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ROYAL      AIRCRAFT      ESTABLISHMENT, 

(ABERPORTH) 

A METHOD OP MEASURING- SCALAR MISS DISTANCE 

USING A C.W. OSCILLATOR IN THE MISSILE 

by 

T.C. Griffiths, B.So. 

SUMMARY 

A method is described of measuring the scalar miss distanoe of a 

missile from a target by recording a beat frequency whioh appears on the 

signal from a CW oscillator whioh is already carried in the missile for 

tracking purposes. The method is intended for use in trials of missiles 

against parachute targets, but it has been shown to work in the case of 

airoraft targets also. 
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1 INTRODUCTION 

At Aberporth a method of measuring the soalar miss distanoe of 
missiles which approach to within small distances of targets is needed. 

In particular miss distance information is required for trials 
involving metallised paraohute targets, as these trials are often carried 
out in bad weather and poor visibility, when optical coverage cannot be 
provided. For R.A.F. Bloodhound trials against paraohutes the miss distanoes 
to be measured are of the order of 100 ft or less, for interception ranges 
of up to 50,000 yds. The method described below is intended to give miss 
distances of this order, in all weather conditions, without the need for 
any extra instrumentation either in the missile or in the target. 

Other methods of measuring miss distance using the Doppler effeot 
have been proposed'' »^,3,h- while beat frequencies on the M.T.S. signal from 
a missile were first recorded by D. Spenoer5. 

2 THEORETICAL DISCUSSION 

2.1 The M.T.S.  system 

Missiles fired at Aberporth against targets carry CW osoillators 
radiating at a frequency of about 4700 Mo/s, the transmitted power being 
650 m-watts. .Normally this signal is received by auto-following dish 
aerials at two or more ground stations. The elevation and azimuth angles 
of the dish axes are measured and fed into a computer which calculates 
the position of the missile and presents this on a safety break-up display. 
The angular data is also reoorded on film for further use when necessary. 
This is known as the Missile Tracking System, abbreviated to M.T.S. 

The miss distance method described in this Note makes use of the 
M.T.S. osoillator and receivers, but it is emphasised that the method can 
be applied to any convenient CW oscillator carried in the missile which 
radiates an unmodulated signal of sufficient power. A particular advantage 
of the M.T.S. oscillator is its ultra high frequency. 

2.2 Doppler frequency shift of the M.T.S. signal received directly 
from the missile 

As a missile is launched and moves away from the launcher, its velooity 
increases and hence there is a Doppler shift in the M.T.S. frequency received 
at the base set, which is close to the launchers. The same is true of the 
frequency received at the other M.T.S. station at 0.P.6 which is some ten 
miles away from base. The frequency shift at 0.P.6, however, will not be 
the same as that for the base receiver, since the Doppler frequency shift 
depends directly on the velocity component of the missile in a radial 
direction with respect to each receiver. If this radial velocity component 
is direoted towards the receiving aerial then the received frequency will 
be higher than that transmitted at the missile, and vice-versa. For all 
oases which we need consider, the radial velocity oomponent will be direoted 
away from the ground receivers, so that the resulting Doppler shift will be 
a decrease in frequenoy. 

Let the bearing and elevation of the missile from the M.T.S. receiver 
at time t be 0 and *, and suppose the missile velocity is V along the 
direction (0,$) as shown in Fig.1., The velocity and all these angles are 
available from normal trajectory data. We assume that the missile flight- 
path is a straight line during the small interval of time with whioh we are 
ooncerned. Let the frequency transmitted by the M.T.S. osoillator be F 
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and its wavelength X .    Then it can be shown that the Doppler frequency 

shift of the direct signal received at the M.T.S. set to which 0 and $ 
refer i3 given by: 

AF,    =   r— [sin <f> sin $ + cos <f> 00s $ oos(Q-e)]    . (l) 
1 \ 

Since the missile will always be moving away from the receiver, the 
frequency received directly from the missile will be: 

P0 - AP1 . (2) 

As we are oonoerned with only a very short interval of time during 
which the missile passes the target, we oan assume that all the quantities 
in equation (1) remain constant in thi3 time, so that in faot AFj is also 
oonstant over this interval. 

2.3  Doppler frequency shift of the M.T.S. signal received by reflection 
from the target 

The missile-borne oscillator is designed to have an all-round polar 
diagram so that part of the transmitted energy arrives at the target. 
Some of this is reflected, the reflected energy depending on the amount 
of incident energy and on the reflecting characteristics of the target. 
The energy refleoted in the direction of the M.T.S. receivers is received 
by these together with the direct signal from the missile, and it is the 
beat frequencies between the direct and refleoted signals which we vise to 
oalculate miss distances. 

There are two case3 to consider, that of the stationary target and 
the moving target. 

2.3.1 Stationary target 

Consider the plane drawn through the flight-path of the missile and 
the target as shown in Pig.2. Suppose that the angular distanoe of the 
missile from the position of nearest approach to the target is a at time t. 
T/hen the missile approaches the target, a is positive; it deoreases to 
zero at the instant of interception, and increases in the negative direction 
as the missile recedes from the target. 

Now the Doppler shift of the M.T.S. frequency received at the target 
depends directly on the component of missile velocity radially with respeot 
to the target. This radial component is given in magnitude and sense by the 
expression V sin a, if we assume that a radial oomponent towards the target 
is positive, and one directed away from the target is negative. Therefore 
the Doppler frequency shift of the M.T.S. signal received at the target is 
given by: 

^2   =  :UTL^   ' (3) 
0 

The aotual frequency received by the target is: 

0 

in which the sign of a must be applied correctly. 
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Since we have assumed that the target is stationary, this signal is 
reflected without further change in frequency, and therefore the M.T.S. 
frequency received at the ground after reflection at the target is given 
by equation (4). 

2.3.2 Moving t.p.rget 

The frequency received by a moving target is in general different 
from that received by a stationary target,  since the relative radial 
velocity of missile-target is different.    Denoting the relative velocity 
missile-target by VR then the Doppler shift  of the signal received at the 

target is given by:- 

V„ sin a 
at   . ^4— (5) 

so that the actual frequency received is:- 

VV, sin a 
Ffl • -S^r  (6) 

0 \ 

where again the sign of angle a must be applied. 

Since the target is moving there is a further frequency shift AFI 

in the signal received at ground after reflection, due to the radial 
velocity component of the target with respect to the receiver aerial. 
Therefore the frequency received at the ground after reflection is: 

FQ + AP2 + AF«  . (7) 

In this equation the sign of API depends on whether the target is moving 

towards or away from the receiver. 

It is shown in the next section that the important quantity is the 
difference in frequency between the direct and reflected M.T.S. signals 
received. This difference is given by the expression: 

AF1 + (AP2 + AF2) (8) 

in which AF.  is calculated by equation (l).    During the interception phase 

both AF.   and AF'  remain constant,   so that (AF.   + API)  is also constant. 

Expression (8) can be rearranged to the form: 

(AF1  + AFp  + AF2        . (9) 

Now since AF.  in this expression varies directly with the radial 

velocity component of the missile and AFI directly with the radial velocity 

component of the target, then (AF,.   + AFi) varies directly with the radial 

component of VR, the relative velocity missile-target.    In other words 
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(AF. + AFi) oan be calculated by equation (1) if we replace the missile 

velocity V by the relative velocity VR. We have also shown in equation (5) 

that APp may be calculated by replacing V by V,, in equation (3). 

It turns out, therefore, that the case of a moving target can be 
dealt with by replacing the missile velocity V by the relative missile- 
target velocity V„ in equations (l) and (3) and treating the target as 

if it were stationary. To obtain VR we have to add the missile velocity 

and target velooity vectorially. 

2.4  Beat frequency 

The direct signal missile-receiver and the refleoted signal missile- 
target-receiver are of different frequencies, and the difference varies 
with time. Two such signals of slightly differing frequencies interfere 
to produce two beat frequencies, one equal to their sum and the other 
equal to their difference. 

The sum beat frequenoy, whioh in this case is of the order of 
9500 Mc/s, is not considered in the present context. 

The difference beat frequency is given, from equations (2) and (k), 
by: 

F 
0 

+ AP2 • " (Fo " <*1 ) 

• AVj + AF2 

= AF1 
V sin a 

+       X 
0 

(10) 

Bearing in mind the sign convention for angle a in equation (10) we 
see that the beat frequency decreases from a high value when the missile 
approaches the target and a is positive, to a value AE\. at the instant of 

nearest approach, and falls away still further as a increases in the 
negative direction. 

The rate of change of a, and hence of the beat frequenoy, is clearly 
a measure of the miss distance when the relative velocity of missile- 
target V„ is known. By recording the beat frequency and measuring its rate 
of change with time we have a method of calculating the miss distanoe D. 

For a typical missile trial, AF. is of the order of 10 Ko/s, as is 

the frequenoy given by the expression V/X • Inserting these values into 

the equation (10) we see that the beat frequenoy is initially cf the order 
of 20 Ko/s and decreases to a few Kc/3 as the missile moves away from the 
target. 

2.5  Range of operation 

The beat frequency will only be deteotable when there is sufficient 
refleoted energy to modulate the direct signal. It is not known accurately 
what the ratio of the two signal strengths must be for the beat frequenoy 
to be detectable. Furthermore, the reflected energy depends not only on 
the separation of the missile from the target but also on the reflecting 
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properties of the target, which again are not known with great accuracy. 
For these reasons it is difficult to caloulate the range of operation of 
the system. Experience has shown, however, that the detection limit is 
suoh that it should he possible to reoord beat frequency signals for miss 
distances of up to 100 ft at a range of 50,000 yards with metallised para- 
chute targets. This is probably the extreme range of operation of the 
system with such targets. For aircraft targets the range of operation is 
expeoted to be rather less, since the effective eohoing area is not as large 
as that of a metallised parachute. 

3    EXPERIMENTAL TECHNIQUE 

3.1 Recording the beat frequency 

The beat frequency is extracted from the normal M.T.S. receiver after 
the second detector and before reaching the l.f. filter. It must be taken 
from here since the l.f. filter rejects all frequencies above 70 cycles/seo, 
as tracking error signals are fed to the M.T.S. system at the rate of 
33 cycles/second. The signal is led on a co-axial line either directly 
to the Y-plate3 of an oscilloscope and recorded on film together with a 
time base, or it is recorded on magnetic tape which is replayed onto an 
oscilloscope and a film reoord taken after the trial. 

For the direct film recording a high camera speed is essential in 
order to distinguish individual cyoles at the higher frequencies. The 
records shown in Figs.3, k and 5 were taken at a camera speed of 128 in/seo. 

Using the tape recorder, however, one can effectively double the 
camera speed by replaying the tape at half-speed. Another advantage is 
that the tape recorder will only record frequencies between 50 c/s and 18 Ko/s 
approximately. This in effect cuts down the frequency pass-band of the 
receiver to exactly the limits we require, resulting in very little noise 
appearing on the beat frequency signal. This is apparent when we compare 
Figs.6, 7 and 8 which were recorded on tape, with Figs.3, k-  and 5 recorded 
directly on the oscilloscope. The tape reoorder oan be replayed more than 
once and if the first film record is unsuitable as regards brillianoe or 
amplitude then another one can be taken. Furthermore, for all the reoords 
taken so far it ha3 been possible to say that the missile passed near the 
target by replaying the recorder with a loudspeaker attached, when the beat 
frequency record is heard as a short, sharp whistling sound. 

3.2 Analysis of the record 

The analysis of the film record consists of reading off the beat 
frequency at as many points as possible on the film. This is done by putting 
the film in an enlarger and projecting the image onto a large sheet of squared 
paper. At the high frequency end the number of squares corresponding to the 
length along the film of a certain whole number of cycles, say 10 or 20, is 
noted together with the number of squares corresponding to 0.001 seconds on 
the time ruler. The real time at the midpoint of the group of cycles is also 
noted. At the low frequency end,it is possible to measure the length of indi- 
vidual cycles. In this way we get a table consisting of a large number of 
values of beat frequency against time from the instant of fire. 

When measuring the length of a group of cycles care must be taken in 
choosing a group in which all the cycles are smooth and regular. Occasion- 
ally there seem to be irregularities in the cycles. These are probably due 
to various phase changes due to missile roll, change in the angle of incidence 
at reflection or some other causes. The varying amplitude of the beat 
frequency signal is probably also due to these effects. 

- 8 - 
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Since the beat frequency varies directly as the basic frequency F 

we see that the ultra high value of F    is an advantage;    if F    were muoh 

lower then we would have a muoh smaller number of cycles to deal with. 

3.3      Calculation of miss distance 

We now have a table of values of beat frequenoy against time.    The 
next step is to calculate the value of AF.  using equation (1) and remembering 

that VR, the missile-to-target relative velocity, is to be substituted for V 

in the case of moving targets. 

AF,  is subtracted from each beat frequency value, leaving a table of 

values of AF2 against time. 

Now since 

AP     -   V sin a 
»i  -      xo 

from equation (10) we can calculate a value for sin a corresponding to each 
value of AF„.    So we can finally obtain a table of values of angle a against 
time. 

Refer now to Fig.2.    Suppose the time of nearest approach is denoted 
by t.*    At time t the distance of the missile from the point of nearest 

approach measured along the flight-path is V(t.   - t) and we can put down 
the expression:- 

ii\ -1) 
tan a   = D 

V t.      „ . 

~      D D ' U   ; 

From thi3 equation it follows that if we plot tan a against time t 
then we will have a straight line graph whose gradient relative to the 
time axis is given by -V/D. 

The miss distance D is now given by: 

D    =   7r~r^—T—TTk—        • 02) Gradient of line v 

The gradient is negative because a, and therefore tan a, decreases 
with inorease in time. 

The instant of interoeption is the instant at which a,  and hence 
tan a,  is zero.    Thus we get the interoeption time directly from the straight 
line graph. 

It is emphasised that V„ must be substituted for V throughout  this 

seotion when dealing with a moving target. 

-9 - 
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4    RESULTS 

4.1 Aircraft targets 

The four beat frequency records reproduced in Pigs.3-6 were obtained 
from trials of missiles against aircraft targets. Details of the individual 
trials are as follows:- 

Trial A  The target was a Meteor aircraft at 23,500 yds slant range at 
interoeption. 

The M.T.S. method gave these results: 

Miss distanoe 65.5 ft.    Interception time 1+4.592 sec 

Pod cameras gave the results: 

Miss distance 56 ft.   Interception time 44.597 seo. 

Trial B      The target was a Meteor aircraft at 23,000 yds slant range at 
interception. 

The M.T.S. miss distanoe results were: 

Miss distance 32.1 ft.    Interception time 43.265 seo. 

Pod camera results were: 

Miss distance 23.4 ft. Interoeption time 43.266 seo. 

Trial C  The target was a Meteor aircraft at 35»000 yds slant range at 
interoeption. 

The M.T.S. method gave the results: 

Miss distanoe 51*5 ft. Interception time 60.740 seo. 

Pod cameras failed to operate on this trial. 

In addition to these, records were obtained for two trials in whioh 
the missile struck the target and destroyed it. These direct hits were 
indicated by a cut-off in the beat frequency record at the time of interoept. 
Trial D was one of these two, and the reoord is reproduced in Fig.6. 

4.2 Parachute targets 

Beat frequenoy records were taken during three trials of missiles 
against parachute targets. 

For the first trial there was a sharp out-off of the beat frequenoy 
at about 10 Kc/s indicating a direct strike at a time which agreed very 
closely with that of disturbances on the telemetry and multi-station-doppler 
records. 

Por the second trial (Trial E) the parachute target was at a slant 
range of 33,000 yds from base at interception time. 

Records were obtained both at base and at 0.P.6, the one taken at 
0.P.6 being reproduced in Fig.7. The results calculated for Trial E were: 

- 10 - 
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Base reoord:  Miss distanoe 25.8 ft. Interception time 54.455 sees. 

0.P.6 record:   "   "   29.5 ft.      "      " 54.4-53 sees. 

For the third trial (Trial P) the parachute was at a slant range of 
44,000 yds from 0.P.6 at the time of interception. 

The record taken at 0.P.6 is shown in Fig.8 and the results obtained 
for Trial F were: 

Miss distance 107 ft. Interoeption time 66.198 seos. 

There was no optical coverage on any of these parachute trials, as 
they took place in bad weather and poor visibility. 

5    COMMENTS ON THE RESULTS 

When values of tan a are plotted against time t it is found that the 
points do not lie on a straight line but that the best fit is a slight 
curve whose slope gradually increases with time. Fig.9 is a reproduction 
of the curve obtained from the 0.P.6 record for Trial E. 

Since miss distanoe varies inversely as the gradient as shown in 
equation (12), the calculated values of miss distance decrease steadily with 
time when we take tangents to the curve at several times and insert the 
gradient of each tangent in equation (12). Assuming that the lowest calcu- 
lated value is the most aoourate value of miss distance, all we need do is 
to draw the tangent at the latter end of the curve and work out the corre- 
sponding value of D. This is not as inaocurate as it might seem sinoe the 
deviation of the curve from a straight line is not very large. 

It is shown in the Appendix that such a trend in the values of miss 
distance calculated at different times can be expected if the signal is 
reflected from a convex surface, such as the upper half of a paraohute 
target, or the fuselage, engine nacelles or even the wings of an aircraft 
target. In the theory in seotion 2 we assumed that reflection takes place 
from a single point but in actual fact the reflection point moves along 
the target as the missile goes past it, and this is probably the reason 
why the tan a - time points fit a smooth ourve as shown in Fig.9 and not 
a straight line. 

It is diffioult to make an estimate of the discrepancy in calculated 
miss distance brought about by this effeot. Some attempt may be made for 
a parachute target whioh is approximately hemi-spherical in shape, but even 
then it is very diffioult unless we know the relative trajectory during the 
interception phase, i.e. whether the missile passed to one side of or 
directly over the target. 

Thus a target with a convex reflecting surface as indioated in the 
Appendix gives a value of miss distance which is larger than it should be 
and a time of interception which is earlier than the true interoeption 
time. There is some evidence that the missiles in Trials E and F both 
passed above and to one side of the centre of the parachute, in which case 
the reflecting surface is convex. 

The conclusions arrived at in the Appendix seem to be borne out in the 
results for Trials A and B, for which the miss distances calculated are 
several feet on the large side, while the interception times calculated by 
the M.T.S. method are in both cases earlier than those calculated from 
pod camera information. 
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The small discrepancies between the results calculated from the two 
records obtained in Trial E can also be explained by the convexity of the 
paraohute and the angle between the line3 of sight from base and 0.P.6 to 
the target. 

6 CONCLUSIONS 

It has been shown that the method is usable and that miss distances 
of up to 100 ft oan be measured at slant ranges of at least 45»000 yds and 
probably beyond 50,000 yds. 

In the only two trials for which optical coverage was available, the 
method gave larger miss distances and shorter interception times than those 
calculated from the optical records.    It is shown in the Appendix that at 
least part of these discrepancies is probably caused by the convexity of 
the reflecting surfaoes, but due to the complex surface geometry of the 
aircraft no quantitative estimates can be made. 

The results for Trial E show that the system i3 self-consistent and 
the small discrepancies between the two sets of results seem to support 
the theory set out in the Appendix. 

Due mainly to the movement of the point of reflection over the target 
surface,  the accuracy of the method is probably about ±10 ft in miss distance 
and about ±0.005 seconds in interception time.    The miss distanoe is quoted 
from the nearest reflecting surface of the target. 

7 BE COMMENDATIONS ^OR FURTHER WORK 

Records should be taken for all possible trials, especially when 
optical coverage is possible. Comparison of results with optical results 
will enable a better accuracy estimate of the system to be made and will 
show if the theory advanced in the Appendix is applicable. 
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LIST OF SYMBOLS 

9 Bearing of missile from receiver 

ft Elevation of missile from receiver 

8 Heading angle of missile in bearing 

<j> Heading angle of missile in elevation 

V Missile velocity 

V„ Relative velocity of missile with respeot to the target 

F Frequenoy radiated by the M.T.S. osoillator 

X Wavelength radiated by the M.T.S. osoillator 

AF. Doppler frequency shift of the direct signal 

AP„ Doppler frequency shift of the reflected signal 

a Angular distance of the missile from point of nearest approach 

t. Time of interception 

D Miss distance 
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APPENDIX 

REFLECTION FROM A CONVEX SURFACE 

For simplicity suppose we have a spherical reflecting surface, and 
that the missile flight-path, the direot and reflected rays and the loous 
of the moving point of reflection are all in the same plane, as shown in 
Fig.10. In the general case no such plane can be drawn. 

We will assume that the angle of incidence of a ray is equal to its 
angle of reflection. Then we oan draw geometrically the refleoted rays 
when the missile is at different points A, B, C .... along its flight-path. 

If we extend the incident rays from points A and B until they inter- 
sect at & then we see that the calculated miss distance for a time midway 
between those of A or B will really be the perpendicular distance of the 
point & from the missile path. 

A little later in time, when the missile is midway between B and C 
the calculated miss distance is the perpendicular distance of H from the 
missile path. 

So in this special case the calculated values of miss distance 
deorease as the times for which they are calculated increase. The calcu- 
lated values tend towards the real miss distance from the nearest point 
on the reflecting surface. 

Plotting the values of tan a against time for this speoial case we 
get a smooth curve, as shown in Fig.11, which can be compared with Fig.9» 
obtained for Trial E. We see that for the special case, the most accurate 
value of the miss distance would be obtained by drawing a tangent at the 
latter end of the curve shown in Fig.11. 

In the general oase the locus of the reflecting point is not part of 
a circle but the same argument applies as above, so that the most accurate 
calculated value of miss distance is derived from the tangent drawn at the 
latter end of the tan a - time curve. 

The M.T.S. method gives the instant of interoeption as the time when 
angle a is zero, i.e. when the missile radial velocity is zero relative to 
the point of reflection. From Fig.10 we see that the interception time in 
this sense is the time when the missile is at point D, whereas the real 
time of intercept is when the missile is at point E. 

In general, therefore, we can expeot the interception time given by 
this method to be earlier than the real interception time, for a convex 
target surfaoe. Moreover, the calculated interception time depends on the 
line of sight to the ground receiver, so that two receivers at an appreciable 
angular separation viewed from the missile, will yield results which differ 
in interoeption time and also in miss distance. For a 20 ft diameter para- 
chute, the distance DE in Fig.10 is about 7 ft, so that the discrepancy 
between calculated and real interception time for the special case shown in 
Fig.10 will be of the order of 0.003 seconds. 

- 14 - 

RESTRICTED 



TD/P 578 
T.M.TO.   58 

FIG I.& 2. 
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FIG. I. GEOMETRY OF THE SYSTEM 

FIG. 2. DIAGRAM OF THE INTERCEPTION PHASE. 
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FIG.9. 
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FIG.IO. 
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FIG.II. 
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