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KaTDATICAL PROBLu IN CREATING A DIGITAL GRID ANALYZER

N. A. Aleksldze

A basic obstacle to achieving great accuracy in solving boundary

problems for equations in mathematical physics by the grid method is

the comparatively small memory of present electronic digital compu-

ters. As a result, it is necessary to divide the grid into parts dur-

ing solution of these problems, and to. return to the external storage

upon each iteration, or to use Schwartz's alternating method. As was

shown in note [2], the latter method is preferable when the grid re-

gion is divided into two parts. If the number of subsets of mesh

points to be added is increased, the rate of convergence of Schwartz's

iteration process decreases rapidly, and this method too becomes

rather inefficient. We should note that when the region is divided

into parts, programing difficulties appear as well. In view of what

we have said, it is a very attractive idea to construct a specialized

digital computer whose working storage uses either a magnetic drum

(14] or closed magnetic tape [16], which could be used for problem

involving Laplace, Poisson, wave, or diffusion equations. The mathe-

matical prerequisite for this idea is simplioity of carrying through

the iteration process, both with the very simple and with the nine-

point grid approximation of the Laplacian, which enters into all the

equations mentioned above.

, he &Ia os toefg'sent artiole Is to- invstrgate the desirability

from, ths VIOMPoiat of mt tim, of using veriousi mtes;ilon Pro.
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cesses in specialized digital co.puters. As vie'sehall show below, the

parallel procesping proposed earlier for all columns (rows), while

substantially rnlarging the apparatus, yields almost no advantage

with the most expedient iteration 'process, the superrelaxation proc-
ess,

In order to investigate the expediency of using the various iter-

ation processes, it is necessary to know the asymptotic relationships

between the local and integral errors for the different iteration

processes. These relationships are derived in §1.

In S2, we examine the various iteration processes from t"he view-

point of convenience of the calculations set up and machine tine.

In S3, we discuss one grid approximation for the Laplacian opera-

tor, and one effective iteration process for solution of the first

boundary problem is proposed.

In S4, we derive relationships between the computer digit capaq

ity and the size of the working storage that are optimum from the

viewpoint of a difference solution to the boundary problems.

61. Asymptotic Relationships Between Local and Integral Errors in
Solving Boundary Problems

1. We know that the difference equations obtained by substituting

difference relationships for elliptical differential operators are, as

a rule, solved by an iteration method. Only residues can be used to •'

find the end of the iteration process and the integral error in the

approximate solution to the difference equations. Nonetheless, the

literature contains no discussions of problems of the asymptotic rela-

tionship between the residue and the integral error in various Itera-

tion processes. Gershgorin [8] derived an accurate estimate of the

error in term of the residue for the solution of difference equations

by the.majorant method. For the simplest gr1id •*tio" of the LIl
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placian differential operator, the Gershgorin estimate takes the fol-

lowing form

while for the nine-point approximation

.L -2 0 6

where M. is the maximum residue, 1 is the radius of a circle inter-

secting the given region as a whole, h is the mesh increment. It is

cleaw from (1. 1), for example, that where 1/h - 60, the residue should

be three orders of magnitude smaller than the anticipated accuracy

S- 10 k, and this cannot be ensured if the machine contains fewer

than (k + 3) decimal digits, to say nothing of the fact that this

leads to protraction of the iteration process. In this paragraph, we

shall derive asymptotic estimates for the various iteration process.,

allowing fairly large residues in order to provide the required aocu,

racy.

2. We write the finite-difference equivalent of the Dirichlet

problem for the Laplace equation in matrix form

•.. ÷,-!( 1. 3)

where V ' 0 only at the boundary mesh points. For an error of - u -

u, the equation As - A(u -) - a l or e - A -1l, , will hold,

where is the residue at the (i,J) mesh point and U is an approx-

imate solution to Eq. (1.3). We write in the following teor (12]:

where D -3 + rA, 3 is the unit matrix,, is a relixation tatoer so

chosen that the spetral no=. of oprtor I + 'D will be aniJum



Since r may be so chosen that all characteristic values of operator D

will have modu~i less than unity, when n-.*, Dn -. 0, and for a, we

obtain

1S1 51jDo,Frik,_--... (i.4)

We let ph and qh be the height and width of the smallest rectangle

completely enclosing the given region. For the simplest approximation

of the two-dimensional Laplacian operator, r, D, and the corresponding

estimate e will take on the Io'.lowlng values:

For Richardson's iteratioi process, r- Dos-- +q-2) an
4 4 -M*P,¢2 (1. 5)

For Liebman's iteration process, 9-, D !-!(- ! + and"

Mp'q' (1.6) n

IslaA ps 106)-+!)

For a superrelaxation iteration process (Liebman's method extrap.

olated - and

MI(1.7).

For a second-order Richardson process [13], r must be taken as

the sum of the optimum values of the two parameters that determine

the rate of convergence for this process. Then r < 1, Dmz--,- +f.
2

and

II a .. (1.8)"

Estimates (1.5)and (1.6) permit larger residue values for ensur-

ing the required accuracy than does the Gershgorin estimate (1.1) for

any region, while the linear dimensions, in units of h, appear In es-

timates (1. 7) and (1.8) in first degree, which substantial* r'euoese
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-- J the number of iterations.

3. The cwacteristic values of the nine-point approcixmation M ti

the Laplacian operator that have the largest and smallest moduli are,'

for the Richardson iteration process, equal to, respectively (5],

while we obtain
2 .3,

Mo+M. z6+2u(p+(q+)

for the optimum value of r.

Por this value of r, the spectral norm of the operator 111C + rtll

equals D= - '+C-), and for the estimate e we obtain

IsIa (1.9)

A Richardson iteration process of second order is carried out

for the operator M in accordance with the following forimla

If r 1 and r 2 are calculated from the equations

r-, _.f-yF

then we obtain xi" up-,F-,,, which leads. to the following esti-

mate for e

Isla (1. 10)

4. Estimates (1.5)-(1.10), just as in the case of the Gers•gorin.1

estimates (1.1) and (1.2), cannot be used if drift operators are used

for the boundary values in the region. Let us examine the following

difference Operators*

eJ
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its

kw i+.+kw4q-L +4j P&1

where

p. 0o,-* :j: ;+lf >o; 0.* +i >0

is the distance from mesh point (i,j) to the boundary r in the

positive direction with respect to the Ox axis (to point A), divided

,.

by h (Fig. 1), Ur + is the value of function u at point A on bound-i

ary r; 62+,~ is the distance from mesh point (i,j) to the boundary

r in the direction of the bisector of the angle formed by lines x

-xi and y -y3 (to point B), divided by ;2h; u + is the value

of function u at point B on the boundary rF, etc.

7e. ,, .

Fig. 1
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The following two lemmas were pioved In [5):

Lemma 1. * If M4 is the maximum modulus of the solution to a dif-

ferenoe equation

Tw"r,,oo, Or.0,ca,',+

L_.. , O,___ ___

then . is the maxinmu modulus of the solution to the differenoe equa-

tion

M&M

and satisfies the inequality

M.a(-+&)'(Mv+,m,,, .,,J. (1.1 )

Lemma 2. If M1 is the maximum modulus of the solution to the

difference equation

NAM*

then . is the maximum modulus to the solution of the differenoe.. equa-

tion

M, Wh O,jIJp O<raiw< 2.4,

Uj,-o

and satisfies the inequality
6.1 ,,. +,s) d+--+8)_j,-w, m . .O, ], (1,.1

where ri is the minium diistanoe from mesh point (i,j) to the bond.-

azy of the region^ '$"S-a" [min S.W, 144, 89-sU [Za4•(J Z mt. (1.10)

and (1. 12) aze' aecurate inasmuch as they are also vald for. the UYve.-



totic estimates. Substituting estimates (1. 5)-(1.10) into (1.11) and

(1. 12) in plaoe of Mv, we obtain an estimate for the error where the

operators D and M or D and M are employed simultaneously, for the

various iteration processes.

5. The boundary problem for the rectangle p a 30, q - 32 was

solved by the following two methods

(A)

where r - 0.452 is the optimum value of the relaxation factor for the

given rectangle. In both cases, the iteration processes were contin-

ued until the residues became smaller than 10-. The first method re-

quired 986 iterations, the second method 86. The maximum integral

error in the first case was reached at the center of the rectangle, •

and equaled 2. -04, and in the second case it was found at the mesh

point (i - 15, j - 8), and equaled 2.2.10-5. The results are in good

agreement with estimates (1.6) and (1.7). If the Gershgorin estimate

(1) were used to obtain an integral error of 2.2.10-5, the residue

would have to have been reduced to less than 6.2.10-7, which would

IIn [6,2. zo-2]have required . a348 iterations of type (A) andv.'/2 L#v+#r3 ]
In61-].., ,6 iterations of type (B). Consequently, in comparing

the convergences of various iteration processes, in general the resi-

dues should not be reduced to the same size for all the iteration

processes, since the same M( yields different integral errors for the

various iteration processes. We should also note that in iteration

process (B), the approximation already is not aperiodic; thus, for

example, if the boundary problem is solved for u = 1, and u 0 - 0 is

taken as a first approximation, while the iteration procss (s) is

progressint, values.u > 1 my appear at several mesh points, which
i -8 -



must be taken into account in solving problerns on a fixed-point compu-

ter.

I. Iteration Urocesses Connected with a Difference Solution to the
Firer, bouncary Prblem

Ir calculating machine time, we shall assume that the working

storage uses a magnetic drum with a capacity of 25,000 numbers, and a

speed of 50 rps.

The author of [14] deals basically with the Richardson iteration

process

4 .

In order to examine the desirability of this process, we shall discuss

the two-dimensional Dirichlet problem for a square with side 150 h

(22,500 mesh points). We shall assume that the initial residues are

ct?(0) < 1, where

For the solution it is necessary that the integral errors be less

-66
than 10" . As was shown in • 1, in order for the Richardson iteration

process to provide an integral error of 10"6 in the square under con-

sideration, it Is necessary that the local errors, i.e., the residues,

be brought to a magnitude of .O8. .i@ The spectral norm I of

operator I equals 7 - 1- r2 /2. 1502, while the number of iterations

required is No. In (6,a. 0 ioj ' -Soo.,00 If each column ls processed indi-

vidually, then one iteration will require 150 cycles, and the solution

will take about 86 hours. If all of the columns have processed in

parallel, about 150 sequential-type single-digit accumulators will be

required, and the calculation time will be about 40 minutes. The

Richardson method is clearly best suited to magnetic tape, since the

writing of a now value into an old position creates additional diffti-



oulties. On magnetic tape, however, it is difficult to set up such a

large number (150) of tracks. Thus, we shall not discuss magnetic

tapes in the future.

For the Liebman iteration process

the spectral norm of operator A for the problem under consideration

will be J--z-./a.zso'J, the local errors must be reduced to 1.7"10-9.

and we obtainN..il(Z ....Jj....__ for the number of iterations. With

sequential processing of the columns, this will take about 42 hours.

With parallel processing of the columns, a Liebman iteration process

cannot be carried out, since the (k + 1)th approximation of the func-

tions at mesh point (i,J-l) is still unknown when the (k +l)th approx-

imation is being computed for the function at mesh point (iJ). In

this case, as a result, only the following iteration process is possi-

ble

u• 7)-L (u•+s4• + U. (2.1)4

In order to find the spectral norm for operator A with iteration

process (2.1), we examine the following iteration process

~Imus4~+c (a. bJ~aI4~4 S4)),(2.2)

which is the same as (2.1) when a - 1/4.

Let us seek the characteristic functions in the form

0.4f1'-'ua- in on (2.3)

We write (2.2) as follows:

(44)

._.-sBbtituti, (2.3) into (2.4), we obtain

I _ _ _



Snri
' in . s in si n-n-- --+

ISO ISO ISO ISO

ISO ISO ISO .5-( in -/+4'sin :,(i-z.) .si uui s.
S. so.~ -+W imo (I--

AISO ISO, ISO

-4 m.4  O "i .~oL 1 .-4 + o/ai -l. 219 +.150 -1 So0J ISO, ISO

+ - • in + AaP'1 sn Sr('-')Isina I.
_ . ..1 _0 __ j . .ISO .

We find the arbitrary constant R from the condition A - 2; we

then obtain
-a-- at, R-, + 4 a--a ",-o,

where

Where a - 1/4, the largest characteristic value corresponds to

mesh point r - a - 1, and equals

Iteration Process (2.1) will in this case converge 4/3 times

faster than Richardson's iteration process, and 2/3 times more slowly

than Liebman's iteration process. With parallel processing of all

columns, and with iteration Process (2.1) carried out, the machine

time will be about 25 minutes.

The Richardson and Liebman iteration processes have an important

advantage over other iteration processes in that they do not require

multiplication or division (division by 4 is accomplished by a shift

during write-in).

The computer must be capable of multiplication, however, in order

to prooess boundary mesh points for an arbitrary region, and in ordwr

to solve bou ndar problem the a1e of-slOadjoit differeontUalp-



erators.

We shall now discuss the superrelaxation iteration process

us •-.(u ,+,,+U~+Ui~}.�a+U i�- .•.. (2.5)

for such a maohine. The optimum value of the relaxation factor a is

found from the equations

---__ Iso'

and is approximately equal to
£ x

so s,-- X
2 300

As close as this value is to one-half, systematic use in (2.5) of

the value a - 1/2 leads to divergence of the iteration process. The

spectral norm for the operator 1 l1 - %ptAll equals

+. 75

If a superrelaxation iteration process is used to solve the

problem under consideration, the residues must be reduced to values of

0.8-10-7 and the number of iterations will be

, I .. -iln .l ... .. _ _ _

A solution will take about 18 minutes when the columns are pro-

cessed sequentially.

A superrelaxation iteration process with parallel processing of

the columns is impossible. Consequently, we shall examine the itera-

tion process

(2.6)

with the optimm paraeter c.

An*ncrease in a from 1/4 to 1/2 will decrease the charaoteristiO

value A (r 1 l, a - 1) at mesh point (r 1. a 1 -), but tho modulus

122I + +



"of the complex characteristic value at the mesh point r a 1, 1 - l49

Will rapidly begin to increase

J 1,),-x; Y-,9-c;- TZOP4 --- ,'

where

At a - 1/3, the modulus of the characteristic value A (r - 1, s -

- 14 9 ) is already the spectral norm of the operator

VT'+i" . '4 _ I- -
T ." . T"___._ 3.",1_,0__

The optimium a is calculated from the following equation:

Squaring both sides of this equation, we obtain a third-degree

equation in a 
I

8( 4._+. 4 I,, ,D--' (4_+,6)+8 1.- o _

The discriminant D of this equation equals

D- (4+16)3 4(0.+16)
u L272 4a 86+441); )(20,14+44)s z44'84ifi

24 (--I. t,+4 ID-(/.'+ 16)2,
9(21S

and can be shown to be negative, which leads to inconveniences in the

use of Cardan's formulas. In contrast to the superrelaxation method,

on the other hand, an accurate optimum value for a will in this case

yield an insignificant increase in the rate of convergence. Since

where a = 3/10 the spectral norm for the operator i1 - 0.3AI -I

will equal

and the iteration prooess converges 9/7 times more rapidly, than Aien

-13-



a - 1/4.

Thus, when iteration Process (2.6) is executed with an optimum

relaxation parameter, the machine time will be about 17 minutes.

A second-order Richardson iteration process has a convergence of

about the same order as a superrelaxation process, but is inconvenient

to carry out, since it requires the two preceding approximations to

find a new approximation and, consequently, twice as large a memory.

Finally, we can say that the most expedient iteration process

for a specialized digital computer is superrelaxation with sequential

processing of columns. If the computer cannot execute the multiplica-

tion operation, then it is best to execute iteration Process (2.5) us-

ing a - 1/4 and a - 1/2 alternately.

-3. One Grid Approximation for the Laplacian Differential Operator

Let us consider the following finite-difference equivalent for

the Laplacian differential operator L

Let us examine the various iteration processes using the operator s.

Let us assume that the solution is sought in a rectangle measur-

ing ph and qh. We use the following formula for the Richardson itera-

tion process:

The characteristic functions of the operator a will then be

---- 5 -s •p q

We now calculate the corresponding characteristic values (r's);

-Q1 USOT+z) ________ * S(I-z)+
P- f P f

M s . SIR

. L ...



a ri am - cos --- .cos L Ain -- i -
P ) p f

4 C or s- WS

The spectral norm of this operator will be

One of the minimwm characteristic values is obtained for the

point r - s - 1, and equals

lai 80 ' -- t *4I I

mu- ... ~ 5I.. c (_ Ik 4) (/ .. ).f" / l , • •c

The optimum value for a is obtained from the condition 1 + asG -

- -(l + (8*" and equals 1/4. The spectral norm for operator 3 - (1/4)s

for the Richardson iteration process is

-t-.•(r-+r-,).;

For the Liebman iteration process, the working formula is written

as

we look for the characteristic functions in the form

V-Vda' 0 in , 35

and we then will have

(+4e'-') ~n -t ,as S 1 s,, . ) +

X$U+II
.+us,.,(j+:1-1--. i-,x-) w.s,•"(j-z1"..

+"* s 1i -j

Selectin the coefficient A as follows: A2 - a, we obtain

WA+40-z) rjm44446!mt M
i + 15-

A. . ... . .._



For the characteristic ,L.u, %';a have

. 4-- 4 aiM+4 £-i 0,

where
Dwe08 -r .o08•€.

If we again set a - 1/4 (ordinary Liebman iteration process), we ob-

tain
8..) w, _ Coss

q

and the spectral norm i for the operator B - (1/4)s will equal
I'm i-is ,-r'+r-)-

If a is so chosen that A has multiple roots (Liebman method extrapo-

lated), we obtain for a the condition

whence

2 2

1-4S't,-I-2: V P4+q" •

The second-order Richardson iteration process is based upon the

analogy between the solution to the Dirichlet problem and the equation

a2u/(a + 2) + au/at - Lu - 0, whose finite-difference equivalent may

be written, for carrying out integration, as

where rI and r 2 are relaxation factors whose optimum values are calcu-

lated from the equations [13]

These values of the relaxation factors yield for the spectral nonm of

the ooWespo00 agg operator a v.Uo

• ;ii~il .6.



L

*=-i -. (p-'+q-2).

Similar problems for the simplest grid approximation to the La-

placian operator D

were discussed in [13].

Comparison of the spectral norms for the operators shows that

the Richardson and Liebman iteration processes converge twice as fast

for the operator a as they do for the operator D, while the extrapo-

lated Liebman method and the Richardson iteration process of second

order converge more rapidly by a factor of It is not difficult to

show that the operator s yields two independent systems of equations

(A) xkmn (i- 1Qm,2,.. P--I; jm 1,2'...1.-1; i+j=212k

r-o,'p; j-o, q; -f+-2a)

(B j•j-V, Q•--,2,. P. -1; i- 1.," "' f--1 ij

-=a2k-f; r-o,p; s-o,q; r+-•m-2k),

where k is an integer. We have used this property of the operator a to

reduce the number of arithmetic operations in the iteration process.

In order to check the results obtained, the Dirichlet problem wa

solved for the Laplace equation

in a rectangle with sides 30h and 32h, using the following methods:

I. Liebman iteration process with operator D

11. Liebman iteration process with operator a

III. Superrelaxation iteration process with operator D (the opti..

mum relaxation factor equaled 0.452).

IV. Superrelaxation iteration process with operator s (optimm

relaxation factor equaled 0. 461).

V. Supeeerlaxation iteration process with operator.! for sys•d

11



(A) alone, then a single application of operator D to system (B)

alonoe, and then method III.

The value of the function on the boundary f(s) varied within

wide limits (four problems were solved in all), but the number of it-

erations for all of the problem nonetheless remained constant to

within 4%. The calculations were halted when the local errors became

less than 2"25. We should note, however, that as "1 implies, such a

local error results in a different integral error for the various

integration processes. Since the operator s is somewhat less accurate

than the operator D, the solution obtained with method I1 was cor-

rected by means of method I, and method IV by method III. The corres-

ponding numbers of iterations required for such a correction are given

in parentheses in Table 1.

TABKE 1

"1 qVCO UTepa~UA z567 81 (932 123 71 (2) 71M (a
2 A aPnaoxeT.

Ium oncpatud z62-to* 8S. tol t63- 104 90 obiI_46.zW_

1) Number of iterations; 2) number of
arithmetic operations.

The number of instructions necessary to obtain a new approxima-

tion for each mesh point is 12 with methods I and II, and 14 for me-

thods iII-•V-V. The fact that the difference in the number of instruc-

tions is so small is explained by the fact that the residue was calcu-

lated in all cases in order to determine the point at which the itera-

tion process was to halt.

Oomparison of these data with theoretical values indicated good

agreement, althou, with methods XIII-IVO a somewhat smaller amber of

, torstlw We" 9V•& 2Mto, &•oal6at•,os weoe erWfed ut em IM

m u u mu ,... . ,._.
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SM computer.

14. Electronic Disital Computer Parameters that Are Optimum from the
Vie woInt or Boundary-Problem Difrerence Solutions

In order to design a specialized digital computer to solve bound-

ary problems 14, 16] we may derive the most favorable relationship

between the size of the computer operating storage and the number of

digits in machine numbers. In this case, naturally, the indicators of

the differential properties for that class of functions to which the

solution for the problem under consideration belongs will enter into

these relationships.

Let us examine the general n-dimensional second-order differen- "'

tial equation of elliptical type

S. .. . ". . . . 1I . . . .. . . • ' "-• 'i

1.4.1)

with the very general boundary conditions

and let us write some finite-difference equivalent for the problem

(4.1) -(4.2)

M. ..... (4.3)

where S is the number of adjacent points, in the sense of the differ-

once operator ph used; N is the number of mesh points in the closed

n-dimensional region D for which the problem (4.1), (4.2) is state.

For A1 4 0 and A2 * 0, the points at which the lines generating, the

grid region intersect the boundary of the region are also regrzded as

mesh points@*

-19



As a rule, System (, 1.. ) .. . 'ao. method. It can

be shown thatt when the conditions g < 0, A3 0< , A3 and Z not simultan-

eously identically equal to 0 are fulfilled, the simple iteration

process for System (4.3) converges. Let us write the general iteration

fornmla for (4.3)

X1P=1 (4.4)

+ * -'J+,(1-,,2,..., N),

where r3 and a,,(s - 1, 2, ... , 1) are the parameters of the itera-

tion formula, and are so selected that the convergence will be as

rapid as possible; 1 is the number of different approximations of the

function that are used to reinforce convergence. It is assumed that

the (k + l)th approximation of the function is written at location

(k - 1), and that all quantities entering into (4.4), with the excep-

tion of uiJ, are computed once at the beginning of the iteration

process and then remain stored in the memory. It is not difficult to

see that Iteration Formula (4.4) will then require (q + e + 3) storage

locations for each mesh point (each number occupies one location). If

we let N1 be the number of locations in the operating storage of the

computer, and N2 be the number of instructions in the iteration pro-

gram [41], we obtain (N1 - N2 )/(q + 1 + 3) for the number of mesh

points. With no loss of generality, we can consider D to be a unit n-
MI t--N, •-lie ;

dimensional cube; the mesh increment will then be , We
(N 1 -N dJ~'f+l+J

assume that IU I "aMdAM a. M According to the'well-

known Banach theorem on convergence for the method of successive approxi

imations, the maximum residue in iteration Process (4.4) will reach a

S value~iiIIh~~I 0.".) in order to provideancury

ft -20-
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a, where I 1P11 is the spectral norm Lfor the corresponding difference

operator.

We must also take into account rounding errors of two types: a)

the error e' due to rounding in the course of iteration Process (4.'4)j

b) the error a" due to rounding in calculating the coefficients for

Eq. (4.3).

The mathematical expectation for the mean-square error e' in the

case of the Dirichlet problem for the Laplace equation [1]

after the kth iteration due to all of the preceding roundings will

first go up as In k, and will then approach asymptotically
21

WN2  'From this it follows that for the residues to be

reduced. to a value M (i--pI) [&--&,) -n, rounding must be carriedout.An
, .M-N ,,-, N1 -N, .,i-" •

the right-hand digit of the number . I.. 4q-i'3

It is easy to verify that e" - - U satisfy the following dif-

ference equation (u and a are solutions to (4.3) for the accurate and

approximate values of the coefficients, respectively)

where 4(e) is the rounding error in e. The mathematical expectation

for C(e) equals zero but, nonetheless, the probability estimate may

yield a value that is too low for a" for the case in which

g(X .. , x) - oonst, and f(xI, ... , xn) - const. The error a" does

not depend upon the method used to obtain a solution to (4.3).

We shall now show that for the two-dimensional Poisson equation,

and for the Liebman d Richardson iteration processes,

SW (4.5)

(the symbol R.G indiates that <= A<-.).
g0



t ~.v.

Let us find Green's dil'er. :.u.c, :'u. ._ 'ollowing

manner: R(rf5) tor fixed indices r and s is a solution to the follow-

ing difference equations:

0o, (i-)'-+(i-s)u-o,

The solution of the difference equations

MIS d", -o0. 6<,fW<.5'

can be represented in terms of the Green difference function R(rs) in

the following manner:

r 8 .

Por R(rs) in [5] we have the estimate

where a is the side of a square completely enclosed by the given re-

gion (the estimate given in [11] is used in deriving (4.7)). Substi-

tuting (4.7) into (4.6) and assuming that the number of mesh points is

of the order of h- 2 , we obtain
B
B A(4.8)

where B is some constant that does not depend upon h. For the Liebaan

and Richardson iteration processes, 11PIl 1 - oh and, therefore,

.___(4.9)

where o1 also does not depend upon h. We obtain (4,. 5) from (4.8) and

(4.9). I

j-a,-
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Pinally•, we obtain for the optiiaum number of digits in the man-

tissa of the number for fixed N

TeamT (-)-u! ' [ .(+•JJI j (4.10)

(where Z is the radix of the number system used in the computer. We

assume that by transforming Eqs. (4.1)-(4.2), the solution of the dif-

ference equations will be I• 1 < 1 (for example, for the Dirichlet

problem, we can use the principle of the maximum to do this). This

imposes definite limitations upon the coefficients of Eqs. (4.1),

(4.2).

Let us examine some concrete cases: N1 - N2 - 10,000, y - 2, a

superrelaxation iteration process is used, ak a 1, bk 0 0, (k - 1,

2, ... , n),

S I - -

gUO. A A3,jO, MISl'. r7cous- nziLu) I Plz--wA/ [$;,

then we obtain from (4.10)

56 [36 24.

"4 3Tm .53 33

In practice, evidently, we most frequently encounter problems in

which the boundary function f j H(P, A, X.), where P + X < 2. For the

Diriohlet problem, with the Laplace equation, the best estimates are

contained in (6, 7]. In particular, it is shown in [6] that the error

is 0(h1' 0 ) for the simplest approximation to the Laplace operator,,

with p + X < 2. It follows from (9] that asymptotically (h- 0);. the

order of these estimates cannot be Improved. It has been shown in

(15] that If a discontinuity of the boundary function occurs at a ýmh

-23 -
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point, the error will be 0(1. . a.. processes

from the point of view of the number of iterations and simplicity of

the apparatus needed for the calculation scheme is the superrelaxa-

tion iteration process. It follows from what we have said that when

IMI < 1, for a specialized digital computer of the types discussed in

(14, 16], the relationship between yopt and N will be (N2 - 0, since

these computers use a schematic program)

In this case, it is assumed that the algorithm, given in (3] is used

for the Poisson equation.

If no provision for rounding is made in the computer, then the

mathematical expectation for the err-or ' aue to a-scaxdiTF e uT he

right-hand digits will satisfy Eq. (4.5). If we derive the estimate

in a manner similar to that used for e", we obtain for such a compu-

ter

•.,,-£ , - \,1(Ni+3 -"I

In conclusion, we wish to thank Ye.A. Volkov for his helpful comments

and advice.

Submitted 29 November 1958
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4 Inequality (1.4) also follows at once from the familiar
Banach convergence theorem for the method of successive
approximations, if A is regarded as an operator that
transforms the space Rn into itself. In the case of a
space %n, DAII = 1, but within this space the condition
hIAiI < 1 is sufficient but not necessary for convergence
of the successive approximations.

5 M1 and H2 are the drift operators for the function
boundary values according to Mikeladze [10], where one
or two neighboring points, respectively, are missing at
the boundary point. In this notation, however, there is
a possibility that the boundary values will drift not
only along the lines forming the grid region, but also
along lines parallel to the bisectrices of the coordinate
angles (for IPi = jqi = 1). They are essentially non-
symmetrical difference approximations of the Laplacian
differgntial operator and have a local error of the order
of l(h31) under certain conditions.

7 In Lemmas 1 and 2, the angles at which r,,j < 2h are re-
garded as boundaries. Such "expansion" of the boundary-
point zone is carried out because the following premise
can be demonstrated: If the boundary of a region is a
closed Lyapunov curve, then there exists an h 0 > 0 such
that for any hS h0 at any mesh point where r., 3 < 2h M1
or M2 may be written in at least one notation so that
6t+p, J+q .• 2.5 for M1 and 6 i+p, J+q ý 2.5 Z 6 i+, +s 0 for
N.. The proofs of Lemnas 1 and 2 do not rely on this
asumption and if more rigid requirements are imposed on
the boundary of the region and the boundary belt is
"narrowed" to ri < h, then 6 < 1 Ž 6, which improves the
evaluations (1.11) and (1.12).
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