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Introduction

There are two ways of finding the laws which describe the macroscopic beha-
viour of gas flows. The phenomenological method proceeds from experiments
and takes the state variables , which describe the flow completely , from the
experimental results , The simplest laws which connect these state variables
are found by an Ansatz which puts each vector quantity (scalars or tensors)
proportional to all possible vector quantities (scalars or tensors) that can be
performed by the state variables . The proportional factors which enter into
these relations are taken from the experiment , too . To these equations

the equations for the conservation of mass, momentum and energy are added .
The simplest equations which can be obtained in this way are the EULER

equations and the NAVIER-STOKES equations for monoatomic gases .,

On the other hand it should be possible to derive these equations from
the microscopic structure of the gas . Thus the''material constants'" in
these equations should result from the properties of the molecules which

form the gas .

Experience demonstrates that many phenomena in gases of low density can
be described by BOLTZM ANN's integro-differential equation , The proper-
ties of the gas to be described by this equation enter by the binary collision
cross~-sections of the gas molecules only . The BOLTZMANN equation
describes more phenomena than the macroscopic hydrodynamic equations do .
If one wants such hydrodynamic equations from the microscopic point of
view one has to solve the BOLTZMANN equation under certain restrictions
which one has to find from the experiment . This was done for two different
methods by CHAPMAN-ENSKOG [1] and GRAD [2] for monoatomic gases.
Both methods lead to the NAVIER-STOKES equations resp, to more compli-
cated equations which represent a higher approximation but which belong

likewise to the type of hydrodynamic equations .

The method of CHAPMAN-ENSKOG has been used by WANG CHANG and
UHLENBECK to solve an extended BOLTZMANN equation for excited
molecules , The same method has been used by M., HEIL [4,5] for the
solution of a BOLTZMANN equation for di-atomic , reacting gases ., He

had to restrict himself , however , to two limiting cases, chemical equi-



E e RN

-2 -

librium and nearly frozen chemical equilibrium . With respect to the internal
degrees of freedom of the molecules equilibrium between internal and trans-
lational temperature was assumed, i.e, the exchange of internal energy and

trandlational energy shall be easy .

GRAD's method was applied by KOLODNER [6] to a mixture of non-reacting
molecules ., H, HEIL [7] treated a gas of excited molecules by extending
GRAD's method . One finds hydrodynamic equations which represent in the
simplest approximation just the NAVIER-STOKES equations for excited
molecules . This solution is identical to that of WANG CHANG and ULEN-
BECK (3] using the method of CHAPMAN . Beyond il one can write down

a higher approximation , which is, however , so complicated that it can be

applied at best to rather special flow problems .

The here presented work treats the BOLTZMANN equations for di-atomic,
excited and dissociated gases given by M. HEIL [4, 5] by a generalized
GRAD method . Neither chemical equilibrium nor equilibrium between the
internal and the translational degrees of freedom has to be assumed . The
calculation of the proportional factors is straight-forward, To simplify the
evaluation of the collision integrals given in the appendix additional assump-
tions about the collision cross-sections have to be made , In fact , PETZOLD
[8] and GROBMANN [9] neglect an angle-dependence of the collision cross-

sections .

Unfortunately there exists an uncertainty with respect to the calculated cross-
sections , There are no experimentally measured dissociation cross-sections.
The compurison by indirect methods [7], [10], i.e. the comparison of ex-
perimental and theoretical results for shock wave experiments shows a strong
difference . The experimental results of BYRON [10] would lead to at least
100 times larger cross-sections than the theoretical calculations give ., This

discrepancy is yet unsolved .

The direct experimental measurement of flow ''constants'’ as for instance
viscosity etc, of a highly heated gas is also connected with great difficulties
and errors . We hope that one day one succeeds in measuring or calculating
these cross-sections sufficiently good to find then from the kinetic theory
both the form of the hydrodynamic equations and the numerical values of the

wanted flow constants .
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§1 BOLTZMANN's collision eguations
The gas may consist ot atoms and di-atomic molecules belonging to these
atoms , We restrict ourselves to the case of the atoms being in their ground
state while the molecules may be in states of different internal energy &, .
In fact , at temperatures which make possible a noticeable dissociation , the
lower electronic states of the atoms are excited . Therefore we should better
say that we make the assumption that the state of the shell electrons is neg-
lected in the transition probabilities which enter into the collision integrals,
Contrary to that this excitation has to be considered in the specific energy
of the atoms in the hydrodynamic equations ., The BOLTZMANN function of
the atoms gives the number of the atoms in the velocity- and position inter-
val , the integration over the internal energy states has already been done ,
For the dissociation mechanism the oscillation- and rotation state is essen-
tial . Therefore we make a similar assumption for the electronic part of
the excitation of the molecules , The internal energy €, of the molecules
describes then the rotation- and oscillation state or the oscillation state
alone, only . The last assumption is unessential for the following considera-
tions , we use it , however , for the numerical evaluation of the collision
integrals by introducing of corresponding models for the calculation of the

cross-sections (see for instance [8,9]).

The possibility of ionization of atoms and molecules is disregarded . This
approximation is not too bad for oxygen and nitrogen up to temperatures of
10 000°K because of the high ionization energies (see [11,12]) . We assume
that the internal excitation state of the molecules be given by the energy

of the state only and that it is independent on additional quantum numbers

as spin , for instance . It may at least be possible to introduce such
averaged transition probabilities by averaging over the additional quantum
states ., The BOLTZMANN equations for this problem without external fields
are given in [4,5]. Here we state the result only , which may serve as

starting point for the derivation of hydrodynamical equations ,

We introduce BOLTZMANN's density functions f, for atoms and f,

1
for molecules in the state &, . These functions be normalized to the

particle number n per cm3 after integration over the velocities .,
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A /
where we used the abbreviation ;‘,—/ - -ff( v’ 7 'F., "7 etc,

The following symmetry relations exist between the transition probabilities :

L

2 .

6u(8,51%,%) - ow @, %7.F)
u (F, B 8 4) = (BRI £2)
(4)

22 =™ o ) == az= =
Cul 8 F FIRE o) =bkom (R eI58F)
o (R he By R &) - (B o BaFiB e

with 4 gc.i_l») s h = PLANCK's constant
1

m1 = atom mass

Moreover , the transition probabilities are invariant against permutation of
particles of the same kind . Using the conservation of energy and momentum
we can still perform part of the integrations in equations (2), (3) . The re-
sult is that instead of the transition probabilities the usual differential cross-
sections would appear in these equations . The symmetries of the collision
cross-sections follow from the symmetries of the transition probabilities (4) ,
But they are more complicated . Therefore we keep the notation (2), (3)

and perform the integration later with the explicit evaluation of certain

collision integrals ,
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To derive the momentum equations belonging to the system (2), (3) we

introduce the following vector notation :

Let X be avector ¥ = Oy, %, X3) . Then we denote with X" atensor

t
of n h degree with components (2”);“. @ Xiq¥i, - - X4 X2 on the contra-

. ;,.
ry denotes the scalar product »* = ; ¥ = X% . We use the sum

convention for double indices .

We define now the following rule for the multiplication of two tensors : The

(n) (m)

product of two tensors A" , B be the sum of all different products of

(w

(£ )
the components A, ) in and 83 - ™ which are obtained by a permutation

gt
of the subscripts . We have for instance for the square of the unit tensor f
with the components d3; Jt;‘t;e - '/Fj ke + Lh i+ Gh
Because of the symmetry of f only these 3 given terms are different
from one another , The product of two different , symmetrical tensors of

second degree , however , has six terms .

m .
The product ¥%% consists of one term only :
(E.q. r” > > N \ . [y
20 ey o Kig oL 08 - Kl

If thereis no misunderstanding we omit the subscripts .

After these definitions we consider again the system (2), (3) , We use the

following abbreviations for the right hand sides of (2), (3)

% o+ ﬁ.% - C, (4)
W B-W - o

" (5)

The equations (4), (5) can be replaced by an equivalent system of moment
equations . For that we multiply (4) 2y (ﬂ —~%) *  and integrate over F}
while (5) is multiplied by (A ) &M, integrated over ﬂ and
summed up over i . i is for the present an arbitrary function of =
which could be cho_sen differently for fl and f2 . One finds , however ,
that the lowest order moment equationsresult in simple equations , which
we can give a clear interpretation, if E‘ is chosen as the mean mass ve-

locity . This velocity is defined below .
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We define the following abbreviations for the moments of f resp. for the

collision integrals :

v [ (F-%)"uE (6)

Ve lade' - g;f—ﬁc CE—V]"QM*(?L

CCM) - -
)y = fc, € —1?)”0194 (7
G oo Z,Zf'az(ﬁ—&’)qz“a"' AS,

(n) , M(n’ m) etc, have been omitted which

The subscripts of the tensors N
means that they can be chosen arbitrarily . If a tensor is written with one

or more subscripts it means that these subscripts are fixed while the others
can be arbitrary . In the following moment equations we give those subscripts
only , over which one has to sum up . Thus we get the general moment

equations of the system (4), (5) which can be written as follows :

o o \ o - (L)

D pvw = L (ryom v e (™ ™ (e, 2 ™ -
pe N G 177 g O, e, FROTL R

represents the EULER-derivative

g - U (10)

The lowest order moments of N(n) and M(n’ m)

can be interpreted as mean
velocity , pressur tensor , heat flow vector etc. Since only a hydrodynamic
approximation of the collision equations is wanted , we will need latex{on these
lowest order moments only . Therefore we want to introduce the following

special notations of some moments :

fﬂfé - N,
;fﬁw‘ﬁ. -

(11)
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L((R-irhiag = £ 2%

64"__4 ?Cd)

((F -2y «3 = L e

g 28 L 2 A, 2
{tf(f:w«_) hidp = 2 09

- ¢ — “
f(f, ~D' [ U - o QY
Z(CE -#fpuf = e QY
‘Z fé} ﬁi "’(E = M

Z[&E-a)fiuf = 3

4‘2‘{\24 CE’: ”72L7£&1' df-f = M, RG)

my, = v, is the mass of a molecule . Additionally we define :

the density by
Y po= Mmooy

(12)

(13)

(14)

(15)

(16)

(17

(18)

(19)
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the mean mass velocity & by gu - MMy Uy R, My, (20)

the total pressure tensor by ? - ?“’ - ?59 (21)
the total heat flow resulting from the transfer of kinetic energy by

¢ = %'(f‘")rf“’) (22)

the kinetic energy per unit volume by
D ') 23
e = L (P +P5 (23)
the total energy per unit mass e by
Pe - Eke, + '"2,? + P &* (24)

the flow energy per unit mass e by

and the degree of dissociation by

& = /”"_4_"14_3 (26)

With the notations such as pressure tensor etc. we have already interpreted

the corresponding kinetic moments as hydrodynamic state variables .

By addition of (8), (9) we find for the lowest order moments the equations

of conservation for mass , momentum and energy if one considers the vanishing

of the sum of the rlght hand sides of (8) and (9) . We have with ¥y -h(;‘ ..4‘)
and P, = ¥ (.ﬁ. -0 g) the following result :

fcf% dfrv + ; fbu‘ b P 'Lfv - O (27)
if % are quantities the sum of which is a collision invariant , This holds
for the number of the atoms at a collision , their total momentum and total
energy . Thus we have for ¥4, ¥,

2 - L
T = Mg M,Cﬁ—q), %‘Cf;"d)il‘ * %_ (28)

% =M, mMCf-d), @Y rE

(27) can be proved by symmetrization of the collision integrals and is given

in the appendix of reference [4].
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After these remarks one finds the following conservation equations :

for n=o,m=o,?',..;_+'3,(§%;)_ =0 (29)
i

f =1; =0: a‘ D ; =0 30

or n m f%.,_%f)c (30)

_ - +%k&'= (@]
for n=2, n=0 x; ¢
and m = 1 g) %}_ + %Cf‘f}kk-l-q“ +-f0&53(q‘,,_‘i‘,')‘) (31)

Equation (31) can be transformated into an equation for the flow energy

gL . S (& Sk +opy 4 pRED (=) +2e Pei) =0 (32)

Equations (29) - (32) differ from the corresponding equations for monoatomic
gases by the fact that the energy and the heat flow contain an additional term
which results from the internal energy of the molecules ., The possibility of
dissociation leads to an additional term in the total energy which is proportio-
nal to the dissociation energy . The total heat flow contains a term which re-
sults from the diffusion of atoms resp. molecules and a following recombina-

tion resp. dissociation .

Equations (29) ~ (31) represent no complete system . Here we want a
"hydrodynamic approximation' , i.e. the quantities P{j, Jikk. ) Te

shall be dependent on the state variables ¢ , 73 , 6 etc. of the flow
only . Additionally to the variables contained in (29) - (31) the degree of
dissociation ¢, and the internal energy #, € resp. the internal
"temperature" of the dissociationg gas will appear as new hydrodynamic

state variables , which give two more differential equations . With the

help of additional assumptions the differential equations for Pr)' ) Stk ) 9

etc, are simplified to functions, depending on f y E‘,, 6} o(,/ n()_'g

and their derivatives .
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SUI A special Ansatz for the solution
A consideration of the orders of magnitude of the collision cross-sections
for the different kinds of collisions show that for not too high temperatures
the dissociation cross-sections are smaller than then the excitation cross-
sections and both are considerably smaller than the cross-sections for the
transfer of tr anslation energy . This leads to the result that a gas , which
is at an initial time in a " strong" non-equilibrium with respect to all de-
grees of freedom , will at first approach the equilibrium with respect to the
degree of freedom of translation , after that the equilibrium of the internal
degrees of freedom and finally the chemical equilibrium . By strong non-
equilibrium we understand that also the higher order moments of the
BOLTZMANN functions as for instance the quantities P™ s S et
are independent state variables . However, one knows from experiments
that this independence dies out rapidly with time ., After a short time a
flow represents a state which is ''near'" the equilibrium state . The time
constant of a degree of freedom for approaching such a "quasi equilibrium"
is the smaller the larger the cross-section of the corresponding collision
type i8.
Here we make the Ansatz that the particle numbers n, o f atoms and n,
of molecules are independent quantities , i. e. the degree of dissciation of
the gas is an independent variable , the deviation from chemical equilibrium

can be arbitrarily large .

The equilibrium distribution function for the atoms at a temperature F
is the MAXWELL-distribution , This distribution leads to the following
Ansatz of a ''local MAXWELL- dlstributxon given by

for = (27—4& ) % e 2
The mean velocity of flow 'i: and the temperature v may be a position- and
time-dependent function . However , the gradients shall be so small that at
the flow velocity % the local equilibrium can take place . The natural ex-
tendon of this Ansatz is an expansion round the local equilibrium . Because
of the weight function & ~¥ _ this leads to an expansion according to
HERMITEAN polynomials of %3—;).% . The coefficients of this expan-

1
sion are functions of position and time . This Ansatz has been used for

et kR AR
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monoatomic gases by GRAD [2] and gives hydrodynamic equations, if the
series is cut off in a proper manner ., Additional assumptions simplify GRAD's
so-called'thirteen-moment-equations' to the NAVIER-STOKES-equations . In
a second paper [13] GRAD deals with the polydimensional HERMITEAN
polynomials . We give here only the form of the first polynomials , We intro-

duce the non-dimensional atom velocity‘z'/: , by
— "., —=b
D1 = ‘E__“M (33)
®+ 8‘) Yo
R, isthe specific gas constant of the atoms given by K, = é’g
1

Ro = general gas constant

-k
My

M, = atomic weight (34)
k = BOLTZMANN constant
3
¢  be the mean mass-velocity defined by (20) . Let us denote the HERMITE-
an polynomials of nth degree by ‘th"? . They are symmetric tensors of nth
degree, They are orthogonal with the weight factor ¢ ‘Uz«' . The normaliza-

tion of the polynomials is chosen such that

T
A 3 -~ L . (%) ‘M
(E)/‘_E,e o dp O & Y, = O for M (39)

v

-

= 7 for \ =
holds .
The subscripts &, ¢, resp. js j. --Jv were abbreviated by £
resp. | . :'év has to be formed according to the multiplication rule of
SEI , each o?) , however , has a pair ¢ / of subscripts, This means that
g, J does not vanish only if the subscripts fe oo / v are a permutation
of the subscripts /, --- /v

The first HERMITEAN polynomials which we only need la.tex‘on are given by
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A'l\('l’J‘ LY ‘}\j‘
%\,g.) (36)
ik = Y. Ujvh — (0, [k +9; ,’.Tp_;.ujc,;f‘,/)
(R L"} AP ) . ’
Jﬁa’/k( = N = (U, She +9; ula,f/je + U ok
FUJ Vi wie 4 LoV ovke + Okt (v )

F (OjShe w SR ITE b e k)

The expansion of the distribution function f1 into HERMITEAN polynomials

% be given by
| ‘7[4 f,«o (4 4 ay 2 +) JL()
¢ M + z < iﬁ :
o) ) e
S e T a s
-~ m — 0’
1 - *_40 - Mg e /2_
wi (er R, 3‘)‘5/4,
The factor / has been introduced to express the quantities « © as

simple moments of f. without a numerical factor . Because of the symmetry

1
(v .
of '\3&‘,) against permutations of the subscripts (, one has also to assume

that the quantities g i(;) are identical if they differ by a permutation of

. o . )
the /, only . Thus one gets by multiplication of (37) with "}, v and

integration and using (35) :

Q;:”)(v,f) = QQ &)éff e AT (38)

e

¢’ is afree parameter . It shall from now on be defined as the

"tr anslational temperature' of the atoms, i.e. it is given by the thermodynamic

relation betweeen temperature and mean kinetic energy of the atoms :

Y, )
% my kO - F ?// (39)
If we define additionally

) .
r\p):/ = 3/7 9 (40)
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we find the relation
Mok T = p o mym, R, (41)

which is a defining equation for g , but no equation of state . From (41) we

)

get the correéponding relation for "LL;/

-'.(L) 0 s‘ ?/i . ] =) o
G () =T [ ey ) 2 2 ) D

-5

g Nang, O
The second parameter , the mass-velocity /Z , has to lead to’ a;mther relation
between the coefficients of the expansion if we apply its definition (20) .
Before doing that let us consider the distribution functions /.. . With
respect to their dependence on the velocity /? we use the same expansion
into HERMITEAN polynomials as we did for f1 . Additionally we assume that
the "translation temperatur'' (  is equal both for atoms and molecules .
This means that the transition probabilities 2s2, 4 are assumed to be
8o large that the kinetic energy can be assumed as being equally distributed
over atoms and molecules . The time constant for approaching the equilibrium
has the magnitude of a few collision times . It is easy to see this in the case
941 of a monoatomic gas ( [2] and § VI ). There is no reason to assume
that the order of magnitude of ¢, is essentiully different from .,, since
in both cases the collision mechanism is hardly influenced by the internal
structure of the colliding particles .,

The HERMITEAN polynomials as functions of 7,

- - - i

Ly = koW (43)
R, D)%
shall be denoted with K.Y . According to our just made remarks the rela-
tion
Mok U = p@  _ 1P P gy Ry (44)
shall hold .

Thus we get for the expansion of £z,
. . ey & )
ﬁl- = f%ol (f -+ (~/< ‘)(\l"t‘l 2;) ,(3 o+~ CK'L)(&,'&, 5‘/) Lé\a + (45)
21

Substituting the Ansatz for f1 and f2i into the BOLTZMANN equaions
(2) , (3) we get a system of partial differential equationsa for the coefficients
@ and o Y which is equivalent to the system (2) , (3) . We do not

-
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give this system here since it will not be used later , Instead of this system
the moment equations (8) , (9) will serve as a starting point .,

The hitherto used Ansatz for fa. shall now be extended by an Ansatz for the

coefficients (C )

. If we disregard the fact that the numbers &; assume
discrete values we can assume the quantities ‘7 Y and 2! to be func~
tions of the continuous parameter & . The absolute equilibrium distribution
of the internal energy at a temperature ¢ is given by BOLTZMANN's

e-distribution :
- &
frog = e ko (46)

The expansion of the coefficients & (x%¢) into orthogonal functions of &

should be an expansion into LAGUERRE-functions of the non-dimensional

parameter fé . We define
= £
7T = s (47)

The weight factor of the LAGUERRE-functions is. e»'z , integration runs
from 0 to o¢ . This is also adapt to the energy-scale which we define in the
following way : the energy of the molecules in their ground state be 0, an
atom in its ground state has half of the di sfiation energy E;—f?— . The first

LAGUERRE polynomials are given by
L9 - 4
L9 - Ay (48)
LD = 12y et

The complete expansion of f2 (& ) would be if we assume a continuous depen-

dence of f

Fe

2 of the parameter &

i

2 (V//“ . Cv a "
Fao % ¢ Ky L€ ’ () (49)

4 e——%'z

(27‘ ﬂz. 55‘3—’; (50)

The expansion (49) is correct if we have a continuous spectrum & for
one degree of freedom ., However , a molecule has more than one internal

degree of freedom ., Thus the Ansatz (48) should be extended . In the case



- 16 -

of the three kinetic degrees of freedom this was done by the introduction of
the 3-dimensional HERMITEAN polynomials . The fact that § takes
discrete values shall be disregarded for the present . We can indeed ,
approximate the appearing sums sufficiently good by integrals in large parts
of the spectrum . For the k—é"' degree of freedom the non-dimensional
energy parameter be defined by

4 " = Rg_ (51)

RS

It may be assumed that it makes sense to introduce a joint "internal tempera-
ture'" O . That means we assume different degrees of freedom of the same
type of excitation . In the case of di-atomic molecules we have three types of
excitation , the electronic excitation of the_outer shell , the rotation- and
oscillation excitation . These types are excited in a differently difficult man-
ner , The e)‘:citation of the rotation states can be assumed to be in equilibrium
with the translation temperature as we are in a region of high temperatures .
However , the excitation of oscillations is much more difficult ., The degrees
of freedom of oscillation of di-atomic molecules are fully excited at some
thousandoK , only . Thus one has to introduce at least for the degrees of
freedom of the oscillation an internal temperature © as being different

from the translation temperature ¢ . We define this "internal temperature'

%] by the relation between temperature and mean energy :
Cot® = Al(eo) (52)

Co becomes the specific heat at constant volume . € g is the specific

energy of the corresponding type of excitation .

In the following we treat the equations as if there would exist one type of
excitation with the internal temperature © only . The extension to several
types of excitation is possible . For this case the basic equations (2) , (3) had
to be extended and we had to introduce a distribution function f2 which does
not only depend on the total energy , but also on the distribution of the

energy over the different types of excitation ,

Let us consider again the expansion (49) , It can be extended by using (51)
and making as Ansatz for each "ﬂz the corresponding expansion . One
gets a function ;F = ?' C"c }23 . ‘%) which depends on the different
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energy values belonging to the different degrees of freedom (this procedure
is incorrect since because of quantum mechanical reasons the set T A

of energy values belonging to the different degrees of freedom must not be
measurable simultaneously . At this point one has to use a classical picture

to understand the following Ansatz ) .

B = ke D Z 5 Oy R0 e Y T (53)
2 - (276 L) (./_4/_"6 (‘72)?’_7“
Lo = 7 W SR

One sees immediately that the Ansatz is useless in this form since the series
(53) includes more information than f2 (& ) which shall depend on the total
energy 447 *L”Z bk only . Thus the Ansatz (53) hasto be "coarse
grained" in a certain manner . Let us before again consider the expansion

of fl.

The solution of the system of infinitely many differential equations fora'”

and (J“") which follows from the expansions (37) , (45) is as difficult as

the solution of (2), (3) , However , if one restricts to a special solution of
(2) , (3) which shall describe a flow the distribution function of which is near
the MAXWELLIAN distribution , one can make the system of differential
equations finite by a cut-off of the expansion . Here we want to cut-off the
series (37), (45) for v > 3. This means that the higher coefficients of the
expansion are considered to be vanishingly small . Thus we make the following

approximation for a special solution :

)

/) .
Z (x,t) = ©  for Vo>

. (55)
v, i) (xt) - O for

C
This Ansatz seems to be a little arbitrary . That it makes sense with
respect to the wanted hydrodynamic approximation can be seen if one expresses
the first coefficients M(x-,f) by the moments (11) - (18) .
One finds
VL(')(\(\‘ - C,Q 97& el o D . A ‘ RN I
&)t ®,0) ¥
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s + = (K ¥ O N (~
Pty = RAE (yhpas, < 29§ &

I

411"“';%6‘
0 ~&DE Ly pad, o 90 (=it 2
s My, (R () ) s
“xt) = @) * ey 3 X o aedE
C €)= ['k 7(1 dv, = - (£ () *
"4 g (ROF e, g0/ (59)

To complete the system of conservation equations (29) - (31) one has to con-
sider terms up to '3 of the expansion . If one also neglects a'” and G«
one assumes that also the heat flow Qj? and the pressure tensor

( Pm NA ij) .:") ) are vanishingly small . Thu's one gets EULER's
equations of the flow . If one is interested in equations which are of the type
of the NAVIER-STOKES equations one has to take 2*/ £ 0 and < ¢#¢ .

q ) contains the new moment Q"D which does not appear in the conser-

vation equations . Thus it seems to be consequent to make the Ansatz ¢ o) «T
for v >3 .
We get now
£ = 0 2) Ny (2) (3 e 3 (60)
1 = 1 + at "k :
ﬁu ( + + 927_ H + 977“ )

Now we have to ask for a similar cut-off of the expansion (53) . One gets
7™ L o for Ve >3 (61)

One has to notice only that linear terms in kvl have the weight of quadratic
terms in D . Since one may assume that the translational temperature v~
does not differ from the internal temperature ¢ by orders of magnitude ,
one has to assume for the mean values of U* and Y

Tr o~ Y N
This relation can be used to estimate the magnitude of the coefficients & ¢
and thus one finds (61)

The expansions (53) simplifies to

~

fo = hao L1+ (6% (Plh) 2N 0 KCZ"""’)L"@)N-
HEOIRY R ROy IEOD (Vg RO,

L E4 iy . &% e
2/ 3l
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M e 7 e

k.
Since f, shall be dependent on the sum 7 - )‘_:__@7/ only , the Ansatz (62)
is further coarse grained .

We put

A5 o1 OV, 5 (0,1 1 7 01 1
ACLNS (%) « - - kg ¢ )LC)(I-,Z) - %@(')gﬁ)(h‘l) (63)

1@‘j 1,1) L(") 4 o, A‘G’“’O 2} . A4 "'@,1) L
(z) + LD () 2600 L L70y) (64)

),;Lw(l“l) U L(7) = K —9 (65)

1t follows
LY

E, - 74.0 (4 -~ Z(°/')(4_%) -~ éf@,?)K@)

- G0 - 1)k (e6)
+ QL(ZIIO) < &) +— £ K(i)) %)
! 31

Because of the orthogonality of the quantities L (""‘Z) one obtains the
quantities ¢ i *) _ Z‘(, (74 on the right hand side of (53) by mu1t1p11—
cation with Z L“‘) (L.\Z) KV and integration over all“«z and
We get , for instance , for ¢ (o 1) (r(” ,1) and 6('“"’) the relations

o
& e) _ R 3—]3/)_ f rc'v(,g Z(»f—— )o( o ’ (67)
%, a9 e S) L) A et 'J\Z

(68)

E
=
—y

&Y = M, e ( 2 (%, “hf)%“‘kz) /<@(G)-¢G£»Z.. Aoy
(Mo) R ! /2—

We state that @-“”9

defines © . If a type of excitation is fully excited the specific heat belon-

5) Kz um oy 69

. To see this let us again consider (52) , which

b_\
o"-\

ging to it is equal to the number of degrees of freedom times the BOLTZM ANN
constant times the number of particles per unit mass , Then (52) can be

replaced by
K .R0 = ¥§ (10)

%t is the mean energy per molecule of the considered type of excitation .
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On the other hand we have

boal" -
R 7 A v oL 5 71
_@l_ ij’z@){"z B O b - £ (71)
Thus we find from (67) , (70) and (71) our statement
g < o (72)

(72) is equivalent to (42) : af:{, ( \T&) = (), which was also a consequence of

the definition of the temperature <>

Hitherto we assumed that & is a continuous parameter . The analogous
Ansatz for (66) for a discrete energy parameter 7. canbe easily obtained
from (66) , (67), (68), (69) by replacing the integration over”z,z‘z- k‘*z

by summation over i, If some of the energy values *. are degenerated the

sum will contain this energy value repeatedly . One gets

= 4 4 (t A v
)Lu ﬂcu (/ + € )(k,'t-) K() “ (T(1, 1)(x’f) K")(Zz _g) (73)
P

& (¢ ® (3)£ ) (3)
_Z‘LI__L_)- K - X, 4 K )

with F;c: = (-’-:‘R 0}3,2_ f’(‘ .@), £ < Z_C Z‘: partition sum .

For the coefficients ¢.(")the following equations hold

¢ a(g )% le(—) L (f KC)(“ZL“‘”)”(% (T4

Y = (_RLM Z (ﬁl KCV)C,(UL (75)

Instead of using the LAGUERRE polynomials to find the Ansatz (73), (74),

can
(75) one make for f2i the Ansatz of a power series as follows :

(73a)

. = Fu0} ('C(‘W C(,4b)/<L«) C(é) k@, cf_c)K(J) C(M) C"é K‘?

By a multiplication of (73a) with K ) , mtegratlon and summation one gets
certain relations for the coefficients (7% %) . According to that the
Ansatz proves to be identically with (73) , (74) , (15) (see ref. [7]).

At first the simpler linear Ansatz in 7); seems to be a little arbitrary, It
is clear because of former considerations that terms with ‘2? must not
appear . However , from (73a) and the coefficient equations belonging to it

one cannot see at once that it is indeed the corresponding Ansatz as in the

L o

TP,

e b v
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case of the Ansatz in HERMITEAN polynomials for the dependence of 7; .

The connection with the formerly defined moments for the quantities &

follows by the relations :

) 3/1.. ) — — 6)
6_() - (R ) C e ) 4 - = (7
L F KO - e
ey - Rk Zf)céi k¥ - P _J (17
”Lb i /ULWL Rz-a’

3/1- €] ~ ) Ao
(D - RO™* T ([ K®Dug - S° ~J(%-m)  (18)
M" L f - (R‘ 71-

e (gz !/LZ(}C& KU) - GLO) (ﬂp@cf >3ez_ (79)
By

'M;,(Ez 17)11 7y, R,
(4,1) as/ [q_ o T _; —~
6' = .(RJ_L ffbl )(Z "L) J.UJ, - ) (80)
2T RO &
We make st111 a fmal approxxmatlon in the special Ansatz for f and f

2i°
In the conservation equations (2) , (3) only the reduced tensors

g CV) A S CV)

by =

of the heat flow appear(.)Thus the Ansatz for f
and f2. can still be simplified by assuming S Jk to be diagonal .

1
Thus one has an Ansatz which contains just the minimum number of coef-
ficients necessary to make the conservation equations to be a complete
system of the appearing quantities .

Thus it shall hold :

(V) v,
Sik = F (5% « §20k + §& 1) (81)
(81) is equivalent to the assumption that a Y gnd Y are diagonal . Instead

of the full HERMITEAN polynomials of third degree one can introduce reduced
tensors “) and K ; 8) by

- 6]
“3(;‘.(’) TJ—C,J = U (V] - %)

KY < K§ = vuck -9)
(3)

Cs
Replacing in (60) and (73) the terms %ﬁ_k % and LT Ki,‘ﬁ
by ;¥ ]C &) and G &) X ) multiplying the new Ansatz with JCC')
resp. K 2") and integrating one finds

(82)
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% vy - E L — —_
<—R%gl' ff; nx‘@)"(o’ = QL?) fc_'%ﬁ" "J(E) “36?) = 1085 (83)

resp.
3 o =
@:L_'D_/“ L (i KE) A3 = 41089 (84)
2 i
To remove the numerical factor 10, we define new coefficients by
= — (85)
Thus the final Ansatz for f1 and f2i is given by
= M -oi W@ QB =y T, (3 (88)
fi (“_RJ)%Q z <4 +a®y 4-% o +_426_) ”34())
= m 4 ex —Uz _— 4, = ¢
fa Fon 2 PR W) ke -2 k9
LI KD+ GYKY » €D KO
with ) (&E}j”-’(ﬁ Y A3, (88)
"y
¢ < KoYk ks
"y tofu K43, (89)
A 3 - = -
6_(/4) = C%-)—/L %_{7@ /< )C'Z(' ‘Eg)o(t)&
(90)

The new Ansatz (86) , (87) is equivalent to (81) , This can be easily seen

for f1 by substituting (86) into (60) . One finds
a) 34 G) LG
WGk = e oDy = G (r2tg 0y g
Jh &ﬁg‘)“ §F "Rk oA Dy = ;g—fd SIS 1A Ty (91)
= F @G +T e +T@ 7))
Comparing (91) with (58) we find that (91) is identical to (81) .
The starting point of all further investigations shall be from now on the

special Ansatz (86) , (87) ,
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In this chapter the equations for af'v ) and @-“’) resp, the corresponding
moment equations shall be derived . The coefficients @) and &) are
linear combinations of certain moments (8ee equs. 56 - 59 and 76 - 80) .
Therefore it is unecessary to start from equations for a® and G(Y and

to cut off this system according to the approximation (86) , (87) , It is bet-
ter to use as starting point the simpler moment equations (8) , (9) . Substi-
tuting into these equations the approximation (86) , (87) , to calculate the
right hand sides and considering the connection between the moments and
at’ . 4¢9 to introduce also on the left hand sides the corresponding
approximations one gets equations which , by the underlying approximations ,
completely correspond to those for al9 , 6(9 . However , these are
equations for moments which can be immediately interpreted by hydrodyna-
mic state variables . In addition to the conservation equations (2) , (3) they

form a complete system of equations for the wanted hydrodynamic quantities ,

This system is very complicated . For special cases only one can hope to
find a solution , With the help of certain additional assumptions one gets
essential simplifications . In the case of monoatomic gases the correspon-

ding approximations lead to the ordinary NAVIER-STOKES equations .

Let us write down the complete moment equations . The right hand sides
are abbreviated by EC“ , the bar shall denote that the approximation
(86) , (87) for f1 and f2i

the right hand sides by partly integration of the collision integrals ,

shall be used . In § V follows the evaluation of

The equation for the particle number .4 or the degree of dissociation

follows from (8) for n=10. n, is then given by (29) and (19) ., We have

.} % ” = 0O
£+ a5 (W) C (92)
Multiplication by , and using (29) we get from (92} an equation for (¢
=D (9
? % + 'b%. C?&Lqﬁ Y )1) = MmC ) (83)
)
For n=1 we get the equation for the mean velocities of the atoms ¥, .

Y
Again , we do not need an equation for {, . Using (30) and (20) we find
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B (uGh %)) v Dl oty + 3 (i %)
F o G RY) Y (-0 - OF

)94)

B Cox (& —)T + WL [ou (i, —x)]
+ %1 L fetlog—1),] *%@2 B < T

For n=2 and n =3 we have to form two moment equations since there

(95)

are no supplementary conservation equations ,

From (8) and (9) we getfor n=2 and m =0

{%D;j +—%ﬂ;iP,j - %kpkzj*%f‘kpk)' 4.%1/&7)&\-

) (96)
= M CCﬂ)tJ + MJ-CO—%/)
For n=2 we get from (8) the equation for PC)
] G
‘gz‘ p{J) _ Cd. %& 0'14”14 (‘44 —W’))U + % plj)
a&pu *‘(%ﬁip@u“”"ﬁ T8y ®n

D&

where we replaced > by using (30) ., Now we have to introduce into

(96) , (97) the approximation (81) for QIJi),_ . The result is given by

B Pij r 4k P «$(5E “%’Q ~FX )

» (98)
,«._I P/OU = oy CC%) - m)_cc(g,j

P,J = (3wl -a));; 4+ e 7Y

i 4_ DS‘(‘I) 4) ) —
(,—:- f-\a{; 3.5%.20’}» Q)D_Eie_?ﬁ‘)‘\{‘mcé?“i (99)

For n=2, m=0 we find

‘g{.‘ AV C%Q&&_P) by + D;?E)f (n ka) (100)

+2 %&- per + pLJJ -= Mq (‘4 JJ M&CCL))(JJ
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Q) ) 1
)% 0 - (%% P)isy 4-33% Q‘f',) ~ &(%q&ﬂb)
= 9 at — ——
+(%&¢)Qj ‘%CQ))C%ZU (101)

For Sbcv we use again the approximation (81) . We can find an expression
for A& resp. Q(9 by putting Q(V)and <9 in (59) , (79) equal to zero .
Thus one finds an equation for Q(ﬂ) and &(9 which corresponds (86) .

We have

M, QY = Z,w&(pc")f) —~(B, T Ym0, T2 (102)
= ROLQ@PP) —p ]
m Q= M 8D 4 o, Q9= BAPIYT- ey T 10

From (100) and (101) we find with (102) , (103) , (81) the following equations :

- A D YPky p- LD ‘
Bt - #%55 Pi- £ 308 P Yo
+2 2, (&&P;A%?FR'Z)+§(%%‘ i+ 0y
— 2 (R D (p+PY) & (U Vup e -
3-%7 1 P)*s(ﬁﬂ#ﬁ&)+%%ﬁs\b

" CC'D tjji t ™y ch(‘jj

) _ 4 3Py PP N . 9
B O7 - 2 P 338 PP Qi GO0

—_ , ‘ <z “) ) Ay, D
23 (B 0P Y I A 7 3y -

In order to have a complete differential system we have to add to these

(104)

equations two equations of type (9) for m =1, since in the energy equation
(31) the quantities qé' and because of (24) also E‘— as part of € appear .

For m=1, n=0 resp. n=1 we find

B (we)r Ybtng)+Qpk = T (106)
2 g - L 2P (7)) p Wb g, qfngﬁ;/q Qu,

X 5‘4,];> Ok (%) doce 1 - " e Ve (107)
= Cahy

Again we have to substitute for RIIL an approximation according to the

Ansatz for f2i . One can obtain the wanted appro:;i\rlnation for )Q,i by two

ways, The first one is to continue the series for f2 putting the coefficient
g‘(’/‘) from KYLY equal to zero . On the other hand one finds the same re-

2
sult by multiplying the Ansatz (87) with d—-l‘v&'imegrating and summing
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this expression . Using the second way one gets :

MRk =~ Z(Fi(f - - %)k & L8,

(108)
R ¥Z ﬂcx‘%-cf)Jk &ot§ = &OZL%GJ& Tk
- £ "y = My E (P~ N
With (108€Jwe find for (107) : = <P P 7@(4 “)J
Q . 4. >
Sl W-L*lz ('VQS) DJ 9; -f—DkC"z.éCP/k n)i))
PO — | (109)

+ mcz/c = &

Equations (29) - (31) and (93), (95), (98), (99), (104), (105), (106) ,
(109) are the wanted differential equations . Next we investigate the right

hand sides E o) of these equations ,
(»)
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The calculation of the collision integrals is somewhat laborious . Therefore
we bring it in the appendix . Here we give the general way only . The collision
integrals contain five different types of integrals corresponding to the five
different transition probabilities & . Each type is treated differently in the

appendix . The following notation is used :

Jomyw) = v CF L _74‘\,:,2;)6‘,,/4 AR (110)

Tokg (V) = (% (R - ks hFu FYo sl ug i
¥ can be a function of the velocities ﬁ, , E_ and for the energy eigen-

i =
values & . oAX means the product of all volume elements of the velocities

which appear . The integral sign ( includes also summation if fa,' ,

')CQ' . etc, stand behind the integral sign ., With this notation we get for the
right hand sides of the moment equations the following expressions :
= () 12/ 22)
= 112
Ca) zf],m D 'S By AR C) (112)

565:3 - QZ‘@ * j’:’L") <3<f3’: ~%) "‘é)"f)) (113)
+2 Tup (8§ -%)
Zg‘% = ‘747%@‘@7)&) ~ Jn C@: -T¥) (114)
4 - -
+ :{4442?)(5 (ji_qj")&_ (ﬁ) _u-")&)
_ F2Jag (& ~U))
C(c? £t2CH o T lrEi 3, i
) & 0 (CF-0)) + 23 (B-7f)
+ Ju.(@, ~'17)"+2_(ﬁ, -1)%) (115)
+ 71%)4 (5 C?;—Iif—- (@:) ..u')?—__z (g_.;*)?.
3 -
chg = :h;)((ﬁ —t'{)s)-f- ja((ﬁ;’ _—1;‘)5) " (116)
+Tng -1 -(F-7)Y 2 Tun (G50
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C( 4-1; EC? - jM ((ﬁ %)s)'kéju_((ﬁ."%) )'I-ju,((f; ?)J-l-
-*-94(3;-%)3) + oy (3 (5, )P (F i) 3 F -%) )
+2 344,_ (cf} —u,) S (% —-74) (R )'g)

(117)

-C_((;i)o = 1y (&) + 742(84') + 74:2;) (-€7) + 711%)(&'—29'9

(118)
C4,4)
C@_) - j,Q (_81 CF 74)) + T (& (ﬁ_ -u))
12 C-eJ (%’ _u) - T edow) . o
119

Some integrals ] vanish since the function YL , belonging toit, isa
collision invariant . We have , for instance, 741 (1) =0. Such integrals

have already been omitted .

For the following calculation of the integrals it is better to introduce the cen-
ter of gravity coordinates . The integrations over all variables can be per-
formed with exception of the magnitudes of the relative velocities and the

angles between the relative velocities ,

To calculate the integrals ] one has to substitute for f1 s f2i the Ansatz
(86) , (87) . As a result the different integrals J split up into a sum of
integrals , which are multiplied by products of QM , @C9 . Part of the
integrals vanish because of reasons of symmetry such that in the right side
of a moment equatioh not all products of q_c‘j . 6.(7 appear ., This can be
seen easily in the center of gravity system . The transformation into center
of gravity coordinates is given in the appendix . Some more approximations
for the calculations of the integrals are introduced . As mentioned a substi-
tution of (86) , (87) into the collision integrals gives a sum of terms which
do not contain Q(") s @-(9 or contain these quantities linearly , as double
or triple product only . The additional approximation consists in neglecting
all terms with double- or triple products . The reason for that is that we
already used that Q,('? . @—(9 have to be small compared to one . The higher

products are then small of second resp, third order and are assumed to be



-29 -

negligible compared to quantities of first order . The order of the neglected
double products is discussed in reference [2] for monoatomic gases . For a
special force law one can show that for (86) the higher products can indeed
be neglected . This estimation and the argumentation with quantities being
small of higher order may be the only argument here , A more exact dis-

cussion would become to complicated for the equations used in this paper .

Moreover , it is assumed that the translation temperature 2T and the in-
ternal temperature &  do not differ very much ., We introduce a mean tem-

perature of the dissociating gas which is defined by
dle) = (P + W& + % bp)
= (g—(ﬂ-‘o{) R.I_O— +~ C"-OL) fC@ A O +~X E‘S (120)
= F(14R) R AT + (4~) Co A ©
HE RS - (co6 + E’B)o(o; Y O, AT+ ol

Cu is the specific heat of the mixture for & = const, i.e., without reactions .
One has to connect T with the specific heat of the non-reacting mixture ,

since in the case of chemical non-equilibrium the degree of dissociation

is a new free variable besides temperature . A change of the internal energy

is possible both by changing temperature and degree of dissociation .

According to (120) we have

Co = 21+ R, +(1—x) CBO (121)

- =2 — C
Q¢ - K1 { o oG + Ep (122)

@ and D- shall not differ much , thus also T can only differ little

from @& and U . If one replaces in (120) forddX. =0 the differentials

G(D‘ , A O , oALT approximately by the finite differences 6—7‘0 . &-To ,
T—=To then from (120) follows the relation

L) R(F-T) = (1~x) co (T-O) (123)

With the definitions

De = @——I-_,;
AY - =T
T

(124)
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we can rewrite (123) into

AV = - % %‘4—}:})—%—139 (125)

Relation (125) is needed since the mean temperature T and the translational
temperature ¢ or the inner temperature © enter the final equations as

temperature variables ,

The approximations to be applied in the calculation of the collision integrals J
make use of the assumption that A U and A® are assumed to be small com~
pared to one . All quantities depending on U and © are expanded into b'a'
and D6 and those terms are retained only which contain AG and AV
linear . Also neglected are all products with the small quantities 6?.09 and @(\9

These approximations are not necessary for the calculation of j‘n , 342 R
h but they reduce the calculations essentually for ]4::, , 7442 . Besides
these advantages this approximation makes sense since (87) assumes that

also the internal degrees of freedom are fully excited and that their distribu-
tion functions are nearly equilibrium distributions ., For the oscillation this will
be the case at some thousand degrees Kelvin only . Therefore the internal tem-
perature must not be smaller by magnitudes than the translational temperature,
The equations which one gets for letting ¥ and @ be arbitrarily different

would not only be very complicated but physically wrong .

If the above used approximations are applied to a gas where an excitation
ne

without dissociation of the molecules is possible onl%fgets equations which

derived WANG CHANG and UHLENBECK {3]by an application of the

CHAPMAN-ENSKOG method ., These equations follow as a special case of the

here derived equations for = O y @‘,,fff =y =0y =061 = O

Summarizing the results found in the appendix one finds for the quantities
5 )
*)

of a larger number of special collision integrals . These coefficients are still

the expressions below . The coefficients 15, , BV etc, consist

functions of temperature , degree of dissociation and density ¢ . The exact

expressions for the different coefficients are given in appendix e)

C = Arane)(1+a THALT+ LT AB) 12
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Cop = BTy ad b5 T 6) 6P 1 By (g ) D
+ By T 9) 87 + Bs (Tpy, 0) 6'64 » (127)

Cf«'fvw - o € @) (1+ 6Ty 8) AT g ) A8)
FQt«,«CsC %P) + Gv/g Gy CTy%p)

(128)
= &) -
Coop + 23y = Syn Dy CTpye) G oy Tiong) 60
Ay CT“;f)Ae)ﬁ-qV/% Dscru@
+ 6—% Dy Ty %% (129)

39
CC")V“ = C1C7}°<)f)qv + E;_(T)o(,f)(;@

+ B (o) &Y + Ey M) 8,2 (130)
+ Es (M, p) a D

c

C«)vkk. + 2 C, gvk/z. = FqCT _?) FJ.(TO(/f)@Ey

J—rza‘,o&,f)qv) +~F‘1(To<,f) (9
CC"M) 3 "5 g 6.7
@ T~ I’WD"C7"‘”‘46§'4—°(LAS) (132)
— ER R, (x4 BT+ D B)

C(('l;’a = G (I,o()f> ~ G)_CT/ /f)@(v +G’3CFO§?)C(‘3
+Gy T 9) 62 + Gs (T ) 654

For the case of chemical equilibrium one gets from C (?,) , which repre-

(131)

(133)

sents the change of the degree of dissociation X (equation 93), a relation
between temperature and degree of dissociation . Before reaching dissocia-
tion equilibrium temperature equilibrium between internal and translational

temperature will appear . From appendix e) one gets for C C(: for

ASF= DO = 0
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A dp,p) = (B +3) (M Per) = /?F(r)) (134)

To keep of flow in locally chemical equilibrium for all times the quantities
/9»1 C’j and (%.(T) have to tend to infinite (at least the collision cross sections
Gag resp. CMA have to become large) _C_ ((3 remains a finite quantity
and gives according to (93) the change of the degree of dissociation (see re-
ferences [4, 5]) . Thus we find from (134)

F=-F (F =p@,¥~-¥T)
Substituting the expressions for (3- and X; from appendix c), (A65), we
find the known law of mass action :
/’t__t - -Zj/"' (27 R, T)s‘é e~ %—'

Z- (BT

It replaces equation (93) in the case of chemical equilibrium .

(135)
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§VI The '"NAVIER-STOKES' equations for

The quantities "’L —-‘L, ‘Pij , :l) ,‘cj’) ) S: 5 £ icﬂ), o"" which appear in the moment
equations (95), (99), (98), (104), (105), (107) are treated as independent
hydrodynamic state variables . It is known both from experiments and estima-
tions for T¢j — Pc}\z_) and Q for monoatomic gases [2] that these quantities
after times of the order of some mean free path times are functions of the
variables ‘78 , £ . T only . This fact togethes with some additional approxi-
mations is used to simplify the given equation such that they correspond to

the NAVIER-STOKES equations for monoatomic gases ,

. . . Pii NS
First we consider equations (98) , (99) forTy) and T7%)
&)
We define tensors P.‘_,' and Pl‘_)) by

(&)
by = T -piy P = P -y (136)
Addition of (98) and (99) gives equations for P and p:
L ~ 'DM 4.9 9 13
e P aka*‘b’s‘E,i"%‘ﬁ?’“: (130
o (TR 42.Tec

D p® _ 2.(m o D) D
X P ’D: 3-"\&;" “Je 3%'& i _}%d% P %—D{‘k (138)
t & L Pre” = Ly, ch‘,ﬁ)e(,

Multiplying of (137) with (/:J and subtracting it from (98) resp. (138)
from (99) we get equations for P.‘J and PC,;) .

g-{_bff;? - r%%i Piy + /'3— (%%. r?ag..m‘ ,\?3-__34&_ JIi5) (139)
" %%:E CijFﬁP(/}k) - QT%I: (ki "P‘fk") *L%(Pkf+—pcfke)‘/g
A @ - S0
= ™1 CC(:) D3 + 6*1) Dy)
. . N 3

® 2 ’%x;; J - & (%1 -%) lgez:.aa +pSlet) , Dui o

Y (a
* (%%‘; CPik #pc’)f;k) * 45:(9 k)‘."),;. Q‘:ﬁki’f% - 9_3%.2 }:’S

~ Qf R ) ! )
F PR i) - 2 ¥ (R k) 0y

Q@

My (.q'f)> C3 G‘Ij Cv

Al cas
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According to (57) , (77), (39) and (44) the coefficients c;? and 63"
are given by :

o = Yo

P.-u ) 6.83 - %3)' (141)
Because of (21) we have between P:‘u , Pf‘? and Pj resp, P(‘ﬂ

the relations :
. CA
Py = PG Py
P o= PP p® L (meron) Ry Fwmy = (A4t)p RO

(142)

Thus the right hand sides of (139) and (140) are given by
e (a%)&)Da + 6%! D¢) = o CPC"?C_DJ ~D4Y) +pi, Dy
213‘ " "‘-) ‘/ "l)_)

) @la) 4 {4) c c L (143)
M1 (U] G367 Ca) = 5 (P (G ~3D+PiSt)

Now we make three more approximations which are equivalent to certain

restrictions on the flow .

1) The flow shall have the property that the gradients of the state variables
are small quantities , This mean for instance that we can treat not too strong
shock fronts by the following final equations only . Moreover we assume the

quantities
-~

v)
bl ¢ Y ' (V) o
) ) 22— LY 9.(%_ Uy -2
P PO T pemyk ! p D) PRI’ A
to be small of the same order , As a first approximation all products of small

quantities being quantities small of second order , will be neglected .

2) The second approximation refers to the variation of the flow quantities
in time .
For monoatomic gases and homogenious systems (139) reduces to

Eri = - &Py
In this case it can be shown by an&timate of the only collision integral
(see ref, [2] that T is of the order of the mean free path time . Thus a
disturbation of P(j , will die out to zero within a few mean free path times.
This estimation can be taken over here since the additional terms which come
from dissociation collisions and excitation collisions will not remarkably

change the times for the decay of the disturbations , In the flow variables
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in the homogeneous case shall change slowly within the mean free path time ,
we can consider the solution of (139) approximately as a superposition of

solutions of the following equation (145) which change strongly in time ,
. < ¢
%‘_ Pij = /ny Ca.g) Ds + G-c.j D+) (145)

and the stationary equation (146)

Duk y 4 , ,_95- - 2\ L% /oL .
S e s R T Blpiphy

Pk (ki Pk — &l (ke 1poke) Sy = my YDy + 650)

The solution of (145) is neglected because it dies out quickly .,

The same estimation gives also a constant for dieing out of Q which differs
from T by a factor of order one only ., Accordingly we neglect the derivations
%.. ﬁ too .

The constant for the slowing down of hea%%low 5 can become larger

than 7= . The excitation cross sections for that are strongly energy depen-
dent and not well known ., However , one can say that .5[’ becomes small if

the excitation cross sections are small (low temperatures) . If C? can be
compared with S}C‘f) the time constant will not be different by orders from that
of 5‘1(9 . Therefore we neglect the derivation of q\ with respect to time ,

too .

We have still to consider the diffusion equation (95) . For an estimate of the
order of my Zé’,? we consider a homogeneous system with .f?(v) and gy

equal to zero , Equation (95) reads in this case
D (ex(y -T)) = a, CD
(S"’Q 1 ~U) = M, ) (147)
4
where C[e)) contains the terms with Qc) and 6— ) of C() , only . If one
considers on the other hand a flow with % ( P 144—14 )) O

one gets from (95) , neglecting products of small quantities according to 1),

the followmg equation
><, Cc«gw 9 (148)

Neglecting the derivates of the quantities P’Z too (see 3) , one finds

%j;__:) - %E% - C@)K (149)
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(149) can be transformed into
9 Mg

x,. 16-“* (ﬂw—n;. -'%*m.) = O_s-;,_ ZD. (150)

For a binary mixture without reactions and neglecting thermodiffusion (which
corresponds in our approximation neglecting terms with atV ; 6-(3)) &%9

in C_f:,)) ) the diffusion equation has the form (see [14)

B =% = = Curowy T i Dy oA

5 g (151)
- + P (M o m iy
0 .V% v Mty [ )
For a simple model calculated for an oxygen-nitrogen mixture by HANSEN [12]
one gets
D = Dy = Dy o~ 22 (152)

?
where 7, is the coefficient of viscosily of the mixture .
7 depends again on the time T~ introduced in (144) . If one simplifies
(139) to the NAVIER-STOKES relation between P‘J and the gradient
of 4 by using the approximations 1) and 2), putting S’ =0 and
P,CZ = CG—,O() P"!- , one gets
PC = 9 (153)

and thus

D = 2‘%"-‘- (154)

Taking o;=¢(, as a rough estimation one finds from (150) , (151) and (154) :

N\
= = Ma ) = - -\
4 o, = 2 C o) g (s )-q: ﬁ—‘"c Gy (155)
According to this estimation we get from (147)
{))6__ ($L(Hy W) ~ - L po(Ma %) (156)
Thus % Cfo" C‘?4 - ‘WD can be neglected , too .

3) The third approximation refers again to the local variation of the state
variables , We require that the gradients of the quantities assumed to be small
in 1) be small of second order, This approximation requires more than 1)
and is not absolutely necessary . For special cases one can drop this approxi-
mation , The equations , resulting without this approximation become so

complicated that they would be generally useless. They represent a higher

4
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approximation than the NAVIER-STOKES equations do ,
Substituting the approximations 1) , 2’",“13) and (143) into (139), (140)
one gets the NAVIER-STOKES relations :

. . (1)
W+ W -2 e Ny - (g (P (8 -2r)+pi D) (157
o Vs -y _ e e .
%‘;—:3 FUJ- - & .5.% ch = o(fCP\/C—n,, %)4")/.}%)

b 4} 3 (158)

cy)
Solving these equations for Pij resp. pPf/ one gets

pij = —/4.(%% %M,L ___Q_lu:) (159)
PP =~ (9% o *3‘1:,’:"“;% %“'xﬁ)

(160)
with
A=—X - -k (12 G -X C
po= LIk agst (A% Dy —otDy)-*(252 G - Co) (161)
1 R(14) Dy (125 (3 G) + Cq (X y~oDy)
and
. 4 1 _xCqy - X Dy
My = (162)

Mg A+ Dy (4=£-ﬂ< G -aly) + Cy (15D —0134)

The second coefficient of viscosity seems to be missing. In fact gives the
second coefficient of viscosity contributions tothe diagonal part of F )y

only . Because of the special division of JDEJ' into p;j and p Pi;

does not contain this contribution . The second coefficient of viscosity is
responsible for a relaxation between the internal and translational temperature .
This can be seen with the here used method of solution . Genrally one starts
with a diagonal term D, = (14a) p £, T instead of P in a division of .PQ' .
This too must be done here , since T serves as ''temperature'' of the gas
also for the calculation of all coefficients .

One obtains :

P = p(1+DD) Po = (ertmy) maRyT

P(«) - Pf") C1+D D) Pg) = Mym, KT (163)
For temperature equilibrium no second coefficient of viscosity appears., How
far we can take the part Pf(y AY of- P C) as being proportional to the diver-

gence of the flow viscosity will be discussed later when treating the equation
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@
for the internal temperature . The equations for the heat flows S}j)S { )ﬂ L
are simplified now by the approximations 1) - 3) . Thus we find from
(104) , (105), (109)

§f 'Sﬁ; "'{'.'5,]& (R, a—(_P J-PL"))) - %{C‘ﬁj iJJ (164)
-Sp™M9 ) (310—261) _ = (3)
'§L '3'% i = "1 S gujj (165)
190 (wF) + & (RdmzT) = CYD
B () - 1Ak C 22 ) @ ¢ (166)

To these equations we have still to add the diffusion equation which we obtain

from (95) using the mentioned approximations:
—-E——- - o = M C
Xy 5% 1 C‘l) ¢ (187)

The right sides of (164) - (167) contain terms with Ct,c'p , @(‘9 , Q(s) ,@-(3)
and 6—"1/") . We replace the coefficients Q“’) , 6~‘V) by the hydrodynamic

. = = = ;
quantities @ , &, C , TW , & using (20) - (22), (56) , (58), (76),

(78) , (80) . The following relation exists between ¥ , 'i; , ‘ZTL
v - S
b -4 = — = - 168
5 1 2= (uq y) (168)

Since the coefficients q®y , 6-(") contaififferences 6(: _a) LTL_‘(:{

only we have instead of five variables @V , 6D , (Y , &, &7
~ -3

the four hydrodynamic variables ‘bT,,—-lT , S, 3"(4) , Cﬁ only . Therefore

the four equations (164)-(167) can be resolved for these quantities ,

If we express the right sides C ) by the hydrodynamic variables we obtain

for (164) - (167)

-Sp dp £ (R, i~
‘j’e" v _L 20 (Pt p ) =t CF-sf-ode (FssR-R)s

R T)% ) (169)
® (& -“) + S@) C '5/2_)

50
PR ey ZD'_(I’:-N) Q__E_E}"__j
- _.QQQ ’Bg_ +S Q_C&M)_ g, E 3,

Q%™ "9 Rﬂ'(»r-o«) (170)
- (Er -SE -"Sﬂ- (EL-SEy-Ey)) (u, 3) +3 LEs
. Cﬂ) L _ B2 82 ) e
PS Lo - & 1) _]

- a”
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-?—?’;‘t (ML?) + 4:.?3 (R, 8—"12.’5) -

(?K:-\T)"/L [CG"‘C“)' sGs —%) (G- §Gy —@5)) (%, -.1'4")

R S S X R
|, Freed) e e
(s -
—%—2 —.x%g‘- = %:ST'/)_L(S"S-B3 ‘%%CBL‘J‘B:—BSXﬁ'q—") (172)
oCt _’B 23 3 -
4.?&;)0' (% c,4-o<)) h}%%ﬁ-‘?{%‘ *‘Q-”T”";:-.?IJ

From (169) - (172) we find the wanted NAVIER-STOKES relations ,

Let us define

~ Y o £ K RICPrPD) < &

(171)

-3 (*)'a# #5523 CRUTp) - £ (173)
- %- %%(“’12_2) + %39?, CK7D.”7/,€) = 79

3p Y =D - L

s T -

M. =
&Hu =R - (R-s/-F) -3

i/ 5 _ S\ o Com 2% Py -
j@qﬁ")%c o EE%—I) 3 34b) £R4OP Ca—x) 43

m U?= FS = 947
Péo”?"’é E -
Replacing in (174) the coefficients R by Ev , S s BV we have
to replace ?,,/3 by 9ng) 934, yyﬂ
Thus we find for (169) - (172)
? - \\(p - [
o= qu (%) #9259 495 F r e g a1

Resolution of (175) gives

(174)
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‘.(.1 - h‘ = A’IV gcv

@ = MR

2 (176)

The coefficients A/\v being functions of T , f and %X | They can be
calculated by KRAMER's rule

Bay = DU sl
A = / 9/""}

M
where A( ’v) represents the subdeterminani‘of A by omitting the V

row and the /411‘ column . The quantities ﬁ, can still be transformed , but

(177)

th

generally they cannot be expressed by gradients of the temperatures’l}' , (&) ,T
and the degree of dissociation /X . This is possible for three special cases
only : monoatomic gas, polyatomic gas the molecules of which can be excited

and a non-reacting gas mixture , For the more general case it is useful to

i : fs" —_— 5
introduce : Cli, = 2 3]2‘
the kinetic energy perfunit mass < ki, = % :& (178)
the energy of the internal degrees of freedom X —
. = &
per unit mass —2-_;:4

Moreover the gradient of an arbitrarly chosen concentration quantity appears .

Generally one chooses as concentration the particle number concentration

: m = Zd N p . 142
of the atoms given by oy Car) Besides thege defined quantities
the gradient of pressure still appears in 70\, . These 7~ can be transformed
now into :

o= {;_—UQLT)&f Lot -0 Qe +0+3o<)3%1_§_1¢ M@_ﬂ)%
-5 CRyD) P L (1)) Ao +Zo<3%m§kén e (400) Q2%
7*['3 .l (&D)S,Eatx(ogﬂ)%%m +(1~x) Q%_;j ~M'§?&§%‘ (179)
% 4 (&g [ (1) DF,)%?Q #LM%&(%’

{

[
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The solution (176) of the system (175) can be replaced by a form , using
1179) , which corresponds to the NAVIER-STOKES relations :

G- = (=) Dp Oap - Dy5 Y cloie - Drodee (180)
’ - (1 D»u_%;;;w(ff@) ¥

Id%), 4 @ . ) *

7 = _ACP)%R—)\&&Q%&&_)\QG%%_M _ag?@q% (181)
- 08l thie — A0

T = »?\P ag%P A0 o Ao 6%%5 /1«%_;@_«@%)

(182)
5 M3ep OZ ek 3P0 2eack D dag
q = ‘1p D -/’Lytw—"ee"a—e‘g“?\ﬂ.a;m)

(183)

Du is equal to the common binary coefficient of diffusion and the coeffi-

cients 10‘ and )\9 are the common coefficients of heat conductivity .

Not all of the coefficients used in (180) - (183) will have the same order .
Experiments show that generully the coefficient of thermodiffusion can be
neglected compared with the ordinary coefficient of diffusion . Thus we conjecture
also D1 O and D»; S being much smaller than DAZ_ . An estimation of

the different orders is possible but shall be not performed here .

According to (176), (179) , (180) - (183) the coefficients D and R are
linear combinations of the quantities /) Y Mv with factors containing &X o s
® and f . U and ® have to be replaced by T here since in an ex-
pansion around T terms with O 6 and AT are multiplied by gradients
and have thus to be considered as small quantities of second order (according
to 1) ) . Both equation (181) for fC") and equation (160) for ng are
superfluous since S?' 5 and ng do not appear in the conservation equations
and are moreover no state variables ., We have still to consider (93) and

(106) for (X  and the internal energy M s

e %. + %f"‘(ﬂ; ~%) = om, By(1+ 440’0"1%225@) (184)

8;_("’74,5) + %(ML—E) f‘% =

_ (185)
— g, Dy (1= A OF 1+ 8B) - £b A (1+ L 5 +0.28)
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We replace AY by AG using (125). With ME = (+>) ¢&°

and using the equation of continuity we obtain

¢ ,_7)_%.‘5&2@)_ - X .+ X.bpo (186)

f‘t%_C@—oc)aﬂ + ?—g - Ks #Xv A8

(187)
with
K4 = /M, F}’l
Kp= mi Fr(%-%% =g co
%3 - ‘(SA m, D 4—%11374) (188)
X\l - — %/2_ M 4 D4 (O(z—"(/' %%4&_);?.)

&
- Ly 9,2
R (- g o G

As we remarked above it is possible under certain additional assumptions
that the part p,qu of P can be described by a second coefficient of
viscosity . To do this we simplify (187) further . With (188) and the rela-

¥
tion between € and © we can write (187) :

p(rdce BB+ 2" %%&L_i_hg) = Ko +£° Ry + Ky +7R) A0 (189)

The aim i8 to transform (189) into an equation which contains DQt NO
We have

B Do < D_L) (190)

T‘U(‘

In (31) we can replace the derivation of the energy by the derivations of
temperature and degree of dissociation using (120) , Using (186) for D% X

the energy equation cen be written :

ecu BT — Cox Qtplifani 18 (2 Teq +px B350, i)y
’-P e = X=X, A (1D
'D ki = 1 < ANo o

s

e bt ol
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Combining (189) and (190) we obtain

p) >
&'A9+—(C-o9c fl}ciQs)d_,e«Dz_gJ__ NM)@%%
- & Ae)w (4 §’+-q+yoccw —M)LD)__ («A@%t)::h.

(192)
A

= et X3 +e* X, +~ (Xy+ £ X)OS] +—§<- = (D)X %)

Y Ks LR Do L Xy oF

Assuming that the exchange between internal temperature and translational
temperature is easy , i, e, assuming the excitation cross sections to be large ,
we can apply 2) here too and can neglect g_ 46 Using the approximations
1) and 3) we obtain from (192)

— Po. %b:d'.k = Xs +X 086 (193)

TCv
or with (125)

PO A'D_ - - %o %}(% + '\954 (194)

where we used the abbreviations

2
Yo = -%F (+~=Ce Tpo _A
Cu ( Ry f-Z‘*Xg) '-f—-(,,tce(,,\‘) (X'ﬁ&) (195)
> ~) X

PN, = -—%— (4—01) Ce T -
Cu ( Re+ " R) + X o - (RX1+%)

For an excited but non dissociated gas we have =0 (Bee [7]) . 3¢, is the
so-called second coefficient of viscosity . For the case that the exchange
between excitation- and translational temperature is easy (194) replaces

(187) ;

The here obtained equations can be generalized by dropping approximation 3) .
Instead of neglecting the gradients of the small quantities Pih_ , § we apply
an iteration process . The equations obtained in this way are so complicated

that they can be solved at best in special case .
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In the proceeding chapters we derived a system of equations for the hydro-
dynamic state variables of a dissociating gas using a system of BOLTZMANN -
equations . The approximations applied correspond to the NAVIER-STOKES
equations for monoatomic gases . The resulting system of equations may be

again summed up .

%f‘ . 3%%@ - 0 (196)
f%;: " %“3‘ = 0 (197
¢ Rz + (4743 8 P, ——E‘))+Q{y‘§t?ki =0 (198)
PR - SOy = 5 % ae oo
fRCODE] +88  = Ry Xy OB (200)
L T X Y B

— = —( 1— 2 .
19 = (LQ_L)D'rp 3,%152 -Dﬂj;l%’-é&b“ae%ﬂﬁ (202)
- C{-—N) D4Z_ 3 @\1 g’got—m;
\(s - _ D " _\RO*,O’ w‘teég, ,_Ae@:) *
~ ;(:’ é{‘# 7 (203)

RN - & C / R (= |
9 o;) 3%‘43‘ —/\‘?O_&%&“—AG)GD T (200
Lo~
_)\12_ 3&4; )

G)
C = Chia & C4—°<)e*+o<E’5',~ '~ (Ceu®
Cha o % g‘ i P Po(a+ OD‘)) R < (44%)?}2;;-(205)

DU = =) {906, Py < py+ pvy
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For case of an easy excitation of the internal degrees of freedom we may replace
(200) by

= — Ao QU
Po AY 0 bﬁt + %4 (208)
T

»

Generally the coefﬁcientsx , /4 , 1 , D , ?C are functions of

ol , f . The above system contains different special cases .

1) The monoatomic gas

K=4, & =T =T, Gn + O | i ther =0, €3 =0

Equations (199) , (200) , (202) and {205) become superfluous ,

2) The polyatomic excited gas .

»*
x=0, O+ G +0 allotherd’:o) Ep = O
Equations (199) and (202) become superfluous .
3) The mixture of non-reacting atoms and molecules .
' 0'2'2’ 2) X

Equation (199) can be dropped .

4) Chemical reaction equilibrium .

In this case (199) has to be replaced by (135)
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