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Calculating a Three-Dimensional laminary Boundary layer
on Spreading Lines

by
V.SeAvduyevskiy
l"or' the case of a flow in the environs of spreading lines of a c:ne under an

angle of attack , of an infinite cylinder with slipping and forward critical point,

equations of a three~dimensional ccmpressible boundary layer have bein transformed
into a system of ordinary differentisl equations ,Introcduced is a solving method,ba
sed on the use of integral ratios and a special form of approximating finctions,
Numerical solutions have been obtained in a wide range of parameter charzgss and form-
ulas are given for the calculation of heat exchange , friction and boundary layer char-
acteristics. Calculation resulta at partial parameter values are 'in satizfactory agree-

ment with the numerical calculations of other authors,

1, Equations of laminary three-dimensional boundary layer in a coxgressible gas

at stable flov along a curvilinear surface has the form ot‘l_l._]l

equations of motion
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on the coordinate axes x,z,y (fige.l); p-static pressuro;? - density; ep - spoe‘!.fie

heat at constant pressure; 1- coefficient of heat ccnduction; =viscosity coef-
ficient; T, - braking temperature, Prardtl number P =lucp/l . '

2, If any one line z = const appears to be a geodetic line and the line of flow
of an ideal fluid on the surface, then from condition

i 2= () ‘/a.\,
and from equation (1,2) follows a trivial solution w = 0,00/ = 0,

In this way, everywheres along these lines, which we will call spreading lines,
the components of the full velocity vector lie in one plane (but(w, vz+ 0) just as
at a two~dimensional flow, Branches of the flow outside of the boundary layer and
within it diverge in both directious from the spreading line, and the boundary layer
in the vicinity of these lines are calculated independently from the develorment of
the boundary layer over the entire surface,

3¢ In many instances similarity transforms are possible, with the aid of which
the system of boundary layer equations can be transformed into a system of ordinary
differential equations Ve shall discuss the most important case of similarity,when
a supersonic flow is directed around bodies,

a) Conical flow, Directing the line 2z = const along the formers of the cons, and

lines x = const orthogmnal to them we will obtain an exprecsion for the Lame coefficjent

b=l h=9()z B4)
for the round cond with angle of semiopening © x
hy = R=sia0z ( 3./ Q} :
m spreading line correspond to the former of the conejon it are maintained con-

ditionss Iy

a—‘=~a—. ==°, wluo, %=b (3.2)
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ve obtain from (l,1) - (1.4) a system of ordinary differential equations

YO HUr KL= (= =) 34
FUY+ U+ Keg —F I - KP=— (K 2) @y
F(F VU ks + 2[4 p—y) U] =0 (3.6)
2 ds ’
=525 @7

The parameter K here characterizes the influemce of three-dimensionality, index

1 corresponds to conditions outside of the layer and ¥ to the condition on the
wall, 0
The ratio
%‘=7?T=““‘ )'J+.>.(t—l’)(l+w) (3.8
where
_ U|‘ ®—1 v.
Q= g5 =3 ¥ (3.9)

Boundary conditionss

'—_—[='l'=g=°, S= S npx n=0
/['—>1, ° g£—1, 5§—0 spun-o (3.10.

b) Flow in the vicinity of a spreading lime of a cylinder with slipping) Assum-
ing ga.ma - angle of slipping ( .ngle of sweepback for a delta wing).Directing lines
2z = const along the formers of the cylinder, we obtain hy=hy = 1. We will designate the
rate of slipping u; ® & and will consider the case of flow wy = b,® in the vieinity
of the spreading line (vll—‘-‘ & Q1 = const, Ty~ constant,

n= l+' 2
‘/ 'u'.!?.d’

Having designated

[=w: €=%. 3=, B=32 a4y
ve obtaia : @y -+er=o0 . T (3.12)
gy +e8" =1 l(s")' - 313
! o
(75 ) +e5+ g[5 P t)(r)'] =t 3-14)
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at boundary conditions (3,10),
The aystem (3¢4) - (346) for the caseB = 1 can be obtained directly from (3,12)

« (3.1}) during transition to variables

PAVIE € CVAR, - ViEn (35 )

and with the value K tending toward infinity,

For the case amega —0 equations (3,12) - (3.14) coincide with equations of the
boundary layer at a transverse flow around a cylinder,

In cdse of greater W) values the transformation of similarity ie possible, 1if
P=a 1.Mrv1/‘1' with the use of Stewsrtson variablea[i;] .

c) Three dimensional flow in the vicinity of forward criticai point, We small
discuss the develapment of a boundary layer from the critical point along ths line
of spreading, e will plot a system of coordinates so that h)=ho=1, which is absolutely
true, if the investigated section of the surface can be turned into .a Plane,

If outside of the boundary layer cmega 7~z 0, then the transformation of the
similarity is possible at a condition u) = ax®, ;= w1, and by using variables

. —e e |
3= 1/2H1 a S-u,, =2, g=2= (.15

In this case we obtain

Uy +[tre-pyer=sur-2l @ ‘
)+ [r+2--m 2 gle 20— nrg -2 —p L g —
—2[e-y++20-1)] (3.17)
(FsY4[1+e—ntes-c (3.18;

Boundary conditions ar determined (3,10), Whenﬁ)—, 0 the equations can be trans-
formed into form '3.12) - (3,1)) with the aid of substitutions
+=1+2K  Le=j4+3xg {3.19)
Recossary for coordinating the selected coordinate systems on the surface, Tho case
b/a = 1 corresponds to an axially-symmetrical flow, and equations (3.16) and (3.17)
have a trivial solution £ = g, The case b/a = O correspond to & plain flow, and

FID=TI=6221723/1¢2 3




equations (3,16) « (3,18) convert into (3.12) = (3.14)s When {5-4 2 tae influence
of three-~dimensionality disappears and the boundary layer develops so, as in plain
flow,
ke l'og approximated solutions it is convenient to use integral ratios, obtaia
able during the integration of the system (1,1)=(1l.4) according to y from value y = 0
to the value , corresponding to the boundary of the layer.The obtained equations ha
ve the form of . e .
-:—‘- {hapyu,*022) + 5 —a— (h:puwy0:2) + i.’—“"—h,p,u.b,' + %':! hypw0,d," —
”’#ﬂbﬂ@ﬂﬂmmm+%FIMu“ﬂ
—:T(h,p,w, 0w, + -E-(h,p,u.w,ﬁn) + Ti h.pyw.8," + ‘5; > hapyu 8’ —

- ? patn? (82° + 9x) + ’aahg_’ Py (8" + On) = flyTer (4.2)

iz lthlulcp(‘ ¢ — Tw) Il + Fry "hwale'T =Tyl =h hﬂ- (4.3)

Here q, = specific thermal flow, wa and T“ = gtresses of ccmponent friction forces

T
O iR o Y v (137
s, =§ 2o (1— )4y, e.,=s e (1= )y
6,‘=5(1-;,%.-)du, % Sl—:T",’,;)y
R R A S

The sought for velocity and temperature distributions will be determined as
a function of variable Y, representing the ratio of the variable of Dorodnitsyna y° to the

parmter &y proportional to the thickness of tho boundary layer

)
To—T, To—Tw \ P
r=4, yagpdy, e=§7ﬂ__7:(1 r-r) dy (4.5)

Let us now discuss velocity and tempernturo distribution (in relative coordinatu)
(4.6)
r,~T , , ,
ror = A0, =R af ) =R Mta R

FTD-TT=62-1723/1+2 5




The perameters x) and xp determini.ing defarmation of velocity profiles at a
variable pressure from without the layer, should be found from three equations of
the system (4o1) = (4e3)e Function Fot corresponds to temperature distribution and
velocity in gradientless flow (x)=x2=0) and can be found from the solution of Blasius
equations,

The form of the function Fjs is determined from the accurate mlution of system
(3el4) = (3.6) at K= 0 and S, = 0, F=l. when the velocity distribution w/wy cah be

presented in form of

Zemmrasarin (4 6y,)
In this way, the adopted velocity and temperature distribution assures total con-
formity with accurate solutions at a flow along the lines of spreading of a cone,

vhere deformation of the profile w/vl ap:ears to be maximm, We shall designate:

L] (-] ?
S (1 — Fg)dY = A, S PO —FndY =8, \FdY =D (A7)
[ ] . [ ]

" * oo 00
S FyRSdY =F, S FaY =1, g F/(i —Fy1dY =G =D—E

L} ] [}
vhere for the given type of function Fg and 1‘11

A=261, B=1, D=1.463, =032 H=0253, G-0.503 (4;'“)
All conditions of layer thickness can be further expressed through

Oy = 9\1 -- I.G — I]E—‘ :|.II)

0, = O(1 + 2.6 — ,E — 2133l))

By = O(1 4 2,G), ( 4)
0::6{‘.’*‘3‘0—'1’E—Z"Il) y'7

o‘x == Q(‘. + ng -— zlE -— zlz"')

8, =91+ 20)

T
8 ' =€ [(l 4+ ) -!-.-‘.1 4—(1 +m)z|D]+ wd,e
8 =8 +D(x—2)0
61. + Cu = 5;‘ + ou (48)

The stresses of friction force c'c.mvmnu
To = 2 By, + 5Py,
= Lgh (Pt aifl)  (49)
FTD=TT62-1723/142 , 6
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specific thermal flow
WESTY g o)

Qu =

At given functions ¥, and F) ve have

Nzoo Mooopﬂs‘ 36

.’,c| j 5. Using the method, described in previous

15 ' ' paragraph, we will obtain a mumerical solu-

;’: /;i tion of equations (3¢4)=(3.6), (3.12)=(3.14)

and (3,16) - (3.19), We will consider the

z ’4 case P= 13 , ~vo /T,

i o

2 4 — a) Conical flow, The system of integral

235 | ratios has the form of 3

- et Ko = S i Fow 230 (5.0
o5, y — N + 280z -+ %—(nx.+nz‘)+an'= % ‘ 'z,:t (Fi -+ 2:F1e) (5:9’
| nn+Kmr='—-%‘i:-f;’:'— ' (5.3)

Fige2e

vhere7|is connected vith by the ratio (3.11).

A comparison of (3.4) and (3.,6) at F=l shova. that £°, = S%./3,, and consequently

z.=0 mx—-nn—-"m “n——ﬂu (5'3@) .....

In this way, to determine xp andql qp Temein equations (6.1) ena (6.2).
Comparing (S.1) and (5.2) we obtain

' S (5 8)
S . Nee |, Ny /2 '_‘_x: 'hx w 'lu
Using the ratios (4,8) after transformations ve obtai.n an oquuuon for tha deter-
mination of x, azd + bzy +e{l + @) =0 (5.5)
Ve : - _
o= (KN FE+(K+F)E (LR}
T i _ .
. T .
e-—(K+%—):l+A1=-} 69

FTD=TT=62=1723/1+2 7




It can be seen casily, that at K = 0 in conformity with the accurate solution

e+ (5.90)
The sought for functionss

LA :"__TT = FJ(Y), ;‘ =F/(Y) - 2Fy (Y) n=Yn. . .9

= 5 [Wi%mr .10)

The values of velocity and temperature derivatives onm the wall, necessary to cal-

culate heat exchange and friction, oqud.

() =f =T cv30n +RQ 20 G-11)
g =fell +1.295) (G-12)
b) Flow in the vicinity of spreading lines of a cylinder with slipping, Integral
equations "nwa tha Fane <8 53y
- L N N Te
2x CWa Nz n' "( 0w+ 23F ), "lu='—c
A comparison of (3.,12) with (3,14) or (5,13) shows thag
Tre = Nuxy Tz =:;h-; " o (5.1‘)

After transformation we obtain

v I'
325 + b2y + 6 (1 + ) =9, a,--L "C.,_?'l.irt.gl

Fix  Snit
"=="F" Ar1 E,

T
:] (5.15)
Having determined x;, we ogtnin

F, W .
N = [W%;]’ (a"f’)
Velocity and temperature distributions are determined by (5.9), the derivatives
at the wall by formilaes
. s, r L .
fam — g2 = = 0411+ =G, c--t:.(1+1529z.) (5-17)
¢) A three dimensional flow in the vicinity of critical poins, Iantegral ratiocs

have the form of §

FTD-TTw621723/142 8



3Im 41 b . .
—"_"‘Iu'*‘-;"lu‘,- mn,” = .5.:_:" --";_. [F” S z.F,.] ’5.18) .
3m b
'ln+2 e et o+ n—)n’ + —'lrn'f‘l: e} (3.49)
+1 » r'
12—nn+—.—n.r= "‘——-’;‘ ! e (5.20)
The relatiocnship between x) and x; will be obta:lnod frun condation dtT 0,
Fron equations (3,16) and (3.17) we have 3 o (5.21)
’I”l“d In py . mF

m—l) P

’ B 3 1w i
Ptk e bl

From expressions (5.21) we obtains

zy bla--m—1t

e —— (5.22)

Camparing (5.18) and (5,20), ve obtains

See page 9a for equasions (5.23), (5.24), (5.25),
and (5.26).

Whenﬁ.—g 0, x3 ~—* 0 to determine X, it is necessary to meke a change 31° = x/B 3
at Ky—>oP .fé + 2, x) — 0, making a change x° = Ky 21//3 oWe obtain an equation
for x°, The valuo»rl pp i deternined from (5420)

1
[ ew ]i‘ (5.27)
W= | A TR0 T K C =P T 0

Velocity and temperature distributiom is found by formla (5.,9), Values of velo-

city and temperature distributions (derivatives) at the wall are equals
_.;"!gf_:"‘.'_' /;=’.“:";'. ‘;z’w'{::’w (5 28
6eSolutions of boundary layer equations obtained for the case L ~ T and

Rzl and during the use-of these solutions to calculate heat exchange and friction

it 18 necessary to 1ntroduco corrections , We will designate
Up L X,
Ne = r v == = (6.1).
vhere L and U- characteristic length and velocity. Expression for the thermal flow

has the form of

N, " ¢pu (T ) . T
o= rae .J?_JLj—wa. To=ier(l +20) (8.2)

FTD=TTw62-1723/142 9
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g+ b7 464 = 0 (5.23)
e=HIBF1)P+ K (2B +(2--pPKR 4
.
+ 2GR+ K (2B— 2+ 2~ 8K (5.24)
tw

- Tor +1
L k2 —me L[ R e h K e —pr] s

_ 7, : : s on
e —p(14az2), =2 (3.26)

9%



Hore r = coefficient of temperature restoration, Approximavely r ~v p“'. vhere
o changes froam 1/2 to 1/3; k) -correcting multiple, taking into ccnsiderationm the
variability 1 and kp = multiple, considering the difference of P fram one, Using the
results of calculating on a flat plate with variable properties, we obtain ajproxie
metelys '

w ()

where ,«' and ?' have been determined at

AN N

maximm temperature o
r.._.r,[T:Jr'_ﬂ_('.‘Jr(_ 2T |
T el 1 (428)

T"'=T, wrSi—f |
The value b‘»-pnz. vhere np chages from

A\

1/3 on the flat plate tor~ 0,45 in three

dimensicnal flow at greater x,. Ve will

(]
assume that n 72y Oeke 4
To celculate friction we have analow
JTiged
‘gouslys .
=N :
To=C/uV Ry —L—-kl (6.3)
a) Conical flow. In this case we have L = x, U= u; and
N s P

The dependence & = i,/(nx)'a, upon () at various K and T,/Tgp is shown in fige2
and 3; vhen K = O the solution coincides with the accurate ; when K =9 to compare
points are shown data on the calculation of the job[4] e
Using forrulas (5.17) it is easy to obtain basic characteristics of the boundery

hyo!.
The angle between lines 32 = const and the lines o flow of an ideal 1iquid

outside of the layer garma = v1/u1 and the lines of flow at the wall gamma,s*( “/

) Yo _

TID-TTw(201723/142 10




This ratio characterizes the effect of secondary flows, As is shown by calcula-
tions, g‘./f' rises at an increase in (»and decreases upon cooling the vall and in
crease in K, The expulsion thickness

8, Ko,
O (6.6)

Tere the values Q,;® and’),® cen be deternmined by forrulas (4.8) end x, - from

equations (5¢5)3

v = (‘O‘G
£, = o' e - .E._"".Vzv':

L] .
the value Nrp is determined by formmla (5.10),
b) Flow in the vicinity of spreading lines of a cylinder L= z, U= W) vith

slipping, In this case N
* =t VR AT g0
Vi 2 Yl Re= V /e (6.7,

Next analogous to (6.5)

TU ". _'I ’ fl .\
T=7:' 'r—-';.— ‘6.8’

As in the case of flow on a cone , secondary flows rise at an increase in G

and ﬁand decreases upon wall cooling,

1 rd [f: l .
. lo' ji‘ ‘;;l/ 05 . 2 /
a4 p
l/l/"yl a8 y. /'/
//T¢M/‘ //// p
/ 0/3' o //’l 37
] | A/
25 2% /’/// ,y/
ap Yo s
=1 —1
‘/ﬂl as // an b —
It | . '
3 = . ™
Tig.h FigdsS
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Calculation results are shown in fig.h and S5, Giwen there ave also data na[;]
for ?')- 1, = (0-10) and ‘l./‘l"n = (0,1) and from reportE.] for ¢y = 0. The expylsion thick
ness 3¢ = § ¢ 15 determined from equations (4.8), (5.15), (5e26)e

¢) Three dimensionsl flow in the vieinity of forward criticsl peint, In this case

The results of cealeulating the dependence (-5,%/S,) on K, and (Jare shows ia
£ig.6 and 7. Plotted there are also data of caleculations from ropct[k] tor T /7 =
1 and data of roporttz_] for K)=0 and Ky=1, The angle between the lines 7=comst and

the direction of flow lines at the vall gamma, is determined by formula
TT-=__ ‘T';“ 1=K (6.10)

As was shown by calculations , the effect of secondary flows decreases with the
increase in [land disappears when 6—1 2; the value gamay/gacma = 1 at K320 and Ky=1
and lower than unity,if 0 /. X £ 1,It should be pointed out, that in this interval
there is a zone, in which there is no solution of the system (3.16) - (3.18), Expul-

sion thickness

o 8K
O =m - (647
s —
< N °§ '
AN w1
075 Y 5]
17}4:}\31-—- ”\ 675
250 ; \\\
] < 1 F\l
\ -
06 025 1 I\ \‘y\\
=T 1: <
0 1| a5 :

"“b ‘ [* - s
R PEE L]
Tig.b ) Vigs7
'nu' values §x® and s', are determined by formulas (a.a).(sas).gsm‘
7. Vith the aid of the proposed method it is easy to obSain a solutioa of eguations

FID-T=£201723/192 12
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of a two=and three-dimensional doundary layer in a wide range of parameter changes,
As i3 evident from comparing with available numerical solutions, the accuracy of the

method is perfectly sufficient for practical purposes.
In the report are given grephs for 1,/T, = O and T,/Toy = 1. Values for 0L 1/

1'01 VA 1 will be obtained with high degree by linesr interpolatioa,
To caloulate heat exchange under flight conditions it is necessary either to com-

pute the distritutions of parameters of an ideal 1liquid on the surface of a body,or

. [ ]
_ use experimsntal dade,
' Subxd tted Sepell,1961
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