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Algorithm for solving a Transport Iroblem by
Approximating with Conditionally Optimm Ij];una

by

A, L, L\n!ye

1, Introduction, Nature of the lMethod
In literature on linear programming the name of transportation was attached to the
following problem 1.
It is necessary to find the values xik(i = 132500003 K5142,400om) satisfying the

conditionss

;Xiu=di. | (l) >

Z}Jtiu = by, (a.)
k>0, (%)
‘\%c;krﬁ = . (A')

vwhere a,, by, o4y - given actual numbers, wherevy ag 0, bk>o.2a1 -Z b.
One of the ways of solving the problem of linear mrogramming , proposed ty L,V,

Kantorovich in 1939[3]. is tho approximation with ®ccnditionelly optimum plans '[t{}

1, This problem was formulated and solved in application to planning transportations
over a given transportation network using the method of "circular dependences *
in Soviet ;lanned literature in 1930[1-2]
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2
'In this report is discussed th: corresponding algrithm for the transportation prodlem.

The nature of tho proposed method goes briefly down to the following. We select

a systen of values Xgpe8atisfying the following conditional.

Xip by =0, ecan ¢,0,> minca, (5)

. S xa<an (2]
: i:‘x,. <ba. (7
Sta-mx  (8)

"k

After this we determine the walues Nk"bk"z X4 If any given Nk = 0, the iroblean
is solved, At Nk >0 we break up the values i into two classes i' and 4® in the fol=-
lowing menner, N

To class 1% we refer any 1,_.,- if there {3 such a value k, at which

Cin = miinc,r. H I.V.>0. ' (ga)
To this class we add any i, if there. are such values i® and k, for which Cik = m%n

LI and xjep > 0, Remaining { are referred to class %9,

“We determine . .
d = min (Conr — min cw), (? b)
b4
where under k' are understood such k values, for which thel . tplaced in parena

thesis) is positive at given 1Y,

24 In Anerican literature similar metheds of s:lving a transportation problem have been
introduced Ly Ford and Fulkerson|5] and iiankres (6] under the title of the Hungarian
wethod (tha title indicates a relamtionship tetween tha proposals of American authors
with the work of Hungarisn mathematicians by the theory of graphs)

1, This system of values X4 Will be * the conditionally optirum plan *,
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Each Sk is increases to d, Having obtained a changed systwum of S4x values,ve
again begin ;Iith the above mentioned operaticns,

At small n and m the employment of the proposed method is very Simplez. 4ith an
increase in n and m upon the selcction of x4 values, satisfying conditions (5)-(8
difficulties do originate, for the solution of which it is necessary to develop a
special method, and a rapidly growing nucmber of operations neccssary for the solution,
To reduce this number it is desirable for each stage of soclving tho [roblem
to possibly mors Suller utilizing the results of cperations, carried out at proceding
stages, In this coznection it is necessary to turm to certain complex algorithms,

II,Algoritim of Solving the Iroblem
ForeleInitial Operaticns and certain definiticns

Each line of the mtrix[cik] will bs placed in corformdty with the number My, end
each coclurn = nunber Nk. It is initielly assumed that Iy = ag, Iy = bye The lines ,
for vhich 4 > 0, will be called absclutely excessive, cclumns,for which I!k>0. encn -
satis.fectory. and the remaining columns = satisfactorye ~

For each colurm of k zmtrix[cik]‘we determine its lowest elements X °1,rk = nin egye

Line i, and column kp are ccnsidcre.i interccnnected, previded °1rkP = rin cikp.

Je will say that line i, equips colu:m kp. if aiter estatlishing a certain system
of velues of variables x;,, there is an irequality Xitkp} 0,

Certain lines we wiil further place in ccnformity with the c‘ngin. {.80in rows of
nutbers of the form of 1.kq; 1;}(1; eoe; 1k, where'io - pucber of the lina, to vhich
13 attributed the chain, k¥, - rumber of the cclu.n connected with it, i) - nrumber of
line, providing colunn kg, kj-pumber of coluin,ccnnected with line i3 end so one, To
the line, the chain of vhich consists of 2(s+l) numbers numbers (820,1,2,004) is
imparted the rank of s, ) |

We determine the velues of variables X4y o Ye assume that Xy = 0, if line § and
colum k are not interconnected, Tae valuas of verisbles xik, corres;cuding to
intersecticnas of lines and coluzns, intsrcoanected with each otier, we deterxmine
alternatoly in the fcllowing rarner, We assume that each Xyx is equal to the smellest
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of the M4 and N numbers and siimltanecusly wo reduce both these nuzbers to.the wulue
of the sumllest cne of them L,

If after x4, have been deterumined, all N.‘ = 0, the problewm is solved, T-'-‘hen “k>°
'we examine alternately each unsatisfactory colwmn and ectablish, vhether there are
interconnected lines, 1o which no chains have been attributed (the chain cculd have

" been attrituted when examining the previocus coluun), Having detected such a line,we

adopt its chain i kg, The lines which have obtained clu}ins, will be insufficient,
and all rema‘in;.ng cnes - excessive,

We are gcixg\over to rare2, considering therecat the insufficient lines,established as
rcsul*f preceding operations, as unexamined, i,eesubject to operations,explained in

pere2e
Fare2, Heview of insufficient lines

Ve begin the review with one of the nonexamined lines, having the lowest rank, i.e,
with one of the lines , to which the thortest chains are attriduted, If there are no
vnaxamined lines, we go over to par, Se

e are establishing whether the examined line (we shall designate it with the
number 11) equips any ome colum, simltanecusly connected with an absclutely excessive
line, If sucu & colwnn has been detected, wo go ovar to rare3e. Ia ithe absence of col-
wm, setizfying the abovo forumlated ccndition, we ostadlich, whethor line 1) equips
any one cclumn, connected with excessive line, which does not appear to be absolutely

excessive, We designate the number of such column (if it hss been detected) by L
Wie attribute to each excessive line, connecteé with column k,, a chain iokoilkl...
igkgs where i, - number of given excessive line, 8ai 31k1i2kpseescsigks = & chain of
Fcootnote to page 3..e02.005€0 brief descripticn of solution of concrete example in

report]7! and a more detailed cne in report(B]
1, The number of following operations will appear to be , as a rule, szaller, if at
definite values 1) corresponding to intersecticns of intercounecte. lines and coiuwws,
we adhere to the fcllowing order, We cdetermine first the velues x4y for these
lines,according to which Mi,)?_ Nky, where ky- numbers of coclunns,ccrnected with line
i, Then we find values Xjj alternately for cach of the remaining lines, begin-

ning with lines, connected with the smallest nurber of cclurns, At each line we begin
with xq), corresponding to colukns, connected with the smallest nurber of iines,
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the exanined line i, If line i, has acquirod a chain during previocus operations, then
this chain is considercd as kaving lost its force, By ch .nging the none, excessive
lines, having obtained chains, are changed into insufficicnt, We turn at first to
par 2, assuming that the changed lines ;13 well as line i) as unexamined,
If it appears that line iy does not feed thz cclurns, connected with any one excessiye
lines, then we ac‘;cnov‘;ledge line 1) as examined and we turn %o the bo,;innﬁxg ol

par 24
Iar,34Change in Values of Variablos

Assuming that ijk1ioks.eeigkg = chain of insufficient line 1), feeling cclurm kg,
connected with absolutely excessive line i,, We determine the value ds=min(M1°,x11k°,
X45K) s o ooy Xighg 1 oNkg)e

We reduce by dg the values My,,Xignoe X42klseeesXigig.1eNka and we increase by dg
the values zi;‘:o-’ilkp“'-xisks' |
If the extreme right elenent of the series Nj,, X korXigkysecerXigkgals Nicgs 2qual

in 44, was found to be Mi,, then line i, is acquiring a cbain i kpijKjeeeigks and by

renaming it into insufficient, We start with pare2e, considering line i, as unexamined,

If the extreme right element of this series, equalling dg, was fourd to de Xspkpal
(rwcne of the numbers 1,2434+0055)s then all lines, in the chain of which is included
the number of colwmn ky_j, are renamed into excessive, If such rehamed lines are in
lesser number then insufficient examined lines, then we turn to par 4, considering
thereat that the renamed lines ara subject to checking, i.e. 1:0 cperations explained
in pare.leIf the renamed lines are not in lesser number than the insufficient examined,
we turn to rpar.2e,whereby the insufficlent examined lines are again added to the non-~
examined ones,

If there was an equality Ngg = dg, and all remaining Mg = 0, thon after the opera-
tions of calculating and adding dg thc problem aprears to be sclved,

In the presence of N > 0 all lines, in the chain of which 1s included the number

of column kg, by renaimng into excessive we fcllow exactly as {n the case, discussed

FTD=-TT=£221498/1 5
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in préviaus chapter, -
rfar.l, Checking excessive lines
We begin the check with one of tle linee subject to checking and having the lowest
rank, If there are no such lines, we go cver to par.?‘ﬂe designate the number of the
checked line by i,, and its Jrank - by ¢,

We establish, whether the checked line 10 has a connection with the column,fed
with insufficiently examined line of the rank t - 1, or, at.t = 0, with the unsatisfied
cclumn, If there is no such ccluma, we determine, whether line i, bas a co:.nection
with the coluzn, supplied with insufficiently examined line of rank t, If line §,
appears to be connected with the unsatisfied column, it acquires the chain i k,, where
ky - the number of the unsatisfied columnl. if line i, ie connected with the column,
fed with insufficient line of rank ¢t - 1 or t, it acquires the chain 1°koilk1...1sks.
where k, - number of corresponding cclumn, and 11k112k2...13k, - chain of line 1;,
feeding column ki, Line i, is ccnsidered further as an insufficiently exemined line,

4o turn to the beginning of par 4, ~

If there is no column, satisfying one of the above mentioned conditions, then we

mention all these columns, which are connected with line i, and feed insufficiently
examined lines of any rank (if there are such columns),Of the number of insufficiently
examined lines, feeding the menticned columns, we separate cne of the lines, heving
the lowest rank, and rensme it into non-investigated. Line 1, is considered as checked
and we return to the beginning of par 4, ‘

Ir tﬂere are no colwmns connected with line {; and fed with insufficiently examjined
lines, we return to the beginning cf par.l4, ccnsidering line‘1° as checked,

Far,5., Transforumation of Matrices

We desipnate by k' the numbers of dissatisfied cclumns and columns fed with in

1, The chain, previously given to the line, is cunsidered as having lost the rower,

FTD-TT=62-1498/1 6
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sufficient linea (i,e,numbers of cclurns, not connected with excessive lines), and by 1% -
L the numbers of excessive lines, For each column k' we determzins

d' = min o4’y = min o[y,

, i
4[3 »
v assuming that 4 = min dye. We increase by d the elements of insufficient lines of
k'
v . the matrix[cu'] or, if the number of excessive lines is lower, than tho nuxber cf

excessive , we reduce by d the elements of excessive lines, We notice the changes in
the connections between lines and columns, which agpear to be the result of changes
in the ma'trixroik]

In columns k', for which an equality. dgt = d took place (we will call such ccl=
wzns critical 1) new links do appear: if Tcx., - critical cclumn, and 1', = the line for
which equality °1'rk'p = min ejuyp took place, then after transforming the matrix[cik]
line 11. and column k'p appear to be interconnected,

A% the same with respect to the columns connected up t;a the tracsforxation of matviY

{cik\] with insufficicnt as well as with excessive lines (if such cclumns do exe
ist), s;x‘ould be noticed a discontinustion of connections with insufficient lines,

Far,6,Additional Operaticas after Transformation of Matrices

“e cdeturmine, whether there are critical dissatisfied cclumns connected with
absclutely exceasive lines,

If a critical dissatisfied column has been detacted (we designate it by ko)
which is connected with absclutely excessive line i, then we raise the value of corresfoh'd'

ing variable Xioko DY the snallest of thie nwsbers ) o and N, simultanecusly re-
ducing both thess numbers by the value of the lowest of them, If “10_1\ Nios then we
return to the beginning of par.6, If Mio > Ngos then all lines, the chain of which
includes the number of column ki, are renzxed into excessive ( and are considered
further as subject to checking), After this we return to the beginning of par 6, If
Mgy = Nko. then at & condition, that all remaining Ng = 0, the prodblem is considersd
mof critical is preserved by' its obtained ¢olurns to the comple -

tion of operation according to par,6,

FID=TTe52=1498/) {



as solved; othsrwise we follow the same yroce'ure as at M1°> Nko'.

In the abassnce of critical dissatisfactory columns, connected with absolutely
excessive lines, we explain, whether there are critical dissatisfactory columns, connected
with excessive lines; for which Mi = 0, If such a column has been detected, then each
sxcessive line, connected with it, acquires a chain in form of igky, where i, - nurbey

of line, kg - number of dissatisfied critical coluwn 2, and we consider these
lines further on as insufficiently unexamined lines, We¢ return to the beginning of
pareb.

If thers are a0 critical dissatisfied columns, connected with excessive lines, then
we examine the critical satisfied coluwms (4if there are such) and nctice the insuf—
ficient lines, feeding these colums, The notices lines (4if such have appoared) are
considered further as not-oxamined, After this, and also in case , if there are no
critical satisfied colurmns,fed with insufficient lines, we act as follows., If there are
excessive lines subjeet to check and their number is smaller thsn the number of in.
sufficiently examined liues, we resort to par,l, If there are no-excessive lines
subject to check or tyey are present, but their number is smaller than the number
of insufficiently oxamined lines, we turn to par 2,,~hereby in the latter case the
insufficiently examined lines are again added to the non-examined,

11T, Reasons for the Algorithm.

We will show, that after tﬁe final number of operations the algorithm lecads to
a solution of the problem under question,

1. Before each matrix transformation{éik \ the values xy, satisfy conditicns (5)-

(8). ,
3y direct exemination of the algorithm it is easy to convince oneself in the

adherence to conditions (5)=(7) at eny given stage of solving the problam, as well

as in the fact, that before each change over to par,5 there is not a single column

2,If the given line acquired a chain in preceding operations,then it is considered as
having lost the power,

FID-TT=62-1498/1 8



or column fed with insufficient 113,1. It is evident from the lutter that the feed-
ing of dissatisfied coluuns and célumns, §ed with irsufficient lines (1.6.7, X0

at designations, adopted in pare5), can not be increased on account of the excessive
lines, otherwise would be infringed the condition (5), It is evidant herefrom, that
Just as for all insufficieant linea Mi. = 0, and all columns, fed with excessive lines,
apiears to be satisfectory the fact thaty xi'y cannot be increased, i.e,condition (8)
is actually maintained before each matrix transtwmtim&cik]

2, After the final number of operations the algorithm leads to such values of vae-
riables x;, and matrix elementsfcik’l at which the conditions (1), (2) and (5) are
maintained,

Exmaination of par.l=4 snd 6 shows, that each time after matrix transformation
[éix] ( for :l;ict:l;ais needed a final number of opcrations, discussed in par,5),as well
as during tITSVEEEe/of solving the problem the final number of operetions leads eithor
to realization of conditions (1) and (2) (for that is sufficient,that for any given
column Nk=0) or to the application of par,5 (i.e.to alternate transformation of metrix

Jo1e]

Consequently,it hac to be proven that the number of matrix transforms&iq i fina\’:

Matrices[c{k-g andxci-;‘l will be called idempotent, or equality
itk = mtn‘ °i'%p
appsars to be a necessary and sufficic~:t condition of equality
ci.rkp = m‘i:n c‘i-kp
If the matrices are ldempotent , then conditions (5)~(8) are satisfied at one and the

cery same values Xj,.

1, To detsct and eliminate such "irregular® columns are brcught dow, as can be seen
with ease, all operation in par,lex} and 6. The result of using par,5 is the appearance
of new 4ncorrect columns,

2o Condition (5)is maintained, as mentionsd above,at any given stage of algorithm a;jli-
caticn,

FTD-1T=-62-1498/1 9



T&ans!ormatiﬁn of matrices\?ikj. realizable during the applicetion of algorithm,
can not lead to the ap,earance of a maxrix.eﬁually rotent to the previcusly obtained
ones, The fuct is, if such a transform involves a charge in value xjy, and conaaqpently’

also a change {increase) u:;i‘xik , corresponding to conditions (5) - (8), then the
transformed matrix cannot be idéggotent to any of the previously obtzined ones,
since on any of the praceding stages of applying the algorithm:g% X4 W:8 smaller, and
consequently, the values xj ) we different, ’

It can be shown, that in the case, when matrix transformations[big]‘do not bring

;demgoteng e

about eny changes in the w:lue xik. the appearance of matrices is also
impossible,

At any given matrix transrormationi?ikx if oven one of its elements would not
appear minimum in the corresponding column, it then becomes so, i.e, the equality
°irkp = m%n cikp becomes valid for it, To transform matrices’?ik) » c2using no changes

in the xy, values, is valid the following condition: element of matrix converted
as result of sych transformation from nonminimal to minimal, may further on again
appear minimal but only at least when transformatioa tock place, a transformation
connected with the change in values xik' flence it is evident, that during transfor-
mations, not connoctoed with changes in X5k valuesgidempotont matrices cannct ap;ear,

The above formulated position in turn can be easily proven, on the basis of the
following properties of the discussed algorithms

a) during matrix‘fik transformation a new minimal element may appear only in
the column, which is not fed with excessive lines;

b) during matrix‘iik transformation “he minimal element may transform into none
minimal only in the column, which is fed with excessive lines;

¢) transformations of matrix‘gii]\causing no changes in the xg) values, they

cannot l2ad to transformations of any given insufficient linme into excessivol.

1.In this case there 1is only a conversion of certain excessive lines into imsuffi-
clent,

FTD-TT-62-1498/1 10
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To produce proof for rosition pare2 it recmains to mention that thc numbsr of none
idempotent matrices at given n and m is finite, Hence it fcllows, that even the number

of matrix transforzations is also finite, be.cause they cannot lead to the appear.
ance of idempotont matrices, In this way position p,2 is proven,

Remark, Above ¢y designated elements gf initial mtrix[iia s 88 well as elements
of traonsformed matrices, If under °ik we were to understand only elements of initial
matrix (numbers, established by the conditions of the problam), and by cgk to designate
the elemgnts of the matrix, obtained as result of realizing the algorithm, -
then \ff‘] B\'fik "‘\-l—_\l s where )ﬂ- cer tain actual numbers (determinable by cpera-
tions of adding and subtracting, discussed in par,5), Condition (5) will be expressed

in this case in the following manner
Kiny = 0, ecan Cipny + M, > mjn ic.n, + Al (S &)

3. 'Z‘cik Xk acquires the lowest values, possible whex; adhering to conditions
(1) - 23), in this and only in this case, if condition (Sa)l is fulfilled.

We will adopt for the syctem of velues Xyyr Ze0ticg the requirements {1)=(3) and
condition (5a), designations x¥ e 2nd for the system of values Xy, satisfying only

conditions (1) - (3), ~designmticns X® e Since there is at least one x*,, velue for

ik
which thc conditicn (5a) is disrupted, it is apparent, that
- . . .
(Ctk + ;‘u) Xon = ‘. Cik Xin ‘*‘ S‘ Avn'xuk<
2 permmt @
<Y ea+ ) xn= Y xa+ Jaixa.
.k "k .h
but by virtue of condition (1)
) -\';u T= \“-\’rn = a,.
A (19
Herefrom

A,' .\‘;u =%\ ;.,' .\',.; = § ;., a,.
Zhoxn = Jhitu = 3, (n)

1. 'tncsition pare3 can be considered as a result of the theorem adbout L,V,XKantorovich
[9) potentials, The fact is , ), appear to be potentials of lines, and thz smallest for
each column sums &4, * ;\'- roterdtiele of corresponding columns,

FTD=TT=£2-1,58/1 11
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Fom (9) and (11) we obtain -
Z cntn < }l‘c,-. o Q 1‘)

X3 (A}

Since during the realization of ope}ations, provided with algori;hm, the
requirement (3) is always maintained, it becomes evident from 2 and 3 positions, .
that after the final number of operations the algorithm actually leads to solve-
ing the problem,
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