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FOREWORD 

While the ¿eneral subject oí .' ,ck isolation has received 
considerable attention during recent years, the designer of isolation 

systems for use in underground protective structures is confronted 

with many special and difficult problems. In particular, the lack of 
an adequate description of the shock to which the systems are exposed 

has not only prevented the use of powerful analytical techniques, but 
has also reduced confidence in the ability of the systems to perform as 

intended. This and similar problems have indicated a pressing need 
for a summary of the state-of-the-art in those fields directly related 
to isolation systems for underground protective structures application 

and for the development of broad design principles to assist the 

designer in achieving greater reliability. 

Early in I96I, after many discussions with facility engineers, the 

Research Directorate, Air Force Special Weapons Center, selected The 
Ralph M. Parsons Company as prime contractor, to review the state-of- 
the-art of all major factors relating to the analysis and design of 
shock isolation systems for hardened facilities. Contributing substan¬ 
tially to this effort were the Stanford Research Institute and the 
Armour Research Foundation of The Illinois Institute of Technology. 

The parameters significantly influencing the selection and analysis 
of shock isolation systems for protective underground structures are so 
numerous and complex that reduction of the design to a routine procedure 
is virtually impossible. For this reason the Design Guide stresses an 
understanding, qualitative where necessary, of the basic phenomena. 
Areas where extra caution must be exercised are pointed out and suggestions 
are made regarding possible methods of approach. In some areas definite 
recommendations can be and are given} in others the designer may be left 

with little more than an enhanced appreciation for the magnitude of the 
problem confronting him. Such is the state-of-the-art. 

While far from being a complete work on the subject in its present 

form, it is hoped nonetheless that the Design Guide will be of assistance 

to the facility engineer in improving the economy and reliability of 
isolation system designs. The comments and suggestions of all users of 

the Design Guide are earnestly solicited. 
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ABSTRACT 

This report reviews the major considerations relating to the design of 

Shock Isolation Systems for use in underground protective structures, 

emphasizing in particular those areas where special guidance is needed by 

the facility engineer. The motion of the ground due to nuclear blast, the 

interaction of the ground motion with buried structures, and the tolerances 

of typical facility equipment to shock are described and employed to es¬ 

tablish the input and output requirements for isolation systems. Analytical 

methods for determining the dynamic responses of both linear and nonlinear 

• sedation systems are summarized and, for several of tue more commonly 

us» i configurations, the equations are reduced to simple form. The report 

suggests the use of the shock response spectrum in a unified approach to the 

specification of attenuation requirements, equipment shock tolerances, and 

shock test machine selection. 
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JOHN J. DISHUCK 
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1.1 Purpose of the Design Oulde 

An essential element ¡.n the deni-o of underground structures for 

protection from nuclear bl—st 1s the provision of reliable shock 

isolation systems for personnel and equipment. The levels of shock 
to which +he systems may be exposed at many sites are very high, with 
ground accelerations measured in hundreds 01 g's and ground displace¬ 
ments in feet. Very few accessories are capable of withstanding shocks 

of this magnitude without serious damage while the peak shock which can 
be tolerated by the unsupported human being falls far short of these 
figures. Yet the unimpaired functioning of both personnel and equipment 

immediately following attack must be preserved if the facility is to 

fulfill its intended mission. 

In the design of early facilities of low hardness level, the 
magnitudes of the expected ground motions were relatively small. As a 

consequence, the attenuation requirements which were dictated by the 
survival tolerances 01 whe enclosed equipment or personnel could be met 

with little difficulty. As the hardness level of new facilities 
increased, confidence in the details of the predicted ground shock was 
reduced and economic considerations discouraged the arbitrary acceptance 

of very large margins of safety. Further, more severe attenuation 
requirements, demands for larger lead capacity and greater■flexibility 
in load arrangement resulted in isolator designs of greater sophistication. 

These critical criteria generally impose an additional need for a more 
refined definition of the input shocks. Thus the basic concepts of shock 

isolation design were subjected to a more searching inspection. 

In a broad sense, the problems confronting the designer of shock 
isolation systems for underground protective structures are no different 

from those encountered in the design of shock resistant packaging, 
earthquake resistant buildings, gust resistant aircraft, or other 
apparatus which accept an energy impulse and convert it to a more 
tolerable form. In all these cases, the principal complication is intro¬ 

duced by the fact that the exact description of the impulse in time is 
rarely unique. The designer must deal with the typifying characteristics 
cf the shock and must design his system to be rclctively insensitive to 

its less predictable features. 

Insufficient data have been accumulated to daoc on ground shock 

resulting from a high-yield nuclear blast, to provide a basis for any but 

the most general of observations about the shock wavefonn. Indeed, the 
differences in soil structure between the test and the actual site in all 

known cases are so great that it is doubtful if experiment can ever be 
expected to yield design data directly. The nonlinearity of the phenomena 
precludes direct extrapolation. The correlation of low-yield data wit..; 

theory and subsequent extrapolation of the theory to higher yields at 
other sites is handicapped by the man,, simplifications necessarily 
employed in theoretical treatments. These simplifications could easily 

obscure the existence of phenomena of significant influence on the time 

history of the ground motion. 

1-3 
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The designer of shock isolation systems for underground protective 

structures is provided very little information on even the general 
characteristics of the wave to which his system may be subjected. Thus, 
many techniques employed by designers ^ < bar fields are not available 

to him. 

Other special problems also face the isolation system designer. 
In many other engineering applications, components which must survive 
rigorous environments are either designed specially for the purpose 

or are selected on the basis of the results of exhaustive tests. A 
large percentage of equipment installed in underground facilities, 
however, comprises off-the-shelf items intended for stationary industrial 

use. While in some instances the shock tolerance of the equipment is 
high, more often it has never been determined under controlled connitions. 
When the equipment has been tested, the results are rar°ly in a useful 
form for the underground facilities designer. Since economy dictates the 

continued use of industrial equipment wherever possible, the isolation 
system designer is faced with the questions of whether the equipment 
will withstand the shock without attenuation and, if not, what must be 

the output of the isolation system to ensure equipment survival. 

Despite a lack of information concerning the nature of the input 

shock or of the output necessary to ensure survival of the isolated 
equipment, the designer is charged with the responsibility for devising 
an energy conversion system with the required transfer characteristics 

and for predicting the peak displacement of the system relative to the 

surrounding structure. Notwithstanding these areas of ignorance, it is 
evident that the designer can achieve a highly reliable system by: 
(a) selecting a type of system which responds only to gross characteristics 

of the input shock, (b) assuming an input waveform which is most dis- 
advantageous to his system, (c) fixing the output at an extremely low 

frequency and acceleration, and (d) increasing the clearance between the 
supported mass and the structure to a value well above that estimated to 
be required. The economic penalty for compounding margins of safety in 

this manner, however, is usually prohibitive, not only with respect to 
the isolation system components but also for the increased volume of the 
underground structure housing the system. 

Even though generous clearance (rattlespace) has been shown to be 
the least expensive technique for adequate shock isolation, the engineering 
principle of minimizing unoccupied structural volumes, the almost inevitable 
growth of the suspended weight due to equipment or mission updating with 
center of gravity shift due to such additions, and the deterioration of 
system performance due to «ging and wear »11 act to decrease the margin of 

safety afforded by extra clearance. 

To these special technical problems is added the usual contractual 
necessity of completing the design in a minimum of time. The final 
design of most facilities of tnis nature is accomplished in a matter of 

months. Considering the significant number of isolation systems 
contained in a single facility, it is evident that design approaches must 

1-4 
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be clearly defined and analytical procedures reduced to the simplest 
form consistent with the required accuracy if design time limitations 

are to be met with consistency. 

This Design Guide is intended to assist the facility engineer 

in solving these difficult design problems by critcially examining 
the input shock for parameters of significance to the performance of 

isolation systems, by reviewing the standards for the survival 
tolerances of equipment and relating them to isolation system character¬ 

istics and by summarising techniques by which the dynamic response of 
the systems themselves may be analyzed. Where the state-oí-the-art 

oreeludes the formulation of explicit design procedures, emphasis has 

been placed on current concepts of the underlying phenomena with he 

hope of providing the designer with some basis ior judgement. 

A complete description of the technical problems relating to the 

design of isolation systems lor underground protective structures must 

draw equally from the fields of soil mechanics, rigid body dynamics, 
equipment carnage mechanisms, and shock testing equipment and techniques. 
Each of these subjects is treated in the Design Guide from the viewpoint 
of the isolation system designer. The Design Guide is of equal importance 

to the specialist in acquainting him with the demands of isolation system 

design on his field of interest and in directing his attention to those 

areas wherein further research is needed. 

1-5 
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1.2 Basla for Design Approach 

The transmission of ground pressure waves from a nuclear explosion 
occurring at the surface of the ^roima 1» ..wn schematically in Figur«: 

1.2-1 and diagramatically in Figure 1.2-2. In the process of explosion, 
the tremendous Quantity of energy released by a nuclear weapon vaporizes 

the weapon casing, thus creating a small ball of metal vapor plasma at 
intense pressure. As the ball expands, it compresses the surrounding 

atmosphere generating an air blast wave which recedes rapidly from the 
source. For a surface burst, pressure is transmitted to the ground 
both by the direct impingement of the metal-vapor ball and by the passage 

of the air blast wave across the surface. 

The large number of parameters influencing the manner in which the 
shock is generated and transmitted through the ground to the isolation 
system precludes, from a practical point of view, a determination of an 

exact shape for the shock waveform. Ground shock waveforms have been 
measured at test sites but the size of the weapon, formation of the soil, 
and orientation of the instrumentation in all tests differed significantly 

from those conditions expected at any known underground protective 
installation. In view of the meagerness of the data and the nonlinearity 
of the phenomenon, the usefullness of test results in predicting the 

detailed characteristics of the waveform at an actual site is severely 

limited. 

In current design it is customary to estimate the strength of the 
shock wave expected at an underground protective structure by computing, 
from sii-ple force-velocity relationships, the peak ground motion resulting 
from given pressure loadings and to represent the shock by means of its 
response spectrum. The response spectrum is the distribution of peak 
responses to the ground shock, of a series of single-degree-of-freedom 

oscillators as a function of the natural frequencies of the oscillators. 
Thus, the response spectrum is not so much a description of the shock as 
it is a measure of the effect of the shock. As computed by accepted 
practices for a given site, the response spectrum is th-i envelope of the 

peak responses to all waves which might be expected at That location 
rather than the effect of a single shock wave. 

There are two inherent characteristics of the response spectrum 
which deserve special mention. First, since the responso spoctrum 
contains no Information on phasing of the peak responses at the various 
frequencies, it is not possible to deduce from it the time history of 
the shock which produced it. An infinite number of shocks can produce 
identical response spectra. Second, since the peak response of even a 
single-degree-of-freedom oscillator is dependent on the shape of the 
disturbing impulse, the act of constructing a response spectrum from 
weapons effects data implies some knowledge of the shock waveform. This 
latter point is of particular significance when it is noted that current 

practice suggests the use of a velocity amplification factor of 1.5-2,0 
which is a value based on test data obtained under atypical conditions. 

Yet it is easily shown that small variations from the waveforms measured at 

1-6 
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the test sites can produce sizeable increases in the linear velocity 

amplification factors. 

Despite the limited information concern^ -g the nature of the 

sv’Ock revealed by the response spectrum, the concept of applying the 
ÍesSnse spectrui to the Solution of problems of shock isolation arid 
structural dynamics has been a useful one. If the designer assumes 
tacitly or otherwise that the velocity amplification factor incorporated 

in the "centrum will not be exceeded at the actual site, then, by 
definition, the peak responses of singla-degree-of-freedom, undampe 
linear systems are established. Further, although the response spectrum 
contains no phasing information, the upper limit of responses of coupled 

linear systems can be calculated by the method of modal superposition. 

While in some instances this method must yield highly conservative 
results, the high degree of reliability demanded of these facility 
components, coupled with the lack o<' d-tailed information on the shock, 

does not make this degree of conservatism undesirable. 

The acceptance of an arbitrary velocity amplification lector 

irrespective of site or orientation of the facility from the blast does 

not appear to be justified in view of existing analyses of test data. 
It appears that under some combinations of site and weapon parameters, 

the waveform of the ground shock contains a strong low-frequency 
oscillatory component. Since the response spectrum is particularly 
sensitive to oscillatory inputs, an amplification factor should, not e 

assigned until a careful inspection of the probable ground wave patterns 

at the point of interest has been made. 

Further, the dynamic response of nonlinear systems cannot be 
determined from the information contained in the spectrum alone, nor can 

the upper bounds of the responses be established. To evaluate t..e ^ 
dynamic behavior of this large class of systems the input must be denned 

in time. 

As a consequence of the above statements, it is evident that the 

shock isolation system designer must possess at least a qualitative 
understanding of ground shock phenomena in order to be on guard for 
those characterisuics to which his system is particularly sensitive and 

to appreciate the assumntions implicit in the information supplied him 

by the soils engineer. The Design Guide therefore begins wxin a 
description of these phenomena and a discussion of the propagation of 
pressure waves within the ground, their reflections and refractions at 
interfaces separating strata of different properties, and the phasing of 
their arrival times at points variously oriented with the explosion. 

The waveform of the ground shock at the point of interest is simply 

the resultant of the wavefonns of the constituent waves and their phasing. 
The physical phenomena governing their summation may be nonlinear. Never¬ 

theless, if the time histories of the initial disturbances, their 
distortions due to transmission and reflection, their arrival times, and 

local soil properties were defined in reasonable detail, the amplification 

1-8 
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factor and other shock parameters of importance to the isolation system 

designer could be calculated directly. Unfortunately, neither, experi¬ 

mental data nor theory are available to define the waveform in such 

detail. 

In an effort to establish a better basis for evaluating the 

amplification factor of the shock spectrum at a particular site and 

to provide the designer of nonlinear systems with some indication of 

the gross features of the input waveform, the Design Guide approaches 

the problem of ground shock prediction by an empirical procedure based 

on these steps: 

. Establish general characteristics of isolation systems 

for the application in order to define those input 

parameters significant to system response, 

. Examine all available test data, for recurrent waveform 

patterns. 

. Review prediction methods in an attempt to find a 

correlation between waveform shape, weapon parameters, 

and site conditions. 

With regard to the generalization of isolation system characteristics, 

the only feature which might be considered to be common without seriously 

restricting the usefulness of the Design Guide is that of natural 

frequency. In almost all shock isolation systems, for use in ’inderground 

protective structures, the natural frequency will vary between about 0.5 

cps and 5 cps. Thus, the high-frequency ' omponents of the input shock 

are of little interest and can be deleted from the input waveform with 

no appreciable loss of accuracy in the computed system response. 

With the stipulation that only low-frequency components are of 

interest, all available free-field ground motion records have been examm 

for the purpose of identifying recurrent waveform patterns. Particular 

attention was given to the possibility of the occurrence of oscillatory 

phenomena. The data were from tests of low-yield weapons at sites where 

the soil formations were not typical of any known facility location. The 

only data existing in sufficient quantity were for vertical motions near 

the surface of the ground. The possible danger of e.'rtrapolating these 

waveforms to weapon yields larger by orders of magnitude and soils vastly 

different in composition and stratification is recognized. It was hoped, 

nonetheless, that characteristics would be revealed which could be 

related to known fundamental parameters describing the motion of the 

ground, and that the parair.-'ters could then be extended to other environ¬ 

ments. This approach implies, of course, that no important phenomena 

occur at higher levels or at other sites which could not be observed 

in existing data. 

1-9 
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Two distinctly different types of low-frequency waveforms were 
identified and are presented in the Design Guide. Type I, shown in 

Figure 2.3.I , page 2-26 , is an impulse with a very short velocity 

rise time followed by a relatively elu. -1.- ,y. This waveform is of 

the same general shape as that predicted from simple theory for the 
response of the ground to the air-blast pressure. 

Type II, shown in Figure 2.3.3 , page 2-27, ie an oscillatory 
wave. While the magnitudes of all Type II waves found in the records 
are mch lower than those of the Type I wave, their frequencies range 

from 3 cps to 5 cps. The number of cycles for this type is sufficiently 
large to be of genuine concern to the isolation system designer. The 
Type II waveform has the general appearance of the response of a lightly 

damped linear system in resonance with a damped sinusoidal disturbance. 

The mechanism by which the Tyvc II wave is produced cannot be traced 
with the data available. It is probable that it is associated with 

reflection phenomena in some manner and, as such, appears to be of concern 
only at those sites where the soil is markedly stratified. Until a better 
definition is available, however, the strong Influence of the Type II wave¬ 
form on the dynamic response of low-frequency systems clearly indicates 
the importance of providing for the possibility of its occurrence in a]1 
designs. 

The Design Guide describes the investigation which lead to the 

identification of the two types of waveforms and presents nondimensionalized 
response spectra of waveforms composed of various ratios of Type I to 
Type II. 

Methods for predicting the significant parameters of the Type I 
waveform for a given weapon and site condition are fairly well established 
and are summarized in Section 2.0. Velocity rise time, positive velocity 
phase duration, and peak velocity generally serve to define the Type I 

waveform in sufficient detail to provide the isolation system designer with 
the information he needs. 

Until the origin of the Type II waveform has been clearly established, 
however, the possibility of quantitatively fixing such parameters as peak 
velocity, damping, and frequency appears to be remote. If it is postulated 
that the Type II waveform can occur only in a reflection field, the 

phasing of the direct and reflected waves may be approximated by computing 
the times of arrival of each wave at the point of interest. By itself, 

however, this information is of little value to the isolation system 
designer. 

The discussion of the Type II waveform in the Design Guide is hignly 
qualitative in view of the preceding paragraphs. The existence of the 

Type II waveform as a phenomenon which L¡ay occur at other than the tests 
sites is accepted. It is assumed that somehow it is the result of 

1-10 
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reflecte«.: •..•avec, possibly through their interaction with the directly 
transmitted waves. It is further assumed, without validation, that 
the strength of the Type II component will be greatest in the regions 

where the reflected waves are strong-'-. On this basic, the reflection 
and refraction of elastic wave« in i_, red media are examined, and 

zones of influence established for various site conditions. It is shown 
that in a region lying above a layer of higher seismic velocity, the 
contribution of the reflected and refracted waves to the total ground 
motion increases with distance from the source. Thus, although xhe 

strength of the total shock is attenuated with distance, the response 
of a linear system in or near resonance with the Type II waveform may 
reach a peak at some intermediate location. 

The designer cannot be given specific instructions for locating 
the point of maximum linear response or for determining the magnitude 

of the peak response. He is urged, however, co examine carefully the 

soil formations and facility orientation at each site of interest and 
is given broad guide lines to assist him in estimating the importance 
of the Type II waveform to his particular problem. 

The ground motions discussed previously tire those in the free-field, 
away from local disturbances. However, the shock isolation system is 
located within a cavity in the soil or within a partially or fully 

buried structure. The cavity or structure defracts the incident free- 
field waves, distorts the local flow, and produces motions different 

from those in the undisturbed regions. In addition the normal modes 
of oscillation of the structure itself are excited by the shock, 
further modifying the waveform of the motion at the points of attachment 
of the shock isolation system. 

The principal concern of the isolation system designer, when con¬ 
sidering the effect of soil-structure interaction, is the possibility 
that the low-frequency components of the free-field ground motion will 
be altered appreciably. Here again, few experimental data or theoretical 
studies can be applied directly to the designer's problem and he must 
rely heavily on broad interpretations of available works combined with 
knowledgeable conservatism. Section 2.0 of the Design Guide concludes 
by presenting a few of the results of interaction studies and notes those 
configurations where special precautions appear to be required. 

Section 3.0 is devoted principally to the formax processes of developing 
the equations of motion for shock isolation systems and of solving the 
equations in general form for several of the most frequently employed 

suspension configurations. In the development of the equations -for linear 
systems it is assumed tnat the shock is defined by its response ^ectrum. 
For nonlinear systems equations, the ground motion must be known in time. 
Much of the material presented here is available in standard works on 

dynamics or in publications relating to the special problems of response 
to ground shock. These data have been assembled in the Design Guide and 
applied to specific problems to assist in expediting the analysis 
procedures required of the designer. 

1-11 



SWC-TDR-62-64 October I962 

Two topics treated here in some detail are of special importance 

to the isolation system designer. First, the equations of motion for 

the popular pendulum suspension system are derived rigorously for the 
two- and three-degree-of-freedom case,. ’r> large effect of nonlinear 

coupling on horizontal oscillation for configurations of certain 
geometries is demonstrated and a criterion presented for determining 

system properties necessary to minimize this effect. Second, a 

series of design charts are presented for calculating the peak response 
of single-degree-of-freedom bilinear systems to shocks composed of 
combinations of the Type I and Type li waveforms. The system parameters 

and input waveforms are defined in nondimensional form so as to permit 

the use of the charts in a wide variety of applications. 

It is obvious that the sole purpose of shock mounting equipment in 
an underground protective structure is to prevent it from becoming 
damaged to the extent that it cannot fulfill its intended function. 
Yet the damage-producing elements of snock are not clearly identified 
nor is it expected that they would be the same for all types of 
equipment. If the damage to a component can be related to stress, then 
the peak absolute acceleration to which the component is exposed can be 
employed as its criterion of damage. However, the aynamic properties 
of equipment can rarely be represented as one single-degree-of-freedom 

system. Instead they comprise a large number of such systems each with 
its own natural frequency. To describe a shock which the equipment will 
survive, it is necessary to define the acceleration of the shock at the 
frequency of each element; i.e., the response spectrum of the shock. 

It should be further noted that if the equipment contains nonlinear 
or coupled linear elements, even the response spectrum is no longer a 
valid criterion of damage. This follows from the fact that the peak 

acceleration of elements of tnis type is dependent on parameters 

described only by the waveform of the shock. It is rarely possible 
during design to determine the dynamic characteristics of the exact 
piece of equipment to be installed in the facility. Indeed, the make 

and model number of the specific item is usually not known until the 

facility design has been completed. Yet early in design the designer 
is faced with the problems of deciding whether or not shock isolation is 
necessary and, if so, of determining tne degree of attenuation required. 

A logical solution would be to determine by test the survivability 

of equipment to a shock with a waveform identical to that expected in 
service from the ground shock or from the isolation system. This 
approach is not possible however in view of the lack of information on 

the ground shock waveform, the fact that the design must be completed 
before the particular equipment item is selected, and the inability of 
most test machines to reproduce waveforms with sufficient accuracy. For 
these reasons, the acceptance of the response spectrum as a criterion of 
damage potential appears to be a more practical choice. It is pointed 

out that despite its theoretical limitations, this criterion is not 
without experimental found.ation. With the acceptance of this criterion 
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of damage potential, a. direct quantitative comparison can be made 
between the test machine output and the service environment. While 
the problem of obtaining test data of a specific item which has yet 

to be selected still remains, sue tolerance data for general classes 
of equipment can be correlated much more readily by means of the shock 

spectrum than by waveform. 

In Section 4.0, shock tolerance data on equipment typical of that 

installed in underground facilities have been assembled and correlated 

with the response spectrum of the test shock. The tabulations are far 

from complete and the equipment categories have been selected more on 
the basis of availability of data than of importance to the designer. 
Nevertheless, the compilation should serve as a demonstration of a 
rational approach to the problem and a step toward providing the 
designer with quantitative information prior to test. The response 

spectra given in Section 4.0 for test machines can also be used as a 
basis for the selection of a machine to reproduce a given damage 

potential. 

If the designer decides that his equipment must be shock isolated, 
he must ensure that the response spectrum of the isolated system is 
lower, for all frequencies, than that of a shock the equipment has 
survived. In effect, this implies that he know the response of the 
isolation system before the system constants are selected. In the Design 
Guide a procedure is described whereby the waveform of the motion of the 
isolated system is approximated and readily converted to a spectrum. By 
a short iterative routine, the required frequency and attenuation of the 
isolation system are then established. 

Many suspension systems in underground protected structures are 
intended to support personnel. For each case, the "mode of failure" 
must be defined before attenuation requirements can be determined. For 
example, if personnel are permitted to move about freely and are not 
prepared for the shock, the mode of failure may be loss of balance. Ir 
other instances, where personnel are strapped in seats, the mode of 

failure may be injury due xo the direct acceleration of the seat. 

Data on the shock and vibration tolerances of human beings for 
différent modes of failure are presented in the Design Guide. In those 

modes where the mar is well supported and subjected to high accelerations, 
the data are fairly plentiful. Where simple loss of balance is the 
criterion of failure however, little information is available. 

The influence of practical operational considerations on the design of 
shock isolation systems end on the selection of their components is 
reviewed in Section 5-0. Factors modifying coupling and resonance 
characteristics, the signficance of system restoring time, and means 
for reducing the possible effects of uncertain features of the shock 
are pointed out and discussed. The Section concludes with a demon¬ 
stration of a design procedure drawing on the approaches presented in 
the earlier Séchions. 
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It j b hoped that the Design Guide will serve to encourage the 
shock isolation system designer to view his system in a broad 

perspective and to instill in him an appreciation for the many 

uncertainties obscuring both the nature of the input and the require¬ 
ments of the output. Since the transi.:.- .nanscteristies of his 

system cannot be explicitly defined, he must remain constantly abreast 

°f.. accomplishments in the related fields and must concentrate his 
attention on systems whose broad stability chE -acteristice render +h<*ni 

less sensitive to perturbations of the estimated environment. In 
any event, the high reliability demanded of those systems, and the 
mpossibility of conducting full-scale proof tests of the complete 

system, emphasize the essential need for thoroughness and conservatism 
m design« 
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2.1 Introduction 

Methods for predicting characteristics of the shock waveform 

important to the response of shot .¡.solation systems are studied in 
this Section. Phenomena governing the generation of waves in the 

ground by nuclear blast are described, their methods of transmission, 
reflection and refraction witnin real, layered soils are reviewed, 
experimental data are examined for recurrent waveform patterns, and 

existing methods for estimating certain waveform parameters are 
summarized. A wavefront diagram is suggested as a basis for determining 
the early characteristics of the ground shock. 

In general, the discussions of ground shock phenomena are of a 
qualitative nature being directed primarily toward the immediate needs 
of the shock isolation system designer. Theoretical treatment has 
been avoided and the results are presented only where they apply 
directly to this specific problem. 

The design procedures, developed in this Section, are based on the 
best information available at this time. It is evident that they 
should be frequently reviewed in the light of future experiment and 
theory. 
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2,2 Factors Influencing the Character of the Ground Motion 

2*2•1 Air blast- and Cratering-Induced Phenomena 

Ground motion from a nuclear surface burst may be 

generated by two distinct processes: (a) the direct conversion of 
hydrodynamic energy into mechanical energy due to the impact of the 
vapors of the bomb materials directly on the ground and (b) the 
pressure loading on the ground surface due to the rapidly growing 
fir..tail or air shock wave. 

Although total energies transferred to the air and to the weapon 

materials during the explosion of the weapon are comparable, the 
pressures generated by the compression of the air near the weapon 
initially are several orders of magnitude less than the pressures 
created by the vaporization of the weapon materials. Assuming a 

hydrodynamic model, Brode and Bjork (Reference 2.1) calculate the 
str. sses and early motions associated with the explosion of S', two 
megaton weapon on the surface of a medium composed of a "tuff" rock. 
Their results show that, for all points lying in the ground within a 
right circular cone of a TO degree half angle with the apex at the 

point of detonation, the principal pressure in the ground shock wave is 
the result of the weapon vapor loading. 

The pressures developed in the ground by the impact of the weapon 
vapors are sometimes called "direct induced" or "direct transmitted" 
pressures. Perhaps a more descriptive term would be "cratering induced" 

since, unless the burst occurs close enough to the ground surface to 
create a crater, this source of direct impact energy will be absent. 
For air bursts, in which the fireball does not touch the ground, the 

ground motions are principally "air-blast induced". For buried bursts, 

there is little air overpressure and the ground motions are almost 
entirely cratering induced. 

At any point on the surface of the ground outside the fireball, the 
pressure behind the spherically expanding air-blast wave reaches a peak 
at the instant the wave reaches the point and it then decays exponentially 
as the wave passes on (Figure 2.2.1, page 2-5 ). Also, the peak pressure 
(P0) Immediately behind the wave decreases as the wave moves further from 
the source, thus retarding the wave until eventually it slowed to 

acoustic velocity. Curves showing the relationship of overpressure versus 
distance from source, impulse, wave arrival time, et cetera, have been 
prepared by Brode (Reference 2.2). These curves are for weapons of various 
yields and assume that the temperature of the air into which the wave is 
advancing is uniform and the viscous effects at the ground surface are 
neglected. Some of the most frequently used curves are replotted here as 
Figures 2.2.2 to 2.2.5 (pages 2-6 - 2-9). 

The most significant deviation of the actual from the ideal air 
blast shock front is the possible development of a higher velocity 
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shock front, or "precursor", near the ground surface. While all of the 

details concerning the formation of the precursor are not clear, it is 
believed to be the result of the formation of a high-teapez-ature layer 
of air, or air-dust mixture, neaz r 1 ground surface by energy radiated 
from the weapon at the instant of detonation (Reference 2.3). Since the 
air-blast wave velocity is dependent on the temperature of the medium 
into which it is advancing, and the medium near the surface may be 

warmer, the wave near the surface may arrive first at a given point. 
The effect of the earlier arrival of the wave at the surface may have a 

significant influence on the waveform of the air-blast induced ground 
shock within the first 100 feet below the surface. At lower depths, 
however, it is not expected to be of importance. 

Over 

If the temperature of the air into which the »dr-blast shock wave 
is advancing is uniform, the velocity of the wave is a function only of 
the peak pressure behind it. Thus, the velocity of the air-blast shock 
wave In this medium becomes progressively less with distance from ground 
zero. 

The composition of most soils is highly nonuniform. Therefore t’ 
seismic velocity throughout the ground will vary both with depth and 

range, the vertical varí «tion usually being the greater due to layering 
of the soil. As a result, a disturbance generated in a surface layer 

may be quickly transmitted to a lower layer of higher seismic velocity 
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Figure 2.2.5 Arrival Time fron Ground Zero ve. Peak Overprenaure 
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where it will race ahead of the wave in the surface layer. Further; 

refractions from the higher velocity wave will be transmitted back into 

the surface layer, reaching a given point at the surface prior to the 

arrival of the wave transmitted direct1y ''-rough the surface layer from 
the source. 

The phasing of the arrival times of the air-blast shock waves and 
the ground waves is divided into three regimes. If the air-blast shock 
wave arrives at a given distance from the source prior to the arrival 

of any wave transmitted through the ground, the condition is said to be 
"superseisraic". This case is shown in Figure 2.2.7-1 (page 2-11), and 
can only occur if the velocity of the air-blast shock wave at that point 
exceeds the seismic velocity of the soil and if no reflections or 
refractions from lower layers have outdistanced the shock wave. The 

inclination of the air-blast induced shock from the ground surface for 
the superseismic case is shown in Figure 2.2.o. 

The angle 9 is a function of the air-blast shock wavs velocity U , 
and the seismic velocity and can be expressed 

9 = sin'1 VL 
U 

In Figures 2.2.7-2 and 2.2.7-3 the initial motion of the ground is the 
result of a ground-transmitted wave rather than the direct effect of the 

air-blast pressure. In Figure 2.2.7-2 the local seismic velocity exceeds 
the air-blast wave velocity thus causing the ground shock to "outrun" the 
air wave. In Figure 2.2.7-3 t^e ground is set in motion initially by a 
refracted wave from a lower layer of high seismic velocity. Both of 

these cases are called the ’subscismic" condition. The intermediate 
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(T-l) Superseismic Regime 

CRATERING - INDUCED. 
GROUND SHOCK 
(MAY LEAD OR 
LAG AIR-BLAST 
INDUCED GROUND- 
SHOCK)« 

(7-2) Subseismic Regime - Outrunning 

(7-3) Subseismic Regime - Refracting 

Figure 2.2.7 0round Shock Wave Propagation Regimes 
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condition where the air-blast wave and the ground shock arrive at a 

po'nt nearly simultaneously is known as the "transseismic" case. 

It can be seen from Figures 2.2.7 tbe- the initial horizontal 
component of the motion of a ps-t.ícle dut .0 nuclear blast is always 

away from the source while the initial vertical component may be either 
up or aown. For the superseismic case, the initial motion will be 

down. For the subseismic and transseismic cases, the direction of the 
initial motion will depend on the position of the point in question with 
respect to the source, on the degree of layering and on the character 
of i.rio material. 

Since the waveform of the motion of a particle is the direct result 
of the waveforms of the constituent shocks, the details of phasing 

between the peaks of the outrunning refracted waves, th~ direct cratering- 
induced waves, and the air-blast induced waves all will affect the 

determination of the maximum pressure at the point of interest. At 
shallow depths, the rise time of the air-blast induced wave is very small. 
Thus, the phasing of the waves in the superseismic case will rarely 

affect the peak pressure, although later portions of the pressure-time 

history will be influenced. As the depth of the point of interest is 

increased, the wave arrival regime tends to become subseismic setting up 
a condition conducive to the coincidence and the resulting ^lification 
of peak pressures. For a given overpressure, the larger the yield of 
the weapon, the greater the probability of the wave arrival regime being 
subseismic. 

In Figure 2.2.Ö , the velocity of propagation of the air-blast wave 
as a function of peak overpressure is compared with the seismic velocities 
of soil and rock. 

2.2.2 Transmission of Elastic Waves 

In the absence of body forces, and where the soil may be 

approximated as a homogeneous, isotropic, elastic solid subject to only 
small strains, energy is transmitted as either longitudinal or shear 
elastic body waves (Reference 2.4). In addition to such body waves there 
may be two types of surface waves, the Rayleigh and the Tove waves. Each 
of these four waves propagate at different velocities, depending upon the 
elastic constants of the medium. Virtually all elastic analyses consider 
points of interest at a great distance from the source -..nd consider the 
wave fronts to be plane waves, that is, having no curvature. 

The motions of the particles of the medium for the longitudinal wave, 
also called dilatational, compressional, or (in earthquake studies) the 
primary wave, are parallel to tl"' direction of propagation, like those of 
sound in air. The velocity of propagation of longitudinal waves in an 
elastic medium is 

— , --.I/S 
v - I - Á1 zJL t- 
L ¡_p (1 + ,U )(1 - 
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where 
E = Young's modulus 

P = Density 

yi. = Poisson's ratio 

The motions of particles of the medium for the shear wave, also 
called the transverse, or in earthquake terminology the secondary wave, 

are perpendicular to the direction of propagation, like waves of a 
vib. ct ing string. The velocity of propagation of shear waves is 

1/2 

e 2(1 ♦ ,u ) 

Comparison of the equations for the velocity of propagation of the two 
body waves shows that the velocity of longitudinal waves (VL) is always 
greater that that of shear wav?s (Vg) according to the ratio 

1/2 

At the free surface of a semi-infinite elastic solid a group of 
surface waves, one of which is called the P.ayleigh wave, can be developed. 
The particle motion of the Rayleigh wave is a combination of longitudinal 
and transverse vibration giving rise to an elliptical motion of the 
particles. The major axis of this ellipse is perpendicular to the surface 
and to the direction of propagation. For the special case when Poisson's 
ratio is O.25, typical value for rock, the velocity of propagation of the 
Rayleigh wave is approximately O.92 Vg (References 2,. 5 and 2.6). 

Love waves are shear waves which travel at the lower boundary of thin 
surface layers. The velocity of their propagation depends upon the wave 
length, and varies between that of shear waves in the surface layer and 
shear waves in the underlying layer. 

For the case where Poisson's ratio equals O.25, th~ velocities of the 
longitudinal, shear, and Rayleigh waves (VR) have the following ratio: 

Vt :Vo:V, l:Vs:Vr = 1:0.577:0.531 

As a result, at least thre" separate wave fronts would pass a given 
point somewhat removed from the source. According to elastic theory 
(Reference 2.6)Rayleigh waves are capable of producing very high stresses 

in a surface zone below which the stresses attenuate rapidly with depth. 
The surface zone may be defined as having a depth be1ow the surface of 

approximately one quarter of the range from the source. If the velocity 
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of the air-blast induced wave is near or equal to the velocity of the 
Rayleigh wave, elastic theory also indicates that the resulting ground 

motions will be very large. Howove- two practical considerations 

appear to diminish the importance 0. Rayleigh waves in ground shock 

problems. First, at the high stresses predicted by elastic theory, the 

theory becomes invalid due to plastic deformation of the real soil. 
Second, since the velocity of the air-blast induced wave changes rapidly 
with range, the velocities of the two waves will be the same only for a 

very short period of time. While the effect of the Rayleigh wave may be 
of significance at point of coincidence of velocities, the short duration 
of the quasi-resonance condition will result in much lower motions than 

those predicted by theory (Ref. 2.35) 

No solutions or test records are available indicating that the Love 
wave is of major significance. Howell (Reference 2.4) reports that, in 
the records of underground c'-plosions, Love waves (and body shear waves 
also) are conspicuously weak. He notes that this is not surpi sing if 
it is considered that the energy is initiated by a radial pressure around 
the charge, which sends out a compressional pulse through the ground but 
produces relatively little shear. However, it must be assumed that a 
surface burst would produce shear forces in the area of the crater, and 
that shear waves will be generated from the air-blast shock front as it 
travels over the ground surface. As will be discussed later, shear waves 
can also be produced when longitudinal waves are reflected or refracted 

from a layer with different elastic properties. 

It lias been found from seismological studies (Reference 2.4)that the 

amplitude of ground motion decreases with distance from the source, due 

to: 

. radial spreading of the energy 

. absorption, within each medium, of energy from the 
pulse because of the nonlinear properties of the medium 

. the length of the seismic pulse (especially in surface 
waves) 

. the division of the original pulcc due to part of the 

energy being reflected at each boundary en-'ountered 
and part being transmitted to the new medium. 

In the case of body waves generated near the earth's surface, the 
energy is distributed over a hemisphere whose area is proportional to 
the square of the distance from the source. In general, absorption by 
the ground is an exponential function of distance so that for any body 

wave 

where E" is the energy per unit area in the waves at a distance R 

E' is the total'energy at unit distance 
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R is the range in feet 

a is the coefficient of absorption 

Typical values determined from smnl1 explosions for the coefficient 
of absorption for longitudinal waves in .ne weathered layer (o to 50 feet 
typically) is 0.0Ó2 per meter, and 0.00033 when refracted through a 

near-surface rock layer. The results of measurements from earthquakes 
also indicate values of a equal to O.O62 per meter. 

Generally, high-frequency vibrations travel at a different velocity 
rvu,; low-frequency vibrations. The coefficient of absorption also 
generally increases with freqency. In some cases with surface waves a 
has been noted to increase with the square of the frequency. The result 
is a rapid loss of high-frequency energy in seismic waves as distance 

from the source increases. At large distances, the principal wavelengths 
of the observed motions are generally greater than near the source. 

./lien a wave front strikes the interface separating two layers of 
uifferent elastic properties, the energy of the incident wave is divided 
between four new waves. Part of this energy is reflected as a shear 

wave and longitudinal wave, and part transmitted into the new layer as 
a refracted shear and longitudinal wave. 

The basic principles controlling the propagation, reflection, and 
refraction of elastic waves are similar to those controlling light waves. 
According to Snell's Taw, the angles made by the rays or paths along 

which elastic waves are propagated (Figure 2.2. 9, page 2-11), are governed 
by tne following equation: 

critical angles when shear waves are the incident waves (Reference 2.4). 

The equations representing the division of energy between the 

Muskat and Meres (Reference 2.?) for various ..ingles of incidence, 

•ty density ratios. These results show ;hat the energy 
the reflections are relatively unimportant (II-1556 of the 
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total of the incident wave) at angles of incidence less than the 

critical angle (that is, more normal to the boundary), whereas only 
the reflected longitudinal energy is important at angles greater than 

the critical angle of incidence. 

Figure 2.2. ) 

Relation Between Reflected and Refracted Wave Rays 
at the Boundary of two Elastic Media 

In both cases the energy carried by the generated shear waves is small 
(0.124). When the angle of incidence is less than the critical value, 
the ratio of the energy carried by the refracted longitudinal wave to 

the energy in the incident wave increases from between 0.8 to 0.9 for 
ratios of VToAu less +han oaS¿ t0 u,lity when VL2 e<iuals VLli t^n 
decreases by 10 to 25 per cent as Vro approaches^wice VL1. As the raw; 
of the densities f,/ ¢, increases from one to 1.3, the energy carried by 
the refracted longitudinal wave decreases, but only nominally. 
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For ¿.ractical purposes it can be assumed that, for an angle of 
incidence less than the critical angle, all the energy carried by an 

incident longitudinal wave will be trn.nR^e-^d to the refracted 
longitudinal wave, while for incident sag-, greater than the critical 
angle, all the energy will be transferred to the reflected longitudinal 

wave. This appears to be reasonable regardless of density or velocity 

ratio, within the practical limits of predictability of the soil 

properties. 

By the application of Huygens principle it is possible to construct 

a wave front diagram such as that shown on Figrxe 2.2.10. Huygens' 
principle states that each point on an advancing wave front in an 
isotropic, homogeneous medium '-iay be considered the source of a nev; 
spherical wave. The wave front at any time is tangent to the envelop of 

these new spherical waves. The diagram of Figure 2.2.10 shows the 
position of the first arrival of wave emanating from a single point, 
source. The upper plot on Figure 2.2.10 shows a time-travel graph of 
the waves as the first arrivals would be picked up by geophones at the 

surface; as for example, during a refraction seismic survey. 

Also shown in Figure 2.2.10 is an air-blast arrival time curve for 
a 20-megaton weapon with grounl zero at the shot point (Reference 2.2’). 

Most details of the construction ox’ the wave front diagram are given 
in the Figure. Lines labeled abc and ade on the wave front diagram 
represent the points where the times of arrival from the underlying 
layer 'and from the surrounding layer are the same. The slopes of lines 
ab and fd represent the critical angles of incidence between layer 1 
and 2 and between layer 2 and j, respectively. Additional details on 
the construction of wave front diagrams may be found in papers by Leet 

(Reference 2.8) and Thornburgh (Reference 2.9). 

Several characteristics of particular interest can be illustrated 
by means of the wave front diagram. The upward component nf the 
velocity of the waves refracted from lower layers is clearly evident. The 

range at which the transition from the superseismic to the subseismic 
cases occurs can be found from the wave ■front arrival-time diagram by 
sliding the origin, of the refracted wave arrival-time e”rve along the 
air-blast wave arrival-time curve until the two intersect at a minimum 
ground range. It may be noted that the tangent to the air-blast wave 

arrival curve at point a' (Figure 2.2.10) is parallel tu due refracted 
wave arrival curve. For cht site and weapon conditions considered 
in the Figure it may be seen that an air-blast induced wave generated 
at a range of 6,000 feet will reach the Ö,000-foot range at about the 
came time as the air-blast wave itself. This marks the transeismio 

region. Nearer the source the aj.r-blast wave will be superseismic 

while further from the source it will be subseismic. 
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The wavefront diagram can also be used to confirm that outrunning 
will occur at shorter ranges in the deeper, higher velocity layers. By 

constructing an arrival-time curve for the depth of interest, the wave- 
arrival relationships discussed abo-c conditions at the surface 

can be established for the new depth. 

Although, with the proper choice of wave velocities, first arrival 
times can be found directly by using the wavefront diagram, the 

distribution of energy from the traveling alrblast shock front cannot. 
If the Incident angle between two layers xs less than the critical 
incident angle, it can be assumed that all the energy is transmitted by 

refraction to the adjacent new layer. At larger incident angles the 

energy is reflected back into the upper layer. According to Sfermat's 
principle, the path along which energy will radiate from a point source 
is the minimum time path. This concept will be applied more fully in 
subsequent paragraphs. 

2.2.3 Influence of Nonlinear, Nonelastic Properties 

Virtually all of the present theoretical studies of waves in 
layered media assume that each layer is isotropic, homogeneous and 
elastic, and that the contact boundaries between layers are sharp and 
non-dispersive. In fact no discussion has been found dealing with the 

reflection ana refraction phenomena in nonlinear, inelastic media. The 
assumption of an isotropic medium would appear valid for igneous rock 
since the rock is mostly crystalline, and commonly, the crystals are 
oriented randomly. For sedimentary rocks and stratified soil this 

would seldom be a valid assumption. Because of the mode of their 
geological formation, it is expected that they exhibit a greater 
rigidity parallel to the bedding then transverse to the bedding. 
This is often demonstrated by compe.risons of the higher, nearly 
horizontal velocities computed from refraction seismic surveys 
with the vertical velocities obtained in uphole surveys at the same 
sites. Ratios of horizontal to vertical velocities of two are not 
uncommon. The full significance of the non-isotropic characteristics 
of an aeolotropic material on wave phenomena is not clear. Ewing, 

Jardetzky anu Press (Reference 2.10) state that there is no sharp 
distinction between the longitudinal ana shear waves if a disturbance 
is propagated in an aeolotropic mediam, further, an eclosión in such 

a medium will prouuce both longitudinal and shear waves. The ground 
wave pattern in an aeolotropic material would also differ from that of 
an isotropic medium. Although it has not been verified, it may be 

possible to transform the scales, when constructing the wavefront 
diagram, to correct for the aeolotropic effect in a way similar to 
the use of transformed flow nets in ground water seepage problems when 
the coefficients of permeability differ in two directions. 

When there is a continuous increase of seismic velocity with depth, 
as there often is with real sites, refraction will still occur, but 
reflection will not. Reflection requires a discontinuity. Even 
where there are virtually step increases in velocity on a macro 
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scale, the details of gradational change and weathering at the contact 
boundaries have a great Influence on the ability to reflect energy. 

The question of whether or not elastic theory can predict all of the 
phenomena of significance is of rtu' .oncern. Although many observed 
phenomena can be explained by elastic and near-elastic assumptions (Sauer, 

Reference 2,,11) the level of the stress in many practical problems 
makes it difficult to accept these elastic assumptions for soils 

and near surface rock. However, saturation of the soil and the confinement 
of overlying material, as well as precompaction by prior attack, may make 

the assumption valid within reasonable depths below the surface for 

special cases. 

Figure 2.2.11, page 2-22 illustrates a typical stress-strain curve for 

a granular soil, such as a sand, subjected to a unidirectional confined 
compression test. The total deformation developed by dynamic loading 

is r>ade up of both elastic and plastic strains. The elastic motion is 
due co simple compression of the mineral grains and the fluid in the 
voids. The plastic portion is that due to slippage of grains and 

would require a loss of fluid for a saturated soil. 

At very low stresses, the deflections produced in the material 
are almost entirely elastic. When the level of the stress becomes high 
enough to cause slippage of grains relative to one another, the strains 
are nonrecoverable or plastic. The stress increase required to 
develop plastic motions is probably a moderate per cent of the 
effective confining pressure existing on the element under consideration. 
In a fragmental material, such as soil, as the grains are moved into a 
denser position by the applied compressive forces, the elastic modulus 
increases in magnitude. The limiting value of the modulus, at very 
high stress levels, probably is that of the mineral composing the 
grains. Otoee the stress level has risen to the point where significant 
grain slippage occurs, the tangent modulus of deformation decreases 
and remains low until the voids are essentially filled. The tangent 
modulus then increases again to a value equal to or greater than the 
initial elastic modulus. Upon unloading it is probable that the 
recovered strain follows the highest elastic modulus. 

The original relative density of the sand and the initial 
confining pressure have a great effect on the location of the 
inflection points of the stress-strain curve. It v»¡s observed at the 

Nevada Test Site thvt measureable plastic deformation did not occur 
at less than 40 psi overpressure (Perret, Reference 2.12). fte degree 

of saturation should also have an important effect, since, for a 
saturated soil when there is insufficient time for any significant 

drainage to occur, the w«4 er will carry practically all of the applied 
load. This effect might smooth out the stress-strain curve for an 

increase in initial density, initial confining pressure, and 
saturation. A similar pLcnomenon also apparently exists for clays, 
based on the information reported by Wilson (Reference 2.13). However, 
for clays, the modulus and shape of the curve are more strongly 
influenced by past compressions than for sands. Repeated loading 
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and unloading compacts the material causing it eventually to behave 

more nearly linearly. This may have real significance in a study 

of particle velocity waveforms *+ sites exposed to multiple attack. 
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2.3 Synthesized Waveforms 

None of tl)e available methods fo~ r- dieting the strength of 

ground shocks in real, layered soils, duo to nuclear blast, yield 
waveform shapes. In addition, the results of existing theoretical 

treatments do not enable the calculation of the waveforms. Consider¬ 
able work has been done on the nature of the pulses generated by the 
air blast and the bomb vapors and on their distortion by passage 

through homogeneous media. These studies have revealed the gross 
characteristics of basic waveforms which can be correlated with 

experimental data obtained under nearly ideal conditions. However, 
records of actual blasts have frequently shown an oscillatory com¬ 
ponent superimposed on the simple shape predicted by theory. In a 
few cases the simple pulse was completely masked by the oscillation. 
Since the response of an isolation system to an oscillation is par¬ 
ticularly severe if the f requer-’ico are near resonance, the presence 

of the oscillation is of considerable concern to the isolation system 
designer. For example, Newmark and Hansen (Reference 2.14) define 
the simple pulse and oscillatory waves as "systematic" and "random" 

pulses and note that the peak relative velocity amplification could 
be as high as 5 for undamped systems in layered media. 

These considerations prompted the review of all available data 
of uhe ground motions resulting from nuclear blasts with the view 

toward identifying recurrent waveform patterns. If characteristic 
waveforms could be found and correlated with weapon and site condi¬ 
tions, iu was hoped that existing methods could be employed to predict 
the significant wave dimensions. The available records of actual 
tests are not extensive and the sites and weapons were not typical 
of those expected at any knovnunderground facility. However, all 
sites were layered, so that conditions were favorable for the pro¬ 
duction of complex wave patterns. 

Isolators, by their very nature, have a low natural frequency 
compared to the frequencies in the input, and consequently the 
characteristics of the low frequencies in the input waveform are by 
far the more pertinent, i.e., if the isolator isolate,» the low fre¬ 
quency content In the input it will certainly isolate the higher 
frequencies. Only vertical motions have been considered. 

An examination of the ground acceleration records showed erratic 
behavior with no common features except perhaps the sharp spike of 
acceleration caused by the leading edge of the air shock wave. How¬ 
ever, if these records are integrated to give the ground velocity, 

some common characteristics become apparent. In fact, two separate 
mechanisms may be seen to be operating. First, there is the ground 

motion arising when the air blast is superseismic and, second,there 
is ohe motion when the air blast Is Bid:seismic. 
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When the air blast is superseismic the vertical ground motion is 

comparatively simple and is veil knovn. The ground velocity undergoes 

a rapid jump which decays to aero and oscillates once or twice about 
aero with a small amplitude, a .- -e shape, designated Type I, has 
been developed to represent the essential features of the superseismic 

case. When the ground motion outruns the air blast, the motion is far 
more complicated, involving the various refractions and reflections 
through the complex terrain between the point of detonation and that 
of observation. However, the records show a strong tendency for the 
ground velocity in this case to exhibit an oscillation of two to three 

cycles. This has been represented by a Type II waveform. If the air 
blast is superseismic, the., . first type of ground motion appears 
alone, but otherwise both fonm. appear superimposed in various ways. 

The data used to develop \ '.o ïÿpe I waveform are based primarily 
on the measurements made during Operation Tumbler (Reference ?.15) 
and in the high pressure region on Shot Priscilla (Reference 2.16, 2.I7). 
Ground motions, where the air blast was nonideal, (i.e., there were 

precursor waveforms) were not used in the analysis. Figure 2.3.1, 
page 2-26, shows the final form of the Type I waveform together with 
its displacement curve. The first part of the velocity curve between 
normalised times 0 and 1.0 is a smoothed average of the composite data 
shown in Figure 2.3.2 , page 2-26. ae individual data points show 
many departures from the Type I waveform but these are essentially 
reflections of part of the ífype II waveform. The tail of the Tÿpe I 
waveform (after normalized time l) is very ill-defined in the records. 
The duration of the tail was based on work by the Sandia Corporation 
on Priscilla which indicated that the tail had approximately twice 
the duration of the first part of the wave. The amplitude of the tail 
was arranged somewhat arbitrarily to give a residual displacement of 

approximately half the maximum displacement. 

The Type II waveform is shown in Figure 2. 3»3> P®«* 2-27 • 
This was developed by comparing the outrunning Tumbler data, from 
which the Type I. ground motion had been subtracted, with the data for 
Koa 12 (reference 2.13 ). For Koa the Type I motion had been filtered 
out by the ground. The relative amplitudes of the various peaks were 

averaged over these data as were the relative tia» durations of the 
cycles. More weight was given to the Kba data, since the yield for 
this shot was in the megaton range. After the firet tentative curve 
had been constructed it was integrated to give the displacement and 
adjustments were made in the latter portions of the velocity curve 
so that the residual displacement would be zero; this was done for 
no better reason than that there is no suitable information available 

for this case. 

The normalized plot was checked by redrawing the assumed motion 

on the original velocity-time plots. Some of these plots iox shots 
Koa and Cactus are shown in Figures 2.3.4 through 2.3, 7, 
(Reference 2. 16 ) . In some cases, the normalized curve fits the 

I 
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Figure 2.3*1! Type I Vertical Velocity Waveform and its Displacement 
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o OS lO 15 20 25 30 

NORMALIZED TIME 

Fig-are 2.3.3: Type II Vertical Velocity Waveform and its Displacement 

Figure 2.3.4: Comparison of the Type II Vertier 1 Velocity Waveform with 
Data from Shot Cactus, Gage 2V30 (Ground Range = 65O ft; 
Depth = 30 ft.) 
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Figure 2.3^5: Comparison of the ïÿpe II Vertical Velocity Waveform with 

Data from Shot Koa, Gage 12V30 (Ground Range = 3.1h4 ft: 
Depth =30 ft.) 

Figure 2.3.6: Comparison of the Type II Vertical Velocity Waveform with 

Data from Shot Kòa, Gage ihVlA (Ground Range = 4,700 ft: 
Depth = 1 ft.) 

Figure 2.3.7: Comparison of the O^pe II Vertical Velocity Waveform with 

Data from Shot Koa, Gage 12V10QA (Ground Range = 3,144 ft- 
Depth = 100 ft.) ' 
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data very well; in others, the fit is not so good, but the normalized 

curve still has, the general shape of the measured motions. Detailed 
examination of these plots sK>v. tr - the waveform is indeed changing 
as the ground range increases. Xu appears that the first cycle becomes 
a lower frequency relative to the remaining cycles as ground range 
increases. The time and amplitude parameters which define the particle 
velocity waveform have been normalised based on the data observed in the 

test records. Different ratios would be expected at other sites, over¬ 
pressures, and weapon yields, although the generic forms may remain the 

same as Types I and II. 

In one dimensional theory the ground wave is propagated^at a 

velocity corresponding to the tangent modulus at the stress vSauer> 
Reference 2.U ). As a result, the initial stresses outrun the larger 

stresues and the wavefront spreads out in time. This effect is very 
significant in summing t’..c stresses to determine the maximum stress 
occurring at a point. At practical depths, sunming the stresses may 
result in a different ratio of velocity rise-time to total duration 

than is shown by the Type I waveform. The observations from the 
Nevada Test Site playa dry silts indicated that the peak stresses 
traveled at a velocity of between one-half to two-thirds of the seismic 

velocity (Sauer, Reference 2.11; and Wilson, Reference 2.13). Of 
course, this ratio would vary with the type of material and the other 
factors discussed previously. A plot of the observed difference in 

first motion velocity (seismic velocity) and the velocity computed 
from the arrival time of the peak stress at Frenchman Flat is presented 

in Figure 2.3*8 , page 2-30 . A general type I waveform 
may be described by three times and two amplitudes, as follows: 

. time to peak positive particle velocity 

. time to end of positive phase particle velocity 

. time to end of negative phase particle velocity 

. amplitude of peak positive velocity 

. amplitude of peak negative velocity 

The Type II waveform is more difficult to define in a simple 

manner. Parameters of significance to the respunso of isolation 

systems are: 

. number of cycles 

. period of each cycle 

. peak velocity of each cycle 

The mechanism by which the Type II wave ia produced is not(dearly 

understood, however, it is evident that the assignment of principal 
proportions on the basis of the observed waves is necessary. Curren 
prediction methods cannot be expected to yield much more than the peak 
■velocity of the first loop, 11;. rise time, and the phasin'1; .'f the Type i. 
and Type II arrival times. Since the two te.it sites r -/- he field 

records were taken are rather unique geologically, descriptions of the 

site conditions are given below. 
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I1 i^ure 2.3.8: Longitudinal Wave Velocity vs. Depth 

Frenchman Flat, Computed from 

(a) Seismic refraction survey 

(b) Vertical seismic survey 

(c) Static modulus of deformation at 100 psi 

(d) Arrival time of wave of high stress 

(From Reference 2-11) 
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The first 200 feet of the Frenchman Flat area of the Nevada Test 
Site is composed of nonsaturated, inorganic clayey silt deposit, formed 

as a playa under desert type proc--0-. ' of erosion and deposition. 
Below 200 feet lies the original lau.«.- bed and at this depth the soil 
becomes a sand-gravel aggregate. At a depth of 65Û feet, a basemen 
rock is encountered. Seismic surveys of Frenchman Flat confim the 

relative homogeneous nature of the site and indicate that the seismic 
velocities vary from 1000 to 3500 feet per second above 65O ieet, in¬ 
creasing to 10,000 feet per second below 650 feet (Wilson 
reference 2 .13 )• A detail plot of the seismic velocity profxle is 

presented on Figure 2.3 

The Eniwetok Proving Grounds (site of shot Koa) are coral atolls 

composed of a heterogeneous mixture of gravel, sand and silt-size bronen 
coral and shell fragments, interbedded by cemented zones. At a depth 

of about two miles this is underlain by an igneous basement. The 
seismic velocity in the dry, loose layer above the water table varies 

from 800 feet per second at the surface to 4000 feet per second near 
the water level. A cemented zone several feet thick is usually en¬ 

countered at the water level. Below the water table, and extending 
to a depth of about 25OO feet is a heterogeneous layer with an average 
velocity about SCO feet per second. The seismic velocity then increases 

for the next 5OOO to 10,000 feet to 11,000 feet per second. The under¬ 
lying formation, presumed to be the igneous basement, has a velocity 

of 17,000 feet per second (Sauer, reference 2.11 ). 

Other test records are also available in the published literature. 

A separate tabulation of all unclassified Weapon Test Reports relating 
to full-scale free field ground shock measurements and structural 

motions in regions of surface overpressure greater than 20 psi is 

given at the end of this section. 

2.4 Theoretical Analyses 

The theoretical studies discussed here are limited to 

those which are believed to be the most useful in predicting the Type I 

and Type II waveform parameters listed in the preceding paragraphe. 
Because of the complexity of the wave patterns at real sites, aost of 
the mathematical models employed in the studies of interest are for the 
one-dimensional case. As a result, the represencation of the air blast- 

induced wave is ’-'lid only as the wave approaches the overhead position. 
Another limitation of the existing theoretical works is their neglect 

of variations in the compression modulus with depth. The change in 
compression modulus, almost always an increase, can be due to layering 
of materials with different compressive properties and to confining 

pressure on otherwise homogeneous materials. Layering would be the 
major cause at sites where the profile is composed primarily of com¬ 
petent rock, since very large confining pressure changes are required 

to significantly change the compressive modulus of rock (Grine and 
Fowles, reference 2.19 )• The increase in confining pressure would 
correspond to uhe increase in depth below the surface. 
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For soils, layering voiud also be important. Included here is 

the effect of the presence of a water table,, since the degree of 
saturation has a large influence on Ire 1-- -mic compressibility of 

soils. Granular soils show a significant increase in compression 
modulus with increasing confining pressure, even though the volume 
change may be small. The compression modulus for very fine grained 

soils such as clay, are dependent to a large extent upon the past 
history of compressions. Hie compression modulus of all soils depends 
upon "ho pressure increment change in relation to the existing con¬ 
fining pressure. That is, a change of stress of 100 psi would be very 
significant for a surface soil where the confining pressure approaches 

zero. At a depth of 100 feet or so, where the confining pressure is 
high, that pressure change would cause only a slight rearrangement of 

the soil structure. As a result, even though layering were not 
present at a site, it is probable that the compressive modulus 
corresponding to the first dynamic stresses will increase with depth. 
As will be seen, the theoretical analyses presently available consider 
that one stress-strain curve applies to all depths. 

2.4.1 Analyses of a Half-Space Geometry 

Although most analyses consider wave propagation only 
in one dimension, three of those reviewed treated the more general 
problem of a half-space. An analysis by Brode and Bjork (reference 
2.1 ) considers the stresses and early motions associated with the 

cratering of rock from a 2 megaton surface burst based on a hydro¬ 
dynamic model of a "tuff". Although this analysis does not consider 

plasticity and viscosity beyond the limits of classical hydrodynamic 
theory, the profile of peak pressures and the shape of the pressure¬ 
time curve are useful in predicting conditions close to the crater in 
crater-induced ground shock problems. Some of the results of this 
method will be given later and compared with those of a prediction 
method developed by Newmark. The other half-space analysis, published 
by Sackman (reference 2.20), considers the plane strain solution for 
the stress distribution produced by the passage of a constant velocity 
pressure wave across the surface of a viscoelastic medium. This analysis 
considers only the superseismic case. The results have been evaluated 
b'j Baron and Parnés ^reference 2.21) at a point 500 feet deep and where 
the surface air-presvure equals 2000 psi. The medium i" rock with a 
compressional wave velocity of 10,000 feet per second. The authors 

point out that much work remains to be done on the experimental deter¬ 
mination of the appropriate viscoelastic constants which are needed in 
the analysis, since such information is not available at the present 
time. 

Based on Sackman's analysis, the stresses computed for the medium 
with assumed viscoelastic properties are compared to the stresses com¬ 
puted for similar points in a linear-elastic material. The results 
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show that the first arrival stresses are less for the viscoelastic 
model, but rise to values slightly greater, then attenuate slower than 
those for the linear-elastic model. Nevmurk (Reference 2.22) used a 
graphical quasi-static, half-spac*; - iution to determine the attenuation 
with depth, of the vertical stress due to the moving air pressure loading. 
Based upon Boussinesq's elastic theory, the stress distribution includes 

the influence of a moving air blast load of variable intensity and 
duration. The pressure-depth curves were computed for a site with a 
uniform seismic velocity in which layering vas not considered. An 
r.xpression for attenuation was obtained by allowing the seismic velo^ty 
to approach infinity. This was applied to the attenuation of vertical 
particle velocities with depth. The expression and its use will be given 

in the paragraphs on "Prediction Methods". 

2.4.2 tee-Dimens lonal Analyses 

The applicable closed form expressions for the peak vertical 

particle velocity and peak vertical stress which have been derived by 
one-dimensional theory, using various linear stress-strain curves, are 

presented in Figures 2.k. 1 through 2.4.5 , pages 2-34, 2-37, end 
2-38 - Plots or vertical stress and particle velocity versus depth 

for various assumed conditions are presented on Figures 2.4.6 and 

2.4. 7 , pages 2-40,41, respectively. 

2.4.2.1 Elastic Media 

Figure 2.4.1 presents the relationships for a linear- 

elastic material. With this assumption there is no attenuation of 
particle velocity or stress with depth. For a homogeneous medium, the 

shape of the wave form due to the air-blast loading is identical with 
the decay curve of the air pressure. The wave front moves at the seismic 

velocity of the medium at all pressures. These assumptions clearly 
represent the conservative case with respect to the amplitude of the 
particle velocity at depth, since there is no attenuating mechanism. 
However, a comparison of the particle velocities computed by this assump¬ 
tion and certain nonelastic assumptions, discussed subsequently using 
different stress-strain curves, indicate that the near surface particle 

velocities are higher using nonelastic assumptions. 

Plots of the peak vertical stress and particle velocity versus depth are 
shown on Figures 2.4.6 and 2.4.7 , respectively. The values used in 

the computation were: 

po 

8 

VL 

E 

w 
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■ 300 psi at t * 0 

* 4.04 slugs/ft^ 

» 5,960 fps 

- 1 X 106 psi 

» 20 megatons 
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2.4.2.2 Linear Non-Recovering Media 

Figure 2.4.2 nreaentb !> relationships for a linear, 

non-recovering medium. It may be noted that the compaction front 
moves with a constant velocity equal to the seismic velocity of the 

material. The peak vertical stress Is equal to the average pressure 

of the impulse to the time of interest. When the majority of the 
impulse has passed, the attenuation of the vertical stress and particle 

velocity at the wave front are inversely proportional to depth. At any 
time, the velocity gradient behind the shock front with respect to depth 

is zero, that is, the material behind the shock front moves as a rigid 

body. 

The fact that the stress and particle velocity are attenuated with 

depth and approach zero in this one-dimensional analysis makes the 
general behavior of this medium considerably different from that of the 
elastic material. As the rate of surface pressure decay decreases, such 
as at low overpressures and large yields, the differences in peak particle 
velocities in the two materials at depths less than several hundreds of 

feet, will not be appreciable; although the shape of the particle 

velocity wave form will differ as will the amount of total deflection. 
Plots of vertical stress and particle velocity versus depth are shown on 

Figures 2.4.6 and 2.4.7 > respectively. The values used in the 

computation were: 

p0 = 300 psi 

(5 E A.o4 slugs/ft^ 

VL = 5,960 fps 

E = 1 X 106 psi 

W = 20 megatons 

2.4.2.3 Partially Locking Media 

The condition of no return upon unloading is a special 

case of the more general problem of partially lockig 01" partially 
reversible media. Salvadori, Skalak and Weidlinger (Reference 2.23 ) 

have presented a solution for the general case. Although the expressicn» 
of interest cannot be stated in closed form, requiring the solution of 
several simultaneous equations, the same conclusions can be drawn as for 
the special case of no retu-n motion. A numerical solution for an over¬ 

pressure of 100 psi with the return seismic velocity twice that of the 
loading velocity indicates a slightly smaller degree of attenuation of 

the stress and particle velocity with time and depth compared to the 

material with no recovery. 
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2.4.2.4 Ideal Locking Media 

Figure 2.4.3 presents the relationships for ideal 
locking media, that is, materials whicu ¡' ¿r no resisteince until a 
critical strain is reached and then compact to a rigid state. The 
dependence of the peak vertical stress and peak particle velocity on 
the impulse can be noted. The long-time attenuation of the peak 
vertical stress varies inversely with the square of the depth, and 

increases with the square of the impulse. According to Miles(Reference 
2.?^ ) for a step impul.se the stress varies inversely as the three- 

halves power of the time. From the shape of the stress-strain curve, 
it would appear that this analysis is applicable to dry, loase sand but 
not to satureted soils or rocks. 

Plots of vertical stress and particle velocity ar- shown in Figures 
2.4.6 and 2.4.7 > respectively. The values used for the computation 

were: 

P0 " 300 psi 

= .02 

S “ 4.04 slugs/ft^ 

W m 20 megatons 

A comparison of the attenuation of stress with depth for ideal locking 
media with fic equal to 0.12 and 0.10 is given by Reference 2.24. This 

comparison shows that at the high initial pressure levels near ground 
zero the influence of varying £c is small at depths below 200 to 500 
feet. As would be expected, the material with the larger £c had the 
greater attenuation with depth. 

2.4.2.5 Linear-Locking Media 

Figure 2.4.4 presents the expressions for vertical stresses 
and particle velocities of a material with linear-locking stress-strain 

characteristics. The irrecoverable strain equals £c - £0 for stresses 
equal to or greater than C£. 

When the applied pressure is greater than Pc, the velocity of the 
compaction front (z) is greater than VL. While the compaction front is 
superseismic the vertical stress varies as the square of z , and the 
particle velocity as the first power of z. At a time t0, the vertical 
stress becomes equal to Pc and the compaction front has the velocity Vl. 
The time tE may be evaluated from the expression equating the integral 
of the surface pressure-time curve to the integral of the surface 
impulse-time curve between the limits of zero and ts. The time ts may 
also be evaluated from a plot of zB veisus time at the point where z 
is equal to V^. 
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¡Jtr«o«-3tr*ln for Linear 

Locking Medium 

At t jjae ts> --- ■ 1; t8 me y be determined from equation: f ■ T |ÆÜ 

VL •‘o 

*t time te motion of companion front relative tu médium ahead ceaeea 

t# may be found from equation: tf - t, » T - -~- 

ñ • Particle velocity at wave front 

VL - Sjlealc velocity 

d • do * 011,11 •£’r*lni rram •tre**- atraln lUgraa 

t - Uae 

ta > Time at which Relative Motion of Commotion 

wave Front Ceaeea 

*- ■ Time at which -2— • 1 

• vi. 

O’ , <T - StreeaMfrcm etreea-etraln d a«raa 
c 0 

9 ■ Streee at wave front 

P0(t) • Overpreeaure - time relation 

a ■ laic front velocl y 

Figure 2.4.4: Vertical Stress and Particle Velocities in Linear- 
LocKing Media 
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The pnrrmno-M on front moves at less than the seismic velocity when 

t > ts and the motion relative to the motion of the medium ahead ceases 

at time te. When t is equal to ts an elastic wave is generated which 

travels at a velocity with a constan -tress cr0. At all depths 

greater than that of the compaction front at time ts, the linear-locking 

wave outruns the compaction front. The elastic precursor stress is not 

attenuated with depth, but follows the behavior of the cne-dimensional 

linear-elastic case. At times greater than te, the entire locked mass 

moves at the particle velocity of the precursor at the limiting depth 

of the compaction front at time te. 

The solution for a pulse, which starts as a subsonic front at t « 0, 

is obtained from the expressions shown by setting ts = ze *= 0. In the 

ovenu ^ c - a compaction front moving supe.rselsmi cally exists when 

Po > ar0; but if P0 < a*0, only elastic waves will be propagated. 

Plots of vertical stress and particle velocity are shown on Figures 

2. 4. band 2.4.7 , respectively. The values used for the computations 
were : 

P0 = 300 psi 

£c = .02 

P = 4.04 slugs/ft^ 

E - 1 X 106 psi 

W = 20 megatons 

2,4,2.6 Bilinear (Deadband) M,adia 

A one-dimensional analysis of a wave propagating in a 

material with a bilinear stress-strain characteristic (Figure 2.4.5 ) 
was made by Skalak (Reference 2.23 ). 
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The results are not included here because the equations require 

numerical solution.but the velocity of the wave front was found to be 
a function of the angle ot Vhere 'a' designates the stress at the point 
of interest. With a decaying air pi . sure on the surface of the medium, 

the stress, and therefore*the vave velocity, vas continuously changing. 

2.4.2.7 Comparison of Predicted Attenuations 

A comparison of the curves of vertical stress for ideal 

.Locking media and plastic-elastic media shows a «sailer 
percentage attenuation for the plastic-elastic case to depths of about 

1000 feet but greater attenuations at greater depths. 

Despite the differences in attenuation predicted by the various 
mathematical treatments, a comparison of the vertical stress and particxe 
velocities (Figures 2.4.6 and 2.4.7 ) estimated oy all of the cue- 

dimensional analyses show there is no major differences between the 
results obtained for the first 100 feet of depth. Another interesting 
comparison can be made between the vertical stresses obtained by one- 
dimensional analyses and those suggested by Newmark for the propagation 

of waves generated in an elastic half space by a moving air blast 

loading (Reference 2.2^. Newmark*s equation is 

1 + 2. 
L 

where <x8 and uB are the surface values and for overpressures less than 

500 psi L is given by 

L SOO (ft) 100 (pel) 

po 

.6 1/3 

W(Mt) 

Considering the same case as used previously, i.e., W * 20 Mt and 

Po “ S00 pel» the spatial attenuation calculated by above equations is also 
shown in these Figures. It would appear, even from this very rough com¬ 
parison, that a significant error might be introduced by ignoring the 

attenuation from spatial dispersion at the high overpressures. When 
spatial attenuation is added to that from other causes, it is probable 

that the total attenuation of peak stress and particle velocity would 
be much higher than predicted by any of the theory. This, in fact, 
appears to be in general agreement with the results of field tests 

(Reference 2.12 ). 

2-39 



SWC-TDK-02-64 October I962 

0"z =PEAK VERTICAL STRESS ,psi 

2-40 

F
i
g
u
r
e
 
2
.
4
.
6
:
 

C
o
m
p
a
r
i
s
o
n
 
o
f
 
P
r
e
d
i
c
t
e
d
 
A
t
t
e
n
u
a
t
i
o
n
s
 
o
f
 
P
e
a
k
 
V
e
r
t
i
c
a
l
 
S
t
r
e
s
s
 
w
i
t
h
 
D
e
p
t
h
.
 



SWC-TDR-62-64 October 1962 

ß 

ft 
01 
p 

-P 
•H 
O 
O 
H 

CJ 
•H 

«3 
PU 

a) 
t> 
*H 

t 

■ä 
<D 

O 

c 
0 

G 
û) 
•P 
-P 
< 

û) 
•P 
o 
•H 
Ti 
0 

<H 
O 

0 
-P 

0 
0 
CO 

•H 0 
CC P 
P< 0 

o § 
O û 
or, n$ 

il if 

Td 

rH 
1-! 
O 
CO 

tí 0 
O Jl 00 
to «H 

O 
O 

CVJ 

0 

i 
M 
•H 

CO 
Ü 
0 
•H 
■P 
•H 

g 
0 

•p 

IH 

2-41 



SVÍC-TDR-62-64 October I962 

2.5 Prediction Methods 

It was seen in the preceding paragraphs that most theories of 

ground motion are directed more tov.ra •: •• .„ining an indication of the 

peak values of displacement, velocity, and acceleration than toward 

defining the details of the wave form. Indeed, it is evident that 

while the assumption of a highly idealized material characteristic may 

permit the approximation of the gross behavior of the material under 

shock, the lesser characteristics of the time-history of the motion 

at an actual site will he considerably different. 

Most prediction methods have been formulated by modifying simple 

theory to match experimental data. This, coupled with the complexity 

of recorded wave forms, has in general limlv.ed the use of the methods 

to the estimation of peak values. Yet the sensitivity of the response 

01’ dynamic systems to wave form characteristics is well known sind, in 

at least one prediction method, correction factors are applied to the 

response spectrum to account for complex wave forms occurring under 

certain local site conditions (Reference 2.14). 

By combining the Type I and Type II wave forms in proportions 

dependent upon particular weapon and site conditions, however, not only 

will the response spectrum of the composite wave form be more repre¬ 

sentative of the final conditions, but a time-history is obtained for 

use in the solution of those isolation system response problems where 

the spectrum information is insufficient. It remains, however, to 

determine whether existing prediction methods can be used to estimate 

the magnitudes of the significant parameters describing the two 

synthesized wave forms. For this reason, the three principal prediction 

methods are reviewed and the ir results compared with theory. 
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2.5.1 Newmark Prediction Methods 

2.5.1.1 Cratering Induced Waye a 

Newmark (Reference 2.14) has formulated relationships 

for the peak particle velocity, displacement, and acceleration for 
cratering Induced ground shock. These relationships are restricted 
to surface bursts in granite and to ranges where the air-blast over¬ 
pressure is between 100 and 600 psi. The method is based on one¬ 
dimensional elastic theory, with scaling criteria obtained from measure¬ 

ments from buried bursts of high explosives and small nuclear weapons 
(References 2.26). 

The assumed velocity wave shape is shown xn Figure 2.5.1 and i .e 
equations in Figure 2.5.2 . Peak displacement was found by assumix ; 

the wave shape to be parabolic and integrating, giving 

Ujnax =-Ujnax 
3 VL 

To obtain peak acceleration, it was assumed that the initial acceleration 
was twice the average acceleration during the velocity rise time tr. 
Then 

„ 12 VL 

In a layered system, Newmark suggests using an average seismic velocity 
V’l to the point of interest, when_estimating velocities and accelerations, 
but not displacements. The term Vp, = range/earliest arrival time from a 
refracted wave. For slant ranges, Newmark recommends that the computed 
values be considered as horizontal components. The vertical components of 
displacement and strain should be taken at one-half these values. The 
vertical components of velocity and acceleration should be taken at full 
value. 

In view of the limitations placed on the use of the expressions by 
Newmark, it is interesting to compare his results with the values 
developed oy Brode's hydrodynamic analyses. At a depth of 8OO feet 
directly below ground zero, Brode's analysis (Reference 2.1) gives a 
vertical peak pressure of approximately yOO x 10^ psf for a 2 megaton 
burst, (in comparing this value for a two-megaton burst with the 
corresponding depth from, presumably, a one-megaton burst reported in 
Brode, Reference 2.2 ), the pressures are identical. If the particle 

velocity from Newmark's equation is computed for the same point, using a 

seismic velocity of 60OO feet per second for the tuff rock, it is founr. 
to have a value of ly fps. Converting this particle velocity to a 
corresponding peak stress, by the use of one-dimensional elastic theory 
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Figure 2.5.2: Summary of Ground Shock Prediction Methods 
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and assuming E “f’.'j,2 where ? ■ 5 slugs/ft^, it is found that the 
stress has a value of 45 x 10^ f“'. ’hich is low*r by a factor of 20. 

It should be noted that the hydrodynamic analysis does not 
consider viscosity or other dissipative losses beyond valid hydro- 
dynamic assumptions, while Newmark's values ture based upon field 
measurements for low yield weapons. It would appear, from a plot of 
the pressures versus range developed by the hydrodynamic analysis, that 
the pressure attenuates as the inverse cube of the range in the very 
high pressure region, and as the inverse three-halves power of the range 
below a pressure of about 40 kilobars (14.7 x 1000 x 4Ô psi). Thus, at 
large ranges the hydrodynamic analysis will predict stresses much larger 
than those predicted by Newmark's analyses, since the particle velocity 
in Kewraurk's expression attenuates as the inverse 2.5 power of the range 
However, the values measured during the Rainier buried shots appear to 
agree reasonably well with predictions made by Newmark's equations. 
The Rainier shots were in a volcanic tuff similar to the material used 

in the hydrodynamic analysis. 

Th-i shape of the pressure-time curves developed by the hydrodynamic 
analysis and the velocity-time curves described by Newmark are similar. 

Both peak near the middle third of the total, duration. This, of course, 
differs from what would be expected near the surface for a superseismic 

air-blast induced wave. 

2.5.I.2 Air-Blast Induced Waves 

Figure 2.5.2 also presents the expressions suggested by 

Newmark for air-blast induced ground motion. These expressions were 

derived using one-dimensional elastic theory and selecting coefficients 
which would match the Nevada Test Site data. In computing displacement, 
Newmark approximates the air-blast pressure loading by a triangular 
shaped pulse with the same Impulse as the actual air pressure-time curve 
The duration (tj) of the assumed pulse then is 

1/3 

where 
t^ « pulse duration, sec 

. P0 * air-blast peak overpressure, psi 

W - weapon yield, megatons 

For a site of unifc.m seismic velocity, the elastic displacement 
correapoAis to the total deflection of a column of materiel, of length 
tiVjp Objected to an average pressure B0 /8. The maximum transient 
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elastic vertical displacement, in layered or nonhomogeneous media, is 
computed for several positions of shock. The computations consider 
the values of Vl for each layer and sum of the instantaneous values of 
otra.’.n so determined. The maximum Uxm, :. .¿ement is the value recorded 
for the elastic displacement at the surface. In both cases, the 

elastic modulus for soils with a density of about 115 lb. per cu. ft. 
■and = 0,25 is approximately 

where 

E = Young's modulus, psi 

3 = Mass density, slugs/ft^ 

VL = Seismic velocity, ft/sec 

/t = PoisLon's ratio 

At a point below the ground surface, the maximum elastic displace¬ 
ment is equal to the total displacements of all the material, below the 

point considered. In calculating elastic displacement, Nswmark recommends 
no change with depth be made in peak stress, rise time, or duration. 

Hevmark considers the permanent, or plastic, vertical displacement 
to be negligible below depths of about 100 feet. He suggests that it 
be assumed to vary linearly between the surface and this depth. The 

seismic velocity in this region can be taken as the average value. It 
should be noted again that the data on which these methods are based 
were obtained from the Nevada Test Site. It is usually found that at 
layered sites the seismic velocity of the materia] at great depth 

controls the maximum displacement. Since the triangular pressure pulse 
is steep fronted, the maximum pressures arrive early in the deep layers. 

At the interface of the two layers, Newmark suggests the use of 

transmission and reflection factors derived for the one-dimensional case. 
If the interface is fairly sharp, an estimate can be made from the 
following relationship 

1 - cr. 
1 + H* 3- 

2 

1+^ 

where = incident stress, cv = reflected stre; s, C+ = transmitted 
stress, and 
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E1 VL2 
= ratio of xaipedtinct's of two media = 

Newiaark defines the troueeiomia and subseismic conditions as the 
outrunning of the air-blast wave only by air-blast induced ground 
waves or their reflections or refractions. That is, in his prediction 

method, all transeismic and subseismic phenomena are treated as special 
cases of the air-blast induced waves. Thus, the values for particle 

velocity and acceleration given in Figure 2.5-2 for air-blast induced 
ground motion should be increased by the following factors to account 

for outrunning: 

Condition Multiplier 

VL < U 1.0 

U < vL C 1.5 U Vl/U 

I.5 U < VL < 2 U 1.5 

2 U < VL 1 + U/VL 

Newmark recommends that the displacement not be modifica. It is noted 

that this multiplies the uncorrected velocity and acceleration value 
by a factor having a maximum value of 1.5> at a seismic velocity such 
that the air-blast front velocity is nearly equal to the Rayleigh wave 
velocity (Section 2.2.2). Vg should be taken as the seismic velocity 
in the layer of interest. However, Newmark suggests that if the 
seismic velocity of a deeper layer gives a higher value of acceleration 
or velocity, its seismic velocity should be used for the upper layers 
when obtaining the multiplying factor for the upper layer. The basis 
for this can be seen from the refracted wave front diagram, Figure 2.2.10. 
The arrival of the refracted wave from the deeper layers appears to 
an observer in the upper layer to have the velocity of the deeper layer. 

As mentioned before, the expression for the attenuation of peak 

stress with deptlv which is also used for the attenuation of vertical 
particle velocity with depth, was derived by Newmark using Boussinesq’s 
theory of stress distribution for an elastic half-Rpe.ee with a partially 

loaded surface. Westergaard's theory of stress distribution for the 
same problem except with the assumption that the elastic medium 

is reinforced with a series of membranes infinitely rigid in a 
lateral direction but infinitely flexible vertically, would give stresses 
approximately two-thirds c* those from the Boussinesq theory. The 
physical significance of the membranes is that during loading lateral 

deformation of the soil is prevented. In soil mechanics, Westergaard's 
theory is generally used as being more applicable to a stratified 
subsurface profile. .It may also be more applicable to this problem as 
well. Of course, this would i.ndicate an even larger attenuation with 
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depth of peak stress and particle velocity, due to spatial dispersion, 
than is indicated by Newmark's expression. 

2.5.2 Sauer Prediction Method 

The prediction procedure developed by Sauer (Reference 2.11) 
is semi-empirical in nature and is based upon a correlation of field 
measurements at the Nevada Test Site and the Pacific Proving Grounds 
using near elastic scaling. These equations predict peak values at 

t^e surface which may then be attenuated for depth by the use of curves 
suitably scaled for weapon yield. With these expressions it is possible 
to predict ground notions in both the superseismic and the suhseismic 

regions. The applicable expressions appear on Figure 2.5.2. The limits 
associated with each expression indicate the spread of measured data. 
Sauer suggests using a refraction wave front diagram to determine if 
the point of interest is in the superseismic or suhseismic region. 

For alluvial soils and incompetent rocks VL should be taken as 
the velocity of propagation of waves of high stress. For soils where 
this is not known, Sauer suggests using a value of three-quarters of 
the seismic velocity which is based on data from the Nevada Test Site. 

For corapetent rock, Vjj should be teken equal to the seismic velocity. 
In computing the reflection characteristics of local disturbances, 
only those reflecting layers which exhibit marked changes of physical 
properties as well as changes in seismic velocity should be included. 

Sauer restricts the correlations to ground motions in the over¬ 
burden, i.e., the first layer, or to ground motion in substrata if the 
scaled depth of the overburden is a small fraction of the pressure 
pulse length. In the latter case, it is necessary to neglect the 

presence of the overburden. For intermediate depths of overburden, 
Sauer suggests that a conservative estimate of vertical ground motion 
may be made as follows: compute the motion assuming tliat the second 
layer extends to the surface; compute the motion at the interface based 
on the properties of the overburden and apply the appropriate elastic 
reflection factors for the motion in the second layer; choose the larger 
of the two values for the motion at the interface and let it attenuate 
nt the rate corresponding to the properties of the second layer. 

Unfortunately this method breaks down and greatly overestimates 
the vertical velocity and stress as the scaled depth becomes smaller 
and the ratio of seismic velocities becomes larger. For these cases 
it is necessary to compute the reflection history in detail. There is 
no formal way to determine the shape of the velocity-time wave form 
given. Sauer does suggest that the pulse duration would equal the 
overpressure duration, or approximately the time for a reflection to 
return to the surface, whichever is smaller. 
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2«5»3 Wilson Prediction Method 

A procedure for predicting the peak displacement in the 
superseismic region was develo*..1 • Wilson (Reference 2-13). Basically 
this is a graphic procedure similar to the one described for Newmark' s 

air-blast induced layered case with some important modifications. In 
brief, Wilson's modifications to the Newmark procedure are: 

. The initial wave front, or pulse pressure, travels downward 

at a velocity equal to the vertical seismic velocity while 

the peak pressure travels downward at a velocity equal to 
between one-half and three-quarters of the vertical seismic 
velocity. This is dependent on the type of material and the 
evaluator1s judgment regarding the slope of the stress-strain 

curve at the particular stress. 

. The peak stress is a-ienuated approximately in accordance 
with Newmark's expression for the attenuation of particle 
velocity with depth. 

. The vertical compression of a soil layer which is made up of 
both elastic and inelastic components at any depth, is 
attained simultaneously with the application of lo“d. As the 
vertical stress decays, the elastic portion of the compression 
recovers in proportion to the decay of the pressure eurv^ 

. The percent of the total strain of a layer that is elastic 
and the percent which is inelastic is estimated for the 
particular material from laboratory teets. Wilson & Sibley, 
Reference 2.1^ give a description and discussion of these 
soil tests. 

. The procedure is carried to a depth where a material with a 
seismic velocity of 10,000 fps or greater is encountered. 
The displacement below this depth is computed by Sauer's 
expression for displacement using the value of the attenuated 
stress A P0. The displacement-time curve for the point of 
interest is then determined by summing the compt assions of 
the various layers below versus time. By considering the 

inclination of the superseismic wave front (Figure 2.2.6 ) at 
the point of interest and assuming that the only compression 
is that normal, to the wave front, the horizontal component of 
the motion is obtained. This assumes that the horizontal 

motion is in-phase with the vertical movement with respect to 
time and depth. This method usually results in horizontal 

displacements whicu may vary from l/lO to 1/2 of the vertical, 
displacements. 

After a comprehensive investigation of the soil ax the Nevada T'est 
Site, this procedure was checked with results from Shot Priscilla and 
good agreement was obtained (Reference 2-27 ). 
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• 5 •4 Oí s cus si or. of Prediction Methods 

The prediction methods juct erfed are all based on 

experimental data obtained at two general areas, the Nevada Test Site^ 

and the Eniwetok Proving Grounds. Newnark's method is one-dimensional 

theory corrected to match the data; Sauer's method consists of empirical 

equations based directly on the data, and Wilson's method is a refine¬ 

ment of Ncwmark's displacement equations. Each method presents equations 

for estimating the ground motion for different "eases" of ground wave 

configuration. For example, Newmark divides the ground motion into two 

basic classifications, air-blast induced and cratering induced. The air- 

blast induced ground motions are then divided into the superseismic case 

and the transeismic-subseismic case, both of which may be corrected for 

layering. The peak cratering-induced ground motions may also be computeu 

for homogeneous and layered media. Newmark then notes that the wave 

form of all motions may be "random" or "systematic" and suggests 

amplification factors for the "random" pulses. 

On the other hand, Sauer's equations consider all motions as falling 

into the superseismic or the subseismic categories while Wilson's method 

attempts only to predict superseismic air-blast induced ground displace¬ 

ment. 

in Section 2.2.1, various 

may be trinamitted to a point 

they are: 

— — - V,r • ,1, • f.1,-. ¿nnrar*'-'t ■Pvtrvvn 0 mm! oov Vilgo-f- 
mccuiö uy wiia.Cii Ciicx -1 J..* — —  -- 

in the ground were described. Summarizing, 

. Direct effect of air-blast induced ground wave 

. Outrunning of air-blast induced ground wave 

. Reflected or refracted air-blast induced ground wave 

. Direct effect of cra+.ering-induced ground wave 

. Reflected or rpfrart.ed orn+pring-jnduced ground wave. 

Any or all of these waves may impinge on a soil particle as ? result of a 

single surface burst, the wave form, phasing, and direction of each wave 

being dependent on the weapon and site conditions. 

Further, the "waves" mentioned above refer to the uumpressive waves, 

yet as noted in Section 2.2.2 there is a second body wave, i.e., the 

shear wave, and such surface phenomena as Love and Rayleigh waves which 

may alsu be present. Certainly then, if all these waves may be generated 

by" a burst at a site of interest, and if the time history of the composite 

wave action at a point is of importance, it would be most desirable if 

the existing ground motion prediction methods could uc employed to account 

for each component wave form. 
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It is of interest then to review the various categories of ground 
motions used in the prediction methods with a view toward isolating 
the independent effect of each source of ground motion listed above. 

The wave form of che ground motion generated only by the direct 

effect of the pressure of the air-blast wave on the surface, with no 
precursor or outrunning, is generally agreed to be similar to the Type I 
wave form. Both Newmark's and Sauer's methods can be used to predict 
most of the significant parameters defining in reasonable detail the 

ground motion from this source both at the ground surface and at some 

depth. 

The general shape of the wave form of the ground motion generated 
only by the direct effect of the cratering-induced ground motion has 
been reported by Newmark to be as shown in Figuxe 2.5.1. This form 
was observed in tests of confined bursts so that no air-blast wave was 
present. This case has ..o- been treated by Sauer. 

In layered media, Newmark uses separate methods to account for the 
effects on air-blast and. on cratering-induced motions. In the air-blast 
induced case he further distinguishes between the superseismic and the 

trans/subseismic regions. This latter distinction appears to be 
unnecessary in vj : w of the fact that the difference between the air-blast 

induced superseismic wave in a layered medium and the air-blast induced 
trans/subseismic wave is simply a matter of the phasing of the direct 

and reflected components. 

For cratering-induced waves in layered media, Newmark suggests the 

use of an "equivalent seismic velocity" to correct the equations for 
homogeneous media. 

Newmark then notes that "ordinarily the input for ground motion con¬ 
sists of two parts, a systematic portion on top of which is superimposed 
a series of random oscillations" and suggests the following adjustments 
be made to the values computed as indicated above. 

Air-Blast Induced: 

Superseismic, homogeneous media 
Transeismic, homogeneous media 
All conditions, layered media 

Cratering-Induced: 
All cases 

Recommended Amplification 
Factor 

Displacement Velocity Acceleration 

1.0 1.5 1.0 
1.0 1.5 2.0 
1.0 1.5 2.0 

1.0 1.5 2.0 
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If all of the ground waves generated by a nuclear blast are 
classified as suggested previously in the Design Guide, it is believed 
that not only is a clearer picture of the phenomena revealed but also 
the effect of these phenomena on a ¿no.;- ■ solation system can be better 
related to a given site. Moreover, the wave form of the shock is 
described permitting a direct solution of the equations of motion of 
nonlinear shock isolation systems. 

Specifically, it is suggested that it be assumed that all cratering- 
'-'.n-:’ air-blast-induced waves (including precursors) have regular, smooth 
•ave forms (similar to Type l), disregarding high frequency oscillations 

outside the range of interest to the isolation system designer. It is 
further suggested that ail reflection and refraction waves be assumed to 
be oscillatory (similar to Type II), with a frequency in the order of 
magnitude of that of the isolation ■system. It is then suggested that 
by combining the two wave forms in a manner consistent with the Nevada 
site and weapon conditions, the resulting amplification factors as 

ind'eated by the response spectrum of the composite wave form will match 
closely the amplification factors given by Newmark. 

In comparing the two approaches, it is essential to distinguish 
clearly between free-field ground motion and the displacements, velocities 

and accelerations indicated by the response spectrum of the motion. 
Only ground motion parameters can be applied to Type I and Type II 
synthesized wave forms. 

In discussing the superseismic air-blast induced wave. Newmark 
suggests it be considered as "highly despad" with a "systematic" pulse 
and producing peak spectral responses of 1.0, 1.5, and 2.0 for relative 
displacement, velocity, and absolute acceleration respectively. It 
should be noted, however, that the «quation for surface acceleration 
shown in Figure 2.5.2 already contains the factor 2.0 and should not be 
increased further. These values correspond closely to the spectral 
rest onses -which would be expected from a simple pulse similar to Type I 
(sec Figure 3«7-5(b) Case 1 for the velocity response spectrum of Type I 
•ave form). 

For the direct cratering-induced motion, Newmark again suggests 
amplification factors of 1.0, 1.5, and 2.0 and here again the pulse is 
regular (Figure 2.5.I) so that with proportions selected to match the 
••capon and site conditions, the Type I wave form might again be used. 
Note that in this case Newirark’s equations for acceleration (Figure 2.5.2) 
>io not contain an amplification factor. 

However, Newmark recommence the use of the same factors for cratering- 
induceu motion in layered media. This would seem to imply either that 
reflections ana refractions arising from cratering-induced waves introduce 
no significant distortions in the wave form or that no appreciable 
reflections or refractions from this source were measured at the test 
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It is suggested then that the "systematic" pulses discussed by 
Newmark are generated by unreflected air-blast and/or cratering-induced 
waves and that the "random" 0 of the pulses is the result of 
reflections and/or retractions, lue physical mechanisms by which 

reflections or refractions might produce oscillatory waves”have not been 

investigated here. Oscillations have been observed in the data reviewed 
in this study, however, both for the superseisraic and subseismic cases. 
In all cases where the oscillation was detected, reflections and 

refractions from lower layers of higher seismic velocity were possible 

The simple observance of these phenomena in the limited data available 
does not constitute proof of the explanation offered. In the absence of 

systematic experimental evaluations, more realistic theoretical analyses 
are needed. 

However the approach offer a method by which both the shock wave 
form and the response spectrum can be related more directly to the con- 

ditions at a particular site. While the estimation of the magnitudes of 
each of the wave form parameters remains largely dependent on existing 

prediction methods, this information combined with basic wave form shapes 
would not only provide a more detailed description of the shock but would 
also be in a form of greater usefulness to the isolation system designer. 
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2.6 Wave Form Parameter Prediction Procedures 

2.6.1 Significance of Wave Jfora fSt. " ¿terlstics 

To illustrate the significance of various factors contributing 
to the shape of a typical ground shock wave form, three examples will be 
discussed. In the first two examples, wave forms are hypothesized, and 
their principal features are related to possible site and weapon 

characteristics. The third example consists of a simplified step-by-step 
procedure which might be employed to establish a rough outline of a wave 
form for given weapon and site conditions. 

Consider first the vertical velocity wave form shown in Figure 2.6.1. 
It is evident that an actual record of a ground shock .ill contain a large 
number of high frequency components not shown in the Figure. But since 

the isolation system designer Ip "oncerned primarily with the low-frequency 
characteristics, and to reveal more clearly the basic characteristics of 
the shock, the wave form may be considered as having been "smoothed out". 

The initial oscillation oetween points a and b is due to the 
outrunning of the ground wave by the air-blast wave (i.e., the air-blast 
wave is subseismic), due to refractions, pulses generated directly by the 
cratering stresses, or pulses arriving from remote air-blast pressures. 
The local air-blast induced motion is indicated by the abrupt "velocity 
jump" at cd. The blip between d and e could represent a double peak 
in the air-blast wave or a relatively weak reflection returning from a 
deeper high velocity layer. Between e and h the pressure peak has 
passed and the slope of the curve is influenced by the decay rate of the 

air-blast wave, the elastic rebound of the soil, the continued motion in 
the deeper zones as the pressure pulse continues into the ground, and 
any reflections or refractions impinging on the point during this period 
of time. 

The, time phasing (tp) between the arrival of the outrunning ground 

'ion and the velocity jump at point c can be estimated from a refraction 
-• front diagram such as that shown in Figure 2.2.10. The duration of 

the main pulse (t0) is closely related to the positive phase duration of 
the air-blast pressure wave unless strong additional reflections from 
deeper layers arrive before the positive phase terminates. 

The area under curve a-f is equal to the maximum absolute transient 
displacement and the area of curve a-h is equal to the permanent or 

plastic displacement of the point considered. In an actual trace, however, 
the positive velocity portion sf the curve is usually difficult to define 
accurately due to the relative!, sraaU velocities in this and the 

presence of many higher frequeusy components. Further, no known prediction 
methods make it possible to calculate the positive velocity region f-h. 
In constructing a curve, then, the expected plastic deformation is 
estimated and the f-h section of the curve adjusted accordingly. 
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Down 

Figure 2.6.1 

Example of Vertical Particle Wave Form 
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The velocity-jump rise time, tr , is dependent on the depth of the 
point in question, the abruptness of the air-blast wave shock front and 
the elastic and dissipative properties of +vte soil. In any case it 
would not be greater than that computed ü„ considering only spatial 
dispersion of stress and the stress-velocity relationships of one¬ 

dimensional theory. 

The amplitudes and durations of the positive and negative velocity 
peaks and the number of oscillations between a and c present the most 
difficult estimate to make. If the result of reflections or refractions, 

the oscillations may be of the general form of the Type II wave and may 
extend well beyond point c, being of a period near that of the incident 

wave which produced them. Only a gross estimate of the peak values of 

the oscillatory wave parameters can be determined. 

Several general observations on the location of the site with repect 

to ground zero and on the soil properties can be deduced from the shape 
of the wave form. It is probable, for example, that the site was near 
the surface since the permanent displacement of the soil was large. The 
increasing modulus of the soil with depth due to added initial confinamnt 
will tend to reduce the plastic deformation. Further, it is unlikely that 
the soil was saturated since large permanent displacements would not oe 

expected below a permanent water table. 

The classic form of the velocity Jump, together with knowledge of a 
shallow depth confirm the opinion that the air-blast wave was not preceded 
by a precursor. An inclination of the precursor would have otherwli*-: 

appeared between points c and d. 

Had the point of interest been closer to the crater,, at least in the 
superseismic region, and at a depth such that it lay below a line extending 
down from the crater at an angle of about 20 degrees from the horizontal., 
the velocity wave form would have been entirely dissimilar, appearing more 
like that shown in Figure 2.5.1. At deep, close-in sites, the cratering- 
induced wave form would undoubtedly be the only important one. As the 
point of interest moves away from the source and to shallower depths, the 
air-blast Induced wave (Type l) increases in strength, first lagging the 

cratering-induced wave, then leading it. 

Consider as a second example, the site represented, by the wave 

front diagram shown in Figure 2.2.10. At ranges amener than about 
30OO feet from a 20-megaton burst (2-3000 psi region), the wave form 

of the shock would be expected to be similar to that shown in 
Figure 2.5.I and its parameters could be estimated roughly by the 
use of Newmark's equations for cratering-induced motions. The earth 
for a considerable distance away from the crater (at least several 

crater radii from the burst point) would be stressed so highly that 
the rules of reflection and r .fraction in an elastic material would not 

be valid. 
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At very great ranges, probably beyond 10,000 feet or more (lOO psi 
region), depending primarily upon the ability of the earth material to 
transmit the motions, the iPyp'- j.. /e form may have larger amplitudes 
than the Type I wave form. At these ranges the air-blast pressure 
would be low, and the energy transmitted through the deeper, high- 

velocity layers and returned to the point of interest may be of primary 
significance. 

In the intermediate range there would be a shift in the relative 
importance of the two types of waves from the predominance cióse to the 
burst of the single pulse Type I wave form, typical of the air-blast 
induced wave form and the somewhat modified cratering-induced wave form, 
to the Type II wave form at the larger ranges. 

2.6.2 Wave Form Prediction Procedure 

The prediction methods available for estimating the magnitude 
of those parameters defining the wave form of the vertical motion of a 
particle are shown in Figure 2.6.2. The environments in which the 
experimental data forming the bases of these methods have been obtained 
are described in detail by the original investigators and have been 
summarized earlier in this Section. In general, these environments are 
much less severe than those of existing or proposed military facilities; 
nonetheless, in lieu of strong theoretical support, they form the only 
basis available for engineering design. In extrapolating these procedures 
to new environments, the designer is cautioned to exercise good engineering 
judgement biased heavily toward conservatism. 

For the most port, the prediction equations recommended here are 
those proposed by Newmark. In many cases, methods suggested by others 
yield essentially the same results for conditions at the Test Site. In 
general, however, Hewmark's equations, based on one-dimensional theory, 
are more comprehensive and are simpler to use. 

The single exception is in the case of predicting the peak downward 
displacement of the Type II wave form for which the method derived by 
Sauer from field test data appears to be more applicable. 

Some parameters needed to define the Type II wave form are not treated 
by any known prediction method. Of particular importance are the frequency 
and the ratios of tne peak velocities for each oscillation. Thus, in 
defining this wave form it has been necessary to fix certain proportions on 
the basis of the range throughout which they varied in the experimental 
records. These proportions are shown in Figure 2.3.3 where the only 
additional parameters neeodd to define the wave are peak velocity of t>-> 
largest loop and total duration. 

The equations presented in Figure 2.6.2(a) and (b) for calculating 
the parameters of the air-blast induced and cracering-induced velocity 
wave forms (Type l) have been taken from liewmark. The procedure js 
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straightforward and the exact shape of the wave at intermediate points 

is of no great significance to the isolation system designer. 

In defining the Type II wave form (Figure 2.6.2(c)) Sauer's. __ 
expressions for peak particle velocities have been used to obtain ujj 

while the number of cycles, their general chape, and their peale 
velocities relative to u^ have been fixed. The duration of ''he Type II 

wave form has been assumed to be equal to the total period of time the 

air-blast induced or cratering-induced waves impinge on the point of 

interest. 

A typical riot of Sauer's equations showing peak velocity versus 
range is presented in Figure 2.6.3. Near ground zero the air-blast wave 
is superseismic so the superseismic equations apply (curve (a)). At 
greater ranges, i .e air-blast wave slows and wave pattern becomes sub- 
seismic (curve (b)). In tne transeismic region, Sauer suggests that the 
two curves be connected by a straight horizontal line although he notes 

that the observed records show a slight reflex curve in this region. 

It ay be noted that the peak velocities observed by Sauer were 

always greater at a given range for the subseismic case than for the 
sucerseismic case. This, and the site conditions, suggest that the sub- 

seismic wave form consisted of a combination of Type I and Type II curves, 

superimposed at an undetermined phase relationship. If the velocities 
of the superseismic and subseismic curves are substracted,and plotted, 

the result is curve (c) to the left of point (d). Curve (c) does not 
necessarily represent the peak velocities of the Type II wave form since 

the chasing of the two waves in the subseismic case is not known. 

Although ehere is considerable scatter in the data from the Nevada 
Test Site, there are indications that the subseismic curve would peak and 
then (ipnny aa the range approached grouna zero. This trend has been 

indicated in Figure 2.0.3 by adding the section of curve (c) to the left 
of point (d) and adjusting it to match the transeismic reflex curve 

connecting (a) and (b). 

The general shape of curve (c) as a representation of the velocity- 

range relationship of a Type II wave form appears to be consistent with 
other known factors. For example, at short range1:, the angle of incidence 

of the air-blast aid cratering-induced waves reflecting from a lower 
layer of higher seismic velocity is large and little reflection would be 
expected. Ac the range is increased, the reflections become stronger but 
the greater length of the path of the wave and reflections increases the 
dissipation. At some critical i'ange, the strength of the reflections 
would reach a maximum and then, as the range is increased further, wrv’ 

decay. 

As mentioned above, the phasing of the Type I and Type II waves in 
the subseismic region is not known. In fact, a unique phase relationship 
cannot exist since the velocity of the air-blast which produces the 
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t \ 

Ground Range 

Figure 2.6.3 

Typical Velocity-Ground Range Curve 
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Type I «ave is decreasing significantly with range while the velocity 
of the Type II wave will, if anything, increase slightly with range. 
One would expect the changing phase relationship to produce oscillations 
in the subset sir,ic velocity ranfee u-r . f they existed at the Test Site 
they .ere so small they were mashed by the scatter of data or the 
recording stations were not spaced closely enough to identify them. The 
possibility still remains that the assumption of the subseismic curve (b) 
as a combination of the two types of wave forms may not be a valid one. 

In lieu of a better indication of the phenomena, it is suggested here 

that Sauer's subseismic equations be considered to predict the peak 
velocity that can be generated by any combination of the Type I and 
Type II wave forms. Thus at a given range, by subtracting algebraically 

the peak velocity of the superseismic case from that of the subseism:c 

case, the peak velocity of the Type II wave form (ú^ of Figure 2.6.2) 

can be found directly. 

For use in some applications this approximation might be overly 
optimistic. In the design of shock isolation systems, however, this 
optimism in the strength of the input will probably be more than offset 
by the usual practice of neglecting the internal friction of materials, 

the drag force exerted by the atmosphere, et cetera. It should be 
noted that small damping forces can reduce appreciably the response of a 
system to a shock of oscillatory wave form such as that of the Type II. 

It must be constantly borne in mind that all prediction methods are 
based ultimately on tests conducted at two specific sites whose 
geological formations are not typical of those at any known underground 
installation. Farther, insufficient data were obtained to permit an 
explanation of many of the observed phenomena even at the test site 
conditions. In each of the many reports presenting the test data and 
attempting to formulate some general rules-of-thumb, the authors 
repeatedly point out the limited conditions under which the data were 
obtained and. urge the utmost caution in applying the results elsewhere. 
Nonetheless, these empirical methods are the only bases on which the 
isolation system designer can estimate the strength of the shock input. 

As a design procedure, therefore, it is recommended that the magni¬ 
tude of each parameter of the Type I and Type II wave forms be 
established as a range of possible values rather than as a single number. 
The breadth of the range will depend on the extent and accuracy of the 
geological information available on the site, the complexity of the 
soil formations, and the proportions of the Type I to the Type II wave 

form expected at the point of interest. 

Thus a family of composite wave forms is constructed to represent 
the ground motion racher than a single wave. The envelope of their 
response spectra can the.” be employed in the design of linear isolation 
systems. It ;¡iusc be remembered, however, that all high-frequency 
components have been deleted from the synthesized wave forms so that the 
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response spectra are valid only in the low-frequency range. 

This procedure is discussed in greater detail in Section 5.0, 

Isolation System Design. 
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2.7 Soil-Structure Interaction 

The designer of shock isolator Lems requires knowledge of the 

shock input to equipment items of interest at various .Locations within 
the hardened facility. This input results from the primary structural 

response of the facility to the blast-induced ground (and/or air) shock 
loading, and will be referred to as the structure-shock environment. 

Specification of this environment, in turn, requires knowledge of the 
•Pr-ee-field shock environment (i.e. , the motion of the ground in the 

absence of the structure) and pertinent dynamical properties of the 
structure. Determination of the response of a structure embedded in a 
medium such as soil or rock to the free-field environment is complicated 
due to the dependence of the ground-transmitted forces on the relative 

motion of the medium and structure. For this reason, the response problem 
is refeiicd to as one of structure-medium interaction. Other complicating 
factors include the little understood dynamical properties of real media, 

and the physics of load interaction through detonation of high yield 

nuclear weapons. 

During the last few years, a number of analytic .1, and some 
experimental, studies of the structure-medium interaction problem have 
been undertaken. Among these, the work of Robinson (References 2.28, 
2.29), Baron, Bleich and Wiedlinger (Reference 2.30), Pao (Reference 
2.31), Soldate and Hook (Reference 2.32), and Morrison (Reference 2.33) 
should be noted. No attempt is made here to generally review the studies 
as these reports are all readily available. S’.iffice it to say that the 

analytical difficulties are enormous and., as a result, none of the 
studies cited has so far produced an adequate description of the structure 

shock environment. It should be noted, also, that most studies to date 
have been directed toward the structural design problem, the structural 

shock environment being of secondary concern. 

It is intuitively clear that the structure shock environment will 

differ from the free-field environment inasmuch as the dynamical 
oroperties of the structure can be expected to differ substantially from 

those of the medium it replaces. The nature of this difference is not 

so easy to anticipate. One of the first analytical solutions to a 
related probiem was that of the response of a rigid silo-like inclusion 

in an elastic medium acted on by a harmonic disturbance. This solution 
showed that the inclusion tended to follow the motion of the medium for 
excitations of long wave length compared to the diameter of the silo, and 

was not responsive to excitations of short wave length. In terms of 
frequency, the structure thus was shown to attenuate the high-frequency 

components of the free-field shock environment. 

This result is plausible and, for lack of better information, has be u. 

extended to actual design situations by assuming that the structure 
shock environment can be characterized by a shock spectrum which is some 
fractional multiple of the free-field spectrum c/er the entire frequency 

range of interest. This constant multiplier, in terms of which is 
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embodied the entire structure-medium problem, in the past has been 

included among the system design criteria. That is to say, no 
computational scheme for its determinativ . known. Obviously, there 

is question as to the legitimacy or such an approach. 

The complex stress pattern produced by the impingement of a wave 

of irregular form on a cavity or structure within a real soil has 
necessitated many simplifications in treating the problem analytically. 
The mathematical model frequently studied, consists of a two-dimensional 

cylindrical cavity, lined or unlined, in an elastic medium and engulfed 

by a plane shock wave with a step pressure distribution in time. x.. 
view of the previous discussions in this Section on the nature of the 

ground wave, the inhomogeneities of the media at most sites, and the 
inelastic behavior of many soils, the gross differences in ohe mathe¬ 

matical methods and the actual conditions are readily apparent. 

Some studies have indicated a significant amplification of the 

free-field motion at certain locations on the surface of a cavity or 

lining throughout specific frequency ranges. For example, Baron 
(Reference 2.30I in presenting amplifications of responses duetto zero 
rise-time shock'waves, suggests his factors be used in design particu¬ 
larly for installations in which the shock mounted equipment has high 

frequency components". On the other hand, Reference 2.34 notes that 
on the basis of a limited study of responses to waves Ox finite rise 
time, the trend indicates "an attenuation of the high frequency end of 
the free-field spectrum while in many instances the low irequency end 

is amplified". 

Very few studies consider the soil as an elastic-plastic medium 

and thus neglect a significant damping factor. While rock may be 
considered to respond elastically at moderate pressures, most actual 
installations in rock are surrounded by a layer of frangible material 

to minimize damage due to spalling. In these cases an attenuation of 

high frequencies could also be expected. 

Despite the work done to date in this difficult field, the designer 

is afforded little guidance in evaluating the effect of »oil/structure 
interaction. Until such time as more applicable information becomes 

available, therefore, it is recommended that he assume that the free- 
field motion applies to the shell lining. For unlined cavities in rock, 

Baron's results (Reference 2.30) should be reviewed before a final 
decision is made. It must be remembered, however, that the wave front 

used in Baron's analysis had a zero rise time. For the case of a 
pressure wave with a finite rise time, the intensity of the high 
frequency portions of the spectrum would be substantially decreased. 

In those cases where the isolation system is attached noo to the 

shell lining but to a secondary structure, the designer is cautioned to 

determine the response, of the secondary structure at the point of 

attachment. 
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Section 2 - Notations 
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APPENDIX 2-A 

UNCLASSIFIED WEAPON TEST REPORTS RELATED TO 
FREE-FIELD GROUND SHOCK 

TEST OPERATION W.7. NO. 

JANGLE 1.1 388 

JANGLE 1.2a-2 385 

JANGLE 1.2b 364 

DATg TITLE 

10/52 Ground Acceleration Measurements 

3/52 Transient Ground Mechanical 
Effects From HE and Nuclear 
Explosions 

7/52 Close-in Ground Measurements 

JANGLE 1.5a 382 

JANGLE 1.5b 326 

JANGLE 1.6 353 

JANGLE 1.7 357 

JANGLE l(8)a-l 327 

JANGLE 1.9 358 

JANGLE l(9)a 380 

JANGLE 1.9-1 328 

JANGLE 1.9-2 378 

JANGLE 1.9-3 350 

JANGLE 1(9)-1 377 

JANGLE 3.29 336 

BUSTER- 302 
JANGLE 10.10a 

7/52 Transient Ground Displacement 
Measurement 

7/52 Detection of Time of Arrival of 
First Earth Motion 

7/52 Earth Displacements (Shear Shafts) 

8/52 Ground Acceleration (Shock Pins) 

10/52 Seismic Refraction Studies for 
Nye County, Nev. 

7/52 Theoretical Studies of Under¬ 
ground Shock Wave 

8/52 Ground Acceleration, Ground & 
Air Pressures for Underground 
Tests 

7/52 Application of the Kirkwood- 
Brinkley Method to the Theory of 
Underground Explosions 

7/52 Notes on Surface and Underground 
Bursts 

7/52 Predictions for Underground Test 

7/52 Scaled HE Tests 

7/52 Engineer Soil Mechanics Test 

7/52 Attenuation of Earth Pressures 
Induced by Air Blast 

ORG. 

NOL 

BRL 

AFSWP/ 
Sandia 

NOL 

DT 

OCE 

MIT 

UGC 

UCRL 

SRI 

RAND 

RAND 

SRI 

SRI 

MCE 

Sandia 

2-70 



AFSWP 

Tpgr OPERATIGn 

JANGLE V 

JANGLE V 

JANGLE V 

JANGLE V 

JANGLE V 

TUMBLLK 1.7 
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3.1 Introduction 

General methods of analyring the behavior of dynamic oystems 

have been treated thoroughly ^ the litt- cure and while in some 
cases detailed procedures may be complicated, the basic theory is easixy 
developed from first principles. In the design of systems for under¬ 
ground protected structures, one of the major problems arises from the 
lack of time in which to select the most appropriate procedure, to set 

up the problem in proper form, and to perform the required algebra. 

This Section is included in the Design Guide to review the more 

useful methods of analyzing the dynamic response of isolation systems, 
to discuss briefly the underlying theory and to work out solutions for 

the general cases most frequently used. It is hoped jU this way the 

job of the isolation system designer will be expedited. 

Shock isolation systems fall under the general category of "systems 
with constraints", i.e., mass particles of Isolation systems are not 
free, but must adhere to paths and boundaries prescribed by the nature of 
the imposed constraints. In general, they can be further partitioned 

into two broàd classifications, namely: 

. Multidirectional, single-macs cyctems (Figure 3-1-1) 

. Multimass, unidirectional systems (Figure 3-1-2) 

The general case is a combination of these classifications (Figure 3-1-3)- 

In all three cases, the masses may be rigid or flexible. 

Figure 3-1-2 

Multimass, Unidirectional 
System 

Figure 3.I.I 
Multidirectional Single 

Mass System 

Figure 3-1-3 

Multime.ss, -lultidirectional 

General System 
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Another method of classifying the entire range of shock isolation 
systems is based on the nature of the mathematical representation of the 
system, as follows: 

. Linear Systems - systems whose physical behavior can 
be represented, within engineering approximations, 
by linear ordinary differential equations with 
constant coefficients. 

. Rheolinear Systems - systems whose behavior can be 

approximated by linear ordinary differential 
equations with coefficients. 

. Nonlinear Systems - systems that require the use of 
nonlinear ordinary differential equations for an 
accurate representation of their behavior. 

The properties of an isolation system which cnaracterize it as linear, 
rheolinear, or nonlinear are determined by the isolator elements them¬ 

selves; the general configuration of the entire system; and the approxi¬ 
mations acceptable in establishing the mathematical model for the 

physical system. The various classifications discussed above are listed 
in Figure 3.1.4. 

Multidegree-of-Freedom 

Isolation Systems 

Figure 3.I.4 
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The response of any dynamic system to a defined shock can be 

theoretically determined cn.ce the equations of motion, explicitly 
expressing all significant forces and accelerations, have been written. 

The principal problem, of course, iiec ■: adequately defining the shock 
input and in ensuring that the mathematical equations are sufficiently 

complete to describe the physical system, within the desired accuracy. 
Section 3.0 of the Design Guide is primarily concerned with the mechanics 

of setting up the equations of motion for several systems typical of 
those frequently employed in underground protective structures. The 
meuiods advocated require that the input be given as a shock spectrum 
in the analysis of linear and rheolinear systems, or as a time history for 

nonlinear systems. In all cases considered, the flexibility of the suspended 
mass has been neglected and the body is assumed to be rigid. The properties 
of dynamic systems have been defined and are presented in matrix form. The 
general equations of motion for linear and nonlinear systems are then 

presented. 

Six examples of multidegree-of-freedom, rigid mass undamped, linear 
shock isolation systems have been defined and solved. Equations of motion 

for the same six examples have been set up. including pendulum motion in 
one plane, for the rheolinear classification. The cases studied include 
isolator elements with and without shear stiffness components, and with 
symmetrical and unsymmetrical supporting systems. The designer may use 
the results of these examples directly by substituting his coefficients 
in the final matrix equations and completing the solution. It is evident 
that the solution of the completely coupled, six-degree-of-freedom case 
becomes very tedious. It is anticipated that the designer will use a 

digital computer in these instances, and for this reason severed, equations 
can be applied to any simple case by ignoring the unwanted terms. 

Three particular aspects of the design of nonlinear systems have 

also been considered in this section. Many nonlinear isolation systems 
can be uncoupled and reduced to several independent single-degree-of- 
freedom systems. Further, force-displacement characteristics of many 
nonlinear isolators can be approximated by two straight lines. Yet the 

solution of even the bilinear system problem becomes time consuming if 
the response to several inputs of complex wave form ore to be determinad. 
In this sectiun, the peak response of a wide variety of nonlinear elements 
to a broad family of synthesized wave forms has been computed by electric 
analog and plotted so that the resonse can be found airectiy. Further 
the optimum system dimensions can be determined for given input and output 
requirements. In using these curves it must be remembered that the 
maximum responses were obtained for a specific group of wave-form com¬ 
binations. However, the range of parameters was sufficiently broad to 
encompass most practical cast.; and the curves should be of value in 
selecting an isolator of nearly optimum proportions. The dimensions so 
obtained can then be used in a formal analysis to obtain the response to 
the actual shock. 
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The effects of nonlinear coupling in the popular pendulum type 

suspension system are also emphasized in this section. The results 
of a computer solution of the two-degree-o-f-freedom case indicate 

that amplifications of angular displáceme. ' by factors greater than 
three above that predicted by the linearized solutions are possible. 

The importance of including the nonlinear coupling terms in the 
analysis of all pendulum type suspension systems is clearly evident. 

In a subsequent subsection, rheolinear equations of motion are 

set up for the six-degree-of-freedom pendulum system. The simplification 

has been made that the pendulum motion is planar so that care must be 
exercised in selecting the coordinate system in order that the horizontal 

shock occurs in the pendulum plane. If the restoring force due to the 
isolator in the pendulum arm is not linear, the nonlinear characteristic 

can be introduced Into the equations. 

3-6 
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: 

I 
t:: 

!!' 

3.2 Multidirectional Rigid-Maas Systeme 

3.2.I dynamic Behavior of a Rie^ Body 

A rigid body is a system of mass particles In which the 

distances between the various mass points of the body always remain 
constant. In general, six independent coordinates are required to 
define uniquely the position and orientation of a rigid body iu space. 
Three translational coordinates soacify the position of any point in 

tue body and three additional angular coordinates fix the angular 
orientation of the body with respect to the point. A rigid body is thus 

said to possess six degrees of freedom. 

The equations describing the motion of a rigid body in space are 

developed from Newton's second and third laws for translation of a single 

mass point (References 3<1> 3-2). 

Translational motion of a rigid body is governed by the equation 

F ■ mS (l) 

where F = resultant of all external forces acting on the body 

m « total mass of the body 

S » acceleration of the center of mass in a fixed coordinate system. 

Rotational motion of a rigid body is governed by the equations 

and 

Mo Ho 

He 
(2) 

where. 
Mq - moment of the resultant of all external forces acting 

on the body about any fixed point, 0. 

Hq " time rate of change of the moment of momentum of the mass 
center about the fixed point, C. 

Mc » moment of the resultant of all external forces acting on 

the body, about the mass center. 
» 

Hc = time rate of change of the moment of momentum of the mass 
about the mass center. 

For a rigid body moving with respect to a fixed coordinate system 
X y s, having a second moving coordinate system »i yj. located with it* 

origin at the mass center and axes fixed in the body coincident with its 

principal Inertia axes, the equation 

Me “ ^ 

reduces to Euler's equations. (Figure 3.2.1.) 
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• • 

r 

Figure 3.2.I 
Rigid Body in 3-Dimensional Space 

Mxi = (ixx)i ?X1 + [(17.7.)-1 - (Iw)i”I ¿-ir.. 

=! ^yy^i^yi 4 ^xx^i - (Izz)ij0x1 0Zl (3) 

MZi = (Izz)l 0zx + [(^)1 - (Wij 0xx 0yx 

If the angular velocities are small in comparison with the angular 
accelerations, Euler's equation., may be approximated: 
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(4) 

where all quantities are expressed in terms of the moving coordinate 
system (xj,, yz^). If the displacements of the body also are small, 

the fixed coordinate system can be taken coincident with the moving 
cooi'dinate system, so that the equations for translation and rotation 

can be expressed in the same coordinates. 

In matrix form, the equations of motion for a rigid body undergoing 
small relative displacements are: 

(5) 

where r 

it 
X 

0 (Vi 0 

0 0 (lzz)i 
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l 

X1 

,yl 

3*2.2 The Stiffness Matrix of an Isolator 

The stifíuêbB matrix of an isolator may be defined by its 
typical element cjj which represents the restoring force in the isolator 

in direction i due to a unit deformation of the isolator in direction 

Consider any general Isolator located in a Cartesian ¿ve -em of reference- 
(x,y,z); then, provided the isolator is a linear isolator governed by 

Hooke's Law, i.e., displacements in any direction are proportional to 

the e „ing forces, the components of the restoring forces acting on the 

is- .tor, in directions x, y, and z due to deformations S , S , and 

¿ z are given by equation (6). * y 

F. 

F., 

XX * x + cxy S y 

yx 8 x + cyy 8 y 

cxz * 

+ c 8 
yz z (6) 

ï + 
ZX X czy 8 y + pzz 6 z 

In matrix form, 

of the isolator and is'‘gil 
{F} “ [°] r} > where [C1 is the stiffness matrix 
s given by ' J 

[*] 
"XX 

cyx 

-zx 

cxy c xz 

cyy cyz 

czy czz 

Denoting x, y, and z by using the numerical notations 1, 2, and 3 

respectively, 

H 

cll 

C21 

J3I 

-12 -13 

c22 c23 

c32 c33 

(7) 

In general, an isolator has three principal directions: the axial 
direction, and the two orthogonal lateral directions perpendicular to 
the axial direction. The stiffnesses corresponding co these principal 

directions are respectively referred to as the "axial stiffness" and the 
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"lateral stiffneea". These so-called "principal stiffnesses" of the 

isolator completely define its elastic properties. However, to obtain 
the stiffness matrix of an isolator, -he additional parameters, i.e., 
the inclinations of the principal ax. : of the isolator to the related 
Cartesian reference system, are required. If the principal axial 
directions of the isolator are parallel to the Cartesian reference 
system, the elements c^ (i ^ j) of the stiffness matrix re] all 
vanish and the stiffnessinatrix reduces to: 1—' 

cxx 0 0 

where c^, Cyy, and czz are the three principal stiffnesses of the 

isolator. This implies the shear stresses are zero on the principal 
stress planes of a structural element. 

It often happens in practice that an isolator does not have all of 
its three orthogonal principal directions coincident with the Cartesian 
system of reference. It then becomes necessary to evaluate a new stiffness 
matrix of the isolator, with all its shear components, in terms of the 

three principal stiffnesses with the angles of inclination defining the 
location of the isolator principal axes with respect to the reference 
-system. 

For the sake of illustration, consider an isolator with principal 
stiffnesses c , c , and czz located such that the axial direction 

defining c^ is inclined at“an angle e to the x axis of the reference 
system, and lying in the xy plane. The 'z' axis of the reference system 

is parallel to the principal direction of the isolator defining stiffntás 
cZ2. The above system can be reduced to an equivalent system consisting 
of three isolators, possessing axial stiffnesses only, and located such 
that each isolator coincides with the corresponding principal direction 
of the original isolator (Figure 3.2.2, page 3-13. 

Since linearity of the isolator has been assumed, a superposition of 
the three unidirectional isolators is valid. Then, considering an isolator 
with axial stiffness only, inclined at an angle of tí to the x-axis 

(positive direction as shown) and lying in the xy plane, a linear trans¬ 
formation is obtained as follows: 

and 
F - S x cos e Cxx 

Fx = F cos 0 = c^ S x 

»*. ^xcos 6 cxx cos ^ R cxi ^ X 

(8) 
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Figure 3.2.2 
Isolator in xy Plane - Principal Directions 

Not Coincident with Reference Axes 

f’ 

ci* y y 
F, 

Sx 
►X 

h 
► rx 

F 

(a) (b) 

Figure 3.2.3 

Uni-Axial Isolator in xy Plane 
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■ F sin Ö “ -C21 ^ X 

8 cos 0 cv„ sin 9 ■ 

c21 * - 5 Cxx sin 2 9 (9) 

F ■ - 8 sin 9 cvv. y XX 

Fy = F sin 0-- c2g 8 y 

- Sy sin 9 cxx 8in 9 “ “ c22 8 y 

Cgg - Cxx sin2 0 (LO) 

Fx - F cos 9 - Sy 

- 8^81119 0^ 003 9 .0^«^ 

•\ C^g “ “ ■§ CXX 8^n ^ 9 

Hence the stiffness matrix for an isolator with an axial stiffness c^ 
and inclined at 0 to the x axis, as previously explained, is given by: 

cxx c082 9 " § cxx 8in 20 0 

1 2 
- c^ sin 20 Cjm sin 0 0 

0 0 0 

(12a) 

The isolator with axial stiffness Cyy has an angle of inclination equal 
to 90 ♦ 0. Hence, making the necessary substitutions 

Cyy sin2 0 i Cyy sin 2 0 0 

I cyy Bin 20 Cyy cos2 0 0 

0 0 

(12b) 

The complete stiffness matrix for the isolator with principal 
stiffnesses c^, Cyy, and czz for an angle of ’nclination 9 is then 

3-13 
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Poïîc»rsy a suramatlon of equations (12a) and (12b) and including c2i. as 

1 ^ 

H¡ 

CxxC062G + CyySin2© L 'j (cw - cvv) 
yy XX' 

sin 29 (cw - c^) cvvsin2e ♦ c„ cos2 9 
XX yy 

0 

0 

;zz 

(13) 

If Cjgj and Cyy are thought of as principal stresses, c,, and CpP 

as normal stresses on a plane whose normal is inclined at an angle 9 to 
e principal plane of cxx, and c^p and c?1 as the complementary shear 

stresses, then it is apparent that the above linear transformation is 
exactly equivalent to the Mohr'; circle transformations in examples of 
plane stress. 

The problem may also be approached by linear transformations 
associated with rotating the reference system about one of its axes. 

Thus, if X, y, z are the coordinates of a point in any Cartesian system of 

reference, the coordinates of thic same point x*, y*, z* in a new reference 

system obtainea by a rotation 9 of the reference system about the original 
z axis are given by the relationship 8 

cos 9 sin 9 

-sin 9 cos 9 

0 0 

0 

0 

1 

x 

y 

or 

{*t- H {*} (l'+a) 

A similar transformation for a ’'ot=+ion ^ .. .. .. . 
-a y one y aAi.ö y.LCXab I 

cos 0 0 -sin 0 

0 1 c 

sin 00 cos 0 

or 

(4 - My {2} U1*) 

If the transformation about the y axis is performed after the 
transformation about the z axis, then 

isl-y - r»]y [»]. {*} - M {i} (14c) 
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where 

M = Hv hX cos 0 cos Ô cos 0 sin 6 -sin ¡¡T 

-sin w cos Q 0 

cos 0 sin p ^ - 0 sin 0 sin Ö 

It may be noted that [d] in orthogonal, i.e., - H'1 • 

Then in general, the transformations for forces and displacement may 

be obtained thus: 

(15) 

and 

K} ■ W; 

M (e) 

■ [“] W 

• H {£} 

However, from equation (ó), |f } * [C1 {S1 

•••[”]{-} 

{F*} 
.-. [=♦] 

[■>] 
[»] &] 
t][c]tr (16) 

because M M {«1 from equation 6. 

The above transformation gives the stiffness matrix of any isolator 
.in a three-dimensional space. Thus, if £cQ is the principal stiffness 

matrix, then ¡"cl _ is equal to: 

(Cxxcofl2« ♦ ♦ czzi 

¿iP^ÍCyy - Cjy.) COB / 
. 2 

(cxxGoafy CyyBLn2^ - czz8in2y) 

aln20j i 

][ 

icw " cx icosjpj ^(cjtxcos^ ♦ CyyBin20 - czz) 

cvvain£:Ö ♦ c,r„co8ctí J |8^^( cyy " cxx^ sin ^ -] 
1 slngtffc^ . j^c^ooa^ + cjyBln29) Bin2f! + czzcus‘:íj 

(17) 

It may be noted here, that for linear isolators, the stiffness 
matrix is always symmetrical. 
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3-2.3 First Moment of the Stiffness Matrix 

The first moment of the stíf?n<=ss matrix of an isolator is 
a matrix which can be defined by its t>. cal element b^ which represents 

the resultant restoring force in the isolator, in direction i, due to a 

unit rotation of the isolated mass about an axis through the mass centroid 
i.n direction j. Further, since c^j = Cj^, b^ also represents the 

resultant moment of the restoring forces in the isolator about an axis 
through the mass centroid in direction j, due to a unit displacement of 
the mass centroid in direction i. Then using the Cartesian coordinate 

system as shown in Figure 3-2.4 for an isolator whose point of attachment 
is distant (r^, rg, r^) from the centroid of the suspended nass, the [b] 
matrix is given by the vectorial relationship 

b = c X r, that is: 

y 
z 

Figure 3.2.4 

Coordinates of Isolator Attachment Point 

For a linear isolator, the components of the restoring forces acting 
on the isolator in directions -, y, and z due to angular rotations Sn 
and S-, at the mass centroid are as follows: ” 
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Fx = bi;L + 

F » b ^ 
ry 21 ^ 

F2 “ ^31 ^ + b32 + b33 

U9) 

In matrix form {f} = [b] {¢) where [b] is the 
stiffness matrix of the isolator and is given by: 

first moment of the 

bH b12 b13 

W b21 b22 b23 

b31 b32 b33 

(20) 

The components of the r^e+oring moments of the isolator in directions 
o( p and ft due to displacement 8 8 and 5 ., of the centroid of 

the mass are as follows: 

(21) 

(V)*'(s) where [VI*' is the transpose of the In matrix form 

first moment of the stiffness matrix [b] . Since the first moment of the 

stiffness matrix is not necessarily symmetrical, DO is not necessarily 
equal to [V]b . It is clearly seen that the [b] matrix for a given 
isolator is completely defined:by its related stiffness matrix [V] ; and 

the location of the point of attachment of the isolator with respect to 

the centroid of the suspended mass, as defined by rp r2, and r^- 

3.2.4 Second Moment of the Stiffness Matrix 

The second moment or the stiffness matrix of an isolator is a 

matrix which can be defined by its typical element aj- which represents the 

resultant moment of the restoring forces in the isolate! about an axis 
through the mass centroid in direction i, due to a unit rotation of the 
isolated mass about an axis through the mass centroid in direction j. Then 
using the same Cartesian coordinate system as before, for an isolator whose 
point of attachment is distant (r1, r2, r^) from the centroid of the sus¬ 

pended mass, it can be shown that 

ell = r2b31 - r3b21 ei2 = r2b32 - r3b22 e13 = r2b33 " r3b23 

621 = r3bll - rib31 e22 = r3b12 ■ rlb32 e23 = r3b13 " rlb33 
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For d linear isolator, the components of the moments of the restoring 
forces of the isolator in directions at , p , and Y produced by 
angular rotations , , and 8^ er* r.- follows: 

M X :i ell + e3I! ^ 8 

My “ e218«( + e22S^ 

M z “ e. + e 

4 e23 87 

+ e f „ 
33 ^ 

(23) 

31 <* ' ' 32 

In the matrix form {m} = [e]^} where ft] is the second moment of the 
stiffness matrix of the isolator and is given by 

H 

'11 12 -13 

221 e22 -¿j 

e 
31 c32 e33 

(24) 

The [ej matrix is completely defined by its related stiffness matrix £c] 
and the coordinates (r^ r2, r^) of its point of attachment. It may be 
noted here that, for a group oí isolators acting on the same mass, 

M - E H ! W » 2 M »1 M -EH 

3.2.5 Restoring Force System Due to Isolators 

From the definitions of a stiffness matrix, the first moment 
of a stiffness matrix, and the second moment of a stiffness matrix of an 
isolator, the total restoring force system due to a group of isolators 
acting on a rigid body whose centroid is displaced by the coordinates x, 
y, and z and rotated by angles oí. , ^ , and Y , is given by a resultant 

restoring force and a resultant restoring moment due to all the isolators, 
as follows: 

Fz 
I- 

m; 

e- - p-~ 
XX ~x¿ ■J-d 

21 

:31 

C22 C23 

C32 C33 

M. 

M„ 

bll b21 b31 

b12 b22 b32 

13 b23 b33 

P 

"11 "12 "13 

21 

31 

b22 b23 

b32 b33 

or 

(f) 

{m} 

= Ic3 is} + IB] U) 
= iBjh {sj + [e] U} 

K 
i0> 

11 *12 «13 

21 c22 

e3l e32 

"23 

ä33 

r» 
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where [c] > [XI 811(1 [Xj evaluated as previously discussed. These 
eo;,iatlons are general and apply to any Isolating system irrespective 
of its orientation provided the cv.'-c- values of the components of 
the stiffness matrix are considered. 

A few special cases, commonly encountered, are illustrated below, 

assuming the isolators to have axial stiffnesses only. 

Springs in x direction: 

H X 

[»] X 

H X 

cn 0 0 

0 0 0 

_0 0 0 J. 
0 b12 

0 0 0 

000 

0 0 0 

0 *22 e23 

0 e32 e33 

(bi2) = r3cnj * 'r2cU 

(e22)x = ^e23^x = r3b13 

(e32)x “-r2bi2i *>e33)x =-r2bi3 

Springs in y direction: 

~b 

0 

0 

°22 

0 

*11 0 

0 0 

*31 0 

*13 

0 

(b2i)y ='r3c22> (^23)y “ rlc22 

(*ll)y " "r3b21’ (*13>y “ _r3b2i 

(*3l)y c rlb21' (e33V “ Tl 'c :i 
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Springs In z direction: 

0 0 

[=1 - 

H, 

0 

0 

0 

0 

33i 32 

H, 

'll 

321 

0 

c12 

e22 

0 

c33_ 

0 

0 

0 

0 j 
i 

0 

0 

As a consequence there results: 

IVU EFcl. 

‘'ll 

0 

0 

22 

0 

0 

0 

=33 

[b]= E[b]- 
B12 B13 

21 

LB31 d32 

23 

0 

"11 

c_ 
tLcl 

C33 

B12 

B21 

V 

^b31^z = r2c33> (^32^ = 'ric :33 

(ell)z = r2V (ei2^z = r2b32 

^e21^z = ■rlb31; ^e22^z = -rlb32 

2 (cn)x = Kx 

^ (<Wy = S 

E (c33)z E Kz 

^ ^b12^x 3 Bi3 = 2 ^b13;x 

^ ^b21^y 1 B23-2 ^23^ 

^ ^31^ ) B32=2 (b32^, 

a Ei2 ei3! 2('u)y 

■ £(=21)7. 
- £(=31) , E 

12 ■ £ (el¿)z 

£ (e32>x 

, E 
13 

e?2 ■ £ (e22)x * £(=22)2 , E^j - £ («?3)v 

33 (=33)* ■f £ (=33) 33'y 
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Then the total restoring force system due to all isolators becomes: 

?x * Kx X * p £ (b^. + -f £ (b13)x 

Fy ■= Ky y + a £ (b21)y •» 'Y E (b23)y 

Fz - Kz z + oc£ (b31)z + Ê £ (b32)z 

Mx - y 2 (b21)y + z 2 (b31)z + * Œ(eu)y + z (eu)z ) + ¢1] (e12)z + 7 ^ 

My “ + Z 2(t32)z *■ «tl](e21)z + ^ (S (e22^x + ^ ^e22^z ! +fy5^ ^e23^x 

Mz = *E(b13)x+ YE(b23)y + *£(e31)y +S(-.3)y) 

In particular, if the isolators are arranged in a symmetrical manner 

about the centroid of the mass system in each of the three coordinate 

directions, all points of attachment being co-planar with the centroid 

in a plane parallel to one of the reference planes, then: 

- KxX 

* K Y 
y 

= K Z 
z 

= a £ (eii)z 

“ $ £ (*22^z 

■ ■’'fc *E(«33)y} 

Tiic Equations of Motion of Multi de ^ cc-of-Freedom Isolation 

Systems 

The behavior of any isolated system can be regarded in general 

as that of a free body acted upon by the restoring forces developed by the 

isolators. The motion of such a general system can be conveniently 

defined by an Instantaneous displacement of its centroid together with an 

instantaneous rotation of the entire system about its centroid, as 

compatible with the imposed constraints. Such a system possesses six- 

degrees-of-freedom, and can be defined by three generalized linear 

displacements and three generalized angular displacements. 

M.. 

'z 

3-2.6 
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Because of the physical characteristics of the isolators, it may 
be assumed that the system performs small oscillations about a stable 

position of equilibrium. The motion of the centroid of the system may 
be referred to an inertial reference ay»;: - , whereas the motion of 
the system about its centroid may be referred to a moving reference 

system parallel to the former. The positive sense of both these 

reference systems is oriented counterclockwise and directed downward. 
The twc systems of reference may be connected by various kinematic 
devices, such as in the pendulum, discussed later in the text. 

The support to which the entire mechanical system is connected 
by the isolators is subjected to a transient impact of short duration. 
As a result, additional forces and moments are developed in the 
constraints. The isolated body may be assumed to be rigid without any 

loss of generality and for the purpose of setting up a mathematical 
model to describe as closely as possible the behavior of the physical 

system and its performance under shock. Then the general, equations of 
motion of such a system are obtained by equating the inertia forces to 
the sum of the restoring forces that are due to the isolators and the 
gravity field (if any), and the constraint forces developed by the 
isolators due to the transient shock applied to the base. 

The evaluation of these various forces is made by summarizing 
previous results as follows: 

The Restoring Forces: Assuming no motion of the isolator supports, 
the forces acting at the center of mass and the moments about the center 
of mass due to the isolated system are given by equation (25) as follows: 

M ■ loj is) ■* a f?! 
¡Ml - [«¡‘M . s (71 

The Forces of Constraint are developed by the isolators because of 
the shock transmitted to the system. The shock may be described by the 
associated displacement of the base [sj , and the rotation of the base 

\Pgl . Assuming no motion of the body, the forces of cor-twint due to 

motions of the isolated system supports may then be expressed similar to 
the restoring forces, as follows: 

The Inertia Forces System as given by equation (5), is as follows: 

Dynamic Force = [m-! (Ü ] 
Dynamic Moment 
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The Equations of Motion are then obtained by the algebraic 

summation of the dynamic forces, the restoring forces, and the forces 
of constraint, and equating the r"? ' ^ zero. Another set of equations 
is obts 'd by equating the cum of 1...0 moments due to these same forces 

to zero, as follows: 

[m|[s] ♦ [C] ÍS - SQ} + [fi] [ 0 - 0o] * 0 
(26) 

Since the response spectrum of the shock is in terms of relative dis¬ 
placement, it is convenient to transform the above equations to relative 

coordinates by the relationship: 

The equations of motion in relative coordinates are 

Mi« , r¿us$ , [b]{k]. 
(27) 

MW * H*«* HW- -MW 
The sign ~ on the terms of the right hand side of the equations has been 
omitted for clarity and simplicity, without any loss of generality. 

The above discussion pertains to small displacement theory only. If 

large displacements are anticipated, care must be taken in representing 
the configuration of the system and to incorporate any additionally 
required parameters in the equations of motion. Typical cases, where 
additional constraints may lead to large displacements, are the pendulus 

and the double pendulum. Additional equations and/or forces must be 
provided in such cases to more accurately describe the modified configu¬ 

ration. Moreover, since the orientation of the principal directions of 
the stiffness matrix will also be appreciably altered by large displace¬ 
ments, the stiffness matrix together with its first and second moments 

must be recalculated for the new condition. 

3.2.7 Uncoupling Requirements for Multidegree-of-Kreedom Systems 

As already discussed, many shock isolated masses may be 

treated dynamically as simple rigid bodies supported in a gravity field 
by elastic constraints. When disturbed from rest, the resulting motJ '. 
of the rigid body at any instant may be resolved into a transition of 
its centroid and a rotation about an instantaneous axis passing through 
its centroid. The vectors describing the translation and rotation will 

vary in time, both with respect to their magnitude and direction. The 
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equations of motion of this system, in matrix form are given by 

equation (27) as follows: 

M fás * r=i {s¡ * ;'b] [¢5 - - Hivi 
;x] m * w1 (¾ * a W ■ ■ H1¾} 

It is apparent from the above equations that the translational motion 

and the rotational motion are not independent, but are coupled. 

The translation and the rotation may be made independent of one 

another, resulting in an uncoupled dynamic system, if the first moment of 

the stiffness matrix ÍBi is zero. The equations of motion are then 

reduced to the form: 

H ffl ♦ H M ■ -["] 1¾ 
H IW ‘ W \f\ - -0(¾ 

The condition [b] - 0 infers that the centroid of the stiffness matrix 

coincidee with the centroid of the suspended mass. 

The motions of the isolated mass in translation as well âs rotation, 

although now decoupled, are still not completely independent since the 

components ofT, as well as the components of are interrelated. To 

further simplify the motion of the system by making all_of its coordinates 

independent of one another, it is necessary that the , |Ej , and [ij 

matrices be diagonal, i.e: 

[c: 

-2 c 11 

0 2i Cg2 

0 2 c 

0 

0 

33 J 

r^-xi 

r 

0 1 

0 2cp2 0 

XX 

0 

0 

0 21. 

0 

0 

•33 

0 

0 

^zz 
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The above conditions infer that the group of isolators have no shear 

components, and that the mass distribution is such that the resulting 

products of inertia vanish. The lat+er is valid if the reference axes 

are taken coincident with the print. ' -al axes of the suspended mass. 

The equations of motion now reduce to six independent equations: 

The design of e system satisfying the above conditions will be callea 

a balanced design. 

Summarizing the above results, the conditions for a balanced design 

are: 

1. The centroid of the isolator system must coincide with the 

centroid of the suspended mass; i.e., the resultant restoring 

force from all the isolators must pass through the mass centroid. 

2. The arrangement of mass about the center of gravity of the 

system must be such that the related products of inertia 

vanish; i.e., the reference system must be coincident with 

the principal axes of the suspended mass. 

3. The isolators must be so arranged that the principal axes of 

the stiffness matrix are parallel to the principal axes of the 

suspended mass. 

The physical significance of uncoupling may be illustrated by means of 

Figures 3.2.5 through 3-2.7. 

Figure 3.2.5 

Restoring Forces on an Isolf .ted Mass 
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In general, a force F1 applied through the center of gravity of a 
constrained rigid body results in a resultant restoring force Fc 
through the center of gravity, not necessarily colinear with Tlf and 
a resultant moment TQ about the cen+vi vf yavity. Likewise, an 
externaD.y applied moment will produce a resultant restoring moment 
T0, not necessarily in the same direction as T^, and a resultint 
restoring fores F0 through the center of gravity. (Figure 3*2.5.) 

Restoring Forces on a Partially Uncoupled Isolated Mass 

The first stage of uncoupling attempts to locate the isolators so 
that F0 results in a restoring force Fj., not necessarily colinear with 
F0, but no restoring moment Tj_. Likewise, T. results in a restoring 
moment Tp not necessarily in the same direction as T0, but no restoring 
force Fi (Figure 3.2.6). 

Restoring Forces on a Completely Uncoupled Isolated Mass 

The second stage of uncoupling attempts to locate the isolators 
so that F0 results in a colinear resultant restoring force Fp and no 
restoring moment; likewise T results in a resultant restoring moment Ti 
colinear with T0 but no resulta*.! restoring force. (Figure 3.2.7.) 

The practical advantages of an uncoupled system are many. Of 
particular importance to the iacility designer is the fact that, since 
the rotational component of ground shock is usually ignored in the 
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preaent state-of-the-art, an uncoupled Isolation system will move only 
in translation, thus minimizing the rattleepace, providing a uniform 
acceleration at every point on the sv^nended masa, and simplifying 
tremendously the dynamic analysis. ■m latter advantage is of no 
little importance since the more complex analysis procedures are not 
only subject to greater numerical error, but also imply a greater 
knowledge of the system and the nature of the ground shock. 

applications, the design specifications may be such that 
-sly part or none of the above requirements can be satisfied because of 
particular or specific conditions imposed. In the differential equations 
of motion for such a case there will appear certain quantities, termed 
eccentricities , representing the measure of the departure of the motion 

of the system from the ideal conditions as represented by a balanced 
design. If these eccentricities are small, compared with the principal 
geometric parameters defining the system, they may be ignored, thus 

“ approximate balanced design. However, if the eccentricities 
are Significant, they must be conserved in the equations of motion, 
leading to a partially or totally coupled dynamic system. For a coupled 
system, the necessary rattlespaces to allow the mass to move freely under 
shock are usually far larger than those for uncoupled systems in which 
all the six degrees of freedom act independently. 
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3.3 MoltImass Undirectlonal Systems 

3.3.1 Dynamic Behavior of a Multimagr, System 

A general multimass system consists of a number of rigid 

masses constrained in their motions relative to one another, by means 

of elements possessing stiffnesses, elastic or otherwise, linear or 
nonlinear. Each rigid mass of the multimass system theoretically 
commands a maximum of six degrees-of-freedom. Hence a system with 'n' 
rigiu masses can enjoy a maximum of 'ón' degrees-of-freedom. However, 

as often occurs in practice, the individual masses may be constrained, 
so that they are limited to less than six degrees-of-freedom each. A 

particular limiting case is considered in Section 3* 3> in which all the 
masses are constrained to move in one and the same direction only; this 

is the "multimass unidirectional" case, where a system with 'n' masses 
possesses 'n' degrees-of-freedom. The 'n' coordinates defining the 

degrees-of-freedom of the system are the 'n' independent translations 

of the 'n' masses, as shown in Figure 3»3«1* 

Figure No. 3-3-1 

Multimass Undirectional System 
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3.3.2 Equations of Motion of Multimaae Systems 

A multímass systrr» is govei i by the sa'ne basic equations 

of motion as a single rigid body. The equations are set up considering 

each mass senarately and applying to each the forces of constraint 
generated by the shock input, as well as by the disturbances transmitted 

by the adjoining masses coupled to it. The following example illustrates 

the procedure involved. 

Considering each mass separately, the equations of motion in absolute 

coordinates are: 

+ K ù]_ - K uQ + K u^ - K ug 

3 mg Ug + K u2 - K + K Ug - K u 

mo u0 + K "u0 - K Ug + K u-^ - K u0 
-> 0 3 

Substituting: u^ uo + U1 

0 

0 

0 

u2 

u3 

u0 + np 

Uo + U3 

the equations are: 

ml (“l + + ^ ^U1 ‘ uo) * K (¾ " “o) “ 0 

mg (u2 + u0) - K (ux - u0) + 2K (ug - uQ) - K (¾ - uQ) = 0 

m3 (u3 + u0) - K (Ug - u0) + 2K (u3 - u0) - 0 

The above equations in relative coordinates reduce to: 

rn-^u^ + 2K u^ K u. = - m1uc 

mgUg K ux ♦ 2K ug - K u3 - - mgUjj 

ui3'u2 - K Ug + 2K u^ m3Uo 

In matrix form 

I I 
1 m ' u + rK; 'u; - T 

o> 

(28) 

This is the same form as a multidirectional system and has the same type 
of solution as will be shown later. Hence, no particular distinction naeu. 
be made between multidirectional and multimass systems, except for the 

slightly modified approach in setting up the equations of motion. 
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3Forced Reeponfle of a Single-Degree-of-Freedom Linear System 

3A.I Undamped System 

The single-degree-of-T?re''lu .cem has been treated here, not 

so much as an example of practical interest, but as a step towards the 

treatment of a multidegree of freedom system. Voluminous literature 

(References 3*3-3*11) exists on the treatment of single-degree-of-freedom 

linear systems for those interested in the fundamentals of the subject. 

Considering the spring-mass system of Figure 3.1) .1,. the equation of motion 

is e^ven as 

Figure 3.1*.l 
Undamped Single-Degree-of-Freedom 

Linear System 

mx+Kx = Kx (t) 
0 

where ^ - signifies absolute coordi¬ 

nates. However, since x = x + xQ, 

the equation of motion in relative 

coordinates is 

m x + K x = - m X (t) 
0 

or 

X + -ÍL x = X (t) (29) 
m ‘ 

Substituting = —• ■ natural frequency of the system, the solution 

of the above differential equation is 

* m ( > ) sln - >) X > 
"o 

However, since the shock input is defined by a response spectrum, by 

definition, | xmay | = response spectrum relative displacement corre¬ 

spond ing to frequency >¿J n = the required rattlespace = j Düî . 

The method of Laplace Transformation has been introduced later in the 

text, for solving multidegree of-freedom s^rterns. Hence it is deemed 

appropriate to compare the solution obtained above with the solution 

obtained by using Laplace "‘rar sformation. As was obtained previously 

(equation 29), 

The conversion of this equation from the time domain (t) to the complex 

frequency domain (s) is accomplished by the Laplace Transform 

s dt 
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2 ^ 2 
where s = - '-o . This is necessary since the shock input is usually 

defined by a response spectrum which is a function of the frequency uJ , 
and not of t. Therefore, in Laplace form, assumin« initial velocity 
and displacement to be zero (ise.r-'.ice 3.3), 

2 -- / 2 • /• 

s X + o-- X *» - »¿x 
n 0 

where <£ xQ is the Laplace Transform of Xq. 

x ■"TTïïrr ^ so 

^ 'V- 
^ 8 2 - J 2 

*0 ! 

But j^SnaxI 
i -i 

:. -/ 

!Dn! 

at X 
!Dn (30) 

That is, the inverse Laplace transformation of-' 

G2 + iJ 
c( *0 

represents the maxim'im displacement of mass m for a natura 1 frequency ¿¿J 

The result will be used later in dealing with multidegree-of-freedom 
systems. 

3.4.2 Damped System 

-LL-LLLIjLJLL A ^ 

I X- 0 □ i 
I 

Tx 

The equation of motion for a 
damped linear system as showu 
in Figure 3*4.2, is given in 

relative coordinates (Reference 
3.4 )• 

mx + cx + Kx ■ -mx 
0 

where c is the coefficient of 
damping. 

Figure 3.4.2 
Damped Single-Degree-of-Freedom 

Linear System 

3-31 



SWC-TDR-62-64 October 1962 

2 
Let _£_ - 2n, K •• cJ 

m m n 

then i o 
X + 2 n X + lJn X - -X. 

Or, introducing the concept of critical damping, i.e., 
which n ■ U)n , the above equation reduces to 

x+2 SoO x+(xJ2x« - x' 
n n 0 

(31) 

damping at 

(31a) 

6 * _£_ and c„_ » critical damping « 2 \j Kin. 
ccr cr 

Applying the laplace transfonnation as before, the equaxion of motion 
for the damped case reduces to 

(s2 + 2 6 n s + (J n2) x - Xq 

The roots of the characteristic equation 

s2+2Su3n8 ♦ O0n2-0 

are 

where 

or 

s ** a + ib 

a “ - 8 _ 

b “ 2^n 'I 1 - 0 2 

[(s - a - ib)(s - a + ib)J x ■ 

ts - a)2 + b2 ] x - -jT xo 

• J" *o 

(s-a)2 + b2 

Here 

x - 
-1 ./ xo 

f(s-a)2+ b2] 

(32) 

max 
is given by a response spectrum at a damped frequency b 

and damping represented by tb® quantity 'a'. It may be noted that when 
damping is not present the above result reduces to 
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X 

-1 
_/-X Xp 

2 
n 

.which is the same as equation 
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3•5 Forced Response of Multl-Degree-of-Freedom Linear Systems 

3.5.1 Dynamic Stability 

A dynamic system, moving unie., the action of applied forces, 
is described by a set of differential equations. The solution of these 

differential equations explicitly defines the motion of the system as a 
function of time. Small disturbing influences applied to the system may 
cause it to deviate only slightly from the previous condition of motion, 

or they may cause it to depart further from this condition of motion. 
If the deviation is slight, the system is said to be dynamically stable. 

If the motion continues to increase with time, the system is said to be 
dynamically unstable. A system is considered dynamically stable only 

if it is stable for all kinds of disturbances that it is likely to 
experience. 

In case of linear systems, i.e, systems capable of being defined 
by *> set of linear ordinary diffe: ential equations, it is not necessary 

to determine the actual motion of the system in order to determine its 
stability. The stability criteria for linear systems, as defined by 
the Routh-Hurwitz stability criteria in Appendix 3*9E is a function of 
the physical parameters of the system, such as the linear dimensions, 
the mass and moment of inertia, and the stiffness of the various ele¬ 
ments of the system. However, for nonlinear systems, the stability 
is dependent on the input to the system as well as discussed in paragraph 

3.6.2.2.J. 

3.5.2 Damping 

In order to have better agreement with actual physical 
conditions, analytical discussions of dynamical problems lead to the 

consideration of damping forces. Damping forces arise from several 
different sources, but may be classified into two main groups; 
a) the internal or structural damping forces, which are an inherent 
part of the system, and b) the applied damping forces, i.e. artifi¬ 
cially created damping forces, in conformity with the requirements of 
the system. As shown in 3-^.lj the Laplace Method used in the test 

can easily be modified to consider demping as long as the equations 
of motion remain linear. In that case, however, since the usual 
spectrum is based on the response of undamped or lightly damped sys¬ 
tems, the spectrum must be modified to incorpoiate damping. Fung 
(Reference 3.12,page225) states that the difference in the peak re¬ 

sponses of an undamped system, and one containing 6$ to 7# of cri ,icai 
damping is small and can be neglected in most practical cases, this 
is not strictly true, since the amount of shock spectrum modifica¬ 

tion due to damping will depend on the type of shock waveform being 
considered. Indications exist, although not yet rigorously verified 
that the shock spectrum due to a type II waveform, as discussed in 
Section 2.0, could be appreciably effected by damping. 
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3.5.3 Methods of Analysis 

Two methods are for solving the matrix equations 

describing the motion of multidegr-..-of-freedom linearly elastic, 

undamped systems to an impulsive motion of the base. The Normal Mode 

(Modal) Method and the Laplace Method are formulated in general terms 

and illustrated by means of the same numerical example. The results 

yielded by the two methods are identical, the only difference being 

in mathematical representation- 

3.5.3-1 Normal Mode Method 

In reference 3-13 Young considers an undamped linear 

system with n degrees of freedom subjected to a -ihock. The equationt. 

of motion in absolute coordinates' are: 

K {%}+ [kJ K} = H {u0} (33) 

where the n equations of motion are expressed in a single matrix 

equation. Here 

Cm J = mass or inertia matrix 

{ vta} = absolute acceleration matrix 

{ ua] = absolute displacement matrix 

[KJ = stiffness matrix 

( u0| is the colujEn matrix of ground motion displacement. 

Since the rattlespace is defined in relative coordinates, it is 

necessary to convert Equation (33) accordingly. Hence, by performing 

the transformation u = ua - u0, where u represents the relative dis¬ 

placement of the masses, the matrix equation of motion in relative 

coordinates is 

M {u} + H {u} = [-m] {ü0} (3^) 

where, 

{U0} is the column matrix of ground motion acceleration 

{u \ is the relative displacement column matrix 

{Ü j is the relative acceleration column matrix 

Using the concept of normal coordinate q and the modal matrix [¢1, as 
in reference 3.13 we have the relationship {u} = [[0] (q|; and the'matrix 

equation of motion in re ..ative coordinates is 

M M {q} + W Ml {q} = -u">J (¾ (35) 
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where, 

is the acceleration matr ix '.c - /mai coordinates 

is the modal matrix 

is the (n by l) displacement matrix in normal coordinates 

Equation (35) can be modified as follows: 

{ï} - H'1«-1« Kl M - - 
*„t M'1 H-1 H M »[^n2] - 

.-. {¡¡} + [u> n2] {q} --[tí'1 {ü0} 

H -1 {»o) 

the diagonal frequency matrix 

(36) 

Considering for the sake of illustration a three-degree-of-freedom system, 

N 

f 3l 
where {'Y a) =(0^ 0'3 j 

2} = {^21 ^22 ^23 } 

N^l 032 033} 

Let M 
-1 

"n 

31 

0¿1 ^¿2 ^¿3 
¢. 0' 0' 

*32 ^33 

The solution of Equation (36) is given by 

•t 

% = fe ¿A? ¢^) -,irfQ (>)Bin uit,(t->) d> 
— n ^ ^ -*-n 

'/T' A^0 ( »sin ‘AJt-» cL> 
‘^n-'o ¿o 

■XJ;:/ ^3 (»sin d> 
n 'o -^o 

n=l,2,3 

To solve the above equation ana obtain the response in time, the time- 
history of the shock must be Known. Using the shock response spectrum, 

only the peak absolute response |^nlmax can estimated by 
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-n| max |^nl ^v2 ^n3j Dnl 

nn2 

i Dn3 

f »} K) 

where D11 is the peak displacement indicated by the given shock 

spectrum, in direction j, at the mode frequency oOi. 

••• '{NWIM Wfs) 5}} <37) 

then {u}max = [^] {qjmax 

■ EfliWiINNNN) (38) 
The above equation for maximum response assumes the peak displacements 
in all the directions occurs at the same time, i.e. phasing is ignored. 

A special case arises when the shock input is the same in all directions, 

as in the example worked out later (Figure 3*5>l)> in which case 

say Jil = D. i2 Ji3 
= D ii 

^iWx 

(^max 

(0il + 0Í2 + 0i3) (¾].) 

(0¿-,+ + ¢^) (½) 

^S^niax = ^31 + ^32 + ^33^ ^33^ 

substituting 0Í! + <t>\o + = ^ 12 

él. + éi~ 
• ¿í ■ 

é' + 0' 
^31 32 

+ éi~ ■ ¿0 

+ 0' 
*33 

Equation.(37) becomes: 

*2 

q3 max 

rll 

I 0 

L 

0 

Vp2 

0 

0 

0 

^33 

or 
{’}mx M {»} 

11 

= *i. 

33 

11 

J22 

33 
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then {yUx = M W {D} (39) 

where is commorily referred to as the modal participation factor 

matrix (Reference 3-13). Bash dimensionless element of [/vQ represents 
the magnitude of the contribution of the mode it governs, toward the 
entire motion. 

V is given by the formula (reference 3.13), 
—i n 

'Vnn = i^l1"1 ^ 

^0inmi0in 

For example, calculate the response to a ground shock response spectrum 

of the undamped three-degree-of-freedom system shown (Figure 3-5-1)- 

m^ = m 

nig = 2m 

ro^ = 3m 

Figure 3-5-1 
Multimacc, Undirectional System 

y K 
-WiaWr- 

J-—---— mi 

‘U1K 
—'js/njm— 

r; 
it>2 bK r r - 

V-mWMr- 

Step No. 1; Calculate the three natural frequencies corresponding 
to the three principal modes of vibration. 

Hîe equations of motion in relative coordinates will be 

ml U1 + 2Ku^ - Kug 

Dig Ug Ku + 2Ku2 - Ku^i 

0 

0 

m^ Ug - Kug + 2Kug = 0 

If we let u. = A. sin (^,t + €), the above equations can be rewritten as 
follows 

3-38 



SWC-TDR-62-ft October I962 

2ií * Tfl^ tO ^ “K 

r 

- K 2K-IT12 a) / 

O -K 

r, 
I 

2K-Tn^ c*j ^ 

A2 : 

A0 ! 
L 

(^0) 

The above equation has a nontrivial solution only if the determinant of 
the three-by-three frequency matrix is zero. Substituting the values of 
mass, and denoting = K , the determinant is given by 

m 

.O í-i 2 -1^ 4 . 2 
.) _ P U- + ¿0 p Ci) 

3 3 

The solution of this polynomial is: 

- £ p = 0 
3 

0.279 P 

m 2 

a-32 = 2.3-^ or47 •jvf p 

These are the three natural frequencies of vibration of the system. 

Step Ko, 2: Calculate thg modal matrix of the system. Substitut¬ 

ing the first frequency ( a) ^ = 0.279 P2) in Equation (4o), we get 

, Ai 
^11 = A]_ = 4-05 

2 2 
Similarly for = p and 

A1 
S^ll ^ Ã7 = 4-°5 

A} 
Pn = ÄT = i-o; 

021 = = 4.7208; 031 = = 1.4005 

2 2 
3 = 2.387 p , we get 

, a2 . a3 
^21 = At^ = 4-005 ¢31 = = 4.° 

Ao 
021 = = 0.3874 ; 031 = ^ = 0.0751 

Hence the modal matrix is given by 

011 012 013 ; 

_0 = 021 022 023 

3l ^32 033 

1.0 1.0 

1.7208 1.0 

1.4805 -1.0 

1 
1.0 

-0.3874 

0.0751 
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Step No. 3: Calculate the modal participation factor Y . Tins 
is given by the expression 

2 m! 0ln 
y _ 1=1 
nn “ n “ 

I] 0in mi 0in 
1=1 

Hence 

Y" = (m) (1) ^ (2m) (1.7208) + (3m) (1A8O5) = 0>66 

11 (m) (l)2+ (2m) (1.7208)^+ (3m) (l.W05)2 

T (m) (1) + (2m) (1) + (3m) (-1) 

22 (m) (1)2+ (2m) (l)2 + (3m) (-1)2 
0.0 

Y 
33 

(m) (1) + (2m) (-0.387^) + (3m) (O.O75I) „ ,,.r 

(m) (1)2+ (2m) (-0.387¾)2 + (3m) (0.0751)2 

O.3+5 

Hence 
0.66 0 0 

000 

0 0 0.31+5 

Step Wo. k: Calculate the response of the system to the given 
shock. From Equation (39) 

(wj - M M M 

'ul] 

u3 

1 11 

1.7208 1 -0.387¾ 

1.4805 -1 0.0751 

0.66 0 0 

0 0 

0 0 0.345 
3J ;d3J 

Since D]_, Dg, and D3 are the undamped relative displacements, as given 

by the response spectrum for frequencies ui u) 2> and ^3» respectively, 
Ui, u2, and ug are obtained. 
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3.5.3.2 Laplace Method 

Referrir" +c "uatlon (36), the motion is given 
by the matrix equation 

{q} + [u>n2] |qj = - [0]'x {%} 

The conversion of this equation from the time domain 't' to the complex 
frequency domain 's' is accomplished by the Laplace Transform, 

a QJe"st dt where s2 = -ni2 

0 
The new equation for initial conditions, t(o) = q(o) = 4(o) is 

T^2] (¾} + r2l (¾} = - W'1 ^^0} 
or {ï}. + [00/] )- [0]-’- ./{«,} 

This is no longer a differential equation but an algebraic equation ip 
matrix form. 

Then {iï} - [0] {5} . - [0] . [uj/jy _0]'1 X |üo| 

Tnis in essentially the same result'as obtained previously by the Modal 

Method, since the quantity + Q Ú is the 

spectral representation of the shock input. The Laplace Method is 
extended to more complicated cases later in this section. 

To demonstrate the use of the Laplace Method, solve the same 
numerical example as before. The equations 01 motion in 
relative coordinates are: 

H ¢) + [KJ{u} = - H (¾ 
Converting, in Laplace form, to the complex frequency domain s = j u) 
the equations become: 

2- 
2s U2 

3.¾ 

3-¡n 

2paU1 - V% = . B\ 
P^l. + 2?% - p2Ü3 = -2b3Vo 

- + 2p2U3 = -38¾ 
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In matrix form: 

s2+2p2 

-P 

0 

-P 

2o2+2p2 

2 
-P 

/1 
o 

-p -2 

3s2+2p2 V, 

8¾ 
C 

2- 
2b U0 

3s2U 

or [w] [ii] = _[ü0J (41) 

Where [w] is the frequency matrix. The determinant of [w] equated to 
zero gives a sixth order polynomial in s, the solution of which yields 

2 
-8! = (J ^i)2 = ^12 = 0.279p2 

(jU)0)2 = cO 2 = p2 

-6^ = - (ju33)¿ = ü)32 = 2.387p2 

The solution of the problem is given by 

M - - M'1 [%] 

Inverti^ the frequency matrix ¡Vj 
(42) 

M“1 1 

“ 6(s2+0.279p2) 

(8^2)(3¾. 387p2) 

ös^+iOs^+Sp1* 

3s2p2+2p4 
„4 

3s4+0B^p^+ltp^ 

BSp^2p^ 
2 

2ÀU2?+3Pk 

Substituting the value of [w]"1 and expanding the equations, there 
remains the following set: 

- = __ ôs^+lés^^lOp^ 

1 6 (s¿+oT279p2) (sZ+7¿T(s2+2.387p2 

_ _6b^+22b2p2+16p^_ 
Uo 

6 (s¿+0.279p¿) (s2+p2) (s2+2.387p2 

_6^+208^+l4p^ 

6 (s2+0.279p2) (s2+p2) (s2+2.387p2 

8~U 

2- 
8 U„ 
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Expanding the above into partial fractions: 

0.66 
L(s2+0.27Cp2) 

—k¿3¿— 

(s2+0.279p¿ 

. r 0.972 

■f . ojA5__1 3¾ 
V-- *p2) (8^2.387^5)] 

£l?-.3,2 - ~] g2fi 

(s2+p ) (s2+2.387p2) 

¡Ja 2+0.279P2 "(s<p2 (s2+2.387p2) 

O.027 
8¾ 

In matrix form _ 

0.66 0 0.345 

1.135 0 -0.132 

0.972 0 0.027 

Converting to normalized form, the result previously obtained 

U2 

1.00 1.00 1.00 

1.721 1.00 -0.387 

1.481 -1.00 0.0751 

Hence there is obtained directly: 

1.00 1.00 1.00 

1.721 i.oo -0.387 
1.481 -1.00 O.075I 

0.66 0 0 

0 0 0 

0 0 0.345 

8¾ 

s2+o.?79p2 

8¾ 
’"5 ? 

0¾ 

« ■ «- • i y 

the modal matrix 

0.66 0 0 

000 

0 0 0.345 
the modal participation factor 
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g2ÿo 
Now, in place of B2+o.279p<? > substitute the maximum relative dis¬ 

placement of shock spectrum for u)2 = 0.279p2. Similarly for 

s u0/ s^+p substitute the maximum relal displacement corresponding 

to u)2 ■ p2 and for s20o/s2+2.385p2 that due to oj 2 = 2.385p2 

Next, solve the matrix equation for 1^, U2, and U3, giving the required 
displacements in relative coordinates, i.e.,the rattle space. 

3>S«3 = 3 Comparison of Normal Mode and Laplace Methods 

The Modal Method, as formulated by Young, is 
applicable only to systems with unidirectional inputs, whereas the 
Laplace method is a general method applicable to both multimass and 
multidirectional systems. Furthermore, the Laplace method has greater 
adaptability for use on an electronic digital computer, thus lending 
itself to greater speed and accuracy in computation. Hence, for the 
purposes of this Design Guide, the Laplace method has been used and is 

strongly recommended. The basic approximation for both methods lies 
in the maximax (see Reference 3.13 for definition) evaluation of the 

response, which is based on a conservative assumption that the maximum 
contribution of each participating mode occurs at the same instant of 
time. This disregard for the existence of phasing of the modal peaks, 
gives an upper bound of the estimated peak response of the system. 

3.5A Procedure to calculate the peak response of a linearly 

isolated, nonpendulous mass using a response spectrumT 

Step No. 1: Determine the location of the center of gravity of 
the mass to be isolated. Determine the principal axes of the mass, 
that is, the set of three orthogonal axes about which the product of 
inertia terms such as Igy, are all zero. 

Step No. 2; With these principal axes as the reference system, set 
up the equations of dynamic equilibrium, using formulas for the [BJ 
and [E] matrices as previously discussed. 

Step No. 3? As a first approximation, ignoring the possible 
eccentricities, compute the isolator stlffnesser necessary so that 
the suspended mass conforms approximately +0 raitleo±mce, acceler¬ 
ation, velocity or frequency requirements for the system. It may be 
noted thai., by ignoring eccentricities, the equations are reduced to 
six single-degree-of-freedom equations for this first approximation. 
Hence, the response spectrum can be used directly to make a reasonable 
estimate of the spring stiffness a. 

Step No. 4; Using the numerical values of the spring stiffnesses 
obtained in Step '1, and considering all the eccentricity terms, convert 
the six equations to the Laplace form. A matrix formulation of these 

equations gives a 6-by-6 frequency matrix,nultiplied by a 6-by-l column 

3-A4 
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matrix of the six unknown response parameters, on the left-hand side of 

the matrix equation; and a 6-by-l column matrix consisting of the shock 
input in the six coordinate directions of the system, on the rlght-he.nd 

side of the matrix equation. 

Step No. 5: Evaluate the determinant of the 6-by-6 frequency matrix 
formedTrõm thé six equations of Step 4. The expanded determinant will 

be a sixth order polynomial in s*. The six roots of this polynomial 

equated to zero give the six natural frequencies of the system, it being 

remembered that = - 

Step No. 6: Check the polynomial of Step 5 for dynamic stability 

by the”i-touTh^Hurwitz stability criterion as discussed in Appendix 3 -E. 

Step No. 7: Evaluate the six natural frequencies of the system, 

as described in Step 5. For small eccentricities, these will not he 

appreciably different from 'one frequencies obtained by ignoring the 

eccentricities. 

drop No. 8: Invert the frequency matrix of Step 4. The inverted 

matrix’"-'ÍTl have its elements in the form of a division of a fifth order 

polynomial in s2, by the sixth order determinant polynomial obtained- in 

Step 

Stop No. 9; Convert each of the elements of the inverted frequency 

matrix of~Step~8 into six partial fractions, each partial fraction 
corresponding to one of the six natural frequencies determined in 

Step 7. 

Step No. 10: The result of Step 9 can he rewritten in tne form 

of six b-by-fó matrices, each corresponding to one of the six natural 

frequencies of Step 7. These are now treated as single-degree-of- 

freedom systems, each mode corresponding to its respective frequency. 

These can now be referred to the response spectrum, and the sum of the 

six components, due to the six modes, for shock inputs in all the six 

directions give the necessary response of the system. The simple 

addition of the peax responses in each of the modes is called the 

maximax principle. Since the response spectrum contains no information 

on the phasing oí the responses, it is not possible to determine the 

phasing of the oscillations in each mode. The maximax principle implies 

that all peak responses occur simultaneously thus yielding the most 

severe condition possible. 

3.5.5 Examples for Response of Suspended Elements to Shock 

All problems dealing with the response of shock isolated 

systems to impulsive shock loads involve three main investigations, 

viz: given an element '-o be shock isolated for a shock of given intensli 

(represented either by the time-history of the shock or by its response 

spectrum): 
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. Ifliat isolator stiffnesses are required for the system to 
conform with the imposed rattlespace, velocity, or accel¬ 

eration criteria? 

. What will be the maximum displacements, velocities, or 
accelera-cions of the elaaentsof the given system, with 

isolators of given stiffness, under the action of other 
possible shocks? 

. Is the system stable under the action of all possible shocks? 

Depending on the nature of the particular problem, one or all of the 
above three investigations may be necessary. The examples considered 

have been separated into the following classifications: 

. Platforms suspended by linear isolators so that their centers 
of symmetry are coincident with the centers of gravity of the 

platforms. Nonlinear coupling due to pendulum action is 
assumed to be negligible. 

. Platforms suspended by linear isolators so that their centers 
of symmetry are eccentric with respect to the centers of 
gravity of the platforms. Nonlinear coupling due to pendulum 

action is assumed to be negligible. 

. Platforms suspended by linear Isolators, whose centers of 
symmetry are coincident with the centers of gravity of the 
platforms. Nonlinear coupling due to pendulum action is 
accounted for. 

. Platforms suspended by linear isolators, whose centers of 
symmetry are not coincident with the centers of gravity of 
the platforms. Nonlinear coupling due to pendulum action 
is accounted for. 

For each of the above cases, three general types of the more couimonly 
encountered isolator arrangements have been considered. 

3.5•5•1 Linear Isolators, No Eccentricities, Nonll"°ar Coupling 
Due to PendulumActlon Ignored (Case A] 

-Three different arrangements cf linear isolators have 
been considered for this case; but for all three arrangements, the 
center of symmetry of the isolat^rs is coincident with the center of 

gravity of the platform. Furthermore, the reference system has been 
chosen to coincide with the three principal axes of the platform, so 

that the cross moments of inertia terms such as Ijj are all zero, is 
will be shown, for this case, the six modes of vibration are completely 
decoupled, i.e., they are independent of one another, thus making the 
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system equivalent to six single-degree-of-freedom systems. The peak 
responses can therefore be obtained directly from the response spectrum. 

Hence, for the solution of these ' Mens, there is no necessity to go 

into either the Laplace method or tue Normal Mode Method. However, to 
familiarize the reader with the generality of the procedure, as few 

deviations as are practicable have been made in solving these problems 

by the Laplace Method. 

3.5.5.I.I Example A-l: Isolators parallel to a single principal 
axis. 

The isolation system is as shown in the Figure 3-5.2. 

Let Ka = axial stiffness of each isolator 

K » lateral stiffness of each isolator, assumed to be 

identical in all lateial directions 

W * total weight of the isolated mass 

Figure 3-5-2 
Linear System With Isolators Parallel to Principal Axis 
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The equations of motion in matrix form are: 

[•] {*} ic] W * K {• ' * • H (¾ 
[I] {?} * [B]» * [r] W * - H ft) 

In this example, 

[mj = 

- 0 
g 

w 
0 Í 

0 0 

0 

w 

g_ 

H 

h? » 
3g 

0 

0 

w_ 2 
3iL 

ii<As2) 

There are no shear components of the isolator stiffnesses since there 
are no inclined springs. Therefore, 

'11 0 0 

c22 0 

0 c 
33J 

The first moments of the stiffnesses are: 

1;,ll=r2c13"r3C13=0 b]2=r3cll-rlc13=0 b13=rlC12‘r2Cll=‘r2Cll 

b_=r^c_-r~c~-—0 
21 2 23 3 22 b22“r3C2l“rlO23=s0 b23=rlC22"r2C21=rlC22 

b3l=r2c33-r3c32=r2c33 b32“r3c3rrlc33='rlc33 b33=rlc32'r2c3l"0 

Then the matrix of the first moments is 

"bob 

H • 

13 

b3l b32 

23 

0 

The second moments of the stiffnesses are: 

ell=r2b31-r3b21=r2b31 f'12=r2b32"r3b22=r2b32 e13=r2b33"r3b23=0 

e2l“r3bll“rlb3l=‘rlb31 :22=r3bl2"rlb32=rlb32 e23=r3bl3"rlb33=0 

e32=rlb22-r2b12=° e31=rlb21-r2bll=0 e33=rib23-r2bl3 
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and the second moment matrix becomes 

H 

e-, i e^ 0 

e21 e22 0 

0 0 e33 

The above values have been tabulated on page 3-50; and the matrices 
del, CR] a^d IX) formed by the summations of these values for all the 

twelve isolators have been evaluated. 

The equations of motion in explicit matrix form are then given as follows: 

w 
s 

0 

0 

0 

w 
5 

0 

0 

0 

w 
e 

isK, 0 

12K, 

E- 

W „2 
3bB 

0 

0 

(8^1+412 )¾ 

0 (8bj+4b )K.f 
(Btí+kñKj, 

r 

It will be noted that for all cases, the right hand side of the second 
matrix equation is zero, since the ground accélération is given for •che 
X, y, and z directions only, it being assumed that the shock has no 
rotational components. 

In this case, since the two equations are completel;, decoupled, we 
consider che first equation only. Thus, after dividing throughout 

W, we obtain the equation in Laplace form as follows: 

g 

s2+126Kj 
w 

0 

o 

need 
by 

3.49 



SWC-TDR-62-Ö! October I962 

en 
01 

3 

» 

» 

• I4 
II 

A 

& 

A 

& 

íHuh 
■o h 

« 
Hu 

H 

Pf 

II 

"W 
1-4 

ÍT1 

O 

elf. *£ cf f'cfffcÄ cf f ef ^h ja Sk ja & j> & ja & &> ja jk ja *r 

hj ^ 
j# o< 

<9 Ä - 
N 

3 

^ 5 **5*4 -H ^ ^ > ï 4 f 2 >> 
Ï 
“T »i 41 

1 ■? 1 

eH f»! ^ ^ «V 
^ H J-i 
^ ^2 ^ ^3 JO D 

H 
** ja ja ja 

4 ÍHÍ «íf 

*r* t* * * ¡Í & * * * 
^ ^ 'H S ‘N ^ ^ ^ . H « 
i i i i i » •< v»r 

7. H 

»? 

^ kí 

^ lü' 

u< Ov 
>7 kT 

*1 
vt* * 
h 7h 

•*» “C 

A*< iï> 
*« kg 
-? * 

* * 
kT kT 

W «-i 
M « 

*í *fi í 4! 
“ 19 ^V ÿ ÿ 

*£ ■i' kÇkÇi^ 
of'sî; ■7 7 *? 

% í í í 
^ 4» P íTf f 

w3 
V 

******** 

* tf H $ tf tf tf X? 

tf tf tf tf tf tf tf 

H H 
¿a /3 

O O 

■° ? 

H H 
^ ’ *» 

cg mjt un vo t*- co on 3 n si 

o 

* 
a 
kP 

a 
ki"' 

a 
W 

k^W* 
í»-, 

cg^ cg 
J# s 

á oi 

j* 

«O 

i 

ï 
M 

TT 

o 

N 

í 

s 
r~> 
u 

3-5O 



SWC-TDR-62-64 October I962 

or 

8^12^ Kj, 
w 

0 

1 

8^+12« Kt 
w 

w J 

3¾ 

s yr 

2- 

8 Z 

y 

z 

loo 

0 1 0 

0 o 1 

82 _ÏÛ_ 
8?-H2£ 

V 

0 _jo 
8 B2+12£ 

8 82+12jg 

Where x, y and z are the displacements of the platform in directions 
X, y and £ respectively. These may be specified as the maximum per¬ 

missible rattlespace, in which case the above equation can be used to 
determine Kjf and K^. Thus, 

a) 2 = K 
y w 

^x, '-^y and oiz may be obtained frcm_the response spectrum, corre¬ 
sponding to the relative displacements x, ÿ and z. 

W V 2 
Then K-> = _ 

^ g 12 

2 
or Kp = w ¿Qy 

g 12 

W * 2 
an:1 K& = _ u)z 

g 12 

The higher value of .s chosen if displacements are critical, and 
lower value if accelerations are critical. 
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3.5.5.I.2 Example A-2: Isolators Inclined to principal tuiea. 

The arrangement o.P 5col - Is as shown in Figure 3-5-3, 
the main feature being the use of isolators inclined to the reference 
system. These isolators contribute a fora of shear stiffness, in 
addition to the axial and lateral stiffnesses. 

Figure 3-5-3 
Linear System With Isolators Inclined to Principal Axes 

Let K^y. = axial stiffness of each vertical isolator 

K^v = lateral stiffness of each vertical isolator 

Kafj = axial stiffness of each horizontal isolator 

K«h = laterial stiffness of each horizontal isolator 

The moments of inertia and [c], [bj , and [e] matrices for the vertical 
isolators are similar to those encountered, in Example A-l. 
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However, the principal directions of the horizontal, inclines isolators 
do not coincide with the reference axes. For example, isolator No. 5 
has its longitudinal axis inclined at an angle of (l80° - «) to the 
positive direction of the x-axi^, 
an angle e°. Designating [.c] as 

in its principal directions by 

¡ereas isolator No. 8 is inclined at 
the stiffness matrix of an isolator 

0 0 

and [cjp as the stiffness matrix of the same isolator in a direction 
making angle 9 with the principal direction 1, then 

11 
o 

21^0 

(ci2)eü 

(C22)9„ 

0 

0 

0 

(c 

Where, by the equivalent of Mohr's diagram, 

(cuV (cos eo) ci;L + (sin 9j c 
22 

(c ) [C22'Q (cos en) c22 + (sin 9_) c 
11 

(c33)9n 
0 

(ci^ 
sin 28,. 

2 11 
. sin 29 
+ -2 c_0 

2 22 

In this case, for Isolator No. 0O 

for isolaLor No. 6, 80 

for isolator No. 7, 9 

anl for isolator No. 8, 9Q 

l80° + 9 

l80° - 9 

+8 

-9 

These values have been tabulated on pages 3-55 thru 3-57 . Knowing the* 
values, the [rj and [¥) values may be obtained for each of the isolators 
as in the previous exemple, as shown on the referenced pages. The 
summation matrices [c] , [Ff] , and Qe] have likewise been evaluated. 
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Hence, the equations of motion In matrix form are: 

- i » 

O O 

ÏB2 o o 
38 

o I L2 o 
is 

4 [kjjy+KjkiinVK^coiV] 

** [K;v^:'-^-Kthco»8°] 

» o 
8 

o o 

4 

o 

*[kiT(ftb2) 2 
+11^(1 »ln»tBco»e) 

+K^h«co«e-Ei:i).9) Jj ‘ 

or 

The equations are then decoupled. Applying the usual laplace trans« 
formations, we obtain 

2+!t|^jhr+K/h,ln2 ®*'*mhco,2®l 

or 

Tben as before, 

^[KiT+^h'1“2^^0«2®] 0 

o 4g [Jrmy+K^ ■ ■„ 

10 0 

0 10 

0 0 1 

s2+^fi [K^+K^sin2 /fv',’BihBxn ^^ah008^^ 

_b^o _ 

.¾ 

[w^h] 

oJ 

a) 

a) 

X2 - ÿ Cw"28 * 
y2 . hi . Kihco.2el 

,2 - ¥ DWKfh] 

a) ,a) , and u) are obtained from the response spectrum corresponding 

toXtheydisplacements x, ÿ, *, and the spring stiffi esses Kjh> Kah. Kav> 
Khv> chosen to satisfy the performance requirements of the system. 
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CVJ 1 cu 
o o 

3 5 o r, 
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• 
o o 
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^ + 
<\P 
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lJ£J 
-4- 

fe 
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X) 
* 
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3.5.5.I.3 Example A-3; Isolators parallel to all three principal 
axes. 

For the third example Case A, consider a system 
consisting of isolators in the x, y, and a directions as shown in the 
Figure 3.5.4. The center of gravity of the platform coincides with the 
center of symmetry of the isolator system. 

Figure 3.5.^ 
Linear System with Isolators Parallel tc AH Three Principal Axes 

Let Kla 

K1J? 

«2a 

K2; 
K3a 

hi 

axial stiffness of each isolator parallel to x axis 

lateral stiffness of each isolator parallel to x axis 

axial stiffness of each isolator parallel to y axis 

lateral stiffness of each isolator parallel to y axis 

axial stiffness of each isolator parallel to 2. axis 

lateral stiffness of each isolator parallel to z axis 

The table on page 3-5¾ following the pattern of the two previous examples 
is self-explanatory. 
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The equations of motion are: 

0 H 0 0 1*(Kli+l(2»+K3<) 

‘*(%+lc2t+K3*) 

-i r 
I !.. 

0 0 I x„ 

0 5 0 
w ¡ 

. 5.J '. o. 

u 2 
fgB ° ° 

0 « L2 -. 
3g 

O 0 IgClP+B2) 

*** 4 (B ) 

Mi Kjji+L 

+b ^)+4(J j^+bpKjJ 

• 0 

Again, these are decoupled, and in Laplace form may be written 

& 
s+4(Kia+K2Ä*K3f)w 

o 

o 

,S s +4(K^p+K2a+K2^)w 

o 

0 

loo 

0 1 0 

0 0 1 

B +^Kl/+K2Jf+K3a>W 

B2^ 

„2- 

8 xo 
2- 

ß y0 
b2J_ 

li+!t£(Kla+K2i+K3f) 
w 

32yc 

s 4-4g(K-| f+Kg^-t-Kjo ) 
w 

8 

s2+4g(KLf+K2f+K3a) 
«— w - 

Then, 
u) 

a>. 

<*> 

: b& (K ,+K +K J 
w 1Í 2a 3J? 

: itS (K +K +K ) 
w v l>f 2^ 3» 
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to Xf a) y, and o->z are obtained_from the reaponee spectrum, corresponding 

to the displacements x, y, and *, he stiffnesses K^, Kga, 

Koa, K31) determined. Several combinations of the above six stiffnesses 
are possible, the final selection being dependent on practical consider¬ 

ations . 

3.5.5.2 Linear Isolators. Eccentrically Placed. Nonlinear Coupling 
Re to Pendulum Action Ignored (Case IJ 

The same three arrangements of linear isolators as for 

Case A have been considered. However, in Case B the center of symmetry 
of the isolators is not coincident with the center of gravity of the 
suspended mass. Hence, the first moment of the stiffness matrix of the 

isolators, as given by matrix 06 > b® non-xero. As a result, the 
translational displacements of the platform, as given by coordinates x, 
y and z, are no longer independent of the rotational displacements, as 

given byct, ^ and 'Y , and there exists a coupling between the rotation»! 
and translational coordinates of the system. Problems of this type 
reduce to the solution of six simultaneous linear differential equations 

of the second order. 

Example B-l has been solved numerically, and the effects of small 

and large eccentricities on the frequencies of the natural modes of 
vibration of the system are discussed. The problem of equal frequencies 

for two different modes is also considered. 

3.5.5.2.I Example B-l:_Isolators parallel to a single principal 
axis. 

The isolation system is as shown in Figure 3-5.5, 
page 3-62. 

Let Kg, = the axial stiffness of each isolator 

K. = the lateral stiffness of each isolator in the 

** direction of the x axis 

Kg = the lateral stiffness of each isolator in the 

y direction of the y axis 

Since none of the xsolators are inclined with reference to the x, y, and 
z coordinates, there are no shear components for the stiffness matrix and 

thus for each isolator: 

s 

C11 

0 

0 

0 on 
■« 

c 
33 
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The values of the (cj, [sj and £k] matrices obtained by the standard 
formulas are derived on the following pages. 

Figure 3*5«5 
Linear System With Eccentricities and 
Isolators Parallel to a Principal Axis 

The six equations or motion In explicit matrix fora cr* given as follows: 

moo 

0 m 0 

00m 

liiiK, 

12K 
‘/y 

0 

0 

12K. 

0 12e3Kix -OaegK^ 

-ISe^Kpy 0 laeiKfy 

1262¾ -126^ 0 

moo 

0 m 0 

00m 

XX xy xc 
,2 1 
XI 
2 

"B^yx "m,y* 

,2 .2 -■5gy »V -aî!L st 

0 1263^-12.^ 

-12e^Kyy 0 x2#^K^y 

1262¾ -126^ 0 

It 1(^(1. 2bj+3«22) 

+l2‘3Kiy 

-12* l*3Kly 

.12.1*^ 4K,(f2+2li+3e?) 

-12*1.3Kiy 

+12«jKyx 

'1SV JKix {4Kh(b2*2b*-3«|) 
t*K|jr(i2*2^3ei)} 
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Dividing throughout by m , making the following axíbatitutiono 

OJ„ 
12 

U) 
12 

» 7y 

tó2. Sc 

and converting to the Laplace form, the six equations in matrix form 
can be written as follows: 

>2+u)2 

-•-a)! 

0 *^+u)^ 
t 

3^y 

e2u)2 

e2^x 
2 2 2 

-?„• -•1«3u)y 

e,u>: 

0 -e3u)2 

*<*}*(b +2b|+3e|)(^) 

2 0^2 ,2 
.3U)X 0 *ex“*l -V* 

3x 

»2 2 

-e-u) 2 X 

e.u) 1 y 

«2 2 2 S 2 ,3 
-3xy‘ -ei'2< -’x*« ■'l'ñ- 

.2 2 2 ,2 
»yy« +«3«>x 
1 .2,,2 2 

*3^*^ +2íi+jei) 
«2 2 ,2 

-3yI» -«2«3«>x 

¿2 2 2 
-îyj» -^U)X 

,2 2 
^ II* 
1 2 ? ? P 

+5(«>x):b +2bi+3e2) 
1, ,2,,.2 2 2, 

+3(u^y)l4 +2 i+3ei) 
U J 

2- 
•» y. 

Or concisely 

Then 

H H - - fe] 
[ï] - - H'1 M 
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3•5•5*2.2 Example B-2: Isolators Inclined to principal axes. 

The Isolation syst^i is as shown in Figure 3.5.6. 

K/v 

«ah 

^h 

= axial stiffness of each vertical isolator 

= lateral stiffness of each vertical isolator 

= axial stiffness of each horizontal isolator 

= lateral stiffness of each horizontal isolator 

The isolator stiffnesses are the same as for Example A-2, however, the 

values 1, 2 “rá 3> nwst be modified to include the eccentricities. 
Hence, the QBJ and CE] matrices are not similar to the corresponding 

LBJ and [E] matrices of Example A-2, although the [CJ matrix is similar. 
The evaluation of the QcJ , QBj and QE] matrices for this configtuation 
is shown on the following pages. 

4 

Figure 3.5.6 
Linear System With Eccentricities 

and Isolators Inclined to Principal Axes 
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The six equations of motion in matrix form are: 

"1+(Kla+K2ï+K3p m 0 0 

0 m 0 

00m ‘(WS* 

wvv -SÍWS/» 
Jl'3<WlSj) 0 rt'l<Kll'K2.*K3() 

S< W“»1 -‘'i* W1»1 

or. 

or 
L J 

moo 

0 m 0 

00m 

and 

2 2 2 
m^xx "m*xy “m'xi 

-< mi. 

|l»(B Kg^vb K^+bj^Kja) 

o -1*e3(Kii|+K2a+K3/) 

,,e3^Kla't'K2f,K3>f) 0 -4ei(Ki|+K2;+K3a) 

•4e2(K^a-fKg j+K^) ^el^lî+^a+° 

+Ue2(K2j-iKi/+K3a) -Ite^giKgy-i K^^j+K^) -l+e1e3(K] 

^(K^K^K )} 
» / p 2 p 

IMÍ K2|^ Kl/;1K3a) 

+4e2(Klf+K2j|+K3a) 

+4e3(Kla+KSjrK3/^} 

•4e Xe3(Kli+VK3i) -Ue2e3(KlatKB;tK3i' 

+l»e1(K]J+K2a+K3j,)+ite2(Kla+K2f+K3jf) 

Dividing throughout by m, making the following substitutions 

H2 “ i<WV 

‘dy2 “ 

«Z2 ■ i(Ki,*%,+%.) 
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and converting to the Laplace form, the above equations may be rewritten 

in matrix form as follows: 

2 2 
® +tx 

.2 
-•S^y 

’"B^y 

«B“5* 
,2 -«2<ax 

•i^y 

'B“5* 

» 2 2 
5l«>y 

2 2 2 

•Z^x {3L,8+eBù>y+,2üi* -(îxy*^«!*^!) -(3xx<2+el*3u'y) 
b2 BZ 1 

+4ï K)hj 

SZ ,.Z 2 ,2. f-2 2 2 2 lo2 2 2, 
-«I^X -(Syx» +®1#2u3*) +e3tJ* -(Syi® ^‘B10*) 

-X*^3 
.2 2 2. f.2 2 2 2 2 2 

-lî,y« +e2eju)x) ^S„. <-e1uJy+e2u3x 

I2 .2 ,2 i +/U)y+B U)x 

■^1 
2- 

■ 

Or, as before, 

Then, 

[A] {ï} -W 
-[AJ1 {S,} 

3.5•5*2.3 Example B-3: Isolators parallel to all three principal 
axes. 

Bie isolation system is as shown in F-t^ure 3-5-7, 

page 3-73 

Let Kla axial stiffness of each isolator pc.*allel to the x axis 

1¾ •> lateral stiffness of each isolator parallel to the 

x axis 

Kga = axial stiffness of each isolator parallel to the y axis 

Kg * lateral stiffness of each isolator parallel to the 
y axis 

K3a = axial stiffness of each isolator parallel to the z axis 

K3 = lateral stiffness of each isolator parallel to the 
z axis 
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Since none of the isolators are inclined with reference to the x, y, and 
z coordinates, there are no shear components for the stiffness matrix. 

0 0“ 

c22 0 

0 c33_ 

lhe values of the fcj , [bJ and [e] matrices obtained by the standard 

formulas, are derived on the following pages; 

Figure 3-5.T 
Linear System With Eccentricities and Isolators 

Parallel to all Hiree Principal Axes 
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The six equations of motion In matrix form are: 

moo 

0 m 0 

00m 

(K_jvHK^hßln£'i>: Kahcoa28) 0 o 

0 MKjy+^sln^iK^cos^) 0 

L ° 0 j 

S^y ,.. ... . 2„.„ .. 2„- 
4e3(r;viKíh»in ».l^ono^B) -ite2(K;v+K;h«inVKBhcoa2e) 

-^•^(Kpv+J^jBin ^»K^^cos 0) 

,*e2(K«iv+K/h) 

•I lt81 (K ■„+ ln2&HCal.00B2e ) 

-‘“’lOWW 

moo 

0 m 0 

00m 

and 

»■»L 
,2 

,2 .2 
•'xy '•'xi 

■"^yx *5jry 

-4, "^ly "Í* 

■2,2 2 
Ub Ktv+UB K|h+l*«3K>i 

+4«,(K^.lnV^hCO8£0) -‘‘•1«2(K,V+Kih) 
^eÍ(K,v+K|h) 

0 '-^(Kjv+K^tinVlCfhCOt“«) 4«2(Kmv+Kf,h) 

o y -'•«afWl^^co*2») 4o1(K|v+KÄtin20*K|lhcot20) 

-4»1«3(K|v+iqh,ln2*fK/h‘,°*2®) 

-4e1»g(K>lv+K/h) 

-4eie3(Kiv+KWi«ln2®f 
K^hcoi 8) 

^eaejiK/ytK^tlnVlIihco»2«) +48,(^^0^1^00^8) 
+4^iv 

-4«2«3 ( Ky v+Kjfh,ln28HCaho°»2e ) 4(jf +ei)(K«hiln2e+K|hCOt20+K/y) 

+4(b2+«| ) (K|h»ln28* K«»,eot2e) 

+4(B2+e2)K/y- 
+8B (¾.¾) 

Dividing through by m, making the following substitutions, 

^x2 = i (Kiv+Kih“in2^KahC°B2e) 

^y2 = m (Kfv+Kah8in2^KfhCO820) 

^.2 ■ ï <V".,) 
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and converting to the Laplace form, the six equations can be rewritten 
in matrix form, as follows: 

.2+u>2 

e3u>x 

,2 
•V^x 

,2 
'l^y 

» +a)t 
2 

.2 
-^y 

2 

2 

,2 -ego)* 

2 
ejuJy 

.2 2 
xi* 

■x) 

~(B K2j+b Kii+biKj.) -Wxy» +e1e2ü>1) 

+ei“),+«3«iJy+îxxs 

-^yxa8+ele2‘°t) mV K?/1*1 !''fflK3a) -Vyz* *<^2*3^ 

*<^wt,a+ele3uîy) -<-V^x> ^%a+lV^ÍK3l 
+B2K„.+b2K, +b2K . ) 

2f la 1 31 

2- •a Xo 

2- 
-■ y0 

Ttot 1., [il] [ï] -. M 

Therefore, ra - - Kr1 l« 

3.5*5>3 Numerical Solution to Example D-l 

solution. 
Example B-l has been selected to lllur+"ate the numerical 

Step No, 1: Given: W =• 
L = 
B * 
H « 
b » 

« 
f = 
jr1» 

60,000 lbs 
12 Ft. 
6 Ft. 
li: Ft. 
k Ft. 
5 Ft. 
8 Ft. 
10 Ft. 

m - 1865 slugs 
Platform Thickness = 

1.5 Ft. 
eq = ”0.5 Ft. 
eg * “1.0 Ft. 
63 = 1.5 Ft. 
¢2 = 67 Ft. 

? 3§y^ 21.5 Ft. 

0sIB= T5Pt..2 
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Note: Reference axes are the principal axes located at the 

C.G. of the suspended mass. 

Step Nc_._j2: Usinr the eq.ua ,ns derived in Example B-l, sub¬ 

stituting* the numerical values given above and converting to the 

Laplace, Matrix Form, the equations of motion are: 

e3w; 

2 
-esn)x 

, 2 (0 '“iy) 

.2 
'e3M)y 

,2 

? 2 
(s +“>.) 

* 

e3wy 

(r,^24.33(¿p 

2,.2, 
+e, <*) ) 

3 y 
,2 

“ele2t^x 

ele3 y 

e3^x 

(21.5s2+88.25^j 
2 2 

+e3cOx) 

2 
"e2e3 

--g^x 

. 2 
ela)y 

"ele36Jy 

-e2e3^x 

(T5B +25 

+88.25 U)y) 

2- 
s x0 

2_ 
3 y0 

Step No._3: Neglecting the eccentricity terms, as a first 

approximation, 

X 

y = - 

z 

2 
Assuming in this problem, that the response spectrum shows u)x = 

60 sec"2, kJy2 = 40 see"2, kJz2 _ 25 sec"2, for the approximate 

rattlespace requirements of the system. 

Step Nob. 4 & $: Considering all.the eccentricity terms, and sub¬ 
stituting numerical values of t<Jx2, and from Step 3, the 
frequency determinant is as follows 

S*+ (J? 

g2+ tiJ ^ 

approximate rattlespace in the 

X - direction 

approximate rattlespace in the 

y - direction 

s2+ ^z2 
approximate rattlespace in the 
z - direction 
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D(S2) 

r0 . 
s^+bO 00 0 90 

O' 82+40 o -Ou 0 

0 s2+25 -25 12.5 

-60 -25 (0?b2+665) -12.5 

60 

-20 

0 

30 

90 0 12.5 -12.!* (21.5s2+234l.25) 90 

60 -20 0 30 90 (75b2+^910) 

Evaluating on an electronic digital computer as explained in Appendix 3.E. 

D(s2) = 108,0375b12+33^i4,ÍC7.5b10+3,921,5^8-1¾.Os8 
+222,739,SOE,100sb+6,352,141,605,000s4 

+82,908,840,900,OOOb2+351,384,000,000,000 = 0 

Step_No. Rewrite the polynomial of Step 5 so that the leading 

coefficient is unity. 

Then: s12 + 309.28712b10 + 36298.0278s8 + 206l686.93s6 

+ 58,795,711s1* + 767,963,354s2 + 3252426240 = 0 

ax = 309.28712 

ag » 36298.0278 

a, * 2061686.93 

»4 - 58795711 

a5 - 767963354 

ag * 3252426240 

All a's are positive i.e. condition (i) of the Routh-Hurwits (Appendix 

3 . E) stability criterion is satisfied. 

T 2 2 « 2 . 2~l a5 [a1a2a3a4-a1a1)-a3ait+2a1a4a5+a2a3a5-a1a2a5+a5J 

= (IO)29 (8.257319) E.H.S. 

= (io)27 (7.983165) 

L.BUS. > R.H.S. 
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Thio satisfies the second Houth-Hurwit* stability criterion, 

the system is stable. 

p 
Step Mo. 7: D(s ) = 0 can be wi. .ten as follows: 

B22 + 309.28712s10 + 36298.0278s8 + 2061686.93s6 

+ 587957111^ + 7679633 ^S2 + 3252^262^0 « 0 

'"he solution of the above polynomial 

2 

2 

«4 

-0J1 m . 52.96 sec 

.cJ. 

-0),, 

0>„ 

- o). 

- 40.56 sec" 

- 25.37 sec 

-116.1 

- 66.6 

-2 

- 7.72 sec 
-2 

sec 
-2 

sec 
-2 

yields 

Hence, 

Step No. 8: Using an electronic digital computer, and the method 

suggested in Appendix JJkj. the frequency matrix of Step 4, is inverted 
as is shown on page 3-82. 

Step No. 9: Again, using an electronic digital computer and the 
formulae derived in Appendix 3.C, the inverted frequency matrix is 

converted to the partial fraction fora as shown on page 3-84. 

Step No. 10: The equation form as obtained in Step 9 i* aw refeired 
to the response spectrum for the six fiequencies in question, and x, y, 

1,0(, H , y, due to the total effect evaluated. 

3.5.6 Effect of Small Eccentricities on the Natural Frequencies 

¿f aa Isolated System 

A six-degree-of-freedom isolated mass has six modes of 

vibration, each mode having its own natural frequency. If the center 
of symmetry of the isolators is coincident with the center of gravity 
of the isolated mass, the six modes of vibration are the six reference 
coordinates of the system, namely, the three orthogonal translational 
modes, and the three orthogonal rotational modes. The frequencies 
corresponding to these natural modes can be obtained very easily by 
standard one -degree-of •■f.eedom methods. However, if the center of 
symsetry of the isolators is eccentric with reiipect to the center of 
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gravity of the isolated mass, the modes are no longer pure translations 
and pure rotations, but are a combination of any or all of the six 
coordinates of the system. For small eccentricities, each of these modes 
will have one predominant coordinate ' -d the frequency of vibration of 
each mode will be approximately of the same magnitude as the natural fre¬ 
quency of the system,in the direction of the predominant coordinate, when 
the eccentricities are neglected. This has been illustrated by considering 
the numerical solution of Example B-l (3-5-5-3)- 

The equations of motion, for zero eccentricity are 

2 . .. 2 . 2 .. 
x+d)xx = - x0 ; y+^yy = - y0 ; z+u4z = - z0 ; 

^ «*♦»!>}*- 

{ hf 'Sbj)} -'<Jy |j(fy and $ Y + 
Jz¿ 

2 p 
taking cüx = 60 sec^; 

fA2 =cO 2 = 60 sec"2 
1 X 

U) 2 =oûJ^ = sec ^ 
2 y 

O p -P 

=u^z = 25 sec 

-3 
2 mO 

U) = 40 sec""; '10 
y 

U)3 = 8.21 sec 

//-i c = 29 sec 
z 

■2 

Si 

-2 

V, 

LÚ. 2 
4 - ^OL 

U)^2 = zof = 102.31 sec-2 

UÙ2 = túy = 6U.53 sec'¿ 

The following table shows the effect of various eccentricities on the 
six natural frequencies. The frequencies where derived by equating the 
frequency matrix of the six coupled equations to zero, and solving for 
its roots, as mentioned in Step 7, paragraph 3-5-5-3- 

Case 1 Case 2 Case 3 Case 1* Case ;» 

Eccen- ' 0 0 0 -o.v -0.5' 
tricit^ 

*2 0 0 -1.0' 0 -1.0' 

e3 0 1.5' o 0 1.5' 

6u Bec'1* 51.37 55.25 Ê0.C 52-96 

yJ2 
2 4C boc"2 43.OI 40.0 39.8 40.57 

-3 
25 seo"1' 25.O 25.548 24.905 2 5-37 

8.21 Bee"2 ,.672 8.0324 8.21 7.72 

<n;- 
5 

102.31 sec"2 115.905 102.31 102.75 II6.08 

6^.53 sc g ^ 61« *53 70.085 61*. Ö3U 5 66/59 
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3-6 Nonlinear Systems 

3.6.1 General 

It has been said t’ .11 nature behaves in a nonlinear 
manner. Certainly if tne shock ¿solation system designer were to 

closely inspect the characteristics of the elements he employs, he 
would find nonlinearities inherent in all of them. The resistance to 
Coulomb friction and to the turbulent flow of fluids, the stiffness 

of elastomers, and the discontinuities of backlash, saturation, and 

preload are just a few of the many nonlinearities with which the 
designer is familiar. Many nonlinearities however, are not so well 

appreciated. For example, even in the common wire spring, the stiffness 
is dependent on displacement and on the rate of loading. It is somewhat 

surprising then that a very accurate indication of the dynamic response 
of many physical systems can be obtained by representing their forces 
and accelerations by linear differential equations. The obvious con¬ 
clusion is therefore dre—u that in many cases the effect of the non- 
linearities is slight. 

The behavior of nonlinear systems however cannot be regarded 
categorically as being "just a little different" from that of linear 

ones. While the response of some nonlinear systems is simply a distortion 
of the response of its related linear counterpart, other phenomena may 
occur which are strictly due to the nonlinearity and for which no 
parallel in linear systems exists. Further, these fundamentally different 
and often unexpected responses in nonlinear systema may result in peak 
accelerations and displacements far exceeding those predicted by a 
"linearized" solution. Whether or not the designer purposely selects a 
nonlinear system to take advantage of some desirable characteristic, the 
many nonlinearities inherent in practical isolation systems make it 
essential that he be aware of the basic characteristics of these systems 
and of the extent to which linear approximations can be expected to yield 
dependable results. 

In this subsection the fundamental differences between linear and 
nonlinear systems are discussed, phenomena associated with the behavior of 
nonlinear systems reviewed, and methods for solving certain nonlinear 
equations described. Particular emphasis is gi.ren to those systems whose 

restoring force can be approximated by a bilinear stiffness and to the 
effects of nonlinear coupling in the popular pendulum support system. 

3* 6.2 Unique Characteristics of Nonlinear Syst»™« 

3-6.2.1 Linear versus Nonlinear Systems 

In physical terms, nonlinear systems are systems whos? 
behavior is governed by nonlinear ordinary differential equations, 
usually of the form 

xi = F' (xl> ••• xi> *2 ••• SjjJ Fi> a2 ••• an» t) (43) 
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where t is the independent time variable 

xi axe the dependent displacement variables 

¿i are the corresponding velocities 

a* are the system parameters. 

The functions F. are sums of individual terms each of which, in a very 

general sense, is a force per unit mass. The physical meaning of non- 

linearity is that a plot of such an individual force term at any 
instant, plotted as a function of displacement (or velocity) on which it 

depene, does not result in a straight line. 

The coefficients of the dependent variable (usually the displacement 

coordinate of the system) of the nonlinear equations of motion of 
dynamic systems contain the characteristic parameters of the configuration, 
such as masses, isolator stiffness, and dissipation factors, and in 
general depend explicitly on the time variable and/or on the dependent 
variable of the system. If the „Lao variable occurs explicitly in the 

coefficients of the differential equations, the system is said to be 
"rheonomic", whereas if it does not appear explicitly, the system is said 

to be "skleronomic". Furthermore, systems represented by equations 
containing only coordinates or coordinates and time ture called "holonomie" 
systems. However, if these equations also contain the rate of change of 

coordinates, they are s&iA to represent "nonholonomic" systems. 

Linear systems consider constant masses, such as spring forces 

proportional to deflections, damping forces proportional to velocities 

and the geometry of constraints, such that their behavior can be 
described by ordinary linear differential equations with constant coef¬ 
ficients. The deviation of nonlinear systems from this general pattern 
of linear systems has its source in either or both of two conditions. 
First, the restoring forces may be nonlinear, as when they are not directly 
proportional to the displacement. Or second, the kinetic forces of 
constraint may be nonlinear, as in the case of a pendulum configuration 
undergoing large displacements. The former is dependent on the physical 
properties of the isolators, the latter on the geometry of the system. 
These nonlinearities are reflected in the governing differential 

equations of motion, in three forms as follows: 

. The differential equations are linear in the dependent 
variable, but the coefficients are functions of time 

(rheolinear equations). 

. The differential equations are not linear, in that the 
displacement (dependent variable) and/or its derivatives 

appear at powers higher than the first, but their coef¬ 
ficients remain indepenuent of time (nonlinear equations). 

. The differential equations are not linear in the sense of 
the statement above, and further, the coefficients are 

functions of time (rheo-nonlinear). 
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Nonlinear systems may have any number of degrees-of-freedom, woich 

may be coupled kinematically, dynamically, or by a combination of the 
two. However, unlike the linear systems, the coupling cannot be 
transferred from one to the other type by a change o:; the system 
coordinates or reference system. 

3.6.2.2 General Character of Nonlinear Systems 

Nonlinear systems have patterns of behavior which differ 
basically from those of linear systems. It is important that these 
unique characteristics of nonlinear systems be brought to the attention 
of the designer as a check against his intuitive reasoning, based on 
concepts formed by experience with linear systems, 'file characteristics 

defining the behavior of nonlinear systems fall into two classifications: 
first there are phenomena which have counterpart's in the related linear 
systems but which are distorted in some manner because of the non¬ 

linearity, and second, there are phenomena that are strictly due to the 
nonlinearity and for which no parallel exists in linear systems. It may 

be mentioned that the "related linear system" is usually the one whose 
differential equations of motion are obtained by ignoring the nonlinear 
terms from the equations under study. 

The more important general characteristics of nonlinear systems 
are described, as follows: 

Invalidity of the Principle of Superposition 

The principle of superposition does not apply to nonlinear 
systems. Unlike linear systems, the knowledge of two particular 

solutions of, say, a second order nonlinear differential equation of a 
nonlinear system does not lead to a general solution in the form of a 
sum of the two known particular solutions. Hence, very few nonlinear 
differential equations are known for which a general solution has been 
found. As a rule, only a particular solution can be found, and even 
then only in an approximate manner. This fact is of particular 

significance in investigating the transient behavior of a nonlinear 
system excited by pulses. 

Quas1periodic Response 

Unlike that of a linear system, the response of nonlinear 
systems to harmonic inputs is neither harmonic nor at the same frequency 
as the input. The difference between the frequency of the true non¬ 
linear oscillation and that of the exciting forces is called "detuning". 
The oscillations of a nonlinear system are not harmonic but always 
contain harmonics of various orders. Hence the response of nonlinear 
systems in the time domain appears distorted (creep phenomenon) and 1 
characterized by an almost periodic behavior and also by quasiharmonic 
oscillations having a shape close to a harmonic wave form. 
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Entrainment 

If a periodic force of frequency cO is applied to an 

oscillating system of frequency “>o , i'"" results the well known 
phenomenon of "beats"; i.e., an oscillatiii0 motion of periodically 
modulated amplitudes. As the difference between the two frequencies 
decreases the beat frequency also decreases. In linear systems the 
beat frequency decreases indefinitely as | u) - c0o | -► 0. However, for 

nonlinear systems, it has been found by experiment that the oscillatory 

frequency o0o falls in synchronism or is "entrained" by the externally 
applied frequency cO , within a certain band of frequencies. This 
phenomenon is called entrainment of frequency and the band of frequencies 
in which entrainment occurs is called the zone of entrainment. If and 

when detuning is sufficiently small, the beats disappear and the motion 
becomes periodic with the sama frequency as that of the exciting forces. 

Autonomous and Nonautoncmous Systems 

Free vibrations of nonlinear systems are termed as "autonomous" 

whereas forced vibrations are termed "nonautonomous". Because the 
principle of superposition does not apply for nonlinear systems, free 
and forced vibrations cannot be treated separately. The two are inter¬ 

related. The character of a forced nonlinear oscillation can change 

completely if free oscillations are superimposed on it. 

Amplitude-Frequency Relationship 

In all nonlinear oscillations there exists a fixed relationship 
between the amplitude of the response and the frequency of the system. 

In other words, the frequency of a nonlinear system is a function, not 
only of the physical properties of the system but also of the input to 

the system. 

Tiltlng-Discontinuity-Creep 

The response of a nonlinear system is, at best, described in 

terms of four parameters, i.e., amplitude of the input; amplitude of 
the response; ratio of input period to the natural perico: and the damping 
ratio. An inspection of various plots of the above parameters reveals 

a distortion of the response curve in the frequency domain (also called 
the transmissibility curve) called "tilting effect" as werl as a distortion 
of the response wave form in the time domain (shape of the oscillations) 
called the "creep effect", together with the appearance of various regions 

of instability in both domains due to the "jump resonance" phenomenon. 

(Figure 3.6.1, page 3.89). 

Auto-Oscillations 

In externally excited oscillations, a periodic excitation in 

the form of a force or displacement is available ind;pendent of the 
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motion of the system« The excitation delivers energy necessary for 
the motion. The frequency of resulting motion is determinedly the 

frequency of excitation. In many nor.’lnear systems the two frequencies 
may coincide. 

Figure 3.6.1 Tilting Effect of Response Spectrum for Nonlinear 
System 

However, in the case of internally excited oscillations (auto-oscillations) 
there is a constant source of internal energy available. Once in motion, 
the driving force is released by the motion of the system itself. The 

resulting motion of a nonlinear system uas approximately the frequency 
corresponding to the natural frequency of the system, if the internal 
source of energy is not very large compared with the spring and inertia 
forces. Essentially the character of a self-excited motion is that of 
a forced motion with negative damping. The damping force becomes a 

driving force instead of a restoring force and performs positive work on 
the system. 

Subhanaonic flesonxnr*» 

In linear systems, large amplitudes may be excited by impure 
disturbances at a frequency which is a multiple of the fundamental 

frequency of the input. large amplitude oscillations never occur at sub¬ 
multiples of the fundamental frequency of the input. Nonlinear systems, 
however, may be excited at submultiples of the fundamental frequency. 
This phenomenon is called "subharmonic resonance" cu. "frequency demulti- 
pUcation and implies that a harmonic input of frequency f excites an 
oscillation with frequency f/n where n is an integer. It occurs in 

nonlinear systems (regardless of whether the nonlinearity appears in the 
isolator or in the damper) because: 

. it is not possible to separate the free vibrations from 
the forced oscillations. 

. there exists a fixed relationship between amplitude and 
frequency of motion. 
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the response is not harmonic but always contains 

various harmonics of higher order. Subharmonic 
resonance occurs not only in self-excited nonlinear 

vibrations but also forcea - .linear vibrations 

with little or no damping, in which case, the non- 
linearities are usually caused by the isolators. 

Jump Resonance 

A nonlinear system behaves differently for different inputs. 

This dependence of the system behavior on the actual input is evidenced 
by the phenomenon of "Jump resonance". If the ratio of output to input 
is plotted as a function of the frequency and the input held constant, 
there will result a distorted curve. As the frequency is increased 
from zero, the response will follow the curve up to a certain frequency, 
when an incremental increase in frequency will result in a discontinuoup 

Jump in the response. Thereafter, further increase in the frequency 
leads to values of the response along the curve. The same phenomenon 
occurs when the frequency is decreased. However, the Jump magnitude is 
different and occurs at different critical frequencies than in the 
previous case. The over-all curve exhibits a Jump resonance which 
depends not only on the instantaneous value of the input but also on the 

past history of the system. 

Stability and Pseudostability 

Linear systems are either stable or unstable without qualifi¬ 

cation. But the behavior of nonlinear systems does not show a clear 
demarcation between stable and unstable conditions. In nonlinear 
systems when a periodic solution is unstable, the amplitude of motion 
may grow indefinitely or until some bound has been reached. In certain 
cases the amplitude may not grow, but the motion may become erratic. As 

a consequence, when dealing with nonlinear systems the meaning of 

stability must be clearly defined. 

In certain nonlinear systems the amplitude of the output may 

increase until it reaches a condition of steady oscillation at constant 
amplitude and period, although the wave may not be harmonic. This 
intermediate unstable condition (pseudostable) is defined by the so-called 

"limit cycles" for nonlinear systems. Unlike in linear theory, the 
occurrence of limit cycles depends only on the parameters of the system 
and not on the initial conditions. The stability of nonlinear systems 
depends on the input level and initial conditions of the system. Whereas, 
for linear elements, the amplification factor is independent of the input 
amplitude and initial condition”, for nonlinear elements the amplification 
factor is a function of the input amplitude as well as of the initial 

conditions. 

Evaluation of Nonlinearities 

The performance of nonlinear elements of a mechanical system 
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iray be evaluatei by the rate of change of the nonlinear characteristics. 
All nonlinear it ies may be classified as*. 

. Fast (nonremovable) nonlirea / d for which the mode of operation 
of the'system changes rapidly compared with the response time 
of ti . system. Mathematically, such nonlinearities can be 
expressed in the general form 

¿i = fi(xi» V ••• V ai' v ••• V ^ 
where fi are nonlinear functions of xr The nonlinearities being 
strong, the behavior changes rapidly with time. 

. Slow (removable) nonlinearities for which the behavior of the 
system remains linear over a time interval which is long compared 
with the response time of the system. Mathematically, such 
noulincarities can be expressed in the general form 

V • + ï * y.&J.XX, x2'> •'* ^ 

where ib are linear functions of x., whereas g± are not. The 
quantities p are constants, usually small in absolute magnitude, 
so that higher powers of X 1 may be ignored when compared with 

A Such nonlinearities, being small, permit the system to 
be assumed linear over a longer period of time. Such systems are 
called "quasilinear". Phenomena existing in linear systems are 
only slightly changed for the equivalent quasilinear systems. A 
majority of physical systems can be described by quaSilinear 
behavior. The describing function method of analyzing the 
behavior of nonlinear systems is an attempt to approximate fast 
nonlinearities by slow nonlinearities within tolerable limits. 

In view of the foregoing discussion, the mathematical expression for 
these two classes of nonlinearities is: 

(sgn x) 2 6u)0Zl f(x, x) x + u3o2 g(x) 

representing the generalized Van der Pol type of non-linearities (for 
example the pneumatic isolator) and 

2 8c00 P ! (x) x + caí o2 p2 (x) x 

representing the generalized Hill type of nonlinear elements (for example 
the pendulum suspension system). Here 6 is the damping ratio, uP _ is 
the natural frequency of the associated linear element, f(x,x) and g(x) , 
respectively, are algebraic functions in x and x, whereas p^(x) and 

3? 2(x) are periodic functions in x. 

A further subdivision depending^on the expressions associated 
with the algebraic polynominals f(x,x) and g(x), and with the 
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trigonometric polynominals p-^ (x) and (x) is as follows: 

For the Van der Pol type of nonlinear element, nonlinear springs 
with characteristics of the general fo, •' 

• 2 1 
2 tocúQ x + cúQ (x + c x" ) 

can be described. These would include springs with curved characteristics, 

eitVr hardening or softening (Figure 3.6.2(a), page 3-93)» straight 
line characteristics such as bilinear, preload, and backlash (Figure 3.6.2 

c, d, e, and f). Nonlinear dampers of the generalized form 

(sgn x) 2 S i00 g(x) + ^>02 x 

include dampers of the dry fricirou, viscous, and nonviscous types. 

Similarly for the Hill type of nonlinear element, the Mathieu 

harmonic ripple of the general form 

Pe (x) = X + 2-V cos 2 x (45) 

represents a harmonic oscillation of the restoring force of the system 

about a mean value À (Figure 3*6-3(a), page 3-94); the Meissner 
rectangular ripple of the general form 

P2 (x) = A *y (^6) 

represents a restoring force varying discontinuously but periodically 
about a mean value A with an amplitude |Y| (Figure 3*6*3(h)). 

3.6.2.3 Single-Degree-of-Freedom Nonlinear Systems 

At present there is no single, generally applicable method, 
theory, or body of knowledge regarding the solution ox n&iilinear problems. 
The methods useu to find the solution of nonlinear differential equations 
vary widely with the problem under consideration. A large majority of 
nonline» differential equations do not admit of closed form or exact 
solutions. Methods presented so far have serious limitations such as 
lack of accuracy, lengthy calculations, and limited areas of application. 
Most of the mathematical work done so far deals with qualitative results. 
The basic methods for finding approximate solutions of nonlinear differ¬ 
ential equations at present can be broadly grouped under three major 

classes: 

. Classical analytical methods 

. Averaging methods using describing functions 

. Topological methods, essentially graphical 
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Figure 3.6.2: Nonlinear Spring Characteristics 
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All the above methods consider only quasilinear systems whereby only 
small nonlinearities are considered. The methods for quantitative 
results for unrestricted nonlinear systems exist only on a mathematical 

basis and yield results which art s,e general and deal with the 
existence, uniqueness, and stability of periodic solutions. The 
results obtained concern only particular problems and do not cover 
classes of problems. Their validity is more or less doubtful. 

The classical analytical methods referred to are: 

. The "iteration method" which assumes as a first 
approximation the solution of the linear system by 
discarding the nonlinear tenas, followed by a repeated 
iteration in order to obtain approximations of higher 
order. The solution obtained by iteration assumes the 
convergence of its representative series. Although the 

simplest for computational work, the validity of the 

iteration method is often questionable. 

. The "perturbation method" which uses the basic idea of 

constructing solutions for an unknown problem by means 
of solutions of known simpler problems which lie close to 
the unknown case. The difficulties in this procedure 

consist of the occurrence of singular solutions leading 
to algebraically inextricable computations. The accuracy 

of the perturbation method depends on the number of terms 
assumed in the series expansion of the variable quantity 

considered in the nonlinear differential equation. 

. The "variation of parameters method" assumes aolutlons 
which have the appearance of simple harmonic functions, 
but of amplitudes and frequencies which vary slowly as 

a function of time. The secondary differential equations 
may he solved either by approximation or by the perturbation 

method. The accuracy of this method depends on the number of 
terms retained in the series expansion of the variable 

quantity. 

All three analytical methods are applicable to autonomous as weil 
as nonautonoraous systems. For practical applications, all three methods 
are of limited usefulness to designers since the computations are 
lengthy and the results depend on the assumptions and the degree of 
accuracy implied by neglecting certain terms in the solutions. 

The averaging methods are: 

. The Krylov-Bogoliubov method which evaluates the nonlinear 

elements incorporated in a system by an equivalent lineariz¬ 
ation process over a certain period. This method has been 
linked to the Routh-Hurwitz criterion of stability. 
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. The Ritz-Gallerkin method which approximates, ii the 

mean, the entire nonlinear differential equation 
representing a nonlinear syster. This method tas led 
to the describing ^'notion sit cd based on the "irst 

harmonic component of the averaging series. The 
describing function approximates the problem by 
assuming that the input is sinusoidal and that the 

only significant frequency component of the input is 
that component at the input frequency. 

. The LJapunov method of equivalent approximation of a 
nonlinear configuration based on variational methods 

leading to a stability criterion, whose accuracy depends 
on the number of terms considered in the averaging series. 

The topological methods are based on the geometrical aspect of the 
behavior of nonlinear configurations leading to graphic constructions. 
The methods use solutions, or integral curves in the phase-space, 
leading to construction of Individual curves. The three basic methods 
in this group are: 

. The Isocline 

. The Llenará 

. The Meissner 

Uhereas the first two are applicable to autonomous systems only, the 

Meissner method may be applied to nonautonomous systems as well. The 
phase-plane methods are generally applicable to only second order systems, 
but may be employed to obtain approximations of the responses of higher 
order systems. 

The phase-plane and the describing function methods, being of most 
usefulness in practical application, will be discussed in greater detail. 

3.6.2.3.I The Phase-Plane Method 

Except for a few special cases, use of the phase- 
plane method is restricted to the study of transient motion of simple 
systems characterized by such nonlinearities as backlash and saturation. 
Fundamentally, the method consists of graphically plotting the output 

velocity X versus the output displacement x. The initial conditions fix 
a point in the phase plane. If the x - x trajectory starting from the 
initial point eventually reaches a steady-state condition, the system is 
stable. 

The applicability of the phase-plane method as a procedure leading 
to the solution of typical problems arising in Isolation system design 
is: 

. Only signal-dependent nonlinearities can be considered; 
that is, the method is restricted to sklercnomic systems. 
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. The method can be applied only to second order systems. 
Unless higher order systems can be reduced to second 

order, no methods of general applicability have yet 

been developed to deters • their response by this 

method. 

. In general, the method can be applied only to 
autonomous systems. Response to step- and ramp-fui.ctions 

can be obtained but the procedures for analyzing the 
response of systems to inputs typical of those experienced 

in ground shock have not been developed. 

. The complications of constructing phase-plane diagrams 

increase rapidly with the number of degrees of freedom. 

3.6.2.3.2 The Describing Function Method 

The range of applicability of this method is 

restricted to nonlinear systems with a single nonlinear element. If 
there are several nonlinear elements, they must be lumped together. 
Further, no time variation of the parameters of the nonlinear element 
is considered. The basic assumption in the describing function method 

is that both the input and the output are sinusoidal, thus inferring 
that the higher harmonics are insignificant. For this reason, the 
describing function method is often termed a sinusoidal analysis. The 
describing function method is appropriate for the determination of both 
the existence of sustained oscillations and the approximate amplitude 
and frequency but it does not describe the wave form. Although the 
greater part of mathematical work in nonlinear mechanics has been concerned 
with the establishment of the existence of limit cycles in practical 
applications, it is desirable, more often, to determine the performance of 

a nonlinear system which is known to be stable. 

The describing function, as a ratio between the fundamental componeul 

of the output to the input amplitude, is in general a function of input 

amplitude and frequency. If this function is single valued, the 
describing function is real and does not depend on the phase. If multiple 
valued, the describing function is complex and therefore will depend on 
the phase. Furthermore, if the system exhibits a change in the energy 
storage, the describing function will depend on the frequency. In special 

cases where the describing function is real and independent of frequency, 
the amplitude of the nonlinear device varies only with the amplitude of 

the input and this variation can be interpreted as a motion of the poles 
along the root loci. Consequently the describing function analysis 
indicates the transient response only insofar as it demonstrates approxi¬ 

mately the relative stability and band width. The describing analysis 
not readily applicable to the study of the response of nonlinear systems 

to random input functions. 
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The describing function analysis replaces the rapidly moving 

poles and zeros by critical frequencies which move slowly. The 
equivalence is valid only at a point on the imaginary axis, i.e., at 

the sinusoidal frequency. The poles an*. '• ’os move with the change in 
amplitude of the signal input of the nonlinear device. Stability can. 
be evaluated as a function of the signal level by letting the test 
point on the imaginary axis (i.e., the test frequency) vary from zero 
to infinity. The accuracy of the approximation of rapidly moving poles 
and zeros by slowly moving critical frequencies is reduced by neglecting 

all iu.rmonic components except the fundamental in the output of the 
nonlinear device. The validity of the approximation depends directly on 

the harmonic distortion of the output and the extent of the low-pass 
filtering in the linear components between the output and input terminals 

of the nonlinear device. 

The difficulty arising in the describing function analysis is of 
computational nature associated witn the determination of the describing 

function for a wide range of amplitudes and frequencies. Furthermore, 
there is no simple method for evaluating the accuracy of the describing 

function analysis of a nonlinear system, and therefore no definite 
assurance that the results obtained with a describing function are 
approximately correct. However, by incorporating a second term in the 
series of the result of the describing function analysis containing 
only the first term, the results of the describing function analysis can 
be partially corrected and an idea of the accuracy to be expected 
determined. In that case, the answer will be given to a second approxi¬ 
mation which, however, infers more elaborate calculations. Nevertheless, 

it cannot be inferred that in the absence of an indication of accuracy, 
the accuracy of the describing function is poor. The accuracy achieved 
in a great number of cases reported in the literature is rather startling. 
This results from the face that, in a wide variety of systems, the errors 
introduced by the approximation of the describing function method are 
Rmn.n compared to the probable errors*in the description of the nonlinear 

element characteristics. In the great majority of cases the describing 
function method offers a rough measure of the effect of certain non- 
linearities and a quj.ck method for evaluating the effects of additional 
linear or nonlinear components introduced within a mechanical loop. 

Summarizing the above discussion; for second order systems the three 

groups of methods explained above give about the same result. For higher 
order systems the describing function method is more useful but limited 

to sinusoidal input. In general, none of the above methods give full 

results. 
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3. "( Response of Single-Degree-of-Freedom. Bilinear and Hysteretlc 
Systems to Typical OrounA Shock Wave Forms 

3.7.1 Introduction 

It is evident from the preceding paragraphs that the analyti¬ 
cal solution of problems involving the response of nonlinear systems to 
shocks of complex wave forms can be exceedingly difficult. Yet nonlinear 
isolators and suspension methods form a large area nf practical interest 

to the isolation system designer. For those systems containing large 
nonlinearities, or many coupled uegrees-of-freedom, or where there is 

question as to the stability of the system, the designer has little 
recourse but to program the equations for solution by electronic computer. 

The nonlinearities of many systems however can be approximated by a 

simple bilinear or hysteretic characteristic. Such problems, while simple 
in concept, still require considerable time to analyze formally. However, 
because of their apparent city, there is frequently a reluctance to 

resort to a computer solution. To assist the designer, not only in esti¬ 
mating the response of such systems but also in selecting optimum compo¬ 
nents, the responses of a large number of simple nonlinear systems to 
various combinations of the Types I and II wave forms, synthesized in 
Section 2.0, were determined on the Stanford Research Institute analog 
computer. It should be emphasized that since the Typa I and Type II wave 
forms were synthesized on the basis of records of vertical motions, the 
applicability of these results to horizontal ground motions remains to 

be determined. The 34 shock inputs used in the study are shown in Figure 
3.7.5(a), page 3-IO9. Inputs 1-29 were composed of various proportions 
of the Type I and Type II wave forms while inputs 30 - 34 were obtained 
from test records. Undamped, linear response spectra for inputs 1 - 29 
are given in Figure 3*7‘i>(b), page 3-IIO. 

3.7.2 Isolator Characteristics and Equations of Motion 

The isolators investigated had bilinear and hysteretic stiff¬ 

ness characteristics and dissipation. Figures 3*7* 1 au'i 3«7*2, page 
3-100, show the stiffness characteristics with restoring force as a func¬ 
tion of displacement. These characteristics cover the essential nature 
of a large number of real isolators. The bilinear stiffness character¬ 
istic can be used to approximate fairly closely stiffness characteristics 

which are actually curved, including "hardening" and "softening" systems 
and preloaded systems. The hysteretic stiffness -hrracteristic includes 

pneumatic systems, solid friction and plastic yielding. In the bilinear 
and hysteretic cases viscous damping only was included. Hydraulic or 
velocity-square damping and Coulomb or friction damping were considered 
only for a linear spring. 

3-7.2.1 Bilinear Stiffness Characteristic with Viscous Damping 
(Case A) 

The equation of motion of an isolator with a bilinear 
stiffness (Figure 3-7-1) characteristic anc viscous damping, after 
diyiding through by the mass, is: 
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I "Hardening" System 
* 1,-I 

Figure 3.7.I 

Bilinear Stiffness Characteristic 

Figure 3.7.2 

Hysteretic Stiffness Characteristic 
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+ 2^. tO X + cl) ‘ 

X < a 

a + b( \) , X > a 

where 
relative displacement between isolator platform 

and ground 

coefficient of viscous damping referred to the 

first part of the stiffne- characteristic 

(47) 

lo = natural angular frequency of the isolated mass, 
oscillating on the first part of the characteristic 

(rad/sec) 

a = the relative displacement at which the elastic 

stiffness characteristic changes slope 

V = input velocity 

k = ratio of the square of the angular frequencies 

corresponding to the final and initial values of 
stiffness 

t = time. 

The above equation is written only for positive x. The character¬ 
istic is assumed to be symmetric about the origin. The third term in 
equation (47) represents the stiffness characteristic shown in Figure 

3.7.I. Depending on whether the displacement x is less or greater than 
the displacement a, this term represents one or the other of the two 
straight lines making up the stiffness characteristic. 

Equation (47) contains five independent parameters, À , , a, k, 
V, and may be nondimensionalized by the following change of variables. 
Put, 

X = x/a (48) 

T ■= tp (49) 

ap 

n m üL 
p 

where 

(50) 

(51) 

P 
air 
to 

and tQ is the duration of the input wave, 
becomes 

the equation of motion 

(52) 
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+ 2XA.’iï 
dT2 d T 

X , X < 1 

1 + k( X - - ' j X > 1 

41 
á T 

(ï>3) 

The equation is now nondimenaionalized and one parameter has been 
eliminated leaving \ , Ci , k, and V. One further variable is 
introduced to complete the nondimensionalization. The acceleration Z 
experienced by the isolated body is given by the sum of the dissipative 

and elastic terms, 

Z= 2Xu)x +C02 
X , X < a 

a + k( X - a) , X > a 

(54) 

Define a new symbol, 

0 = 2 X fi 4* + n2 
<*T 

X , X < 1 

1 + k( X - 1) , X > 1 

then 

2 
Z « ap G. 

(55) 

(56) 

All the results are presented in terms of these nondlmensionalized 

variables A. , -Q , k, X, V, G and to convert them to dimensional 

variables,equations (4Ô), (49), (50), (51), (52), (56) are used. The 

maximum values of X, V, G are denoted *by Xm, V Gm- 

3.7.2.2 Hysteretic Stiffness Characteristic With Viscous Damping 

Tease b) 

The equation of motion and all nomenclature for the hysteretic 
stiffness characteristic (Figure 3.7-2) with viscous damping are identical 
to the bilinear case for k = 0 except that when the relative velocity 
changes sign the characteristic returns down a path parallel to the 
initial path through the origin. This situation may be written formally 

as 

x + 2 X o) X r u) 2(x - u) = 

X + 2 A a) X + u)8p sgn x = 

where u is the algebraic sui. of all previous "yield" displacements up 
to the time considered, and where the sign of the yield displacement is 
that of the velocity et that time. As the nondimensionalization and 

V , j x - u j < a 

v , x - u > a 
(57) 
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nomenclature are identical to the bilinear catie they are not repeated. 

Equations (4Ö), (50), (5l)i (52)> (56) e.pply as in the bilinear 
case. 

3.7»2* 3 Linear Spring and Coulo... -, l-riction (Case C) 

The case where the isolated body is connected in series 
by a spring to a friction damper which then slides on the moving base 
is the same as the hysteretic case (B) when X * 0. However, if the 
Isolated body is connected directly by a spring to the base and the 
friction damper is also connected in parallel between the body and the 
base, the situation is different. 

The equation of motion in this case is 

X + o)2c sgn X + c02x * V (58) 

where the notation is as before with c in place of a. The acceleration 
corresponding to the friction force is given by i*)2c. The nondimensional' 
ization proceeds as in Case A and equations (A8), (^9), (50), (51), (52), 
(5Ó) apply as before with c in in place of a. 

3.7.2.4 Linee- Spring with Square-Law Damping (Case D) 

A damping term proportional to the square of the velocity 
is to be expected in certain hydraulic systems. 

The equation of motion is given by, 

X + C(x)2 sgn X + d>2x = V (59) 

where C is the square-law damping coefficient. To nondimensionalize 
this equation it is necessary to introduce a characteristic length. 
This may be done by defining. 

e « (60) 
P 

where vm is „he maximum value of v. If the same procedure is followed 
as in Case A using the value e in place of a, the equation of motion 
becomes 

+ h sgn 4? + n^x - 41 (61) 
dT2 IfiT/ JT dT 

where H = Ce and is the nondimensional damping coefficient. It is to 

be noted that in this case the value of the nondimensionalized variable 
Vm has the value of unity. Equations (48), (49), (50), (51), (52), (56) 

apply as before with e in place of a. 

3-103 



SWC-TDR-62-64 
October 1962 

3‘7-2.5 Linear Spring with Viscous Damping (Case l) 

This case is covered by Case A when X £ 1 and is shown 
in the results by X^ ■ 1. “ 

3*7*2.6 Viscous Damping Only (Ho Stiffness) (Case g) 

Tti» degenerate case is of interest because it illustrates 
tôt AffiporteBee of damping and has the equation of motion given by 

X + /limy 
(62) 

where /t is the viscous damping coefficient. As before, put e - v /0 
and obtain t * * * 

*2 + L 4* « dv 
dT2 d-T dr (63) 

where L ■ /t/p and is ttie nondimensional damping coefficient. Amain 

Í^h0feV“iíSp^cÍyóf“f e4URtÍOnB (k6)t (k9)' (5°h (51)' (52)’ (56) 

3*7.2.7 Square-Lav Damping Only a) 

of Case 0 ^ e<luati<>n oet A ■ 0 and Case D degenerates to that 

3»7.2.8 Coulomb Damping Only (Case H) 

The equation of motion is, 

X + F sgn X ■ y (64) 

where F is 
Aa before. 

the acceleration corresponding to the Coulomb friction force, 
introduce e - vm/p and obtain 

+ M sgn 4* « 4V 
d-Tc dl AT 

(65) 

Y1“« M - V- rMa> the value of 
(SO), (51)# (52), (Çé) apply with 

Vm is unity and equations (40), (49), 
e in place of a. 

3.7.3 Presentation and Optimization of Results 

3.7.3.1 Range of Kjrameter Valu*« 

Values 
and 2.0 were chosen. These 
hardening system as well as 

for 1c in equation (4?) of 0, 0.2, 0.5, 1.0 
include three softening systems and one 

the linear case. Values of X - 0, 0.1, 0.2 
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were selected as reasonable. GeneraUy eight to ten values of the 
nondimensional angular frequency A were used from zero up to a value 

where the system was no longer isolating, i.e., when the isolated body 
experienced an acceleration greater tv.- the acceleration associatea 

with the input velocity. ïhe values c. the nondimensional maximum 

iunut velocity Vm used were such that the resulting nondimensional 
maximum relative displacement took a series of values between 1 and 
5. These values span the more relevant part of the stiffness character¬ 

istic. For large values of 3L. of course, the initial part of the 
¿Mffness characteristic is of little importance and the case degenerates 

to that of a linear preloaded isolator. 

3.7.3.2 Presentation of Results 

In this work only the "maximax'1 values are presented, 
i.e., for one isolator specified by particular values of /1 , X > 
and Vm, only the largest values of G and X occurring from the c .ffeient 
Inputs are tabulated and are called (¾ and V ^Pending on the partic¬ 

ular values of A , k, X , and V*, this largest value may come from 

any of the different inputs. In general for a given isolator the 
largest values of G and X will come from the same input shape, but this is 

not always true. 

Initially V and G_ were plotted against Xp, to give the values of Vm 

and G, at valuesV ^ = 1, 2, 3, 4, 5- From these a set of curves is 
constructed showing for every particular value of k and X , the values 

Vm and Gm at X* = 1, 2, 3, 4, 5 as a function of A • Given particular 
ground motion parameters and isolator parameters ym, p, a) , X » 
these graphs together with equations (48), (49), (50), (51)» (52), and 
(36) determine the maximax acceleration experienced by the body together 
with the maximax "rattlespace". 

3.7.3.3 Optimization 

1. Minimum "Rattlespace" for Specified Acceleration 

The most common design problem is that of 

minimizing the "rattlespace" when the maximum acceleration of the isolated 
body is specified. Tills problem cannot be solved from the Vm, (¾ -versus- 
A curves directly because of the nondimensionalization which eliminates 

the value of a which is the displacement at which the break point occurs. 

Thus the question becomes one of determining real variables such as a 
rather than nondimensionalized ones. This may be approached in the 

following fashion. 

Let Zjn ■ specifieu maximum acceleration the body is to experience 

Xpj = maximum "rattlespace" which is to be minimized, (66; 

Then from equations (48), (50); (5^) we have 
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Introduce a new variable 

<r . -¾. . -5». (68) 
Va,? 

Now, zm, vm, p are specified, and thus or is specified and the value 

we are endeavoring to minimize, %, is a product of a fixed specified 
value vm/p and the factor The problem now is to minimize 
for specified values of , i.e., O’ . This was done by preparing 

a plot of Oa against Vm for 3½ - .1, 2, 3, 5 for each set of values 
of A , k. Corresponding valuer, of Vm and Ga have the same values of 
3¾ and fl . Figure 3.7.4 shows a plot of this form. 

Radial lines from zero are drawn for a set of values of a = Gm/Vm. 

A second and final plot is made from the first one of (3Jra/Vm) versus Vffl 

for the various values of <r . From these curves the value of Vra giving 

the smallest value of and hence of 3¾ for a particular <r may be 
determined. The value of a is found by rewriting equation (50) in the 
form 

a “ vm/ vmP 

and, by referring to the relevant Vm - versus - fi curves, fl may be 
established. Arcs of hyperbolas are drawn to separate the linear region 
(¾ •< 1) from the nonlinear region. 

In the case of the linear spring with square-law damping it is noted 
that the parameter cr degenerates to CT ' * Gm . 

2* Minimum Acceleration for Specified "Rattlespace" 

The question of minimum acceleration for 
specified rattle space is effectively the same as the question of minimum 
rattlespace for specified acceleration, and it may be answered from the 
same optimization curves. If a certain maximum displacement, %, is 
specified, then this means that the value ^/V is specified. If a 
horizontal line is drawn through this specified value of X^/Vj^, then the 
lowest value of tr giving a curve which will meet this horizontal line 
represents the lowest acceleration which mav he obtained for the specified 

% and the other particular parameters. As ■'fore, the value of Vm arising 
at the meeting of the 3^/^ line and the cr rve determines the param¬ 
eters a, fl , and hence ci) . 
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Figure 3-7-^ 
Typical Plot for Construction of 

Optimization Curves 
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It is to be noted that whereas one can. always design for any 
specified body acceleration no natter how snail, it is not necessarily 
possible to do this for the relative di»*'"'* ;ement without incurring 
accelerations greater than those existing in the input. 

3.7.4 Results 

The results are given in graphical form in Figures 3« 7« 5 
through 3*7*26 la this subsection, as functions of the nondimen- 
sional variables discussed in Section 3.7.2. In general, there are 
three graphs associated with each set of parameters. These graphs show 
the relation between Ji ^ <U1<^ , and (Int/Vm) and Vn 
for various values of subsidiary parameters, e.g., Xj,, H, <r , etc. 
The value A2/G^ is plotted instead of (½ because of the large range of 
values taken by Q-a. 

3.7.4.1 Undamped Linear Spectra 

Figure 3.7.5(b), page 5-11¾ gives the undamped spectra of 
the family of the 29 input shapes * in terms of A W against A . 
The term AW?» which equals 0) xjrm is a pseudo velocity and is the 
standard way of presenting spectra of ground motion. 

« 
The numbers 1 through 29 Identify the spectra of the various velocity 

input wave forms outlined in Figure 3*7»5(a), page 3-109. As is to be 
expected, the spectra are all different and it is well to note again that 
in what follows only the value of the response of a particular 
isolator to the family of inputs is tabulated. The response of a 
particular isolator to any particular input wave fora will often be 
considerably lees. Figure 3*7.6» page 3-HI, shows the envelope and the 
mean value of the spectra of the family of input wave forms. The shape 
of the envelope is very similar to that assused in the Ti, Tg spectra. 
The ratio of the envelope of the individual spectra to the mean value 
(approximately 2:1) gives an idea of the dispersion of the maximum values 
in the undamped case. 

3.7.4.2 Viscous-Dampcd Bilinear Characteristic 

Figures 3* 7* 7 to 3*7.19, pages 3-E-4 through 3-126, show 
the responses of the various bilinear isolators considered, together 
with the optimization curves. For each pair of values of damping 
coefficient X and nonlinearity factor k there are three sets of 
curves. The first set of curves shows the nondimenslonal velocity input, 
VB, as a function of the nondimensional frequency A for various values 
of the maximal fionfllaenw1"'1»*'1 relative displacement 1L. The second set 
shows the nondimenslonal maxi max acceleration of the isolated body in 
terms of A 2/¾ as a function of A for various values of 1½. 

* These 29 input shapes plus five actual velocity curves make up the 
total of 34 inputs. 
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Amplitude Ratio 

Type I:Type II 
2:1 

1:1 

1:2 

Duration Ratio 

’’•"■•e I:Type II 
2:1 

1:1 

1:2 

Phaeing 

A3 1 z 
B3I—(—l 

c3 

Shape 
No. 

Combination 
Shape 

No. 
Combination 

Shape 

No. 
Combination 

1 

2 

3 

1|. 

5 

6 

7 

8 

9 

10 

11 

12 

Type I 

b3 

C3 

A1 b2 a3 

b3 

C3 

A3 

b3 

c. 

'1 

A2 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

B-l Ag C3 

B1 % A3 

B3 

c3 

Bi c2 A3 

B3 

c3 

C1 a2 a3 

b3 

c3 

Ci B2 a3 

25 

26 

27 

28 

29 

30 

31 

32, 

33 

34 

Eg C3 

CS 

Type II 

Tumbler 3V 

Tumbler IV 

Cactus 3V30 

Tumbler 2-2V 

Koa 12V30 

In type ani C3 the shorter duration type is always centered on the be- 
I ginning or end, respectively, of tho longer duration one. Thus, in AgB^ 
(Type II starts first and is half over before Type I begins (see shapes , 
j12, or 21 on Figure 3-7.28). In CgBo, on the other hand, Type I atari’ i 
first ani is half over before Type II begins (see shapes 9, l8, or 27 on 1 
Figure 3.7.28). __j 

Figure 3.7.5(a) 
Key to Wave Shape Combinatlore 

The t’r.ir t gives the factor (Xm/Vm) which is proportional to the actual 
rela . displacement, as a function of Vm fc~ various values of a~ . 

It is noted from equation (55) that when X - u ana Xm > 1 the variable 
Gm is given simply by 

Gm= /12 [l + 4(¾ - 1)] (69) 

and, as this is a simple .elation, it has not been plotted. 

When X ^ 0 the value of 0¾ is the sum of two terms as shown by 
equa ion (55). If 71 is very small then the second term in J1 2 is 
negligible compared to tne first term in SI and we have 
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Figure 3.7.5(b) Tlndamped opectra of the Family of Input 

Velocity Waveforms 

3-no 



October 1962 sv’c-tor-62-6í'- 

I 

! i 

i1 ' [; ’¡-o 3. ~. o :,ir elope an:5 ve race Un-iamped Spectra of the 
Input Velocity Waveforms 
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Thus the initial parts of the A ^/¾ curves are straight lines through 
the origin. However, when A is large, the second term predominates 
and /12/¾ tends to a constant value of 1/ Q 1 -1)] • When 
there is no damping, 0 reaches its maximum value when X does. However, 
because of phasing this is not true when damping ic present. 

Figures 3*7.7, 3*7.11, 3*7*14, and 3.7*17 show the undamped case 
X >0. The Vm - versus - A curves for the various values of 

indicate a quaa¿resonance taking place at certain values of A .. This 
is indicated by a minimum point in the Vjn-versus- A curves, i.e., the 
point which requires less input to give the same displacement. In 
Figure 3*7*7 this situation is seen in the linear case, i.e., Xn, «= 1 at 
the value A ■ 3*25* As the ampj.itude increases, i.e., Xq increases, 
the natural period decreases. Therefore the quasiresonant point moves 
to the right. Also, a second such point rapidly appears with increasing 
XjQJ. 

Changing the nonlinearity parameter, k, fron, a "softening" system 
given by k - 0 to a "hardening" system given by k - 2.0 has little effect 
on the essential character and amplitude of these responses. The main 

effect is to change the direction in which the quasiresonant point moves. 
In a "hardening" system the natural frequency increases with increasing 
amplitude and consequently the resonant point moves to the left. 

The relatively small effect of the parameter k Is best seen by a 
study of the optimization curres. For the same values of X and o’ 
these curves all start at the same point on the hyperbola dividing the 
linear region (X^ & l) from the nonlinear region (½ > l); and apart 
from trivial fluctuations they show a roughly horizontal trend, especially 
for lower values of O' . Thus the nonlinear cases do not give any 
significant decrease in rattlespace for a specified O' over that of the 
linear situation. 

It is interesting to note that in many cases in Iigiues 3.7*7, 3*7*11, 
3*7*14, and 3*7*17, designing for a larger acceleration actually demands 
a greater relative displacement. To obtain such an acceleration means 
approaching the quasiresonant condition with the attendant large dis¬ 
placement. Haturally, in this situation one would design for a lower 
maximum acceleration than specified to obtain the attendant lower relative 

displacement. 

Figures 3.7.8, 3*7*12, 3*7*15, and 3*7*13 show the effect of the 
addition of lot damping to the first part of the stiffness characteristic. 
The addition of damping smoothes out the fluctuations in the amplitude 
response curves, increases the Vm necessary to give a particular Xg,, 
and hence lowers the optimization curves. Once again the difference 
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between the various k values is not significant for the smaller 

values of o- . For the value o’ - 7*5 it is noticed that the value 
k ■ 0 has a very distinct advantage 0. - the value k * 2.0. When 

k » 2, as before, we have the situate..u where a smaller design 
acceleration can be obtained together with a smaller rattlespace. 

Figures 3*7*9, 3.7.13, 3«7.l6, and 3.7.19 show the effect of a 
further increase in damping, i.e,, X »0.2. As before, the relative 

displacements are further lowered, but again the effect of the non¬ 
linearity parameter k is not great except for the higher values of <r 
Figure 3.7.IO shows the case k - 0 with 50^ damping. A further 
reduction in relative displacement is noted. These observations all 

point to the importance of damping in the system and the insignificance 
of the various nonlinear stiffness characteristics considered. 

3.7. ^.3 Viscous-Damped Fynteretlc Characteristic 

A hysteretic characteristic involves a substantial 
dissipation of energy; and, considering the effect of dissipation in the 
bilinear case, it is not surprising that the same effects are noted here. 

Figures 3.7.20 through 3.7.22, pages 3-127- 3-129, »how the response and 
optimization curves for various values of viscous damping. A comparison 
of Vm-versus- A curves for the bilinear k - 0, X * 0, and the 

hysteretic case À = 0 show the effect of the hysteretic damping, i.e., 
a much larger value of Vm is necessary to give the same relative dis¬ 
placements. This is more obvious in the optimization curve shown in 
Figure 3.7.20. As Vm and \ tend to infinity, the hysteretic case 
approaches that of simple Coulomb friction with no springs. The results 
for Coulomb friction, from a separate computation, are plotted on the 
far right of Figure 3.7.20; and it is seen that aa Vm gets large, the 
hysteretic case is indeed approaching that of Coulomb friction. The 
addition of viscous damping as shown in Figures 3.7.21 and 3.7.22 
further decreases the maximum relative displacement. 

3.7. ^.** Linear Spring with Coulomb Friction 

Figure 3.7.23, page 3-130, shows the response and optimiz¬ 
ation curves for a linear spring with a Coulomb-friction damper in 
parallel. The (¾ curves can be shown to have the simple relation 

Gra = A2 (1 + Xj (70) 

and they have not been plotted. The ratio of the maximum spring force 
to the friction force equals as may be seen from equation (70). Thus 
as Xm becomes large, the si /oation tends to that of an undamped linear 
spring. This tendency may be seen in Figure 3.7.23 where, as Xß, 
increases, the shapes of the Vm-versus- A curves tend towards that of 

the undamped linear case. The optimization curves in Figure 3.7.23 
show again that the higher the friction, the les 3 is the relative 
displacement for the same acceleration. This is true except for the 

3-113 



SWC-TDR-62-64 October I962 



swc-tdr-62-64 October 1962 

Figure 3-7-8 The Bilinear Case for K « 0, X * 0.10 
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Figure 5.7.9 The Bilinear Case for k ■ 0, A ■ 0.20 
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Figure 3*7*10 The Bilinear Case for X = 0, X =0.50 
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Figure 3.7.11 The Bilinear Case for K 0.2, X =0j Gm = n2(0.8+0.2Xm) 
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Figure 3-7.12 The Bilinear Case for k 0.2, X* 0.10 
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Figure 3.7.1^ The Bilinear Case for k 0.5, X - 0; (¾ 1^(0.5+0.¾) 

3-121 



SWC-TDR-62-64 October 1962 

Figure 3*7.15 The Bilinear Case for k * O.5, ,X = 0.10 
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Figure 3.7.16 The Bilinear Case for k >= O.5, \ = 0.20 
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Figure 3»7-l8 The Bilinear Case for K 2.0, X = 0.10 
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Figure 3.7.19 The ™linear Case for k 2.0, X = 0.20 
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Figure 3.7.21 The Hyetoretic Case for X = 0.3.0 
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Figure 3.7.22 The Hysteretic Case for A. = 0.20 
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Figure 3.7.23 The Case of the Linear Spring with Coulomb Friction; 

Gm = tfa+xj 
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very low value cr = 0.25. When Vm » 0 the situation is that of 
Coulomb friction only, and the c curves may be seen to be honking 
towards these values. 

3.7-^-5 Linear Spring with Square-Law Damping 

The response and optimization curves for a linear spring 
with a damping term proportional to the square of the relative velocity 
are shown in Figure 3*7*24-, page 3-132 . The representation of the 

displacement curves is different from the previous cases because of the 
necessity of adopting a different form of the nondimensional variables. 
Here the variable Vm has the value of unity and curves of % versus il 
are plotted for various values of the square-law damping coefficient, H. 
As H tends to zero we approach the undamped linear case, as may be seen 
by taking the reciprocal of the J^-versus- fl curves in Figure 3.7.2t. 

The optimization curves again show a decrease in relative displace¬ 
ment for increasing damping. However, it is noticed that, depending 
on the particular value of <r , these optimization curves terminate 
at various values of H. The points shown in Figure 3.7.24 at which the 
curves terminate are not the exact points because of the finite steps 
chosen in the variable H. However, they will be close to the actual 

termination points. This termination is necessary because with 

increasing H there must be a point at which the acceleration transmitted 
by the damper equals the specified acceleration corresponding to the 
value of <r in question. 

Similar remarks apply to a spring with viscous damping but do not 
appear here because the highest value of X considered, i.e.,X ■ 0.5, 
is not large enough to reach this point. It will be noted that the 
lowest values of X,n for any particular a~ in Figure 3.7.24 are higher 
than those associated with the viscously-damped linear spring shown in 
Figure 3«7*10. As higher values of viscous damping presumably give 
even lower values of 3^,,, it appears that viscous damping has an advantug- 
over square-law damping. 

3.7*4.6 Linear Spring with Viscous Damping 

The case of a linear spring with viscous damping is 
included in the bilinear case when 3¾ * 1 and has already been discussed. 
Figure 3* 7*25(a), page 3-135» lists the identification number of the 
input wave form which gives the maximax values of (¾ and 3Cm for the 
linear viscous-damped case for various values of \ and A . Input I7 
appears more often than any of the others; but, depending on fi and X > 
over half of the inputs occur at some place in Figure 3.7.25(a). 

3.7*4.7 Viscous Damping 

If the suspension of the isolated body is of very low 
stiffness but the motion is viscously damped, uhe viscous forces pre¬ 
dominate. This means a very large value of \ . The acceleration 
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Figure 3.7.2^-1 

(Rote: This case continued on next tvo pages) 

Hie Case of che Linear Spring with Square-Lav 
Damping; Vn=a, O* -¾ 
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Figure 3.7.24-2 The Case of the Linear Spring with Square-Law 
Deunpinr; Vm = 1, X = (¾ 
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Figure 3.7.2t-3 The Case of the Linear Spring with Square-Law 

Damping; = 1, CT Gj,, 

1 
I 
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curve in Figure 3.7.25(b) G versus L, shows that the transmitted 

force is almost proportional to the damping factor L. This indicates 
that the maximum relative velocity is little changed by the viscous 

forces. However, the maximum reZa' r.v displacement X is substantially 
changed. m 

p) 

À = 0 X = 0.1 ,\ = 0.2 
Input No. 

for Gm 
Input No. 

for Xn, 

Input No. 

for Gm 
Input No. 

f°r ^ 
Input No. 

for G_ 
Input No. 

for Xn 

0.2 
0.5 
1.0 
2.0 
4.0 
6.0 
8.0 

10.0 
12.0 
I6.O 

17 
14 

17 
11 

18,19 
20 

6 
13 

19 
11 

17 

5 
17 
11 

18,19 

20 
6 

13 

19 
11 

17 
13 
17 
14 

27 
11,20 

13 
13,22 

22 
17 

17 
14 

17 
14 

19 
24 

13 
13 
22 
17 

17 
17 
14 
14 

17.19 
11.20 
17 

13 
13,22 

17 

17 
14 

17 
14 

17 
11 

17 

13 
17,22 

17 

Figure 3.7.25(a) Input Giving the Maximax Response for The Linear Case 
With Viscous Damping 

3.7.4.8 Square-Law Damping 

Again the situation is considered where the only restraint 
is one of damping, in this case, square-law damping. The response curves 
are given in Figure 3-7.24 for /1=0. The meaning given to the maximum 
relative displacement in this situation needs a little exnlanation- The 

solution of equation (59) when u) = v = 0 and when the initial conditions 
are x = 0, t = 0, and x = v^, t = 0, is given by 

X Tf" log (l + Cv^ t) (71) 

Thus, a body moving freely, except for a square-law damping term, moves 
an infinite distance. The values of plotted in iigure 3-7-24 for 
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Figure 3.7.25(b) Vucoua Damping (Mo Stiffness) 
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/I * 0 are those of the displacements which occur during the passage 
of the input velocity. When the input has ceased the body will, in 
general, have a small residual velocity, v-^, and the isolated body 
will continue to move indéfinioely. 

3.7.^.9 Coulomb Damping 

Reference to equation (6i>) snows that Gm s M, and thus the 
response and optimization curves coincide. Figure 3*7*26 shows the 
optimization curves for viscous, square-law, and Coulomb damping, shown 
together for comparison. 

Figure 3-7.26 Comparison of Viscous, Square-Law, Coulomb Dampiag 
(to Stiffness); ^-1, O’ s 

At low values of or the ’•elative displacements are roughly the same in 
the three cases. However, for higher values of o~ viscous and Coulomb 
damping predominate over that of square-law damping. 
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3.7*5 Numerical Examples of Design Procedurea 

The most obvious problem is to determine the response of the 
isolator when the values of the isolate .xameters and input parameters 

have been specified. This problem arises when one wishes to determine 
the response of existing or proposed designs. The procedure is now 

demonstrated by some numerical examples. The notation is as described 
in Section 3-7.2. 

Example #1 

Given: Ground motion parameters 

0.2 sec, V, m 12 ft/sec 

0)-15 

Isolator parameters 

The isolator has a bilinear characteristic, 

rad 

sec 
, a » 2 in., .k - 2.0, X - 0.10 

To find: The maximax response of the isolator. 

Method: From equations (50), (5I), (52) calculate 

„ _ 2 rr _ 2 Tr 

n* 

’m 

‘■o 

CÒ 

P 

Vm 

ap 

0.2 

31.4 

12 X 12 

31.4 X 2 

31> 

O.477 

2.30 

Using these values of Vœ and A we find by interpolation on the Vm 
versus ii cmves in rigure j. (.io isee Decxicn 3.7.4) that % = 1.75. 

Using Xm «= I.75 ana A - 0.477 we find, by interpolation from the 

fi2 /¾ versus A curves, that A2 /¾ = 0.38. 

Using these values and equations (48) and (56) we find 

and 

% aXfn — 

ap2Gm 

2 X 1.75 » 3.5O in. 

2 X (31.4)2 X (0.477)2 

12 X 0.38 
99 ft/sec 

2 
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The above procedure will not always be so straightforward. In 
general, interpolation between curves will be necessary because the 
required values of k and X may r'^t be the particular values used 
in the curves. Further, as tue c-x »ear characteristic will generally 
be an approximation to some curved characteristic, care must be 
exercised in choosing the values of a and k in the bilinear approxi¬ 
mation to the curve. This is because, initially, one does not know the 
value of % , i.e., how far along the curved characteristic one is going 

to move. The procedure in this situation is to guess a value of displace¬ 
ment range, % > then choose values of a and k which will 
suitably approximate the curved characteristic over this estimated value. 
The calculation of the actual % arising is then made as in Example #1; 

if it differs so much from the estimated value of x^ as to invsú-idate 
the bilinear approximation initially chosen, new values of a and k 
must be taken and the process repeated. (Also see Section 3.7.8) 

Example #2 

If the system involves hysteresis the procedure is the same as in 
the bilinear case as follows: 

Given: Ground motion parameters 

t0 - 0.3 sec, vm ■ 20 ft/sec 

Isolator parameters 

It is assumed that the hysteretic characteristic has 
been drawn up, approximated by straight lines, and the 
values of Cl) and a determined; e.g., u) = 50 rad/sec, 
a = 1 in. Assume no viscous damping, i.e., X ■ 0. 

To find: The maximax response of the isolator. 

Method: From equations (50), (51), (52), calculate 

a 

’m 

2TT 
to 

a) 

P 

vm 
ap 

* stt 
0.3 

50 , 

20.9 

20 X 12 

1 X 20.9 

20.9 

2.39 

11.5 

From Figure 3.7.20 (Section 3-7*1») we find by interpolation on U.-: 
,m versus H curves that ^ « 10.6. Then the rattlespace can be found 

from equation (48) as 

:% « 0½ » 10.6 
12 

0.88 ft 
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Because there is no viscous damping the value Gm is given simply by 

Gin - n2 - 5.71 

Then the maximax acceleration is found. *rom equation (56) as 

¾ - ap2Ch - _(20.?)2 X ^.71 . 200 ft/8ec2 

12 

If the isolator is a linear spring with Coulomb friction or square- 
lav damping, then, using the relevant equations, the calculations follow 
a similar pattern. 

In many cases the designer will be given only the values of the 
input parameters, i.e., vm and t0 , and will be asked to design an 
isolator which will mininize tv* relevant displacement or rattlespace 

for a specified maximum allowable acceleration of the isolated body, Z-. 
If there are no other conditions stated, then the optimization results 
show that the isolator should be a simple viscous damper because, of »n 
the Isolator combinations considered, this gives the lowest rattlespace 
for any specified maximum acceleration, 

Example #3 

Given: Input parameters 

t0 - 0.4 sec, vm - 10 ft/sec 

Isolator parameters 

The ISdlator is to be a simple viscous damper and the 

maximum acceleration to be transmitted is 120 ft/sec2. 

To find: The damping coefficient /1 in equation (62) and the 
restating rattlespace. 

Method: From equations (52), (56), (60), calcúlete 

P 

e 

2Tr _ 2 TT 

to 0.4 

va 10 

P “ IJ.? 

- IJ.? 

- O.637 

_120_ 

O.637 X (I?.?)2 
O.765 
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From Figure 3*7«25 

L ** 0.7 
and 

X* - 0.5 

and from equations (4Ô), (6o), (63)1 we find 

3¾ - 6¾ « 0.637 X 0.5 « - O.318 ft 
and 1 

/U. - pL - 15.7 X 0.7 - 11 Bee"-1- 

However, in general, a stiffness term will be necessary in order to 
determine positioning of the isolated body. Th¿ design in this case 

may specify the input parameters vm and t0 together with the maximum 
acceleration of the isolated body, ¾ , and the stiffness of the eystem 
in the rest position in terms of the initial angular frequency, u> . 
Because an isolator functions by acting as a "soft, suspension", it is 

to be expected that a "softening" bilinear characteristic would be 
useful in the case where the stiffness in the rest position is to be 

reasonably high. 

Example #4 

The following example assumes a damped bilinear system where k ■ 0 
and X = 0.10, i.e., a completely "softening" system. 

Given: Input parameters 

t0 ■ 0.20 sec, vm « 2 ft/sec 

Isolator parameters 

Zm » 200 ft/sec2 

U) « 90 rad/seo 

To finí.: The parameter a and the rattle space 

Method: From 

P 

equations (51) and (52) calculate 

. _22_ . L3L- . 31.4 
t0 0.20 

n * —22_ ,. 2.87 

31. 

From equations (50) ani (56) obtain 

Qm . Zm „ £ X) 
y* Pvm 31.4 X 2 

3.I9 
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It is now necessary to construct- from Figure 3.7.8 a plot of G^/v^ 
versus 3L, for the value Í1 - 2.87. If this ia done, it is found 
that QjVn - 3.19 when ¾ « 3,2; Vm - 3.5. ¢^- 11.2. 

Then from equations (48), (50) we have 

a 

and 

% 

The optimization curves provide a comparison of all the isolators 
considered giving the minimum rattlespace for specified muYimnm 

accelerations or vice versa. This comparison shows that the effect on 
the response of nonlinearities in +he stiffness characteristic is 

negligible but that damping is very important. The occasional minimum 
points noted in the optimization curves are too trivial to be of 

importance. In the biline» cases with no damping the optimization 
curves are substantially horizontal or increasing-with Vm. 

In the case of k « 0, X « 0, the value of Vm and hence has 
been computed to a large value, and there is no evidence of any tendency 
f°r Xm/Vm to decrease. However, in certain cases of the "softening" 
characteristic when there is damping, the optimization curves do show a 
decreasing value with increasing Vm and 3¾. However, as is discussed in 
Section 3>7.7, this decrease undoubtedly results from the decreasing 
natural frequency of a "softening" system which means that the over-all 
damping of the system is effectively increasing. 

Consequently, because there does not appear much to distinguish 
between the various bilinear cases, the optimization charts have limited 
use in this area. However, they are useful in distinguishing between 
desirable and undesirable areas to design in. 

Example #5 

Given: Input parameters 

vm - 1 ft/sec, t0 ■ 0.2 sec 

Isolator parameters 

The isolator has a damped hardening characteristic given by 
k - 2.0, X ■ 0.1, , and the maximum acceleration of the 
isolated body is co be Zj,, = 200 ft/sec8. 

To find: A suitable design. 

V 3.5 X 31.4 

8¾ - 0.218 X 3.2 in. 

0.218 in. 

0.7 in. 
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Method: Calculate from equations (52) and (68) 

12L« _2JL. . ^ 4 
t0 0.2 

^L. « - Jgg__ . 6.4 
vmp 1 X 31.4 

Fí^'^e 3.7.18 (Section 3.7.4) shows that for a value of <r «= 6.4, values 
ot Vm greater than 1.5 are to be avoided because of the increased relative 
displacement. One can actually design for a lower acceleration, e.g., 
cr = 1.00, with attendant lower displacement. If, Vm « 6, for example, 

then Xa/Vm * 0*65 and Xæ «= 3.9. By interpolation from the Vm versus il 
curves two values of fl are determined, i.e«, XI * 90 and fl •= 1.05» 

From equation (68) 

Gm “ 0-Vm -1x6-6 

Using the two values of XI and the associated values of fi 2/(¾ together 
with the value of Xm, it is found from the il 2/(¾ curves that ft - 0.90 

is the relevant value of £1 . 

Then from equation (5I) 

Ol - pft - 31.4 X 0.90 - 28.2 

and from equation (50) 

a « >. . __ii2---ft » 0.064 in. 
Vap 6 X 31.4 

and from equation (48) 

3¾ - aXm - 0.064 x 6 in. - 0.384 in. 

P = 

O-- 

3.7.6 Effects of Different Inputs 

The conclusions arrived at in this project are largely 

dependent on the nature of the inputs. This may be d«™onetrated by 
considering a single impulse applied to a body mounted on a viscously 
damped linear spring. The equation of motion is the same notation as 

before is given by 

x + 2 \uJ X + CO 2x - 0 (72) 
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The solution to equation (72) which satisfies the conditions that 
the displacement is zero at time zero but that the velocity at time 
zero is vm is given by, 

v -- Xu)t __ 
m - sin cJVl - X2 t 

coVi - X 2 
(73) 

U) vae” ^ 4 

ví - X2 

(2 X 2 -1) ®ln ojVi - > 2 t 

..2 XVi - X2 cos 0)/1 - X2 t 
(7¾) 

The nufyiimiiii values of these two equations may be obtained by 
differentiating with respect to time and equating to zero and solving 
for the time at which the displacement x is a maximum and the time 
for which the acceleration x is a maximum. This gives the maximum 
value Xa and maximum value % in the form 

½ - fl ( * ) ( 

5% - oJvBf2 ( X ) (76) 

The optimization procedure follows as before. If a value of 
is specified, say %, then 

and hence 

GO » 
zm 

vm f2 ( ^ ) 

¾ 
*£ fi < x > f2 ( x > 

Zg| 

(77) 

(78) 

Sow Vjjj and % are fixed and in order to minimize % it is necessary to 
minimize the product t± ( X ) ( X )• 1»® been calculated 
and is plotted in Figure 3.7.27. A definite minimum is noted at a 
value of X • 0.40. This is in contrast to the results for our 
family of inputs which show thac X should be 00 for minimum 
rattlAspace. 
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Figure 3.7.27 Single Impulse Applied to Viscous-Demped and 
Linear Isolator 

3.7.7 Discussion and Conclusions 

3.7.7.1 Discussion 

The responses of the isolators are very much a function of 
the shape of the input vave forms; and, when reaching conclusions, this 

fact must be kept in mind. To what extent the results would be changed 
by, say, the addition of another half cycle of oscillation to the Type II 
wave form is hard to predict. Similarly, combinations, other than the 
combinations used here, of the Type I and Type II wave forms will 
undoubtedly change the results. 

Thi> response of the isolators to the five actual vertical ground- 
motion inputs was always less than the maximax value except for input 32.Î 

(Cactus 3V 30) in the case of a very low 1) . When Cl is very low the 
isolator is acting as a displacement meter, anc. apparently the 
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displacement corresponding to input 32 is greater than for any of the 
others. It will be noticed from Figure 3-7-28, page 3.147 , that 

inputs 30 and 31 were put on the tape with the wrong time base, i.e., 
the time at which the first crocsov.-r • ..-6 should be about one third 
the total duration as shown by input 1 instead of the full duration 
as-in inputs 30 and 31- Consequently the phrase that "the response of 
the isolators to the five actual records is always less that that of 
the maximax" assumes that the responses to inputs 30 and 31 have been 
referred to their proper time base. 

Only the maximax values have been taken, i.e., for any particular 
isolator only the largest values of Gm , Xm and Vm for the 29 responses 
has been recorded. It is hoped in future to read off all the values; but, 
at the moment, it is assumed that at any given location all combinations 
of Type 1 and Type II wave forms are possible, and selecting the maximax 
gives a conservative value. 

When there is no damping present in the isolator, there is, in 
general, a reasonable dispersion between the maximum response values for 
the different inputs. The addition of damping makes this dispersion 
considerably less. Further, when there is no damping, small changes in 
Vm or Pi will make large changes in and hence 0¾ as may be seen, for 
example, by consideration of Figure 3-7-7- The addition of damping makes 
the behavior far less critical. 

It was hoped that the preloaded case could be'analyzed. Unexplained 
instability in the circuitry necessary to simulate this situation did 
not permit this analysis. However, the bilinear case for large 

approaches the preloadcd case and for 3¾ = 5 the bilinear case is probably 
quite ■'loss to the preloaded case. In the case A = 0, k = 0, values 
of Xm UP t0 ll+ were taken to see if there were any significant changes. 
This does not appear to be the case. Specification of the damping 
presents a certain difficulty when 3^ becomes large; the damping has 
been referred to the first part of the bilinear characteristic, and, as 
the natural period of a "softening" system decreases with amplitude, the 
effective damping increases with amplitude. For a "hardening" system, 
the effective damping decreases with amplitude. This may well be part 
of the explanation of the difference between the optimization curves 
in the cases k ^ 0, A. = 0.2 and Jt - 2.0, \ = 0.2. 

3-7-7-2 Conclusions 

The main conclusion to this work is that, as far as mini¬ 
mizing relative displacement for a specified maximum acceleration or 

vice versa is concerned, damping is much more effective than the various 
nonlinear stiffness characteristics considered. In fact, as far as this 
optimum criterion is concerned, pure damping, whether viscous or Coulomb, 
gives a smaller "rattlespace" than when any form of elastic stiffness 
is included. This is largely true because the oscillatory nature of 

the Type II input wave form leads to quasiresonancer. However, it was 
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S 

Figure 3-7-28 Velocity Waveforms Used as Inputs in Bilinear Systems 
Analysis 
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Bhown In Section 3-7-6 that if the input consista of a single impulse, 

the optimum requirements are different from those above. Square-lav 

damping is not as effective as viscose er r-ulomb damping except for 

low values of the parameter CT . Of co-use, in any practical 

isolator, stiffness must be present to determine positioning of the 
isole.ted body. However, there are certain situations such as a vertical 
cantilever acting both as a beam and an inverted pendulum where the 
horizontal stiffness could be made extremely small. 

Ihe softening bilinear characteristic will, be useful where a 

reasonable amount of rigidity is required in the rest position, i.e., 
the angular frequency, oj , corresponding to the first part of the 

characteristic will be considerably higher than that of a comparable 
linear isolator. 

Damping is of further importtree in that it makes the response of 
the isolator far less critical in its behavior when the parameters Vm, 

are changed. This is very important because the values vm and p 
which effectively determine Vm and XI cannot be accurately estimated 
beforehand. Further, damping reduces the dispersion between the 
responses to tne various different input wave forms. 

The design of any particular isolator will be influenced by many 
other factors than the criteria discussed so far. A very important 
factor is the spectrum of the isolator output response. In taking the 
maximum value Ga as a measure of the acceleration experienced by the 
components of the isolated body it is tacitly assumed that the natural 
frequencies of these components are considerably higher than any 
frequencies present in the output response of the isoiaUu. Tuin will 
be true in a large number of cases especially for a damped linear 
isolator where the dominant frequency is that of the natural period of 

the isolator. However, the introduction of large nonlinearities in 
either the spring stifftoess or its damping will introduce higher 

frequencies into the isolator output response. This situation is un¬ 
desirable because these higher frequencies may excite the naturel 
periods of the canponents of the Isolated body and actually magnify 
the maximum acceleration, 0^, for these components. This situation is 
very pertinent in the case of an isolator giving a square wave output, 

either because the stiffness charecteristic is flat and preloaded or 
because the damping is Coulomb. 

A square wave contains all frequencies up to infinity, and a 
component of any natural frequency, no matter how high, will experience 
an acceleration of 2 (¾ if subjected to a single square wave of 
acceleration of amplitude G^,, ai-j. will experience an acceleration of 
U if subjected to a similar double square wave of acceleration. 
Of course, rounding of the comers of the square wave which will happen 
in practice will limit the upper frequency content, but there still may 
well be enough high frequency content to be troubleec.ne. 
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All these considerations point to the fact that a linear viscously- 

damped spring appears to be at least as effective as all the nonlinear 
cases considered. Nonlinearities in the stiffness characteristic appear 
to be useful only as means of la.: ": ig either relative displacement or 
•transmitted acceleration independently. 

3.7*8 lhe Bilinear Approximation 

In the preceding paragraphs the restoring forces of certaJ 
types of nonlinear elements were approx!mated by two straight lines of 

unequal slopes. The responses of systems incorporating these elements 

were calculated for a variety of ground shock wave forms. Hie process o± 
selecting the slopes and intersection point of the two lines need not be 
left to judgment but can be optimized by minimising the mean square “rror 

between the function being approximated and the straight line segments. 

To obtain the best accuracy, the error should be minimized over the 
displacement range of the system, implying that the peak displacement 

is known. In some cases, therefore, the peak displacement must be 
estimatod and, if the solution indicates a significant error, the 

process must be repeated. For many types of functions, however, the 
error in system response due to inaccuracies in estimating the peak 
displacement is small. 

Assume a bilinear approximation of a nonlinear element g(x) of .. • 
form (Figure 3-7.29), 

gl(x) = Kxx X < x*. 

62(x) = K2x + (K] - Kg) xt X > xt 
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so that the continuity of the restoring force offered by the nonlinear 

element is satisfied at the transition point X+ , as yet unknown. Tliat 
is 

Sg(-0 
X = Xt 

The mean square error £, of the above approximation is expressed by 

(siM - g(x)) dx r 
3(x) - g(x)) dx 

where x^ is the maximum displacement and xt = ax,,, is the displacement 

at the transition point. 

The restoring force due to the nonlinear element can always be expressed 
in the form 

g (x) = X + h(x) 

where KjX represents the linear restoring force due to the initial 

stiffness which is inherent to every physical system and coincides with 

the slope of the nonlinear restoring force at the origin. Substituting 
the above expression in the equation of the mean square error and 

minimizing with respect to the variable parameters Xj. and Kg, a set of 
two equations is obtained in the form 

which will yield the required values for xt and K¿. In order to 
determine Xj. and Kg the maximum displacement xm must be known. 

Careful investigation has shown that if the maximum linear displacement 
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Xjn is used in computations instead of the actual maximum nonlinear 

displacement the resulting values for the second slope Kg and 
transition point are within a satisfactory range of accuracy 
except for systems with very iarbs u. : ' ..nearlties. In such cases 

an iterative procedure must be used. 

As an example, consider the element whose force is expressed 

F = Kx X + cx11 

After performing the required algebra and letting a 

equation becomes 

K Kl + 

n-1 n + 1 

_ 

(1 - a)2 (n + 1) 

1 

% 

(79) 

the 

and 

a + 2 
3(n ± 1) 
n + 2 

n + 2 
1 - a_ 

1 - an + 

xt 
Since a = - is always less than 1 and n, the exponent of the 

% 
deviation from the linear case, will always be greater than 1.0 

and 

then 

1. 

1 

n + 2 

„n + 1 
1 

a + 2 
3(n_Ll) 

n + 2 xt 
n-1 

n + 2 
% 

K? 

/ . r, \ 2 
i11 4 
n + 1 

For nonlinearities in the range c/K]_ ^ 0.1 the influence of the 
selection of the maximum displacement xm is negligible. For nonlinearities 
in the range c/K^ = 1.0 the influence of the right selection of the 
maximum displacement becomes significant and iteration procedures may be 
indicated. 

_If the difference between tb-' two maximum displacements, that is linear 
Xq; and nonlinear x,,^ is denoted by A so that 

= % + A 
the influence of the correct solutions of the maximum displacement for 

the purpose of calculating the transition parameters x^ and Kg is 
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insignificant as long as 

^/¾ < 1 

and in the same range as c/K^. 
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3.Ô Nonlinearity of the Simple Pendulum 

The pendulum suspension syst'« Í -.j been used extensively for 
supporting large loads in underground protective structures. By 
inserting elastic elements in the pendulum arms to attenuate vertical 
accelerations and by taking advantage of the low lateral stiffness 

inherent in long pendulums, simple, economical configurations are 
obtained. The Atlas, Titan I and II, Minuteman, and Norad facilities 
all employ a number of systems of this type for isolating manned plat¬ 
forms, missiles, or large assemblies of electronic gear. 

In a strict sense, any suspension system is pendular if the moment 
exerted on the system by the force of gravity varies with the displace¬ 
ment of the body. In underground protective facilities where the 
direction of the input shock is not known, most, if not all, suspension 
systems will exhibit some pendular effect. The magnitude of the 

pendulum action on the dynamic response of the body is a function of the 
ratio of the gravity moment to the moment exerted by other elements 
within the system. In many configurations this ratio is negligible, and 

in any system it can be made small by inserting strong horizontal 
restoring elements. 

While it is well known that the equations of motion for the simple 
rigid pendulum are nonlinear, the effects of additional, nonlinearities 
introduced by the elasticity of the arm in the pendulum are rarely 
appreciated. The exact equations of motion for these systems stow that 
the horizontal, x , vertical, z , and rotational, d , modes are coupled 

by such terms as products of displacement, velocity, and acceleration. 
As interest is generally limited to small amplitude oscillations, it is 
frequently assumed that these nonlinear coupling terms can be neglected. 

However, such is not the case for systems in which the uncoupled 
pendulum frequency is near one-half the uncoupled spring frequency. In 
these systems an interchange of energy between the pendulum and spring 
oscillations is possible leading to pendulum motions far exceeding those 
predicted by the linearized equations. 

Approximate solutions to the equations expressing the behavior of 
elastic pendulums in stable regions were given by Rayleigh (Reference 3.14) 
and several others during the past half century but the significance of 
these results and the more serious possibility of instability has been 
overlooked in the design of many isolation systems. 

Sevin (Reference 3.I5) was the first to call attention to the 
seriousness of this omission in the design of systems for underground 
protective structures, oevin considered first the influence of floor 
flexibility on the response of a pendulum supported floor system and 
showed the details of the energy transfer in free vibration between the 
pendulum and spring modes for the two-to-one f: equency ratio. Later 
(Reference 3.1¾ Sevin pointed out that the significance of the energy 
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transfer lies in the fact that substantial increases in the pendulum 
amplitude are possible. 

The principal concern of the isolat...n system designer with the 
problem is not so much with the response of inherently unstable systems 
as with selecting a basically stable configuration in the first place. 
To provide the designer with some background on the nature of the 
responses of pendulum systems, this discussion begins with the simple 
rigid pendulum and proceeds to the two- and three-degree-of-freedom 
elastxc pendulum. 

3.8.1 Simple Pendulum 

3.8.1.1 Undamped Pendulum 

The motion "f a simple pendulum of constant length 
oscillating in a single vertical plane (Figure 3*8.l) can be represented 
by the differential equation 

m / / + mg sin 0 = 0 
2 

Letting cOp = _ß— , the above equation reduces to 

$ + u)p2 sin 0 = 0 (80) 

Figure 3.8.1 

Simple Pendulum 
Figure 3.8.2 

Elastic Penaulum 

The above equation is nonlinear since, 

sin 0 = 0 —^ + ■■ +. 
3J 5J 7.' 

and (rag sin 0) can be interpreted as a kind of variable stiffness, 
dependent on the pendulum angle ¢. 
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Denoting V = $, equation (80) can be expressed in the form 

dV 

d0 
r , ri 

+ v>jp . mi 2 = 0 (81) 

Replacing the variable 0 by a dummy variable 9 such that 

sin i— = sin sin 9 
2 2 

9 « when 0 = 0O 

0 a 0 when 0=0 

Where 0O is the maximum amplitude | 0 | max occuring when V = 0, the 

solution of equation (8l) yields 

u)p dt 
de 

i/i - sin2 ijo sin2 9 

Then, if > is the period of oscillation 

d9 

l4 - K2 sin^ 0 a;, 

00 

F(K, 
-!-> 

where K = sin and F(K, -^111 ) is the complete elliptic integral 
of the first kind, of modulus K, and is readily obtained from standard 
mathematical tables. By the theory of elliptic functions, F increases 

with K and therefore, the greater the amplitude, the greater the period 
T" . It may be noted that T is a function of the amplitude 0O, as is 
always the case in nonlinear oscillations. Furthermore, it is apparent 

that if 0 is small., so that sin 0 =1 0, then > = fLEL, which is a 

standard result for small oscillations. ^ 

The solution of equation (8l) if limited to the first two terms of 
its Fourier series is 

0 = 0O cos tjJ t + C ¢0 cos 3 u) t 

where it can be shown that C « 1, and U)2 = 10^(1 - q 0§) 

Hence, for most practical problems, it can be assumed that 

0 = 0O cos uît 

(82) 

(S3) 
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3.8.I.2 Damped Pendulum 

If the pendulum system incl”des a viscous damper, the 

nonlinear differential equation of motio -.31) becomes 

¢+2 $¢+ ^p2 sin 0 “ 0 

where S is the ratio of actual damping 'c' to the critical damping c/cr. 
However, for 0 < ^ , it is pennissible tc assume 

6 

sin 0 = 0 — 
6 

.-. ¢ + 2 S0+ t0_2 ( 0 -“ 0 (85) 
p 6 

Then for initial conditions t(0) = 0(0o) = 0 (o) = ¢(0) . 

The solution of equation (85) is of the form 

0 b e” ^*(00 cos oJt + C cos 3 u>t) 

where it can be shown that C << 1 and 

cO2 = ujp2( 1 
-2 S t. 

e ) (86) 

Equation (86) shows that after a period of time, the frequency, a) , 

of the damped nonlinear pendulum approaches that of the simple pendulum, 

i.e., 

U>= a) 
P 

3.8.2 The Elastic Pendulum - Two-Degrees-of-Freedom 

3.8.2.1 Undamped Pendulum 

Consider now a system in which tin elastic but massless 

element is inserted in the pendulum arm, and the system is constrainted 

to oscillate in the xz plane (Figure 3*8.2, page 3-15+)* The system 

contains two-degrees-of-freedom which may be described in terms of z and 
0, or by the Cartesian reference coordinates x and z. The former 

coordinates are used here. 

The equations of motion of the system in free oscillation are: 

m (z + •■f cos ¢) + Kz •- O (87) 
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z cos ¢)2 ♦ Ic.ß. ] 0 I -- s« ( ^ + z) 0 (88) 

For small oscillations, i.e., for ¡ jí |< , it may be assu^d 

that 

sin 0-0 

cos 0 ï 1 - 2 
2 

Hence, équations (87) and (88) reduce to 

z + u)^2 z « /f ( Í*2 + 0 0) 

*0 + 0)* 0 --Í ( 2 z 0 + 2 z# + 0½2 z 

, y P ÏÇ.S. 
where 7 - - 

(89) 

(90) 

U), 

X* 

2 

/2 + S 2 equivalent pendulum length 

K - natural frequency of elastic element 
m 

u) st & m natural frequency of simple pendulum 
1 / 

ja 2 g « natural frequency of equivalent simple pendulum. 
0 “ j* 

As particular oases, 

if 0 0 0 - 0 - 0; z + cOj^2 z r! 0 (oscillation in z-mode only) 

0 if z » z - z » 0; *0 + <1>2*2 ¢-0 (Pendulum oscillation only) 

In most cases the two modes will be coupled. As can be seen from 

equations (89) and (90), the coupling between the z and 0 modes may be 

linear, as represented by terms such as w>22 z & or nonlinear, 
as represented by terms such as 2 z 0 and 0 0. The linear coupl: , 
of the modes has the same importance and can be dealt with in a manner 
similar to that shown ior coupled linear systems in Section 3> ?• 
However, the nonlinear coupling cannot always be ignored, as is sometimes 
done, since certain critical ratios of the elastic element frequency to 
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the pendulum frequency cause very large amplitude oscillations. The 

most critical ratio, as shown later, is 

cOi2 h 

and must be avoided under all cases. In general, there will exist two 

tyoes of nonlinear coupling, viz: 

. Honlinear coupling due to second order effects in 

translation 

. Nonlinear coupling due to second order erfects in 

pendular rotation 

Case A: Assume that the pendulum, initially vertical and at rest, 

is drawn aside and released when 

|0 I = ¡0ol<— at t = 0 
6 

Then, initially 0 - cos u0o* t . Substituting this in equation (69), 

*z + ‘^l" 2 = - ^0O2 U) o*2 -== 2 u>0* t (91) 

If i ?= 2 Lúq* , the general solution of equation (91) is of the 
form 

nv 2 *2 2 
z = C-i sin ui-i t + Co cos t + ——^.0..    cos 2 cJ * t (92^ 

u). ^ - 4 u) *2 0 

wnere C]_ and Cp are 

initial conditions, 

periodic components 

2fr 

constants of integration, to be determined from the 

The equation shows that the axial motion has two 

of frequencies 

* 

and 
2 u) 

2 7T 

It also shows that an instability condition occurs when = 2 , 

since for this particular case, the solution of +N, differential equation 

includes a particular integral of the ar-riodic form ( t sin 2 u>0* t). 

This indicates that the amplitude of ot.i.nation in the z mode will 

increase with time, leading to an unstaule behavior if ol1 - 2 <0) 0*. 

Furthermore, since the energy of the system must remain constant, the 

amplitude of oscillation in the 0 mode must decay. 
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Case B: Assume that the mass m is pulled down by an amount. 

z0 < when pendulum is vertical, and then released at the initial time 

t = 0. The subsequent motion in tbc direction will be defined 
initially by z — -Zq cos u^^t* BubS'j*6Utini^ this on the right hand side 
of equation (90) 

(1- i^coscdt)^ + (— cJiSin^t)^ + u>0*2(l- cosa^ = 0 (93) 
f* 9* A 

Approximating coscbt by 1, and since by previous assumption <1, the 
above equation may be reduced in a first approximation, to 

0 + ^gaVin 0)^0 + u)o*20 = 0 (9'0 

Substituting 

q = 

204 

( 0 

^1 
2zq 

r 

2 
) 

equation (9^+) becomes 

2-2 + 2q sin 2« 22 + a0 = 0 (95) 

dot2 do' 

l/2q cos 204 
Further, letting 0 = e y( 06 ), and substituting this in 
equation (95) 

d2y + [(a-l/2q2) - 2qcos 2C4 + l/2q2 cos 4a.] y = 0 (96) 
da2 

The above equation is a linear differential equation with time variable 
coefficients of the Hill type, since the coefficients are periodic 
functions of the variable cc « i/2 uJ^t. The solution of Hill's 
equation can be found in text books on mathematics (Pipes - Reference 3.3), 

2z0 
If the configuration of the system is such that q = ~pT < 

then equation (96) can be reduced in a first approximation to 

2 
2_1 + (a - 2q cos 2 C4 ) y = 0 : 
da2 

2 mg _ 
Note that q can also be written q = * 1^) ' 
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Equation (97) is a linear differential equation, with periodic 
time varying coefficients of the Mathieu type, with the general 
solution as explained in Appendix 3-F of the form 

y = 

y* -00 
y 

i y ec 
e + C2e 

-/tot + 00 
^ b/s 

“Yr -00 

i y gl 
e (98) 

vlu-r’ Ci and C2 constants of integration, to be determined from 
the initial condition. 

In equation (98) the characteristic exponent n, , as well as the 
two functions 

4 0« 

'Yb-o© 

a e 
'V 

inrot 
and 

+ 00 

Ys-oo 

b e 
y 

i Yet 

are independent of the initial conditions and depend only on the 
parameters 'a* and 'q' of the different:' ,1 equation (97). Depending 
on the relationship between the two parameters 'a' and 'q', the 
behavior of the system may be stable or unstable. 

For the unstable condition, expression (98) takes the form 

y = Oj. P3( * ) + c2 [> p3(«)+ p4 ( « )] (99) 

where p-^( « ) and p <x ) are periodic functions in ct , the 

instability of the system being characterized by the inclusion of ec in 

the configuration. However, it is not necessary to solve the differential 
equation (97) to determine whether the system is unstable or not. The 
parameters 'a' and 'q’ alone, of the Mathieu differential equation define 

the stability characteristics of the system as has been shown by Ince and 
Strutt (References 3.I7, 3.jS). The results have been graphically 
represented by curves which constitute the so-called Ince-Strutt diagram, 
dividing the (u,q) plane into regions of stable and unstable behavior. 

These diagrams have been transferred by Ince into Tables (Reference 18), 
describing the properties of the curves. It can be shown that the points 
for which the system becomes unstable are given by a simple relationshin 
a + q = 1; that is, * 

_+ = 1 
^ 2 
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2Zr 
For small values of q = « 1 the above condition reduces to 

W.2 

r 

The system is stable if 

h où- 2zr 
a + q 

^12 

<. 1 (100) 

Thus, because of the nonlinearity of the coupling, energy may be 

transferred between the 0 .ii'.i z modes. 

3.8.2.2 Design Procedure for a Two-Degree-of-Freedom 

Elastic Pendulum 

Based on the previous discussion, and in conjunction 

with Appendix 3-F, a design procedure for the elastic pendulum is 

suggested: 

Step #1: Detsrmine the input parameter z0 which is the peak 
vertical displacement given by the imposed shock 
spectrum, for a frequency corresponding to the natural 
frequency of the spring, considered as a single degree' 

of-freedom spring-mass system. 

Step #2: Determine the input parameter 0O which corresponds to 
the peak horizontal displacement given by the imposed 
shock spectrum, for a frequency corresponding to the 

pendulum natural frequency <^0*2. 

Step #3: Check the stability of the elastic pendulum. This is 
accomplished by locating the (a,q) point on the Ince- 
fltrutt diagram. (Figure 3.8.3). For most practical cases, 
only the first V of the Ince-Strutt diagram is needed. 

Figure 3*8.3 Ince-Strutt Stability Diagram 
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For a < 1, and if a + q is less than unity, the system is stable; if 

however a + q it 1, the system is unstable and the parameters K and/or 
/ must be adjusted to stabilize the cc:,r. »ration. 

Similarly, for a > 1, and if a - q is greater than unity, then 
the system is stable; but if a - q < 1, the system is unstable and 
must be reproportioned. 

Step #4; If the system is stable, the response is given by 
(Appendix 3-F) 

cos 'Vet _ ln icos( 'T + 2) ot _ cos( 'Y - 2)<X \~\ 

4 l V+ 1 V- 1 JJ 
(101) 

where v2 = a as a first approximation 

and 

V2 = a - 

2(a - 1) 
q as a second approximation 

if 
O P 

<i << 'Y . 

2( Y - 1) 

'A' is a constant depending on the initial conditions, it being remembered 
that y = y0 when ot = 0, where 2 oc - cOj^t. However, if 

1_ 

2 (Y2 - 1) 

is not very small with respect to Y 2, equation (101) is not valid and 
Ince’s method of infinite continued fractions must be employed (Reference 

3.17 ). The method is not described in the Design Guide since con¬ 
figuration of these proportions should be avoided if possible. 

Step #5: Calculate the pendulum response / from the relationship 

d l/2qcos2ot 
Me' y. 

3.Q.2.3 Numerical Example: Two-Degrees-of-Freedom Elastic Pendulum 

Consider the configuration shown in Figure 3.8.4 exposed 
to vertical and horizontal shocks whose response spectra are shown in 
Figure 3.8.5. 
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Figure 

Elastic Pendulum 

The natural frequency of the uncoupled mass spring system is 

ul2 . JL . jmsumsi . 96.6 «=-2, .-. CÜ, . 9.83 ..=-1. 
1 B IOC 1 

u). 
10 

= 3*22 sec 
-2 

2 2 
10 + 1 = 10.1 ft. 

/ 10 

The natural frequency of the uncoupled pendulum is: 

.2 
(JÙ m _S_ 

t* 

32.2 -2 

10.1 
_ * 3*19 see , /. u) = I.79 

0 

From the shock spectrum, for cO 1 - 9.83, z0 - 12" 

for u>* - 1.79, 4'' 

where S ^ *= horizontal displacement : 0O 
i (10)(12) 

O.O33 ra 3 
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Therefore equation (101) for the lateral displacement is valid. 

V2 . 0.15^5 

Y « 0.394 

_ . r .,. 1-(003(^+2) 003(^-2)0:^1 

L 4 \ y +1 y . 1 JJ 
y = A [cos 0.394a- 0.0355 cos 2.39;+St- 0.0818 cos (-1.606 a)] 

I 4 cos 2« 

¢ « Ae^ pos 0.394a- 0.0355 cos 2.394a- 0.08l8 cos(-1.6o6a)] 

When t ■= 0, «. = 0 and ? -= 0O »= 0.03 

0O - AeT [l - 0.O355 - O.0818] 

1/2 q 

y - 0o [cos 0.394a- 0.0355 cos 2.394 a- 0.0818 cos(-1.6o6«.) ~j 

(|cos2tf-|) 

0 = 1.135e 0oícosO.394 -o.0355cos2.394 - 0.08l8eos(-I.606 )] 

0 \ «= 1.135 0o [} + 0.0355 + O.OBlß] - 1.265 0O 

' ;inaX - (1.265)(0.033) 

* 0.042 rads 

Hence it is seen that in this case with the point (a,q) well within the 
stable region, the nonlinear coupling of the modes causes an amplifica¬ 
tion of about 26 per cent. 

Next consider a more severe shock spectrum for the same pendulum, so that 
z0 = 30" and 0o - O.083 rad. 

Then q 

a 

fí£ 
“ 

O.I32 

Í21Í221— . 0.495 
(10.1)'12) 

< 1 , as bef ore 
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a + q = O.495 + O.I32 = O.627 < 1 

Therefore the point falls within the . region of the Ince-Strutt 
diagram. 

p 
As a first approximation *7 = a = 0.132 

However 

_jiL_ , _íM2¿iL_ = 0.14 
2(Y2- l) 2(0.132 - 1) 

Since 0.14 is not very small compared to 0.132, equation (lOl) is not 
valid. This problem would necessitate the iterative solution given in 
Reference 3-17 which will not be dealt with here, however, from a 
practical viewpoint it should be noted that the amplification factor 
becomes greater with increasing q, for the same value of a. 

Finally, considering a third example, such that 

a = 0.6 

q = 0.2 

zo = IS" 

Then a+q = 0.2+0.6 = 0.8 < 1 and the system is stable. 

p 
The first approximation gives T = a «= 0.6, and the second approximation 

= a •• = 0.6 - (0*= O.65 

2(a - 1) 2(0.6 - 1) 

/. y = 0.008 

* • V y = A cos 0.808ot - 2d 1 £°.g.(2*&0'-0t' ? + c°8(-l. l'„‘?iy- )\ 
4 1 I.808 0.192 j 

= A [cos 0.808a- 0.0222 cos 2.8o8ot - 0.2Ó1 cos(-1.192 06 )J 

Then, as before, A = --- = 1.4 0Q 
1-0.0222 - 0.26I ™ 

(lcos2<X - i) 

.% 0 = 1.40oe 2 2 |cos0.308ot - 0.0222cos2.808o<.- 0.26lcos(-1.192tx)j 

*'’ = (1-^) T1 + 0*0222 + 0O \ / max -J v 

1.8 0O 
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This represents an 80 per cent increase over the uncoupled peak 
pendulum angle. However it must be remembered that the actual 
maximum will be less than this value and in the event a more accurate 
answer is needed, the »ctual max . m may be calculated by standard 

principles of maxima and minima. 

3.8.2.4 The Effect of Damping on the Behavior of the 

Elastic Pendulum 

In the absence of any energy loss, the equation governing 

the motion of an elastic pendulum given by previous results is 

A-X- + (a - 2q cos 2cx)y * Oj where 2 Ct - oi^t 0-02) 

da 0 = el/2qcosayf a } 

The amplitude of motion may increase, under conditions described in 
Appendix 3*9?» exponentially in accordance with one of the solutions 
of tb® equation (102) as follows: 

cos f(2 V + l) ot + y + l] 

^raal > ^ 

cos [(2 Y + l) C(. + '*2^+ 1] 

^real ^ ^ 

The second solution may bt omitted from the discussion since it vanishes 
with time. Consequently, the amplitude of motion will be defined by the 
first solution, and will increase without bounds, unless it is restricted 
by certain limiting properties of the system. 

In case dissipative forces, such as those provided by a viscous 
damper, are present, then the governing linear differential equation 
with variable coefficients becomes 

2 
—A.X.. + 2$^ + (r - 2qcos 2a )y = 0 (1C3) 
doc2 doc 

where 8 is the ratX of critical damping. 

/¿t oc e 
y =e '• a 'y + 1 

Y= 0 

or 

y <= e 
■A« Ä - 

Z-j ■52r + 1 
Y= 0 
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(104) 

Using the transformation 

y . e‘lctu( « ) 

equation (I03) can be reduced to 

(105) 

where i » a - 6 2 

Equation (105) is again a Mathieu equation, and its significant 
solution is of the fora 

(106) 

where M , ^ , 7 now have new significance in accordance with 
the new definition of the paraaeter a. As a consequence the solution 
of equation (I03) becomes 

(Â'S)ÛCEo^7+lCO. [(2^+ l)a+ ^27+ 1] (107> e y ■ 

where 2 ot ■ u)»t. 

If S ■ /1 , the resulting notion is neutral and not influenced by 
daaplng. 

If 8 >J2 , the notion is stable for 0 < Ot < 00 , since the amplitude 
will decay exponentially to zero, as ot (t) approaches infinity. 

If S < M > the motion is unstable for 0 < ct < 00 , since the 
amplitude grows exponentially with tine. 

The presence of a damping tern in the governing equation of motion 
enlarges the stability region of the Ince-Strutt stability chart, 
whereas the instability regions are decreased. Instability regions of 
lower order are less Influenced by the damping than the instability 
regions of higher order, the 'atter being strongly Influenced by the 
damping in the system. Therefore, because of the residual damping 
Inherent in physical systems, the instability regions of higher order 
become unimportant form a practical viewpoint. 
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The Mathieu equation for systems incorporating damping infers the 
possibility of instability, i.e., solutions that may grow without 
bounds. Hence, a fundamental difference between damped linear systems 
with constant coefficients and damp* linear systems with variable 

coefficients lies in the fact that whereas for the former damping 
always stabilizes the system, in case of the latter, damping may not 
always stabilize the system (Reference 3 >19) • 

Inspection of the Ince-Strutt stability chart for rheolinear système 
(Figure 3*0.7) reveals that a large amo'int of damping is necessary to 
raise the tip of the first order V-shaped instability curve by a «"»n 
amount. Accordingly, a damping ratio of 10 per cent may raise the tip 
of the Instability curve from a - 1, q ■ 0 to a ■ 1, q * 0.2. Com¬ 
pairing these results with those observed for linear systems, it may be 
concluded that Incorporation of viscous damping in the system is far 
less effective for the performance of rheolinear systems. Other means, 
such as the incorporation of nonlinear elements in the configuration, 
may be more effective in stabilizing a rheolinear system. 
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3.8.3 Three-Degree-of-Freedom Planar Pendulum 

3.8.3.1 General Diacussi i . ,d Equations of Motion 

00 

KL, « Axial Spring 
v Stiffness 

K_ =- Rotational Spring 
Stiffness 

C.S. = Center of Spring 

Figure 3.8.8 

Three-Degree-of- 
Freedom Planar 

Pendulum 

The coordinates of the centroid are 

3c = Sx + £ sin 9 = sx + £ 9 

z = S„ - 8 cos G M Sz - £ 
(108) 

If H and V are defined as the horizontal and vertical spring reactions 
at the spring center, then the equations of dynamic equilibrium yield 

-H = mx S' mSx + ia £ 9 ■ -mg — 

Ü a a 

-mg - V = mz = mSs = K..S, (109) 

H £ cos9 - V £ sin9 = H t; - V £ 9 = Ic G 9 + Kp9 

Eliminating H and V between the above equations, there results 

^C.G. ® + * -m£ Sx - m £ ^0 + mSz € 6 + mg £ 6 
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Uc.Q. + » £2)*® + (Kp - ingfi )0 + m £(SX - S20) - 0 

However , ^c.q. ^ * ^.8-, tu^x'efore the equations of motion in 
relative coordinates are 

•• ¡DM « . V •• 
o3xr + y 3xr * n 6 9 - -nu^ 

nSZr + Ky SZr - «0 

Ic.9.® + “ £ ^S"xr ‘ <S*zr0^ + (Kp " “8 £ )0 » m £ (zo0 - )¾) 

where S 

sz " zo 

Simplifying the above equations, 

‘e - - £6 - J Sxr " ^ 

Kv 

kxr 

« • 
S„ 

5” Szr - Zn 

Therefore S„ -3-0^ - £ 0 - 
7 *r 

+ — S 0 + ZO0 
m r 

(110) 

Substituting this in the third of equations (HO) 

IC.S.® + m e( - 60 - jS^ - Xq + SZr0 + z0ö) 

+ (Kp - mg£ )0 * m e(zo0 - 3¾) 

Therefore 

ÏC.o.ë " 6 ^ SXr + £ KyS^O + (Kp - mg 6 )0 = 0 

Dropping the index r for convenience, the equations of motion are: 

m(Sx + £0) + 2fi Sx >- - mxo 

mSz + KySz = - mz0 (HI) 

ÍC.G.5 ' 6 ^ S* + [S + e (KvSz - >»«)] © - 0 
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Ving th* cotation - a S , the «et of equation, (ill) 

reduc*- to 
C.O. 

£ï* fs» - -*0 

a* 
“ -*o 

Kv 

s«* r*. 

. £ ÍÂ- „ , ^ 3,. ♦ -- 

17- ‘ * 5. 

K - £ag 
a--— 9 

C.O. C.O. C.O. 

(112) 

Further. Baking the following «ubstitutiona, 

JSl 
a 

LÜ, 
-f- 

U)< 3 JMi 

-E- - 5 - g* 
£ a 

Kp - £ ga 

« 2 
“ ^C.O. 

Ç - u)#£ 
£* 2 

Sx ■ X, and 5Z ■ z 

The «et of equation. (112) are reduced to: 

X ♦ u>2 X ■ -x0 - £ 0 

» 2 .« 
2 -f u) Z" -Z« 

1 0 

a,'. u>. 
e - 0z 

£ 

The lapt of equation, (ill) yield* 

.2 

u)2 0 

•• 2 a)5* 
e + cOj^ ( 2 z) 0 

U)o 

U)i2 
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and therefore 

ï* < 

mm V 

Z + tJÜj^ Z ■ -Zq 

X - c + Jj. Z) e - 
1 042 g*" 

(114) 

V 2 /U*? 
—X + u>,¿ (T__i 

e- 1 u) 

4. Ji- z) e - 0 
C* 

If a periodic solution of the form z ■ z0 coa u>]t existe in the 
z direction, then equation (114) can be written as 

ï + (1 + JL ) o022 X - £ tO ÍÍÍ2~ + cos ic^tje 
£ £ 

m 0 

(115) 

oj: 
e - — X + ( 2 ' + 20 COS GÜjt) 8 ■ 0 

+ e* 

Equations (II5) clearly indicate that the behavior of the system 
is controlled by a pair of Mathieu’s equations whereby it may be concluded 

that the system may became unstable under circumstances involving 

critical relationships between the various parameters defined by the 

Ince-Strutt charts. 

3.8.3.2 Stability of the Motion 

The natural frequency u_)n of the system as defined by 

equations (il?) can be obtained from the frequency determinant, as 
follows: 

-U). + (1 + 
6* 

. eu)*~ 

cù‘, 
(- ^ Cdg* 

- 0 (116) 

(-a)n2 + w22) • £a)n2 

- * ^2*2 

• 0 
'■» 'vi 
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(U)22 - U)n2) ( Ü)2*2 - Oin2) - 1_ COn2 CO a£ 

or 

-"n4 - «>»2 [(1 + -fs’ “’s" ‘“’S*2 ] + “s" ^ 

Howe Va J£_ e* 

e 

£ « 1 for auiall eccectricity 

% 2 3c.a. 

:. U>nk - cOn2 ( C022 + u>2*2 ) + C022 C02*2 - 0 (UT) 

/3 

In the above equation all elements except où are completely 
defined by the geometry of the system. The solution of equation (II7) 
yields the two natural frequencies cO^ and °^Q2 eyBlein* ^°- 
small eccentricity, 

tt> , = d)0 and 0) n2 OÙr 

As the eccentricity increases, the natural frequencies of the system 
became closer and may yield a resonance condition leading to an unstable 
behavior of the system. 

By the Ljapunov theory (Reference 3-20 ) the system is stable if 

a2 < [l/2(q + 2) J 2 (Uß) 

2 
where 

a *■ 2 

b = 2 

!" 2lTL0nl . 2 TT cOjj! 1 TT 

l. ^1 ^1 J e 

F 4tt où,., 4-rr co “I . tTz0 .i 
cos  cos 02 - 2( —) 

L W1 j 

q - l/2(a2 - b); e* - i ^1 “l/“ 

For small eccentricity 

“nl ■ “V« ■F, and cd ni? 
u), 
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This shows that the natural frequencies of the system are 
independent of the input z. and depend only on the geometry of the 
coafiguration. As a consequence, the trigonometric quantities in 
parenthesis become invariant viti* input amplitude z0 «id the 
eccentricity £ , and depend only on -uhe stiffness characteristic 
of the dynamic system. 

3.8.3.3 Numerical Example of Stability of a Three-Degree-of^ 
Freedom System 

Given Í 

£ 

Kv 

W 

?2 

10 ft. 

1 ft. 

25 lbs/in 

3OO ft. Ibs/rad 

100 # 

1 ft2 

. 2 Jil_ . (2^)(32.2)^12^ . 96.6 sec"2; .*. ul. - 9.8^ sec 1 
” m 100 -1 

B f - - 3.22 sec“2 
2 X 10 

£* . if - ± - 1 ft 
£ 1 

* . (300)(32.2) _ 32.2 - 64.4 ft/sec2 
8 “ m (1)(100) 

*2 -S*- , - 64.4 sec'2 
CO = g* 1 

From shock spectrum (Figure 3-8.5, page 3-163 ) for u.1 = 9-84 sec , 
2*1 ft. Then the frequency equation as given by equation {lib) is 

«Jnh - oln2 [(1 + -L) C022 + cOg*2] + u>22a>2*2 - 0 

c<l 4 - Cj 2 f(l + 1^(3-22) + (64.4) 1 + (3.22)(64.4) - 0 
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/. cj 4 - 70.84 to 2 + 207.368 - 0 
n n 

The roots of this equation are 

2 
a) 
nl 

67.78 ;.u), - 8.22 
nl 

- 3.06 

Then from equation (H8) 

tOj^ “ 3-75 

0 F 2^0;^ , 2TroX,p 
a « 2 cos —;—5± + cos L ^1 ^2 J \ e* / 2 

[C0B(Z2Úlhll) + C0B (2-nr )(8.22)1- 2((^)) L (9.84) (9.84) J (9.84) J I (1) J 

2 T 0.4384 + 0.5300-] - 19.719 - 1.937 - 19.719 - -17.782 
L -i 

b *» 2 
[4tt u uin! 4ÎTÜJU2 

■ • + cos to. 

(4Tr)(l.75) (4 rr)(8.22)1 J( ir )(!)]' 

- * '1.8k! J (1) J 2 [oos (9.84) ’ (9 

2^ - O.6293 - O.I392] - I9.7I9 - - 1.537 - I9.7I9 - 21.256 

q = -( a2 - b) 
2 

i i(-I7.782)2 - 21.256 j « 147.5 

(-17.782)^ - 316.2 

|| (q + 2) j - |l (3.47.5 +2)} 2 * 5587 

•2 {|(4+2)] 2 
The system is stable. 
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3.8.4 Elastic Pendulum - Six-Degreea-of-Freedom 

The solution of the general equations describing the 
behavior of the six-degree-of-freedom pendulum system is considerably 
more difficult than that of th. ¿iiree-degree-of-freedom system. While 
an indication of the stability of the system may be obtained by 

neglecting some of the eccentricities and reducing the problem to one 
of two- or three-degrees-of-freedom, the complete solution must be 
undertaken before final design of the isolation system and fixing of 
rattlespace dimensions- 

A rigorous approach to the general problem would require that the 
pendulum motion be considered as spherical, its position being defined 

by the two angles ¿ and e (Figure 3.8.9). Although theoretically 
feasible, such a solution is extremely complicated and for most appli¬ 
cations can be simplified by the following restrictionj without 
sacrificing the needed accuracy. 

. Hie pendulum motion is considered to be planar rather 
than spherical, i.e., a is assumed to be zero. 

. The psndulum motion is restricted to the xz plane. 

. Secondary effects are ignored by letting sin 0 - 0 
and cos 0 > 1. 

31 

K 

Figure 3.8.9 

Coordinate System for Six-Degree-of-Freedom Pendulum 
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The first two assumptions limit the use of the solution to those 
cases in which horizontal disturbances occur in the xy plane, implying 

that the pendulum will swing in the plane r? the disturbance. While 
this is not true, the deviations for stro...„ horizontal shocks are of 

the second order. It may be noted that the xyz axes need not be the 
principal axes, so that in any problem the xy plane can be aligned 

with the direction of the horizontal disturbance. 

If there is no horizontal disturbence, or if the horizontal forces 

due to the shock are small with respect to those due to eccentricities, 

the direction of the pendulum motion may not be readily apparent. In 
these cases it is necessary to assume a direction of horizontal motion 
and check for a maximum response by repeating the calculation for 

adjacent orientations of the xz plane. 

The third assumption implies that the second order coupling effects 
are negligible. To determine whether or not this will be the case, it 
is necessary to employ some crlterlcnof stability. The simplest method 
is to reduce the problem to three-degrees-of-freedom by ignoring 
eccentricities in the xy plane and to apply the stability criteria given 
in the previous subsection. If the system configuration exhibits a high 
degree of stability by this test, it is unlikely that the neglected 

eccentricities will alter the situation appreciably. 

With these approximations, the six general equations of motion in 
matrix form are as follows, their derivation being given elsewhere in 

the text. 

m 0 0 

0 m 0 

0 0m 

[5+ 
•e 

y 

CU c12 c13 
C21 c22 c23 

f31 C32 c33 

0 

*11 *12 5lJ 
*21 *22 *23 

®31 ®32 hi 

x + tf 

y 
Z 

*11 *12 *13 

*21 *22 *23 

b32 *33 *31 

*11 *12 *13 

*21 *ii2 *23 

*51 *32 *33 

0 

m 

0 

mg 0 

0 

0 

m 0 0 

0 ¿c 0 
C 0 m 

;2 
3 XX 

_o2 
-?_xy 

-?^yx 3 yy 
-J'-zx -S zy 

"32xz 

Fzz 

+■ 

*11 *21 *31 

*12 *22 *32 

*13 b23 b33 

+ 0 

*?!. *21 *31 

*12 *22 *32 

*13 *23 33 

X +10 

y 
z 

en *12 *13 

*21 *22 *23 

*31 *32 *33 

*11 •"12 *13 

*21 «22 «23 

*31 *32 *33 

« 

or 

. 0 
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The pendulum angle 0 is defined by kinematic relationship 

sin 0 « - 

VJ772 

The [C] , [bJ , and [e] matrices have two parts each; a part with 
coefficients c"^, bji, and e-M, which is the_nonpendulum constant part, 

and a part with coefficients, c^j, T>ij, and e-y, which produce the non¬ 
linear coupling of the six nonpendulum coordinates, with the pendulum 
angle 0. For 0-0, the second part, i.e., the time-dependent nonlinear 

part of the ßO » DÜ , and LeJ matrices vanishes, and further, 
the equations are then identical with the nonpendulum equations of cases 
A and E of Section 3.5.5 . Cases C and D incorporate the pendulum 
terms for the same examples used in cases A and B, respectively. However, 

this analysis is limited to setting up the equations of nonlinear 
coupling. For a complete solution, the input must be known in timç and 

numerical or electric analog procedures must be employed. 

3.8.h.l Linear Isolators, Ho Eccentricities, Pendulum Action 

Considered (Case C} 

The same three arrangements of linear isolators as con¬ 

sidered for case A in Section 3* 5.5.1 considered here as a pendulum 
suspended system, the center of symmetry of the isolators being coincident 
with the center of gravity of the isolated mass. As previously discussed, 

there is the pendulum angle 0 coordinate to be considered in this case. 

This has the effect of making the [CQ , pO , and pf] matrices tine- 
dependent instead of constant, and Introduces the additional problem of 
solving simultaneous differential equations with time-dependent coef¬ 

ficients, that is, rheolinear equations. As previously mentioned, a 
simple pendulum oriented to oscillate in the xz pi«*ue, contains a nonlinear 

coupling between the pendulum angle 0 and some of the nonpendulum 
coordinates x, y, z, oc , 0 , and 'y . Although the eccentricities 

are zero there may exist a linear coupling between tne nonpendulum 
coordinates, since a finite angle 0 may destroy the symmetry of the 

isolator arrangement. 

3.8.4.1.1 Example C-l: Horizontal Elastic Elements (knitted 

The isolation system is as shown in Figure 3.8.10 . 

Let K„ = axial stiffness of each isolator (0 - 0) 
a 
K • > lateral stiffness of each isolator in the direction of the 

X x-axis (0 - 0) 
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K « » lateral, stiffness of each isolator in the direction 
of the y-axis (0 ■■ O) 

Then for any pendulum angle ¢, the ctil'ii.ciss matrix of each isolator 
is given by 

Kjpx cos2 ¢ + 1^ sin2 

^ - -=.) 

0 0 . (¾ - Ka) 

Kiy 

0 (K^cos2 0 * K^x sin20 

Based on these values for cij, [cQ , C®1 > 80,1 [E] matrices are 
computed on the following pages. Any approximations are performed at 
the end in each case. Hie matrices can be substituted in the general 
equations on page 3.178 . In this case the pD matrix is zero, hence 
the linear coupling of x, y, z, ot , % , and y is not encountered. 

Figure 3-8-10 
Symmetrical Elastic Pendulum without Horizontal Elements 
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I t ¡ 
I 3.8.4.1.2 Example C-2i Horizontal Elagtlc Elementa Inclined 

to Axis 

The arrangement ox the iaolatora iß as shovn in 

Figure 3*0.11. 

Ka « axial stiffness of each vertical isolator 

K » - lateral stiffness of each vertical isolator 
/V 

Kaii - axial stiffness of each horizontal isolator 

K. m lateral stiffness of each horizontal isolator 

For the vertical isolators, as in the case of Example C-1^ a 
pendulum angle of 0, the stiffness matrix of each ^solato- is giv u by. 

[cl 

(K/vCOo20 + Kav0in2? 

0 

aing0 
:(K,„ - Kdv) 

■ K.v) ^ 

0 (K«vcos20 + K» sin20 

Figure 3-8*ll 

Symmetrical Elastic Pendulum with Inclined Horizontal Elements 

3-185 



swc-TaR-62-64 October 1962 

Isolator 
Number rl ■v r3 C11 o22 

°33 012-=21 c3l”c13 c23“c32 

> 

2 

3 

4 

5 

6 

7 

8 

u 

t 
t 

.1 

-Í 

.( 

-1 

-l 

_1 

b 

-b 

-b 

b 

-B 

-B 

B 

0 

0 

0 

0 

0 

0 

0 

Cl 

KJvoo*‘0 *K,v«l./0 

K/vco»20*KRviln2£ 
2 2 

K|vcob 04K||V81 n 0 

KJvcoo20:Kti<ln20 

K*hC°*P('>-/) 

*K||,Bln2(6l-0 ) 
2 * 

K^jjOoa (8-0 ) 

*K|hBln"(9-0 , 

KBj1co,2(f90#) 

‘Kjd aln^te*0*) 

K^oo.^'*.^’) 

*Kj(fBlnS(9B0'; 

«iv 

Klv 

K,v 

_ Kfv_ 

Kilioo»2(9-0*) 

♦K^b 1/(8-0 ) 
2 * 

Kj^cob (B-é ) 

4 1(^,810 (0-0 ) 

Kfcoo.!i(9.0*) 

*KfchBln2(9+0#) 

K<hooB2(9*0*) 

+Kaj1Bln2(9*0#) 

O 2 
K^yCuB 04K^yBin,*0 

KlvooBS0*K|,vBlr.20 
2 2 

K^yCOB 04K|yBin 0 

V^ivL1"^, 

Kih 

’'»t, 

Kih 

K<h 

0 

0 

0 

0 

Bln2(040») r --, 

.? [_ah '!hj 

^Nv-K.v> 

---pfKlv-K.v) 

.•^(Kjv-K^) 

O 

u 

0 

0 

0 

n 

0 

0 

& 

0 

0 

Y2 '■ Cn’'‘ [<K<vro*VK.v.ln20),S Kahco>2(O*0‘)*K<tl»ln2(e-^)]^|K^coa:>(».i,),Kj(h2(6l0J; 

^K^iln (#-jl )]*2¡Kj(hoo» (9*0 hK^iln (9*0 )]¡ c12-0; c!| 

053.0 

[>] 

4 [klyCOB^K^yiln2^] 

42^008^(0-0 )+Kj(hBln2(O-0 )] 0 

+2[Kmhco,?(öt^ )+K|hBin2(»40 )] 

4 !C¿v42K|hccB2(0-0 ) 

° 421^811» (0-0 ) 

+2^0082 (04 0 ) 

J*SlF¿(Kfh-K.v) 0 

0 

4 [iCly+l^coB^ 0 
21 

*Kih.tn e| 

O 

_ 

k[Klv+Kihco,‘ie ° 

,‘<kfh+K.») 

o 0 

f 0 O O 

-‘‘O'lh-V 

0 

0 
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laolator 
Number 

®31 »32 

(rlb22'r2bI2) 
e33 

(rlb2.rr2b13* 

,.2«ln2(t 

.2olna 

?(K,v-K.v) -bl— K. -K ) 
fv av7 

K* -K ' Iv av 

K.v) !^(ka-i 

:Jv‘K«v b25i^(K, -K„) 

.b|»i^(Kfv.K>v) 

bl^(Kiv-K#v) 

i%v+b2(^v=baV'Kav8ln20 

í2KPv+b2(Kfvco.ií0tKavBin: •fvTU ‘ ^ 

f2Kív*b2(lCí,voo»í!^KÂV.lní0) 

» Kf/b^K^co.VK.v»1^:' 

’2[Kf:icoaS(0-¡í*)iKah«ln2{G.|í»)j+2B|ÜS^:^(Kah.Kíh) 
2( 2 2 ^ ) 

+ n Jk,,,,™« (O-0»)+Kj,hsin'(e-0»)j 

í^íhl:o»i?(e-^*)+K»hBín‘(e-^!}+2Bfl!,5^’^(KBh-Kfh) 
í?( 2 2^ 1 

+D j^oo» (0-0*)hKp^ain (S-0*)f 

i%yhC0BS(0i 0« ) iKahOin^fOi0«,) .2Dr‘"^^'(K^-K/h) 
2Í 2 2 , 

+D |KftliCOß (€b 0*)+K1f}1flin (Ot0*) l 

( ^)+^h“ln£ (°1 ^* >} H (Kah-K|h ) 
2 Í 2 r 

+® (.^ah008 (0*)1 K|i,ain" 

. e31. bb p (K/v-V); Cjp-O; *33-11 {^Kjvnb (Kfvco8 0< ^oln 0)}+9j^{ KjhcoB (e-0*)+K^ainS(e-0«)} 
„ .Bln2(O-0*), , 2f 2 l 2 11 02(- ; I-21 ? , J 

<2BJ-2—MiWKjhbB {w°» (e-0«)-'K,hBln (e-0«)}J +2|/{Kihooa (O-0*)+^haln 

-128^^2^--(1^-^,), 8^^008^(01 0*)+KjPhaln2(».2)]r] 

L¿J 
|b K^h+b (Kavcoa 0'Kfvaln 0)| 

1 f h * f2 f Kavc 00 ' Kl V»1 n 1 

bb2^, 2 (Kfv-K.v) 

b(B K/h,b ^v) 

^ W Kav> 

4^vb2KN 
2 # 2 2 

+ 1 (K^jjCoa 0) 

+B (K^jCob OK|hBln^O) 

.»B^P(Kah.Kihj] 

? fll»>20 
4b -2--^(Kfv-Kav) 

b fK, v+b2(K|vco»2 
-2r 2 

2. 

42 ^fee¿íe:^)+K'h,ln 
42Bf 

2, 
(Kah*K/h) 

*B j^ahCOB (0-0^)+K/hein (0-0«)| 

+2 |/{K|hcoB2(e,0»)+KahBln2(e,0*)} 

,aB,.|lÍ|^K,h-K>h) 

+B 2{lfah'’r"'Sf ftl ^ '+,cf V» i nSi e* 'j I 

0* o 4b (Kfv-K^v) 

h Ub '(K0v-Ka 
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For the horizontal inclined isolators, when 0 - 0 the stiffness usatrix 

of each isolator will be identical with the one obtained in Example 

A-2 (Section 3.5-5.1-1). It is «<»*»" t’wt, for a given pendulum motion 

of the center of gravity of the isol^ed mass, as defined by 0, the 
anguln-r rotation of the horizontal isolators in the xy plane is given 

approximately by 

0» . 

Hence, for 

5 is: 

(-Jî— sin 26) 0. 
2y 

a given pendulum angle 0, the stiffness matric for isolator 

K^eos2^ - 0») + Kjphoin2(e-0*) - ^^^(Kah-K^) 0 

, - Bln2(9-0»)(^-1^) K^hcos2(e-0») + 0 

0 0 Kjfh 

Similarly, the stiffness matrices for isolators 6, 7, and Q can be 
calculated for a given pendulum angle ¢. The [Cj , [bJ > and M 
matrices are tabulated on the following pages, the approximations in this 

case being: 

cos (© fc 0*) » cose ; sin(e t 0*) * sln9 

Here again the [B] matrix reduces to zero, hence the linear coupling of 

X, y, z, « , @ , and Y is not encountered. 

3.8.4.I.3 Example C-3: Horizontal Elastic Elements Parallel to 

Both Axes 

The isolator arrangement consists of elements in the x, 

y, and z directions, as shown in Figure 3.8-12 • : 

Kla ~ axial stiffness of each isolator oriented parallel to 

the x axis 

K, » = lateral stiffness in y direction of each isolate’ 

^ parallel to the x axis 

K.» = lateral stiffness in z direction of each isolator 

parallel to the x axis 

K2a s axial stiffness of each isolator oriented parallel to 

the y axis 

Kgjpx = lateral stiffness in x direction of each isolator 

parallel to the y axis 

k2|z b lateral stiffness in z direction of each isolator 

to y axis 
Koa = axial stiffness of each isolator oriented parallel to 

the z axis 
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K-ijj “ lateral etiffnee« tu x direction of each isolator 
parallel to z axis 

K-.y - lateral stiffness in y dlr#.cMon of each isolator 
parallel to z axis* 

For a pendulum displacement ¢, measured to the center of gravity of the 
isolated mass, isolators 9, 10, 11, and 12 which are oriented parallel 
to the z axis also mors through an angle equal to ¢. However, isolators 
1, 4, $, and 8 undergo an angular displacement in the xy pàaae, given by 

0* --=-0. 
y 

Any rotation of isolators 2, 3, 6, and 7 in the xz plane is assumed to 
be negligible. 

Figure 3.8.12 

Symmetrical Rlastic Pendulum with Parallel Horizontal Elements 
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The Btiffness matrix for the isolators oriented parallel to the z axis 

is: 

[C1 0 

(K^xcos¿0 KjaSir* £ H - K,J 

£ 

»— c. - s>> 

3/y 

0 

3tx ^ 

0 

^ „ .»„a. 
0 K. 

3/y 
(K3Jfxsin20 + K^cos^ ) 

The stiffness matrix for the isolators oriented to the y axis is 

'(K2Jfxcos20* + ^BinV) i - ^a) 

± -^^(K2/x - K2a) (K2fxsin2^ + K2aeos20») 

0 0 

0 

1116 Lcj > [.BJ » and £e] matrices have been evaluated on the following 
pages with the following additional approximations: 

sin0* * 0* 

COS0* 1 

In this example a linear coupling exists between the coordinates y and V 

due to the asymmetry introduced by the pendulum angle 0. 

3.8.4.2 Linear Isolators, Eccentrically Placed, Pendulum 

Action Considered (Case Pj 

The same three arrangements of linear isolators as for 
case B (Section 3.5.5.2) have been considered with the center of symmetry 
of the isolators being eccentric with respect to the center of gravity of 
the isolated mass. However, in addition to the nonlinear coupling of 
the pendulum angle 0 with the coordinates x, y, z, « , $ , and y , 

there will exist a linear coupling between the coordinates x, y, z, cc , 

^ , and y themselves due to the eccentricities. The equations 
obtained in this case are the most general equations for an isolated 
system behaving as a simple pendulum. The equations of case D can be 
reduced to those of cases A, B, and C by deleting the appropriate terms. 

3.8.4.2.1 Example Li; Horizontal Elastic Elements Omitted 

The isolation system is as shown in Figure 3-8.13. The 
stiffness matrix is identical with that for Example C-l (Section 
3.8.4.I.I) and hence lias not been rewritten he.e. The values of the 

i~Bj and ¡J3j matrices, obtained by the standard formulas, are 
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derived on the following pages. In this case, in addition to the non¬ 
linear coupling of the pendulum angle of 0 with the coordinates x, y, z, 
ot , and *1 , there exists « Mr er coupling of the coordinates 

x, y, z, o¿ , , and ^ , «mong t;...«selves. The approximations 
used in the previous examples have been applied here in setting up the 

CÖ and (¾) matrices. 

3.8.4.2.2 Example 0-2; Horizontal Elastic Elements Inclined to 
Axle 

The isolation >ystem is as shown in Figure 3.8.14. The 
isolator stiffnesses are the same as in Example C-2 (Section 3.8.4.1.2), 
however the values of r^, rg. To are modified to include the eccentri¬ 
cities. Thus, the CBj and CEjmatrices are not similar to the CB] 
and Ee] matrices of Example C-2. The evaluation of these EBJ and 

CE] matrices is shown on the following pages. Note the linear and 
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Isolator 
Number 

1 

2 

3 

k 

5 

C 

9 

10 

11 

12 

Er 

<ra0ï3"r3c2s' ^I'ea'Vai* 

“31 
(r,c„.r,c,. 

"33 “33 

(r3'3rrl'33) <rlc33"r3°31! 

"e3Kfy 

••3Kiy 

-•fiy 

■•lKh 

-c3Kiy 

-3¾ 

■'3Kly 

*'3Kly 

-e3Kly 

-3Kly 

-3¾ 

-3Kly 

«-«l)K.y !b1*.2)(K,oo/>K|>iln20) -.3îî5^(KiJ1-K.)-«*e1) (b1*.a)i^(K|,-K,) 

2 2 
(K^cos ^K|xBln 'fl) 

iVnlKfr (b14tj)(Kmco»Vlt|x*1"2>l> -•3îT^,'ltlï-K»)-(,l*'l' (bj»^)— 

( K>coe2i’*K|x* ln20 ) 

(K>coB2^K|xiln20) 

(,l+*l)K|y (.s-bHK.oo.Vltl,»!»^) -•3íirí0flx-K,i-«l*«l) 

(K^cos ^*K|xBln ¢) 

(•2-b1)(Ksco«2(3+K|](sln%) («a-bi)-T^(1t)U"lts) 

(K^coB^K^aln^jí) 

('¡«.jlKjy (.—h,HK,co»2^K|x»inS0) (»2-b1)íi5^(K,<-^í 

(K^coB2ftKjx«ln |í) 

(«j-bKjy (•2-b1)(K>coiS^K(J1*ln20) ^3‘1^(Kj>-K1)-í«I-t) 

(•i-íilK.y (.s-b1)(Ki,C“*VKfI«ln2*l) -'3îiri(^,-K.)-(<'l-ll) (ba-bx^tr^-K.) 
2 ? 

(K,co» 0*K(,iln H 

(»1-í1)Kjy (.j-bHVbbVKlxbln2^) (^-bl^^íKJ,;-«,' 

(b 

2 2 
(K^cob ^»«ijjBln 0) 

-^XKjy) (b4.J)(Klco»2#*l^h*lr.2í) lb*ea)í^(l!|j"lt«) 

(Kmco»8^Kjx»ln80) 

(rr IjlKiy (bi .bj) (1(,00.Vuixb'n^) -^i^dCjy-K,)-(«j-#, ) (b1-b2)íTSf0<íx-K,) 

( K^coa2^* xb 1 n2(/) 

(.3-1)¾ (bjb.jXK.co.Vltfxiln^) -.3-5^()(1,-1(,)-(.3-1) (bi*e2)íi5^(K/1,-K,) 

(l^co/^Kly.ln2^) 

bj3-ia»3K,yi b^.O; b23.ia.3Kiy: b3i.l2.2(K,co.2í-Ktl(.ln‘’í); 1)32-12.31^^¾..^)-ia.i(K,co.2»-K(x.lr^í); 

033. 12.2íirí(Kjx-K.) 

-laea^jrfyxJx-K,) 1203(¾... A'b.otn (I) -IPojlKi-co«2^K,.ln ¢) 

• 12011½)¾¾^) 

-la.jKjy o 1?e l"jy 

I -l2.3-a?i(Klx-K.) 

12.2 ( :<,C0.V Kj^o lnS0) .12.3(K,co.VKjx.ln20) 13.21¾^ 0((,-:(,) 

o 12e jK(f x -12egKgx 

^egK, -12*1^ o 

-ia.2(K(x-K„) )12.2(Kjx-!(,) o 

0 O o o 

■la.jlKjx-K,) -la.oíKjy-r,) 

3-202 



SWC-TDR-62-64 
October I962 

3-203 



3-2<* 



SWC-TDR-62-64 October I962 

c 

a k? 

'k 4 ^ I w cu 

<V4 04 Ä 
V -f 
m oj 

*¿¿ ro 
ií Jh o~, ** 

*> oi+ 
» -T. 
H . 

w 

3-205 



SWC-TDR-62-6^ 
October 1962 

I 

' 

ut 

ß 

OJ CVJ 

Oj r i 

« 

♦ 
CV 

£ 

!r 

íü 

n 's. 
0 W| 

°X C 
-H 

CO 

^ -, 

S ÍÜ 

"n 

£ 

^ JÍ, 
(\jc^ ^ 

& CJH 

♦ CM 

CMH ♦ 

fi 
♦ 

OJ 
,o ♦ 

'T 
cmV* ^ 

f ¿ 

"p !? 
V—^ 

-4 

I 

21 

cvj 

^ * 
V 

CM 
r-} Ui 

*F 
m 

€> . 

OJ 

y 
s-»* 

CM 

-H 
9) 

íi 

«e 
« 

r^i 
'«u 

^ß 

« 

•f 

CM^ 
U> 
o 
t) 

ß >J 
•H 
0) 

m 
4) 

CM 
0) 

21 

I U 

0) 

21 

CM 

j*¡ ai r^i 

X 

v-*« 

« 
fl 

CM « 

O + 

.°<d 

— CM 
m 

^ 8X 5 

♦ C* m 

^-T1 CM CO ^ 
CVJ tl u 

CVJ ^ H 
«S. 

s 

l - J 

to 
0 

°x 

g 

-CM 
0) 

21 

I 

I_J 

« 

X 

nT* 

q N 

(0 

CM 

0) 

21 

*rH 
0J 

21 

«'n, 
0J 

2) 

4 

21 

CM 

—R 

- CM CM 

4) ÿ 

4 CMH 
CM H jD 

«K QJ 
CM 4 
4 CM 

CM XI 

°X 

** 

^ , n 
J r*» 

2 ^ 0 *i 
0 

cd cm m 
« 4» 

no 
4 

CM r-i 

$ 
CM 

L^J 

21 
4 

r#' 

j 
(0 

f ^ 
X + 

^ C^ 
(0 

O M w“ 

4) 4) 
CM H 

4) 4) 

2( 2( 
L_'J ' 

tt 

^ rp 
5y ^ 
(0 4) 

OJ^CM - 

& 2) 

$ 
CM 

£) 

I_I J 

4) 

4) 

2( 

I 

at 
¡¿ 

oTivi 

4 
CM r» 

? 
CM 

£> 

«I- 
X 

Qs, 
dC 

CM H 
01 CM CO 
no 0) 

CM 

21 

>» 
*N 

Sä 

aj co 
0) 

2( 

4 

cd 

4) 

2( 

u¡ no 
4» 

CM 
4) 

2( 

£ 

h\j 

"j H 
4) 

2( 

3-206 



SWC-TDR-62-04. October I962 

nonlinear coupling after the additional approximation; 

sin (0 - = sin 9 

cos (0-0*) w job 0 

Figure 3.8.14 

Unsymmetrical Elastic Pendulum with Inclined Horizontal Elements 
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liolftor 
Number 
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tribai-r3bii' 
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-®3(ea-b)(K^vco» ^K,v«ln ¢) 

-(b+e2){e1-í)~^^(Kj(v-K#v) 

-«3 (b+bj, ) (Kjjvo0»S^ Klv»ln2!l) 

•’ >î^Â<Klh-V 
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*KJh* 2(O-0*)} 

-ejíb^-Bij^co»' (0-0*) 

♦ KJ(h«ln2(O-0*)} 
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♦Kj|h.ln2((»0*)} 
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(ej. (b*e¡?)2(Kivb0.2^K(iv.Ir.2J,í 
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O'tó-Kíhl-Í's-8) 

!,h00D (0í0»)*KJ(haln (ftrí*))] 
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■ ( Bi b2 ! Vh-^Z hi] - <B‘ eS * 

(03-« l^^OWKi h ) - (8< «3 ) 
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**2 2 2 1 b 1 r\?t i 2 
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(Kahcoi2(e-0»)+Kj|hiln8(0-0*'}+4BÍi^Ií^:^(Kah-KJ{h)*4Bl~,^€^^(K|kh-Kjh)42( T^¢^)^008^(0*0*) 

+ ^81^(0+0^+2(82^) [ Kfthtoi2(»+0«)+K^hiln2(eH0*)| 
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3.B.4.2.3 Example D-3: Horizontal Elastic Elements Parallel 
to Both Axes 

The isolation s; ..;. • . as shown in Figure 3.8.I5. 
The isolator stiffnesses are similar uo the stiffnesses of Example 

C-3 (Section 3«8*4.1.3)« The presence of eccentricities changes the 
ra and matrices which are tabulated on the following pages. 
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Isolation (robii - r 
Number J 

(r,b 
'S6!:) 

■ (i+ej)(I34e2)K2|z 

i^.lff.^ifeldCg^-Kg^) '32(%txm«aAK8ll»1nS^)4(<+«i)‘!K2|z 

-(X+Bj^He. -ti)KaJz 

« ; f ‘.S4-a^)(Kgtt-KaJt>) 

l-(B1-f)(i2-B)K2(t 

HejJiiOl^lK^______ 

2 l-'L*L‘i)(b+'2)KJ.tz 

3 j. U^Kv^ih 

-(e^DOrfígjK^ 

..3(b1+B2)iip2 

(K3lx"K3»,-(<l4'l) 

ibl4 

(K3j|xBln2l>*K3(>co.2j() 

tK3lx-K.îa)-(^'l) 

1'2-bl) 

(Kj^alnVltja'b“2!*) 

.B3(B2-b1)5ip2 

(KjJU-Kj.J-t«!-*!) 

(e^-b^) 

KK3(1[BinVK3obo«2(») 

l- (a +e 1-01¾^ 
re3'V'2' 2 

bi+cg) 

JiKjj^Bln^K^coB2^) 

=3V^'l)\o 

'3‘V('rL)\<x 

'32ku+('i-l)2k'I-. 

,3{C3(lt3l*CO,2^K3.8ln2ií)*(Vei)5Ír2lK3íx-K3a,}r 

( V*1 ) {( V*1 ) ( It 3^x»lne?*K3act>»2|i )♦<! 3¾5^ 

(Kjfo-Kje)} 

'3Í ^4'l>”152^K2x'K=j[x' 

-(WejXKj^cosV-lKj^lnVÎ 

03(-(^3)^(-K2a4K2<x) 

-(eg-B) (K2(xcos2(»*+Kaji!ln2li« )) 

B54-(B1-/)^(-Kia*K24x) 

- ( c g-B ) (1¾ |xcos20*+K2as 1 n2(í* )] 

.3^(^-0^(^-¾) 

-(W-%)(Kg(x coB2j»«+K2aéan-(ll*¿ 

-.3(1^¾)^^ 

-e3(e2-b)Ku 

-e3(.g-bjKj^ 

-.3(b*.2)Kla 

-e3(b1'»B2)(K3(xco»2(>»K3asln?i?) 

-e3(e2-bl)(K3JjxcoB20.K3Osln2(i) 
'i['3(K3Jtxool,Sl>*K3a"lnP^)'t(‘*l*el'~^(K3Xx-K3a)) 

(V.l)[U1..l)(K3(x.ln2(Í.K3acoS:,íl)..JÜf2(K3|x-K3„j}-«1«l)('2-'Il)^0'3J(X-K3a) 

.3^3(K3J(x=o.Si>.K>Bln2íl).(.1-Xl)í^aÜ(K3ix-K3¡|)j -^(.g-bjKKj^coB2^^!^?} 

♦(e1-X1)((.l-XL)(K3jx»ln2ii*K3,ct'I;2l,)*e32T^(|c3lx-Kÿi!l -(01-^1^(02-^1^^1^(^311-^3^^ 

0 j(f; j( K.'ixcouC^+K3böln^)5 ^+(oi-^l )^^(K3lx-|t3B)| -»^(b^.jXltj^coB^K^Bln2?) 

♦ ('l-Jl)((.l-4)(K3txBln20«lt3lic«2íí!*'!rT3í('t3)U-K^)l -('r^Hb^.2)8i52^(K3|x-K3a) 

«2^ -*«1.2(K2t,-HCi<l.K3Íx=ln2|»*K3acoo2ll!)-U*2í3íl^(IC3fc¡.K>), .jg. ‘*./(xg(xcoaV*K2aslnV+Ki, 

.(K3j[xcU.2^K3aBln2«)}.l.B12{K2t.4K1^«3i)!.ln2l».K3>.o.20].i.i!,|^^W.2Kai*^2!!t3lxB:,, 

C'aJU-ls»)! b23-4.g.3{(lt2(x.o«2li,4K.2a8ln2jr)4Kla4(K3J|xco.2l>4K3ll.ln2li)}-b«lB2»1^2(K3JiX-K3a) 
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Isolatorl 
Nuab«r ! 

“31 
(r1b21-rjbu) 

• (/..iH.jHKiJx.lnV.Kj,.,,.1» ) 

-3(.2-^^(^(.-¾.) 

.(.l-i)>3)'lt2(x.loV<ltaico.V) 

.(.1.l)(.3)(K2|,.lnV.K2soo.V) 

-.,(1..,)1(,), 

..,(.,-Du,I, 

-.,(.,-MX,^ 

^J'-V 

W'vV21^ 

•32 

JíiSbJSèkL 

-.,(4.,)--^(^.-1^,,)- 

•3 **¿)(K-|,co,í<*,K?.,ln2#‘) 

-•,!4.i)îiT®(«îi,-K2.>- 

.,(.2-B)(lt2lllco.?i*.K2..lll!’l’) 

-.,(.)-1) (.^-(112(.-110.(- 

•3<V''!(IL.i.C0,ï»‘"!a,1"a'’) 

-.,(.,-1)-^0¾..¾).)- 

*,(B*.2)(|l2fc,=»iS0* > 

-,3(b*”î,lH. 

-ej(eg-b Jkjjii 

*33 
(ribgj-rgbi,) 

-.,(.,-3,)«,),•( .)•-■-) 

(13)::-113.( 

îiüSÉ 

_ 
‘ -(b,-.2) [.,(11,,,.0.-(: K,,-1.,-(1) 

‘ (1, ^1)^2 (1,(.-1,.(1 

.(.^,)(.,(1(,,,00.^:13,.11^: 

)ÜÍ¿(K., -1-)1 
11 c ji* 3* I 

- (.¿-b, ) (., (K„ K3.»m2)» 

'(•r 

-(l:,-.?)(.,(Kÿ x00*' I3«- l”1 ^( 

-(.,-4,)^(13),-13.(] 

(1..,)((1..,)((^,,.10^-15,.0.^) 

(B-.2)îSf<*(12,-K2l,))*(B-.2)[(4.1,â52Ê: 

(15.-15),(-(8..5)(1,/,.0-^ •^ilnl’«1)) 

(4..,) ((4..i)(K21,.lnV.K2,co,V) 

.(.2-B)ilf®:(Kg/,-%4)l<(.2-Il)|C'i1)— 

(121,-15.)-(.2-^:(1-5,,.0.^.12..1.^^1 

(.,-)) ((.,-1)((15,/•iV.Vo.V) 

.(.2-8)^^(12/,-15.)1-(.2-0) ((.l-'^T^ 

(1?l.-K2.>-''2-B!',ti.x“'e*)‘*K2.aln2|ll'(i 

.(^5)^(1,,-1,,,)^.5.0)((.,.^ 

(15.^,)40^5)(^,,00.^4^..)0^1 ^ - 

(L..,)2K,ly.(b .2)S1U 

2 2 
KjJy^ej-b) Kia 

(.,.1)=1,,y. (.5-1. )2iu 

^(.,-1)=1,^.0..^)=1,, 

o,*.,:\/(b, .513!«,,,co.^i„.io=i) 

((i"i'\y'(V”1)î(K3).co,>V‘^) 

V014 e? )2 ( K3 i x00*2^ K3a, 11,2 ^ 

l~?2^K31x’K3a^a;3ÍÍnÍ^(K2lx' 2a5 J •32"‘Ue2*3\K2íxC0,2í +K2a,ln ^ 4 
? 2 * 2 ? i 

.,,-1..,.,(101,.10-0 1/:.10. '0 1lly,K3)y) l*('’2,1’l)' 

«„.KjjjOMV'V ‘.“I- «i«?1^!!^),-13.)1 '33-1*' i((l2/x*ln‘^ *Ka.co*^ (’Illy'ls/y) 1,1 {ltaix,tn ^ ^ 1 

.I.e2(l1j|i(ro»20 Ig.Sl 0=0* ) 1,.- (1,,,00.=0:1,,.10=0)(.1.1:=1,,..D*!lx.‘'B* (1 

(1^.00^0 1,a.l'’' 0! 13.,9^^(10,-12(,) 

■Uy'-'W I'-’ll1”“ ’ -5.=--0^)-^^,.^0 
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SECTION 3.0 NOTATION 
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'rln’l e at wM-»i he eiaatlr atlfrueaa 
tierar-er!# r- ci.angaa « lop* 

Vol’afie 0' the laairv, »a’tertea. 
Man' r<B ortn^ forre In taolator, In tlrec uu. 1, 

l ie *0 'inlt ro a lor. of iai'lat »l naaa at-a.* an a*lü 
thrw-ßh me mau 'eilt*•» < 1 lr, »irei-tlon . Or, *lam*;n. 
of '■.rat monent a* ffntaa matrix (coûtant). 

That par of pj. 'hlch ereatea non-linear coupling 
with lie pcnit'ilun uOile. 

f 1 rot itcwrier.i 0 Btlfncaa matrix. 

’>Jn 
• arar teil at 1< lengti 

CoeffIclen' of tft'.ptn#- 

oef :uien 1 ‘ 'fit leal lampln#! 

hratorlng force ln taolator ln II ración t lue to 
a unit i.*formatlon of t e laola'or, t.i llrectlon 
j. i r, -’erenta of a-lTn-aa matrl« (onatant) 

■^lat par- 0' cjj •..»ich crea'ea nm-linear coupling 
with the pen'-il m mode. 

It 1ffnena matrix of an taolator. 

■no 
Square-law lar ping coefficient. 

'teqilrel ra'Meapace. 

The peak 1 laplacemen- Irrllcatad by a given ahock 
apee trun, in It reel ton J, at the teode frequency all. 

Peak It op 1 terrien matrix. 

Transformation matrix for rota Ion of cart.ealan 
coordinate reference ayatem. 

n/p. A character1 alle length. 

Iteauliant momei • of reatorlng forces In Isolator 
about an axis through the maaa centroid In dlrrctlon 
I, due to a unit rotation of laolatel maaa about an 
axis through the maaa centroll In direction J. 
Í constant ) 

T at uart of ^ which creates non-linear coupling 
wl*¡. tie pendulum mode 

.iec'inl momen of atlffneaa matrix. 

-EW 
1'eault.ant of exterul force ac Ing on a body. 

'.'omponent of reatorlng force l" *1r«ctlon x. 

Component of restoring force In direction y. 

Corapone-t of reatorlng fore. In direction a. 

Acceleration or .'tap '-ding to the Coulomb friction 
foro-. 

ceauliant reatorlng force through the C.Q. of a 
constrained rigid body. 

Force applied tnrough the C.Q. of a constrained 
rigid body. 

Acceleration due to gravity, 

g 

Nondlmenalonallaad acceleration of laolated body. 

‘lax I mum value of f. 

Time rate of '•..a ge of moment of momentum of rwaa 
•e • re abm i a flxel poln1 t). 

Time rate of '•■.ange re momen’ of mnmen’um • f maun 
au.),' naaß '■en'et.. 

Nondlmenalor.a! I»e : aq ere-law lAnpIrig coefriclen'. 
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Jlyy)\¡ tyy 
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•domen' of Inertia about yjyj and yy axla raapectlvely 

i dreien t of Inertia abr t fjij *•*! at axla reaiieci Uely 

Maaa moment of Inertia abo 1 ' can re cr gravl'y. 

Maas moment of Inertia about apting attachment poln 
on the maaa. 

Maaa moment of Inertia ma'rlx. 

Patio of the square of • t,e angular freq.enclea 
correapondlng t- the final and Initial values f 
stiffness of ullinear ayatem. 

Stiffness of spring. 

Axial spring «•'ffneea. 

Rotational spring a*lIfneaa. 

Static length of pendulum. 

Equivalent length of simple pendulum. 

Nonllmenaiona; vla-juo lamping coefriclen'. 

Vasa or rigid body. 

Nondlmenatonal coulomb friction coefflcien1 . 

Morien1, of the resultant of all external fo-ces acting 
on the holy about any *'xed point 0. 

Moment of the rea Ran' of all exterral forcea acting 
on -he body, abou’ maaa centre. 

btoment of the resultant of all exte-ral forcea acting 
on the body about x,y,t axle respectively. 

('omponent a of the reatorl ig momenta In dlrectlona 
at, p and y respectively. 

Matrix of constraint moment a developed b) the 
Isolators because of ahock transmit tad to the ayatem. 

Angular frequency. 

Angular frequency. 
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Normal coordina'ee. 

Acceleration matrix in normal c0onllraiea. 

Displacement mtutrlx In normal cooniInstes. 

Coorllnates of Isolator attachment point. 

I’oaltion vector of control.! In an Inertial ayaten of 
reference. 

Post Ion vector of c»n. roij tn a «noting reference 
ayeter... 

la-gest expected value of » for sea Ing purposes. 

'iwnplex freq ••• c-, *„ ion». 

Accélérât lo- of the ce t re it maaa ti a fixed 
coordinate oysteir. 

D apiacement matrix 

Mlaplacemen matr'x referret 0 .nertlal reference 
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A-ce lera lor matrix. 

Time 

Tu-at lo - of tie Input wavefortB. 
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Ex te i na 1 i :. tipp 11 ed mome n • 
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SECTION 3.0 LIST OF SYMBOL 

Alf«‘>r%lc •'in -f «11 u^ lo 
i'm« co' «I vr«' í. 

D.Bplâcwrefi In reUtlve coonllnave«. 

^liplaeepwnl Ir al aolute roorlina'ec. 

Oro ml mot Ioii llaplacenm . 

\ccwlera ton In rela'l”« coorllnawa. 

•-calera to in al>a-*luta coontlra «>a. 

(iro mt no* ton accnlaiat ton. 

•olu ' lapiaceneni o. raaaa. 

■ *oi r.- a-trii reMon of rraaa. 

■wla’l c Meplacenwni of BMaa. 

Hela Ivw accwleratlon of masa. 

Inp u vwlocl i y. 

'ùixtniw Mil e of 

Non Unten* ton* Ils») velocity ‘.npu. . 

larRcat value of V. 

elfllit of im ‘-oly 

via l e itaplacwment haiwaan laola or pla form 

ifvt Jro iml. 

lariieat cal e cf ». 

elatl e Uaplacemeni of nasa tn x UractUn. 

At.a il.i r il aplacwment of masa 1 x tirad ton 

Oro'inl bo'to Haplacenent In x llrartlon. 

(wlattve accéléra .ton of maaa tn x llrac'-ton. 

Abaol-i e ac-elerailon of masa In x direct lor.. 

Grctirvl mo ton ac-eleratlon In x direct tor.. 

och apeei rin 'laplacem*nt corre«pon ting o Wn. 

Non) ImeriB 1 or al 1 te.l dlêplacamant. 

iargeai val ie ol X. 

Via'Ivw 1 lap 1 acene t of maaa In y-Mracttor. 

Absolu w dlaplacement of maaa tn y-illrwctton. 

around mot ton llaplneeitenl tn y-'ltrectton. 

Hela' Ivw accéléra* lor of i ait* ln y tlraciton. 

Absolute acre Iwiat ton of inaaa In y It reel to.. 

Grounl mo ton accéléra Ion ln y dl reellor. 

VoU age ci. rreapondlng o Uaplacement X. 

Ha lait va d tap láceme ni of maaa lu s dira ci.'mi 

Absolute Uapla. ement of maaa In a direct‘on. 

Ground mot!« ttapia'ament.tn • direction, 

'ielattve accélérât Ion of masa In a direction. 

A'.aol • accéléra Ion of masa In a direction. 

Ground mo lo ace», le rat lor. In s direction. 

Maxi mu i p**n isn' le aiaolute accr *-rot Ion of boily. 

Am lera Ion of laola et '-od. . 

nr Ar..- ilar i-'>-a 1 a o .• r -ax 1 s . 

M 
s- - 

ß 
cx • y a 

b:., St 

8« » fcp t S/y 

£ 

<3 - 

t 

y 
0„ 

7 
m 
t 
« 
0O 
7 
t 
[t] 
a " 

u) 

«.’i • ys 

[wij 
wp - y} 
uh' ^/|. 

* ■ i-1 lar ro'a’lon » > .• y-axlo 

Aiw'dai rota lo- abT. i-ax a. 

fîo'.al parti pa* lor fa- >r ma-rlx. 

Tri'leal arplng ra1lo. 

Di forma Ion n' laola'or In x,>,s., 11 rer* ! o*.a 
reaperll'cly 

')1 ai Ian :ie.-.’ or mesa centro! 1 a. x,;-,» axe* 
rwapect1 ely. 

V..rilar rota* tor of naaa cendro'.', a o • x,y,a axes 

reapectlvely. 

: cce t-rid -y leflned as 'lie liatar.ee ne’we- ti.e ".G. 
of *. ..di'lum maaa an I spring at an.mc 1-1 i 'be 
maaa. 

)c.G./£ 

Inclination of leclator v: x axi» 

Inclina ion of u.e Une . olnlnr, e . .. of a 
pep' lurt mass to tt.e spring a* tac nen p^lnt «r. v.e 
naaa at any •Ime (t). 

’oeffIcier of vlaco s 1» ping referr*-* to ne fît* 
part of e atlffneaa cimracferlatlc. 

Viaeo a lamping cowfflcie- 

Pal tua of pcyrati« or rlgn >îy ai"' 

' op-mita'Ion” varia le. 

Angular rota*loo of tt;. 

pwndul >m an»;’*' • 

Pendu 1 r. angle ln x? plane for aU-legree of 
cree'o- ayo'em. 

A'g lar -eloclty of pcnduium. 

Ar^ilar acceleratloc of p*-n1ulim. 

Angular velocity of nias a. 

'uvular acceleration of nasa. 

Angular llaplaceneni of '.aac. 

•» la He angular rota’ton «f maaa. 

Acaoj.ii e angular rotation or naaa. 

Abaolutw angtilar rotation of bast 

Auaolute angular accéléra-lo .. 

A ir-twr accéléra Ion of oaae motion 

No!til liai rlx. 

Nondlmenalonal angular frequency. 

Nat frequency of Isola el naús, 
«aclllatlng on tie flra' part of ie ci-.ararteriatlc 

rad/asc . 

Frequency of pendulum ayetem. 

Natural frequency of e'.aat tc elemen' . 

Natural frequency of simple pen4"’ — '"laat 1c 
pendulum problem). 

Na ura) frequency of system. 

Diagonal frequency matrix. 

A ^ular frequency of simple pendulum. 

Natural frequency of equivale simple pec. 1.. 

Period of oactllatlon. 
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APPENDIX 3-A 

INVERSION OP ^ MA'I'RIX iPOSED OF 

POLYNOMIALS BY ELECTRONIC DIGITAL COMPUTER 

Electronic digital computers are capable of handling numerical 

coefficients only. Hence the elements of the matrix to be Inverted 

must be numbers If the Inversion is to be accomplished on an electronic 
digital computer. But, as often happens in practice, the matrix to be 

inverted has as its elements polynomials of some unknown variable quan¬ 
tity, say h;'. Then the inverted matrix will also contain polynomials 

of some power of 'x1, depending on the size of the matrix. It is desired, 
then, to evaluate the coefficients of the polynomials of the inverted 

matrix. If the coefficients of the polynomials of the original matrix 
are numbers, then it is possible to obtain the coefficients of the 
inverted matrix, also as numbers. Since this operation is entirely 
numerical, it can be handled by an electronic digital computer as is 

shown by considering; two specific examples below: 

1. A 3 x 3 Matrix Composed of First Order Polynomials 

Given a matrix 

allx + bll a12* + b12 a13x + b13 

H = *21x + b21 *2¿x + b22 *23* + b23 

a3lx + b3l *32* + b32 a33x + b33_ 

Where ajj and bjj are numerical coefficients, and x is an unknown 
variable. Each element of the inverted matrix consists of a co-factor 

of the matrix ¡X) divided by the determinant of the matrix |x| . For 
this particular case the determinant will be a third order polynomial 

in x and the co-factors will be second order polynomials in x . 

Hence, we can write 

"X 

allx'!tll a12X^12 al3x+b13 

• *22x+h22 a23x4b23 

a31x+b31 a3?x'b32 a33x'b33 

' 2 
c11x 

«x ’+ .6 x2+ y x+ Í 

2 
c21x +d2].xtg21 
otx3+/9 xs+ Xx+S 

2 
c3lx ,fd31x',e31 
x_x3 i ß x2-1 Trx+£ 

2 
c12x +al2x+e12 

«x’+ /3 x2i 7 x+ S 

CgpX +d22*+e22 

«x34 ,e x2+ 7 X I Í 

ax^i ^x2-> 7X+S 

c13x~'fd13x4e13 

2 
c23x +i23x*e23 
«x3+ /3 x2+y x+s 

C33X *<133x^33 
Cfx3+^ x2+7 x+ji 
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Where dy, X , ß , > and Í are numerical coefficients. The 

above relationship can be rewritten as ■‘‘ollovs: 

-1 -1 
L.^ 

r 

—T“—7?-rr 
ctyf+ß X h- 7 x+ ò 

£11 a12 a13 

a21 a22 a23 

a3l a32 a33 

C11 °12 C13 

C21 C22 C23 

Vi_c3l c32 c33 

X + 

bll ^12 b13 

L21 b22 b23 

031 b32 b33 

-1 

X2 + 

411 d12 d13 

d21 d22 d23 

d31 d32 d33 

-y 

X 4 

F: 11 612 e13 

e21 e22 e23 

ï3l e32 e33 

Or a-1 - O *, [b] ) -1 (Ld «2 - K * + W] 
The problem then^is to evaluate [~_c] > [dJ and [e] in terms of the numer 
ical matrices [AJ and [b] and the coefficients X , ß , and J . 

By the definition of an inverse matrix 

[M =1 + M] Uw.-.-»*' ( k *2 * ra * * H ) I - ra 

0rM [c] X3 . ([A] [D] * fB] K ) X2 I (lá] ® * |B| [D]) X * [B] ¡K 

= [«X34/SX247X4 Ç] [l] 

Equating the coefficients of similar powers of x. 

[a] [c, = a H ; [a] [d] + [ß] [c] = ^ [1] ; [b] [d] + [a] [e] [i]; 

[b] & = s [1] 

Using the first three of these equations, since the fourth one is linearly 
dependent on the first three, we obtain 

[A] o o 

[B] [A] 0 

H [B] [AJ 

¿LI] 
l[i] 
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Then 

fe O 

[B] K¡ = K 
»1 
o i 

iã]| 

-1 r-íÃ1 

■Æ\ LniU 
This last equation is entirely numerical and enables the computer to 
eiwluate [Cj , 1¾ > and [EJ ; the numerical coefficients oc , ñ , 'X and 

eof the polynomial derived from the determinant of have to be 
evaluated beforehand. This may be done either conventionally or on a 
computer depending on the sire of the problem. A method for determining 
these coefficients on an electronic digital computer is discussed in 
Appendix 3.9B. 

2* A 6 x 6 Matrix Composed of First Order Polynomials 

in oasic theory, this example is exactly similar to the previous 

»"matrix^ thftt lt involves a 8reater amount of arithmetic. Thus, given 

aiix+bn a^+b^ a13x+bi3 a^x+b^ a15x+b15 al6x+b^ 

a21X+b21 a22x+b22 a23*+b23 a24x+b2lf a26x+b26 

a33x+b33 a3^x+b34 a35x+b35 e36x+b36 *3^3! a32x+b32 

%lx+\l %2x+\z %3x+b43 aUx+b44 a45x+b45 a46x^b46 

a5lX+b51 a52x+b52 a53x+b53 a;*x+b54 a55x+b55 a56x+b5. 

a6lx+b6l a62x+b62 a63X+b63 a64x+b64 a65x+b65 a66x+b66 

where a1J and b^ are numerical coefficients and x is an unknown variable. 

ln tbia °a!®th® d®tennl“ant of pc] will be a sixth order polynomial in 
x , and the co-factors of [x] will be firth order polynomials in x . 
Hence, writing in matrix form, 

1 
K - [La] x + 0¾ 1 -1 

—5-,- a ,._^ *5 * 50 X» - & *3 , 
ax0+/S x?+ f xH+ ix^v ix^ Xx+h- [f] x2 + jo] x + [h]] 

Trtiere [A], [b], [c], [d], [e], [p], [g], and £h] are 6 x 6 numerical 
matrices. Then, 

{œ x + ti} {¿aL*.5 ^ rpjy n iai x3 + rrj x2 + rd] x + fHil H 
«x6* fix5+1 x4+ Íx3+ £ x2+ X x+v = 
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0r' [AJ [G] X6 4. ([A] [D] + [B] [C]) x5 + ([A] [e] + [B] [d] )'A + 

([a] [pJ + [b] [e])v3+ (íaJ _ + Lb] [f]) x2+ ([a] [h1x+Lb] [G]) 

X + [B] [h] = (o:x^+ pA-'r rrA iy?+ lx2+ Xx+v ) [tJ 

Then comparing the coefficients of similar powers of x, 

[A] [C] = ^[II 

[A] [D] + [B] [C] - 

[A] [F] + [B] [d] = *[1! 
[A] [F] + [B] [Ej = HIJ 
[A] [G] + [B] [F] = zlfj 
[A] [H] + [B] [G] - Atl] 

[B] H - H-t?] 

Taking the first six of these seven equations^ 

W o 0 0 

[bJ [Ã] 0 0 

0 [B] [A] 0 

0 0 [ä M 

0 0 0 [b) 

0000 

«[I] 
pm 
*li] 

stu 

ni] 

A [I] 

From the above equation we can obtain C, D , E, F, G and K if 

* t /) , y , S , s , and A eure known. 

Or, considering the first three and the last three equations. 

i [A] o o 0 

Lb] [a] o 0 

O [B] [a] O 

000(¾ 

0000 

0000 
u 

pm 
'rll] 

s[ij 

A[I] 

The choice of equations should be such as to make the large square matrix 
nonsingular. 
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APPENDIX 3-3 

EVALUATION OF A DKTSP*^" ' ^ COMPOSED OF 

POLYNOMIALS BY ELECTRONIC DIGITAL COMPUTER 

A computer program for handling a polynomial determinant can 
accept numerical data only. Thus, a polynomial determinant is solved 
bÿ T.he evaluation of several numerical determinants. For example, a 
determinant composed of polynomials, as follows: 

2 2 2 2 2 2 ~| 
ans +b11 a12s +b12 a13s +b13 a^s +b])t a15s +blc a^s +bl6 

2 2 2 '2 ' 2 ' 2 
a2is +b21 a22s +b22 a23s +b23 a2¡,.s Hb2j+ ag^s +b2j a2gs -sb2g 

” 2 , 2.. 2 , 2 a_„s Jb„ ~ - -i- - 
*31*Sl •»•Si *33s2;1>33 a35s2|b35 »36=2:t36 

2 2 2 2 2 2 
%la +t)iH a42s +hk-2 a43s +bl)3 aiiAs +b)A ak5S +b45 a^gs +b46 

|a51s2+b51 a52s2+b52 a53s2+b53 S'/'V a55s2+b55 a56s2+bs6 
2 2 2 2 2 2 1 

La6ls ',b6l a62s +b62 a63s +b63 afts +b6¡, aÓ5s +b65 a66s +b6éJ 

which in the expanded form reduces to 

As12+BsbU-i Cs^+Ds^+Es^+Fs^-'G 

requires for its solution, the evaluation of lue ccefficiencs A, B, C, 
D, E, F and G. Making the following designations: 

1 = 

2 = 

3 = 

k = 

5 = 

6 = 

7 = 

8 = 

9 - 

row 

row 

row 

row 

row 

row a 

row 

all a12 a13 a.li+ a15 al6 

a21 a22 a23 a2t a25 a26 

a31 a32 a33 &3h a35 a3b 

a4l a42 a43 a44 *46 

a51 a52 a53 a5^ a55 &56 

'6.1 a62 a63 a64 a65 a66 

bll bl2 bl3 bi4 bi5 bi6 

row j b b b , b 
21 22 23 24 25 

row b 

r j 

' D D D D h 
31 32 33 31+ 35 36 
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10 = row b4l bk2 b43 b45 b46 

11 = row b51 b52 b53 u ^ b^ 

!2 » row b6l bgg b63 b^ b65 b66 

Then A = 1, 2, 3, 4, 5, 6, i.e., the numerical value of A la giv¿n by 
the value of the numerical determinant composed of rovB.1, 2, 3» 4, 5 
a>.xd 6, taken in that order. 

Similarly, B = (1,2,3,4,5,12) + (1,2,3,4,11,6) + (1,2,3,10,5,6) 
+ (1,2,9,4,5,6) + (1,8,3,4,5,6) + (7,2,3,4,5,6) 

i.e., the numerical value of B la given by the aum of the values of 
six numerical determinants, forrad by the combination of 6 rows, 
numbered and taken in the order given above. 

Similarly, C = (1,2,3,4,11,12) + (1,2,3,10,11,6) + (12,9.10,5,6) 
+ (1,8,9,4,5,6) + (7,8,3,4,5,6) + (7,2,3,4,5,12) 
+ (1,2,3,10,5,12) + (1,2,9,4,11,6) + (1,8,3,10,5,6) 
+ (7,2,9,4,5,6) + (1,8,3,4,5,12) + (7,2,3,4,11,6) 

+ (1,2,9,4,5,12) + (1,8,3,4,11,6) + (7,2,3,10,5,6) 

D = (1,2,3,10,11,12) + (1,2,9,10,11,6) + (1,8,9,10,5,6) 

+ (7,8,9,4,5,6) + (7,8,3,4,5,12) + (7,2,3,4,11,12) 

+ (1,2,9,4,11,12) + (1,8,3,4,11,12) - (1,2,9,10,5,12) 

+ (1,8,3,10,5,12) + (7,2,3,10,5,12) + (1,8,3,10,11,6) 
+ (7,2,3,10,11,6) + (1,8,9,4,5,12) + (1,8,9,4,11,6) 
+ (7,8,3,4,11,6) + (7,8,3,10,5,6) + (7,2,9,4,5,12) 
+ (7,2,9,4,11,6) + (7,2,9,10,5,6) 

s = (7,8,9,10,5,6) + (7,8,9,4,5,12) * (7,8,3,4,11,12) 
< (7,2,3,10,11,12) + (1,2,9,10,11,12) 4 (1,8,9,10,11,6) 
+ (7,8,9,4,11,6) 4 (7,8,3,10,5,12) 4 (7,2,9,4,11,12) 

+ (1,8,3,10,11,12) 4 (7,2,9,10,11,6) 4 (1,8,9,10,5,12) 

4 (7,8,3,10,11,6) 4 (7,2,9,10,5,12) 4 (1,8,9,4,11,12) 

F = (7,8,9,10,11,6) 4 (7,8,9,10,5,12) 4 (7,8,9,4,11,12' 

+ (7,8,3,10,11,12) 4 (1,8,9,10,11,12) 4 (7,2,9,10,11,12) 

G = (7,8,9,10,11,12) 
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The evaluation of a 6th order numerical determinant by computer can be 
achieved by the following formula. (Aitken)* 

6 
E - 
i=i 

(-1) 
1+J 

0a2K(ot) 

K-l 
I>3^ 
-(=1 

■ 6 /6 

Ea5n(S)a6 
m=l \n=l 

whe '■'* <X= (-1)1+K when K< j 

ot= (-1)K K> j 

0(. = 0 K = J 

(-1) 

(-1) 

(-1)^ 

(-l/ 

0 

1+Jf 

1+Í 

ß = 0 

1 >K, 

i < K, 

Í >K, 

1 K, 

ï = K 

1 = j 

1-j 

(-¿j 

Í >j 

"T = 

'V = 

(-I)1"“ 
(-l)1+m 

(-D1+m 

(.l)1+nl 
(-Dm 

(-D™ 

(-Dm 

(-Dm 
0 

0 

0 

m >• i, m-íK, m>- j 

m < t, m>K, m >• J 

m < f, m<:K, m< j 

m >• £, rns-K, m< J 

m > l, m>K, ms- j 

m >Jl, m ¿ K, m < j 

m <JL, m >K, j 

m < K, m>j 

m = i 

m - K 

m = J 

5=-1 n > p 

S = +1 n < p 

5=0 n = p 

p = 1,2,3,4,5 or 6 but ^ J,k,Jf,m, or n. 

*Aitken, A.C., Determinants and Matrices, Oliver and Boyd, London, 1959 
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APPENDIX 3-G 

CONVERSION OF A POLTOOiCf AI_ ; ' - .SION TO PARTIAL FRACTIONS 

One of the problems which arises in the solution of the equation of 

motion of a coupled six-degree-of-freedom isolation system is the con¬ 

version to partial fractions of each of the 36 elements of the inverted 
6 by 6 frequency matrix. A typical element of this inverted frequency 

matrix is in the form 

As10 Ds1* + Es2 + F__ 

(s2+a )(8^+/9 )(s2+r )(s2+ £)(s2+ 1)(3--4- A) 

where <x- , p , ‘Y , 6 > t > ^ are the six previously determined 

squares of the natural frequencies of the coupled system. It is 

desired to convert the above expression, for reasons explained elsewhere 

in the text, to the following form: 

p p ^ “73- -73—T" ^ ■- + "-n"" 
S¿H- a 3¿+ /9 S¿+ T S¿+ í 8¿+ i s¿ l A 

Equating these two expressions, we are left with the relationship 

a(s“+ p ) (,8-+T ) (,3-+ » ) (S-+ I ) 

+b(s2+ « ) (s2+ y ) (s2+ £ ) (s2+ t ) 

+c(s2+ A ) (s2+ p ) (s2+£) (s2+z) 

+d(s2+ 0L ) (s2+y6 ) (s2+ 'r ) (s2+ t) 

+e(s2+a) (s^/J) (s2+7) (s2+ S) 

+f(s2+i)t) (s2+^) (s2+ y) (s2+ 6) 

(s2+ A ) 

(s2+ A) 

(s2+ A ) 

( s2+ A ) 

(s2+ .A) 

(s2+ r) 

« 10 = As + Bs + Cs + 
„ 4 
Ds + 

0 
Es¿ + 

g 
Equating the coefficients of similar powers of s on the right hand 

side and the left hand side of the above equation, we obtain six equa¬ 

tions, which express the six unknows a, b, c, d, e and f in terms of 

the known coefficients A, B, C, D, E and F, and the known squares of 

the frequencies, a, p , 'Y , 6 , i. and A . These equations can be 

written in matrix form, as follows, and can be conveniently solved on 

an electronic digital computer. 
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Ai'^BiVCiSPtSE^F ^ « > _c i « ’ 
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APPENDIX 3-D 

INVERSION OF A MATRIX "O’r SEP OF BLOCK M/ÆRIÇES 

Several conventional methods of inverting a matrix consisting of 

scalar elements, have been developed recently with a view towards 
shortening the computational time. One of the methods frequently used, 
involves the inversion of a matrix by blocks: This »educes the opera¬ 

tion of inverting a very large matrix, to that of inverting several 
smaller order matrices. In this case, the elements of the matrix are 
themselves matrices of lower orders. Hence, extreme care must be taken 
in operating with the partitioned blocks, since these cannot be treated 

like scalar quantities, and must conform with the laws of operation oí 
matrices. One of the advantages of this method is its ability to retain 

the physical significance of each partitioned block, even In the in¬ 
verted form. The partitioned blocks may be all of equal order or not, 

depending on the nature of the problem. 

Below are discussed the inversion procedures for two cases viz., 
l) a matrix consisting of four block matrices, and b) a matrix con¬ 

sisting of nine block matrices. In these examples, it is assumed that 
the blocks are all of equal order. The same principles illustrated 
here, can be extended to the inversion of matrices consisting of blocks 

of dissimilar order, or a larger number of blocks. 

1. Inversion of a Four Block Matrix 

Let it be required to solve the following set of equations: 

allxl + a12x2 + a13“3 + bliyi + b12X2 + *13*3 = Pi 

a21xl + a22x2 + a23x3 + b21yl + b22y2 + b23y3 = p2 

a3ixi + a32x2 + »33X3 + b31y1 + b32y2 + b33y3 = p3 

cllxl + c12x2 + c13x3 + diiyl + d12y2 + d13y3 ” ql 

c21xl + c22x2 + c23x3 + d21yl + d22y2 + d23y3 = q2 

C31X1 + C32’l2 + C33X3 + d31yl + d32y2 + d33y3 = q3 

(x) + [B] [y] [p] 

M + 0 ly) = H 

In matrix form, 

M 
[c] 
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Or, 

[A] [BJ 

[C] @ 

m 

Required to find: 

Let 

Then 

pi] w 
[cl] pi] 

M M 

[A] 

ÍC] [D] 

[A] [B] 

[C] K 
— — 

•1 

B F] * ÏÏ 
M H - 0 
N [°] - 0 
H M - H 

Solving the above four equations, bearing in mind that we are dealing 
with matrices and not scalar quantities, we obtain, 

[*J - [*] -1 - M -1 fr] H-1 Lc3 H -1 
[Bj - - M ^ H ra -l 

B - - La) M H -1 

M • H -1 

Where (Äj = [lö] - 03 [Al[?]} which is the determinant of the 
original matrix, in matrix form. It may be noticed here that it 
deviates from the accepted scalar form of (AD-BC). It mußt be pointed 
out here that the inverse exists only if [A]"1 and DO"1 exist. Then, 

Ta] 
[C] 

EÂT1* OCT1 Cä W1 [Cj m-1 
. -Ca] -1 PJ PÜ 

-M'1 ELaT 

[a]’1 
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2. Inveraion of a Nine Block Matrix 

Given: 

October .1.962 

DC! W, 

M {x| 
Cr] [x] 

+ LLJ i^i 

+ H [y] 
+ [a] (y] 

+ 

+ 

M 

[-1 

H 

Or 
[k] [l] [m] 

[n] [p] &0 

![r] [s] [t 

Required to find 

Í-I 
ÍW 
t,1 

Li- L 

Let: 

m 
w 

ra 

[*] E E 

[D] [e] H] 

P K H 

M [« 1 
[<fl I« 1 
H l* ] 

W 

id 

i"( 

M W 

H M 
H H 

De] [Lj lã 

[H] H M 

H K H 

Then: 
M OQ 

LA] [L] 

[A i [m] 

[d] [k] 

(P] H 
[D] [M] 

[g] [kJ 
a [l] 

[Gl [m] 

+ 

+ 

+ 

m m 
[>] [p] 

[¿i a 
le: m 

[Ej [P] 

LhJ [n] 
m lpj 

[H] to] 

4 

+ 

+ 

03 [R] 
[c] [s] 
[c] LTj 

[Fj [R] 
M [sJ 

dg m 

M [R] 
K [s] 
[J] H 

H 
0 

= o 

= rij 
= 0 

= 0 

0 

[I] 
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Solving the above nine equations, and bearing in mind that the opera 
tions involve matrices and not scale ¡.ties, 

M 

W 
H 
K 
M 
pi 
ra 

ra 
Where, 

[k]'1 iïi] + {H H H + (&] H - [m])&0 

(æ - Dy}] p] 
- [k]-1 [h 0 * [ra i>i - m] e -1 a] 

[kJ-1 {El] h - m) E -1 

- [M [41-1 {H [»] -0} * [a] M 
W E4]-1 H * M 

-1 

-1 
W H 

14 -1 { H M - [»]} [-] -1 
■ M'1 Ei-] 

H'1 

W - [{H - E«] Et]'1 W} - {&] - M H’1 Pi} 
{[P] - [H] [K]'1 [Lj1 {[«] - [»] [k]-1 m]] 

W- {[p] - M M'1 H]1 

M- ra {pj - M Dü-1!»]] 
M - {W - M H"1 w} W 

The solution exists if, and only if, M , C«!] , and Ckj"1 exist. 

■I 
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APPENDIX 3-E 

THE ROUTH-EUEV.'IPZ- ST.Aju..,ITï CRITH-ilON FOR A 

SIX DEGREE OF FREEDOM LINEAR SYSTEM 

The frequency determinant in Laplace form, for a six-degree-oP 

freedom linear system can be written as follows: 

2. 12 10 8 6 4 2 
D(s ) = a0s + a^s + &2S + a^s + a^s + a^s + ag 

Then the conditions that all the roots of D(s2) have negative real 

parts (which signifies dynamic stability) are as follows*: 

1. All the a's in the above equations have the same sign (a 

necessary but not a sufficient condition for stability). 

2- The following test functions Ti are all positive when the 

equation (d(s2)=o is put in such a form that a0 is positive (a 

necessary and sufficient condition for stability). 

T = 
4 

ao > °> 

al ao 

ap 

a5 a4 

a6 

T2 = 

0 

al 

a. 
3 

a5 

2 

a4 

al ao 

a3 a2 

■> o; 

>0: 
ai ao 0 
»3 »2 al 
a5 ah a3 

o: 

al 

a3 

a5 

0 

o 

0 

a2 

a4 

a6 
o 

000 

al ao 0 

Eg Ep E-j 

a5 a4 a3 

0 ag a5 

0 

The above conditions when grouped together give the following complete 

criterion for the stability oí a sixth order system. 

1. All the a's are positive 

r 2 2 2 2 2] 
2. aj aia2a3ah-aiah-a3ah+2aiaka5-aia2a5+a2a3a5+a5j 

2 2 3 ^ 
> ag s.-jagag^a-je^atj-a^a^+a-iag+Sajaja^-aj 

wnen D(s2) is such that a0 = 1 

«Pipes, Louis A., Applied Mathematics for Engineers and Physicists, 

McOraw-Hiil Book Company, New York, 195Ô 
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APPENDIX 3-F 

THE MATHIEU DIFFERENTIAL ...RATION 

AND THE MATHIEU FUNCTIOHS 

The general Mathieu equation ia represented as follows: 

y + (a -■ 2q cos 2 « ) y = 0 (l) 

where y is the dependent variable, * is ft function of ¡he independent 
variable with respect to which y is differentiated, and q and a are 

the constant parameters defining +be system configuration. 

The general solution of the Mathieu equation may be one of the 

following three types, depending on the relationship between the 

parameters a and q. 

1. A periodic solution with period 2 ir S where S is an integral 

number greater than or equal to 2. 

2. An aperiodic solution, but bounded ac sc -*- 

3. An aperiodic solution, unbounded as a-•“ 00 

The solutions of the Mathieu differential equation having a period 

Tor 2TT consist entirely of sine or cosine terms, but not a combina¬ 

tion of the two. Furthermore, if one of the solutions is even then the 
other solution is odd, and as such two Independent even solutions or two 

independent odd solutions cannot occur. 

The coefficient (a - 2q cos 2 a ) of y is a single valued periodic 

function of ot , having a period TT , With cJt* Set, the above equation 
may be regarded as the representative equation of moticr of a conserva¬ 
tive dynamical system having a variable spring stiffness (a - 2q cos 2 « ), 

the variation being caused by a driving agent. 

Standard solutions of the three general types for equation (l), as 

explained previously, exist and have been set up by Ince* and Strutt, 
whereby the entire (a,q) plane has been divided into tones of stability 

and instability. 

*Ince, E.L., Proceedings of the Royal Society, Edinburgh, Volume 52, 

pp. 355-^33, 1931/1932 
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The Ince-Strutt chart (Figure 3-F-l) is symmetrical about the a 

axis in the range q 1. The significant results of the Ince-Strutt 
study may be summarized as follows* 

1. If the operating point (a,q) lies within a stable region, the 
two linearly independent solutions of equation (l) are: 

y, = 2 cm C0S(M 4 
r= -00 

•o 

y2 = E c sin(M+ 'Z)« 

(2) 

where^M = 2r or 2 r + 1, depending on whether the point (a,q) lies on 

the 2n or 2n + 1 cul'v'e; Cm is a real quantity and depends on a and q. 

All solutions of the above type are bounded and therefore if (a,q) lies 
in a stable region, the resulting oscillations are almost periodic and 
quasi-hamonic, as shown in Figure 3-F-2. 

Figure 3-F-2 

A Stable Mathieu-Type Oscillation 
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2. If (a,q) lies within an unstable region, then the two linearly 
independent solutions of equation (l) have the nonperiodic form: 

y-, = ^ H iM cos(M * + ^ ) 
x r= ^ 11 

(3) 
/¿X. ^*°T ß 

y2 = e” XZ! j M co8(mä - vM ) 
r=o 

where f m and “V M are real constants depending on-a and q, and M ~ 2r 

or 2 r + 1 as before. The quantity M is a real and positive number, 

independent of the initial conditions and depending only on the para¬ 
meters a and q cf differencial equation (l). 

All solutions of the above type r e unbounded and therefore if 

a,q lies in an unstable region, the resulting oscillations will be 
almost periodic ana quaai-Lai-muuic, but unstable, as shown in Figure 3-F-3. 

Figure 3-F-3 

An Unstable Mathieu-Type Oscillation 
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3. If (a,q) lies on one of the bordering 

the linearly independent solutions of equation 

following forms depending on the order o. r,. 

instability curves, then 

(l) may have one of the 

curve on which it is 

located. 

y-, = 2 

r=0 (4) 

y = C(q) ot y. + f ( et) 
2 

in which case M = 2 r or 2 r + 1 depending on whether point (a,q) lies 

on curve or 2n % J C(q) is a function of q. 
C.U • ■* 

yi = 
r=o 

B sin Met 
M 

y2 = S(q) « y1 + g ( *) 

(5) 

in which case M = 2 r + 1 or 2 r + 2 depending on whether point (a,q) 

lies on curve 2n+l 2n+25 S(q) is a function of q. 

In expressions (4) and (5) the quantities AM and BM are rea! con- 

stants depending on a and q, and f( » / and t ^ 
„-r „ . hsvinc the same period as y-> . The period of y^ in u 

A Ull>-W- «A. / —«V- w - 01 D A O IT 

if the representative point (a.q) lies on curves 2n or 2n+2 and ¿ 

If it lie. on curve. ^ or ¿i- »either of the.« .elution, of 

are either .table or un.table, and a. auch are classified a. neuuial. 

However, both solutions for y? are unstable and nonperiodic. 

For small values of q, 

has unstable solutions lie 

of a, given by 
2 

a = (m) 

the points for which the Mathieu equation 
in the neighborhood of the abscissa values 

(6) 
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( 2-go-)C = a = (m)2 

°r = (T) 

Therefore, these values do not lie at multiples of the natural frequency, 

but at submultiples of the natural frequency, and leqd to the phenomenon 

of suLuarmonic resonance. 

An inspection of the Ince-Strutt stability chart reveals that 

1. The stability curves are symmetrical about the abscissa, 

i.e., the a-axls. 

2. The croseover points of the stability curves lie in the 
neighborhood of the abscissa at intervals given by a = a?, 

m = 0, 1, 2, 3> .) Tor small values of q. 

3. The ei-ea of instability decreases with increasing a, for small 

values of q. 

It may further be mentioned here that the curves g arc even 

functions of q whereas the curves ^ are odd functions of q. Hence 

2 a (q) = £ a (-q) 
c n ¿ n 

a (q) =■ b (-q) 

2irl 2n+l 

b (q) = b (-q) 
2n 2n 

On an enlaré-d scale the area in the neighborhood of an instability 
region will appear as shown in Figure 3-F-4, where the tnree types of 

solutions of the Mathieu differential equation have been included. The 
behavior of the solutions in terms of the parameters a and 0 is clearly 
indicated. 

The periodic solutions of the Mathieu Equation at the borderline 
between stability and instability regions are the Mathieu functions and 
have been designated by a special nomenclature related to the boundary 

curves a(q) and b(q). 

Thus, associated with the boundary curve 
a Mathieu function 

a(q) there corresponds 

2n 
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^2n = E A2n> 2 r cob 2 r t 
r=o 

for curve there corresponds a Mathieu function 
2n+l 

cao 

Ce2n+1 = ½rH-l 2 r +1 cos (2 r +1) t 
r=o ’ 

for curve there corresponds a Mathieu function 

£ B2n 2 r sin (2 r + 1) 

r=o 

for curve , there corresponds a Mathieu function 
2n+l 

Se2n+1 =1 £ B2n+1^ 2 r 11 sln (2 r +1) t 
r=o 

The functions 2® and are of period TT , whereas 2^.1 

are of period 2 TT 

Se, 
'2n 

Since the presence of a damping term in the Mathieu Equation 

strongly influences and greatly reduces the extent of instability 
regions of higher order, it is usually sufficient to investigate only 
the region bounded by the curves a0(q), b] (q), and a-^q) of the Ince- 

Strutt diagram. These expressions have been computed by McLdehlac* ar« 

given as 

a-i (q) 1 + q 
12 13 
B* îk q^ + 

11 
3S55f q5 + E(q6) 

Mq) X - q 
1 2 1 „3 
B ^ + SÍ q S(«6) 

The curve for a0(q) is unimportant for practical considerations, 
furthermore, if q is a small quantity 

8l(q) = a - q = 1 

fcl(q) = a + q = 1 (8) 

*McLachlan, N.W., Theory and Application of Mathieu Functions, Oxford 
University Press, London, 19*1-6 
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^2(¾) = a+ 1/12 = 4 

ao(q) = a+ l/S ^ = Ü 

On an enlarged scale, the above region has been shown in 

Figure 3-F-5. Returning to the original Mathieu Equation (l) it is 

obvious that if q * 0 the equation reduces to a standard second order 

diiiuiential equation 

ÿ + ay = 0 

in which case the Ince-Strutt diagram reduces to the &~ax.Ls, i.e., the 

entire region along the abscissa is stable. 

By the foregoing discussion, if q is increased from 0 to a finite 
value by keeping a constant, the system may go from a stable condition 

to an unstable condition, stability being defined by 

a ± q < 1. 

Thus the inclusion of a q term in the equation of motion of the 

system may result in an unstable behavior before a stable condition is 

reached, or conversely in a stable behavior before an unstable condi¬ 

tion is reached, depending on the initial location of the operating 

point. A similar condition arises in keeping q constant and varying a, 

as shown in Figure 3-F-6. 

Of practical importance is the solution of the Mathieu equation 

in the stable region bounded by the stability curve b^ and the positive 

a.q quadrant. The complete solution of Mathieu’s equation in this 

region is given by 

y - A Ce ^ (ot, q) + B Se ^ ( , q) (9) 

However, in practiced, problems dealing with chock isolation Sjr teiÛS y 
the initial conditions are such as to disallow a solution of the type 

B Se /y. ( a ,q) which is a sine series.. Hence, the complete solution 

in such cases reduces to 

y - A Ce y ( a , q) (10) 

where 

Ce 
•i 

y ( «- ><l) = cos 'ycx. - | q 

cob( 0^ + 2) 

y 4 1 

cos(y -2) 

y - 1 

1 2 
+ 32 4 

co fi ('y + 4)ot + cos( y - k)oi 

(y+ 1)(^+2) (y-i)(y-2) 
(ID 
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A is a constant depending on 

a = Y 2 + --- q2 + 
2( ■'V 2- l'l 

the initial conditions, and 

U?2* \_q4 + 
. , ^2-l)3(72- 4) 

•• (12) 

Equation (ll) is valid only when 

2( Y - 1) 

< < Y > 0 (13) 

and Y ® m + (i as 

•m = a positive 

(b * & rational 

Thus for a point (a,q) 
is seen that m = 0. 

shown in Figure 3-F-7 

integer, which may also be zero 

fraction. 

in the stable region where a < 1, q < 1, it 

Y - £ 

Y can then be determined from equation (12) if the condition stipulated 

in equation (13) is valid. It may be mentioned that Y, as given by 
equation (12) is single valued, and the value that is obtained gives 

the solution of the representative Mathieu's equation by equation (ll). 
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4.1 Introduction 

The fundamental objective of .-4. k isolation is to convert the 

motion of an intolerable shock to a iorm which the isolated equipment or 

personnel can survive. In Section 2.0 of the Design Guide, the nature 
of the ground shock and its distortion by interactions with the under¬ 

ground structure were reviewed and the environment to which unisolated 
equipment might be exposed was partially defined. In Section 3•0, the 

motion conversion characteristics of isolation systems were studied, 
leading to methods for calculating the shock environment of isolated 
equipment. It would appear tç be a simple matter then to assess the 
tolerable motion of a particular item of equipment, to compare it with 

the unattenuated motion of the underground structure, and if isolation 
was needed, to rigorously establish the required motion conversion 

characteristics of the isolation system. 

The use of a purely analytical approach as a practical design 
procedure however is rendered virtually impossible by the mechanical 

complexity of most equipment, by a lack of understanding of damage 
phenomena, and by the limited information available on the nature of 

the input shock. While these problems are of genuine concern to the 
isolation system designer, they are not unique to systems for pro¬ 
tection from nuclear blast. In few problems involving shock isolation 
is an exact definition of the input or the precise requirements of the 

output known. Thus, many of the techniques developed in other fields 

of shock isolation dan be applied to this problem. 

By far the most common method of assigning a quantitative value 
to the limiting level of shock an item of equipment will tolerate, is 
by exposing it to an environment simulating the field conditions. The 
need for the simulation in the design of almost all military equipment 

is based largely upon two factors which are almost unique (Reference 
4.1). First, it is difficult to test military equipment under the most 
severe conditions it must survive in service. For underground facil¬ 
ities, designed to resist high yield nuclear weapons, full-scale 
testing is out of the question. Second, equipment is designed or 
selected concurrently with design of the facility in which it will be 
installed. Thus the decision as to whether or not the equipment is to 
be shock mounted, and the design of any isolators required, must be 
completed before tests of even the larger subassemblies are possible. 

In principle (Reference 4.2), the simulation of a shock environ¬ 

ment, or shock testing, is concerned with the reproduction in the 
laboratory of equipment damage analogous to that occurring in the fieM. 
The effect of a shock motion on equipment depends not only upon the 

characteristics of ohe motion, but also on the properties of the equip¬ 
ment. The shock motion occurring as a result of a nuclear blast is 
affected by many variables, and ¿he characteristics of the motion vary 
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significantly from one occurrence to another. Thus, a laboratory test 

is required to simulate not a single defined motion, but rather any 
one arbitrarily selected from a group of shock motions. The test must 
be applicable over a vide range of tqu.tp ■ ..t properties as well as a 
wide range of shock characteristics. The nature and severity of the 
test must be such that any possible failure that would occur in the 
field should liave first occurred in the laboratory shock test. 

Two factors complicate the simulation of shock environments in the 
laboratory. First, only the gross features of the wave form can be 
deduced, since a detailed time history of the shock rarely exists. 

Second, a test machine designed to reproduce faithfully the waveform of 
a complex, high-intensity shock would be very expensive to construct. 
Thus, to define the environment to be reproduced in the laboratory, 
parameters directly relating damage to shock characteristics must be 

identified. However, there has not been formulated a rigorous universal 
criterion of damage nor do the standards now employed satisfy all of the 

requiremer.ts imposed even by simple theory. Nonetheless, the designer of 
isolation systems for underground protective structures has no recourse 
but to utilize laboratory results to guide him in establishing isolation 
system output requirements. 

It is suggested in Section 4.0 that the response spectrum be 

accepted as a criterion of damage for equipment with one stipulation. 
Thus, the damage potential of the input shock can also be represented 

quantitatively by its response spectrum. This concept is not a new one, 
having been described frequently in the literature (References 4.2 and 

4.3), and employed occasionally in establishing shock testing requirements 
for equipment intended for use in underground protective structures. Its 
lack of general usage may be due in part to the fact that cases can be 
postulated where it will not indicate damage potential, and that in these 
cases its prediction will be nonconservative. Despite its shortcomings, 
+.VlP o;0 "1 0n+ t ran n-P 4- Vt« ■**<■»*•«««*. ~ ~ „ ^-.«4 4-««4 j^», — « 
-   w wu. 4. t.Mju'vt&j.ov; ojjtk.u4.uiu 0,0 a ti. jl ugj. xwju kjx ucuua£C O^jjcauo 

to offer optimum simplicity, meaningfulness, and accuracy within the limits 
of the present state of knowledge of the phenomena and capabilities of 
testing facilities. 

Once the response spectrum is accepted as a criterion of damage, a 
ready means is provided for establishing the need for shock isolation, 
for determining the required output characteristics of <solation 
system, and for selecting a test machine for verifying the tolerance of 
the equipment. Sach of these aspects of the design problem is discussed 
in detail in this section. 
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4.2 Damage Criteria 

Despite the large number of equipment shock tests which have been 

conducted in laboratories in the Ui...'*' . States, there are very few 
experimental data available of the type which gives an insight into the 
damaging characteristics of shock (Reference 4.1). The large majority 
of laboratory tests are conducted to determine whether the equipment 
is constructed in conformance with the applicable specification, that is, 

it is a "go no-go" type of test. Either the equipment survives the 
rnecified tests or it fails to do so. Very few tests are conducted with 
a systematic variation of parameters where the test is continued to 
failure and the duration of the test is correlated with the severity of 

the testing conditions. As a consequence, little is known about the 
laws governing the failure of equipment subjected to shock. Until a 
better understanding is gained of the basic phenomena, the results of 
laboratory tests in their present form will remain somewhat less than 

convincing. 

With the lack of a complete picture of the damage mechanisms, it 
is necessary to formulate some hypothesis of failure in order to provide 

a rational basis for establishing test procedures. For example, one 
possible assumption is that the probability of equipment sustaining 
damage as a result of shock is directly related to the maximum stress 
experienced by the equipment during shock. Of course, this criterion 
disregards any cumulative damage resulting from several shocks. Even so, 
the correlation between peak stress and shock parameters is not a simple 

one, and with the acceptance of stress as the critical damage mechanism, 
the shock test procedure is still not completely defined. 

It is an established principle of mechanics that two single-degree- 
of-freedom systems having the same natural frequency and damping capacity 
will respond in an identical manner to a given steady-state, or transient, 
excitation (Reference 4.1). If the excitation is of a nonoscillatory 
nature, the damping tends to be of secondary importance so that systems 
with the same natural frequency but different damping characteristics 
tend to exhibit approximately the same response. A given item of 
equipment thus might be represented as an array of simple systems, the 
natural frequency of each system being equal to the natural frequency 
of the element which it portrays. If the peak stress, and therefore the 
peak acceleration, which each simple element can survive, is plotted as 
a function of the natural frequency of that element, the resulting curve 
is simply the response spectrum of the grtAiest shock that can be 
tolerated by the equipment. Any shock whose spectrum at any frequency 
exceeds the survival spectnv ■’ the equipment will cause failure in one 
or more of the simple elements. For equipment which can be represented 
in this manner, then, the response spectrum constitutes a criterion of 

damage. 
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The limitations of this approach stem from the fact that few 

pieces of equipment can be represented as an array of simple elements 

in parallel. Most structures contain a large number of elements in 

sefries or elements which contain more U.'” ne mode of vibration. In 
these cases, as was seen in discussing the responses of coupled linear 

systems in Section 3.0, the response spectrum does not contain sufficient 

information to define the peak acceleration in any coupled mode. 
Further, some equipment contains elements whose elastic properties are 
nonlinear, thus two shocks with identical response spectra may produce 
differ~nt stresses in some types of equipment. Therefore, characteristics 

of the shock, other than those described by the response spectrum, must 

also be reproduced in the test if true damage potential is to be 

simulated. 

The most significant information omitted from a response spectrum 

is the phasing of the responses. Since the relative time of occurrence 
of each spectral component of the shock fixes the phase relationship of 
vibrations in the various modes of the responding element, some simulation 
of the phasing must be reproduced in the shock test. Of course, this 
implies that the shape of tne wave form produced in the test must be 
similar to that expected in service. As noted earlier, however, the 
exact wave form cannot be reproduced, due to a lack of knowledge of the 
wave form, and to the large expense of constructing special test machines. 
If a general type of wave form is reproduced in the test machine which 
not only has the gross cnaracteristics of the expected shock, but also 
produces the same response spectrum, the arguments against the use of 
the spectrum alone as a criterion of damage can be reduced in relative 

importance, if not in number. 

In summary, to base equipment ruggedness levels solely on spectral 

representation of the shock input is to assume that the equipment 
responds as a system of uncoupled, undamped linear oscillators. It is 

also to assume that the mechannoiu ucuwiigc uK*y uc expiesseu xn ceims oj 
the inaximum oscillator response. When the response spectrum is coupled 
with a wave form of the general shape of that expected in service, the 
above assumption is not invalidated, but only becomes less important as 

the test wave form approaches that of the service shock. 
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4.3 Shock Testing Machines 

Since it is necessary to simulate in the laboratory the conditions 

to which equirment may be exposed in +he field, it is essential that 
the shock isolation system designer familiar with laboratory equipment 
and techniques. First, if he accepts the response spectrum as a criterion 
of damage, he must have available to him spectral representations of the 
outputs of various testing machines under different loading and operating 
conditions. Second, as the response spectrum alone is not sufficient to 
define the damage potential of the shock, the general type of wave form 

which the test machine produces must also be known. And, third, the 
interaction between most simulation machines and the items being tested 

makes it necessary that the designer have a clear picture of the 

construction of each machine he intends to use. 

The following discussion of shock testing machines is intended to 

acquaint the isolation system designer with some of the available 
equipment. The discussion will emphasize those machine characteristics 

of primary importance in assuring that the service environment is 
simulated properly. The three significant features of the output of 

shock testing machines which wir be presented are wave form type, 

spectral distribution, and acceleration impulse. 

4.3.1 Wave Form Type 

Several wave forms generated by different shock testing 

machines are shown in Figure 4.3.1, page 4 - 8. Bach of the wave forms^ 
may be classified as being one of three general types: velocity shock {a), 

simple pulse (b through e), and single complex (f). An extensive list of 

machines which produce each type of wave form is given in Reference 4.3; 

a few examples eure listed below: 

Velocity Shock 

Drop Tester for Shipping Containers (Reference 4.4) 

Drop Tester for Airdrop Delivery (Reference 4,5) 

Inclined Plane Test (Reference 4.6) 

Simple Shock Pulse 

Shock Testing Mechanism for Indicating Instruments 
(Reference 4.6) 

Medium Impact Shock Machine (Sand Drop Table) 
(References 4.7, 4.8) 

Hyge Shock mester (Reference 4.9) 

Barry Drop Table (Reference 4.10) 
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Single Comp-lex 

Navy High Impact Shock Machine f— Lightweight I>2vices 
(References h.ll, 4.12) 

Navy High Impact Shock Machine for Medium Weight Equipment 
(References 4.12, 4.13) 

Shock Machine for Electronic Devices (Reference 4.14) 

! 

Time 

(a) Velocity Pulse 

_C-- 
Time 

(b) Acceleration Step 
Pulse 

(c) Acceleration Non' 

symmetrical Tri¬ 
angular Pulse 

(d) Acceleration 
Symmetrical Tri¬ 

angular Pulse 

(e) Acceleration 

Half-Sinusoidal 
Pulse 

(f) Acceleration 

Complex Wave Form 

Figure 4.3«1 

Characteristic Types of Shocks 

Note that except for the acceleration complex wave form (f), all 
of the wave forms shown yield velocities only in one direction, that is, 
they indicate the time-history of a positive velocity change but do not 
show details of how the velocity returns to its initial value. This 
result is inevitable with machines in which the test item is set into 
motion and the shock produced by bringing it to an abrupt stop. Although 
the complex acceleration wave form shows negative accelerations, its 
time Integral, or residual velocity, is still positive. Machines which 
produce this type of shock can therefore be classed with those above. 

4-8 



SWC-TDR-62-64 October I962 

4.3.1.1 Wave Form Distribution Introduced by Test Item 

The wave form generated by a shock machine is influenced 

by frequencies characteristic 0;. <> . item being tested. The effect of 
the equipment may be appreciable, particularly if the weight of the item 
is near the upper limit of the machine capacity. The test item may act 

as a dynamic vibration absorber (Reference 3)< uud if it is relatively 
heavy may reduce the response spectrum to a minimum at the entiresonance 
frequencies. If the test shock is increased to raise the low points of 
the spectrum, the part may be easily overstressed. Considerable Judge¬ 

ment is thus required in interpreting the test results. 

4.3.1.2 Wave Form Distortions Introduced by Testing Machine 

The wave form of a shock produced by a testing machine may 

be modified significantly at frequencies characteristic of the machine 
itself. This affect is leauced as the rigidity of the machine itself 
increases but, in nearly all testing equipment, some frequency ranges 
will be amplified. It is essential that the critical frequencies for 
each machine axe known and that care is taken to avoid using machines 
whose frequencies are near the natural frequency of the test item. In 
this respect, it is important that the method of attaching the equipment 
to the test machine is given special attention to ensure that resonances, 
with either the machine or the equipment, are avoided in the mounting 

structure. 

4.3.2 Response Spectra 

In view of these extraneous vibrations imposed on the basic 

motion of the test machine, it is evident that the wave form actually 
produced in a test will differ from the relatively simple shapes shown 

in Figure 4.3.1, page 4 - 8 . In most cases the differences will be 
even more evident if the response spectra of the two wave forms are 
compared. Resonances in the machine elements can usually be detectes 
by peaks in the response spectrum of the shock; the spectrum will show 

dips at the natural frequencies of the test Item. 

Calibrations of testing machines are generally performed with 
rigidly attached, deadweight loads. Thus, the vibrations of the machine 

elements will be evident in the calibration spectra. Modification to 
the spectra due to the reaction of the test item may be evaluated by 
comparing the calibration spectrum with that of an actual test of the 

item. 

4.3.3 Acceleration Pulse 

The total duration of shock produced by most standard 
testing machines is much shorter than those generated in the ground by rr 

nuclear explosion. For example-, the total duration of the motion of a 
soil particle at the ground surface due to a 1000 psi overpressure from 
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a 10-megaton weapon is about 2.5 seconds (Figure 2-8). Tne 
duration of shocks produced by test machines, on the other han , y 
exceeds a few hundred milliseconds. 

It is evident from the wave forms of Figure 4.3.1 that test 

Sic“ «B i« « 1. S, «»'■C »» 5S S 
will generate a complete wave form such as; a Type I or Type II, but only 

that portion which includes the velocity rise. 

In this Section, several of the standard shock testing machines used 

most frequently in validating equipment for underground protective 

structures are described in some detail. Many other machines are 
available however, and each isolation system designer should Papare and 

maintain a comprehensive list of such machines and their significant 

characteristics. 

4.3.4 Naw High Impact Machines 

A number of shock-testing machines are in current use, their 

characteristics varying widely in accordance with the requirements of 

particular applications. These testing machines have ^en devised 
variety of ways. Some machines have been developed entirely on an 
empirical basis, others by a rather superficial interpretation ^iel 

data, and others by a fairly elaborate interpretation of field data. 

Modern concepts of shock testing began with World War II. The 
earliest of modern shock-testing machines was the direct outcome of 

excessive damage in British ships as a resuxi, ox v 
German mines. This was a critical problem and a solution was ^g^tly 
ctamnded. As a consequence of this experience with German mines, the 
British had a relatively large quantity of damaged equipment available 
for studv. This was the only available measurement of shock severity. 

Because of wartime conditions and the urgency of the prfJ*“» Jïv of 
no time available to make measurements of the nature and ..verity 
the shock. As a solution to the proDiem, the British devex^ped in a 
purely empirical manner a shock-testing machine that wp** capable of 

.uMtBitiaJ» similar to that rssulti»« from G«.*m mines. 

This machine, designated the High Impact Shock Testing Machine, was 
subsequently adopted by the Bureau of Ships of the United States Navy 
£5 ïïlfiu S Stsnsïve use, with onl, minor changes, to test ejuip»«« 
intended for ultimate application aboard ships. More recently, the 
machines have been used to simulate other environments which can be 

described by a single shock of complex shape. 
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4.3.4.I High Impact Shock Testing Machine for 
Lightweight Equipment 

The High Impact ¿ho«.,! ' esting Machine for Lightweight 
Equipment (LVJIC) (Reference 4.4), illustrated in Figure 4.3.2, 1ms an 
anvil A which is struck on the back side by the pendulum hammer C; 
alternately, the anvil is rotated yc degrees about the vertical axis and 
struck on the end by the pendulum hammer. The drop-hammer D can be 
made to strike the top of the anvil, thus providing principal shock 
notions in the third orthogonal direction. The weight of equipment tested 
on this machine is limited to 250 pounds, although weights up to 400 pounds 
may be authorized in some instances. 

Figure 4.3.2 

High Impact Shock Testing Machine for Lightweight Equipment, Intended 
Primarily for Testing Naval Ship-Borne Equipment. (Reproduced from 
Reference 4.4) 

In the conventional method of conducting a test (Reference 4.16), 
the equipment is attached to the anvil plate by means of a mounting 
adapter specified for the particular equipment. The impact of the 
hammer on the anvil plat• excites transient vibrations in the anvil 
plate and mounting adapter which are then superimposed on the over-all 
motion. As the natural frequency of the adapter plate-equipment 
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assembly is a function of the weight of the equipment, the transient 
vibrations introduced into the equipment will vary with the equipment 
weight. The variation in natural frequency of one of the mounting 
adapters is shown in Figure h.3.3 as a function of supported load. Note 
that the natural frequency of the mo anti, adapter decreases as the 

equipment weight increases since its stiffness remains substantially 
constant. The data shown in the Figure are for hammer impacts to the 
anvil plate in the back direction. Similar results should be expected 
from hammer impacte in other directions. 

’"he four mounting adapters used with the LWHI machine are: 

Mounting Adapter 

Type_ ___Type of Equipment_ 

Bulkhead mounted equipment 

4C Deck "r platform mounted equipment 

6D Electrical indicating switchboard instruments 
and other panel mounted equipment 

6e Electrical controller components (fcontactors, 
resistors, relays, et cetera) 

A typical time-displacement record for the TiiHl machine is shown in 
Figure 14-.3.4. 

Shock spectra for the 5-foot hamner drops with 4A and 4C mountings 
have been measured by Dick (Reference 4.15) for various equipment weights 
and are presented in Figures 4.3.5 through 4.3.12. Although the spectra 
for hammer drops of less than five feet were not given, an indication 

of the magnitude of their effect is given in Figure 4.3.13. The spectrum 
for the 3-foot drop overlays the spectra for greater drops at the higher 
frequencies. The author reports that this scries is typical. 

The experimentally determined average velocities of the anvil plate 
under various conditions of operation have been taken from wave form 
records such as that of Figure 4.3.4 rad are shown in Figures 4.3.14 

through 4,3.16, page 4-19, for hammer impacts applied at. the back, side, 
rad top directions, respectively (Reference 4.16). Each Figure shows the 

average velocity expressed in inches par second as a function of height of 
hammer drop. The average velocity decreases as the weight af the 
equipment under test increases, rad increases as the height of hammer 
drop increases. 

The maximum acceleration measured at the center of the Type 4A 
mounting adapter under various conditions of operation is shown in 

Figures 4.3.17 through 4.3.19» These data have also been reproduced 
from Reference 4.16. The impacts were from the back, side, rad top 

directions, respectively. EacI Figure indicates the minrlmMm acceleration 
expressed as a multiple of the acceleration due to gravity, as a function 
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Mounting Adapter, Lb 

Figure 4.3.3 

Fundamental Natural Frequency of Type 4a Mounting Adapter 

in Front-to-Back Direction; High Impact Shock Testing 

Machine for Lightweight Equipment 

Time - Milliseconds 

Figure 4.3.4 

Typical Time-Displacement Record for Type 4A Mounting Adapter- 

High Impact Shock Testing Machine for Lightweight Equipment 

Hammer Impact from Back (Height of Hammer Drop « 5 Ft., No 
load on Mounting Adapter) 
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miOUUKf, :tMl • 10'» 

Mounting! 4a Plate 
Specimen Weight: 57 1¾8 
Drop Height: 5 ft 

Figure 4.3.5 
Shock Spectra for Havy lightweight* High Impact Machine 

Mounting: 4a Plate 

Speciment Weight: 121 lbs 

Drop Height: 5 ft 

Figure 4.3.6 

Shock Spectra for Navy Lightweight High Impact Machine 
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Mounting: 4-A Plate 

Specimen Weight: 26l lbs 

Drop Heigilt: 5 ft 

Figure 4.3.7 

Shock Spectra for Navy Lightweight High Impact Machine 

Mounting: 4A Plate 

Specimen Weight: 3Ô9 lbs 

Drop Height: 5 ft 

FfttOUtNCv, ((Mi • '0* 

Figure 4.3.0 

Shock Spectra for Na y Lightweight High Impact Machine 

4-15 



SWC-TDR-62-64 October 1962 

Mounting: 4A Plate 

Specimen Weight: 57 It 

Drop Height: 5 ft 

Figure 4.3.9 

Shock Spectra for Navy Lightweight High Impact Machine 

ret Out «c V, (cm) • itf* 

Mounting: 4c Plate 

Specimen Weight: 121 lbs 

Drop Height: 5 ft 

Figure 4.3.10 

Shock Spectra for Navy Lightweight High Impact Machine 
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Mounting: 4C Plate 

Specimen Weight: 26l lbs 
% 
j Drop Height: 5 ft 
1 ft 

o r 

¡ 
► 

mceutMCT, («»•! i io* 

Figure 4.3*11 

Shock Spectra for Navy Lightweight High Impact Machine 

Mounting: 4C Plate 

; Specimen Weight: 339 lbs. 

* Drop Height: 5 ft 
r \ 

MtOutNCv. Ic»«l • <0* 

Figure 4.3.12 

Shock Spectra for Na^y Lightweight High Impact Machine 
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Position: Back 

Specimen Weight: 121 lbs 

Drop Height: 1 - 5 ft 

Figure 4.3*13 

Shock Spectra for Nav> Lightweight High Impact Machine 

hammer drop increases. 

ÄVÄ» rÄ“p2£^i* th* 
a 4*Via fPvni* Iva mnuTTfcl ng StdApi/^Z*« AS tiXC WCißllw OI 

" 'ÄÄÄ ¿ ™ i» °f 
the mounting adapter. 

4.3.4.2 Hl ffh Unmet Shook Testing Machine for Medium Weight 

Equipment 

The High Impact Shock Testing Ms,chine for Medium Weight 
w 4 . ,- 4 f%0 %aKe 4 - 21 ), similar to that previously 

SÄ/Ä ^ «ÄUt, tósethht «Ith «h WPOTtlh« 
.trurthr.., «eighlng up to 5600 P“«"f • S»i» ur. not 
principally of a 3000-lb hammer and a 4000-lb anvil, id» 
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FiKure 4.3.14: Average Velocity of Anvil Pinte: High Impact Shock 

Testing Machine for Lightweight Equipmentj Hammer Impact at BaCK 

Figure 1.3.15: Average Velocity of Anvil Plate: High Impact Shock 

Testing Machine for Lightweight Equipment; Hammer Impact from Side 

3 

S U 
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0 ^ 
Tl 
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Figure 4.3.16: Average Velocity of Amil Plate: High Impact Shock 

Testing Machine for lightweight Equipmentj Hammer Impact from Top 
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Maximum Acceleration at Center of « 

Type Mounting Adapter - g g, 
•H 
h 
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Figure U.3.20 

High Impact Shock Testing Machine 

for Medium Weight Equipnent 
(Reference 4.4) 

attached directly to the rigid anvil structure. They are attached to 

a group oí' steel channel beams which are supported at their ends by 
steel members, which in turn are attached to the anvil table. The 
number of channels employed is dependent upon tne weight of the load 
and is such as to cause the natural frequency of the load on these 
channels to be about 60 cps. The hammer can be dropped from a maximum 
effective height of 5.5 feet. It swings around on its axle so as to 
strike the anvil on the bottom, giving it an upward velocity. Ihe 
anvil is permitted to ..ravel a distance up to 3 inches before being 
stopped by a ring of retaining bolts. The machine is secured to a 
large block of concrete which is mounted on springs to isolate the 
surrounding area from shock motions. 
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The displacement-tijne diagram shown in Figure 4.3.21 was obtained 

from measurements made directly on the anvil plate and does not include 

the superimposed vibration of the type n in Figure 4.3.3 a 

mounting adapter of the High Impact Testing Machine for Lightweight 

Equipment. 

10 

.c 0 
A 

CJ 

E3 
(U 0 
I 
Pi 
W 

■a 

Figure 4.3.21 

Typical Displacement-Time Record for Anvil Plate; 

High Impact Testing Machine for Medium Weight Equipment. 

Maximum Upward Travel =11/2 inches 

(Height of Hammer Drop = 1 foot; 
I68O lb. Load on Anvil Plate) 
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The required length of the hammer drop and initial up travel of 

the anvil table for the MWKI machine is shown in Figure 4.3.22. 

Group Number I 
Number of Blows 2 
Anvil Table Travel, Inches 3 

II 
2 

3 

III 
2 

1-1/2 

Total Weight on Anvil 
Table. Pounds; 

Height of Hammer Drop 

_(Feet)_ 

250 
1,000 

2,000 

3,000 

3,500 

4,000 

4.200 

4.400 

4,600 

4,000 

5,000 

5.200 
5.400 

1,000 
2,000 * 
3,000 
3,500 * 

4,000 

4.200 

4.400 

4.600 * 

4,800 

5,000 
5.200 

5.400 

5.600 * 

0.75 

1.0 

1.25 

1.5 

1.75 

2.0 

2.0 

2.0 

2.25 
2.25 

2.5 

2.5 

2.5 

1.75 

2.0 

2.25 

2.5 

2.75 

3.0 

3.25 

3-5 

3-75 

4.0 

4.5 

5.0 

5.5 

1.75 

2.0 

2.25 

2.5 

2.75 

3.0 

3.25 

3.5 

3.75 

4.0 

4.5 

5.0 

5.5 

Note 1: Total weight on anvil table is the sum of equipment 

weight plus weight of mounting. 

Note 2: The height of hammer drop shall be measured by means 

of the existing markings on the scale of the machine, 

no corrections being made for the added anvil table 

travel for the blows of groups T and II. 

Figure 4.3.22 

Required Hamner Drop and Anvil Table Travel 

for MWHI Machine 

Response spectra of the shock motions generated during the test 

have been measured b„ Dick and Blake (Reference 4.17) are given 
in Figures 4.3.23 through 4.3.26 for equiprent whose total weight is 

indicated thus (*) in Figure 4.3.22. 
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Group: I n m 

Drop Height: 1.0 2.0 2.0 ft 

ftfcle Travel: 3*0 3.0 I.5 in. 

Specimen Weight: 1115 lbs. 

Total Weight on 

Anvil Table: 1858 lbs. 

Figure 4.3.23 

Class A Test Spectra for Navy Medium Weight High Impact Sho^k Machine 

Group: 

Drop Height: 

Table Travel: 

I 

2.0 

3.0 

IT ni 

3-5 3.5 ft. 

3.0 1.5 in. 

Specimen Weight: 

Total Weight on 
Anvil Table: 

3386 lbs. 

4424 lbs. 

ncaucNCT, <<»•> • itf* 

Figure 4.3.24 

Class A Test Spectra for Navy Medium Weight High Impact Shock Machin« 
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1900 

•0.0 

K 

10.0 I 

I 

f 

0 
0 

«••»ni*. t<M> « '«r» 

Figure 4.3.25 

Class A Test Spectra for Navy Medium Weight High Impact Shock Machine 

,., Group: 1 n m 

Drop Height: I.5 2.5 2.5 ft. 

ï Table Travel: 3.0 3.0 I.5 in. 

f Specimen Weight: 2051 lbs. 
• Í 

S Total Weight on 
: Anvil Table: 3026 lbs. 

in 
5-5 ft. 

1.5 in. 

Specimen Weight: 4423 lbs. 

Total Weight on 
Anvil Table: 5391 lbs. 

Group: I n 

Drop Height: 2.5 5.5 

Table Travel: 3.0 3.0 

Figure 4.3.26 

Class A Test Spectra for Havy Medium Weight High Impact Shock Machine 
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The i^rformance of the Shock Testing Machine for Medium Weight 

Equipment'is further indicated by these parameters (Reference 4.16). 

. Average velocity, meawred from ;e wave form 

records sucn as given in Figure 4.3«20. 

. Maximum acceleration, occurring approximately at the 

moment of hammer impact and also obtained from the 

wave form record. 

The average velocity expressed in inches per second is shown as 

a function of the height of hammer drop in Figure 4.3.27 for various 
weights of equipment mounted on the anvil plate. The average velocity 
decreases as the weight of the equipment decreases, arv, increases as 

the height of the hammer drop increases. 

The maximum acceleration, measured at the moment of hammer impact, 

is shown in Figure 4.3.28 for one particular test item weight of 
2400 pounds. The maximum acceleration is seen to increase as the 

height of hammer drop increases. 

4.3.5 Medium Impact, Variable Duration Shock Testing Machine 

Shortly after the end of World War II, it became evident 
that the effects of mechanical shock are important to air-borne equipment. 
Consequently, a machine for conducting shock tests on air-borne equipment 

was devised. The maximum acceleration and fundamental period of the 
shock produced by this machine were based upon an inspection of the 
time-histories of acceleration measured on certain aircraft during rough 

landings. The acceleration values thus determined were increased 
arbitrarily to a higher value to represent the maximum acceleration 

anticipated during the most severe landing for which equipment protection 
was desirable. From the acceleration and frequencies found on the 
landing records, an acceleration pulse for shock-testing purposes was 

specified. This is the familiar pulse defined by maximum acceleration 
of 30 g and duration of 0.011 second which is recognized by essentially 
all designers of air-borne equipment. One testing machine commonly used 

to create such r. shock is the sand drop table shown in Figure 4.3.29. It 
consists of a drop-table whose fall is arrested by dropping into a sandbox 

which forms the base of the machine. An adjustable nu.bsr of blocks, 

attached to the undersids of the table, penetrate the sand and determine 
the magnitude and duration of the stopping acceleration. A refined 
30-40 grit sand is used which must be carefully maintained as to depth, 
packing, and surface condition if consistent results sure to be obtained. 

The ma,chines are made of several different sizes so that different 

load ranges can be accommodated. 
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s 

Figure 4.3.27: Average Velocity of Anvil Plate: High Impact Shock 

Testing Machine for Medium Weight Equipment 

Height of Hammer Drop 

Figure 4.3.28: Peak Acceleration of Anvil Plate; High Impact Shock 

Testing Machine for Medium Weight Equipment.- 
Load on Anvil Plate: 2400 lbs. 
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Figure 4.3*'¿9 

w jj TVariable Duration Shock-Testiutí 'Machine, 

A Box of Sacd Arrests l»vn«Ard Motion “ tue Çsrriege. 
a Du*, vx __ Ro-farenee 4.2 

the 150-povmd, ana the L&J-po' M ““ ,4nlr«nt load old dead 

rÆiTÂïï ^ron. ^ 
lead rather than sand as an arresting material. 
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The three principal variables which determine the maximum amplitude 

of the acceleration and the duration of the pulse are: 

. Combined weight of elevator, dead load, and 

equipment being tested. 

. Number and arrangement of blocks. 

. Height of drop. 

Response spectra for the motions of the 150-400 pound and 1200- pound 

machines have been computed from test data by Crede 
are presented here as Figures 4.3.30 through 4.3.33- The shaded ar - 
indicate a band which includes 95 per cent of the cata points obtained from 
tests on eleven machines using 10-, 11-, and 12-bloc* configurations and 

13- and 25-inch drop height". 

Calibration curves taken from Reference 4.8 for the three machines 
are shown in Figures 4.3-34 through 4.3-36. The accuracy f the curves 
is estimated in the Reference as being within plus or minus 15 per cent. 
In Figure 4.3.33 the maximum acceleration in gravities is given as a 
function of height of drop in inches for various block configurations. 

The duration of the shock in milliseconds is indicated in the Table 
presenting the block data. It may be noted that for a given height of 

drop, the impulse in inch-seconds increases slightly as the peak 

acceleration is decreased. 

The calibration curves for the 150-pound machine are shown in 

Figure 4.3.34, also for several block configurations. Here the total 
impulse decreases with decreasing acceleration at the high drops, but 

increases with decreasing acceleration for the low drops. 

4.3.6 Plastic Pellet Drop Tables 

A close control of simple pulse shapes can be obtained by 

the use of drop testing machines employing shaped lead pellets instead 

of sand as the means of arresting the downward motion of the carriage. 

A typical machine (Figure 4.3.37, page 4 - 35) embodies a freely 
falling table similar to that of the Variable Duration Sand Drop Table 

described in Section 4.3.2. The platform to which the equipment is 

attached is cast from aluminum and designed to have the greatest 

possible natural frequencies consistent with the over-all dimensions. 

The impacting surfaces are of hardened steel. 
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miOUlMCf. Ic»tl a ><Sf 

Piguie 4.3.30 
Range of Response Spectra for 13-Inch Free Fall 

of 150 - 400 VD Machine 

to 100 

Figure 4.3.3I 

Range of Response Spectra for 25-Inch Free Fall 
of où - 400 VD Machine 
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Figure 4.3.32 

Range of Response Spectra for 13-lnch Free Fall 
of 1200 VD Machine 

Figure 4.3.33 

Range of Response Spectra for 25-Inch Free Fall 

of 1200 VD Machine 
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Saud Calibration Curves for 20 lb. 
High Impact Variable Duration Shock Machine 

(Reference 4.8) 
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Symbol Block Data Nominal Duration 
(Milliseconds) 

Wo, Arrangement 
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Figure 4.3, 35 

Calibration Curves for I50 Lb 
Medium Impact Variable Duration Shock Machine 

(Referee ce 4.8) 
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Figure 4.3.37 

Shock Testing Machine for Applying the Pulse 

Shown in Figure 
A lead Pellet Arrests Downward Mopion of the Carriage. 

The gross characteristics of a wave form typical of that_ 

produced by the machine of Figure 4.3.37 is shown in Figure 4.3. 
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Figure 4.3.38 

Sawtooth Tijne-History of Acceleration 
Produced by Lead Pellet Drop Table 

of Figure 4.3.37 

The use of a test shock with a sawtooth wave form has an 
advantage in that its response spectrum is relatively uniform over 
a wide frequency range with no extreme values which would discriminate 
for or against equipment with certain natural frequencies (Reference 
4.3). This form of excitation provides a satisfactory test for many 
types of shock environments where it is required that the shock spectrum 
rise to a maximum value within the first 100 cps and remain constant 
thereafter. The amplitude and duration of the pulse may be modified 
by changing the dimensions of the pellet. 

When velocity changes larger than can be achieved by a free- 
falling carriage are required, some machines are constructed so that 
the carriage may be accelerated downward by other means than gravity. 

4.3.7 Inclined Plane Testing Machine 

A shock-testing machine involving a freely falling table 
inherently produces only an upward acceleration pulse when the motion 
of the table is arrested. It is common practice to orient the equipment 
in several different positions on the table to attain several directions 
of shock. There sure certain limitations and inconver iences to such a 
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procedure if the equipment ie large or if it contains components which 
are sensitive to the direction of gravity forces. A more feasible 
method of obtaining horizontal shock is to attach the equipment to a 
carriage that is adapted to mov® hr. •* sontally with a predetermined 
velocity, and to be arro»tsd by Ji^.-iCt with a fixed structure-. Fo¿ 
example, the package-testing machine illustrated in Figure 4.3.39 
embodies a carriage adapted to run down an inclined track under the 
influence of gravity forces and impact an abutment. A similar result 
could be obtained by suspending the platform as a multifilar pendulum 
and swinging it against a wall- 

Eim VIEW 

Figure 4.3.39 

Conbur Shock-Testing Machine 
Intended Primarily for Testing Packages Items 

4.3.8 Hyge Shock Tester 

A machine developed within recent years (Reference 4.9) 
employs the energy of a compressed gas to create a force whose 
magnitude as a function of displacement can be predetermined. A typical 
device of this kind is . hown in Figure 4.3.40, page 4 - 38 . The 
pressure in the lower chamber is greater than that in the upper che 1 
but prior to operation the upward force exerted on the thrust column 
is less them the downvard force because of the smaller area exposed in 
the lower chamber. As the pressure difference is increased, the upward 
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force becomes greater than the downward force and the ring seal, which 
prevents the pressure of the lower chamber from acting over the entire 
bottom area of the piston, breaks. There is then a sudden increase in 
the upward thrust* The shape of the acceleration pulse experienced by 
the thrust column and its load is determined principally by orifice 

sizes and metering-pin shapes. A liquid usually is used, as shown, in 
the region surrounding the metering pins; the liquid is forced through 

the orifices by the gas pressure of the accumulator and is involveu in 
the pulse-shaping mechanism. Acceleration pulses of many shapes can be 
made by proper design of the metering pins, consideration being taken of 

the mass of the load. Some models have a maximum thrust output of 
10,000 lbs., and for small loads can provide sustaining accelerations up 
to 300 g for a stroke of about 6 inches. The nature of the metering pin 

inherently limits a testing machine of this type to shock motions having 

relatively long strokes. 

DECELERATION 
ORIFICE 

- TEST 
SPECIMEN 

TOP GAS 
'CHAMBER 

Jfcg ACCUMUtATOR- 
Ijf/STORES VOLUME 

TW OF GAS WHICH 
MINIMIZES 
EXPANSION 
RATIO WHEN 
) LOAD PISTON 

MOVES 

Figure 1.3.40 

Hyge Shock-Testing Machine 

(líeference I.9) 
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4.3,9 improvised Tests 

All currently used sbocv-t-qting machinée have capacity 

+n t-et eauinnent of quits limited vt..¿ht and size. For example, the 
Maximum weifet of equipnent that can be tested on the machine previously 
^Sibed if5600 pounds. This weight limitation naturally raises the 
Ï^îfn of JSodfS testing header equipnent. A suitable test may 

he devised larovided proper attention is given to an adequate velocity 

change sustained by the equipnent under test; 
arrest motion of the equipnent; and precautions to ensure repeatability 
S the test. The last requirement is most likely to be found troublesome. 

convenient meaL for applying a horizontally oriented shock motion is 

■'Ilústrated in Figure 4.3.41(a); it consists of a multifilar pen^olmi 
which constitute s f platform upon which the equipment (phantom outlin ) 

is mounted. The platform is displaced as indicated uy the dotted lints 
Ïd^ÏÏuedTo swing again-, a rigid wall, a cushioning element A 

beinfinterposed to control the nature of the deceleration. A method 
forachieving an analogous result for a vertically oriented »hock 

motion, used by the Naval Ordnance Laboratory, is iLlustrated in 

Figure i.3.41(b). It consists of two platforms and an 
”A with lieht springs for maintaining the platforms parallel and normal} 
sewSedî The eSlpnent (ptontoo outlloe) is ettached to the upper 

fru„i a predetermined height. Cushioning elements C are interposed 
between the platforms and the linkage ensures that suca cushioning 

elements engage the upper platform in a repeatable manner. 

The requirements for Improvised tests may be determined by 
plotting the spectrum for the field service condition. Then the height 

of drop should be selected so that the free-fall velocity at time of 
imoact is approximately the greatest value of the spectrum as read on 

thf velocity scale. The characteristics of the arresting 
then be chosen so that the maximum acceleration experienced by the 
equiment is equal to the acceleration asymptote of the spectrum ap its 

.»d. TO «.t both of tfc... Whir«*. .imult«.ouü, 

necessitates that the tests be carefully control!/, 
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(a) Multifiiar Pendulum 

Figure 4.3.41 
Improvised. Test Machines 
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4.4 Equipment Shock Tolerances 

If the »ho« response epsetr» >» oployed “ 

“ÄÄShioS: SÄ'orÄisVrco.parfson Of the 

spectrum of the servlee »hock «ith that of a test shook «hich the 

ÄarÄ^“^"^^r:iS~atte service111 shocksuccesefully. If rot, i.olation must he provided. 

Barely has the model end make of the eduipsent been detemined ot 
,. o+the de «citen where the decision whether or not to isolate the 
the stage in the design vnere _„ourement procedure, the entire 

îacïnty design is^mileted îefore the final selection of equipnent. 

ÄS èS S ecoUit - -Sr~SrtSTtSÄt 

S;Kd ^“iS S«.ithou? regard for eo-=rcial standard, «a, 
require that a specially designed unit be constructed. 

A further complication arises from the lack of a comprehensive body 

of Shock test data on ee»«reial gr^e e,uip»nt. “°^hle 
provide th« isolation system designer with a basxs for formxn, a r 
estimate of the shock tolerance level ol equxpaeno ^ .h^u ^ xs 
interested. Many important items have never been tested i^ttose^ ^ 
instances where tests have been made, the strength of t 
rarely defined by its response spectrum. In any case, the 

widely scattered. 

As an initial step in assembling shock test data on the type of 
equipment1regularly employed in underground protective structures a 
large numbe/^fshock test reports have been abstracted and Theres 
Slated in this Section. Each Table presents the resuxts of a single 

+ÖC+. nnd lists: 

. the general description of the equipment 

. the test machine employed 

. the test conditions 

. the number of items tested 

. the test specification 
the test report designation or issuing agency 

. the results of the test. 

The spectrum of the »hock which the equijment survived or felled can then 
WeSSd h, relating tie chock »»chine end test conditions to th. 
spectra appearing earlier in this Section. 

The Tables are far from complete in considering all classes, types, 
_j of equipment the facility engineer mifht use. Further, the 
variâtione^n^tolerance level of ti» s«»e type of equiiment jrod«cjd by 
different manufacturers may be sizable. Nevertheless s ope 
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the tabulation will be of assistance to the isolation system designer: 

illustrating how such test information may be interpreted and applied 

to his specific problem; and providin'; '"i" 'iuh a gross indication of 

the tolerance level of equipment in those ..ases where the various 

manufacturers have not conducted shock tests. 
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4.^.1 Index to Eqjiipnent Test Tables 

Page 

Antennas 
Frequency Standards 

Oscilloscopes „..N 
Oscilloscope Components (Transformers, Chokes) 

Time Comparator Systems 

Tubes, Travelling Wave 

Mechanical Equir^t 

Diesel-Generators (see under electrical equipment) 

Fans 
Fasteners, Anchor 
Frame, Diesel Engine 

Gages 
Heat Exchangers 
Motor-Pump Sets 
Pumps (see also motor-pump sets) 

Shielding, Sprayed Lead 

Valves 

Electrical Equipment 

Batteries 

Battery Jars 
Brush Holders 
Bus Transfer Unit 
Chokes (see oscilloscope components) 

Circuit Breakers 
Contactors 
Controllers 
Diesel-Generators 
Fittings, Encapsulated Potted 

Fuse Boxes 
Gear Motors ,_, 
Motors (sec also motor-pump sets under mechanical 

equipment) 
Motor-Generators 
Panels, Alarm, Control, and Indicator 

Plug and Receptacles 

Rectifiers 

Relays 
Resistors 

4-45 
4-45 
4-45 
4-45 
4-46 
4-46 

4-46 
4-54 
4-46 
4-47 
4-47 
4-47 
4-48 
4-48 
4-48 
4-49 
4-49 

4-50 
4 -50 
4- 5A 
4-51 
4-45 
4-51 
4-51 
4-52 
4-52 
4-52 
4-53 
4-53 
4-53 

1.-5 

L>r~yi 

4-5’: 

4-55 
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Electrical E<miiment (Continued) Page 

Switchboards ^-56 
Switches, Limit 4-56 
Switches, Rotary 4-57 
Switches, Rotary Snap 4-58 
Switches, Toggle 4-59 

Switches, Miscellaneous 4-59 
Temperature Elemente, Thermistors 4-60 
Transformers (see oscilloscope components) 4-45 

Voltage-Sensitive Elements 4-60 
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OBdSIAl. DMCMITH*: UCH uitMUHi», .*» Ut&i, S typ« AT-693, type 99*. 
v«'tf reportad 00. 

fjrpa 'Approiiaata Taat 
Ualfnt ¿nvlroraant 

_Ull.. 

Antanoaa )0 1, .) and ^ 
ft. d.'npa 

.Taat KBS’ ' .T—t Ikiport itacult '*>?« of 
NachlM Taatad Spaclflnation Daalgiwtlon failur« 

Navy 
LWHI 
Shock 
Naehlaa 

•ni-8*901H Mart 1 aland Paaaad 
*»C Movintlnji SavShlpYd 

U05I..61 

numacY ibaiida«) 

oaatAL DMCftimOH: Modal lOjAK fraiptaaay ataodard 

Modal 65.S 
103AR 

a. 3 aad i Maty 
ft. aida Uffll 
1 aad 3 ft. Shock 
top blow fechlaa 

MIL-S-l6kOO Mmi lalaad fallad Cry a tai 
SavShlpYd (3 ft.top) Aaaaably 
5569-y. vaa daaatad 

OSCILLOSOOPK 

anmu. DEBCHIPTIOS: l. Typt AS/USS-105 oacllloacopa with plu«*ln unit*. 

2. Motel KxlAh oacllloacopa with dwal tract aapllflar. 

3. fypa ART/un-lOJ oacllloacopa. 

2 T? 

1,2, 1 ft. 
and ?, 3, 
and k ft. 
blowa 
¡roa back 
and aide 
aad frea 
top 

Sary 
LMU 
Shock 
Machina 

1,2, 3 ft- Davy 1 
and 2, 3, UJKI 
and *> ft. Shock 
blowa 
fraai back 
and aida 
and fron 
top 

KIL-S-901B 
*»C Mount Inf 

MIL-T-9A5 
AC Mount inn 

1,2, and 3 
2, 3, and A 
1, 2 and 3 
ft. blowa 

Navy 
LWHI 
Shock 

«^8-9011 
AC Mouatlas 

Mara Island Paaasd 
SavShlpYd 
I806-6O 

“ara lalaad Passsd 
SavShlpYd 

2365-59 

Mara lalaai Paasad 
RavSklpYd 

8103-59 

OSCILLOSCOPS OOMWWKni 

aaiBRAl. DBCKU?TON : Tha coaponanta coaalatad of ona traaaforaar 

aad four ehokaa. 

Coaronants 30 1,3 and 5 Navy 
ft. drop# LWHI 

Shock 
Haï ma 

KIL-S-90IB Mara Iclaal Paitad 

Aã Mount lac SkvSMpYd 
7810-59 
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TIKI COMPAMTOH BTOTHM 

liBIBWL DE8CRITO01: 1. Tim cc-parwtor tygtm fitb 
frequency divider mitl ii6«K. 

Tlac oanpftrttor •» HP-K-17-999 A/B 
com pone h V wltù Sij>x<KiAR eoope end 725 AB 
power supply. 

3. frequency divider end cluck Model j-ij... 

Type Appro slnete 
Weicht 

_t¿*L— 

1 Ikk 

2 160 

3 kO 

' 'feat ¡Mustier feet Report Result Type of 
Mohín* Tested Sped fleet loo Deel«netlor reliure 

1, 2 end 3 levy 2 «L-S-901B Mato Island fessed 
ft. drop# kC Noun tin* RevBhlpTd 

Shoes 6967-61 
MecklDS 

Cethode 
Rey Tube 
Rrohe Awey 
fro* Bess 

2 and .Avy 1 KIL-S-901B Mere Island Pessed 
3 ft. drops LWH kC Mount In* RevShlpTd 

Shock 1027->9 
Neehlne 

1, 2 end levy 1 «L-S-90IB Mere Islend relied 
3 ft. drops 1A«I 6C Mounting RevShlpM (1 ft. 

Shock k296-6l Sock) 
Meehins 

1VB« TRAVILPK1 WAVE 

Tud# 35 

oanAl. DKCUrriON: Trevellng wove tube Ro. X 29 

i 3 end ï Mvy 1 MIL-S-yClB Mere Islend felled Broken 
ft. drops* LWRI kC Mounting Bevsiôlpïd {• ft. Cethode 

Shock ktí£>*6l Beck) 
Mechine 

fgCgAglCAL MSJlWOn 

OOMPH BMC HS 

OOBHAl. DBCRlPTlOh: The coMpreeeor ves e two etece, horUû&telly opposed, type ABISO-JCC CTM 
Air caspreseor. The coHpreseor wee driven by e geeollne engine, 
Incorporetsd Into the oene unit ee wes the oss^reeeor. The Coepressor 
w#s tested with power on. 

15O-3OO 210 
erv 

1, 3 end S ft. Revy 1 WL-S-9OI ABTIA-AD feseed 
drop MWHI 201762 

Shock 
Ms cnine 

fARS 

GBIBW.I. DBCRIFTTOR: Two reports wer* reviewed both fens were of 6-Inch diene it. One used a 
115V DC »tor. Th: seoord weed e 115-V AC noter. Both fenj use- for 
refrigeration end both were tested with power on. 

II5-V AC 60 

60« 

1, 3, end Revy 1 JAR-f-lJlH 
5 ft. drops LWH1 

Shock 
Neehlne 

Revy 1 
l.WHI 
Shock 
Mechlne 

A5riA-sl>k35l9 relied Bese flete 
Buckled 

fen Blade 
Locked 
Against 
Ouard 

115-V DC 1, 3 sind 
5 ft. drope 

JAP-T-mi A8TlA-ADk2119 relied 
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FAOTBIKHß, AFOHpR 

OWKRAL DBCKllTIOi : me «JCfwr »•s*.«Mre coi »iattd of u ••••bly of cool* õüí 
ItogLba of caol« Mtachrl to a at««! plat« b> Masa of a ¡.«»‘foratad 
•uifaca plata anú ad&sslve. 

I5rp« ApproxiMta 
W«l«bt 
tlb) 

T«at 
bivlrooMSt 

T«at 
NaetolM 

Km bar 
Ta at ad 

1, 3 «0“ 
5 ft. djvpa 

Mary 
LWHI 
Shock 
Machine 

T«at 
Bpaclflcatloo 

MIL'S-«Oil 
Mount Inf 
r?9t MflDtlOMd 

Report 
D«al4paatloc 

Typ« of 
Fallur« 

Mar« laland 
Report 
1202-60 

Fallad (Sa« 
on 5 ft. Rot«) 
drop back 

DOTIB: Separation of inch cabla at th« point of th« ’V . 

FHAMB PI USB. gOgg 

aOBAL DMCRIFTIOR: ft* «qulpnant coaalatad of a 41«m1 aaflM tnm »1th t»o cylindrical 
oaatliMi« and baarlnp cap an«Mbll«a. A bar of rollad » taal »aa lna«rt«d 
Uta tha crank «haft position to «Uailat« tha aa«- of tha crankshaft. 
Tbl« »a« a «Incla throv, typ« FV-9A dl««al aa«in« fr«Mi aad« of 

FV-9A ^565 £.0, 3.5» «ad KTCl 
3.5 ft. bio»« Shock 

Machina 

1 MXL-S-90I ta 5CIOI782 FB««ad 

atoa 

amuL d men me«. ». mur cm* ~i.i *d .1™. • ' 
and was bain« aonaldarad for U«a k/ tba Rary. ft« *a»T al.io eoniiaeraa^ 
u«1m a MkAOballe nac« to lodienta «ban a flltar r#<iulrad clean In«. Th* 
pointer m* ha« «lack dlaphrajM for •»•liac «lM«at«, tha pointer« ara 
attached to tha dlaphm#i by llnka*««. T»o bra«« ba««d prataura control« for air 
conditioning oontmi ««uijMnt *«ra al«o In th* avnUabla report«. 

Flltar 1.9 

Magna - 1.1 
belle 

Pointer 6.6 

1 ami 3 ft Ravy 1 
drop LWHI 

Shock 
Machina 

1 and 3 ft ***7 1 
drop bWHl 

Shock 
Machina 

1. 3 «nd 5 Rk*F 1 
e* . d rop LWHI 

Shock 
Michino 

MI L-8-9OIR ASTI A-AD 
61' Mounting I60612 

Fallad (1) 
5th Blow 
(Back) 

MIl'8-90).B AflTIA-AD 
6D Mounting l60*t58 

Fallad (2) 
6»h Bio» 
( Back; 

MIL-8-9018 6B Mounting 
Mitarlal Failed (3) 
Ub l«t Blov 
MY NavShlpYd FU«d 
5956-j Then 

Pa«««d 

Control 
Saapl« A 

Saapl« B 

1 and 3 ft Ravy 
drop LWHI 

Shock 
Machina 

1« 3 «nu 
5 ft. drop 

S.D. 6663 Material 
kA Nounilng Lab RY 

tai'**-..»« 
kk..V-C*2HB 

Pbllad Cover Slip 
Looeanad 
Loot Adjusting 
Knob 
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Indicator naadla broke off, La11rad bar r-.nort'ng naadla Juapad lie bearing«, and tha nagnat broka. 
On tha first blo»( tha Indicate • fallad U iudicata proparly. 
On tha fifth bio», the :r«M erreetor pointer failed to Indicate properly. 
After calibration and repair ol a crack . .- ho**, th* equljaent pa*«ad. 

4-47 



SWC-TDR-62-01 October I962 

0« «csA»r, 

OBORAL DnommWi A labor*toi7-<U*«lop«i, w*t*r-*ooJ*d, bnt tiehuicor was mAt to 
allarlat« Um rroblaa of aal atol Blag Mtlafactorjr aabloot taaparaturaa 
for'alaetPMilc aqulpMat Maml «aasola. Th« hmt aaeüiaagara 
war« flllai with • vu»r -x-í v - ato«li t«at. 

Sÿp« Appro« iaai«- fïsî fîîï 
Weight fevlroRBSOt Machia« 

_liÜ_ 

Haat 75 1, 3 mU Ury 
Itchaagar 5 ft- iropa LWU 

thoek 
lÉMhlM 

IBRr ' ' taat Kaport iïïüït fyp* õ7 
Tostad 8p«elfloat loo Daalgnatloo fhllur« 

1 Mliyô-ÿClS 
kA Nouât Uw 

Matarla! Lab Paaaad 
VT RavSblpYd 
5*Mü-3 

mdtom aid ma* 

an BUL DBCAimON: Klaraa raparla mrr rarlawad 00 aotor« and puspa. It li Oust aooraelaat 
for tha aqulpaaat to ba brokao dovo luto thraa clasalflral^Ba by walght. 
Tha aqulpaant ras tostad naoolng aad at a ataadatlll during altaraata blow«. Tha 
first of thaso: 0-300 lb. and takas la tha following «gulpsant: 

I 

Tha naît war« la tha 300-600 «da««: 

II 

Tha final group ouealatod of thosa raporta ra*l 

III 

1. 
2. 

3. 
5. 

1 hp 30 
3 hp 2$0 gpai 
5 bp 50 gja 
2 hn 2 nan 

cloaa-eouplad eantrlfugal M and P 
eloaa-eouplad eantrlfugal N and P 
aloaa-eouplad eantrlfugal M and P 
cloaa-couplad centrifugal M and P 

) hp 100 gps 
i hp 165 gp 
i hp bCO gp 

hp 125 CP 

•loaa-eouplad eantrlfugal M and P 
alosa-oouplad eantrlfugal M and P 
clora-eouplad eantrlfugal H and P 
eloaa-aouplad eantiifvgal N and P 
rloaa-eoupiad eantrlfugal M and P 

tha abova 600 lb. elaaa: 
1. 15 hp 100 cp * eloaa-eouplad eantrlfugal M and P 
2. 2S hp gjO ggm eloea-acunlad eantrlfugal N and P 

I 0-300 1. 3 ud $ kh«jr 
ft. drop NMD 

t R.D. 6653 AWIA-AD 
201017 
201031 
anioi3 
201016 

II 300-600 1, j and 5 lavjr 
ft. drop MAD 

flhoah 
»ahina 

P.D. 66>j 200977 
201019 
ATI205636 
AO 201020 

201016 

III 6OO .75, 1.75, 
and 1.75 ft. MU 

MHUtll 
N« china 

2 R.D. ÓÓ53 AD 201076 
201077 

6 Paaaad (1) 

h r*«aad (2) 
1 »Had 

Paaaad 

*/«: (1) Cn tha 3-faat-baek blow, tha 3 hp 50 gp no tor and puap sustalnad praanant deforaatloa of 
the shaft to bind during rotation. 

(2) On tha 1-faat front blow, tha no tor of the * hp too gpn so tor and punp suata load al set r leal danaga. 
All of tha abova Mga had to ba nodi fiad for whipping action of tha ovar tanging nass at the 
puag> housing. 

Vnaa 

Powar 

29 

2575 

oanCRAL DS8ChIfTI0H: 1. A positiva dlaplacaasat, eoaatant dalIrar-, vas* t>p, hjrdraiMc r*Mp 
wlth a nnaUMB fluid ¿silvary rata of 6.¼ OPN nt 1200 rpm. 

2. A 100 KP Nstor and suitable roauetloa gaar aé tha pris- -. -vr. 
It too waa a hpdraitlla pwg, and ma usad aa a powar paar with 
a dallraiy rata of 192 OIN at 1100 pi. 

1 and 3 ft 
dropa 

1.25, 2-25 
and 2.25 ft. 
dropa 

Tha «fulpnant waa runalag and at a ataadatlll during nltamtis blown. 

MWHI 
Shock 
Machina 

Ravp 1 
Mffll 
Shoe». 
Mnchina 

NIL-P-17669 ARTIA-AD Pallad 
kC Mounting 77816 

«L-a-901» ARTIA-AD Paaaad 
159766 

Mounting lasa 
fracturad on 
3 ft. Vartlaal 
Plow 
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UkD MtMJttm 

OMUL OHCUmoi: TM> til** ur Mttari' ' aurfaM* with 1m4 war« r«rl«w«l tte 
fini *%. c* *í *-- •- at Imú té tbt toomt netted was by tenia« 
1« tbs late. 

Typ«    .ApproxianiSr 
W« Uht 

_LL*¡i_ 

Dpmyte 13.85 

~T«7r- HmÍ áater 1 Taat Report lUauit Typ« oi" 
nauta Ina Taataá apuiriMtiea Dttigjãtíoa fallur« 

1,3, and Navy 
5 ft. «opa LWM1 

Shock 
te ch«.r>« 

WUS-90Í» ten X alate Fallad lain ln« 
kA tewntlag RavltatpYd Crack 

I635-» of lote 

1, 3 ate 
5 ft. diopa 

N3L>S-90II tea««d 
kA tewatias 

■all 
Vaina 
2-1/2 lach 80 

6 lach » 

Rotor 7? 
Valn 

mckleee 3.9 
lo. 1 ate 
■o. 2 

Pilot KP 
Vaina 
Alua lit«al 

'3 Ol WAL LMCItimol - 1. Two ball vaina. 
2. A rotor valva. 

Tto 1/2 lach paclLla&a vaina la cleete poaltloa. 
k. A pntvurt control, dltphrapi oparatte «¿taraal a Ir pilot 

actuated typa X valve - aorraapõtea to a Itvy typa X, Seriea 150, 
Claaa I valva 

1, 3 «te 5 ft. tevy 
«ropa LVn 

Shook 
teehlaa 

2 WL-S-901B ters ! Blood lot ate 
kA teuatlag tevShlpTd 

1035-61 

1, 3 ate 3 ft. tevy 
«ropa LWHI 

Shock 
teehlaa 

KXL-S-90IS ten :alate maate 
kA Nouatlog tevShlpT« 

3i 88-61 

1, 3 ate 5 ft. lavy 
LVHX 
Shock 
teehlaa 

1, 3 ate 5 ft. tevy 
una 
teste 
teatalM 

2 Nornao 
IrowBlac Co. 
(Pipa ate 
Natal Slocka 
teuatlng) 

2 NX L-S> 9011 
(teuatte la 
Pi-, in*) 

ten Xalant Paaaad 
SavSblpYd 
lk78-60 

ASTU-AS maate 
IO6139 

• latina tad 
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B-CTHICAi- KUIFWT 

annua. DBCHimoii: 1. 
2. 

3- 
k. 

5. 

Three eedpiee of ine Nerk 47 Nixl. 0 silver oxide - iluc-xUaUn* 
•eooedery tJT**- 
Tvo eeaplee oi the Merk J9 Mod. 0 ellver oxide-ilnoelkaUne 
eeoondeo type In the dry ch&rce condition. 
Two preproduction Maples of bettery 39 Merk 0. 
Two preproduction waplee of bettery *fcrh 4? ttod. 0 of the 
•liver oxide*iInc elkellne «econdery type. 
IV0 production aeaple« of torpedo propuielon bettery Merk 41 Mod. 1. 

Approx laete 
Weight 

(lt>) 
fïïtT-“ 

anvlroMMWt 
Test 

Mkehlon 
Test 

SpecifIce flon 
Report 

De■ IfnetIon 
fceeuAt type of 

Tellure 

Merk 47 

Murk 39 

Merk 39 
frepro- 
ductloe 

29-4 

30.75 
0 

50 a for 
0.05-mo 
Ihiretlon 

500 for 
0.05 MC 
Dur*tiu.n 

1<X> 0 
200 a 
Tor 0.0*-«ec 
lUretioii 

50 0 for 
0.05 MC. 
DuretIon Not 
Mentioned 

21-Inch 
Air uun 

21-inch 
Air Oun 

21-Inch 
Air Oun 

Torpedo 
Cylinder 

Clevlte 
Torpedo 
Bettery 
Mnint 

Kll^B-16955 

ML.B-I6955 

MIL-ft-16955 

MIL-»-173464 

NIL-»-17346a 

AOTIA-AD 
IOI622 

A8TIA-AD 
99715 

ASTIA-AL 
96344 

ACTIA-AD 
IO6996 

AJTLA-AL 
151664 

Top Cover 
»eel Felled 

1 RIVAL DBCRIPTION: 1. 14» lealneted t*rd robbe.- jere with trf DWl-47 slwnnte. 
2. Peer lesteeted herd rubber Jere with eonceve exterior bottan 

end with type V8X-45 exlde type el«ente. 
3. Two peimll (United plywood) Jere with exlde typu 5350 I 

eleaente. 

Usxleeted 92 
neru mioosr 

Conaeve 90 

Feraell 79 
Jere 

1, 2, 3, 4 Uyy 

BitOCM. 
Mxcblnc 

2 BB-5B17 
rrev'» 

1, 2, 3, 4 Mtvy 4 
end 5 ft. drape MfKl 

Shock 
N>chine 

UB-5B17 
»0699 

1, 2, 3, * »evy 
end 5 ft. drop* Mflil 

»hock 
Mkchlne 

2 Btf-5»I7 
XO609 

KB-5» Pesied 
066632 

IB-5C Fesaed 
O66632 

KB-50 Filled Sustained 
066632 SlUht 

Crecke 

amSB SOLD PB 

UBBAL EinCRIFriO»: The DC Brushholder le of the reectlon die eeet holder type. 
The neterlel le eluelnta brome. 

DC 2 5.2OW Ft.-lb. Bevy 1 1707 ASTIA-AD59694 Passed 
Brush- shocks LUI I 
holder Shock 

Machine 
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mi wujMFg war 

ODBUL D»C*irrr.«r l. »Vy« AK'-Ak itMlCM« f-r «utcMtli or auufcl op*r«tloB 
(A ¿OO/iSO ANf*, •*> iPltA AC, 3 »»>*••, 60 «jrei«. 

2. Typt Alf-A3 unit rmt*4 >t 150 A», AfcO tolit, 3 phtt*. 
60 ejrtltt, de.ijMt for Mitowtle or mummt, optrotlo*. 

Typt ÁpprozUoit 
wtight 
_ 

f tti _ 
torlrooMUt 

“füt“ 
8p«ttftaotloB 

Ht port 
DtalgMiloe 

"Attuli“ 

1, Î ted 5 ft. 
drop» 

1, 3 twi 5 ft. 
Iropt 

Itvy 
LWW - 
Shodt 
Ntohlat 

Navy 
i inti 
Shook 
Maebint 

WL-8*9011 
kA Mounting 

«1^8-901» 
kA Mounting 

ABTU AO- Pnatad 
aojika 

AgnA-AO 
I6lk3k 

-liSTÏT- 
failure 

njxzjm aiutfjc««} 

G9IBUL DnCHimoi: 1. Navy Typt AQB, 3 pola, kOD anpart fnuat, >00 volt AC, 2>0 volt 
DC unit* 
A typt Aftl-A250 broakor vlth a I60 *«p*re trip unit. 
A 1600 anptrt frant alia with a 2 pola, 250 V. DC braakar. 
A 2000 —r— fraaa elaa typa ACB. 
Typt ALA-1 elreult brankara-tingla pola, 50 anpara frant alta, 
125 volt AC-EC ualta. 

kOO AMP k9.5 

*60 AKT 25» 

1600 AMP 323 

2000 AMT MX)* 

50 AMP 0.5 

1, 3 and 5 ft. 
drop» 

1, 3 aad 5 ft 
drop* 

0.75, 1.75 
and 1.75 ft. 
dropa 

1, 3 and 5 ft. 
drop« 

Navy 
LVK3 
Shock 
Machina 

1, 3 and 5 Pt- «s^y 
dropt LWH1 

Shock 

Navy 
LWHI 

Navy 
l.WHI 
Shock 
Mnchlnt 

Navy 
1.WKX 
Shock 
Machina 

KIL-S-yoi 
Spacial 
Mounting 

i7*i(nrr) 

Ml US-9OI 

MIU8-9OI 
HA Mounting 

AtfTIA-AD 
207199 

ANTZA-AD 
Ik1256 

ASTM-AD 
**35115 

AST1A-AD 
20612T 

A5T1A-AD 
67250 

Ptllad 
5 ft. 
Naar 

Pallad 
5 ft. 
Vart. 

Pallad 
(5 ft. 
R—.1 

Tha 
Braakar 
Trlppad 

Novad Proa 
Cloaad Poaltlon 
to Opan Po». 

Tha Braakar 
Tripped 

Bulb 
Type 

MOHS: (1) 

•Satina tad 

OMUL DBCiulTIOt!: 1. Type IPM-630 contactor unit, 3 pola, 600 unpatc, kkO-volt, 
AC, 3 phaae, 60 cycle, alta 6 contactor. 

2. TWo t anpara ture actuated unite of tha integran bulb type 
provided with 3/**-lneh nala pipa flttlnga for Inaartlor. Into 
pipe flttlnga lo aarvlca. 

1, 3 and 
5 ft. drop» 

1, 3 ai* 
5 ft drop» 

Navy 
LWHI 
Shock 
Machine 

v.vy 
-WHl 
Shock 
Machine 

KÏL-S-901 
kA Mounting 

MJUB-9OI 
kA Mounting 

Banding of ;ha aanaltiva aln»ant of tha Bulb type tanparatura avltch. 

ASTIA-AJD 

13991k 

AST1A- 
AD2C710 

Palled 
5 ft. Rear (1) 
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oamtou.» 

Tw» ap««4 Kitor miroUtr at 25 ■?, >0 AMP, Wo rolt, 
3 pteM, r.- •: • '4, teubla throw oo* tac tor, ooa 
ro;ay.. ¿ owiwii ' «Urt ud atop butteoa, ap^d 
aoiuvMM, «d owtr. t «Itch. 
Nhgaatta, aU- 1, ocroaa tha 11m aUrtor «oalciwd for 
2 or 3 »Ira aoatrol. 
rtm»?’ 'j -r—•-*. aeroaa tha llaa wo tor »tarter ratad at 
M/2 NT, Uo volta, 3 phaaa, 60 apa AC. 

Approalaat»"” 
Walfht 

Ü.5-— 

“ÏMt- 
kwlrooaaot 

2) wr 90 1, 3 0^ 5 
ft. dropa 

7-1/8 BP 29 1, 3 uO 
ft. dropa 

“fjjj-f^t-T Hapoñ Xatult +ÎTroF 
MtchiM Taatad Spoalflaatloo DaalcMtloo fhlluro 

la vp 1 IQL-t-901 
,,wm hA Manat 
Shoah 
NachlM 

lavv 1 WUi-901 
LUU AA Mnoat 
Ihoah 
MiahlM 

ASTIA-AI) Poaaad 
kym 

AJTZA-AC Paaaad 
frisks 

Mi—lip 12 
Opofotod 

1, 3 aad 5 
ft. dropa 

1 MIL-•-901 
U N—t 

AffXA-AD Paaaad 
56169 

60» 3777 

2.5» *3t 

5» 66j 

piafi-n 

1 aid 3 ft. 
dropa 

1. »o apela 6 apala dteeei aafloa aad a dlroet 
drlvaa, 60 » «—rotor. 

8 VPwr atroka 1 apala dl—1 aa«lM aad a 2.5 ». 
115 *»lt, AC, 60 eye)a «—retor. 

3. Aa air aoolad —t al— dlaaol aa«lM directly 
•«tad to a 5*1» 2* wit, DC «—mtor. 

MIL-*-' 01 ACfU-AD 
206925 

AfRA-AS 
201051 

Mllad 
(3 ft. 
to) 

railed 
(3 ft 
top) 

vaiiod 
(3 ft. 
top) 

0) 

(2) 

Croce ta 
flpiihoal 
«Mala« 

JKfflB; (1) Ciaahad flywhaal houala« aad aavora atroatural daaaca to tha float aopport of tha aa«lM. 
(2) Mttr— d—«a to tha aouatlas pad a» mat aappart. 

PITOT, mUfWUSB 

omAL DBCnvm: 1. W lhA/O aaMpaalatad »——ohorrlar 
deal—tat for hall hot (MOd 5®7). 

?. Type ih AU aaaapaolatad potted rmiago 
fsr tfc* hall— (aaod 567). 

doiu/o 6 1, j aad davy 
y ft. a ropa LWîS 

Shoah 
Nkchlaa 

1 KIL-B*901> IMra lala^d Paaaad 
6« Movat davdhlpYd 

5931-59 

1UU 31 1, 3 aad lavy 
5 ft. dropa LWKZ 

9hoah 
Machine 

2 lOL-t-901> Mure Zolaad —aad 
hC Mawat davyfldlpTd 

6307-59 
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WtMÜX 

ONUL MKRimo«: A Uak laálMtor fUMta» (MOI >67) 

1ÇÏ5 Tjïproximti fmãi --'rt " 'füüÄr,- 
Wtlcht «arlroMwat NmAIjh iC«t*4 

__Í21_ 
Kït 

•pMiriMtlOD 
Kâport Rcâün fypc of 

0*il«Mvloe fillur* 

Tajüi |0 
IrilMtor 

i, i—à 1 r\. mr? 
Aroÿ* LUR 

ShMfe 
ItoehiM 

N1L-S*901B Man I«lu4 PikiMd 
kk Itowt RavthlpTd 

2715-59 

3**r 
Motor 

23« aator 1, 3 5 
ICC' foustiltttcs ft. irspa 

OEM MOim 

G ■OUL DBCKHTIOI: Omt aotor for bal loop tor lift. 

■v7 1 MXL-ÎÎ-901J Mar« I«W fMMd 
una kA MhudI fcrShii.ra 
Shock 04'"'60 
NMtÜM 

SS9BS 
C9MAL OBCiamON: ■•varal («porta vara ravlavaé aai tbaa ■raup«! lato om of tvo povar cimasa«. 

0-250 Clmaa 
TTfäFTW » OC Mkvjr A tjrpa «tor. 
?! 15/10 RP, 440V AC aotor. 
3 15 MP. 210V OC. Ravir A aarvlaa typa 
4. 17.5 HP, 440V AC, air ooalltlomUc coapraaaor aotor. 
5. ?5 RP 500 V DC, byAraullc povar plaat oa ÍS563 aubaarloa aotor. 

0-25 RP 302-625 

26-55® 1-'69-1727 

a^o_g.c**“ 
1. 30 ®, 25OV DC, hlRb praaaura air acapnMaor. 
2. 30 MP, 355/25OV ne, hlfh proaoura air aaMpraaaor aotor. 

MU, UR2, MK3 aotor». 
3. 55 4P, 50OV DC actor for a tria paep oa M563 oukaarlnos. 

0.75, 1 75 Ravp 
and 1.75 MW! 
ft. ¿ropa 8iw,c* 

Machina • 

R.D. 6683 R» 5*70001 
AD 200996 
UU ;A(?) 

5i6j2 
AD201042 
RB 5 U* 
no9 

i, 2, and 2 Ravp 
ft. drupa rOna 

Shock 
iachUa • 

3 R.D. 6683 AD 205025 
AD 201026 
UB 5 AAI 
U.609 

V/TM: (1) Tha 15® aotor fallad oaa 0.75 foot-back olov. Th« brush rlRgli« aamaata Jroka luoaa 
froa ts« laaulatla« rla* oa tha hsualn. of tha aotor. 

1 P« llura 

Paaaad 

(V) 

• Ail aoUr trpaa taatad oa Rarjr ma shook aachlaas. 

6OKW 2100 

25OMW 3965 

OOnOU! DOBCPiniOR: 

1.25, 2.?5 Havjr 
and 2.25 Mffll 
ft. blova Shock 

Machina 

1.75, 2.75 Mar/ 
•nd 2.75 Mffll 
ft. blova Shock 

Machina 

ORKMUTOHg 

60 RW 240/120 volts, DC, turbina drlvan caaarat,.... 
WM, AC 3 pruraa 60 ïpa ahlp'a servie* canarator vlfch 
3>5 excitar. 

1 R.D. 6683 Kffi tasaad 
C-2526-2 

R.D. 6683 08 C-2593 Palled ûnd Bracket 
fractured 
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OMlCttL LSCR! PTXOH. 

KOTOR QPBUTOM 

i.VlfW, . ^ • micr U»A 1 W-WO wit» AC 

■«tor for tetv«’*. #1^1 la tRip* Mr»lc* dU‘ 
ta 1 ■uÍbj'V MUiOWKi' . 
2.8 W, 56 «nit DC ««Mnitor mA 5 lö- A40 «oit AC 
■otor aiao for ship» utrvIce IUI toiepbOM «qulpntnt. 
25KVA, 120 #olt •« norm tor Md 30 V 2®? «oit botUrp. 

ïyôe ApproxlMte f»«t Kit »u»bor 
W«i4ht a»«ln>i—t «»chino Tnatod 

_ 
l.tKW 315 0.75, 1.75 toiy 

and 1.75 MU 
blow» Bbnck 

NtehiiM 

-- 
•perl Moot Ion 

I.D. 66bj 

"Report Bittît fyp» of 
D»»ljB»tlon F»1 ur» 

UD 5QX Fasaad 

I609 

25 KVA IJ» 

0.75, 1.75 
•nd 1.75 Mil 
blow* Shock 

MichiM 

■.I). 6603 UB 5« 
1603 

1, 2 and 2 «nvy 
ft. blow» MQ 

Shook 

WI.-3-9O] U» 5AW t+fd 
1609 
AD 20104Ö 

0-52 10 
Air S»apl»r, 
Alara 
Saaplcr 

Typ» 11 
6*52 
AI MV 

Control 120 

aoiBui. DMcnipnor 

1, J *ad S»vjr 
5 ft. blow» LMH1 

Shock 
«»chin» 

PASSIM 

Air »aapl»r al»m ayatao relay pan# 
Type »-52 »lam pan»i. 
Aft react* oootrol poiwi for aaln 
hydraulic piap» and accua So. 1 and 2. 

NlL-S-yolB «ar» laiand 
4A Mount SarShlpYd 

2751-59 

1, 3 and Ravy 
5 ft. blow» LWHX- 

Shock 

«IL-S-9OIS A0TIA 
kA Mount AD206035 

Machio» 

1, 3 and Sary 
5 ft. blow» LMQ 

Shock 
Machio» 

M1L-8-901B Mar» X»lawl 
kA Mount ■avflhlpïd 

2750-59 

Paa»»d 

Paaaod 

Fa«tad 

15 110- 2* 

10AMP 2.25 

kO AMP 3-6 

PLUO ASP MCgWCLg 

j-contact pli«» with 3-oonuct r»c»pUcl»a with tripla 
conductor eabl» and ratad at 15 anpa. 
j-Un aop plu»a and 3-tan cap r»captada». H»c»ptad»a 
ar» In water tl«ht drawn braaf racloaura. 
Two ko asp plu»a and r»«»ptacla» la wotor tl0ht drawn 

anaiAl. DBCRimOR : 1. 

2. 

3. 

1, J and 5 Sa «y 
ft. drop# I.MhI 

Shock 
Machina 

1, 3 and Sary 
5 ft. dix pa LWHI 

Shock 
Machina 

1 and 3 ft. »avy 
¿ropa LWR1 

Shock 
Mhchlna 

braaa »ncloauraa. 

1 MH.-8-90IB 
kA Mount 

j MIL-0-9OIS 
kA Mount 

NIL-S-9Oi0 
kA Mount 

AfffXA-AD Paaaad 
86539 

AflTIa AD P» *aad 
8653k 

A0TXA-AD Fa livid 
8653k (3 ft- 

back) 

SOTBt: (l) Th»pl«g bccaw ««dgad agalnat th» rac»ptaci» ln auch a way that 
raaoval was vary difficult. 

(1) 
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■ ^■nriwe 

□■¡■UL DBCHIITIOSi Typ* A Mlinlu* r«ctlíi*r pu*i for b*tt«ry ch*rgln«, d««lftD*d for 50° C. 
•■bloni. Maporotur* «ml 1* r*t*d at 4IkjV, 3 pb*«*, 60 eye:* Input vltii 2*6 Aap DC output. 

tjT* " ApprcalMt*' 
Haight 

_Ü.Ü_ 

. »>«Blun ifVi 
RnotiriN? 

î**t 
fttvirooMot 

1, 3 and j 
ft. drop* 

T*at USESr Tilt R*port KtSuTT 'ftrp* Õ7" 
Mnehlo* T*«t*d 8pacification Daalunation Pkllur* 

Rary i MlL-H-15736 A3TIA-AD P*aa*4 
1.UU1 ( 8uj*h*«l 37551 
Shock Mountad) 
Machina 

1AC 1.5 

Aualllary A*wut 
k 

Control 1.3 to 
M 

00!BUl- OMCIUmON: Many raporta on relay* vara ravlavad. The following la only a 
brief description. 

The typa I AC tlaa ovareurrant rainy oonalate of an Induction disk 
operating aachaalan. a oat of *li«le>polc conuet.a and a duet tight 
■heat ateel ancloaura. It 1* usad to trip a circuit breaker whan orar- 
curraot condition* occur. 

2. Tba aualllary relaya con*litad of a sol ano id operating nagn*t and 
plunger which la croaa-eoanactod to tb* contact aaanablla*. 

3. Flwe bulletin ijo aualllary control relaya Tn» 150-WiO wolta AC eo!l 
voltage. 

1, 3 *MI 5 Ravy 
ft. drope lWHI 

Shock 
Machine 

WL-R-901 AMTIA-AD P»aa«5 
6C Mount lag UI803 

1, 3 and 5 Ravy 6 
ft. dnopa 1.VH1 

Shock 
Machin* 

MU.-S-901 Aaru-AD 2 Fhliad Roimlly 
61 Mountlog 139796 (Sack and Cloaad 

top.3 and Contacta 
5 ft.) Opened 

1, 3 and 5 Ravy 
ft. drope 1.WHI 

Shock 
Machine 

5 6663 Material Failed (1) 
61 Mount <.=g Lab (All 

RT HawShlpfd IIowe) 
5225-1 

ROTB: (1) Mil function of tne elect« lea: contact*. 

HBI9TCM 

'.1 RURAL OBCRimoi: 1. Flaad, accurate, wire wound reelatcr* fro* 
10-3750 K ohea. 

2. Variable eutnlnleture reelatore froa 5.-000,000 

Wire 3* 

Mini a*-jra 24 

30 Inpacta Ravy 
at 50 O’e LWHI 
with 0.012 Shock 
aac. duration Machina 

30 lapaeta Ravy 
at 50 O'# LWHI 
with 0.012 Shock 
•ec. duration Machin* 

1152 Battalia 
Maeurlal 
Inatltuta 

ko Battalia 
Me*r>H.al 
Inatltuta 

Signal Corpa Faaaed 
* •vjarr ¿006-A 

Signal Copra Faeeed 
»-w lant P006-A 

4- 
r r 

Sat laated 
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mcmoum 

nr . '.-f -■--- - 
• Mu.»- ' . mit tämt vimmllf má —üiWj 
taAtMt*» uiwUliaM Im rmmm 1 ^ ~ m 

fk« MfMiJM «rU*lU| «rlieMaM« 1« «m1«m4 lo aiMBoUaoUf Ml tor tta opv- 
•llflo of tOa firo rSflMUi afrlMiU« ^of 
loaloilaA to loo am»'* o^mIom 10 11m. 

Approslaoto 
WoloM 

_iül_ 
•*~înà.îK« »MiautL» 

iñrzr 
MU« 

Ala'.1« 
Mkoulaa 
lprloh.il. m 

1* 3 Mrt ; 
ft. «rapo 

KL-A-1719ÍA MfXA-Afi ftooa* 
ms 

10 Lloa 109 i, i aM 
Alara 5 ft. «rapa 

Aflru-Afi 
*n* 

Híltá %loo 
Alono 

• latloatoé 

•• Aa dataato« lo pketofrapk 

Micro »• 
Svltch 

ommu. DmaanuM: i. 

». 

1. 

Man llolV avltah tppo MUKlhpM far tio Mf palOai 
■1MU* laiaafelai agnts. 
Ba WMC U«aa>w Usât avua» la aala« ta aata* ao 
tapa at Wo «alta M ar 2)0 «alta K. 
US»« a aut « liait an tatua. 

1. J aaá J 
Ft. Mova 

ML-t-OOU AMIA-A» PaoaaA 
tt Hwotla» k*l9l 

Tnehvay 22 1, J aaA 5 
ft. Mova 

AirZA-Afi VOaaai 
k» Itaaaiaa ItJUT 

Mit 6 ao* 1. )aat > 
ft. Mova 

MB'* toa 

< NU-M0U afltu-aa 
t* Maatlaa ia«<pt 

nanarias 
aa« opooiag 
of tka aoraalljr 
aiaaai alravlt 

•latloatad 
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a-ï /tur 

UMfUU. BaaORni! 1- 
IK •Ulaun loura WIUkM. Tknt '«‘•»l»«* •»* 
Mail wl tka otaar IWaa »aaa a«i>r>a4 <rtUi boot« in prortka 

a T»~lvíaPJl'.a4 Una tppa »nJO ntair aalaator ■»nab. 
}'. 2S SrÄinuiTi»-WW. »*"3. 
fc. 0m MCb of pouiy Mlteb*«, »/»• »2JIU0 M4 S2JIO$- 

“lac -TiïzxssGr 

_ütí_ 

~K3- •wir 
T«aW4 

T*«t 
■pMlflMtlOO 

Mauitr 
Daal^tloa 

' Typ* of 
f*i ura 

Ur, 
vm 

aJTM « 

i, 3« Blom 

1. 3 a*i 5 ft* 

•am 
•am 

3*3» 

3.-" k.k>» 

t.é 

l, 3 Mí 5 ft. to* 
turn lmb 

1, 3 Má 3 ft. Ur, 
*1— U« 

«L-*-701» 
IkA Mo I*« t lac 

6 WX-i-901» 
«li I 

9 lOL'»-901» 
«D NDMtlas 

2 «L-Í-901» 
7C r 

AfflA-AD 
ixkarii 

AW'A-ál» 
«m« 

aoTTti 

(D 

3 typa 

2J51-5 
failaá 
(3 ft. *aaà) »rttafc 

3 typa 
2JU0 
p%aaa4 

»»llaá 

(3ft. 
•Mk) 

•haft 
Coaclataiy 

aoni: (1) na amn ms ajaatai fr* tMa «*la *ltk tka 

• Valent ta 

kaakl« aaá abaft aaal. 
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wnicwm. WOTAKY MAT 

annul. Dnaamoi: J- 

6. 

7. 

9. 

10. 

H*m 60 AIT, *»50V AC, ?»0» DC, Typ« 6MJAJ H" Ww«»«* 
»Uor «MX «V. 
•»-»«i ¢0 AW, '50» K, Tyr* odÄJA' P»««l Hwi|it«d 
rotary •«•k «wltaM«. 
8«VM 10 AMP, 120V AC rotary M*p Wltütyp« IMjAl. TPflT 
tara 30 AI», 500V AC, ?5ü/ DC, Typ« 3»*3M ta«« MDi»t«4 
rotary «Mp «vltch««. 
ta«« 10 AI», 120V AC, typ« 11*3*1. TTOT, fraat MUBtta 
for p«Mi« with ta«*!««. 
Th«« Mob of typ«« 20M3I1 «ta 20U6P1 200 AI», rotary «««p 
■vltota« ttat «r« p«Ml ■omtal. 
Ob« typ« 917**0-A5 witch «ai om typ« 917H-A5 «wltefc. totb 
•r« BlBlAtun rotary «vltsh«« for latarlor oaflauBl««tloc «<)uli«Mat 
Model« CA-5S OA-55 «Bd CA-56 rotary «otoBold «vlteta« for «inh 
altitud« uaa. 
T*o rotary ««itch«« of noB-B«*n«tlo coo« t ni «ti 00 «ro r«rl«v«d. 
"0" ring «mor*. 
Pour 6 po«ltlco, 25 «««tloB, Bultlpol* mtary «««teto«. 

ff¿¡¿ ApproalBBt« T««t T««t $3»r T««t t«l«rt Kíñut oí 
Weight tari ruoBBBt Machín« taita« Bpeclfleetio« toalgimtlja tailuro 

_Lsl_ 
6SR3A1 7.6 
(Bb«« 
Mounted) 

6S* JAI 5.9 
(PbmI 
Mounted) 

ia*JAl 0.75 

18*3*1 0.5 

J8*J*li 2.1 

:a*jai 

206*3*1 l# 

206*6ri 

1, 3 ««I ï ft. tavy 
blov« LWlll 

Shock 
Mnohlne 

1, 3 end 5 ft. lUry 
blov« ! WHI 

Shock 
Machin« 

1, 3 «ad 5 ft. tary 
blov« I WHI 

Shock 
Machín« 

1, 3 u« 5 ft. *“ y y 
blov« LWll 

Shock 
Machina 

1, 3 «o« 5 ft. tavy 
blov« LWKI 

Shock 
Machin« 

1,3 «a« J ft. tavy 
blov« UW 

7 WL-i-9018 
tA MouBtlng 

7 KIL-a.901* 
kA Mounting 

7 MIL-8901* 
kA Mounting 

7 MIL-8-90IB 
kA Moud ti:* 

7 MIL-»-901b 
kA M9U*tl*| 

2 «L-8-9OI 
kC Mounving 

Atm-AD taM«d 
12939O 

A«TA AD Paaawl 
129369 

APm-AL hta««d 
1293M 

A»PIA-AD Pacota 
129366 

Atm-AD Pvtata 
206102 

ffL-1367 Poso«« 
Electrical 
tactlBg Lab 
tartaaouth, 
I.B. 

917kO-A5 1, 3 «ta 5 ft. Rary 
blov« LW83 

Shock 

N1L-8-901B 
kA Mounting 

mÜTIâ-áD Fail«« PwrcalalB 
21k227 8p«o«r 

Praeturta 

917kl-A5 

CA-Jk 2 

ca-55 2 
CA-56 5 

EOB-HBgMtlC 7* 

A-36k-5WA 7* 

Multipel« 7* 

200 tavy 3 JA*-B-fck Atm-AT Pa««ta 
UW 
Shock 
hBChlM 

1, 3 «ta 5 ft. tavy 
blov« LWHl 

Shook 
Machina 

1, 3 »ml 5 ft. Sivy 
blov« LWn 

Shook 
Machin« 

1, 3 «ad 5 ft. tavy 
blm UW 

Shock 
tachín* 

10 «L-8-901* 
6C Mountlag 

AHTIA-A& Patita Mounting 
209967 Plata 

tacklta 

MIL-S-901V ATI-1957k7 Pa«»«d 
6D Mounting 

k MIL-S-9OII ATX-210276 Pn«««d 
6D Mounting 
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BtfTrCM». IOOOH 

U Dl OU! DWTRimor 1. fc-t. totile «»Iteh^, type T210*, are •taleturlitá 
*vs "irmlt ••...»*« detlgnad for um ia appllaatlcna vban panei 
•yacw la at a praalua- 

2. BuinnMMHtal-proof ■ultimóla, «uitlpoaltloa, Weal* avltclj. 

■3. 20 41 fforest type# of toflgla awUateaa. 

Spã Approx laata Tãtt fait 
WaUht toTlrasMot Machina 

_ fi*:_ 
T2104 0.5» fJG Mary um 

■bosk 
Machina 

■aivlroBBunt 0,?t 
T^U1" 
•rltah 

f.00 for Mary 
O.5-9.7 mo 1.WKI 
Uiratloa Mhodi 

ToMla 0.) aa. 1, 3 aa4 ) ft. Mary 
tvltehoa -y”r 

Shock 
Machina 

■*Ü5F-Kit 
fratad ApaclfloatIon 

l6 JAB-M-23 

1 ADI-lh-62 
ID-126 
AM-5-20C 

» «L-l-901» 
6C Mbentloa 

ftaport fcoauit typa of 
Da «Igaatloa Vailuie 

AMTIA-AD Paaoad 
III723 

An-96739 Pallad MoneuUrr 
Oprnlac uf 
Coot--J-a 

ASTIA-AD failed 

ak225 

• latina tea 

SWITCHCB MiaCEUAMMOUa 

fanparatura 2.2 
and Praaaure 
Oparatad 
Bw'tchaa 

Slapping 5* 
artten 

B3-2Ck 1* 
each 

B?-10a 

Hollar 3 
.aaf tach 

Praaaura- 9-8 
Proof 

0OURAL O0CMIPTIOI: 1. 

2. 

3. 

A. 

5. 

five tanparatura-oparatad naator avltebaa and au preaaure- 
oparatad autonatlc aaatar avltchaa. 
1 - atapplag Mitch, 20 VAC, Type 58-2. 
8 avltebaa aaeh of typaa Dß-A (15 AW at 125/250 VAC) 
S3-30A, 81-A (10A at 125/250 VAC) 13-A (2-5A and 5* *t 
125/250 VnC, and 7 typa S2-10A avltchaa (10A at 125/250 VAC). 
Ao hing« rollar lead typa aenaltlve avltebaa SBC’AIO, SI07A20, 
satr/MAo, and 8007170. 
Two aanpla pieaaura proof IMC-7MC avltebaa vara aeooasillahad by 
uee of a phoeptor brooaa dlaphragp. they vara plareed ant 50 ft. 
aoldared to a brnaa actuator rod. 

1, J and 5 ft. Bavy 
blova LWH 

baoct 
Machina 

11 MIL-B-901 
68 tauntlag 

ABTIAAD Paaaad 
36805 

1, 3 aal 5 ft. Mary 

Shock 
Machina 

WL-8-901H AirriA-AD fallad 
61 Mounting 59337 

1, 3 and 5 ft. Mary 
blova IWHT 

Shock 
Machin» 

KIL-6-901B ABTIA-AD Phllad 
68 Mounting A8f09 

1, 3 and 5 ft. Mary 
tuova LWHI 

a hock 
Machina 

1, 3 and 5 ft. Mary 
blova LWHI 

Shock 
Machina 

32 MIL-8-9OIA 
6 e Mounting 

2 MII.-B-901B 
A A .‘tountlng 

ABTIA-AD Paaaad 
ajfiCS 

AJVTIA-AD fallad 

NOTE: (1) Trnnafar contacta cf »ach avltch nada contact vlth tha roimlly open contact of Ita raapactlra avltch. 

Cm 
Reread Out 
of Pcalt'oi. 

(1) 

Olaphrapa 
Mavaalad 
Leakage 

•Eatinatea 
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re^auú ■■■: --- «-ra 
on»AL OMCXmZOR: Tbs «rar« ttM diak, b4M4, or 

ro4 atiopo typo- 

WS" ApproxUiU 
Walch« 

_iM_ 
-TiaT" 'TKSSar-' 

taata4 

-- 
SpaaIflootloc 

Kapörl 
Doalcaattoe 

“Typa ot1 ' 
k’aliura 

30 lapMU at 
90 0'a for Í* 
to 1? ailla«.« 
durâtloa 

Ka*y 
t.wn 

rs a*’ c 

■0. 59-ru/ 
D-34J1 

Hier*! Corpa 
Projact 
2OO6-A 

vouhoi smm vs BjpcBWf 

OflOLVL MKRZmaC: 60 apatlaaaa «ara tanta«. Th« apael»ana dlffarad fraa oaa 
aaothar la aatarial (plaatlc, giaaa, or aatol), ahap« {tubular or diak)t 
aad aouatlac (by aoldarlaf, elaaplai, or boltlacK 

30 lapaeta 
at 90 O'a 
aach lapaat 
appllad for 
6 to 12 
allllaaa. 

Battalia 
Naaorlal 
laatltuta 

SLgaal Corpa 
Projaet Io. 
2006-A 

• latLaatad 
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4.5 Human Shock Tolerances 

4.5.I Introduction 

In the operation of most underground protective structures, 

there are some functions which demand the presence of human beings. Thus, 

the tolerance of human beings to shock becomes a subject of importance to 

the isolation system designer in determining the attenuation requirement 

0) areas housing personnel. For this application, human shock tolerance 

is defined broadly as the level of shock which a person may withstand 

without impairing his ability to perfora essential duties. In some cases, 

the critical level of shock may be that which produces injury directly, 

and in others that which causes the man to fall do«n, indirectly exposing 

him to injury. Implicit in the shock tolerance, then, is the mode-oi- 

fáilure". 

Most of the later underground protective structures are designed to 

withstand ground shocks of sufficient strength to necessitate shock pro¬ 

tection for all personnel. Thus, the personnel are exposed most 

frequently, not to the complex motion of the ground, but to the nearly 

sinusoidal damped oscillation of the isolated platform or other support¬ 

ing device. Further, the basic design criteria for many facilities 

specify that the personnel shall be assumed to receive no warning of 

attack and, therefore, may be occupied by any of their normal functions 

at the instant the shock occurs. 

The environments to which the tolerance of human beings is of 

primary interest to the isolation system designer, then, are. 

. Tolerance to motion typical of ground (shock) 

. Tolerance to motion typical of soft shock isolated 

vlatforms (low frequency vibration) 

In each case significant parameters are the degree of support provided 

the personnel, the direction of motion and the warning time. 

To date there have been no tests of human subjects designed specif¬ 

ically to determine their tolerance to shock in environments typical of 
those encountered in underground protective structures. It is necessary 

therefore to draw heavily on results obtained for other applications. 

The principal limitations of the experimental data presently available 

are: 

The conditions of restraint used In 

generally more extensive than those 

personnel in underground protective 

obtaining the data were 

permitted by USAT for 

structures. 
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. characteristics, including direction, of the applied acceler¬ 
ation usually deviated considerably from those expected in under¬ 
ground protective structures , 

. The subjects were prepared to resist shock. 

. Hie definitions of tolerance used by different investigators 

varied from perception, through anxiety to unbearable pain. None 
revieved considered incapacity as the survival criterion. 

U.5.2 Basis for Design in Existing USAF Facilities. 

Both experimental and analytical data on which to base human 
shock tolerances for existing underground protective structures were and 
still remain extremely limited. Although the operating ccarmnd may 
define qualitatively the mode of failure, the translation of this cri¬ 
terion to peak permissible accelerations, frequencies and other signi¬ 
ficant parameters of the motion must rely heavily on opinion. 

In the Figure 4.5.1, the maximum accelerations for personnel areas are 
shown for several weapon system facilities. 

Weapon System 

Atlas Silo 

Control Contor 

Titan II (Criteria) 

(initial Design) 

(Revision) 

Minuteman (Criteria) 

(Design) 

Maximum Acceleration in 

Personnel Areas, g 

Vertical 

1.5 

Horizontal 

0.125 

** - . .mmnrt-.íaH rrr»r»nnrí arcr»r*lr 
- - ----»ftww». 

without impairing operational ability" 

3.0 

2.4 

0.5 

1.0 (down) 

3.0 (up) 

0.5 

3.0 

0.5 

0.5 

1.0 

0.15 

Figure No. 4.5.1 

4-62 



swc-101^-62-64 October 1962 

Although the natural frequencies of the personnel support systems 

are not indicated in the table, in all cases they are less than one cycle 

per second. Similarly, the mode of "enure in all cases is based on 
impairment of operational capabilî.j of all personnel, some of whom may 

be1standing unsupported and may be unprepared. The downward trend in 
peak accelerations believed to be necessary to achieve the desired pro¬ 
tection is clearly indicated by the differences between those specified 

by early design criteria and those used in final design of the Titan II 

and Minuteman facilities. 

It should be noted that all the suspension systems indicated are 
pendular and that the maximum horizontal acceleration is fixed more by 

the practical aspects of the pendulum design than by a human shock 

tolerance. 

In this subsection scr/' of the studies on which the final design 

values for the Minuteman facility were based are discussed briefly. 

4.5.3 Summary of Applicable Human Tolerance Studies 

Murfln (Ref. 4-19 ) at Space Technology Laboratories was 

one of the first to attempt to apply the results of existing work in 
human shock tolerances to the special environments encountered in 
underground protective structures. He found the most pertinent data to 

be those of Ziegenruecker and Magid (Ref. 4-20 ), who determined 
the tolerance of seated subjects to vertical harmonic vibrations,and of 

Eiband (Ref. 4-21 ), who reported the results of similar tests where 

the shock input was a trapezoidal acceleration pulse. 

The significance* of Eiband's work to this auplication is that it 

establishes tolerance limits to shocks which might be considered as 
representative of the ground motion. In all tests the seated subject 

was well supported with lap and shoulder straps. For tests in which 
the direction of the acceleration was headward, the subject was furthei 
protected by a soft leather cushion and for tailward accelerations he 

was given a lap belt tie-down, strap. The chair in which the subject was 
seated was structurally rigid and was attached firmly to the floor. The 

subject was given a warning 20 to 30 seconds prior to the test. The 
acceleration pulse was roughly trapezoidal and irais described by three 

parameters: rate of onset, duration, and magnii/ucie. 

A few of Eiband1s results are presented in Figures 4.5.2 through 

4.5.5, In Figure 4.5.2 tolerance to headward acceleration is shown as 
a function of the magnitude and duration of the acceleration pulse. It 
may be noted that the limiting acceleration to avoid any injury is onlv 

about 16 g's even though the subject is well supported. If the 
•oersonrel. are seated unright, ground shock accelerations in this direc¬ 

tion can result either from a Type II wave or from the acceleration 

portion of the airblast-or cratering-induced (Type ï) waves. 
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Figure 4.5. 3 shows the tolerance to tailward acceleration as a 
function of magnitude and duration of the acceleration pulse. Here the 

peak tolerable acceleration is reduce-? to 'bout 10 g's in the area of 

interest. 

Similar data were obtained by Eiband for spineward and stemuravard 

shocks and are shown in Figures 4.5.4 and 4.5-5. For these cases the 
peak accelerations were increased to about 45 and 35 g's respectively. 
Thus, by facing the subject in the diiection from which the strongest 

ground shock is expected, some increase in tolerance can be achieved. 

Tolerance curves for conditions of less than optimum restraint will 

most certainly be well below those shown in the Figures. The accelera¬ 

tions reported were those measured on the test seat, not at the body 
location which determined tolerance. The effect of rate of onset of 

acceleration was not clear-cut. 

For spineward accelerations, Eiband noted that the absence of 

thigh straps lowered the tolerance level shown in Figure 4.5.4 by a 
factor of about 2.5 to 3.0, and all exposures above l8 g's were intol¬ 
erable. The benefits of thigh straps were attributed to their prevent¬ 

ing headward rotation of the lap strap, which if held on the pelvis will 
apply the major portion of the accelerating force to the pelvic-girdle 
instead of the soft abdominal region. Shoulder straps were used in both 

instances. 

Voluntary tolerance to stemumward acceleration is believed to equal 

t.Mftt for spineward acceleration, although stemumward test exposures were 

not as severe in magnitude or duration as for the spineward tests. Again, 
■ , ..  ^ j _ 3 T.T _ _ _ xu- ' s-»,1 w, ■»m ■< maximum rtàwx’âiûu wtu> appixeu.* «cxc ouu uc«*u. «üu. *»www --, 

"whiplash" would likely be a limiting factor for tolerance to rapidly 
applied sternumvard acceleration. The feet and thighs should be re¬ 
strained to prevent the feet from flying up or back behind the seat, 
causing the subject to rotate toward a slouching position and the accel¬ 

eration force to be applied to the spine instead of the pelvis. 

No tests were recorded for acceleration applr.ed from either sideward 
direction. 

For the Minuteman facilities in which Murfin was principally 

interested, Eiband's results were not applicable, since not only were 
the tolerable accelerations exceeded, but also Minuteman criteria did 

not permit artificial supports to be used. The data of Ziegenruecker 
and Magid were then examined, since the harmonic oscillations they 
employed in their tests approximated more closely the motion of a shock 
isolated platform. However, here again, the subjects were seated, given 

warning of the shock, and provided varying degrees of support . 
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»00 
80 
60 

40 

20 

Y/Z/Æà R i ¿ 
//■////, 

* 
\^X^sfvl,l <'///,.: ftífr/s,. ACCELERATION 

^ unnraATF injury LIMITS UPON WHICH 

s^RtsNare de7.^o 

17777777?1V77777Y7T7P ’hY/z/M./^P, 
'ÆÎ.Ml OF V0LUNTARY%p^ 
^ÄHUMAN EXPOSURES V"'/Æ 

*Ä»Ä» DURATION 

t. «i 
TIME 

_J_I- 

5 
.MAGNITUDE 

0.001 0.002 0.004 CO! 0.02 0.04 OOP. 0.1 0.2 0.4 0.6 ) 
miDAiiON nF UNIFORM ACCELERATION. SEC 
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Figtire 4.5.4 

Tolerance to Spinew&rd Acceleration 
as a Function of Magnitude and Duration of Impulse 

(Reference 4.22 ) 
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Figure 4.5.5 

Tolerance to Sternumward Acceleration 

as a Function of Magnitude and Duration of Impulse 

(Reference 4. 22 ) 
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The tolerance limits of a seated human being to short duration 

vertical harmonic vibration are shown in Figure h.5.6 as a function of 
frequency. The indicated accelerati nc .re those which the subjects 
refused to tolerate further, although xeference 4 - 22 suggests that the 

curve must be considered the borderline beyond which physical tissue 

damage occurs in a relatively short time. Also shown in the figure are 
the exposure times in seconds at the corresponding frequency. The subjects 

were strapped in an airplane seat with neat belt and shoulder harness. 

0 2 4 6 8 10 12 (4 
FREQUENCY, CPS 

Figure 4.5.6: Pea: acceleration at various freqiencies at which subjects 

a «fuse to tolerate further a short - ilea. ''a.. ^ aJhiutes) to 
vertical vibration. The figures auove the abscissa indicate the exposure 

time in seconds at the corresponding frequency. The shaded area has a 
width of ore standard deviation on either side of the mean (10 subjects). 

(R°f 4-20 ). 

The accelerations given in Figure 4.5.6 must be used with caution,for 

even though the subjects were partially supported, their extremities were 
still free to flail. Williams (Ref. 4 - 23 ) points to the danger of not 

providing enough restraint for the extremities and notes that injuries in 
aircraft and car accidents frequently stem from whiplash, flailing of 

extremities, dislodgment, crushing, falling and impact against sharp objects, 

rather than high acceleration. 

Despite the value of these investigations ir providing tolerance da:. : 

on seated and restrained subjects, these conditions cannot be accepted in 
some protective structures, for example, those of the Minuteman. Insofar 
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as the magnitude of accelerations transmitted to the various parts of the 

body are concerned, some very qualitative indications may be obtained from 
transmission curves such as those obtained by Dieckmann and by Radke (Ref. 
4.24 and 4.25) and shown here in Figure. '• ,>.7 through 4.5.9. These figures 

indicate the ratio of acceleration transmitted from an oscillation table 
to various parts of the subjects body. Data are given both for seated and 
standing subjects and for horizontal and vertical oscillations. 

Figure 4.5.7: Transmission of longitudinal vertical vivretion from table 
to various parts of body of seated human subject (after Dieckmaan). 

In an effort to establish some broad guidelines which might be used 
as a basis for design in the Minuteman project. Crede (Re£ 4-26 ) 
considered analytically a highly simplified model. The problem is an 

extremely difficult one to fonnr.iate mathematically. Injury to the subject 
is most likely to occur as a result of his losing balance and falling 
rather than from excessive axi’l strain. Further, falling itself may not 
produce injury unless a critical part of the subject strikes a rigid or 
sharp object. 
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Figure 4.5.8: Transmission of vertical vibration from table to various 

parts 01' the body of a standing humar subject (Reference 4.24 ), data 

for transmission to belt from Reference 4.25. 

Figure 4.5.9: Transmission of transverse, horizontal vibration from table 

to various parts of sitting and standing human subject (Reference 4.24). 
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Other factors whose effects are equally difficult to evalute are 
the feedback through both voluntary and involuntary muscular reaction, the 

direction of line of action of the acceleration force through the subject's 

center of gravity, and the initial pusi.,.'■’ . and motion of the subject. 

Despite these formidable obstacles to analysis, design data were 

needed urgently. Crede portrayed the subject as a simple undamped mass- 
spring system supported by a platform. Re then postulated that injury 

would be sustained by the subject if he lost contact with the platform. 
Creae first considered a case where the platform was accelerated suddenly 
downward at some constant value less than one gravity. He then showed that 
if the downward acceleration exceeded one-half gravity, the peak amplitude 
of the relative motion of the subject and the platform would exceed the 

static displacement of the subject; ergo, the subject vould fall down. 

As a second case. Crede assumed the platform was supported by an 
elastic element from a roof whicn was accelerated suddenly downward. He 

then calculated the relative motion of the subject and the platform and, 
assuming the natural frequency of the subject to be in the order of or 

larger than 10 7T radians the second (ref. . 22 ), showed that the 
natural frequency of the platform is limited by the following relation¬ 

ship if the subject is to remain in contact with it: 

■Op £ f„ 
where cj^ = natural circular frequency of platform, rad/sec. 

g = acceleration due to gravity, feet/sec'“ 

v0 = initial downward velocity of the roof, fps. 

It is evident that the natural frequency of the platform, as computed 

by the above equation, will be very low for many practical installations, 

and in the Minuteman facilities a slightly higher value was used in 
design. It would be remarkable indeed in view of the many simplifying 
assumptions, if either of Crede’s results yielded accurate predictions 
of the limits of stability of a human being. Even if they were accurate, 

there is no assurance that simple loss of stability would result in 
physical damage. Nonetheless they are and should coivK-ne to be useful 
in indicating the order of magnitude of tolerance until more appropriate 
experimental data become available. 

4.5.4 Design Procedure 

Except for those cases where all essential personnel are well- 

restrained and seated, there is little quantitative information on which 

to base design recommendationt. In general, however, it can be assumed 
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that in almost all installations some shock protection for personnel will 

be necessary. Thus, the motion to which the personnel will be subjected 

can be defined broadly as a nearly harmonic oscillation, damped to 
negligible amplitude in not more f.bout 60 seconds. The specification 

of harmonic motion, of course, implies that the peak upward acceleration 

is equal to die peak downward acceleration and that the peak horizontal 
acceleration will be equal from all radial directions. 

One significant difference in the service environment from that of 
most tests is that in practice the supporting platform usually oscillates 

vertically and horizontally simultaneously. The extent to which a con¬ 
current lateral oscillation would influence the human tolerances shown in 
Figure 4.5.6 , for exemple, is not known. For estimating the tolerance 

of human beings to combined vertical and horizontal accelerations for 
aircraft conditions, reference 4. 2'( recommends the use of an 
"elliptic g-function". The function is shown in Figure 4.5.10 where the 
maximum tolerable vertical -nl radial accelerations are represented by 
the major and minor semi-axes of the ellipse. The ellipse, then, repre¬ 
sents the maximum tolerance of the human being to any combination of 
vertical and radial acceleration. 

Figure 4.5.10: Elliptic g-Function for Human Acceleration Tolerances 

The elliptic g-function probably predicts with acceptable accuracy 
the interaction effects on. seated and restrained subjects. It is equal?' 
probable, however, that it does not truly represent the highly nonlinea. 

interactions one would ewnect to occur in the case of a standing, un¬ 
supported subject. 
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While in each design case the entire problem of protection for 
personnel must be considered from the viewpoints of facility mission, 
shock environment, and mode a of fallux ..ie peak accelerations shewn 
in Figure 4.5.11 are suggested tentatively as guidelines. 

Direction 

Maximum A pceleration (g) 
Seated and 

Well-Restrained 
Standing Without 

Support 

Vertical 
Radial 

1.75 
1.75 

0.75 
0.50 

Figure 4.5.II 

The values finally selected for vertical acceleration with the 
subject standing without support should also be compared with those 
given by Crede’s analysis. 
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4.0 Selection of Low Frequency Isolator System Characteristics 

The decision regarding the ^or shock Isolation to prevent 

equipment damage can be on a .„fiiple comparison of the spectrum 

of the greatest shock survived by the equipment during test with the 
spectrum of the service environment. The equipment can be considered 

as being sufficiently strong to withstand the service environment 

without shock protection if the test spectrum envelopes the service 
spectrum at all frequencies. Conversely, if the test spectrum does not 

envelop the service spectrum at all frequencies, the equipment will 

require added protection. 

If the test spectrum is not known directly but the tests have been 

conducted on a standard machine for which the teef, conditions can be 
determined, information relating the machine and the response spectrum 

it produces can be obtains ! from Section 3*2 or from the machine s 
manufacturer. As noted earlier, the general type of wave form produced 

by the machine should also be compared with that expected in service. 

In many cases the make and model of the equipment will not be 

kno’.m as the time the isolation system is being designed. Test 
information on the general type of equipment, such as that given in 
Section 4.4, must then be relied on to indicate the level of tolerable 
shock. The error introduced by this approximation may be sizeable. 
However, the risk is not in the failure of the equipment in service, but 

in establishing a shock tolerance which is so high that commercial 
grade equipment Is not acceptable, and special, more expensive equipment 

must be procured. 

The environment to which the equipment needing shock isolation will 

be exposed is defined by the spectrum of the motion of the equipment- 
isolator assembly rather than by the spectrum of the ground shock. Since 

the isolator has not been selected at this phase of the design, the 
motion of the assembly is not known. It therefore becomes necessary to 
formulate a procedure by which a reasonable approximation can be made. 

A procedure is recommended here for determtring the isolator 
characterj.stj.cs necessary to yield a response spectrum of the motion of 
the isolated macs such that the spectrum will be lower for all frequencies 

than that of a given test spectrum. The assumptj.ua is made that the 
natural period of the isolator-platform system is large relative to the 
time interval during which the ground motion occurs. This assumption is 

necessary only to maintain the rigor of the analysis. For practical 
purposes the natural pjeriod of the isolator could be substantially smaller. 

Consider a motion of the ground, or hard-mounted structure, as 
defined by: the velocity time-history shown in Figure 4.6.1, the dis¬ 
placement time-history shown as curve (a) of Figure 4.6.2, and the 
response spectrum shown in Figure 4.6.3« The motion of the shock- 
mounted equipment package then will be approximately as shown by 
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curve (b) of Figure 4.6.2. The maximum displacement, indicated 

in the Figure corresponds to a point on the response spectrum at a 

frequency equal to the natural frequency of the isolator. 

Velocity-Time History of Hard Supporting Structure 

of 
Hard Supporting Structure and Shock-Mounted Equipment 
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Figure 4.6.3 

Undamped Response Spectrum for Shock Motion 
of 

Hard Supporting Structure 

To obtain a response spectrum of the platform motion indicated by 

curve (b) in Figure 4.6.2, the work of Mindlin (Reference 4.20 ) may 
be used. The system investigated by Mindlin is shown in Figure 4.6.4, 
page 4- 76 . The entire assembly was assumed to approach the ground 
at a known velocity and the large mass, m^, to impact inelastically 

with the ground. 

For this application, the mass mo is considered as the hard 

structure supporting the isolated equipment; the mokg system as the 
isolated equipment; and by varying kp the system as an analyzer of 

the spectrum of the motion of m2* 

This displacement-time history of the mass mp is shown in Figure 
4.6.5. The time history of acceleration of m2 is'quite similar to the 
acceleration-time history a-sociated with the curve (b) in Figure 4.6.2. 

Therefore their spectra are similar. 

If the natural frequt .cy of the mpkp system of Figure 4.6.4 is 
taken equal to the natural frequency of the isolator, and conditions 
are adjusted so that the maximum displacements, xmnY, of Figures 4.6.5 
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tv»»*. Ground 

Figure 4.6.4 

System Investigated by Mindlin 

\ 

\ 

Time 

Figure 4.6.5 

Displacement-Jime History of Mass, 1¾ 
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and 4.6.2 are equal, then the ratios of x^/xg given by Mindlin can 

be used to obtain a response spectrum for the output motion of m2. 
Curves of Mindlin's results are sho’”i in Figures 4.6.6 through 4.6.11, 
page 4-7Ö through 4-80. 

As an example, assume the isolator to have a natural frequency 
u) n of one cycle per second where 

But since m2 >> mj_, 

From the response spectrum of the motion of the hard supporting 

structure (Figure 4.6.3) the maximum acceleration is seen to be 1.0 g. 
The response spectrum of the motion of m2 is then obtained by plotting 

X]_ as a function of where 

In Mindlin’s curves, the acceleration amplification ratio xj/xg 

is plotted as a function of the frequency ratio uij/ u>2 and the 

independent paremeters ^ ^ and ^ 2 used. 

The damping ratio p ^ is that of the m^ "spectrum analyzer" 

system and should be set to match the damping ratio of the test spectrum. 
Frequently the test spectra do not indicate the damping ratios used, 
but since almost all these spectra are computed using verv small or 
zero damping ratios, a value of ^ ^ ,s 0.00? should be satisfactory. 

The damping ratio for the m2k2 isolation system can be set at will by 

the designer inasmuch as it is the amount of damping he has built, or 

intends to build, into his system. 
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Figure 4.6.6 

Amplification Factors for Linear Damped Cushioning 

with no Rebound. pg = O.OOS 

Figure 4.6,7 

Amplification Factors for Linear Damped Cushioning 

with no Rebound. pv, = 0.01 
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Amplification Factors for Linear Damped Cushioning 

with no Rebound. = 0.05 

Figure 4.6.9 

Amplification Factors for Linee-r Damped Cushioning 

with no Rebound. (ig = 0.10 
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Figure 4.6.10 

Amplification Factors for Linear Damped Cushioning 

with no Rebound. = ^1,50 

Figure 4.6.11 

Amplification Factors for Linear Damped Cushioning 

with nv Rebound. (ig = 1*° 
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For the example, assume Ç» ^ = 0.005 and $ 2 = 0*10' Then, 
varying the "spectrum analyzer" frequency a)] , the following values 

are obtained for ^ from Figure 4.6.9: 

(cps) 

.4 .6 .8 1 2 3 4 5 

oy a) g 

xl/ x2 

‘¿L (g) 

.4 .6 .8 1 2 3 4 5 

.6 1.35 2.5 4.5 1.6 1.5 1.35 1.20 

.6 1.35 2.5 4.5 1.6 1.5 lop 1.20 

These values of Xi are plotted as curve (a) in Figure 4.6.12, 

(see below) , giving the response spectrum of the isolated equipment 

motion. This spectrum then must be enveloped by the test spectrum of 
the equipment if survival is to be ensured. If the equipment response 

is not enveloped by the test spectrum, or if it is too conservative, 
a new value of t02 is selected and a new response spectrum calculated 

in the same manner. For example, curve (b) of Figure 4.6.12 shows the 

response spectrum for d) 2 ^ 5*0 cps. 

Response Spectra of the Motion of^the Mass m2 where olg = 1.0 cps and 
5.0 cps, and Xg = 1.0 g 
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5.1 Introduction 

The design of shock isolat Lui • ■ *e;as for underground protective 

structures must be approached from tue broad viewpoint of the complete 

ground-structure-eouipment system. The known parameters are the 

maximum weapon sisev the nearest location of the burst, the general 

conditions at the site, and the type of equipment to be protected. The 

design requirement is that the equipment or personnel survive the shock. 

Between these end points lie the problems of ground motion, soil-structure 

interaction, response of secondary structures, isolation system performance, 

and, finally, the reaction of the items to be protected. 

The large number of indeterminate influences between the weapon and 

the equipment precludes a rigorous statement of che input and output 

requirements of the shock isolation system. To be truly indicative of 

the degree of confidence whxch can be placed in the survival of the 

equipment, an evaluation of the performance of the isolation system must 

include the possible effect on the system of all unknown factors between 

it and the weapon on one side, and the equipment on the other side. To 

accept criteria defining the interfaces between elements of the system 

whore they have been established without regard for the dynamic properties 

characteristic of the particular isolation system, is to accept a risk 

of undetermined magnitude and to foster false confidence in the ability 

of the system to respond as predicted. 

aus the shock isolator designer cannot accept a simple response 

spectrum of the ground motion at the point of interest, a maximum 

"permissible" rattlespace, and a maximum "allowable" acceleration as 

sufficient criteria for the design of his system. Rather, he must know 

something of the types of ground waves which generate the response 

spectrum, their phasing, and the possible error in them. He must know 

something of the structure which will support his system and its response 

to the ground motion. He must know something of the modes of failure 

of the equipment to be protected and the types of motion to which they 

are sensitive. And he must know intimately the behavior of his isolation 

system to all types of input motions. 

The design process then consists of devising an ie-nlation system 

which is compatible not only with the environment which is most likely 

to exist, but also with any environment which cannot be shown conclusively 

not to exist. 

5-3 
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5.2 Isolation System Environment 

A method for estimating the wave form of the free-field ground 

motion was described in Section 2.C anu ..5 ' mmarized in 
(pase 2-58). The method employs existing ground shock prediction 
procedures to estimate the significant parameters oí the Type I find 

Type II wave forms, uses a wave front diagram to indicate the 
direction of motion, and presents equations which yield the approxiniuLe 
durations of each wave form. The high frequencies observed in the test 
data xi ..iii which these waves were synthesized have been deleted so that 
their use to determine the responses of high frequency systems is 

invalid. 

The general shape of both the air-blast induced and cratering- 
induced Type I wave forms can be explained on a rational basis as 
resulting from the pressure loadings on the soil. No simple explanation 

can be offered for the Type II wave form. The Type II wave form has 
simply been observed to occur in test data from layered sites where 
veflections and refractions were unquestionably present. There is no 
positive assurance that the Type II wave form exists as a separate ana. 

distinct phenomenon. Yet the regularity of the oscillations which were 

observed appears to support the premise that they are not merely the- 

result of random interactions of several waves of the Type I form 

impinging on a point. In any case, the strong influence of an 
oscillatory wave on the response of an Isolation system is of vital 
concern to the designer and the fact that the oscillations, whatever 

their source, have been observed, is sufficient cause for concern. 

If tne site is such that only a Type I wave form can occur, i.e«, 
the geological formation is homogeneous, the critical condition foi the 

shock isolation system may be either of the following: 

. For systems in which the vertical or horizontal modes 
are coupled with each other or to the same rotational 
mode, the weapon yielding the greatest vertical ground 
velocity will be critical for the vertical mode, '.dille 
the one yielding the greatest horizontal velocity will 

be critical for the horizontal mode. 

. For systems in which the vertical and horizontal modes 
are intercoupled or coupled to the same rotational 
mode, several weapon sizes and locations must be con¬ 
sidered to find the critical condition. The phasing 
of the vertical and horizontal components of the ground 

shock also becomes a parameter in this case. 
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At sites where the Type II wave form can occur at the point of 

interest, the number of conditions to which the response of the 
isolation system may be critical ' -2 increased^ Since a Type II wave 

form cannot exist alone, all the conditions mentioned above in 
connection with the Type I wave form must be examined. In addition, 
the following possibilities must be considered: 

. The Type II wave, being the result of reflections and/or 
refractions, first increases in strength with distance 

from ground zero and then decreases. The Type I wave, 
either airblast or cratering-induced, always decreases in 

strength with increasing range. Thus the relative strengths 

of the two waves and their phasing are continually changirg 

as they recede from the point of burst. Since the response 
of the isolatior «yutem is sensitive both to the relative 
Strengths and phasing, the range at which maximum response 

will occur is not immediately evident and usually must be 

found by trial and error. 

. The horizontal component of the Type II wave form has been 
observed only in a very few test records. In all cases the 
wave form is a gentle outward-moving velocity pulse rather 
than an oscillation. The data are insufficient to serve 

as a basis for general conclusions however, and it is 
suggested that the horizontal vector of the Type II wave 

be used in the system analysis as a horizontal input. 

An indication of the effect of the wave forms of different ratios 

of Type I. to Type II can be obtained by an inspection of Figure 3.7.5(a)- 
If the periods of the waves are taken as their durations, assuming the 
durations to be equal, and taking the phase angle as positive for a 
leading Type I wave, the variation of the maximum undamped velocity 
amplification ratios are shown in the following Table as a function 

of the phase angle ¢. 

Amplitude of Type I Maximum Velocity Amplification Ratio 

Amplitude nf Type II 0 0 + rr 0 = 0 0 = - rr 

2.0 

1.0 

1.65 
2.30 

2.7O 

3.5O 

3.75 

2.75 

2.20 

2.85 

2.50 
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The sensitivity of velocity amplification ratio to change in phase 
angle would probably be even more apparent if the ratios had been 

calculated for intermediate values of 0. 

Another factor which may be of great importance in the design 

of some underground facilities is the necessity for surviving multiple 
atcack. The criteria for many facilities specify that the isolation 

systems be capable of withstanding repeated shocks, although the 
expected frequency of the attacks is rarely established. If the attacks 

were „u occur at short, reasonably regular intervals, the resulting 

ground motion would be quasiperiodic regardless of the shape of the 
waves generated by the individual bursts. Further, if the intervals 
were near the natural periods of the isolation system, the response of 

the system would be amplified appreciably. 

If the possibility of sustaining damage through multiple attack 
appears to be remote, it should be remembered that the periods of 
many isolation systems fall in the rengo from 2 to S seconds; 

that there are usually many critical isolation systems in a facility, 
eneh containing several modes of oscillation; that many systems are 
only lightly damped; and tnat several small bursts may cause a greater 

system response than a single large one. It would appear therefore that 
damage from the accumulative effects of multiple attack is quite 
possible and that systems intended to survive in this environment must 
be designed to resist quasireconances excited by the periodic inputs. 

Distortion oí' the wave form introduced by the interaction of the 
soil with the structure is almost impossible to evaluate quantitatively 
at the present time. If the structure is rigid, the isolation system 
designar is probably justified in neglecting any interaction effect 
and in using the free-field ground motion. For highly deformable 
linings am for unlined cavities, studies of simple models have 
inuicawed that amplification of the motion can occur. While service 
conditions differ appreciably from those considered in the analyses, 
the designer is cautioned to review the results of these works carefully 
before assigning quantitative values to the interaction effect. 

In addition to the large number of possible ground motions which 
must be considered in the design of the isolation system, the accuracy 
.-.ith which the parameters of each wave can be predicted is so uncertain 

that it is desirable to consider each parameter as a range of values 
rather than a discrete number. Sauer (Reference 5-1 ) notes that the 
possible error in his prediction equations for near surface vertical 
velocities is plus or minus 20 per cent for the superseismic case and 

plus sO to minus sO per cent fc" the subseismic case. While Newmark 
(Reference 5-2 ) does not estimate the possible error, his equations 

•ere aerived from essentially the same data as those of Sauer and they 
;,lvc comparable results. It .juirt be expected therefore that the 

errors coulu be of the same magnitude. 
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The teethod used for predicting phase angle between the Tjpe I 
and Type II waves is based on the assumptions that the soil is 
elastic and that reflections and refractions take place at abrupt 
discontinuities between the l^ye*-: .ledia* As noted in Section 2.0, 
the validity of these assumptions is dependent on the local site 

conditions and in some cases may be grossly in error. 

Further, in the Design Guide the periods and relative amplitudes 

of the Type II wave form have been fixed, based on averages of those 
values observed in the test data. It is highly improbable that these 

values are Independent uf site and weapon conditions. 

In summary, the large number of wave-form patterns which may be 
critical to the response of the isolation system, the many parameters 
needed to define each pattern, and the broad range of uncertainty 
surrounding the specific values given by the various prediction methods 
all emphasize an essential need for thoroughness in isolation system 
design. Even the simple shock spectrum, as usually formulated, should 
be viewed with suspicion by the isolation system designer, until the 
conditions of shock which it representa have been clearly defined. 

Does the spectrum account properly for the oscillatory ground 
motion? Has the phasing of the Type I and ‘Type II waves been considered 
so as to give peak response? What damping was used in obtaining the 
spectrum? Were multiple attacks considered? These are only a few of 
the points the designer must verify before he accepts the spectrum as 

a valid indication of response to the shock. 
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5.3 in Isolation System DesMn_Iam!j£Íg£l 

in the previous section, tL= inoJ.atu system parameters were 

considered i^Hgervice^howeverj'^many^of'^th^parameteris 

S^T^i^^ritseli* may change through wear aging^ up-dating, 

or even during normal operation. These changes may alter significantly 

the H=havior of the system. 

5.3.I Load Changes 

As indicated earlier in the Design Guide, rarely is the mate 

and model number of the equipment to be isolated Known -^he time e 
facility is being designed. Thus the center ot gravity location Jhe 

total weight of many items can only be estimated roughly. is e . 
that a complete uncoupling of the six possible modes of oscillation is 

essentially impossible under these conditions without corresponding 
«es being made in the system configuration. Whenever the equipment 
STL Prided by a Slagle supplier, lb Is highly desirable t° specify 

tnat he furnish the isolators with the unit. In this way the need 
the facility designer to allow for adjustments in tne mounting Provisions 

is obviated. Further, shock testing, if required, can be accompliohe 

at one time on the complete shock-mounted unit. Care must be taken, 
however, to ensure that flexible lines, cables, or other connections 
added later do not Influence seriously the dynamic response of the unit. 

Here again, the provision of these accessories by the equipment supplier 

ana their inclusion in the shock-test unit is desirable. 

. _ vw,,.™-..«». i+ is not tossible to employ this 

procedure. The isolated mass may comprise an assembly of units 01 
different kinds ranging in number from two or three ^ the myriad 
required to house and equip a large opeu-tiens crew. In oese instances 
the facility designer must anticipate the possible variations in to, 
suspended weight and in center of gravity location ana to ensure that 
the"system performance is satisfactory throughout tne range of loading 

conditions. 

In the very large shock-isolated, systems which support power plants, 

liquid storage tanks, personnel areas including living r-rters and items 
of this nature, load changes occurring during normal operation must b. 

Given careful attention. 'The flow and consumption of water, fuel, and 

solids, the disposal of wastes, and the movement of personnel must be 
studied to ensure that under no possible condition can the load sizes 
and arrangement exceed the saf- operating limits of the isolation system. 

Changes in the magnitude of the load or position of its center of 

gravitv can have profound efiects on the system response. A change of 
weight*on any isolator, for example, will be reflected by a corresponding 

change i" its natural frequency. The resulting motion of that isolatoi 

will,’ therefore, be altered. If the center of gravity is changed from 
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its original location, the resulting change of weight due to the 

redistribution of load on each isolator will introduce coupling between 

the translational and rotational modes even though the system was 

uncoupled initially. In large sy* -as rotation in particularly undesir¬ 
able since even snail angles of rotation result in large linear dis¬ 

placements at poir.ts remote from the axis of rotation. Further, since 

most isolation Systems nrp relatively "soft", small center of gravity 

shifts can produce sizable static inclinations from the horizontal 

position, a particularly undesirable occurrence in those installations 

housing personnel,. 

It is evident then that in many instances provisions must be made 

to adjust the system to accommodate load changes. If large changes 

occur frequently or rapidly, this requirement may necessitate the use 

of partially or fully automatic systems for maintaining a well balanced 

load. 

Balancing can be accomplished by several means. The simplest in 

concept, and frequently the easiest, is by means of ballasting the 

assembly to maintain a constant total weight and center of gravity 

position. If the degree of coupling initially in the system is not to 

be altered when the unit is reballasted to correct for a load change, 

the directions of the principal axes of the reballasted mass should be 

identical with their initial directions. However, within the range of 

normal load changes, this requirement is probably not essential. 

In small installations, simple lead or iron weights may be 

sufficient to provide the needed ballasting. In larger shock-isolated 

systems and where the complexity is warranted, liquid may be distributed 

.among severed, tanks by a cross-feed pumping system. Frequently liquid 

is needed for other purposes and while extra liquid must be added for 

this purpose, some tankage aid liquid-handling equipment may already 

be available. Care must be taken with all liquid storage systems, 

however, to ensure that the forces introduced by sloshing are consideie" 

in evaluating the dynamic response of the isolation system. 

A second means for balancing the system to account for changes in 

load is by providing the proper adjustments within the isolators them¬ 

selves. First, the force exerted by the isolator must be adjustable 

so that the position and equilibrium of the suspiraed mass can be kept 

constant throughout weight or center of gravity changes. Second, the 

stiffness of the isolator must be adjustable so that the natural 

frequency of the isolator does not change with changing load. 

Variable stiffness -an be achieved in practical isolator elements by 

a variety of means. Fov example, the effective length of beams and 

torsion members, or the volume of liquid and air springs can be adjusted, 

For nonlinear elements, however, it should be remembered that it is not 

sufficient that the stiffness of all isolators be equal in the static 

position, but that their force-displacement curves be coincident 
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th-oushout the entire stroke. 

If the system contains only velocity damping, no adjustment need 
bo unde to the damping when correcting r isolator characteristics to 
or:,:o .nocíate changos in load. 

5-3-2 Ocnping Requirements 

The provision of damping in isolation system in underground 
pixVotive structures is rarely given the attention it deserves. It 

frequently has been the practice to damp those systems supporting personnel 
and to rely on friction and the internal hysteresis of the materials to 

damp those systems supporting equipment. This design approach overlooks 
completely the possibility of quasi-resonances being excited by oscillating 
components of the shock wave and periodic disturbances due to multiple 
£l C u&'J jtv • 

The effectiveness of damping in reducing oscillations due to an 
impulsive input similar to the Type I wave form is slight. For example, 

Figure 5-3-1 shows the ratio of the damped to the undamped response a> 
a function of damping ratio for a single degree of freedom linear system 

subjected to a half-sine acceleration pulse. For a damping ratio p.s high 
as 50 per cent of the critical value, it may be noted that the peak 
response is reduced only by 50 per cent. 

However damping has an appreciable influence or the response of 
systems exposed 00 oscillating motion such as the Type II wave. For 

example, the attenuation due to damping for an input consisting of a 
decaying sinusoid is also shown in Figure 5-3-i- Here a 50 per cent 
decrease in peak response can be achieved with only 5 per cent critical 
damping. Since the response to an oscillating motion is greater than 
to a pulse however, the Type II waveform still produces the critical 
response. 

In Figure 5-3-2 the acceleration amplification ratios for the half- 
sine pulse and the decaying sinusoid are compared. For the case considered 
here it can be noted that a damping ratio of O.I5 is needed to reduce 
the response to the decaying sinusoid to a value of 2.0, the figure 

recommended by Newmark (Ref. 5-2 ) as a correction for a "complex" 
wave form. While the decaying sinusoid is not strictly comparable to 
the Type II wave form, the zero damping case matches closely the 
velocity amplification factors given for the Type II wave form in 
Figure 3.7.5(b) (Page 3-110). 

The effect of repeated pu1ses due to multiple attack on the peak 
response of the system is dependent largely on the number of pulses and 
their spacing. Thus the extent of the safeguards which must be incor- 

porateu in the isolation syst-m to resist failure from this cause is 
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Figure 5»3*1 

Effect of Damping Ration on Peak Response of Single-Degree-of-Freedom 
Linear System ot a Half Sine Pulse and a Decaying Sinusoid 

Figure 5-3«2 

Amplification Factor as a Function of Daaip'ng Ratio for Half Sine Pulse 
end Decaying Sinusoid 
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closely related to the basic philosophy of the facility. In almost all 
installations a sequence of nuclear bursts can be postulated which will 

destroy some of the isolation system. I" iVs instance,then, the 
probability of the occurrence of such a se^-ence must be weighed againel 

added cost of the protective measures. It should be noted, however, 
that the critical attack cm be determined only after the gross character¬ 

istics of the isolation system are known. 

tri addition to minimizing the peak response of the primary isolation 
system, damping is also beneficial in reducing the exposure time of the 

supported equipment and personnel to the oscillatory motion. The tol¬ 
erance of both equipment and personnel to a short duration oscillation 
is significantly greater than to a steady vibration of the same peak 
amplitude and acceleration because of the lesser energy transferred. 

From these considerations, i+ ir seen that the amount of damping 

needed in almost, if not all,isolation systems for underground pro¬ 
tective structures is appreciably greater trian that Inherent in moving 

Joints and the Internal hysteresis of the materials. Auxiliary damping 
devices must then be provided. Coulomb damping, because of its 
deleterious effect on the static positioning of the system and the high 

frequencies which it introduces in the output motion,is generally 

undesirable and velocity damping should be used. 

In most cases, some tradeoff between damping and rattlespace can 
be made. That is, provision for oscillatory and/or periodic inputs can 

be made by adjusting the damping and rattlespace to achieve the most 
economical over-all installation. However, as the damping is decreased, 
the sensitivity of the system to oscillations is increased and a greater 
confidence in the reliability of the ground motion predictions is implied. 

5.3.3 Output Requirements 

A procedure for selecting the output requirements of shock 

isolation systems to match a spectral representation of the tolerance 
level of the equipment is described in Section 4.6. "Tolerance level" 
however is associated intimately with the mode of failure end before 
quantitative values can be established, the function of the equipment 

and its duties during and following attack must be clearly defined. 

The spectrum of the motion of the isolated system is governed by 

the natural frequency of the system, the isolator force-displacement 
characteristic and the kinematic arrangement. The natural frequency 
usually fixes the peak acceleration of the response while the latter two 
items control the breadth r>f the band of" frequencies over which signi¬ 

ficant accelerations occur. The minimum spectrum is obtained by 
employing linear elastic elements and arre^g+ng the auspenaion system 

so that all modes of acceleration aie uncoupled. 
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It may be noted that the procedure of Section K.6 is based on just 
these assumptions. Systems con+e^rir’ nonlinear e].ementa or coupled 
modes then will yield broader sped.. .. and appropriate allowances must 
be made in comparing the simplified output spectra with the equipment 

tolerance data. 

Most shock tests are conducted with the force applied along axes 
normal or parallel to the mount!rg base. In service, the force may be 
applied from any one of many directions and may vary during the shock. 
It is probable that the elliptic g function method described in Section 

h ,5.4 in connection with human acceleration tolerances could be applied 
here as well. 
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5.4 Surnnarj' 

The two most important safeguard v . isolation system designer car. 

build into his system are rattlespace ana damping. Ibte details of the 

attack and the resulting ground shock cannot be definen explicitly; 
only the gross characteristics of the site geology are usually known; 
the interactions between the soil and the stj-octure cannot be determined 
quantitatively end, la fact, probably '.’ary considerably with construction 

technique; and the mechanism of damage in a particular Item of equipment 
can only be based on broad generalizations. Faced with these many un¬ 
certainties, the designer must provide his system with a capability for 
surviving any and all conditions which cannot be proven to be outside the 
realm of possibility. Any lesser capability should be accepted only on 
the basis of calculated risk and not on optimism. 

While in most underground ¿'rvuetures, space is at a minimum, rattle- 
3]»ce should be recognised for what it is, a part of the factor of safety 

of the isolation system. Reducing it to a marginal value is comparable 
to reducing the strength of the structure to a bare ninimum. 

Similarly, damping should be considered more as a factor of safety 
than simply as a means for reducing response to an assumed inpux. All 

of these systems are sensitive to oscillatory motions, and in view of 
the little known of the oscillatory components of the ground motion, 

damping acts as a governor in minimizing the effect of such motion on 
thC isolation system. 

The designer is entreated to extend his zone of inquiry to the 
weapon system extending from the methods of attack to the functioning of 
4*V% A 4* 4* ,1% ,3 . — --. —Ä - - "1 1- » - * . 1.1 • I , N 

eviUAymci.'.o cuiu UU UJ.Ö J.au XttU J.UI1 öyöl/tMU «.H HU fclötitf Jl 1., J.H i 

part of a weapon. For only by assuming this broad viewpoint can he hope 
to attain, an integrated, reliable design. 



SECTION :¡.0 REE'líClíCES 

Sauer, F. M. 
Ground Motions Produced by Above-Ground H clear 
Exigios ions 
Air Force Special Weapons Cento’- SWC-TiI-^-Tl 
April 15y; (s) 

Itewnark, N.M,,■ et.al. 
Protective Construction dev ».eu- Grid«.-’.!». •1 .rdre 
Volume I, Departiaent of bef .-nso, .Tunc v' . !.. 



TDR-62-64 

No, Qy§_ 

DISTRIBUTION 

HE ADQ|TA T RS USAF 

3 Hq USAF (AFOCE), Wash 25, DC 

1 Hq USAF (AFRDR), Wash 25, DC 

1 USAF Dep IG for Insp (AFCDI-B-3), Norton AFB, Calif 

1 USAF Dep IG for Safety (AFINS), Kirtland AFB, NM 

1 AFOAR, Bldg T-D, Wash 25, DC 

1 AFOSR, Blag T-D, Wash 25, DC 

MAJOR AIR COMMANDS 

1 AFSC (SCT), Andrews AFB, Wash 25, DC 

SAC, Offutt AFB. Nebr 

1 (OA) 

? (OAWS) 

1 AUL, Maxwell AFB, Ala 

AFSC ORGANIZATIONS 

ASD (Aeronautical Systems Division), Wright-Patter son AFB, Ohio 

1 (ASAPRL, Technical Doc Library) 

2 (ASTEVD) 

2 ( ASM CE ) 

1 (ASBMA) 

BSD (Ballistic Systems Division), AF Unit Post Office, 
Los Angeles 45, Calif 

1 (BST) 

1 (BSQ) 

1 (BSR) 

3 (BSSCF-R) 

2 SSD (Space Systems Division), AF Unit Post Office, 
Los Angeles 45, Calif 

ESD, Hanscom I'id, Bedford, Mass 

1 (ESAT) 

1 (ESFE) 

2 ESD, Murphy Institute, (Mr. Anthony Minichiello), 424 Trspelo 
Road, Waltham, Mass 

5-16 



TDR-62-64 

No. Cy 

1 

2 

1 

50 

8 

1 

2 

2 

1 

1 

1 

1 

1 

1 

2 

1 

3 

DISTRIBUTION (cont'd) 

RADC, Griaiss AFB. NY 

(Document I-ibre.ry) 

(RCSGM) 

KIRTLAND AFB ORGANIZATIONS 

AFSWC, Kirtland AFB, NM 

(SWEH) 

(SWOI) 

(SWR) 

(swv; 
(SWT) 

(SWTTL) 

AFSWC Shock Tube Facility, Research Directorate,(AFSWC, Dr. 
Eugene Zwoyer!, Kirtland AFB, NM 

US Naval Weapons Evaluation Facility (NWEF) (Code 404), 
Kirtland AFB, NM 

OTHER AIR FORGE AGENCIES 

Director, USAF Project RAND, (RAND Library), via: Air Force 
Liaison Office, The RAND Corporation, 1700 Main Street, 
Sania mímica, Calif 

ARMY ACTIVITIES 

Director, Ballistic Research Laboratories (Library), Aberdeen 
Proving Ground, Md 

Commanding Officer, US Army Engineers, Research & Development 
Laboratories, Ft. Belvoir, Va 

Commanding General, White Sands Missile Range (Technical 
Library), White Sands, NM 

Chief of Engineers, Department of the Army (ENGEB), Wash 25, DC 

Office of the Chief, Corps of Engineers, US Army (Protective 
Construction Branch!. Wash 25, DC 

Director, Army Researcn Office, Arlington Hail Sta, Arlington 

Director, US Army Waterways Experiment Sta(WESRL), P. O. 
Box 60. Vicksburg, Miss 

5-17 



TDR-62-Ó4 

DISTRIBUTION (cor,I'd) 

1 

'i 

1 

1 

3 

1 

1 

1 

i 

1 

2 

1 

20 

1 

NAVY AC : ^VITIES 

Chief of Naval Research, Wash 25, DC 

Chief, Bureau of Naval Weapons, Department of the Navy, 
Wash 25, DC 

Chiff, Bureau of Yards and Docks (Code E-220), Department of 
the Navy, Wassh 25, DC 

Chief, Bureau of -Ships, Department of the Navy, Wash 25, DC 

Commanding Officer, Naval Research LaSoratory, Wash 25, DC 

Commanding Officer and Director, Naval C.ivil Engineering 
Laboratory, Port hueneme, Calif 

Commander, Naval Ordnance Laboratory, White Oak, Silver 
Spring, Md 

Officer-in-Charge, Civil Engineering Corps Officers, US Naval 
School, Naval Construction Battalion Center, Port Hueneme, Calif 

Office of Naval Research, Wash 25, DC 

Superintendent, US Naval Postgraduate School, Monterey, Calif 

OTHER DOD ACTIVITIES 

Chief, Defense Atomic Support Agency (Document Library), 
Wash 25, DC ’ 

Commander, Field Command. Defense Atomic Support Agency, 
(FCAG3, Special Weapons Publication Distribution), Sandia Base 
NM 

Directo-', Weapon Systems Evaluation Group, Room ZEiüüó, 
The Pentagon, Wash 25, DC 

Director, Advanced Research Projects Agency. Department of 
Defense, The Pentagon, Wash 25, DC 

Chief, Defense Atomic Support Agency, (R’apt and Shock Div', 
Wash 25, DC 

Director, Defense Research & Engineering, The Pentagon, 
Wash 25, DC 

ASTIA (TIPDR), Arlington Hall Sta, -Arlington 12, Va 

AEC ACTIVITIES 

President, Sandia Corporation (Document Control Division), 
Sandia Base, NM 

5-18 



TDR-Ó2-64 

No. Cvs 

3 

20 

5 

1 

1 

5 

1 

5 

1 

1 

1 

! 

2 

1 

1 

1 

1 

1 

1 

1 

DISTRIBUTION (cont'di 

OTHER 

Office of Civil Defense Mobili/ai DCDiVU, Battle Creek, Mich 

OTS, Department of Commerce, Wash 25, DC 

The Ralph M . Parsons Company, (Dr. M S Agbabiwn), 617 West 
Seventh St. , Los Angeles 17, Calif 

The National Engineering Science Company, (Dr. Lars Skjelbreia, 
Director of Engineering), 711 Fair Oaks Avenue, Pasadena, Calif 

American Machine and Foundry Company, Mechanics Research Div, 
(Mr. Tom Morrison), 7501 N. Natchez Ave. , Niles, Ill 

Stanford Research Institute, (Ernie Chilton), 335 Ravens Wood, 
Menlo Park, Calif 

Paul Weidlinger Associates, (Mr. Paul Weidlinger), 770 Lexington Ave 
New York 2) , NY 

Armour Research Foundation, Mechanics Research Division, (Dr. 
Eugene Sevin), 3422 South Dearborn Street, Chicago 15, Ill 

California Institute of Technology, Division of Engineering, (Prof. 
Charles E. Crede), 1201 East California Blvd, Pasadena, Ca.Uf 

Stanford University, School of Mechanical Engineering, (Dr. Lydik S. 
Jacobsen), Stanford, Calif 

Shannon a..J Wilson, (Mr. Stanley D. Wilson), 1105 North SHtn Street, 
Seattle Wash 

Massachusetts institute of Technology, 
Engineering, (Dr. Robert V. Whitman) 
Cambridge 39, Mess 

Dept of Civil & Sanitary 
, 77 Massachusetts Avenue, 

The MITRE Corporation, (Mr. Warren McCabe), P. O. Box 208, 
Bedford, Mass 

University of Notre Dame. (Harry C. Saxe, Professor & Head 
Dept of Ci/il Engineering), Notre Dame, Ind 

Space Technology Labs, Inc., (Dr. Millard V. tiarion, Eng. Mech. 
Dept). P. O. Box 95001, Los Angeles 45, Calif 

Allied Research Associates, (Mr, David C. KnoJc 1), 43 Leon otreet, 
Boston, Mass 

MITRON Research and Development Corp, (Dr. Maurice Gertel), 
899 Main Street, Waltham, Mass 

Barry Controls, Inc. , (R.chard Cavanaugh), 1400 Flower Street, 
Glendale, Calif 

United Research Services, (Mi. Harold Mason), 1811 Trousdale Dr, 
Burlingame, Calif 

Southwest Research Institute, (Dr. Dana Young), 8500 Culebra Rd. , 
San Antonio 6, Tex 

5-)9 



TDR-62-64 

DISTRIBUTION (cont'd) 

No. Cys 

12 National Academy of Science'. National Research Council, 
Advisory Committee on Cj.\ Defense, Subcommittee on Protective 
Structures, (Mr. Richard Parks, Secretary), 2101 Constitution 
Avenue, Wash 25, DC 

1 University oí Illinois, (Dr. Nathan M . Newmark), 207 Talbot 
Laboratory, Urbana, Ill 

University, In; :itute of Technology, (Dr. Carl Kisslinger), 
o621 Olive St., St. Louis S, Mo * 

1 University of Florida, Dept of Civil Engineering, (Frank E . Richerdt), 
Gainesville, Fla 

1 University of California. (Prof Martin Duke, Assistant Dean), 
College of Engineering, Los Angeles, Calif 

1 r ortiand Cement Assoc, (Eivind Hognestad, Manager, Structural 
Development Section), 33 W. Grand Avenue, Chicago, Ill 

1 Michigan College of Mining & Technology, (Dean Frank Kereckes), 
Houghton, Mich 

1 University oi Illinois, Theoretical and Applied Mechanics Dept 
(A. P. Boresi), Urbana, Ill ^ 

1 North Carolina State, (Ralph Fadum, Head Dept of Civil Engineer¬ 
ing), Raleigh, NC * S * 

1 Official Record Copy (SWRS, Lt Merkle) 

5-20 









m
m

- 
’
ï
^
l
m

 

î 
i 

f 
I 

«ï 

f 
ï 
ï: 
£ 
I 
t 

P 

i 



UNCLASS! FIEI) 

UNCLASSO1 


