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Employing the Karman liethod for Calculating s Turbulens
Boundary leyer on a Flate in a Gas Flow

by

L. Ces Loytsanskiy; Yu, V, Lapin

Introduction
In the sheery ef surbulent boundery layer in a compressidle fluid at greater velo

cities two historical trends have been noticed, The first one of these, discovered by

semiempirical
F,I,Frankl and V.V.Voysbol[l] was based on direct transfer of ther__—LJthoo-
ry by Karman into gas dynamie¢ formulae, Van Dnat[?] followed an snalogous path,but
with the application of Prandtl formlae,

In reports of the second trend were used known Dorodnitayn(;] variables end it has
been assumed, that the corresponding formulas of the semiempirical theary of turbulences
should be compiled in these varisbles i .

The answer to the qQuestion on which trend offers results more closer to the truth,
could be given only by experiments at greater M-numbers, but by the time of appearance
of both trends experimental data were still lacking, At Menumbers, not much exceeding
one, both trends have given, naturally, results slightly d4if fe.ring from each other,

Only relatively recently, after dats have been obtained on the friction resistance of
flat surfaces at greater M-numbers (reaching up to £ , it became clear, that only the firass
trend offers proper results,

We would like to point out, that in the Frankl/Voyshel report the authors stood
along the road of directly generalizing the Karmen method, having simplified only
with the essumption of fristion stress constancy across the boundary layer, Following
this path, they at first find the form of the profile of velocity in the cross section
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of the layer, then in an ordinary way they find the so-called law of "Resis.
tivity®, i.e,relationship between local ccefficient of friction and R-aumber of the
boundary layer (R-number = Reynolds or Re-number), Then, excluding this Re.number
from equation of the "law of resistivity ® and from equation of pulses, they obtain
the sought for relationship between the coefficient of resistance end the Re.uLmber,
foruulated by the velocity of an oncoming flow and the abscissa of given point on the
plate,

The degree of approximation , adopted by Frankl and Voyshel, enabled them to per-
sonally carry out calculations but only up to Menumbers,slightly exceeding one, The
change over to greater M-numbers requires, apparently, either an even greater complexity
and besides that a coxplex calculating method by these authors, or direct application
of numerical methods,

It is shown in this report that when agplying the Karman method end essuming friec.
tion stress constancy across the boundary layer, there is a simpler way of formulating
a solution#equiring no introduction of the concept concerning the Reynolds number of the
boundary layer and campilation of the ®*law of resistivity ®, This method consideradly
simplifies the investigation of problems pertaining to a turbulent boundary layer in a
gus flow, The use of a simple asymptotic break down allows comparatively easily to
generalize the Karman theory of plate resistence in an incompressible liquid for the
case of a gas flow with greater Menumbers.

1. Turtulent Friction on a FPlate in a Flow of Inccmpressible
Liquid.

The integral equation of pulses for a pl_te,arocund whiech an incompressibdle liquicl

flows at zero angle of attack, has the form of 3

dhe T
de ey’ C'I)

where X =coordinate,directed along the surface of the plate; Uss and q¢ - velocity
end density of the oncoming ﬂ.w;?u- friction atress on the wall; ) **~ thickness of pulse
loss, expressable by equalitys ‘
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In expresaion (1,2) we substitute the universal coordinstess
u R
¢ e e 0_3)

here....y ~coordinate slomg the normal to the surface of the plate ; - coefficient

of kinematic viscosity; v, 8“ Yoo *dynamic veloeity,
Q -

av* . ‘:L_’.-\ S a—‘;,—)dn-. Q ‘f')

e (I .5)

Equality (1.4) can also be written in form of s
. .
o0 (8)

. A s, .
The value 7} _;__;;_ in the laminary sublayer is equal tc one (’YL=1). In the

turbulent nueleus to dotermmo'rzvo use the Karman ratie:

et Y

where x - turbulence constant*qnalung 0.4 (the hatchure sign in the equality (1.7)

Thean

<

vhere

designates a derivative by y), Adopting & siumplified ussumption sbout the friction
stress constancy across hyor‘r :7“ and transition in (1,7?) toward universal coor

dinates (1,3) we will obtaims

o= (19)

The minus sign appears after ext action of the root in connection with the fact,

that ?' Z Os In equation (1,8) we change the argummt and function places, then we

s (19)
) N o= G, (//p) '

If we should desigmate by the letter £ the magnitude of the d-unuvoda‘%l o

obtain an equatioms

from which it is evident thas

ths boundary of the laminary nbhuorql -M- a from the side of the turbtuleant nusle
us, and writing
FTDOTT-62-1768/1+2 S



;1“) s = - (0 1" .

then equation (1,10) will acquire the farm of
. L’Z'_L (/ /2)
where a = turbulence eonltant*aqualltng 11,5.

Returning to equation (1,6) we want to point out, that, strictly speaking, the
integral in the right part of this equation should have been broken dowa inte twvo
sectionst O_/;(,o Lo and lzf_‘;) L h and place in sach one of these a velue '}z. namely
"] = 1 in the first and according to &quation (1,12) = in the second, But in view of
the relatively thin (relstive thinness) of the lemimary sublayer it is possible to-
bypass tbe first section, e€xtending the second one to the wall, As is shown by ealcu-
letions in first eprroximation, at greater h no noticeable difference is obtained,

In this vay, eliminating ';l from equation (1,€) through (1.12) we will obtain the

following expressicn for pulre loss thickness:

L . L ‘h‘ Ju(l—lu""“’u (//3)

v

where U = W *

The value xh, as is evident from its determination, consicersbly excéeeds one, In
these cases it is convonient to use the following general idea of tre integral (ccne
taeining the exponential function ), which is obtained as result of integrating by

parts: i (\«) o e

\u‘"w (¥)dy ~——-[/ eI S (41

1y this case, vhen the series in aquare parentheses remsins undisrupted, formila
(1.11.;) can be considered as an asymptotic series, exrressing the value of the integral
at greater h,
' Mokiaghn (1,13) an integration with the aid of (1.14) ve will obtain an expressicn
for pulse loas thieckness 3

s m st =). (115)

We will also obsain an expression for the form-parameter Hj
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where 30 = thickness of squeezing cut the boundary layer, expressed by equation

Using a method+nalogm to the one shown above, it is possible to find the fol—
lowing expression for th; thickness of squeeze cut:
o =Sz (1.18)
Campiling the ratio b'/&“ according to equations (1,1%) and (1;15) ve will obtain

a term for Hs

H’“":l;-;?‘ (£19)

6 - 107 gives & value H = 1,3, vell confarming with the axperiment,

which at Re numbers 10

Turning to expressicn (1,15), ve want to mention, that in view of the exponential
dependence of pulse loss thickness upon h, when it is being calculated it is possidle
to disregard the second camponent in cuamperison with the first one, As was shown by
celculations, at greater values h the error*obtaimble when calculating the friction
coefficient, is insignificaant at such an aproximatione

Having accepted for pulse loss thickmess such en appreximstion, we substitute its
expression in the integral formula of pulses. (1.1), After simple transformwe will

obtain the following squationt

‘—K

e = AR, /.20

=2t (/.2.0&)

Taking the integral from both parts of this equation and utilizing the boundery

where

condition Ry = 0 at h = O, ve will have in this approximation

e—xa
7{5"1’8"" =R,. (’.1')

Logarithming (1,21) snd turning away fram variadle h to ef according to equation

V(1A
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we will obtain the known Karman fermla ,

Jo= AT BRE) .

(1.23)

The just now explained order of derivihg the Karman formuis 18 not in itself impor.
tant, but only as an explanation to a more canplex derivation of Karman forrmla general-
ization for the case of a gas flowe

2., Turbulent boundsry layer in the flow of @& caxpressible gas

We will confine o.rselves to the case when the Prandtl nuxber equals one (Prei1)
and will discuss the flow arcund a plate, 2s thermally insulated (®lamellar thermo-
meter®) and with discharge of heat as vell,

Ve will assume, that in any given section of the boundary layer is valid the folw.
lowing known ratio between the absolute texperature of the gas T and its longitudinal
veloeity

L=1—e ()= ()

vhere .
wsleN ((.)) 0 when the surface is heated

k-1 2 I
and 3 / O when ¢cooled); gexm =2 2 Mee T
k=1
e Ty(le 2 Mo ) - temperature of thc thermometer, equalling the temper.
ature of phtu—mrh« Tv in the absence of heat transfer (w= 0),

Noting, that at a pressure constancy cver the profile of the layer takes place an

To _ ! .
cquality =T e (E) v (%) a2

h

we will compile analogous with (1,8) the basic Karman formils, which in the [reseace
of compressibility of tho medium will have tho form ofs

VTR @)

Substituting, as before in par,l, the argument cnd funsction places, ve will obtain
instead of (2,9) an equation

| RN E—
" V!-u (-{-) —Y(.-Z-) b"+)
a8 £1re% integral 1n vhieh s served by

TTD=TT=62=1768/142 6
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To determine the coratants C it is necessary to deal wit: the valus of the deriva
de ,
tive d'vL on the boundary of the laminary sublryer from the side of the turbuleat

micleus. A simpler assumption aprears to be the requirement, that this vulue should

be of the very same negnitude f -_}; s 88 in the case of low velocities; im other

words, it is assumed, thnty (a*0) doesz not depend upon the gimme and cmega coefficients.
Such an assumption is equivalent to disregarding a change in density along the length

of the laminary sublayer; it leads to the following results

.
o

' ’_;. M- ‘—\-'T+".' ‘
7 . Y aresin - -5 ﬁ l(Le’

: ! i . : - -
N-=--Ce\pj =, are s — - - -
i

_1/ Y \ ] 4T

One can be convinced easily, that at amega = garamas C the right part of equation
(2.6) coincides with the corresponding equation (1,12) for incompressible fluid,
After this we will take up the thickness of puise ioss of the bLoundary layer. Io

ca8s of a compressible gas this value is expressed by equations
veedgil =i (2.7)

Using equations (2,2) and (2,6) and meking transforms, snalogous as in previcus

paragraph, we will obtain the fouowing expression for the thickness of pulse loss:

3% — (X—u)—\)h\ j‘ Wil — )

W ] — wit = yu’
Vyu-— Vya+ - w‘%
x exp| “ 1 arc sin ——r==ne) V‘— —arc sin ___;_-‘_:.)- . )
vy Vis & Viss

Intréducug a nev variadle

- Vvu-
\F--.Vl?arcsm '“/Y (1 q)

we transform (2,8) iato form of

FID-TT=621768/1+2 7



Ve

ose - 1} . s anizky -yl
1Cax NS B (’i IO)

X sV Y § - snl Y y_ sin) } e —sin] Yy ldy,

- w
: vy - VY
where L Ceure sl ~——emee T 'Z;':‘_;
¥y ]/ 1w
iy l
W
i . 2Vy .
., - — - urdsin T, .
\}.: Vy - l/’] ) _m_'_ (Q, 'l).
3y
- w
I ) V\ @ - 0)/\—,
\P‘ - dre sl ——y o —
Vy 1= v
ety

To calculate the determined integral, situated in the right side of
equation (2.10), we will again assume that the method of symtotic analysis,
the same as in the previous paragraph. Intergrating with an accuracy to the

member, containing x3p3 in the denominator and substituting approximation%

in form of : ¥, =y, - _Z_ . l.ll

.

we will obtain the following expression for pulse thickness loss

. EO ) - o Yivs ke (Ve N l _»_2_—-1:')4’. __\ \ .
0 ) $nty ¢ . { TS —...m\',’ 1.'3
In an analogous way it is possible to obtain the expression for the

. )
. '\'(3—-1,.")01—'\_'»—-:%"
x 1‘—40(1 YR ¥ cu'x(\‘-.-\;) l o . -,‘ . a )*)
T U L 20— b —u—y | .

Compiling, accoxding to equations (2.14) and (2.13), the ratio 3'/8". H,

thickness of displacement»' .

we will find: \,(3_1_5.,,_'_%)]
(1--v) ‘—‘/.h“"\"]/l—"’_\‘ (‘ \S)
H= 2150 —y | .
1—e—v|i- SR

In a npecifi: case of flow of an incompressible fluid (gamma=0) and in the
absence of heat transfer (omega = 0O) we obtain a term for H, perfectly
coinciding with the corresponding equation of the previous paragraph (1.19).

Having assumed, as in previous paragraph, for pluse loss thickness a more
cruder approximation (disregarding the second component in eq. (2.13) we will

substitute this

FTD-T1-62-1768/142 .



esquatioca

e —0 Y ab(Ve=ty)

¥ -
o7* = 1%,

into an integral equation of pulses, coinciding in form with (1,1). After simple trans._

forms we will obtain an equation:

:%h:df“" AN - W)
U.x [ |
Riv= \.: ' @'“ 70)

Having taken the integral from both parts of Jhis equation and using boundary

vhere

condition R, = 0 at b = 0, wve will obtain in this approximtion

ESR Y

14
Equation (2,18) transforms at the limit into a corresponding expression for

ingompressible fiuid ‘ —HE e
cmpressi u %;‘_ﬁ‘ﬂh_R‘o. (3/?/

Next we will separate both parts of equation (2,18) into conformel two parts in
equatiocn (219 ), and then we will have ' _
) I A\ wi VeV )~ %k ..Q.T_u_'_ e
) ¢ T (3_.3-0)

Chonging over in (2,20) from h to c¢g and logerithming, we will obtains

_lgl{_x)/‘fl:cr ('b.—\r;)/lf_cl’_—w—v _ 1}-_-1;(';—:\) (2;“)
l V =

i 10
Accepting for cpy & gradual dependence upon the number Ryg
¢ = 0.0263R:°"' &Q. 11)
025 ' :

Fa= =22 = 1,55R0;

and introduecing designations

e Vitr (2.23)
K= ]/'-;-"’:—Y arc sin -—i‘.—l--—arc sin—2 1Y = |.
Y Vis Cy Vi+4

we will obtain a dependence of the friction coefficient upon the parameters of the

FTD-TT=62-1768/1+2 9



unocming flov and conditions on the wall in the following unclear forms

Sy Fere (229

!

Equation (2.2;) can be reduced to a transcedental equation with one parameter in

form of ¢ lgv+ N =L, (135)
where L___]gf_ﬁ_.iig-ﬁ.‘
X 2_}%—,’- | (3..2‘)

In this vay, the expression fcr the friction coefficiemican be writtens

2 K2 .
S-r(2.27)
where P an K - known functicns, and N is d;;emimd from scluticm of equation (2,25),
As was shown by calculations, equation (2,25) can be replaced by an approximated
one, by a simpler equation:
N = 0,123 = 0,820L
O (9.99)

which appears to be sufficiently acc.rate in a wide range of chenges of all pareme.

ters, In this case equation (2,27) scguires the form of:
< FK?

% 3 ;'o.xasfo.szo(zg%"-' L5y (i.g—cv

To determine value G it is neceasarf to accept a law of change in viscosity due

to temperature, In the rols of such & law can be accepted oither the Sezerlend formi.
la, or the gradual viscosity dependence upon temperature, In the latter case the ex-
pression for G has the form of 3 ' '

co=ma(E). (2.30)

vhere n- index of the 4 gree in tlup_ﬂ‘l“ lav, It would be interesting to compare the
described method with the Van=Drayas method, which, as is known, is based on the trans-
fer of the Pranitl formula into gas dynamics, After the VaneIrayst formla 415 brought
to form (2,24) it becomes explained, that the difference lies in the value G, which

ITD=-T1-62-1768/142 10



during the adoption of the gradual law of change in viscosity is axpressed by equa~

on o (e ) L30w

-

Tig.1l, Fig.2
Upon the examination of equation (2.29) it is revealed that at greater values
of Re.number the megnitude of the ratio cf/eto depends very V@kh upon the Re-mumber,
The truth is, directing the Re-number into infinity (R0 ~yo° ) or F toward

infinity, we obtain the following specific formula for the ratio c,/e“:

gor. (d30b)

This formmla may appear to be useful vhen making approximate calculations of
friction resistance at greater Re.numbers,

According to the described method (formula (2,29(( the local friction coefficient
was calculated, The results of calculation for the case of absence of heat transfer
(%,/Ty = 1) and comparison of seme with sxperimental data of different mthouE]-

[] are shoua 1n rig.1JMures curves cn this draving corresposd to thres different values

of Re-number (106,107,108),

FID=TT=62= . 1768/1¢2 1}



As 18 evident from the drawing, the calculated and experimental data are in
excellent conforuity all the way up to greater M mumbers.
Theeffect of the temperature factor on the friction coefficient is shown 1n. fige2e
¥We shall examine two available practical values of partial cases,
1) Flate Heat Insulated
In this case the tempereture of the wall T, is equal to the temperature of de—

celerations .
T, To{r A, (‘,’1”3])

and the values ocmega and gamma res,ectively are equal to

.oy ;'_._- . (3.32)

Function K determining the process will bes

‘K=v| 'E;E:“'C-*i“l y- &3_.33)

2) Flate with heating or cooling at small velocities

In this case, guiding ganm..-’o. we will have:
K- __:; o — 1) (i 3’}’)

In the special case of rlow of an mcmpressible fluid in the absence of heat

transfer ( omega = garma = 0) the value X = 1,
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