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I. Ii TODUCTION

In this report, the initiation of an explosion by a small hot sphere
of chemical2 inert material embedded in a mass of cold explosive is
considered. The Object of the present calculations is twofold: first,
to set up and programme the appropriate equations in a finite difference
form suitable for numnerical integration on the high speed computer AMOS;
and second, to evaluate the time to ignition for a given hot spot and
explosive and to investigate the effect of the thermal properties of the
hot spot material on the ignition time. In order to cover a wide range of
explosives an enormous amount of computation would be required; this did
not seem justified at present in view of several approximations and
assumptions involved in the mathematical model. Only one explosive, RtX,
has therefore been treated in detail but it should be pointed out that
the programes constructed for AM Sare quite general and any further
oases of particular interest could be easily examined.

A series of experimental.investigations of hot spot initiatioi has
been carried out by Bowden and his co-workers and details are given in
Bowden and Yoffe [I]. Their general conclusions concerning the initiation
of explosion by grit g!rticles were that a particle of about 10ocms.
diameter at about 500 C was capable of causing initiation in a time of the
order of j0 - 4 sees. in a small sample of explosive. Roughly speaking,
the same orders of magnitude have been found in the present calculations
although, as we shall show later, the effect of the thernal properties of
the hot spot is quite pronounced. As far as the authors are aware, no
previous theoretical attempt to study the effect of a solid inert hot spot
has been made. Rideal and Robertson [2] have considered initiation by an
explosive hot spot and have evaluated critical radii and temperatures
for several explosives; some further work on explosive hot spots was
carried out on the Aiken computer at Harvard and is reported by Seager
[3). An approximate discussion of initiation in a plastic explosive due
to the rapid compression of enclosed air bubbles has been given by Coombs
and Thornll [4-].

The present report is the third of a series in thermal explosion
theory. In the first of these [5], one face of a slab of cold explosive
was imagined to be placed in contact with a constant temperature bath.
The time to ignition was calculated, and from the results, empirical
relations connecting the ignition time with the initial uniform tempera-
ture of the sample and the bath temperature, were derived. In the
second 16], a pulse of high intensity thermal radiation,, such as that
delivered from an atomic weapon, was assumed to fall on a steel plate
covering a mass of explosive; critical conditions under which explosion
only just manages to occur were evaluated for RDX. The mathematical
details gathered in paras. 3 and 4 may be passed over, if desired,
without loss of continuity.

2. FORM%U ON OF THE PROMMA

Consider a small hot sphere of radius a and initial uniform
temperature To embedded in an infinite mass of cold explosive at
initial uniform 'temperature Ti. This model is suitable for quite small
samples of explosive since the explosive is a poor conductor and, in
the short times involved, the heat penetration is very small. On the
assumption that the thermal properties of the hot spot material and the
explosive do not vary with temperature and that the decomposition of the
explosive can be represented by a single chemical reaction of the zero
onder, the governing equations can be written,

P cT "T) 0 <r < a)

RTSZRTCTE
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T2  k2  a .2 2- E/RTP, c rrr(r = 
. ) p2 QZe ' 2

9,r >a (2)

where suffixes 'I' and '2' refer to the hot spot material and explosive
respectively. In (i) and (i) the following notation is employed:

k = thermal conductivity,

P = density,

o = specific heat,

T = temperature,

E = activation energy of the reaction,

Q = heat liberated by chemical reaction per gram,

and Z = frequency factor.

Equations (1) and (2) have to be solved under the following initial and
boundary conditions:

t = O; N r < a; T, = To, (3)

r a; T2 = Tj, (4)

t > 0; r =a; Ti = T2 . (5)

aTk, = k2 ,(6)

r co; Tit (7)

r = 0; Ti finite. (8)

It is convenient to introduce the dimensionless variables , and e
defined by

e = R T, = Y2 I Cr, r r a C r,

= a,T, = ar, = at,

where we suppose has the value a when r = a.

The resulting equations can be further simplified by writing:

U = geI
and it is also convenient to introduce the variable r., defined in the
interval 0 19 < a bythe equation

where K is the thermal diffusivity k/pc, and = 4o when 9 - a.
Equations (1) to (8) then become:

(2)



" 0(2')

r=o; O-c <4; ,I, aJ/ e0, (Y)

V 0 a; u= - ii., (5')

kiKs t n ink*Ki 8 u(6')r>O Ut . = (7')

= 0; W = o. (8')

It has been stated above that the thermal properties of both.
materials have been assumed to be independent of temperature. This
assumption is mathematically conveni nt but it should be pointed out
that, in general, data an the variation of these properties with
temperature is rather soaroce It has been further assumed that, over
a wide temperature range, the decomposition can be represented by a
single chemical reaction of the zero order& While this is undoubtedy
an oversimplifioation, it is probably sufficiently realistic to enable
at least the qualitative features of the behaviour of the system to be
predicted. It is further assumed that convection effects arising from
the liquefaction of the explosive can be ignored and that, at all times,
there is no contact resistance at the explosive/hot spot interface.

Providing a certain restriction is observed, a stable finite
difference form of equations (1') and (2') emerges if forward differences
are used for the time derivatives, and central differences for the space
derivatives. With the definitions:

u (MC. jAT),

(,)
us ut (a+ DAC, Jar).

and 4e Nat

equations (1') and (2') become:

)
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Wo (W( ,j+ .j - 2u, ') u+, 0 ' n < 1, 10)

u.:j.1 = O ~ , ., ()?

+ 10'4 (a. m6g) Ar exp - / , , (11)

where

ATA/ar), /()

In the numerical work At and Ar were always given identical values, so
that

("1 02=: 0.

There is still a choice of methods that may be used to expand the
boundary condition (6') in finite difference form. Here two methods are
developed, and compared eupirically. In the first both terms are expanded
by Taylor' a theorem and central differences used on the resulting
expression. This method yields the boundary equation:

uN,j ,J U , j + A u,,j -Al uN- 2,j -A ua,j, (12)

where

As v l 13+ 3V 2(4) (1 V
L.

A, =J , L

and V a ci

Alternatively the "hypothetical point" method may be used in which it is
assumed that each material is extended over the actual interface by an

(I)*
amount Ag, the value of u at these points being defined as uN,i ,j in the

(2)*
case of the hot spot material and u.,.,j for the explosive. The equations
governing the behaviour of the hypothetical points, corresponding to
(1'), (2,), (') and (6'), are

uN,j. = (uN, ,j + u[.1 ,Pj - 2 iRV) 0. + UNv,9,

(2) (a) (2)* (a) (a) -,, (a)
S (ui,.j+ u..,j - 2u,j) 0.+ u4,j + vAr 10 e ,j

( SM)



(3) (1) .1

Elilinating U* yields the boundary condition

uN,j. =b.,J* = (i -B1a) j. +O,,j+Bau,,j . +Bi&r1 -OP/U'j

(12')

where
B,=

B..(it ' ").
+ V)

The remaining boundary equations in finite difference form, to be used
with either (12) or (12l),are

(() , -(a + mg) ei, a,* so (13)

kl,) - O,(1)

a)

d - .VA (. (15)

Once an initial line is supplied,equations (00) - (104) are sufficient,
for the evaluation of u at all later times. However, equations (15)
and (16) give a discontinaity on the initial line at the interface which
is undesirable at the comimnoement of the computation. To overcome thia
difficulty a formal solution of the conduction equations in the plane cas,
and without the exponential term,'may be obtained in the form:

(a)) Fe rV (80 _ ei) seoN - n]

(17)

-(a. +&~ MW i $ (+ -0 81) erfo

In general,one is Justified in starting the computation from a small value
of j ising equations (17)., since initially the temperature in the explosive
is sufficiently low for the rate of ohemical reaction to be negligible
and, for a sufficiently large hat spot, there is little difference
between the solutions of the plane and spherical cases.

(5)
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4. MATHMWICAL DISCUSSION

Typical temperature profiles based on the equations (10)-(17) are
shown in Fig. i. Ignition was said to have occurred, and the time t
to ignition derived, when the rate of increase of temperature at anye
point in the explosive accelerated rapidly.

Before investigating the effect on t, of the physical parameters a,
To, Ti, m and P, it is of interest to determine the way in which these
results will depend on the choice of the mathematical parameters AT,
Al and V, and also on the choice of the boundary equation.

As it is not possible to compare directly the numerical solutions
with the formal solution of the general equations ,we consider the simpler
case of a spherical hot spot embedded in a non-explosive material and
with the condition j = v = 1. The solution in a suitable form is

( - ne )2 (1 8

6= Qi 9 (N. en) A. 2 (A e QV ( -) e - 43

LLj

- A ercN -n-ef N + n
nA 9 r f o R _j e rf o 2 4 I -C 1 8 )

( 2 )o 2[ __ e ' -UrnX = i  N + M) "C +', Y2-e"1 4r7

+ (N+ M) Age0 m -erfo 2N+ m • 09)

When the numerical solutions were compared with those given by equations
(18) and (19) it was found that nowhere did the error exceed 0.1% %with
the use of either boundary equation and that, in general, the actual
error was approximately halved when (12') was used. It will be seen
from Fig. 2, where Te is plotted against AT for both boundary equations,
that equation,(12) led to faster ignition while both equations give a
common value of Te as AT. 0. Thus the use of equation (12') as the
boundary condition saves. mch computation time while the dependence
of Te on ,A appears to be linear,making extrapolation to the exact
solution simpler. The results quoted later are derived by use of equation
(12') in preference to equation (12).

It is also apparent from Pig. 2 that the ignition time is sensitive
to changes in AT. Hovever, .as demonstrated in Fig. 3 where results are
obtained for two values of AT, the form of the curves remains the same.
Since this is expected to be generally the case, and in this report we
are more concerned with the behaviour of t rather than exact numerical
results, only one value of AT 7has been tak3n for any derivation of t..
In any case, there is some coiiidrable doubt as to the accuracy of the
published figures used for obtaining the parameters a,, an., a3 of
equation (9). If accurate ignition times are required these may be
obtaiied by determining te for t*o or three values of AT and extrapolating
to zero in the manner of+.'ig. 2.

FYM~RICM~D+
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It has been shown by O'Brien, Hymn, and Kaplan [7] that linear
equations put into finite difference form in the way described in para.
3. are stable if r ' % and it is known that the truncationerror is at
a minimum if a o. For ocxmparison two values of 0* were investigated,
0 a , and cr = /, while Ar was kept constant. The resulting values of
te differed by less than 0.5%, ad since it is convenient when consid.
ering small radii and relatively large times to choose W as large as
possible, the value a = /% was used in all further calculations.

5. USUI

Owing to the large number of parameters to be considered, machine
computation was confined to give only specimen results, representative
of a wide field. For this purpose four actual hot spot materials were
selected with thermal properties ranging from those similar to the
explosive itself to those of copper. The remaining computation tim
was devoted to studying the genral behaviour of the time to ignition
te with varying radius of hot spot a, initial temperatures To and Ti
of the hot spot and explosive respectively, and the thermal parameters

The variation of t with either T or Ti is similar in appearance to

that of t with the radius a. The gradient for small initial temperatures
is, hcwevr, not so steep, and in the ranges considered the graph* suggest
a relation of the form

logt e =AT'+B1 (20)

where A and B are constants and T' is either T or T . This relation
has also been found, though under different icumstces, by Henkin [8]
and Cook [53.

Since the thermal parameters k,, ka, K, Ka appear only in the ratios
jA, v it is sufficient to investigate the dependence of t, on these, two
variables. It is apparent from Fig. 4 that, for small valuls, r has a4
almost equal dependence on either V or j-1', or, in terms of th hot spot
properties, on either KW1 or ki. For large values the dependenoe on
M'* dominates. Another fact that emerges fron Fig. 4 is that if
accurate ignition times are required for a hot spot with thermal
properties similar to those of the explosive (i.e. u " 1, V " 1), more
accurate knowledge of the explosive properties is needed'than if the
hot spot -mere made of a material such Ps steel.

The dominant variable is shown.moe clearly in Fig. 5 where r
is plotted as a funtion of under the condition m = V. For small
values of j, even though the hot spot conductivity is extremely large*
r approaches the adiabatic ignition time (i.e. the time taken for a
lArge mass of explosive to ignite spontaneously). Here a relation of
the form (20) exists where ' is substituted for T. At the other end
of the scale it is apparent that, if k approximates to zero it is stil
possible to obtain a small ignition time by supplVing sufficient init0al
heat.

The four representative materials chosen for the hot spot were
colper, steel, glass and a further material, substance A, having thermal
properties identical to those of the explosive. The thermal properties
assumed for the first three arc listed in Table 1.

(7)
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Table i

Material ki (cal. ce'. sed- (°c-') K, (me. sec

Copper 0.85 0.81

Steel 0.085 0081

Glass 0.0025 0.006

The conductivity and diffusivity of the explosive were taken to be
*7 x lo'cal.isec;'( C)"' and 10' cm.' seea,' respectively in all oases.
Figs. 6 and 7 show typical curves for ignition times against initial hot
spot temperatures, the radius of the hot spot being 0.038 ems., the
initial explosive temperature 50 C and the explosive RDX. The curvesagain approximate to a relation of the form of equation (20).

Since ii ana v are the only thermal parameters to appear in the
dimensionless formulation of the problem it follows that,if these my be
assumed constant for different explosives,results applicable to these
explosives may be derived by choosing ai, a,, a3 of equation (9)
accordingly. The values of these parameters adopted in this report
for three explosives which approximately satisfy this condition are
(Rideal and Robertson (2]):

Table 2

RDX METN M

104, 0.18 0.423 0.377

as 1700 4700 8983

ax 2770 20800 53800

Fig. 8 shows the dependence of te on the initial hot spot temperature To
for each of the three explosives. For the curves labelled I, II and III,
appropriate data are listed in the following table.

Table 3

Graph Explosive Radius of Initial temp. Time scale
Hot Spot koms.1~ of Explsie( C) factor sa

I RI 0.5 15 10'

II PETN 0.181 11.6 10

III HMa 0.095 46.3 10"

The graphs in which t is plotted as a funotion of To, T4 or a, all
have a similar appearance In that,after a certain point is relheod a small
decrease in one ,of the independent variables yields a large increase in
t 0 This leads one to ask if there is not a small interval over which it
mIght be said that at one end ignition is due to the hot spot and at the
other to a uniform rise in the explosive temperature. In this manner it
would be possible to define a "critical" value of T , T or a for a given
solid hot spot similar to that defined by Rideal an Robertson [2] for
an explosive hot spot* They define "critioal temperature" to be that
iA_itial hot spot temperature at which heat evolution due to chemical

(8)
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reaction within the hot spot in a time t, just balances the heat lost
by conduction to the surromding explosive in the same time. This
condition in given by the relation

Ma3pt pe* WRT -0 j i" Ta Podir,
- Ia

the temperature 2a on the right hand aide being determined from the
linearised heat conduction equation on the assumption that heat evolution
in the cold explosive is negligible during the time t. Thus for a given
value of t, a "critical" value of T my be derived. In the present ease
however such a definition is impracticable and a graphical investigation
appears to be neoessary. So far as the computations have been oomducted
the curves do not differ significantly from equation (20). With the
present formulation of the problem,an investigation of the higher parts
of the ofts would involve an enomous amunt of computation and it
has not, at presentpbeen attempted.

[i] Bonden, F. P. and Tofte, A.D., The Initiation and Growth of
EXplosions in Liquids and SolidsP, Cambridie Univeruity Press,
1952.

[2) Rideal, Z. K. and Robertson, A. J. B., Proo. Roy. SoO. Aj ,
135 (191.8).0

[3] Proceedings of a Symposium on Larip Scale Digital Calculating
Machinery, Hurvard, 1948.

(4) Coombs, A.And Thornhillp C. 1. A.R.B. Report i?/54MAy 1954).

[5] Cook, G. B. A.R.D. Report (B) 27/55 (Oct. 1955).

[6] Cook, G. B. AA*D.B. Report (B) 2 V56 (Dec. 1956).

[7] 0'Brien G. G. Hymn, X. A. and Kaplan, S. J. Math. and Phys.
2 223 (951).

[8) Henkin, H. OM No.986 (1943)*
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