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ing items: new basic results, new methods, new applicat-
ions, new numerical results, new presentation of difficult
and important topics, up-to-date bibliographies; and if
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imposing upon the superficial reader.

To discharge our contractual obligations, we publish
Technical or Scientific Reports, such as the one you now
have in your hands. It has been our constant policy to
see to it, that they satisfy the above strict criterion.

IOOA.PIP.L.l.EOD..M.A.T.HDE.MUA.TOIOC.l.AlN.SI.I

PARKE MATHEMATICAL LABORATORIES, Inc.

carlisle, massachusetts



T T g i i e o4

p m 1 o

(= T]
Ny

o m & ¢t b e m a t 1 ¢c s o

a ppliled

p m 1

Final Report
Contract N140(7002k4)-72788B
December 1962

o a pplied o math e matics

Mathematical Methods in
Transducer Field Theory:
The Finite Cylinder

by

N. G. Parke III

W. Williams, Jr.

for

U. S. Navy Underwater Sound Laboratory

PARKE MATHEMATICAL LABORATORIES Inc.
Bedford Boad  Carlisle, Massachusetts



RSN

Parxx MATHEMATICAL LABORATOAIES, INCORPORATED
ONERIVERROAD  CARLISLE, MASSACHUSETTS

Requests for additional copies by Agencies of the Depart-
ment of Defense, their contractors, and other Govermment
agencies should be directed to the:

ARMED SERVICES TECHNICAL INFORMATION AGENCY

ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

Department of Defense contractors must be established for
ASTIA services or have their 'need-to-know' certified by
the cognizant military agency of their project or contract.

All other persons and organizations should apply to the:
U.S. DEPARTMENT OF COMMERCE

OFFICE OF TECHNICAL SERVICES
WASHINGTON 25, D.C.

A limited number of copies are also available by writing to:

PARKE MATHEMATICAL LABORATORIES, INC.
ONE RIVER ROAD
CARLISLE , MASSACHUSETTS



NIy

Parxe MATHEMATICAL LABORATORIZS, INCORPORATED
ONERIVER ROAD ¢ CARLISLE, MASSACHUSETTS

TABLE OF CONTENTS

I. Introduction. . . . &« ¢ o o o + ¢ + o o &
II. Background. ¢ o . o o o « = « o o o o o o
III. The Finite Cylinder Problem . . . . . . .
A. General Theoretical Analysis. . . . .

B. Numerical Analysis of a Specific Case

IV, Remarks « o ¢ ¢ o s o ¢ = o s o o o o + =
V. Arbitrary Finite Bodies of Revolution . .

VI. NOTE ADDED IN PROOF . . « « - « = « 4+ « =

-

Pinal Report-72788B

D |
B |
s e e e e e . 2
e e e e s s . &



Parkx MATHEMATICAL LABORATORIES, INCORPORATED Final Report-72788B
ONE RIVER ROAD o CARLISLE, MASSACHUSETTS

Mathematical Methods in Transducer Field Theory:
The Finite Cylinder

by

N. G. Parke III and W. Williams

Introduction

This report deals primarily with a method of determining the velocity
potential for the sound field generated by a finite circular cylinder with
rigid end faces which is executing pure radial, harmonic vibrations uni-
formly over its cylindrical surface; it will be concluded, following the
presentation of a specific numerical calculation, with a simple extension
of the method applicable to the determination of the velocity potential
for the sound field generated by arbitrary finite bodies of revolution vibrat-

ing harmonically in time.

Background
As a consequence of specifying harmonic time dependence, the problem

of determining the time dependent velocity potential ?(6{) in a domain

exterior to the vibrating source from the wave equation:

a bl 3‘ (Flt)
(1) otp Fe) - fer LI

(in which ¢ is the sound speed) reduces, upon the usual substitution of
a PSRy of
(2) Ft) = Relw(F)e™ f

in (1) to the determination of the time independent velocity potential y;(;9

in a domain exterior to the vibrating source from the Helmholtz equation:
2
(3) Vip(#) + B p(?) =0

(in which the wave number e "V/A where A 1is '"the" wave length of the

sonic radiation). Further, if the Sommerfeld radiation condition

? (l"‘) . )
(4) li e r[ —:;‘" -k 9(P)= o
¥-peo

-1-
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is imposed upon a.p(?) then an important paper by Hartman and Wilcox(l)
shows that tor a space of three dimensions the following series expansion

converges in the mean to yl(l:) in an exterior domain

o mevd
A A ),
©) ¢(r)~12“ Z—_e by &)y, (o4)

(in which h;l) is a spherical Hankel function of the first kind and )i,m is
a spherical harmonic),
Hence, the problem of determining the time independent velocity potential
y;(?) in domain extericr to a finite source of the sound field consists in
the specification of the constants alm subject to the application of appropri-

ate boundary conditions.

The Finite Cyl:- der Problem

General Theoretical Analysis - In order to specify the precise boundary

conditions, the center of the circular cylinder of radius & and length 2b
will be placed at the origin of a coordinate system in which either the cylin-
drical coordinate set ¢ 2, ¢ or the spherical coordinate set T, #,¢ will

be employed depending on efficacy. With the assertion of rigid (i.e., motion-
less) end faces and pure radial harmonic vibratory motion of the cylindrical
surface, the boundary conditions on the finite cylinder, which follow directly
from the rclation between the velocity v and the time dependent velocity

N
potential SP(F;-H) v:§raJ &ZZ(?, t)) can be written, apart from a scale factor,

as

(6a) d¥(¥) = o on the end surfaces: Ofp=ad, 2= )
pz3

(eb) 390(;) = ) on the cylindrical surface: f:d’. ~bez s rb
of

for the time independent velocity potential y;(;).

(DPh. Hartman and C. Wilcox, "On Solutions of the Helmholtz Equation in
Exterior Domains', Math. Zeitschr., 75, 228-255 (1961).
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Two immediate simplifications in the structure of the series expansion

(5) for p(P} follow immediately from symmetry considerations:

a) The specification of the cylinder as circular dictates azimuthal
symmetry; consequently, wmeo in (5) and y, (6,¢)-> Y, C69) > Be)
where 5(0) is the usual Legendre polynomial.

b) The form of the Neumann condition (6b) on the cylindrical surface
dictates equatorial symmetry (i.e., symmetry around the plane 2eo,

0+ @ *aw or, equivalently, the plane 6= , 0= 2T )s
consequently, (g, e} = p(p -2) 5 5(cs8) =7 (Cos (n-8))— £=ca k... .

Hence,

Y

(1) \,’U(?)'V)(’;ﬂ)vv a, A;,({’)'?.,(C;o) ”'21, evey

x

«©

<

(in which (€ has been absorbed into a, and where h"(ﬂr) without the

super script (1) will continue to designate the spherical Hankel function

of the first kind), and the problem for the finite cylinder is reduced to

the two dimensional problem - becaute of the azimuthal symmetry - of finding
the complex coetficients 2 a, aV»”?‘St which satisfy the Neumann conditions
(6) on the rectangular, cross sectional boundary of the cylinder.

In order to facilitate the analytical development which is required to
calculate the normal derivative of the series expansion of (7), evaluate it
on the rectangular boundary and match this evaluated derivative to the "data"
for the problem as given by the boundary conditions of (6), the polar equation
of the rectangular boundary is derived as follows. Examination of Figure 1
shows that the rectangular boundary - and also the domain exterior to the

cylinder - is naturally divided into three regions:
-1
Region I: o% ® 26, = bn” Y
(8) Region II: 8 26 < 7-6,

Region III: 7-4 %« 6% T
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b 4

* r
(a,b)
6,
()
> T
(3,-p)
piig

Figure 1 - Cross Section of Finite Cylinder

(in which the polar angle @ 1is measured from the positive 2 -axis) and
that the radial distance from the coordinate origin to the boundary of

the rectangular cross section is given in these separate regioms by:

Region I: r,, = "/C.ue
<y p)
(9) Region II: 1 ; = 3/sime ,

Region III: Veyl = "5/(‘“6)

<

where the negative sign is introduced in Region III in order to maintainvy>o
in 8's second quadrant. If a discontinuous function, designated by us as an

(2)

,' 1s introduced with the property for the variable R that

! ¥ x=p
(10) H(f n) =

o) otherwise

H-function

then the three polar equations for the rectangular boundary of (9) can be

combined into the form

(11) T‘y‘ = L/COSO [H(";‘-‘) - H(w-g, 11‘)] + a/s;-.o H(’o.: - o")

@Which is the characteristic function of a set.
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(in which 0:‘9,* € where € is infinitesimally sma11(3)). If the
notation

H(o8,) —> H,(8) — H,

H(g, T-8) — W, (6) — H.

H(m-e, T) — H,(8) — Hy

is employed, then the polar equation for the boundary becomes

(12) Ly — 8= k’/c-“e (H-Hy) + "/s:ne H_,,}

which is the desired result.
In addition, the use of the H-functions leads immediately to the

following expressions for ¢ and % on the rectangular cross section

(132) P=bhnb(H-H;) +3H,
(13b) 2= L(H-Hg)+ @ ctoH,
which, together with the obvious inter-regional property for the H-functions
(1) H.H; = &, H;
(in which §; 1is the Kronecker delta), leads to the relation
2 2 2 z/ 2 oa, oy
(15) § = ¢ + 2 = b/cas’e (H/'f'}'/.i) + & sinte Ta

which is, of course, also directly obtainable from (12).

é¢

The normal derivative n which will be calculated over the boundary
and then matched to the boundary conditions, has the form

1 ¢ (r,0) ¢ (v, o)
n t or
(in which the negative sign is introduced to force the normal in the negative

2 direction in Region III). If, now, ‘%t and ”/ar are applied directly

(3)

The distinction between &, and é: has been emphasized so that the regional
definitions of (8) and the H-function definition of (10) are compatible;
for practical calculation, however, such a distinction is an expensive
luxury and will not be maintained.
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to (7), thus yielding the normal derivative of the velocity potential in

each region,

- t Sh !
(17a) aw(no) ~ 2. a“{éri kn("r)- E‘(Qaso) + 't—r;e hh(“l-)° 7: (G;o}}

a! : hxo
Sue &
(1T0)  2p(re) _ {"’ he (%) P (Caro) — ——m h R 7’”(&:9)}
~_a_—f_;‘ h-o
Then, substituticn of (17) into (106) produces
= ) ] Sm& }
oy ~ 7 a-.,{[("’: W)z + -'f]‘F f-[(H Hyle - H 2 ” n evey
2n n-:o

(in which the prime indicates differemtiation with respect to the arguments-
which have been suppressed temporarily-of either the Hankei function or
Legendre polynomial). Evaluating this on the surface of the boundary by insert-
ing the values of 2 and ¢ from (13), and multiplying and dividing by s*
leacs immediately to
o
. 2¢06) /.

(182)  N(p) = 5 ~ Z @, 5, (8) /s* n, even

c:l:'hhr hzo

where, the finite cylinder wave function f;(&) is given by

(180) £(6) = 'Q[c..o(" “s)*"—""”]h (8:)- P (Gst) +
[Ls.,.o(yw,) J.G;a/{]/, (#e). P, (s o)

which reduces upon substituting S from (12) to

19a Re ion I
( ) & ‘hL h "L > 'P (Q}SO) - 51))6

CO) b { Goso C.;o 7’ (s 6)}

Q:O)

19b R on II
(190)  Rest A [ (3) 7 Cane) - G 0 4, (R2)- Bl (Geo)]

5' (o) = Sind
(19¢) Region III:
(?29) {'-—— by ( ) h(Gse) + ?:I" n,, (c,,, (G:o)}

-6-
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The behavior of the simplest of these wave functions, namely, that of

order ne o is exhibited in Figure 2(1") in which the real part of the
wave function is plotted against the imaginary part. It

‘ m

should be pointed out that: for even n, 3‘,, (a) = f” (m-6) and
x z

£ ) - ¥ (17-6) i.e., the wave functions are even with respect to
" , L] I nr x 1

6 =m/y and for odd n, f“ (8)= —;h (11-0) and £ (8) = _-f,, (7-0)

i.e., the wave functions are odd with respect to 6=".
Hence, if the Neumann conditions of (©6) are inserted into NGs) , the
normal derivative of the velocity potential on the boundary, it is readily

seen from (16) that

Iy (8) p(s) 3p(s) Y
(20)  N(e) < In Lr,,,m,"“(H"”’) 2z /Cy.l.-u..- * 9p <inJ.r—> >

and, thereiore, that the complex coefficients , ctu ., can be determined,

in principle, from the relation

- oD

(21) N(B) = H:. -~ hZ=° o’n ;”(a)/s‘ = é. a"n ¢n (0) ”' even

(in which ¢, (8) = -F,,(ﬂ)/s" ) thus solving the finite cylinder problem,
in_principle. Unfortunately, however, it is not possible to follow the

usual procedure of determining the coefficients of 2 general Fourier expansion
and develop an exact expression for the coefficient a, in terms of an integral
involving ¢: (6) and N(8) since different ¢,,(o)’s are not .orthogonal in
the 0=6= T interval 5). Therefore, a weighted least squares procedure
which leads to approximate values for the coefficients @, and, thus, to an
approximate solution for the finite cylinder problem has been utilized.

The calculation consists in approximating the infinite series /Y(8) of

(h)For this purpose the tollowing numerical assignments have been made
®aA =5, 8=/, bed ; these assignments are maintained in all subsequent
numerical calculations.

(S)This‘ is readily verified after some numerical analysis by plotting the
product of ®5(#) #,(6) for m¢n against the polar angle & . If ¢,(8)
is orthogonal to p,(¢) , then the areas under the real and the imaginary
parts of the product function must vanish separately; this did not occur
in the case m=o n=e 2 for example.

-7-
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(21) by a iinite series G(8) of the form
N

(22a) () = ,,Z., a,#, (),

and requiring that the weighted average value of the square of the misfit be
a minimum with respect tc the choice of the coefficients @, on the boundary.

That is, the "misfit integral"

T
(22b) E= f[l‘/(o)— G(A)JZW(O) 48

(in which w(8) is a suitably chosen weighting function) is to be minimized

with respect to the choice of @, by means of the requirement that

&
(22¢) ¥k _ o.

34.‘
Since, the ¢, () are in general complex because of the presence of the
Hankel functions and their first derivatives in the -f-,,(b) , the symmetric
form of (22b) must be employed which, when combined with (22a) and (22¢),
yields

- N
(23a) '?:';; { “‘—lm)' }%o a"‘é'(’)]["'w - E:o a "’."”)] weej 4o } " °

o

da;
or, carrying out the indicated operations and noting that 5,"% = 9;; and
(]
.
da;
U w N N
* »
(23v) -N8)2 &, #(6) +2 2 S a, P.00)e,, (ﬂf w(e) dé = 0.
neo "k n hzo Meo
o
By substituting N"(D) = N(8) = Hy and inverting the order of summation and

integration, (23b) becomes the set of Li. + /7 equations

N - T
2 a, “;4‘; (8) b5, (8) W (8) Je} = J; H, da0)w(o) J8

(2ka)
‘ ms=o
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or equivalently,

N v "
(24b) ”Zeo a, i {f:(‘) $.(6) w(s) JB} = §H,_¢:(o) w(e) Jﬂ) n b even

which are the N relationships required to calculate the 'best" approximate

(6)

coefficients @ & @ once a suitable weight function is selected .

r l) l.I‘ "
The choice of a particular weight function W(d) can not be made on an a
priori analytic basis but rather must be made by an appeal to the physics of

the problem. If the Riemann integral on the right-hand side of (24b) is cast

temporarily as a Stieltjes integra1(7) over the boundary surface
2
&
) [hei@umie — [uog@dv

then, clearly, dW weights ¢; (6) as some function, not yet defined, of the
boundary surface. Consequently, in view of the fact that no prefere'nce for
any portion of the surface at the expense of some other portion is inherent
in the original formulation of the problem, the appropriate selection appears
to be that of weighting the 4’;(9) with respect to an element of surface in

a manner independent of the element's position, that is

(26a) dW —» d(surface),

or, since the surface is a surface of revolution

(26b) dW = a7s- Sne V5" ~(45)" de

If, the indicated operations are performed with (12) and (15), then

b*Sind _a*
(273) dW = a7 C“'G (/'I,.".“//‘).‘.' Sinto H"]Je

(‘E)It should be noted in passing that if the @,(9) are orthogonal with respect
to the weighting function W(8) , then (21¢a)red'|::ces to the usual formula for
the determinating of the Fourier coefficient ag.

(7)Admittedly the introduction of a Stieltjes integral is not necessary because

of the presence of the H-functions; this form does, however, possess a certain

aesthetic appeal in view of the three sharply defined boundary regicns.

-10-
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where the ambiguity in the signs caused by taking the root can be removed
either by formally requiring that

(27b) S W = ava? » uml

Surface

or by noting that since area is positive and the cosine and sine are odd

and even, respectively, around =" , that

b2Sn b a*
(28) dW = W(B) 48 = aTm [ “Gsle (W-% )+ g H‘] dé .

Hence, if the \(#) of (28) is substituted into (24b), then the N/ #/

equations for the coefficients a."a.a,...aﬂ become

N
(293) ”Z-o ah I"'" = },‘. “' h "’) :J y) vrs, N.
where
2
T . Sind M)+ B
‘ d
(29b) Ty = a#ff‘(")“f,(o) :’,‘ F1 ds,
" . o (M) + g
and
- 2 a"
. b Sme (w,-H,) + — M
: W, F,(8) { Cs'e L2 de
(29¢) Fg = 277 o ) . at
> o (H, + #s snte  *

(in which the ¢, (6) of (24b) have been replaced by 4"‘(‘)/5" , the %,(8)
being given by(18b)). By splitting the single integrals into three region
integrals and making use of the fact that the ‘F., (0) are even with respect
to @=T/a for even W , it is seen that

3 A
«x) ) o (= _
(30a) Ty, = -?/L‘ff{ (0)£.(6) 5m6 Geo d6 + 2o I £ @) § (6) Sin’ 6 4O
n A ;

-11-
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and
e
x
; : r )
(30b) For =2 ) Fole) d8

where the factor of -27/;) common to Iﬁ’n and }.* has been eliminated and where
the specific forms of 'fh(ﬂ) and f,(8) are given by (19a) and (19b), respectively.
Because the structure of the integral I"n of (30&) leads to the

relationship that

L

*
1 -
(3 ) I L = (-T“lr!>

where & and 8 are arbitrary even values of ® and n , only slightly more than
3
half of the (Yar’) integrals required by (29a) must be evaluated. Further,

this property means, since (29a) can be regarded as the matrix equation

() Lay <1y = <2,

(in which the complex a..,s are the elements of the row vector <a? , the complex
}t' ’s are the elements of the row vector <J') and the complex (Ii’,, )* are

the elements of the coefficient matrix {I? ) that 4I) is Hermitian. Hence,

the inversion of equation (32), or equivalently, (29a) can be accomplished
readily by means of the technique - fully described in Frazer 8 - of triangu-
larizing the matrix €I? followed by successive backward substitutions of the d,,lJ
into the resulting N/2 +/ equations for the a, ,which completes the approxi-

mate solution of the finite cylinder problem.

Numerical Analysis of a Specific Case - Based on the theoretical develop-

ment of the preceding section, the following numerical calculations for a

three term series expansion (N”‘) were performed for the specific case
%3 =5 (e N=""¥s) a=/ and bea :

1. The individual wave functions 'f',’ (8) were calculated for Meg 2
and # ; a graphical representation of the calculation for ne=o

is found in Figure 2 which was inserted after the defining equations
of (19).

(8‘)Frazer, R.A., Duncan, W.J. and Collar, A.R., Elementary Matrices, Cambridge
Univ. Press, 1946. pp.97 et seq.

-12-
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2. The integrals of (30a) and (30b) were evaluated by calculating
the real and imaginary parts of their integrands,plotting these
as a function of the polar angle € and calculating the areas
under these curves by means of repeated planimeter tracings.

These results are given in Tables Ia and Ib:

PaN( o 2 #
o 2. 7¢¢ - 0l#t —. 2350 |-.087 4 .-022c
2 |—.0i18 +.238 ¢ - 778 4 —~ /3086 ~ 0 75 &
o - .087 - 0274 ~.13037 + -oULS( SERET

Table Ia - The Iﬁ'n'

* P

0 9362 - HIS .
2 AR - 0k/cC

" L06d #-030¢

Table It — The j.i,-

-13-
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3. The complex coefficients of the three term series expansion of
(29a) were determined by triangularizing the coefficient matrix <I)

followed by the successive backward substitutions of a,and &,

¢
into the resulting three equations for 4, a, and @, . The results
of this calculation are contained in Table II:

n Lo ]

° I #0862
a 22 £ .75

¢ 2./ - .90 ¢

Table = — The a .

As a check on the ability of these values to fit the boundary condition data
of {6), the real and imaginary contributions to the square root of the weight-
ed "misfit" integrand of (2:b) were calculated as a function of the polar
angle 0 (9) The results of these calculations are presented graphically in
Figure 3 where it should be noted that the extent of the "misfits" is quite
satisfactory since a three term expansion is, admittedly, not sufficiently
extensive to fit the discontinuous data under consideration with great 'pre-
cision".

From these values for a,, a'z. and d., , a measure of the spatial distribu-
tion of maximum pressure in the sound field is obtained readily for this
.’“(r)-ulv'(r)/ (10) These

results are shown graphically in Figures kha, 4b and Ubc for the three cases:

specific case since, apart from a scale factor,

vr=s (i.e., on the cylinder), v=2.5§Q and ¥= 5Q , respectively.
The presence of the pressure '"spike" on both the upper and lower end of

the cylinder can be accounted for by examination of Figure 5 where the velocity

0 (7)
on  ’

is observed to have a non-zero value in these two regions. This velocity

or, equivalently,

which has been plotted against the polar angle,

(9)

In these calculations, the factor of 4% was not taken into account since
it is a factor which could have been made to disappear immediately in (23a).

10 (r¢
( )This follows immediately from the relation P(r t) = 23 (r,¢)

t
and the ansatz of (2), that is, P(r t)» Pc{wrﬁ')e““} - ﬁe{‘“rlﬂr)le e.u}
where the phase ang'e & is given by o = tan™' { Re ¥(+¥)/1, i)y
hence, neglecting the ctcaje factor and the phased time dependence,

Bon (V) ~ Je ().
-1k~



;
- H+ NN W
“ M “ 18 o8 + = n
T +
HHT - 1 b
] ¥ : T
: +
t
, 1
Z
T i
: T
Tt
_ I
o i
H ¥ r‘nwf
T T
paas ' ;
L rv !
+ G
T : T i
;ﬂ—r : { = 1t
_ T
4 Rhas
: +
+
T
q S
RS paSna
shuay H
ame
1T
+
T
: 5 -
m o
ke ol
Y T T .
> '
i +
: I .
I8 S s : :
T : :
H: s Tt
++1 s3es
sealsus ™ 9
as . ) i \-n
1 Efnspgatianad
: T h “ : :
: R B¢ t
. i
i ; ! M
b :
r
t
4
+
pus
T
1
" -
- o U i et ;
H £ $ot H pons : inn SAED1
! : 3 1 11 i s , " t +H
g T + + T t T D RjuRy sapes T ] :
o I Tt ge ) & D g g p : ! :
anwy g8 oE ,
| . : : = i
. r = ! : 1 T1
. ; 1 + T3
e s ] , 4‘ :
1 : : ! 4 ,
Tvﬂrv..h - : aa=d it suay aunny Sguat : } et
: ; .
t t 1 . npe g
i i, = sapds saae] b
i LY +
L













8
08! o o2l o2
+ i 1 In T 17 T Y
1 H e ] T 11T T
3 ! 1 TIT 1
) 1 T 2 1]
-+ + - 1
{1 T
1T I -
. z T
T T T
H
e n
v A
T t
t
i
T+
+ g + ] T ! T -
al v .
18 8881 11t s rau
3 a i1 $ a
T T s T
{ H 1 T H 1
T p .
¥ T o : T
L 1 I 1 I ~
i : T T e = -
1 T ¥ i H e
o " H : T
' + 1 1 +
t " L + T + :
! - T " i T 08 B85 +
t e v 7 : T t "
y 1+ 1 "
(ma o " 1 1 3 T
n 7 : T 1 Sean
: + -l T T + ul...u
. I T T T T s
1 + + I T =t an
H 13 ! hai -
1 + T T yua g : :
1 ; -~ HED RN PP —— - s n
- . - . ) -
= - T
Iaus R T+ 1
1 1 1 T b
1 : T ¥
;e 1 1
T I E et
o 3 i 1T
+ f T R
» L +1++ bt :
X < + et i
$ M I 1
g I 7 1 T T
¥ T
T smn v T T
-~ i 1
e i T
] 1
" 1
M o]
1)
: 1
1
t
L
e
3 1 1
1 1
1 T
oh
s
t
e
1 T
s T
't 1 y=a
T
1 T e
1 b |
- -t
t -4 = - -
T ar H
: o8 . T i
T T -+ o
; 7 : Hel
b 13T T + b
s + -y
- a @
T e T T T -
T - - -y i
-+ ! 1 T " 1
= . 14 r . 4 4
7 T . I t s
- T I T : f
e 4t 11 1 T HER
T T T 1
1 ) U )|
- 1 " a rt r
NN N * T et ™ BB e
T N &1 T et I T pus @ ~T t )
- + i = e 1 EIE 3 ) IN BTN 1 REES B . T ¥
e i 1 + - — - IS &0 . T 41 + N
3 e e = awnad e = T 1




PARKE MATHEMATICAL LABORATORIES, INCORPORATED Final Report-72788B
ONE RIVER ROAD o CARLISLE. MASSACHUSETTS

"'spike" follows not only from the crudity of the approximation but also,
and more fundamentally, from the fact, which is emphasized in Figure 3,
that the selection of the coefficients @, was based not on minimizing the
unweighted "misfit" with the attendant risk of having positive and negative
"misfit" cancellation, but rather was based on minimizing the weighted squared
misfit in analogy with the method by which orthogonal function expansions
are matched to a given function(ll).

Remarks -~ Because of the extensive numerical analysis required in
carrying out the calculation outlined in the preceding section and because
a primary desideratum of the calculation was its completion in a "finite"
time, a less than ideal number of terms was employed in the series expansion.
If the "“rule of thumb" that the minimum highest order Hankel function in the
series expansion should be ~ %a-a%a is applied to this specific problem,
then N= Jo-:5 1implies, at least, a 6 term expansion. Such an effort is
close to, if not past, the economic break-even point for employment of an

electronic data processing system for this specific cylinder problem alone.

If, in addition, it is also recognized that a trivial change in the para-
meters ¢, b and B4 requires a total recalculation, the employment of a
high speed digital computer becomes mandatory.

By employing an electronic data processor it becomes feasible not only
to perform lengthier calculations but also, because of this capability, it
becomes feasible to postpone to a later stage of the calculation an undesirable
feature which is imbedded in the structure of the current method. This
limitation, which follows directly from the expansion of (18a) in terms of
the non-orthogonal functions of (18b), leads to values for the coefficients e,
which are dependent on the number of terms employed in the series expansion.
(This means, simply, that had a 4 term series expansion been selected for the
numerical calculation of the previcus section, say, the new values of < a,

and a, would differ, perhaps radically, from those in Table II calculated

(ll)Although it is difficult, if not impossible to prove, it seems reasonable
to expect that the expansion proposed in (22a) converges in the mean to H,
except for possible spikes (analogous to the Gibbs phenomena) at the
regional interfaces, as N-» o=,

-20-
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on the basis of a 3 term expansion.) This term dependence can be partially
offset by means of the Gram-Schmidt Orthonormalization Process(lz) which
requires the use c;f a digital computer for its effective execution in this
context.

This orthonormalization process and the resultant strengthening of the

finite cylinder calculation is outlined as follows:

a) From the relations for the ‘F“(O) of (18b) and (19) and the

relation for $* of (15) construct the functions

(33) ¢ (8)= Fa(8)/s*

b) From these non orthogonal functions ¢”(9) construct the ortho-
normal system nh(é) for the finite cylinder (relative to the
weight function W(#) ) by means of the prescription

(a) v (8) = 4,(8) fig o

where W@, (8)l]  indicates the weighted norm of ¢,(8) and is

defined by
- o,
(3kb) IO g] ¢’ (8) @, () W(B) ae}
and
(35a) (o) = 5(0)‘ /ll!’,(e)‘“
in which
(35b) §(8) = ¢ (8)— (@ re), q,m) n,(6)

(12)

cf. Lindsay, R.B. and Margenau, h., Foundations of Physics, John Wiley
and Sons, Inc., 1936. pp.k2h-U426.
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(35¢)

(3¢2)

(36b)

(37

d)

(38)

(ko)

where the inner product (¢&(0L My(’)) is defined by
T
»
(¢‘- (o), W; (a)) = .{‘P‘- (8) n;(8)W(a) 48

and
W (8) = Yz(’)/ﬂ £ (o)l
in which
Y6) = ¢.(0)- (mo), ;,.m) y,(6) - ( *(8) i, /ej)h, (s)

and so forth until the required number of k”(é) have been

calculated.

Replace the series expansion for 6(8) in (22) by

N
6te) = Glo)= 2 by, (6]

where the hu(b) is the orthonormal set constructed by means

of the Gram-Schmidt Process outlined in (34a), (35a) and (36).

Repeat the approximation analysis by minimizing the "misfit"

integral

£ = S [N(e) - ’é'(o)]lw(o) dé

o

and noting that

v
\[Vz;(o) n,(6) W(s) 46 = &

which is the orthonormalization condition guaranteed by the
Gram-Schmidt Process; then

R

b, (8) = S H, (8] W(s) dé

which is term independent.

Final Report-72788B
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e) From (3ka), (35b), (36b) and similarly formed relations for
higher n , it is seen that the i[’s can be written as linear

combinations of the ¢’8 in the form
¢
(b1a) n() = 2 A (s) ()
¢ .i:o

(where it should be noted that Aij“) is a lower triangular

matrix with A; = ’/llféll ); hence, it follows from this and

from (22a) and (37) that

N N < N
(L1b) Z ki (0)=J b 2 A 0)ai0)= 2 a; #;(8)
(=0 {=o J=o 4 Jjzo
or, identifying appropriate terms
N
(k2) a; = Z b Aij
J (<o

which is the required result for the a;.

?
f) Consequently, the term dependence of the 4:sis introduced in
such a way that a minimal amount of recalculation of previously
determined a,;s is needed upon introducing an increased /& , say d J

since adding b A Di e B AN A!! ; to the a; calculated for

Ner
terms satisfies the requirements of (L2).

Arbitrary Finite Bodies of Revolution

This method of determining the velocity potential for the sound field
associated with a finite cylinder is readily extended to arbitrary finite
bodies of revolution. This is accomplished, simply, by determining the
number of distinct regions and the extent of each in the polar angle e
for the cross sectional boundary of the body, introducing this number of H -
functions such that each regional H-function is one within its region.

and zero otherwise, using these regional H-functions to construct the polar

-23-
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equation for the boundary and, finally, re-doing the analysis of this report
by applying appropriate boundary conditions and introducing different weight
functions (other than a uniform, areal weighting) when such changes are

required by the needs of a specific problem.

NOTE ADDED IN PROOF: In the course of final editing, an error was unearthed
in the numerical evaluation of the derivative of certain Legendre Polynomials.
A cursory calcuiation indicates that the effect of this numerical error

should change the numerical values cited for the a, in Table II only wmoderately,
thus preserving the form of the results exhibited in Figures 3, 4, and 5.
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