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ABSTRACT: An experimental program was conducted to investigate
the properties of the unresolved rotational fine structure of
the nitric oxide I., band. The experimental values were taken
spectroscopically in absorption at controlled temperatures.

An analytic expression representing the unresolved rotational
fine structure is utilized to compute absorption coefficients
and intensities of absorption for the experimental temperatures.
A doublet model, a modified doublet model, and a singlet model
of the band were investigated.

Experimental values for the intensity of absorption compared
well with computed values from the doublet model over the band.
Agreement also existed in the wings of the band when the singlet
model was investigated.

From the experimental absorption coefficients, temperatures were
determined to within 6 percent of the directly measured values.
The rotational constants of the upper and lower states could be
determined to 13 percent and 6 percent, respectively, of the
known values.
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Section 1

INTRODUCTION

PURPOSE
The investigation was generated by a desire to examine

spectroscopically molecular species occurring in a shocktube
event. The shocktube is a powerful tool for obtaining conditions
of pressure, density, and temperature over a wide range of values.
However, analysis of the shocktube event is complicated by the
short duration in which there is equilibrium of the internal
degrees of freedom of a molecular gas. This duration is of the
order of milliseconds. The coupling of spectroscopic techniques
to the analysis of conditions in the shocktube is an excellent
method for obtaining experimental values in spite of the
limitations of the shocktube. The spectrograph is capable of
recording information over the short duration of events, it is
sensitive to extremely small concentrations of species, and
even to those species which may exist only fleetingly.

A necessary requisite for the interpretation of experimental
values obtained from a shocktube event is a knowledge of the
temperature during the period when the internal degrees of
freedom of the molecular gases are in equilibrium. To facilitate
the measurement of temperature it was decided to examine the
rotational fine structure of a molecular band. A choice of the
molecule to be investigated would require its existence in the
experimental environment and a knowledge of the molecular
parameters. Because air is often used as the working gas in a
shocktube, nitric oxide, which exists in some concentration in
air at elevated temperatures, was chosen for this investigation.

Besides its existence, which is of prime importance, nitric
oxide possesses other properties which are desirable for this
specific investigation. The molecule is diatomic and the theory
of the diatomic molecule is well established. The Xo band
occurs at 2169.4 A which is a region of high dispersion for the
Bausch and Lomb medium quartz spectrograph used to obtain the
experimental values. Also, the 4. band is strongly absorbing,
allowing data to be taken using absorbing techniques. It was
necessary that the experimental information be taken in absorp-
tion so that the temperature of the gas could be controlled and
measured for each run. In absorption the property of interest
is the absorption coefficient. The calculation of the absorp-
tion coefficient and of the emission intensity is similar. All
theoretical considerations apply to both with only slight
modifications. Since the experimental values were taken in
absorption, calculations are made for the absorption coefficient
and for the intensity of absorption.

1
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ROTATIONAL FINE STRUCTURE OF A MOLECULAR BAND (ref. (1) and (2))
The structure of a molecule and its radiative process are

similar to those of an atom. Both possess a positively charged
core in which most of the mass is concentrated. Both possess
orbital electrons which are arranged according to the Pauli
exclusion principle. For both, a radiative event in which a
discrete frequency is observed occurs when there is a change of
stationary states resulting in the emission or absorption of
energy. The principal difference between the atom and the molecule
is that the atomic core is a single nucleus possessing only
translational degrees of freedom. The molecular core is composed
of two or more nuclei and possesses translational, vibrational
and rotational degrees of freedom. The vibrational and rotational
states of the molecule couple with, and modify the electronic
states, giving rise to a spectrum more complicated than that of
an atom. An atomic transition between two electronic states
gives rise to one or several spectral lines depending on the
multiplicities of the states. A molecular transition involving
two electronic states gives rise to a 'band" series. In addition,
each band possesses a rotational fine structure, the result of
coupling the rotational states to the electronic-vibrational
states. It is this rotational fine structure which gives to the
molecular bands their characteristic shape.

The energy associated with the emission or absorption of a
discrete frequency may be approximately expressed as the sum of
the electronic energy, the vibrational energy, and the rota-
tional energy. Since this treatment deals only with the
rotational fine structure of a single band of a band series, it
is assumed that the electronic and vibrational energies are
known. They will appear throughout this treatment as the terms
which locate the origin of the particular band being discussed.

_. ...... _ -.. / (1)

hL

The derivation of the rotational terms proceeds with the
assumption that the diatomic molecule may be treated mathemati-
cally to a good approximation as a rigid rotor. A sqlution of
the time-independent Schrodinger wave equation yields for the
energy of the rigid rotor (ref. (3))

2(2)

2
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J is the rotational quantum number, A- is the reduced mass of
the molecule and e is the internuclear distance. B is termed
the rotational constant and is inversely proportional to a
moment of Inertia. The rotational term becomes

/Yy) Jr"J8.(3)

An analysis of the dipole transition for the rotational
states yields the selection rules for the rotational quantum
number J. They are d J = 0, + 1 with the exceptions that
J, = 0---J'6O does not occur Tnd that 4 J = 0 occurs only
if at least one of the electronic states In the transition has
a component of electronic angular momentum along the internuclear
axis,_A- , greater than zero. From the term expressions,three
equations are evolved, a consequence of the three transitions
allowed by the selection rules. These are termed branch equations
and are designated "P" for A J = -1, "Q" forA J = 0 and 'R"
for 4 J = 1. Because the band origin is located by the
electronic-vibrational terms, the location of each fine structure
line relative to is given by the three branch equations.

(4a)

2 - F TIj) -F "7,') (4b)

,( F •X.U r'/X) (4c)

Primed terms designate the upper state of the transition and
double primes the lower state. It is well to note that for a
given molecule, the rotational constant B is different for each
electronic state, and further modified by each vibrational state
coupled to the electronic state. Therefore, rotational constants
for the upper and lower states of a transition differ.

In general, the form of the branch equations Is

C, - , q' X*,- (5)

where l,/3 and r represent combinations of the rotational
constants. Mathematically the equations represent parabolas.

3



NOLTR 62-65

A plot of the branch equations for a molecule is called a
Fortrat diagram. Such a diagram, for the nitric oxide 4. band,
is given in figure II.

If for some value of the rotational quantum number J a
branch equation has a turning point, the branch is said to form
a band head. The head is characterized by a sharp rise in
intensity on one side and a gradual decrease of intensity on
the other side. The direction of the degradation of intensity
is a function of the rotational constants. If B' is greater
than B" the direction is to higher wave numbers, if B" is
greater than B' the direction is to lower wave numbers. All
the branches of a molecular band depend on the same rotational
constants and consequently are degraded in the same direction.

Generally, the features of the majority of molecular bands
are one or several distinctive band heads described by the
turning of a branch equation, a band origin which indicates the
position of the forbidden transition J' = 0 -- J" = 0, and a
degradation of intensities in a particular direction. The
region of degradation will be referred to as the band wings.

ABSORPTION COEFFICIENT FOR ROTATIONAL FINE STRUCTURE (ref. (1))
The absorption coefficient for a given rotational fine

structure transition is a function of the occupation of the
initial state undergoing the transition and the probability
that such a transition will occur. The occupation of the
initial state is given by the Boltzmann distribution law and
the probability by the Einstein transition probability for
absorption.

For a thin optical layer, A X, one may write for the
intensity of absorption

-r•, . - d ; A/(6a)

where Nm is the number of molecules per cm3 in the initial
state, Bmn is the Einstein transition probability, Ack/nm is
the energy of a light quantum of wave number Y/, and 10., is
the density of radiation of wave number Vm- . Io, the incident
radiation intensity, is equal to the density of radiation
multiplied by the velocity of light C. Equation (6a) becomes

/ d (6b)

'4
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Nm may be expressed in terms of the Boltzmann factor. The sum
over-all states, or the partition function Q, the total number
of absorbing molecules, and the statistical weight for the state,
2J + 1.

k is the Boltzmann constant and T is the absolute temperature.
The Einstein transition probability for absorption for a degen-
erate state is given by

a.. .z::IR <"(8)

Rnm is the matrix element for the electric dipole moment. If one
substitutes equations (7) and (8) in equation (6b) the resulting
equation is

S- X0o"AX. (9)

A is called the absorption coefficient. For the general case
of the finite absorbing layer the equation for the intensity
of absorption is

A, • (10)

To consider intensity of emission the occupation of the
excited state Nn and the Einstein transition coefficient for
emission would be substituted. Io and 4X would not enter
into the equation.

It is well to consider at this point the validity of
equation (9). The derivation does not take into account occupa-
tion or transition probability of the electronic state. Equation
(9) is correct for absolute values of the absorption coefficient
for vibrational transitions if one also takes into account induced
emission. Such transitions occur in the infrared. For the
rotational fine structure of an electronic transition the

5



NOLTR 62-65

relation is useful only in normalized form to give relative
intensities. It is with a modified form of the normalized equation
that this study deals.

UNRESOLVABILITY OF ROTATIONAL FINE STRUCTURE AND
THE ENVELOPE OF INTENSITY (ref. (4))

By use of the branch equations and the equations for
absorption or emission intensity, it is possible to locate a
rotational transition and assign to it a relative intensity.
Knowledge of the rotational constants and the absolute temperature
is necessary for this procedure. Conversely, if rotational tran-
sitions can be resolved, rotational constants and temperatures
can be determined. However, the limitations placed on the
recording of data in a shocktube necessitate the use of a spec-
trograph with a large optical aperture. Such instruments generally
are not capable of resolving the rotational fine structure of a
molecular band. Even under conditions of very high resolution
rotational components cannot be resolved when the term differences
are smaller than the line breadths. This condition exists for
most molecules in the region of band heads and in regions
extending well into the wings for molecules which are formed by
the overlapping of many branches. In the shocktube conditions
are worsened by the degree of line broadening caused by conditions
of pressure and temperature. The problem then is to obtain from
the unresolved rotational fine structure of a molecular band, a
method for measuring temperature and possibly obtaining the
rotational constants. Previous work with unresolved fine
structure (ref. (5)) has been limited to the determination of
temperature by the painstaking averaging of rotational intensities
to obtain an intensity envelope.

An alternate procedure would be to obtain an analytic
expression for the envelope of intensities. Conceivably, both
the temperature and the rotational constants could then be
obtained. The derivation of such an analytic expression requires
a criterion for unresolvability. This criterion is that adjacent
rotational lines of a branch depending on quantum numbers J-l, J
and J + 1 cannot be resolved. Therefore, the three transitions
may be represented by a single parametric quantum number m. The
expression for ýhe absorption coefficient now determines a value
over a region . Dividing by an expression for the density
of states in the region SV , one obtains an expression for the
absorption coefficient as a function of the parametric quantum
number m. The relation for the density of states is obtained by
differentiating the branch equation with respect to A); . The
equation in normalized form for the absorption coefficient
becomes

6
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The term S is the line strength and is that part of

-/'-' '}which depends on the rotational quantum number.
The equations in the form (11) require the calculation of

intensities for each branch of the band. It is possible to
solve the branch equations for the rotational quantum number in
terms of AY/ . A0 is here taken with respect to the initial
head of the band rather than with respect to the origin. The
absorption coefficient is then given as a single equation as
a function of 4 Y band head'

Equations in the general form of equation (11) were computed
to yield the absorption coefficient for several different models
of the nitric oxide 4. band. Curves are presented for the
intensity of absorption for several different temperatures and
compared with experimental results.

Section 2

EXPERIMENTAL PROCEDURE

The experimental apparatus consisted of a Bausch and Lomb
medium quartz spectrograph, an absorption cell, and a source
of continuous radiation.

The absorption cell was fabricated of vycor with fused
silica windows. It was 30.5 cm. in length and 2.54-in. in
diameter. The cell was filled with commercial nitric oxide
supplied by the Matheson Corporation. The nitric oxide is
98 percent pure. The method of filling the cell was to draw
a vacuum of several tenths of a millimeter of mercury and then
to fill it with nitric oxide to atmospheric pressure. The
process was repeated a number of times and then the cell was
finally filled to 15 millimeters of nitric oxide and permanently
sealed. The effective absorbing path of the gas was O.o cm.

The source of continuous radiation was a hydrogen discharge
tube obtained from the Hanovia Corporation. The discharge tube
was watercooled and powered by a transformer which supplied an
operating voltage of approximately 2,000 volts to the discharge
tube. The intensity of the discharge tube was kept constant over
the duration of the experiment by regulating the line voltage.

7,
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The four experimental temperatures were obtained by placing
the absorption cell in a cylindrical oven 13 inches in length.
The oven was open at both ends and consisted of a helical
heating element surrounded by insulating material. Initial
temperature measurements in the oven showed a large temperature
gradient from the center to the ends. A heavy-walled brass pipe
was inserted in the oven to smooth the gradient. The use of the
brass pipe reduced the gradient to the order of 20 C.

The absorption cell was inserted in the oven and the ends
were sealed with fiberglas batting, allowing only the central
portions of the entrance and exit windows of the absorption
cell to be exposed. The temperature of the oven was controlled
with a variac and monitored with a copper-constantan thermocouple.
The thermocouple was constructed to give the average temperature
over the length of the absorption cell by having 13 junctions
spaced at one-inch intervals and connected in parallel and
placed along the length of the absorption cell. No concerted
effort was made to calibrate the thermocouple. The steam point
was measured and found to be less than one-degree centigrade
below 100 0 C. Values for the thermocouple emf vs temperature for
the entire experiment were obtained from the National Bureau of
StandardsTables. A conservative estimate of the accuracy of the
temperature measurements is better than plus or minus 50C. The
deviations indicated in the experimental temperatures tabulated
in Table I are average deviations from the mean value. Temper-
atures were recorded every minute during each exposure.

The Bausch and Lomb medium quartz spectrog aph had a
dispersion over the nitric oxide Xoo band of 5A per millimeter
with a variation of less than one peicent. The resolution of
the instrument in this region is 0.3A or approximately 6 wave
numbers. The effective aperture of the spectrograph is f24.
The cover lens has a focal length of 50 cm. The hydrogen
source was placed at the focal point of the cover lens with
the absorption cell immediately in front of the source. The
slit height used for recording the data was 5 millimeters, which
was smaller than the diameter of the source. Slit widths of
40, 20 and 10 microns were used, with the majority of runs taken
at 20 microns. The light which passed through the absorption
cell and illuminated the spectrograph slit was effectively
parallel.

The spectrograms were recorded on Eastman type IVf spectro-
graphic plates. The emulsion was sensitized for ultraviolet
by coating with ultraviolet sensitizer #2 supplied by Distillation
Products Industry. The sensitizer was dissolved in cyclohexane
and applied before exposure to the emulsion. Before development,
the sensitizer was removed by washing in cyclohexane. The plate

8
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'was then developed for two minutes in D 19. During the two-minute
development period the plate was continuously brushed to minimize
development defects. The fixing and washing procedures were
standard.

The emulsion was calibrated by taking seven exposures
of the constant hydrogen light source ranging from 15 seconds
to 16 minutes in a geometric progression. Long calibration
exposures and data exposures were used to minimize timing errors.
The relatively insensitive type IV f plates were well suited for
the long exposures. Calibration data were reduced on a microx
densitometer and calibration curves were obtained for each 2 A
sector over the range of the band. Seven calibration curves
were used to obtain significant information from the experimental
values.

Exposures for all 20-micron slit width runs were taken at
16-minute exposures. The single 10-micron and 4 0-micron
exposures were taken at 32-minute and 8-minute exposure times,
respectively.

Although some 30 plates were exposed during the course of
the investigation, the final values were obtained from a single
plate. With calibration, the results presented were obtained
from two spectrographic plates.

Section 3

REDUCTION OF EXPERIMENTAL INFORMATION

The photographic images were reduced to density traces by
scanning the spectrograms with a recording microdensitometer.
The instrument used was a Knorr-Albers recording microdensito-
meter manufactured by Leeds and Northrup. Spectrograms were
scanned at one millimeter per minute. The strip chart recorder
travel was 2 inches per minute, giving an apparent dispersion of
2.5 A per inch for the density traces. Values were recorded
every 0.1 A in the regions where intensity variations were
large. In the regions of the band where intensity was slowly
varying, values were taken every 0.25 A. Tnformation taken
directly from the densitometer charts was reduced to significant
intensity values by the use of the calibration curves for the
emulsion described in the preceding section.

To compensate for the effects of the slit function,
exposures were taken at 40-micron and 10-micron slit widths at
a temperature of 2960 K. The slit function has the effect of
reducing the observed intensity of absorption in the region

9
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where the intensity of absorption is rapidly varying. The
40-micron and 10-micron slit width data were used to extrapolate
the 20-micron slit data to zero slit width. This procedure was
necessary because a mathematical correction for the slit function
can be made only for a spectral line whose shape is attributed
to Doppler broadening, collision broadening, or a combination of
the two. Because no such mathematical shape can be assigned to an
integrated intensity of absorption, the procedure outlined appears
to be the only method for making the corrections.

The intensities of absorption for the 6 runs are tabulated
in Table~s II through VII. The intensity of absorption values
given in the tables have their origin in the various times
used for the calibration exposure. In the final presentation,
values are normalized and are dimensionless.

Section 4

THE NITRIC OXIDE BAND

TJ{E DOUBLET MODEL (ref. (1), (2), (6), (7), and (8))
The ( series for the nitric oxide molecule is the result

of a transition between doublet terms. The upper state of the
transition is a '&; which has an electron angular momentum
component along the internuclear axis, A , equal to zero. The
ground state of the transition is a AfV,,s/L which has A. equal
to one.

The &Z state belongs to Hund's coupling case (b). (ref.
(1) and (2)). For this case,.A- and S, the resultant electron
spin, are not coupled and no doublet splitting occurs. A
quantum number K is defined which is the total angular momentum
apart from spin and takes values

I //,$ A.* 2A.. (12)

The resultant J is given by

JT - 5) (k÷-)....(13)

The '*'/,lh state belongs to Hund's coupling case (a). (ref.
(1) and (2)) For this case,yt and S are coupled and the
doublet splitting occurs. A quantum number fl is now defined
as the sum of A and S and the resultant J is given by

10
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Y2, x2 Y.2 -o-., . (14)

For the '/7__, /,i transition, one obtains 12 branches.
The term values whioh give rise to the branches are for the

14 state

F;. .r). 8 (,, ,.) =8 'r,./,;Cr,.•),(15a)

and for the Vri,%state

r; -•.• ,'IS,.)(15b)

The values for the rotational constants were obtained from
the literature. Brf is the rotational constant of the 'V,,/4
state modified by e doublet splitting and is given by

(16)

A, is the doublet splitting equal to 124 am-1 . The values of
the constant for the . band of nitre oxide are B' = 1.9870
Cm"IL, BeffL = 1.6370-Qm-I, and Beff •) = 1.7189 ca-1. The
expressions for the 12 branches are

0 r'o' 3/' (5R/ ý~l (js.8 ,/5, (17a)

.+ (17b)

(17c)

, .(17d)

l(17e)
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-~ a)

S•'-4 11y/8'- MAi•T - ()3 4-I 4) T , 1g

(17h)

Q• •' 3/ /•' 13"z'~ (a" -Aso (171)

I)(17k)

1.ý 1 L1.1 (171)

The nitric oxide Ko band is a double-headed double-band
system. The head-forming branches are P1 2 , P2 , Q1 2 , P1 , Q1 ,
and P21 . The band is generally classified as an eight-branch
system because there is a superposition of bands (Rl, Q21)
of (Ql, P2 1 ), of (P 2 , Q12), and of (Q2, R1 2 ). This is readily
seen by examination of the branch equations. If all that were
required of the spectroscopic data was evaluation of the
rotational constants, and equipment was available to resolve
the fine structure, then no attention need be paid to the
superimposed branches. However, for the case of unresolved
rotational fine structure, the absorption coefficient must be
computed and the contribution of all the branches is necessary.
Each branch of the band is represented by a different expression
for the line strength. In effect, the line strength indicates
the probability that a transition will occur. The line strengths
(ref. (9)) for the -- /,transition are given both in

terms of J, and in modified form for m, the parametric rotational
quantum for unresolved fine structure.

12__+__ (18a)

12
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r, ). (18b)

4" A1.0lI)

(18.

is.. the, splittin constant, for.,x thebn and• for, nitri xd

3F.,. ,,..;/J -3a•, )/ (18d)

itk be 73. # is"e-ual1•tA/1 • •"1". (18e)

134

,.,.,-, T,',•(;'-+ '- )/l ' 4 "• *;)

( I T +. , .1.1•• , ) t - O • v .l * ( " ' ' J ) 8 1 )

(18k
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If equations (15a) through (151) are examined, it is seen
that for small values of / , one has essentially a six-branch
system consisting of the P1 , QI, Rl, P2 , Q2, and R2 branches.
In effect one now approaches a sinelet-like structure for the
band with (Pl, P2 ), (Rl, R2), and (Ql, Q2), very nearly super-
imposed. This type of transition falls under the classification
of Hund's case (b) previously discussed.

If ý is allowed to become very large, a system of 12
branches exists in which P and R branches are very nearly
equal and Q branches are approximately twice the value of the
P or R branches. This second transition belongs to Hund's
case (a).

In reality the nitric oxide (band series is transitional
between Hund's cases (a) and (b). This relative position of the
series, with respect to possible extremes of the doublet constant,
causes the calculation of absorption coefficient to become some-
whht involved.

If the band belonged to Hund's case (b) which is specified
by the relation (ref.(2))

0 !/, (19)

the line strengths could be approximated for the PI, P2 , Rl and
R2 branches by m/ 4 , and for the Ql and Q2 branches by m/2. The
P12, R12, Q12, P2 1 , R2 1 , and Q2 1 branches need not be considered
because their contributions are very small, if they exist at all.
The calculation for the absorption coefficient for a band
belonging to Hund's case (a) would use line strengths of m/8
for the eight P and R branches and m/ 4 for the four Q branches.
For the transitional nitric oxide V series all the intricacies
of the expressions for the line strengths must be taken into
account.

If one substitutes values for the line strength, and
into equation (11), the absorption coefficient is

obtained for the 12 branches. A typical equation is given for
the P1 branch by

14
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A calculation for the absorption coefficient was carried
out for a temperature of 473 0K. The 12 equations of the form (20)
and the 12 branch equations, were computed for values of m.
The contributions from the branches are given in figure III and
the summed intensity of the absorption coefficient of the band
is given in figure IV.

The length of this calculation and the difficulties involved
in representing the absorption coefficient as a function of 4.V
is directly attributable to the complexity of the expressions for
line strengths. The absorption coefficient envelope can be re-
produced if the rotational constants, S and the temperature are
known, but the analysis of experimental values using expressions
of the form of equation (20) to obtain temperatures would be
nearly impossible.

FIRST-ORDER APPROXIMATION
To obtain a sin-g-l-expression for the absorption coefficient

in terms of 4) band head, an approximate solution was carried
out for equations of the form of equation (20) in the wing of
the sub-band composed of branches P 2 , R2 , Q2, Pl?, R1 2 and Q12-
In this treatment those parts of the line streng h expressions
which are not linearly dependent on m were expanded in a Taylor's
series about the point )./. The series expansions was carried
only to the first order to avoid introducing higher powers of m.
In this form it was possible to represent the absorption coef-
ficient as a function of 6W . Several points were calculated
for T equal to 473 0 K and are indicated in figure IV.

THE SINGLET MODEL (ref. (1))
From the data it is apparent that the region of the band

most noticeably affected by the temperature is the wings or the
region for AY band head greater than 50. If one again examines
the equations for the line strength, it is seen that for large
values of m the PI, Ql, Rl, P2, Q2, and R2 branches dominate
and the P12, Q12, R1 2 , P2 1, Q21' and R2 1 branches vanish. It is
also seen that values for the density or states, 4/1/146Y.)
depend only on the m term. Therefore, in the region of large M,
even for this transitional case, the absorption coefficient
approaches the singlet-like representation. It is not readily
apparent from the equations where agreement between the two
models begins. The use of a singlet model for representing the
wings of the nitric oxide K. band would simplify the reduction
of experimental data.

For the singlet transition "--'ir the terms are
simply

15
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A'IJY =s•'7-IY÷J .)

r"1o ) - (21)

The branch equations are

,9 (22a)

69 (22b)

(22c)

For this set of branch equations, only the P branch is
head-forming. In the calculation of the band the intensities
of the three branches are repeated at the doublet separation.
The contribution from the extreme wings of the initial sub-band
is taken into account.

The line strengths for the branches are given by the Honl-
London relations (ref. (1)). For the '7T transition they
are

,, -(23a)

(23b)

SA- (23c)

For the simple singlet model they are approximated by

$., 9, = '/4•(24a)

IM= A/= (24b)

These values for the line strengths and values of 9/*14J/1
obtained from the branches, equations (22) give the absorption
coefficient. The equation for the P branch is

16
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- Ot '-,- m J + '- J(25)

Equations for the R and Q branches are similar. To obtain a
single equation for absorption cgefficient the branch equations
are solved for m in terms of A Y band head and summed. The
value of 4.Y band head is found by differentiating the P branch
equation and finding the value of the rotational quantum number
at the turning point. This value, substituted into the P branch
equation, yields the distance in wave numbers from the band
origin to the band head. The coordinates of the band are
shifted by that value and m is determined in terms of 4J/
band head. The 4Y band head representation for the absorption
coefficient becomes

, , -I

Aý4 /_(26)

I ýý y#

This form of the equation gives the absorption coefficient
directly. The value of B' is the same used for the doublet1
calculat on. The value for B" is the averaige value of Beff
and Beff

The singlet model is used to calculate the absorption
coefficient for temperatures of 300"K, 373cK, 4730K and 5730K.
The plot of the absorption coefficient for the temperature
4730K is given in figure IV. Figure IV indicates close
agreement between the three models for the nitric oxide 0

band in the wing. The calculations for the intensity of
absorption for the four temperatures were made using the
absorption coefficients obtained from the singlet model which
provides a simpler method for interpretation of experimental
values.

17
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Section 5

RESULTS

The curves for the intensity of absorption are obtained
from equation (10). The singlet model is used to determine
absorption coefficients. The curves which correspond to the
four experimental temperatures are plotted in figures VII
through X, together with the experimental data. There is an
agreement between predicted and experimental values. This
agreement begins at approximately d band head equal to
40 cm- 1 for the sub-band headed by the 12 branch. Agreement
for the sub-band headed by the1 P branch begins at A band
approximately equal to 150 cm- (see figure (II)). A comparTtS
of absorption coefficients for the doublet and singlet models
indicated that for the sub-band headed by the P12 branch
agreement should not begin until AL band head is equal to
approximately 55 cm- 1 . This apparent discrepancy can only be
accounted for by experimental scatter and by the averaging
effect of the spectroscopic resolution.

If one compares experimental results with the curves
calculated from the singlet model one finds large discrepancies
in the region of the band heads. These discrepancies are
accounted for by the differences between the doublet representa-
tion and the singlet model and are entirely expected, with one
exception. In the region between the P1 2 band head and the
origin measured values of the intensity of absorption are greater
than the values predicted by the doublet model. This discrepancy
is accounted for by the differences between J and m. The differ-
ence would give a larger percentage error for small values of m.
In other parts of the band, even in regions of small m, a
number of branches are superimposed, apparently reducing the
error.

Section 6

DISCUSSION

TEMPERATURE MEASUREMENTS
The experimental and computed values have been obtained

for known temperatures. The question of interpretation of
experimental data when there is an absence of temperature values
still remains. It is conceivable that the ratio of the
relative absorption coefficient for two values of •4y' can be
calculated for a number of temperatures and a calibration curve
plotted. This technique limits the taking of experimental data
to two points and presents the possibility of large experimental

18
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errors. A second approach would be to examine the available
values, both experimental and theoretical, and determine if
some property exists which lends readily to the determination
of tempetatures.

If one takes the natural logarithm of the absorption
coefficient and plots these values against .0 , it is
immediately seen that the plot is very nearly linear in the
wings of the band. For very large values of ,e equation (26)
becomes (ref. (4))

4 E 4, 1 [(27)

Then it follows

4/(/4')I~i~- -v>'(~8-~7f 'Y (28)

This modified form of equation (26) yielded errors of the
order of 30 percent for temperature.

To determine the source of the errors and find a correction,
d'ýAO)/ 41/, V) was directly arrived at from equation (26)

without first making the assumption of large values of AV .
The equation for '/(/•Af7/*/(•k') is

S(29)

F- (,, fa•,'•- •• i•-Y" C e- Y4T/</'-a :,,

19



NOLTR 62-65

Simplifying assumptions are made to reduce equation (26) to a
usable form. We first consider only the zeroth and first
order terms, i.e., the linear term and terms which are inversely
dependent on the square root of 4, . Secondly, we make the
assumption that in the region under consideration the P branch
contributes a negligible amount to the absorption coefficient
and that the contributions of the R and Q branches are nearly
equal. A simplified form of equation (29) is then

- "I;ý7[(30)

The values of temperature found from the experimental results
using equation (30) are included in Table I. Agreement with
values measured with the thermocouple was better than 6 percent.

DETERMINATION OF ROTATIONAL CONSTANTS
In addition to equation (30) there exists a second equation

in terms of the rotational constants. This is the equation for
the separation of the band head from the band origin. For the
P12 head-forming branch the relation is,

with the assumption that Beff B. The value of J)
measured from the data is - 26 cm -1. If it Is assumed now
that temperature is known, one has two equations in two unknowns.
Equations (30) and (31) are solved most readily by an iterative
method. Initial values of the rotational constants are derived
using equation (31) and the linear term from equation (30).
The values thus obtained are substituted in the nonlinear
corrective term in equation (30) and the rotational constants
recalculated.

The valu s obtained for the first approximation are
B' = 2.41 cm-f, an error of 21 percent and B" = 1.99 cm- 1 , an
error of 16 percent. The values of the rotatjonal constants
found after the corrections Ire B' = 1.73 cm-1, an error of
13 percent and B" = 1.58 cm- , an error of 6 percent. The
value of - 26 cm- 1 , used in equation (28), is known to be in
error. The exact value is - 28. 7 cm- 1 . However, the P2 , Q12
band head is superimposed on the band origin making its exact
location difficult to determine. If an accurate determination
of AV in equation (31) was possible the values of the
rotational constants would have been B' = 1.88 cm- , an error

20
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of 5 percent and B" = 1.61, an error of 4 percent. These errors
are of the same order as errors in determination of temperature.
Had the nitric oxide c'6o band been a singlet transition, the
band origin would not have been obscured by the second band head
and the determination of rotational constants would have been
more accurate.

CONCLUSION
iflte experimental problem is only the determination of

temperature, there is available a large number of diatomic
molecules for which molecular rotational constants and electronic
terms are well known. The choice of a molecular species should
be determined by three factors. The first, of course, is the
existence of the molecule in the experimental environment. The
second factor is to choose a molecule which has a band in a
relatively uncluttered region of the spectrum and whose constants
provide a band of size, shape, and intensity which facilitates
the measurements. The third factor, and least important, is
that the molecule should, if possible, be a sin let electronic
transition or one which belongs to Hund's dase (b).

The nitric oxide molecule is not a good choice with respect
to the third consideration and necessitates a more detailed
treatment than might have been required for a simpler molecule.
However, if as in this investigation the choice is limited, a
simple model of the more complicated band may suffice.

The determination of molecular constants is, in a sense,
a by-product of the investigation. For the most part, equation
(31) is not as easily determined as is equation (30). Spectro-
graphic resolution and band-head overlap tend to obscure the
band origin. The determination of these constants, however,
even to accuracies of the order of 13 percent would be useful
for measurements made for unstable molecules whose existence is
of so short a duration that the use of a high resolution
instrument would not be feasible. The determination of a
molecular constant to 13 percent accuracy leads to the determi-
nation of the internuclear distance P to the order of 7 percent
accuracy. Such measurements are desirable when there exists
no other methods for obtaining the experimental information.
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FIG.5 SPECTROGRAPHIC PLATE FOR SIX RUNL3
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TABLE I: EXPERIMENTAL TEMPERATURES AND OTHER PERTINENT DATA

Temper- 40 A) Temper-
Expo- ature ature

Run Slit sure Thermo- Spectro- %
No. Width Time couple ( AYV= .) graphic Deviation

10 32
1 Microns Minutes 296+0°K

20 16
2 Microns Minutes 296+OK -. 0229 3130K 5.7%

40 8
3 Microns Minutes 296+0 0 K

20 16
4 Microns Minutes 372.1+1.3 K -. 0182 393°K 5.6%

20 16
5 Microns Minutes 472.9+0.6 K -. 0146 492 0 K 4.0%

20 16
6 Microns Minutes 573.4+0.1 0 K -. 0123 582 0 K 1.5%
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TABLE II: DENSITOMETER DATA: RUN NUMBER 1

AO(cm- 1 ) Iabs. A)(cm- ) Iabs. 4)1(cm-I) Iabs. d(cm- 1 ) Iabs.

-14.60 0 35.73 3.5 128.35 4.1 218.05 2.0

-14.00 3.5 40.60 3.2 130.30 5.2 222.93 1.8

-12.05 4.1 45.48 3.0 132.25 5.7 227.80 1.7

-1O.lO 4.1 50.35 3.0 134.20 5.9 232.68 1.5

-8.15 3.9 55.23 2.6 136.15 6.0

-6.20 3.4 6o.10 2.4 138.1o 6.0

-4.25 2.9 64.98 2.2 14o.05 5.5

-2.30 2.5 69.85 2.1 142.00 5.4

-0.35 2.3 74.73 2.0 143.95 5.3

1.60 2.2 79.60 2.0 145.90 5.2

3.55 2.2 84.48 1.8 147.85 5.0

5.50 2.0 89.35 2.1 149.80 4.9

7.45 2.8 94.23 2.0 154.68 4.4

9.40 4.5 99.10 1.9 159.55 4.2

11.35 5.0 103.98 1.7 164.43 3.9

13.30 4.9 108.85 1.7 169.30 3.7

15.25 4.8 110.80 2.1 174.18 3.5

17.20 4.5 112.75 4.0 179.05 3.4

19.15 4.5 114.70 4.3 183.93 3.1

21.10 4.3 116.65 4.4 188.80 3.1

23.05 4.2 118.60 3.9 193.68 2.7

25.00 4.1 120.55 3.8 198.55 2.5

26.95 4.0 122.50 3.2 203.43 2.4

28.90 3.8 124.45 2.9 2o8.30 2.3

30.85 3.8 126.40 3.2 213.18 2.1
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TABLE III: DENSITOMETER DATA: RUN NUMBER 2

Jý(Cm-l) Iabs.d(cm"I) Iabs.d1.m-I) Iabs.A(Cm-'i) Iabs.

-14.6o 0 31.83 13.6 126.40 II.0 198.55 9.4

-14.00 6.0 36.70 12.7 128.35 9.7 203.43 8.9

-12.05 10.1 41.58 12.0 130.30 11.2 208.30 8.5

-10.10 13.0 46.45 11.1 132.25 12.0 213.18 8.0

-8.15 13.9 51.33 10.7 134.20 14.3 218.05 7.5

-6.20 14.4 56.20 10.0 136.15 16.7 222.93 7.0

-4.25 13.0 61.o8 9.3 138.1o 17.3 227.80 6.5

-2.30 11.0 65.95 8.2 140.05 18.6 232.68 6.1

-0.35 10.1 70.83 7.7 142.00 19.1

1.6o 8.6 74.73 6.9 143.95 18.7

3.55 8.8 79.60 6.4 145.90 18.5

5.50 7.8 84.48 6.6 147.85 18.3

7.45 7.8 89.25 5.9 149.8o 17.8

9.40 9.6 94.23 5.3 151.75 17.4

11.35 10.0 99.10 4.9 153.70 17.0

13.30 13.8 103.98 4.2 155.65 16.5

15.25 14.9 i08.85 5.0 157.60 16.0

17.20 14.9 110.80 6.5 159.55 15.4

19.15 16.0 112.75 7.8 164.43 14.6

21.10 16.0 114.70 11.5 169.30 14.3

23.05 16.1 116.65 13.4 174.18 13.3

25.00 15.6 118.60 14.3 179.05 12.4

26.95 15.3 120.55 14.9 183.93 11.3

28.90 14.7 122.50 13.9 188.80 10.9

30.85 14.5 124.45 13.3 193.68 1O.1
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TABLE IV: DENSITOMETER DATA: RUN NUMBER 3

)(cm-l) Iabs. '(cm-l) Iabs. I)(Om) 'abs. 4)(cm'l) labs.

-14.60 0 35.73 17.2 128.35 16.4 218.05 9.2

-14.00 6.0 40.60 16.8 130.30 19.1 222.93 8.5

-12.05 8.7 45.48 15.5 132.25 22.2 227.80 8.1

-10.10 13.8 50.35 15.1 134.20 25.7 232.68 7.2

-8.15 17.1 55.23 14.2 136.15 26.4

-6.20 17.2 60.10 13.4 138.10 26.9

-4.25 17.8 64.98 12.4 140.05 26.9

-2.30 15.4 69.85 11.4 142.00 26.5

-0.35 12.8 74.73 10.6 143.95 26.1

1.60 12.5 79.60 9.9 145.90 25.1

3.55 10.2 84.48 9.1 147.85 23.9

5.50 9.6 89.35 8.7 149.80 23.1

7.45 10.0 94.23 8.0 154.68 22.6

9.40 13.6 99.10 7.2 159.55 21.4

11.35 16.5 103.98 6.7 164.43 19.9

13.30 19.3 108.85 6.0 169.30 18.8

15.25 20.5 i10.80 9.9 174.18 17.6

17.20 22.2 112.75 14.1 179.05 15.5

19.15 22.5 114.70 17.6 183.93 14.8

21.10 21.6 116.65 19.5 188.80 13.9

23.05 21.1 118.60 20.8 193.68 13.3

25.00 20.2 120.55 20.9 198.55 12.3

26.95 19.2 122.50 17.8 203.43 11.6

28.90 19.0 124.45 17.2 2o8.30 10.7

30.85 18.4 126.40 15.8 213.18 10.0
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TABLE V: DENSITOMETER DATA: RUN NUMBER 4

))(cm-I) labs. 4(cm"I) labs. 4(cml ) iabs .)(cmre) labs.

-14.6 0 34.15 15.8 129.70 13.1 204.78 11.7

-12.65 5.1 39.03 14.1 131.65 13.0 209.65 11.9

-10.70 9.4 43.90 13.4 133.60 13.1 214.53 9.7

-8.75 13.7 48.78 13.2 135.55 14.4 219.40 9.6

-6.80 13.9 53.65 13.5 137.50 16.4 224.28 9.9

-4.85 16.3 58.53 12.3 139.45 18.4 229.15 8.7

-2.90 15.3 64.40 12.5 141.40 18.6

-0.95 14.5 68.28 11.4 143.35 19.7

1.00 12.3 73.15 11.7 145.30 20.4

2.95 11.8 78.03 11.3 147.25 19.9

4.90 10.2 82.90 9.5 149.20 20.0

6.85 9.1 87.78 8.8 151.15 19.6

8.80 8.0 92.65 9.1 153.10 19.2

10.75 9.7 97.53 8.5 155.05 18.9

12.70 11.2 102.40 8.7 157.00 18.4

14.65 14.2 107.28 7.9 158.95 16.9

16.60 16.7 112.15 6.8 160.90 16.7

18.55 17.6 114.10 8.5 165.78 16.6

20.50 18.1 116.05 9.3 170.65 15.4

22.45 18.3 118.oo 13.9 175.53 15.2

24.40 17.6 119.95 15.1 180.40 14.8

26.35 17.1 121.90 16.4 185.28 13.0

28.30 16.7 123.85 17.1 190.15 13.4

30.25 16.8 125.80 16.0 195.03 12.6

32.20 16.4 127.75 15.2 199.90 11.7
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TABLE VI: DENSITOMETER DATA: RUN NUMBER 5

A(cm- 1 ) Iabs, ;(Cm-) Iabs.)(cm-1) Iabs.,4(cm-I) Iabs.

-14.6o 0 34.15 14.6 129.70 12.0 204.78 1o.8

-12.65 3.3 39.025 14.2 131.65 11.2 209.65 11.4

-10.70 7.8 43.90 12.7 133.60 12.4 214.53 10.4

-8.75 12.3 48.78 12.8 135.55 12.7 219.40 9.2

-6.80 14.6 53.65 13.0 137.50 13.7 224.28 8.8

-4.85 15.1 58.53 11.4 139.45 16.3 229.15 8.2

-2.90 15.6 63.40 11.7 141.4o 16.7

-0.95 14.4 68.28 10.7 143.35 18.0

1.00 12.3 73.15 10.8 145.30 18.3

2.95 11.5 78.03 11.4 147.25 18.1

4.90 9.5 82.90 9.8 149.20 18.0

6.85 9.4 87.78 8.1 151.15 17.7

8.80 8.6 92.65 9.0 153.10 17.4

10.75 9.6 97.53 7.5 155.05 17.0

12.70 10.4 102.40 6.9 157.00 16.9

14.65 11.9 107.28 6.3 158.95 16.3

16.60 14.8 112.15 6.4 160.90 15.8

18.55 15.4 114.10 7.6 165.78 15.8

20.50 15.9 116.05 9.0 170.65 13.9

22.45 16.3 118.00 12.3 175.53 13.7

24.40 16.5 119.95 13.4 180.40 13.1

26.35 15.7 121.90 16.6 185.28 11.8

28.30 15.6 123.85 16.5 190.15 12.5

30.25 15.8 125.80 13.8 195.03 11.8

32.20 14.9 127.75 12.8 199.90 10.6
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TABLE VII: DENSITOMETER DATA: RUN NUMBER 6

J) (cm- 1 ) 1 ab 4)(cm1) Iabs.A)(Cmn) Iab5*,d(CM) 'abs.

-14.60 0 34.15 14.5 129.70 10.9 204.78 l.4

-12.65 2.5 39.03 13.9 131.65 10.6 209.65 11.8

-10.70 5.8 43.90 12.7 133.60 11.6 214.53 10.1

-8.75 10.3 48.78 12.1 135.55 12.4 219.40 8.7

-6.80 13.4 53.65 12.2 137.50 13.9 224.28 8.7

-4.85 15.2 58.53 11.5 139.45 15.5 229.15 8.9

-2.90 15.5 63.40 11.5 141.40 15.6

-0.95 14.3 68.28 10.8 143.35 17.1

1.00 12.5 73.15 10.1 145.30 17.5

2.95 11.2 78.03 10.6 147.25 17.2

4.90 10.2 82.90 8.5 149.20 18.3

6.85 9.5 87.78 8.5 151.15 18.1

8.80 9.4 92.65 9.8 153.10 17.8

10.75 8.5 97.53 8.0 155.05 17.4

12.70 8.9 102.40 7.8 157.00 17.5

14.65 9.3 107.28 6.9 158.95 16.6

16.60 12.3 112.15§ 7.1 160.9o 16.3

18.55 14.6 114.10 7.8 165.78 15.4

20.50 15.1 116.05 8.2 170.65 14.3

22.45 15.8 118.00 II.0 175.53 12.9

24.40 15.9 119.95 12.7 180.40 12.7

26.35 15.4 121.90 14.0 185.28 11.2

28.30 15.2 123.85 14.7 190.15 12.0

30.25 15.5 125.80 14.2 195.03 11.9

32.20 15.3 127.75 12.7 199.90 10.5
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