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THE DOPPLER-TOLERANCE OF A LINEARLY

FREQUENCY-MODULATED PULSE

by

E. X. Wilson

ABSTRACT

A theoretical analysis is made of the reduction due to
the Doppler effect in the correlation between a linearly
frequency-modulated pulse and its echo from a moving ta.rget.‘
The results agree very closely with numerical calculations
made on a different basis, and show that such a pulse can
be highly doppler-tolerant.
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A linearly frequency-modulated (or L.F.M.) pulse of duration T and

bandwidth B can be described by the equation
Yy, (¢) = flﬂ’(ff tHt +4’} , ostsT (1)

in which & is merely a phase constant. At time ¢ the instantaneous

frequency is equal to

ﬁ[‘.t*ﬁ‘-*‘]‘, e 5 ;3}& . @
We imagine such a pulse to be reflected by a target and the echo, on
arrival at the point of transmission, to be correlated with the original
pulse, appropriately delayed. The delay which produces maximum correlation
serves to estimate the range at which reflection occurred.

If the target is moving, the pulsé suffers a frequency shif+t (the
Doppler effect) which, since the pulse is linearly frequency-modulated, has
almost the same appearance as an alteration of range, in that the delay
producing maximum correlation between transmitted and received pulses is
changed. In addition, however, there is a reduction in the size of the
correlation peak. The present paper svaluates this reduction. For the
sake of greater generality we suppose the pulse to be heterodyned up

by a frequency F  vefore transmission, its equation becoming

+. (8) = 4;“{27-(5‘+F+f;-rt)t ra, 0

and the echo to be heterodyned down by the same frequency before correlation.
Thus reflection, with the attendant Doppler effect, and correlation take

place over different frequency bands.
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The equation of the pulse just after reflection may be written

Y, () nfam(feFr @R t) 22t + @, §,

(4)
og ¢ < %WT
e SUERLEFICOD S SR C A SR

ogtsg T/(, o %)
where < is the velocity of the pulse, V' is the component of velocity of
the target towards the transmitter, and -A denotes 2w/(¢~%v) . In
each of the equations above, the time origin is taken at the beginning of
the pulse. On heterodyning down we have, for comparison with the original

pulse,

Bo(t) = A f2rfs e F+2Ur) ] (0 Rt -2 FE +a, 8 . (9

After elimination of the time difference dus to travel of the pulse, the

oorrelation of (6), delayed rol#tively by a time >0, with (1) is either

2 T
- 5 % (&) 3 (¢ -7) &4 m
) FesET
2(c+v) ey u
“(€’V)T i 1‘0(&) ‘}.*(é )“-’t (7a)

according to which upper limit is the lesser. At this point we shall
take (7) to be the appropriate form, which is equivalent to restrioting
our view to values of T greater than -k"'/("._g) « It will appear later
(see equation (24)) that when the correlation function is near its maximum

T will in fact satisfy this restriction.
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The product of two sines in (7) can be expressed as the difference of

two cosines, the integral of one of which, representing the sum frequency,

can be neglected in comparison with the integral of the other, for any

likely practical values of the parameters. We are then left with i
( T
T~-T
T
where

3‘((’) z -217[‘. +F +£’_(l+4)((’-l’)](|+_k)“,t)

-2¥F(t-7) —lr(§.+,%.t)t + -4, (9

In[A T AL+ B2 (10)

Because of the phase changes introduced by heterodyning, A. must be
regarded as an arbitrary unknom. The other coefficients in (10) are given

by

A < A($,4F) - 2(1rA) T (1)
and
K = /k‘rizk* s 2w | (12)

B (¢~ v)‘

Both A and 75, will in practice be small, and the right hand sides of

(11) and (12) will be approximately

A(§,+F)'$f (13)
and A (v -%r ) (14)

respectively. A L
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= f le(Kslt'f- ] +A, M)M

(15)
- M
= mlr(A )5 cn 2T Qu olug
aKB
/u-wJ.r(A A, ) 5 AT g“a'“ (16)
where the limits of integration are linear functions of T —
t 2 KB ' i ) y ) (17)
M, = T+ Al = % +AT
and LR ‘le EY ﬁa_ . ‘ (18)

For fixed T and variation of the unknowh phase represented by A. ,

(16) has a maximum value of

' Uy IR 2
M) = [j m.zrlguda:] +” am2¥ K_éu‘a] (19)
T
u 4,

(because Al a8 = 4)«"+4r", ‘0‘-\(0'-*‘—-\."%.) ).

It will suffice to £ind the maximum of M as T varies, sinoce the

factor 'r-:_t varies too slowly in comparison with M s to have much



effect on the value of T associated with maximum correlation.
Differentiating (19) gives

M

“u
. J K8 ‘-A Bt * B
— szﬂ 7] mlr&.“ J ey KB W dan
Lt "1{( T+ T ')' '-,—

+ (A am2riBu -plaan 5&«*)5 PRTIR }
T T T.

“,

(20)

Since, when & is small, /3‘ and (BL are large and nearly equal, being

-y ) -
~axed) and.-{“*(&rr) ‘} respectively, (20) will vanish for a value of
T close to that, say T, , which makes &, = ~&, . The maximum of

M will therefore be close to

v ani SDK‘
M(c,) = l” e T oul (21)
(]
where U o= T -°¢ (22)
2
and r - T QR +4AMD + 2 (5, +F) (23)
¢ = 3{ 22k + A }

(24)
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The upper limit, \J , of the integral in (21) is a multiple of T —
say U=Y¥T — and the integral can be written

5"" i KB P
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This is now in the standard form for Fresnel integrals.
The maximum possible valus of the oorrelation (8) is thus
approximately

.2 /.l_

= ;'(—[C(K)‘*"-S(X)I (27)

et Ml (26)

.whore C and 5 are the usual Fresnel integrals, which can be obtained
from tables (‘ogo [1] ),

X =z 2Y/KBT % J.)q/,ka (28)

B+5+F &
and 2y = | - 3 TR (29)

Although Y will usually be fairly close to # unless the bandwidth is
small, it will not always be close enough form to be an adequate
approximation to X .

Figure 1 shows a graph of (27) against the velocity ratio {- ’
for a case in which the ratio of maxrimum frequency to bandwidth
(iee.l'-%-‘i) is 15, and the product BT is equal to 100. Also
shown on the figure are three points obtained by a purely numerical
process for correlating clipped fumotions, described in [2], the

data being a set of about two hundred sero-crossings of a -pu'tiw.hr

[




L.F:M. pulse. These points lie, to graphical acouracy, on the
theoretical curve just obtained (in faot, agreement is to about three
deocimal places). The vertical lines drawn downwards from the
caloulated points show the approximate extent of possible oémla.tion
loss in tﬁi- particular case due to variation of the unknown phase
change introduced on heterodyning.

" Hothing whatever has so far been said about the effects of moise,
although it is only when noise largely obscures the echo pulse that the
correlation process is required. In order to detect any echo,
correlation might be carried out continuously between a reference pulu\
and all possible received waveforms of the proper bandwidth and of the
same duration as the reference. A form of correlation function closer
to practice might then differ from (8) in having a factor 11_ outside
the integral instead of 7—_—‘;—.,:- o We have already neglected variation
of this factor in finding the position of maximum correlation and our
results ocan, therefore, be tranaformed immediately to refer to the more
practical situation simply by multiplying the maximum correlation by
-J;;.-—t'- « The broken curve in figure 1 showa the effect in that case.
Although we have throughout supposed T to be positive, that is, only
approaching targets have been explicitly considered, we can expect that
for small values of the velocity ratio -g our curves will apply to
receding targets by reflection in the v=0 axis. This form of
correlation, therefore, leads to m angular maximum in the doppler-
tolerance ocurve,

CORRELATION WITH AN EXTENDED REFERENCE PULSE
It is quite possible to correlate the received echo not simply with
the original pulse, but with an extended version of the original pulse,

prolonged so that correlation is always effective for the full duration




of the echo, which is approximately T as long as the velocity ratio
% is small. The expression (7a), not(7) must then be taken as the
oorrelation function for all values of T instead of only for those
less than J(T/ (1+AR) ., Whether the factor outside the integral is
taken as % or as :—_‘—:% is in this case not of much importance.

Equation (21) remains relevant provided that the upper limit of the
integral is replaced by

c-v T <~ I-)
C+ 2 ~o2Q

q

(30)

There is also a very small alteration in the delay producing maximum
oorrelation, but the approximation (24) still holds. The prinoipal

result is that the maximum correlation will be given by

'?]cm rS(Y)]

(27a)

where ‘ - - (31)
Y = 53, /K8T = [K'8T

wna K'z R+ ik~ G2

) 2R+ A"

It is, therefore, an acceptable approximation to say that correlating
with an extended reference pulse is equivalent to taking r to be i.
Por use in this connection figure 2 shows

, Ic(ma—r) +15(,/T<’ﬁ)]

T
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as a funotion of KBT . The marked points on this graph represent
check-values obtained by the process desoribed in [2] . This
curve may also be considered as a first approximation, independent of
particular frequency, to the theoretical curves for the case of an
upextended reference when the velocity ratio 1is very small. The

ourve shown in figure 1 is repeated on figure 2 for comparison.

E.M. Wilson (PSO)
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