a2+1)('\/a !+1 + a) - 4a2)

4(a”™+1)

(Note:) R_ = - (4a + AJa“+1)
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C) Moment

S. = - &2§a§a2+132 + Qla?+1 LgLZ-S))Il
1 2(a+1)
~ - Ly

a

2 (3raPranfa®) 1,

2 2(a2+1)

- 3

Q

2
Sy = —-Ef-—-z- (4a6+o(a6)+a‘\’a +1 (4a4+0(a4))

4(a™+1)

~ 21r1l2

2
s, = m (884+0(c®) + 4a o1 <2a6+o(a6>)>

2

2 :
(Ncte) Sa = z‘—(":gfl—)wz (a.(~5a2+19) + /\la2+1 (-5a2+4))
~S1f
a

Note: 1In (1), Ra and Sa defined slightly differently (i.e. the

factor U2M was included).
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