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Calculating a Three-Dimensional Laminsry Boundary Laye

on Spreading Lines

by

VSoAvduyevsk1y

For the case of a flow in the environs of spreading lines of a cene under an

angle of attack , of an infinite cylinder with slipping and forward critical point,

equations of a three-dimensional ccmpressible boundary layer have bean transformed

into a system of ordinary differential equations *Introduced is a solving methodobe

sod on the use of integral ratios and a special form of approximating f-nctions.

Numerical solutions have been obtained in a wide range of parameter chazggs and form-

utas are given for the calculation of heat exchange , friction and boundazy layer char-

acteristics. Calculation results at partial parameter values are in satisfactory agree-

meat with the numerical calculations of other authors*

1. Equations of laminary three-dimaensional boundary layer in a ccaressible Pe

at stable flow along a curvilinear surface has the form of NIS

r equations of motion

).,0 , h- ,-'oy thA 1

Pa 3--)W

cOatnui equatiOse _ ,u .. V 7pM' !+ L t-, -- , r -' _.-)

ener+ euti (.
1.,C OT, 1 #rM (a+'-•! .-- (. ii .3

z•s Hse - curvilinear orthogonal coordinates on the surfaces hla - Lam coot-

ficlentae y - coocdinatesnormal to the surfaces uwvv - projections of relooity veotoc
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on the coordinate axes xzy (fig.l); p-static pressure; - density a. - Specific

heat at constant pressure; ,- coefficient of heat conduction; •-viscoslty coef-

ficient; TO - braking temperature. Prandtl number P =1"0

2, If any one line z c const appears to be a geodetic line and the line of flow

of an ideal fluid on the surface, then from condition

and from equation (1.2) follows a trivial solution w a 0,' p/nz = 0.

In this way, everywheres along these lines, which we will call spreading lines,

the components of the full velocity vector lie in one plane (butlv/•z+ 0) just am

at a two-dimensional flow. Branches of the flow outside of the boundary layer and

within it diverge in both directions from the spreading line, and the boundary layer

in the vicinity of these lines are calculated independently fran the development of

the boundary layer over the entire surface.

3-. In many instances similarity transforms are possible, with the aid of which

the system of boundary layer equations can be transformed into a system of ordinary

differential equations We shall discuss the most Lmportant case of si.ilaritywhen

a supersonic flow is direct. around bodies.

a) Conical flow. Directing the line z = conat along the formers of the cons, and

lines x a const orthogcnal to them we will obtain an exprecsion for the Lame coefficient

1 .. . ,• t h, =• ),(3.1)

for the round conE with angle of aemiopening 4 k

h: = R = Si.A •, ( ,k]

The spreading line correspond to the former of the conejon it are maintained eon-

ditionA, -4 ,,,0 ' w

Introducing var:iables

f=2r T 5 = !, s r.
. _,' , W , 1- (3.3)
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we obtain from (1.1) - (1.4) a system of ordtinar1 differential equations

-'-(1.'°)'+cUiKxg•r~o (ar- 4";)(A
~(,g')' (I, -1- U -t I.' - •')'=- ÷ (K + )(PwP. (3.41

(48 1s+ q -,!- Kg s g * 1g (P-- t) ( K,] y-) (3.5)

K 2 Owl /18s

"(3.7)

The parameter K here characterizes the inhluemse of threo-dimensionmlitya index

1 corresponds to conditions outside of the lar aydi to the condition on the

wall.

The ratio

P,-IL wn i '' + a.t -n.r(t + w) (3.8,%
p 1'1

where

Boundary conditions s

f/' :=;' =q=O, S. '--u "u, paq=.O
'•, g' -"l . ,"0 usp,, n-- (3 .10.

b) Flow in the vicinity of a spreading line of a cylinder with slipping) Assnum-

Ing ge.,ua - angle of slipping ( . ngle of swoepbhck for a delta wing).Directing lines

z a conht along the formers of the cylinder, we obtain heb 2 - I. We will designate the

rate of slipping ui a a and will consider the eame of flow wl a btM in the vicinity

of the spreading line (V:LbA' 9*&* conet, e l... constante

Having designated y, ,

g. , , ,- 3.

we obtais (1/7 •4- 9 0 (3.12)

(1)8 + F, -. [ , -(3.131

( )+ sp+U.-[74(P~I ~ (3.14)
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at boundary conditions (3.10).

The system (3.4) - (3.6) for the case (3 = 1 can be obtained directly from (3.12)

- (3*14) during transition to variables

r - go - 9 Vi]X,, (3 , o)

and with the value K tending toward infinity,

For the case omega--.0 equations (3o12) - (3e•4) coincide with equations of the

boundary layer at a transverse flow around a cylinder.

In cise of greater w1 values the transformation of similarity is possiblo, It

Pu M, fr-1/T with the use of Stewertson variables [4 .

c) Three dimensional flow in the vicinity of forward critical point, We shall

discuss the development of a boundary layer from the critical point along the line

of spreading. le will plot a system of coordinates so that hb-h 2 1l, which is absolutely

true, if the investigated section of the surface can be turned into a planse

If outside of the boundary layer omega - 0, then the transformtion of the

similarity is possible at a condition ul a:m. weu: b~3nlz and by using variables

In this case we obtain(ll'" ( t-i- {2 -- )±•gf /" U-•' i)' r.. _j (3.1Cj

9)J

- (3.07)

Boundary conditions ar determined (3.10). Wohen$--, 0 the equations can be trans-

formed into form '3.12) - (3,14) with the aid of substitutions

b 3 b-; - +- K, -,-S = / + -2.S• j3.t9)

oetessary for coordinating the selected coordinate systems on the aurfaceO The case

b/a a 1 corresponds to an axally-ayuetrical flw, and equations (3,16) and (317)

have a trivial solution f M go The case b/s a 0 correspond to a plain flow, =.A

FTDr-62-Ql723/1+2 4



AI

equations (3.16) - (3.18) convert into (3.12) - (3.14). when -s 2 t:ie influence

of three-dimeusionalty disappears and the boundary layer develops so# as in plata

flows

40 For approximated solutions it is convenient to use integral ratios0 obtaia

able during the integation of the system (lAl)-(lo4) according to y from value y a 0

to the valus 9 corresponding to the boundary of the layeroThe obtained equations ha

vo the form of

+ -L 1x)+~ (h:p,ti.wiO,.) + - 1 1 a jpjjsa

+ " ' t 0,,) + !- pl, 1w1 (as* + Oj) =: hhT,, (4.A)

S(Ii~pjw,
2O,.a + .-L(h~pjujwAfOzz) + ý! h,plw.b.' + r ~~lxWS.x sd

At pu,' (6; + 0,.) + .- putiw (ax- + O,) = hahT,. (4.2)

a jh~p, u c,(.- T1 ) 1x~ + a- th~p~wc, eT. - T,,) O,,I = hlhtqw (4.3)

Here q- specific thermal flow. % and Y -- stresses of component friction forces

along the axes x and z a
-a= t dy, Ox.

Pia at

a o Par NJ

• _M , -F, -T - T.- T (4.4)

The sought for velocity and temperature distributions will be determined an

a function of variable Y, representing the ratio of the variable at Dorodnitsjua yo to the

parameter e proportional to the thickness of the boundary layer

Let us now discuss velocity and temperature distribution (in relative coordinates)
(4.8)

T -IVuA
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The parameters x, and z2 determiniiag deformation of velocity profiles at a

variable pressure from without the layer, should be found from three equations of

the system (4.l) - (4.3). Function Foo corresponds to temperature distribution and

velocity in gradientless flow (xl=x 2 =0) and can be found from the solution of Blasiua

equations.

ThL form of the function Flo is determined from the accurate solution of system

(3,4) - (3.6) at K - 0 and SW = 0, i-1. when the velocity distribution w/wi cah be

presented in form of

,w =z F; () -(t +w))FL''Y)

In this way, the adopted velocity and temperature distribution assures total con-

formity with accurate solutions at a flow along the lines of spreading of a conet

where deformation of the profile w/wv appears to be nmxinmm- We shall designates

(1-F,,)dY dY 8, .'dY D (4.7)

SF*P,'dY =E, F',")dY = 1I, F F (1- &'dY - G = D-= E
4 0 S

where for tue given type of function F0 and ?Is

Ai= 2.61, B = , D ý .W6, j-, -=O3.C:2 !!= 0.251, G - 0.505 (,d.

All conditions of layer thickness can be further expressed through

OXX = (1 -*- xG -- x,S,- x,11i)

0,,= (1 + x-G - xjE - xx$1)

0" 0(0 + Z1G), iqL0,.- = (!f• + .rG -- xE -X1,1l) "

t,,= 0(! + ;r, - xj - zxzHi)

0= e( + X1 )

'= e[ e ++o)•-.-(t+)xaD1+ux.

-60 6.*+ D (x1 - za) e
6 8 +ta~a'*aa(4.8)

•,' + 6. 6," + On, (4s

The stresses of ftiction force c•Gpoments

fox + ,F4;),

ITDýTT6mE2mlT23/149



specific thermal flow
)L, (2'•- rT) j•.• (4.10)

At given functions 70and Fl we have

4- Iinsert eq.(4.1O.a)...page 36

5. Using the method, described in previous

1.5 paragraph, we will obtain a numerical solu..
e tion of equations (3.4)-(3.6), (3.2)-13.4 1)

and (3.16) - (3.19). We will consider the

7i; -D -- case Pz a . l. I/T.

a) Conical flow. The system of integral

235 ratios has the form of a
n.O + K _ I-. = "-, /- = (V . (5.1)

,-I.,xi + 2Kx, 2. + 1. + i*) + KTI = ..- L (F' .+,F;) (=:i=

_x + _,•. (5.3)

where'•.s connected with by the ratio (3.11).

A comparison of (3.4) and (3,6) at Pal shows, that fv O SOw/Iw, and consequently

In this way, to determine x2 and i TT remein equations (6.1) and (6.2).

Comparing (5.1) and (5.2) we obtain

(5.4)

Using the ratios (4,.8) after transformations we obtain an equation for the deter.

Minastion of ax,' + U, + c( + ) -0 (5.5)

K. G_-,-+ 2H (5. 8) .*Page 37

+ (M+ (5.7)

-"K+_T •+ AF (5.8)

7'T T-62-1723/L 7



It can be seen easily, that at K = 0 in conformity with the accurate solution

The sought for functionas* T 0 -- (Y, = w9
U T - T. , -,-1,Y= F.' (Y) IF'(Y), il Yv (9

'ITo,- -- r. Wg i o .. ,

The values of velocity and temperature derivatives an the wall, necessary to cal-

culate heat exchange and friction, equal

(•) ==f -- =r - 6/..47i -LI-1-9(1 ±xG)' 5.1

g- (I + 1.29z,) (5.12)

b) Flow in the vicinity of spreading lines of a cylinder with slippingo Integral

e q u a t i o n r • " - " " - - - ( .1 3 ) -
F;i. 3.+4 n' 4

A I
18.X , 3,6- ÷ . a . (F' + rF;,j, =,. - .

A comparison of (3.12) with (3.14) or (5.13) shows that

T•.,' = ?!.t, n,, Z." t- t).

After transformation we obtain

* 3xtt + b-,-i(-)=O, + =K 0 + a)C a'= E
L T

_+1 E, , 
2'+t

Having determined 29, we oXtaiz

Velocity and temperature diatritutiou are deterulne by (5*o), te 4erivatives

at the wall by fornamles

f ý-----=. -0.47(1•+•x 1 ,. g' -ff.1+t.2ox) (5.17)

a) A three dimensional flow in the vicinity of crltieal point. Iategmal ratios

have the form of i

M7T4.w62m3723/l42



3n+1

~ + 1 za - ,,+ J IF.. ' ,F;,,I (5.t8)

.- imz + 2 jits + +'i," + 02,- M)T" - j,-,P 4.+Ziat,..9)
+,- I +•i e-r, + 2 (5.20)

The relationship between x, and x2 will be obtained fron conditzon at 0.

Fram eqaytions (3.16) and (3.17) we have s (&,2I)

N- .= - _i7 -+,

From expressions (5.21) we obtains
, 4 - (5.22)

Comparing (.5,18) and (5,20), we obtains

See page 9a for equasions (5.23), (5.24), (5.25),

and (5.26).

M,•en•-0, x."--* 0 to determine x2 it is necessary to make a change zl° x a/ I

at Kl--* OR 2 2, i---4 0, making a change x* - 1 zxl/A*we obtain an equation

for Zx° The valuefl TT is determined from (5:20)

~~l F( ~ a)+( ,) (5.2?)

Velocity and temperature distribution is found by formula (5.9). Values of velo-

city and temperature distributions (derivatives) at the wall are equa~t

J , 4 , + IF', ,;- + zp;. (522'
_1. n" qify 0I

6*Solutiona of boundary layer equations obtained for the case UL r- T and

1AI and during the use-of these solutions to calculate heat exchange and friction

it is necessary to introduce corrections a We will desigate

N. CI P L~,C.)

where L and U- characteristic length and velocity. Expression for the thermal flow

has the form of

YR/ Y r kk 3, T. It -,(, + r) (6.2)

PTD-TP-6241723/l.2



C42X + by~l Cl~t 0(5.23)

+ 0 1 t C Jrt(2$ -2) +(2 - Fa)1 K 1 'j (5.24)

i +AI--1 2~+4~±~+~2-p (5.26)

rrD-TT-62-i723/1+2 9



Here r - coefficient of temperature restorations Approximtely r,. pal whore

"1 changes from 1/2 to 1/31 kl-correcting =Itiploe taking into consideration the

variability I and k2 - 2ltiple, considering the difference of P fraom ones Using the

results of calculating on a flat plate with variable properties, we obtain appr•mi-

Matelys

I -,

where,. and have been determined at ,.

T' = T, [L. - -.. I

The value k2 up 12 where n2 chan geo from

V/3 on the flat plate to- 0.4I5 in three

dimensional flow at greater X2. We will 9

assum that n O.I&

To calculate friction we have analo.

T, = c. If. k (6.3)

a) Conical flow. In this case we have L• x, Ua u1 and
N.

2 (6.4)

The dependence 0 a fw/(l:*r)! upon W at various K and TW/TO1 is shown in figs2

and 31 when K a 0 the solution coincides with the accurate I when K =O• to compare

points are shown data on the calculation of the job[ 13

Using formulas (5.17) it is easy to obtain basic characteristics of the boundary

The ange between lines sa const and the lines oý flow of an ideal liquid

outside of the layer go== VU and tho lines of flow at the wall rnmawo ' s/

,(vz! hence 7. 16.51

?rD.TT-42-l723/l4@ 10



This ratio characterizes the effect of secondary flows, As is shown by calcula-

tion, / ris a rise at an increase 1CoAand decreases upon cooling the vall and Ia

crease in K. The expulsion thickness

6(6.6)

"mere the values 'e and I. can be determined by forvulas (4-8) and x- frca

equations (5.5);

1 ,=I 0. e = ±q,WI,./V'-',
Ps a

the value ITT is determined by fortiala (5.10).

b) Flow in the vicinity of spreading lines of a cylinder L x# U = wv with

slipping, In this case C". _ Y, Y- . /- - ,
2~j X+ 1M t (6-7)

Next analogouts to (6.5)
7, ." ,1 w.g

As in the case of flow on a cons * secondary flows rise at an increase in W

and •and decreases upon wall cooling.

t • I [/ AH-7

-I tI
I_ I ,

• , . .

,"- -

AAuS

rM-T -62-l723/1*2



Calculation results are shown in f ig,4 4 and 5. Gien thee we allo date cmt3

for IN 19 0 a (0-10) and 'Nv/T01 U (0.1) and from report[141 for 4) 0. us wmq'lstc th~ak

nag taSS0Is determined from equations (4*8), (5.15), (3.16).

a) Three dimensional flow in the vicinit7 of forward critS"l peot, In U48 ceae

L , u , N(6.9)

The results of calculating the dependence (-Sý1/18) cm j ande are, sb Im.

fig.*6 and 7. Plotted there are also data of calculations from repcwt(4] for TI. .

1 and data of report[2) for KIeO and K113. The angle between tWo Uses wot and

the direction of flow lines at the wall -an is determined by fornmla

".r: I•." r .

As was shown by calculations the effect of secondary f1me decreases with the

increase in Iand disappears when 6-- 2; the value Vam,/gprva = I at Kl.-O and ]rl,

and lower than unityoif 0 4L X lelt should be pointed out, that In this interval

there is a zone, in which there in no solution of the system (3.16) - (34B5), M=u1-

sion thickness
" + KAO,! + A', (6.1-".

",+

0.75 1
27 --- - -5

.750

h05e

The values Sj and bmare determined by formuilas (1eJ)vC5e23).(5*7)a.

79 with the aid of the proposed method it in easy to obtain a solatim atofeatmm

FTD^, -42-123/30



of a two-and three-dimeaional boundary layer in a wide range of parameteu changesi

An Is evident from comparing with available numerical solutions, the accuracy of the

method is perfectly suffiolent for practical purposeso

n. the report are given vaph. for Tw/Tol a 0 and T/T 0 1 n I. Values for 0/. !v/

?011- 1 will be obtained with high degree by linear interpolatioe.

To calculate heat e*ohan.e under flight conditions It is necessary either to can-

pute the distriutims of parameters of an Ideal liquid on the surface of a bodyeor

use ezperinatal Meao

zbhitted Sep•ouslqf
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