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E&ploying the Kerman .4sthod for Calculating a Turbulent

Boundary Layer on a Plate in a Gas now

by

L. G. Loytsanskiy; Tu. V. Lapin

Introductloa

In the theory of turbulent boundary layer in a compressible fluid at greater vole

cities two historical trends have been noticed. The first one of these, discovered byAsemlem, irieca

F.I.Frankl and V.V.Voyaheljlj was based on direct transfer of theF thee

ry by Karman into gae dynamie formulae. Van Dreastry1 followed an analogous path,but

with the application of Prandtl formaulao.

In reports of the second trend were used known Dorodnitsy[3j variables and it has

been assumed, that the corresponding formualae of the semiempirical theory of turbulences

should be compiled in these variablesa3.

The answer to the question on which trend offers results more closer to the truth,

could be given only by experiments at greater 4-numbers, but by the time of appearance

of both trends experimental data were still lacking. At M-numbers, not much exceeding

one, both trends have given, naturally, results slightly dfifferingfrom each other.

Only relatively recently, after date have been obtained on the friction, resistance of

flat surfaces at greater 4-numbers (reaching up to e * it became clear, that only the first

trend offers proper results*

We would like to point out, that in the Frankl/Voyshol report the authors stood

along the road of directly generalising the Karman method, having simplified only

with the assumption of fri1tion stress constancy across the boundary layer. following

this path* they at first find the form of the profile of velocity in the oross section
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of the layer, then in an ordinary way they find the so-called law of 'Rerls.

tivity'. i.eerelationaship between local coefficient of friction and R-um1ber of the

boundary layer (R-number a Reynolds or Re-number). Then* excluding this Re-number

from equation of the *law of resistivity 0 and fron equation of pulses, they obtain

the sought for relationship between the coefficient of resistance and the RO.nLmber,

formulated by the velocity of an oncoming flow and the abscissa of given point on the

plate.

The degree of apparoximation , adopted by Frankl and Voyshel, enabled them to per-

sonally carry out calculations but only up to aN-numbers,slightly exceeding one. The

change over to greater U-numbers requires, apiarently, either an even greater complexity

and besides that a complex calculating method by these authors, or direct application

of numerical methods.

It is shown in this report that when applying the Karmen method and assuming frie-

tion stress constancy across the boundary layer, there is a simpler way of formulating

a solution equiring no introduction of the concept concerning the Reynolds number of the

boundary layer and canpilation of the *law of resistivity 9. This method considerably

simplifies the investigation of problems pertaining to a turbulent boundary layer in a

g6a flow. The use of a simple asymptotic bredk down allows comparatively easily to

generalize the Karmen theory of plate resistance in an incompressible liquid for the

case of a gas flow with greater 14-numbers.

1. Turbulent Friction on a Plate in a Flow of Inccmpressible
Liquid.

The integral equation of pulses for a pl-tearound which an incompressible liqu•i

flown at zero angle of attack, has the form of i

-'x t.L. (I- ..

where x -coordinate,directed along the surface of the plate; Uscý and qCP - velocity

and density of the onemiing flewein- friction stress on the wall; ;* thickness of pulse

loss, expressabe by eogaltys
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In expression (1.2) we substitute the universal coordinatesa

4' -. V2L O)

here.°.y -coordinate along the ormal to the surface of the plate I coefficient

of kinematic viscosity; va = - oý. edynamic velocity.

The&(

where

h "(15)

Equality (1.4) can also be written in form at s

L_

The Yalu* in the lamInary sublayer is equal to one •l). in the

turbulent nueleua to determine we use the Karzon raties

T = (Q,% -- , ).

where x - turbulence constant4qualling 0.4 (the hatchure sign in the equality (1.7)

designates a derivative by y)e Adopting a simplified seuumption about the friction

stress conatancy across layer - a and transition in (U°D) toward universal coor

dinates (1*3) we will obtalas

Z.)
The minus sign appears afterxt action of the root in connection with the fact,

that 0•y j 0 In equation (1.8) we change the argilment and function placese then we

obtain an equati ,-a, (I.i)

from which it is evident that

It we should designate bW the letter t the magnitude of the derivative a on

the boundary of the laminary aublayer i a • n a from the side of the turbulent maelo

us, and writing

nJTD1i--62_i768/l'2 3



0)

then equation (1.10) will acquire the form of

where a - turbulence constanA 4qualling 11,5.

Returning to equation (1.6) we want to point out, that, strictly speaking, the

integral in the right part of this equation should have been broken down into two

sections. ia and a. •,h and place in each me of these value . naMe

1 in the first and according to lquation (1.12) - in the second* But in view of

the relatively thin (relative thinness) of the lUminry sublayer it is possib3e to

bypass the first section, extending the second one to the wall. As is shown by calcu-

lations in first approxiation, at greater h no noticeable difference is obtained,

In this way, eliinating from equation (1.6) through (1.12) we will obtain the

following eýpression for pul.e loss thickness&

I

where

The value xh* as is evident from its determination, consiýerably exceeds one. In

these cases it is convenient to use the following general idea of tke integral (ecn-.

taming the exponential function ), which is obtained am result of integrating by

parts• i :"] •• -•-I() x ;, . (.|7

'a this case, when the series in square parentheses remains undisrupted, fornala

(1.14) can be considered as an asymptotic series, expressing the value of the integral

at greater b.

Makin (1.33) an integration with the aid of (1.14) we will obtain an expressica

for pulse leos th•bkeaos s

Ve vill aleo obtsin an exsprosion fee the form-parameter Il

MlT..N624•7-T/1#



H~. (.,

where jo - thickness of squeezing out the boundary layer, expressed by equation

0

Using a method Isnalocaas to the one shown above, it is possible to find the tel-

lowing expression for the thickness of aquae". cuts

6\*= I. .

Canpiling the ratio •ft/ý, according to equations (liw) A (o1.5) we will obtain

a term for Hg

which at Be numbers 106 _ 107 gives a value H = 1.3, well conforming with the experiment,

Turning to expression (le15), we want to mention, that in view of the exponential

dependes=e of pulse loss thickness upon h, when it is being calculated it is possible

to disregard the second ocmponent in ccapbrison with the first one. L warn shown by

calculations, at greater values h the error AobtaiIn&ble when calculating the friction

coefficient, is insignificant at such en approximttion.

Having accepted for pulse loss thicknens such an approximtion, we substitute its

expression in the integral forimula of pulses. (1.1). After simple transform we will

obtain the following equations

e-X h~dext -=dR,.

where U.X ( ao

Taking the integgal from both parts of this equation and utilizing the boundary

condition RF a 0 at h a 09 we vill have in this approxizztica
G--XG . )

ILorith-ing (1.21) and turning away from variable h to of according to equation

ITD-TT-62-1768/1/ 5



we will obtain the known Karmen fowrml.

- --A -.- ( 2 3)

The just now explained order of derivihg the harman rormuia is not in itself Impor.

tent, but only an an ezplanation to a more ecmplex derivation of Karmen forLaula generaL

ization fwr the case of a ps flowe

2. TUrbulent boundary layer in the flow 0!r eomp•otesible pg

We will confine oLreolvea to the case when the Prandtl number equal. one (PrumL)

and will discuss the flow around a plate, an thermally insulated (°lamallar thermo-

meter') and with discharge of heat a waell.

Wo will assulme, that in any given section of the boundary layer is valid the fol-

lowing known ratio between the absolute texaperature of the paa T and its longitu•inal

velocity a

where 2L
w a - TV (L&> 0 when the surface In heated

and (z 0when cooled); Igmsa 2 j?.TV;

Tt a Top' (1 2 2.- ) - temperature of the thermcmeter, equalling the temper-

ature of plate slarfaoe IV in the absence of heat trbnsfer (%4- 0).

Noting$ that at a pressure constancy cver the profile of the layer takes place an

we will omcpile analogaus with (1.8) the basic aorman fornals, which in the presence

of compressibility of the madiim will have the fom ofs''

8ubatitutingo an before in parole the argument nd function places, we will obtain

instead ot (2*e) a eoutiem

as fitrt iatedpal In whih Sto e sred 1

JD.- r44•-74S/2.'6



To determine the cor4tants C it is necessary to deal wit! the walue of the derive
iL

tive d on the boundary of the lamlnary sublrfcr from the side of the turbulent

nucleus. A simpler assumption appears to be the requiezento thbat this value should

be of the very same =Sputude f a za , as in the case of low velceitiesl in other

words, it is assumed, that Y (a+O) does not depend upon the gpa and omeg coefficients.

Such an assumption is equivalent to disregarding a change in denasty along the length

of the laminary sublayer; it leads to the following results

77 -I -2 r4

One can be convinced easily, that at omega g amax 0 the right part of equation

(2.*6) coincides with the corresponding equation (1.12) for incompressible fluid*

After this we will take up the thickness of pulse loss of the tuuuiary layer. in

case of a compressible gas this value is expressed by equations

Using equations (2.2) and (2.6) and making transforms, analogous as in Previous

peragraph, we will obtain the following expression for the thickness of pulse less&

I* ( Y) h2v;, 140 --

0+

x exp (arc sin _ -arc

Introducing a no variable

arc tin

we transform (29.8) into form at

YTDTT.62.rj68/i+2 7



'/- -:' I. •.. 'i'J. b~lX bi - ,,v, '-''J.. I, - i"

I~Ywho" 117-7<.

4y

"- re- -c sin

To calculate the determined integral, situated in the right side of

equation (2.10), we will again assume that the method of symtotic analysis,

the same as in the previous paragraph. Intergrating with an accuracy to the

member, containing x 3 h 3 in the denominator and substituting approximationib

in form of i..

we will obtain the following expression for pulse thickness loss

In an analogous way it is possible to obtain the expression for the

thickness of displacement. y.- Y

Compiling, according to equations (2.14) and (2.13), the ratio H,

we will find: 1 y [ 1 (3• I/. --

In a specific case of flow of an incompressible fluid (gammaaO) and in the

absence of beat transfer (omega - 0) we obtain a term for HE perfectly

coinciding with the corresponding equation of the previous paragraph (1.19).

Having assumed, as in previous paragraph, for pluse lose thickness a more

cruder approximation (disregarding the second component in eq. (2.13) we will

sabstitute this

BF¶'D,-T?'i- 62-1768l/1* -i



eq1uatiea

Ix-U.

into an integral equation of pulseae coinciding in form with (1.1). After simple trans.

forms we will obtain an equations

where

Having taken the integral from both parts of thia equation and using boundaa7

condition R. a 0 at h n 0, we will obtain in this approxination

C h2eh ( ,jR,. Q i.jZ
I-A"

Equation (2.18) transforms at the limit into a corresponding expression for

in;c=Wressible fluid - h. f

Next we will separate both parts of equation (2.18) into conformal two parts In

equation (239 ), and then we will havq

Changing over in (2.20) from h to of and logrithmingg we will obta In

Ig"2C x'.-L)2b- 12 Iz'

Accepting for of* a gradual dependence upon the numbey Rzo

C,= 0,0263R-" (
and introducing designations

F•=- 9 - ==I,55Rv,.;

a = lg(•

K =, /- - Y arcsin -- -- arcsin 2 Y

we will obtain a dependence of the friction coefficient upon the parameters of the

FTD-TT-62-17 W 1+2



uUeaing flow and conditionu on the wall in the following uncoter forms

r0.-- ( L ) -ý- FK I ," -'L'= F - G , / 1 +
to, Ct

Equation (2.24) can be reduced to a transcedental equation with one parameter in
fmof a a

where
L=Ig FK F- -G.

FK

21/ "i

In this way, the expression fcr the friction coefficientan be writtenn

''. 4.VA '

where IF an X - known functions, and N is determined from soluticn of equation (2.25).

As wan shown by calculationso equation (2.25) can be replaced by an approximated

one, by a simpler equations

A' 0. 123 -'0,820 L, 012

which appears to be sufficiently acerate in a wide range of changes of all parame.

ters. In this case equation (2.27) acquires the form oft
c1 -- F :K :

To determine value G it is necessary to accept a law of change in vTiscosity due

to temperature, In the role of such a law can be accepted either the Sezerleand formu..

la, or the gadual viscosity dependence upon temperatureo In the latter case the ex-

pression for G has the frm at i

where n- index of the d greeo in thepý.-74 law. It would be interesting to compare the

described mthod with the Tan-msayt mthod, which, as Is known, is based on the tans-

for of the Pfatdtl formila Into ges dynamics, After the Van-DZayat formula in brought

to form (2.24) it bemsa explained,• that the difference lies in the value 0, which



durin• the adoption of the gradual law of change in viscosity is expressed b•' o--

;'. (n±+)1g(,,'.,- 30a,

\j IT.A' 0* ~ ~0,6
.. ..•I "?.- "/

R..~101_____

0 ,, 1, 421

Fig.1u Fig.2

Upon the examination of equation (2,29) it is revealed that at &Teeter values

of Re-number the magnitude of the ratio cf/cfo depends Tery weakly upon the Re-number.

The truth is, directing the Re-number into infinity (RIo -V a ) or 7 toward

infinity, we obtain the following specific formula for the ratio awafol

be ~=K2.

This formula may appear to be useful when makind approate calculations of

friction resistance at greater Renumbers.

According to the described method (formla (2.29(( the loc•al friction coefficient

was calculated. 7b. results of calculation for the case of absence of heat transfer

(VT• a 1) and cmperlson of iam with experimental datk of diff aont authwae5]-

t are shown in f ig.llhzes curves on this draving correspond to three different. valut$

of Re-number (106,107.l08)0

flTD.T-62- . 1766/141 11



An Is evident from the drawing, the calculated and experimental data are in

excellent conzforit7 all the way up to greater 4 numberse

Theeffect of the temperature factor on the friction coefficient is shown in figo2e

We shall examine two available practical values of partial casese

1) Plate Heat Inulated

In this came the temperature of the wall Tw in equal to the temperature of do,-

celorations

and the values cmega and ganc res,.eetively are equal to

k -- I

Function K determining the process will beo

2) klate with heating or cooling at semll velocities

In this case, guiding ganm.j-10 we will haves

2 u 0

In the special case of flow of an Incomnpressible fluid in the absence of heat

transfer ( Oma a garin 0) the value K a I*
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