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Introduction

There are two ways of finding the laws which describe the macroscopic beha-

viour of gas flows. The phenomenological method proceeds from experiments

and takes the state variables, which describe the flow completely , from the

experimental results . The simplest laws which connect these state variables

are found by an Ansatz which puts each vector quantity (scalars or tensors)

proportional to all possible vector quantities (scalars or tensors) that can be

performed by the state variables . The proportional factors which enter into

these relations are taken from the experiment , too . To these equations

the equations for the conservation of mass , momentum and energy are added.

The simplest equations which can be obtained in this way are the EULER

equations and the NAVIER-STOKES equations for monoatomic gases .

On the other hand it should be possible to derive these equations from

the microscopic structure of the gas . Thus the"material constants" in

these equations should result from the properties of the molecules which

form the gas.

Experience demonstrates that many phenomena in gases of low density can

be described by BOLTZM ANN's integro-differential equation . The proper-

ties of the gas to be described by this equation enter by the binary collision

cross-sections of the gas molecules only . The BOLTZMANN equation

describes more phenomena than the macroscopic hydrodynamic equations do .

If one wants such hydrodynamic equations from the microscopic point of

view one has to solve the BOLTZMANN equation under certain restrictions

which one has to find from the experiment . This was done for two different

methods by CHAPMAN-ENSKOG [1] and GRAD [2] for monoatomic gases.

Both methods lead to the NAVIER-STOKES equations resp. to more compli-

cated equations which represent a higher approximation but which belong

likewise to the type of hydrodynamic equations .

The method of CHAPMAN-ENSKOG has been used by WANG CHANG and

UHLENBECK to solve an extended BOLTZMANN equation for excited

molecules . The same method has been used by M. HEIL [4, 5] for the

solution of a BOLTZMANN equation for di-atomic, reacting gases. He

had to restrict himself , however , to two limiting cases, chemical equi-
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librium and nearly frozen chemical equilibrium . With respect to the internal

degrees of freedom of the molecules equilibrium between internal and trans-

lational temperature was assumed, i. e. the exchange of internal energy and

trandlational energy shall be easy.

GRAD's method was applied by KOLODNER [6] to a mixture of non-reacting

molecules . H. HEIL [7 ] treated a gas of excited molecules by extending

GRAD's method . One finds hydrodynamic equations which represent in the

simplest approximation just the NAVIER-STOKES equations for excited

molecules . This solution is identical to that of WANG CHANG and ULEN-

BECK [3] using the method of CHAPMAN . Beyond it one can write down

a higher approximation , which is , however , so complicated that it can be

applied at best to rather special flow problems.

The here presented work treats the BOLTZMANN equations for di-atomic,

excited and dissociated gases given by M. HEIL [4, 5] by a generalized

GRAD method . Neither chemical equilibrium nor equilibrium between the

internal and the translational degrees of freedom has to be assumed. The

calculation of the proportional factors is straight-forward. To simplify the

evaluation of the collision integrals given in the appendix additional assump-

tions about the collision cross-sections have to be made . In fact , PETZOLD

[8] and GROB3MANN [9] neglect an angle-dependence of the collision cross-

sections.

Unfortunately there exists an uncertainty with respect to the calculated cross-

sections . There are no experimentally measured dissociation cross-sections.

The comp,-rison by indirect methods [7], [10], i.e. the comparison of ex-

perimental and theoretical results for shock wave experiments shows a strong

difference . The experimental results of BYRON [10] would lead to at least

100 times larger cross-sections than the theoretical calculations give . This

discrepancy is yet unsolved .

The direct experimental measurement of flow "constants" as for instance

viscosity etc. of a highly heated gas is also connected with great difficulties

and errors . We hope that one day one succeeds in measuring or calculating

these cross-sections sufficiently good to find then from the kinetic theory

both the form of the hydrodynamic equations and the numerical values of the

wanted flow constants.



-3.

SI BO LTZMANN's _1co l li-sion__eguation s

The gas may consist ot atoms and di-atomic molecules belonging to these

atoms . We restrict ourselves to tht case of the atoms being in their ground

state while the molecules may be in states of different internal energy %.

In fact , at temperatures which make possible a noticeable dissociation, the

lower electronic states of the atoms are excited . Therefore we should better

say that we make the assumption that the state of the shell electrons is neg-

lected in the transition probabilities which enter into the collision integrals

Contrary to that this excitation has to be considered in the specific energy

of the atoms in the hydrodynamic equations . The BOLTZMANN function of

the atoms gives the number of the atoms in the velocity- and position inter-

val , the integration over the internal energy states has already been done .

For the dissociation mechanism the oscillation- and rotation state is essen-

tial . Therefore we make a similar assumption for the electronic part of

the excitation of the molecules . The internal energy E, of the molecules

describes then the rotation- and oscillation state or the oscillation state

alone, only . The last assumption is unessential for the following considera-

tions, we use it , however , for the numerical evaluation of the collision

integrals by introducing of corresponding models for the calculation of the

cross-sections (see for instance [8, 9] ) .

The possibility of ionization of atoms and molecules is disregarded . This

approximation is not too bad for oxygen and nitrogen up to temperatures of

10 000 K because of the high ionization energies (see [11, 12] ) . We assume

that the internal excitation state of the molecules be given by the energy

of the state only and that it is independent on additional quantum numbers

as spin , for instance . It may at least be possible to introduce such

averaged transition probabilities by averaging over the additional quantum

states . The BOLTZMANN equations for this problem without external fields

are given in [4, 5] . Here we state the result only , which may serve as

starting point for the derivation of hydrodynamical equations .

We introduce BOLTZMANN's density functions f for atoms and fi

for molecules in the state 6, . These functions be normalized to the
3

particle number n per cm after integration over the velocities
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.44

with

3f44 472 - ' number of atoms per cm

- 3
-f .! number of molecules per cm

The BOLTZMANN equations are given by

+ . 2: _i' - 4f,. E )( . <.J , .

2Z..

+ )h. J .--J4

+zf
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where we used the abbreviation T -- 4C', , f j etc.

The following symmetry relations exist between the transition probabilities

(4)

- 1 - -A ..

with kj h PLANCK's constant

m, atom mass

Moreover , the transition probabilities are invariant against permutation of

particles of the same kind . Using the conservation of energy, and momentum

we can still perform part of the integrations in equations (2) , (3) . The re-

sult is that instead of the transition probabilities the usual differential cross-

sections would appear in these equations . The symmetries of the collision

cross-sections follow from the symmetries of the transition probabilities (4)

But they are more complicated . Therefore we keep the notation (2) , (3)

and perform the integration later with the explicit evaluation of certain

collision integrals.
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S 2 The momentum equations

To derive the momentum equations belonging to the system (2) 0 (3) we

introduce the following vector notation :

Let ý be a vector 4- % , •'•, *c. . Then we denote with -V' a tensor

of nth degree with components m )e, , ). .xi on the contra-

ry denotes the scalar product X -- =- ); .e; . We use the sum

convention for double indices.

We define now the following rule for the multiplication of two tensors : The
(n) (m)

product of two tensors An) B be the sum of all different products of

the components A .._•, and ,,. which are obtained by a permutation

of the subscripts . We have for instance for the square of the unit tensor or

with the components 40j e *- ̂ e v,7'k
Because of the symmetry of (' only these 3 given terms are different

from one another . The product of two different , symmetrical tensors of

second degree, however , has six terms .

The product •. consists of one term only

If thereis no misunderstanding we omit the subscripts

After these definitions we consider again the system (2) , (3) We use the

following abbreviations for the right hand sides of (2) , (3)

.(4)

(5)

The equations (4) , (5) can be replaced by an equivalent system of moment

equations . For that we multiply (4) by ( .-- ) and integrate over

while (5) is multiplied by (- f )' , integrated over and

summed up over ; . 1 is for the present an arbitrary function of ("

which could be cho..sen differently for fl and f2 * One finds, however,

that the lowest order moment equations result in simple equations , which

we can give a clear interpretation , if . is chosen as the mean mass ve-

locity . This velocity is defined below
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We define the following abbreviations for the moments of f resp. for the

collision integrals

(6)

C., .)

(n) (n, m)
The subscripts of the tensors Nn, M etc. have been omitted which

means that they can be chosen arbitrarily . If a tensor is written with one

or more subscripts it means that these subscripts are fixed while the others

can be arbitrary . In the following moment equations we give those subscripts

only, over which one has to sum up . Thus we get the general moment

equations of the system (4) , (5) which can be written as follows

At- A,"0 - 8

0*7 •,,,,)

g represents the EULER-derivative

& 4 -Zf L (10)

The lowest order moments of N(n) and M (n, m) can be interpreted as mean

velocity, pressur tensor , heat flow vector etc. Since only a hydrodynamic

approximation of the collision equations is wanted , we will need laterjon these

lowest order moments only . Therefore we want to introduce the following

special notations of some moments

P (11)

i
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AA (12)

? (13)

~2 (14)

(15)

(16)

(17)

(18)

W,-- ý2d2f is the mass of a molecule Additionally we define

the density by (19)
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the mean mass velocity k. by f44 •" &,t (20)

the total pressure tensor by T , " 4- ?0' (21)

the total heat flow resulting from the transfer of kinetic energy by

A o.Jr +_ (22)

the kinetic energy per unit volume by

C-9 (23)

the total energy per unit mass e by

~4- 47 4. c<. Fj (24)

the flow energy per unit mass e by

2j (25)

and the degree of dissociation by

0- (26)

With the notations such as pressure tensor etc. we have already interpreted

the corresponding kinetic moments as hydrodynamic state variables .

By addition of (8) , (9) we find for the lowest order moments the equations

of conservation for mass, momentum and energy i f: one considers the vanishing

of the sum of the right hand sides of (8) and (9). We have with -

and -In I"A (14?, /S the following result:

'N Af1 o-. f. 4, (27)

if Vv are quantities the sum of which is a collision invariant . This holds

for the number of the atoms at a collision , their total momentum and total

energy . Thus we have for ei •'w.

V4 Z. J~.J (28)

(27) can be proved by symmetrization of the collision integrals and is given

in the appendix of reference [4] .
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After these remarks one finds the following conservation equations

for n=0, m=0,.+./- . =0 (29)

for n=•l, mO ' • f3,• =0 (30)
01- r)C

for n=22 n-0 , c .
and m =1 4- D (31)

Equation (31) can be transformated into an equation for the flow energy

Q ~ -1 !C-YiII~eZ*hI U-.F (32)

Equations (29) - (32) differ from the corresponding equations for monoatomic

gases by the fact that the energy and the heat flow contain an additional term

which results from the internal energy of the molecules . The possibility of

dissociation leads to an additional term in the total energy which is proportio-

nal to the dissociation energy . The total heat flow contains a term which re-

sults from the diffusion of atoms resp. molecules and a following recombina-

tion resp. dissociation .

Equations (29) - (31) represent no complete system . Here we want a

"hydrodynamic approximation" , i. e. the quantities Pij) •'•k / •

shall be dependent on the state variables g , t 1 5 etc. of ýhe flow

only . Additionally to the variables contained in (29) - (31) the degree of

dissociation OC and the internal energy d.j" resp. the internal

"temperature" of the dissociationg gas will appear as new hydrodynamic

state variables , which give two more differential equations . With the

help of additional assumptions the differential equations for P+'j) ,'Lkk 9i

etc. are simplified to functions, depending on •.- e ,

and their derivatives.
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Sill A special Ansatz for the solution

A consideration of the orders of magnitude of the collision cross-sections

for the different kinds of collisions show that for not too high temperatures

the dissociation cross-sections are smaller than then the excitation cross-

sections and both are considerably smaller than the cross-sections for the

transfer of translation energy. This leads to the result that a gas, which

is at an initial time in a "strong" non-equilibrium with respect to all de-

grees of freedom , will at first approach the equilibrium with respect to the

degree of freedom of translation, after that the equilibrium of the internal

degrees of freedom and finally the chemical equilibrium . By strong non-

equilibrium we understand that also the higher order moments of the

BOLTZMANN functions as for instance the quantities P&) , .%,) etc.

are independent state variables. However, one knows from experiments

that this independence dies out rapidly with time . After a short time a

flow represents a state which is "near" the equilibrium state . The time

constant of a degree of freedom for approaching such a "quasi equilibrium"

is the smaller the larger the cross-section of the corresponding collision

type is.

Here we make the Ansatz that the particle numbers n V o f atoms and n2

of molecules are independent quantities, i. e. the degree of dissciation of

the gas is an independent variable , the deviation from chemical equilibrium

can be arbitrarily large .

The equilibrium distribution function for the atoms at a temperature LY

is the MAXWELL-distribution. This distribution leads to the following

Ansatz of a "local MAXWELL-distribution" given by

The mean velocity of flow • and the temperature T/ may be a position- and

time-dependent function . However , the gradients shall be so small that at

the flow velocity Z the local Vquilibrium can take place. The natural ex-

tendon of this Ansatz is an expansion round the local equilibrium . Because

of the weight function 4 2- this leads to an expansion according to

HERMITEAN polynomials of . The coefficients of this expan-

sion are functions of position and time . This Ansatz has been used for
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monoatomic gases by GRAD [2 1 and gives hydrodynamic equations, if the

series is cut off in a proper manner. Additional assumptions simplify GRAD's

so-caUed'thirteen..moment-equations" to the NAVIER-STOKES-equationa. In

a second paper [13] GRAD deals with the polydimensional HERMITEAN

polynomials . We give here only the form of the first polynomials. We intro-

duce the non-dimensional atom velocity ?/- . by

S- .(33)

R is the specific gas constant of the atoms given by k-, = k_

R = general gas constant
0

M I atomic weight (34)

k = BOLTZMANN constant

t be the mean mass-velocity defined by (20) . Let us denote the HERMITE-

an polynomials of nth degree by . They are symmetric tensors of nth

degree. They are orthogonal with the weight factor r '- . The normaliza-

tion of the polynomials is chosen such that

(,4 3/2  e- A' 0 ý-)c ' (--k C) for V ./i (35)

for \ • -

holds.

The subscripts 4 4 X'v resp. Jy . J v were abbreviated by •

resp. r has to be formed according to the multiplication rule of

S II , each r , however, has a pair e 1 of subscripts. This means that

(fjv does not vanish only if the subscripts / "i -" are a permutation

of the subscripts 4' - / i-

The first HERMITEAN polynomials which we only need latezn are given by
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(36)

- '- •. (4 t, , o& +-c, i§' i

4I C't C( ~ 0 ~k+ kL

The expansion of the distribution function f1 into HERMITEAN polynomials

be given by

,4~ (4-K9 C Q ~&?QVt t

(37)

v V
S$

with 9/"

The factor V! has been introduced to express the quantities u-• as

simple moments of f1 without a numerical factor .Because of the symmetry

of 4,69 against permutations of the subscripts c'L one has also to assume

that the quantities (.7 are identical if they differ by a permutation of
the .", only . Thus one gets by multiplication of (37) with 3and

integration and using (35)

c j '(,t - ( Y..f 1  A(38)

I')is a free parameter . It shall from now on be defined as the
"translational temperature" of the atoms , i. e. it is given by the thermodynamic

relation betweeen temperature and mean kinetic energy of the atoms

2)- (39)

If we define additionally

S3P (40)
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we find the relation

4t/~J D~) -(41)

which is a defining equation for •- , but no equation of state. From (41) we

get the corresponding relation for z. :

?/4 f*.. (vLt ) C Vp (42)

The second parameter, the mass-velocity tt , has to lead to another relation

between the coefficients of the expansion if we apply its definition (20)

Before doing that let us consider the distribution functions -1¾ . With

respect to their dependence on the velocity A' we use the same expansion

into HERMITEAN polynomials as we did for f " Additionally we assume that
the "translation temperatur" L" is equal both for atoms and molecules

This means that the transition probabilities ba , 6 11 are assumed to be

so large that the kinetic energy can be assumed as being equally distributed

over atoms and molecules. The time constant for approaching the equilibrium

has the magnitude of a few collision times . It is easy to see this in the case

,5-ii of a monoatomic gas ( [2] and S VI ) There is no reason to assume

that the order of magnitude of 612 is essentially different from ,/. since

in both cases the collision mechanism is hardly influenced by the internal

structure of the colliding particles,

The HERMITEAN polynomials as functions of

½ _---_ (43)

shall be denoted with /,J) According to our just made remarks the rela-

tion

U (44)3 J JL'~~.

shall hold.

Thus we get for the expansion of f4j

A(ti4K ,° + (45)

,2/

Substituting the Ansatz for f and f2i into the BOLTZMANN equaions

(2) , (3) we get a system of partial differential equations for the coefficients

ej~'! and .'0' 9 which is equivalent to the system (2) , (3) . We do not



- 15 -

give this system here since it will not be used later . Instead of this system

the moment equations (8) , (9) will serve as a starting point .

The hitherto used Ansatz for fz. shall now be extended by an Ansatz for the

coefficients C CV i) . If we disregard the fact that the numbers E, assume

discrete values we can assume the quantities C6' i) and j•: to be func-

tions of the continuous parameter 9 . The absolute equilibrium distribution

of the internal energy at a temperature & is given by BOLTZMANN's

e-distribution:

f- e (46)

The expansion of the coefficients C (v) xc) into orthogonal functions of c,

should be an expansion into LAGUERRE-functions of the non-dimensional

parameter -F- . We define
(47)

k e

The weight factor of the LAGUERRE-functions is. C-Z , integration runs

from 0 to oo . This is also adapt to the energy-scale which we define in the

following way : the energy of the molecules in their ground state be 0 , an

atom in its ground state has half of the disgiation energy - The first2-

LAGUERRE polynomials are given by

L(O) =-4

J4)L 4) =(48)

The complete expansion of f2 (F ) would be if we assume a continuous depen-

dence of f2 of the parameter &F

with

* J2.) - ~ --- -- e(50)

The expansion (49) is correct if we have a continuous spectrum F for

one degree of freedom. However, a molecule has more than one internal

degree of freedom . Thus the Ansatz (49) should be extended. In the case



-16-

of the three kinetic degrees of freedom this was done by the introduction of

the 3-dimensional HERMITEAN polynomials. The fact that $6 takes

discrete values shall be disregarded for the present . We can indeed

approximate the appearing sums sufficiently good by integrals in large parts

of the spectrum . For the l-44 degree of freedom the non-dimensional

energy parameter be defined by

S- F(51)
k G

It may be assumed that it makes sense to introduce a joint "internal tempera-

ture" e . That means we assume different degrees of freedom of the same

type of excitation . In the case of di-atomic molecules we have three types of

excitation, the electronic excitation of the outer shell , the rotation- and

oscillation excitation . These types are excited in a differently difficult man-

ner . The excitation of the rotation states can be assumed to be in equilibrium

with the translation temperature as we are in a region of high temperatures

However , the excitation of oscillations is much more difficult . The degrees

of freedom of oscillation of di-atomic molecules are fully excited at some

thousand 0K, only . Thus one has to introduce at least for the degrees of

freedom of the oscillation an internal temperature (9 as being different

from the translation temperature tT . We define this "internal temperature"

e by the relation between temperature and mean energy

C,9= C G (52)

CG becomes the specific heat at constant volume. e e is the specific

energy of the corresponding type of excitation .

In the following we treat the equations as if there would exist one type of

excitation with the internal temperature e only . The extension to several

types of excitation is possible . For this case the basic equations (2) , (3) had

to be extended and we had to introduce a distribution function f2 which does

not only depend on the total energy , but also on the distribution of the

energy over the different types of excitation

Let us consider again the expansion (49) . It can be extended by using (51)

and making as Ansatz for each k the corresponding expansion. One

gets a function E - C: .. ks which depends on the different
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energy values belonging to the different degrees of freedom (this procedure

is incorrect since because of quantum mechanical reasons the set r 4

of energy values belonging to the different degrees of freedom must not be

measurable simultaneously . At this point one has to use a classical picture

to understand the following Ansatz)

(v i (54)

One sees immediately that the Ansatz is useless in this form since the series

(53) includes more information than f2 ( ) which shall depend on the total

energy •2 7 _ .k, only. Thus the Ansatz (53) has to be "coarse

grained" in a certain manner. Let us before again consider the expansion

of fl"

The solution of the system of infinitely many differential equations fork?)

and Ct"') which follows from the expansions (37) , (45) is as difficult as

the solution of (2) , (3) , However , if one restricts to a special solution of

(2) , (3) which shall describe a flow the distribution function of which is near

the MAXWELLIAN distribution , one can make the system of differential

equations finite by a cut-off of the expansion. Here we want to cut-off the

series (37) , (45) for V •; 3 . This means that the higher coefficients of the

expansion are considered to be vanishingly small . Thus we make the following

approximation for a special solution :

9•L - for V >

0 for V (55)Oct. -) =- C) for N

This Ansatz seems to be a little arbitrary . That it makes sense with

respect to the wanted hydrodynamic approximation can be seen if one expresses

the first coefficients "I (ý,t) by the moments (11) - (18)

One finds

- , (56)
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_ . (- (57)

,•7 (•,•£ (, • _ ' (58)

'n (59)

To complete the system of conservation equations (29) - (31) one has to con-

sider terms up to ;j,) of the expansion . If one also neglects ac() and cP)

one assumes that also the heat flow and the pressure tensor
P( - 1/ 1) 1 ) are vanishingly small . Thus one gets EULER's

equations of the flow . If one is interested in equations which are of the type

of the NAVIER-STOKES equations one has to take ,) o and qc ) . c .
q 9?) contains the new moment • which does not appear in the conser-

vation equations. Thus it seems to be consequent to make the Ansatz ,9

for V") .

We get now

-= +4 /2! • ) .) (60)

Now we have to ask for a similar cut-off of the expansion (53) . One gets

•(•Ai) -. O for (61)

One has to notice only that linear terms in have the weight of quadratic

terms in v . Since one may assume that the translational temperature 1"

does not differ from the internal temperature & by orders of magnitude

one has to assume for the mean values of L; and

This relation can be used to estimate the magnitude of the coefficients 6? 6;

and thus one finds (61)

The expansions (53) simplifies to

• 4 ) C y0<.1) Cq, , )÷6

S• ".L•#•)÷ . ¢ L•')(k)) K (62)

z/ 3j
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with L L=- _ .)

ký

Since f2 shall be dependent on the sum ' XL•_._• only , the Ansatz (62)

is further coarse grained.

We put

It follows

2,) f

Because of the orthogonality of the quantities Lf"• ( ) one obtains the

quantities ( Q "9) . -_j >) on the right hand side of (53) by multipli-

cation with • L( -)(k,) K{v) and integration over all k and

We get , for instance , for •(',1) •C•,) and the relations

(68

S61) d- lei
(69)

We state that , 0 To see this let us again consider (52) , which

defines & . If a type of excitation is fully excited the specific heat belon-

ging to it is equal to the number of degrees of freedom times the BOLTZMANN

constant times the number of particles per unit mass. Then (52) can be

replaced by

K • (70)

E" is the mean energy per molecule of the considered type of excitation.
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On the other hand we have

(P.i' Dil - - . (71)

Thus we find from (67) , (70) and (71) our statement

S=oi o (72)

(72) is equivalent to (42) : (\-,&) = * which was also a consequence of
the definition of the temperature 'Y

Hitherto we assumed that F is a continuous parameter. The analogous
Ansatz for (66) for a discrete energy parameter : can be easily obtained

from (66) , (67) , (68) , (69) by replacing the integration over1 'jI.l•
by summation over i . If some of the energy values - are degenerated the
sum will contain this energy value repeatedly. One gets

)ý c K., (73)

with •- - " -t Z Ze partition sum.
For the coefficients &L,)the following equations hold

_ _____ ___ __(74)

- R)r & <, (75)

Instead of using the LAGUERRE polynomials to find the Ansatz (73) , (74)can

(75) one make for f2• , the Ansatz of a power series as follows:

ZI (C ,o, ) C:Cf,0) ,0(73a)

By a multiplication of (73a) with K &) , integration and summation one gets
certain relations for the coefficients C'7"9 . According to that the
Ansatz proves to be identically with (73) , (74) , (75) (see ref. [7])
At first the simpler linear Ansatz in 12 seems to be a little arbitrary. It

is clear because of former considerations that terms with Z must not
appear. However, from (73 a) and the coefficient equations belonging to it
one cannot see at once that it is indeed the corresponding Ansatz as in the
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case of the Ansatz in HERMITEAN polynomials for the dependence of '2 .

The connection with the formerly defined moments for the quantities e-(.)
follows by the relations

S(76)

6.69 _____ -~(77)

S-_& Z f, - _ ( - (78)

nh n a e)d (79)

DC~ Lk, (P) 3 /L Ty r-r i co-~~
'Jf/(-i YL 14 (80)

We make still a final approximation in the special Ansatz for f 1and f 2
In the conservation equations (2) , (3) only the reduced tensors

S.19 of the heat flow appear. Thus the Ansatz for f

and f2 1 can still be simplified by assuming k. to be diagonal.

Thus one has an Ansatz which contains just the minimum number of coef-

ficients necessary to make the conservation equations to be a complete

system of the appearing quantities.

Thus it shall hold:

(81) is equivalent to the assumption that a') and C are diagonal . Instegd

of the full HERMITEAN polynomials of third degree one can introduce reduced

tensors and .. 0) by

- - f (82)

Replacing in (60) and (73) the terms ) and j~. __

by 71(3" and ?i(s) multiplying the new Ansatz with

resp. /(CV and integrating one finds



-22 p

em 10~= (83)

resp.

To remove the numerical factor 10, we define new coefficients by

(34 3 (85)S4D

Thus the final Ansatz for f and f is given by
1 2i

II --- eL4~C)• L) 4-.2

f-4c, ze,9 4-- ~c .&•. i•
(-~ i 'i9 ~(87)

with (88)
V2 ?- f.<

,.L L (89)

SVZ 1(90)

The new Ansatz (86) , (87) is equivalent to (81) , This can be easily seen

for f1 by substituting (86) into (60). One finds

Comparing (91) with (58) we find that (91) is identical to (81)

The starting point of all further investigations shall be from now on the

special Ansatz (86) , (87)
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S IV The equations for the "hyrdrodj namical' moments

In this chapter the equations for and -P) reap. the corresponding

moment equations shall be derived . The coefficients M and 6LP) are

linear combinations of certain moments (see equs. 56 - 59 and 76 - 80)

Therefore it is unecessary to start from equations for 'PO and 6(9 and

to cut off this system according to the approximation (86) , (87) . It is bet-

ter to use as starting point the simpler moment equations (8) , (9) . Substi-

tuting into these equations the approximation (86) , (87) , to calculate the

right hand sides and considering the connection between the moments and

(") , 9-t!) to introduce also on the left hand sides the corresponding

approximations one gets equations which, by the underlying approximations,

completely correspond to those for Q19) , V.() . However , these are

equations for moments which can be immediately interpreted by hydrodyna-

mic state variables . In addition to the conservation equations (2) , (3) they

form a complete system of equations for the wanted hydrodynamic quantities,

This system is very complicated . For special cases only one can hope to

find a solution. With the help of certain additional assumptions one gets

essential simplifications . In the case of monoatomic gases the correspon-

ding approximations lead to the ordinary NAVIER-STOKES equations .

Let us write down the complete moment equations . The right hand sides

are abbreviated by C•,the bar shall denote that the approximation

(86) , (87) for fl and f2i shall be used . In S V follows the evaluation of

the right hand sides by partly integration of the collision integrals .

The equation for the particle number *L4 or the degree of dissociation

follows from (8) for n= 0. n2 is then given by (29) and (19) . We have
t.• • - q, at', -- , 1-) (92)

C(92

Multiplication by , and using (29) we get from (921 an equation for k

4-C

For n = 1 we get the equation for the mean velocities of the atoms 44

Again we do not need an equation for U . Using (30) and (20) we find
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)94)

or

oc (95)
4- j -)j~cgt

For n 2 and n 3 we have to form two moment equations since there

are no supplementary conservation equations

From (8) and (9) we get for n = 2 and m O:

(96)

()-L-7 4-4"2 C-

For n = 2 we get from (8) the equation for JI-)

7 CI) I-

where we replaced p by using (30) Now we have to introduce into

(96) , (97) the approximation (81) for The result is given by

For n 2 0 1 11ffindnwedI• 
(••(0)•

+ 01j) (99))
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S.-i Ca) iL (101)

For we use again the approximation (81) . We can find an expression

for & resp. by putting CY.)and &(ý- in (59) , (79) equal to zero

Thus one finds an equation for (V9 and c(t9 which corresponds (86)

We have

cf~ ~() ~PC-)& (102)

From (100) and (101) we find with (102) , (103) , (81) the following equations

Pj k" Pj, - , L J r

4-a a Ck & -k +R, ICZ- + L ýjjk(104)

2. Zl ;S

ý, •.)

T~ (T05)

In order to have a complete differential system we have to add to these

equations two equations of type (9) for m = 1 , since in the energy equation

(31) the quantities q74 and because of (24) also T as part of C appear

For m=1, n=0 resp. n1= wefind

"-t " CL) (106)

•--•;11) Nit • (107)

"C" u .),f

Again we have to substitute for •_ an approximation according to the

Ansatz for f2i ' One can obtain the wanted approximation for Ai by two

ways. The first one is to continue the series for f2 putting the coefficient
yCi•i from W4 ( equal to zero. On the other hand one finds the same re-

sult by multiplying the Ansatz (87) with - 'integrating and summing
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this expression. Using the second way one gets:

64, 0•) -, (108)

With (108) we find for (107)

Equations (29)- (31) and (93), (95) (98), (99), (104) , (105) , (106)

(109) are the wanted differential equations . Next we investigate the right

hand sides C (V) of these equations.

(i4
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SV The collision integrals

The calculation of the collision integrals is somewhat laborious . Therefore

we bring it in the appendix . Here we give the general way only . The collision

integrals contain five different types of integrals corresponding to the five

different transition probabilities 6 . Each type is treated differently in the

appendix . The; following notation is used

Scan be a function of the velocities and for the energy eigen-

values 69 . ,/- means the product of all volume elements of the velocities

which appear . The integral sign f includes also summation if f."

etc. stand behind the integral sign . With this notation we get for the

right hand sides of the moment equations the following expressions

c) - .27 6) -j2- 2  ) (112)

-1 JI. 1 4 (114)

422-
4- 1! 41 -2

4- ZIJ4 4 2  1* 4 ~/

Ccj) Jj6L)



- 28 -

(liT

CL~~~4- (117 ~ e)* 12(~~ )

(118)

-• (119)

Some integrals 3 vanish since the function t , belonging to it , is a

collision invariant . We have , for instance , • (i) '0 Such integrals

have already been omittcd

For the following calculation of the integrals it is better to introduce the cen-

ter of gravity coordinates . The integrations over all variables can be per-

formed with exception of the magnitudes of the relative velocities and the

angles between the relative velocities.

To calculate the integrals 7 one has to substitute for f 1 , f2i the Ansatz

(86) , (87) . As a result the different integrals T split up into a sum of

integrals , which are multiplied by products of QZ) , . Part of the

integrals vanish because of reasons of symmetry such that in the right side

of a moment equation not all products of CtC9 , (Y.C• appear . This can be

seen easily in the center of gravity system . The transformation into center

of gravity coordinates is given in the appendix . Some more approximations

for the calculations of the integrals are introduced . As mentioned a substi-

tution of (86) , (87) into the collision integrals gives a sum of terms which

do not contain q,(&) , 6U) or contain these quantities linearly, as double

or triple product only . The additional approximation consists in neglecting

all terms with double- or triple products . The reason for that is that we

already used that 0 , have to be small compared to one. The higher

products are then small of second resp. third order and are assumed to be
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negligible compared to quantities of first order . The order of the neglected

double products is discussed in reference [2) for monoatomic gases . For a

special force law one can show that for (86) the higher products can indeed

be neglected . This estimation and the argumentation with quantities being

small of higher order may be the only argument here. A more exact dis-

cussion would become to complicated for the equations used in this paper

Moreover , it is assumed that the translation temperature 4YT and the in-

ternal temperature G do not differ very much . We introduce a mean tern-

perature of the dissociating gas which is defined by

+&.ý- I?.* - +. C2X 0CT+ 6o e

!CI is the specific heat of the mixture for o = const , i. e. without reactions

One has to connect T with the specific heat of the non-reacting mixture

since in the case of chemical non-equilibrium the degree of dissociation

is a new free variable besides temperature . A change of the internal energy

is possible both by changing temperature and degree of dissociation

According to (120) we have

Cr - ( 4-o9 ki - -) c 4 (121)

2- -T" fC o(&*E• (122)

(3 and •" shall not differ much , thus also T can only differ little

from • and . If one replaces in (120) for 4(O.-O the differentials

0 "* cL (3, O(T approximately by the finite differences -9-70 D*

T-7-- then from (120) follows the relation

I- C-'i-t) k,.(Lý-T-) - &(i-ý) c,9 7~ (123)

With the definitions

"T- (124)

7-
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we can rewrite (123) into

(125)

Relation (125) is needed since the mean temperature T and the translational

temperature • or the inner temperature E enter the final equations as

temperature variables .

The approximations to be applied in the calculation of the collision integrals J
make use of the assumption that A" and & & are assumed to be small com-

pared to one . All quantities depending on L- and a are expanded into & L-

and t & and those terms are retained only which contain Ae- and 66-

linear Also neglected are all products with the small quantities CE and •u)

These approximations are not necessary for the calculation of ill

122- but they reduce the calculations essentually for , Besides

these advantages this approximation makes sense since (87) assumes that

also the internal degrees of freedom are fully excited and that their distribu-

tion functions are nearly equilibrium distributions. For the oscillation this will

be the case at some thousand degrees Kelvin only . Therefore the internal tem-

perature must not be smaller by magnitudes than the translational temperature.

The equations which one gets for letting t• and e be arbitrarily different

would not only be very complicated but physically wrong.

If the above used approximations are applied to a gas where an excitation
o~nen

without dissociation of the molecules is possible onlyjgets equations which

derived WANG CHANG and UHLENBECK [3] by an application of the

CHAPMAN-ENSKOG method. These equations follow as a special case of the
W 24.here derived equations for 0< Q 0 ) (5-441 '5442. =q-_ - C-;M. - 0

Summarizing the results found in the appendix one finds for the quantities
(CV) the expressions below . The coefficients /9V ,& etc. consist

of a larger number of special collision integrals . These coefficients are still

functions of temperature , degree of dissociation and density JY . The exact

expressions for the different coefficients are given in appendix e)

UL) P)AEj (126)
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~~4)4 B2.C~

4-1 cp (127)

JL9) Ci
Ctl- -S C7 (,.128).

& -k v D q -C ) (-19)4- F3 CT)5 4- Y (7^f) g; ~ (132)

= F , C T -1 , x ) ( T ) q 3 ( 1 3 3 )
F-6 4-c~ &) 1cO(f-

For the case of chemical equilibrium one gets from , ,), which repre-

sents the change of the degree of dissociation OC (equation 93) , a relation

between temperature and degree of dlissociation . Before reaching dlissocia-

tion equilibrium temperature equilibrium between internal and translational

wt D.-- d-&D 4-tz(12
.20-

temperature ~ ~ ~ ~ cý wilapa.FrmapniF) one get for Crfo
~F6LLN33)
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At (m-) , i4 () •(134)

To keep of flow in locally chemical equilibrium for all times the quantities

/j C7) and (2.Cr) have to tend to infinite (at least the collision cross sections

647 resp. G71, have to become large) remains a finite quantity

and gives according to (93) the change of the degree of dissociation (see re-

ferences [4, 51) Thus we find from (134)

Substituting the expressions for 0 and - from appendix c) 0 (A65) * we

find the known law of mass action

z r/ in (9PT) in /Z e, (135)

It replaces equation (93) in the case of chemical equilibrium
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SVI The "NAVIER-STOKES" equations for

a dissociatin• •as with internal degrees

of freedom

The quantities It4 -. , -Tij I ?l! i O f which appear in the moment

equations (95) , (99) , (98) , (104) , (105) , (107) are treated as independent

hydrodynamic state variables . It is known both from experiments and estima-

tions for -j' -lp ij and ." for monoatomic gases [2] that these quantities

after times of the order of some mean free path times are functions of the

variables % , , I only . This fact togethes with some additional approxi-

mations is used to simplify the given equation such that they correspond to

the NAVIER-STOKES equations for monoatomic gases.

First we consider equations (98) , (99) for?4j and

We define tensors Pj'j' and Pj by

', iP -p 'J" ,= - - PC (136)

Addition of (98) and (99) gives equations for P and PC-

ýa Z 4 1 4- -§i'2- ,.- (137)

3M 3

C-1) (138)

Multiplying of (137) with Ji and subtracting it from (98) resp. (138)

from (99) we get equations for Pj and -2

p,, + 3z - -D (140)

c - .p -Uj Cp''; t cflj

O1k4LfC 3+-keCV0
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According to (57), (77) (39) and (44) the coefficients Cý, and

are given by:

) (141)

Because of (21) we have between P , and pl) resp.

the relations :

PO "= 4~ - pý

P P C-P ) + " (") - ( 'a + ) ",, ., -kA,) & .," (142)

Thus the right hand sides of (139) and (140) are given by

(a. 41:I C-1)

"Cz.) (143)

Now we make three more approximations which are equivalent to certain

restrictions on the flow.

1) The flow shall have the property that the gradients of the state variables

are small quantities . This mean for instance that we can treat not too strong

shock fronts by the following final equations only . Moreover we assume the

quantities

&L) ) I () fp T) -

to be small of the same order . As a first approximation all products of small

quantities being quantities small of second order , will be neglected.

2) The second approximation refers to the variation of the flow quantities

in time .

For monoatomic gases and homogenious systems (139) reduces to
P- P - P''

In this case it can be shown by andstimate of the only collision integral

(see ref. [2] that T" is of the order of the mean free path time . Thus a

disturbation of p'j , will die out to zero within a few mean free path times.

This estimation can be taken over here since the additional terms which come

from dissociation collisions and excitation collisions will not remarkably

change the times for the decay of the disturbations. In the flow variables
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in the homogeneous case shall change slowly within the mean free path time,

we can consider the solution of (139) approximately as a superposition of

solutions of the following equation (145) which change strongly in time

DC U 3- t " ,t(145)

and the stationary equation (146)

j IP TK -I (146)

The solution of (145) is neglected because it dies out quickly

The same estimation gives also a constant for dieing out of •" which differs

from T by a factor of-order one only . Accordingly we neglect the derivations

A too.

The constant for the slowing down of he 9ow C can become larger

than W . The excitation cross sections for that are strongly energy depen-

dent and not well known . However , one can say that becomes small if

the excitation cross sections are small (low temperatures) . If can be

compared with Q69 the time constant will not be different by orders from that

of S'O . Therefore we neglect the derivation of with respect to time,

too.

We have still to consider the diffusion equation (95) . For an estimate of the

order of jU C) we consider a homogeneous system with J () and c

equal to zero . Equation (95) reads in this case

(f 0j -14)) = (147)

where contains the terms with ,) and &) of , only. If one

considers on the other hand a flow with 0 (fc -- 4 C-

one gets from (95) , neglecting products of small quantities according to 1)

the following equation

- CC9V V 1 (148)

Neglecting the derivates of the quantities •i too (see 3) * one finds

- 4 , C(4) (149)
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(149) can be transformed into

) e2 % 'Ct__4 (150)

For a binary mixture without reactions and neglecting thermodiffusion (which

corresponds in our approximation neglecting terms with cGvt)e G.c-. 9

in C (4) ) the diffusion equation has the form (see [14D

(151)

For a simple model calculated for an oxygen-nitrogen mixture by HANSEN [121

one gets

= D-,& D2_,1 -~ (152)

where is the coefficient of viscosity of the mixture

T depends again on the time 7- introduced in (144) . If one simplifies

(139) to the NAVIER-STOKES relation between P,ý and the gradient

of 1 by using the approximations 1) and 2) , putting Si' 0 and

C. CO, 0")1p0W. , one gets

p- W 4L (153)

and thus

D 7 •(154)

Taking o=4, as a rough estimation one finds from (150) , (151) and (154)

-14 ' 9 Y( C ' -; ) -'I- (155)

According to this estimation we get from (147)

OL (-4- - U)) ,.1(156)

Thus P+ (OC~1  can be neglected , too.

3) The third approximation refers again to the local variation of the state

variables, We require that the gradients of the quantities assumed to be small

in 1) be small of second order. This approximation requires more than 1)

and is not absolutely necessary . For special cases one can drop this approxi-

mation . The equations , resulting without this approximation become so

complicated that they would be generally useless. They represent a higher
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approximation than the NAVIER-STOKES equations do.

Substituting the approximations 1) , 2fnd3 ) and (143) into (139), (140)

one gets the NAVIER-STOKES relations

Solving these equations for •<)" resp. ?i2 one gets

S(160)

with
S,,(' G -C<

SZ Y (161)

and

second coefficient of viscosity contributions torthe diagonal part ofoneg

only. Because of the special division of )into pj and p

does not contain this contribution . The second coefficient of viscosity is

responsible for a relaxation between the internal and translational temperature.

This can be seen with the here used method of solution . Genrally one starts

with a diagonal term p. = C-4oop) gj_7- instead of p in a division of Pj)"

This too must be done here , since T serves as "temperature" of the gas

also for the calculation of all coefficients .

One obtains

PC,) C-9 (163)

For temperature equilibrium no second coefficient of viscosity appears. How
far we can take the part ov •s co ofo as being proportional to the diver-

gence of the flow viscosity will be discussed later when treating the equation
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for the internal temperature . The equations for the heat flows SZ) St 2) 9 .

are simplified now by the approximations 1) - 3) . Thus we find from

(104), (105) , (109)

C P- (p -i 4-.L4) j (164)

, (,•-"-I). rjj (165)

(2) (166)

To these equations we have still to add the diffusion equation which we obtain

from (95) using the mentioned approximations:

S-- - . (167)

The right sides of (164) - (167) contain terms with *CO, q(3

and 6 .11/4) We replace the coefficients cQ (') , & •V) by the hydrodynamic

quantities V 1 ,0, using (20) (22) , (56) (58), (76)

(78) , (80). The following relation exists between iL , , 1 V

"a -. (168)

Since the coefficients q(") , &-') contaiA•fferences 4-)I -4Lie, -q

only we have instead of five variables Qc'C) , 1 , q() , &'V @', )

the four hydrodynamic variables 441-k * , 9 9 only. Therefore

the four equations (164)-(167) can be resolved for these quantities

If we express the right sides by the hydrodynamic variables we obtain

for (164) - (167)

(169)

E3- i

04 i-0
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(171)
A., .•" F( _s-G .. •c, , (_G,-s G •, ~-Q s- .))C t,,-•

C 1-W.)

o- .Oci.) ,1

0", 3, EB3--S-B4 - S- t"I(172)

From (169) - (172) we find the wanted NAVIER-STOKES relations

Let us define

-f-J
~ -~ (173)

2- 76j

(174)

cn .L/4 Ff

Replacing in (174) the coefficients F, by LE- , we have

to replace by 32/f, T /3 yY/'

Thus we find for (169) - (172)

S--3 vA 3 (175)

Resolution of (175) gives
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-"5 (176)

The coefficients L/¶v being functions of T and o- They can be

calculated by KRAMER' s rule

^=
ý (177)

where represents the subdeterminant of L by omitting the L/

row and the f•t, column . The quantities -.5 can still be transformed , but

generally they cannot be expressed by gradients of the temperaturesq)- , (

and the degree of dissociation AX. . This is possible for three special cases

only : monoatomic gas, polyatomic gas the molecules of which can be excited

and a non-reacting gas mixture . For the more general case it is useful to

introduce: ,. /2

the kinetic energy peifunit mass ý - . f (178)

the energy of the internal degrees of freedom

per unit mass 2--_-_

Moreover the gradient of an arbitrarly chosen concentration quantity appears.

Generally one chooses as concentration the particle number concentration

of the atoms given by 'U = -2-1L- . Besides these defined quantities

the gradient of pressure still appears in • . These Yc- can be transformed

now into

=AA
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The solution (176) of the system (175) can be replaced by a form * using

(179) , which corresponds to the NAVIER-STOKES relations :

-J (181)

(182)

(183)

tA4Z. is equal to the common binary coefficient of diffusion and the coeffi-

cients X and A a are the common coefficients of heat conductivity.

Not all of the coefficients used in (180) - (183) will have the same order

Experiments show that genera.dy the coefficient of thermodiffusion can be

neglected compared with the ordinary coefficient of diffusion. Thus we conjecture

also D " and 0-f9 being much smaller than D,12. . An estimation of

the different orders is possible but shall be not performed here

According to (176) , (179) , (180) - (183) the coefficients b and ý are

linear combinations of the quantities Zv with factors containing O<. ,c-

•' and t and (9 have to be replaced by T here since in an ex-

pansion around T terms with 6 c and are multiplied by gradients

and have thus to be considered as small quantities of second order (according

to 1)) . Both equation (181) for -C1) and equation (160) for P, are
611

superfluous since S' ) and do not appear in the conservation equations

and are moreover no state variables . We have still to consider (93) and

(106) for K and the internal energy M2L F

- q - (184).

*~~ +4 LkJT ~ -

-L:-D(18-
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We replace t• by L6 using (125). With "- -

and using the equation of continuity we obtain

+ (186)

(187)

with

Y\,j~

As we remarked above it is possible under certain additional assumptions

that the part fpL•~ of p) can be described by a second coefficient of

viscosity . To do this we simplify (187) further . With (186) and the rela-
tion between &• and S we can write (187):

ox 4- t (189)

The aim is to transform (189) into an equation which contains mti

We have

•_ (190)

In (31) we can replace the derivation of the energy by the derivations of
temperature and degree of dissociation using (120) . Using (186) for

the energy equation cen be written :

-(191)

7- D1 E tIn(1Secnrpaetedrvto fteeeg ytedrvtoso
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)i

Combining (189) and (190) we obtain

(102)

Assuming that the exchange between internal temperature and translational

temperature is easy , i, e. assuming the excitation cross sections to be large

we can apply 2) here too and can neglect 4 . Using the approximations

1) and 3) we obtain from (192)

X4•--D •1(193)
oTC"-v c

or with (125)

* -X0-- - (194)

where we used the abbreviations

= (4-~.o~C~ ('p
C (.� •((195)

3c - C U (~-c i C X Y + -4Fo ' & 6 --
For an excited but non dissociated gas we have ! •0 (see [71 ) . • is the

so-called second coefficient of viscosity . For the case that the exchange

between excitation- and translational temperature is easy (194) replaces

(187)

The here obtained equations can be generalized by dropping approximation 3)

Instead of neglecting the gradients of the small quantities Pih- , ý we apply

an iteration process. The equations obtained in this way are so complicated

that they can be solved at best in special case
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SVII Summ.aryr

In the proceeding chapters we derived a system of equations for the hydro-

dynamic state variables of a dissociating gas using a system of BOLTZMANN-

equations . The approximations applied correspond to the NAVIER-STOKES

equations for monoatomic gases . The resulting system of equations may be

again summed up .

Df (197>

4-64~?4~ i) J~~ (198)

(199)

• (200)

***4 3'; (201)

-14i# Dip D47 - )te ý -Q&Y"e
S(202)

-- a

S(203)

&• ~~P -14 0.5 (20,5.)p,,, ¢,.
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For case of an easy excitation of the internal degrees of freedom we may replace

(200) by

S=IO (206)

Generally the coefficients)- , / , * , 'C are functions of ,

OL , Y . The above system contains different special cases.

1) The monoatomic gas

Equations (199) , (200) , (202) and (205) become superfluous

2) The polyatomic excited gas.

= 0 C - -2 "0 all other 6= 0

Equations (199) and (202) become superfluous.

3) The mixture of non-reacting atoms and molecules

Equation (199) can be dropped .

4) Chemical reaction equilibrium

In this case (199) has to be replaced by (135)

S
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