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CALCULATION OF NOB-STATIONARY TENPERATURE PIELDS OF &
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quantity of heat

coeffiotent of thermal ecadwetivity
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specifie density

Pourier mumber

Mot muber

Intices
1 == layer
k o= time interval
The straetare of aa aireraft is f1ight st Migh spocd wndergess
ssrodysenie heating. The problem of determiaing the tempereture fislde withis
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the structure 1s of isportant significanee. Its sclutiom by eppreximetien
sethods has grest advantages is engineering calculatioms., Nere ome may refer %o
the work of G. C. Blensvskpva, A, P. Vanichev [1] and P.P.Tuebkov[2].

With the high surface tewperatures and the relatively small valuwes of the
heat exissiocn cocefficient which ocour duriag flights at high altitudes and high
Naoch numbers, the heat rediatica plays a significent role and should not be
meglected [3].

In the presest paper the mon~staticnsry temperature fiedds ia the structure
of an aireraft sre examined taking imto considerstiem the heat radistics sad &
convenient method for prestiocal calculations is given. The prellesm reduses to tde
approximate sclution of the heat conductics equatica B

03¢ ‘-
a(—-—-r—a')‘; ' 61,)" )

with boundary conditions

- (%>.= a(tyy — 1) = Cati | ()

and iaitial conditioms
t st (x,7,8,0) (3)
The adiadatic wall temperature in equation (2) 1s determined froe the

formilas t,. =t (140,18 M). i

15

In the course of the emtire period of the flight thies teapersture will vary
noa-lineerly with time. Noreover, during sca-steedy flight progrems the.eceffiseat
de-dn!tultnmmhao.plaMl«Mumu
susber, 1.e., the tine, the Reynelds msber, and so forth.

mnmwmm:mmmmumm o

In order te set wp the heat balense equstion, we divide the time of flight

FID-T1-62-1769/142 2




iato intervals AT . The strusture 1o alse divided Wy grids inte & series of
finite small parellelopipeds, the ceater peints of which are te de ealculated,
Lot us review the Masie sssusptiens,
1. DBetween twe caleulated points the tesperature is limearly dependent ca
tise

D (2N coust (ime], 2
‘Y(a“) coust (i==1], 2, 3).A (3)

Thus, it may Lo assumed that the amocunt of heat pessiag through any side of
a parallelopipsd during tise s proportional te the arithastie average of the
temperature gradients at the begianing sad end of the imcremsnt of time AT,

2, The increese i» the heat eccatent of a parallelopiped is proportiomal to
the inarease in tespersture at the cester point of thet element, |
3. The physisal ecmstants of the meterial are sssused indspendent of the

temperature, ‘ )

4. VWithin an interval of tise A7, the sdisbatie wall tespersture t., , the
heat enission coefficieat X , and the surface temperature to are lisear fusctitns
of the time,

The initisl imstamt is teken as the end of & previcus increment of time. Por
simplicity in the begimming we are developiag & ede-dimsniies bheat balence equetien,
Lot us ccnsider the layer om the surfece of the structure toushed bty supersonis
flow, | ' |

As a consequenss of the last assusptiocs, the edisdetie wall tempersture, the
coeffictent of beet eniselen , and the teapersture oa the surfece Sering scme
iaterval AT are expresssd iy the formlees

.- "+ _i';.';;.:Lg, | )

low ™ buu, + .'L'.‘_*i.:-i':!. <, (3}
" foa-1 "% @
o == by o+ —————*. ‘ )

At

By Newica's rule Whe smeunt of hest passing frem the beundery leger of flew

FID-TT- 62-1769/142 3



-~ -

to the structare through area AP éduring AT %o

A

3Q.=f 8{s,, — 1t JAFds. C

.

Sebetituting equations (5), (6), and (7) into (8), after ismtegrating we odtain

2 -__;’\ | ——-'-D'—‘-/ tk_‘_._\~ —— SR
[ 30N [ 2 T

U S L U SN RCAVEN ‘
Ve e J Lo I\ Y TR ! ' Q) .

The hest loss by radiation from the external surface into spece during 4T will de

s
aQ, = — C:aF J s (10)

-

']

Substituting (7) into (10), after integrst ag we get
' .= ‘.: I3

1 t
AQ = —— c;;-._\.FT.’.'....___

-1
* w, X

(21')

By sn appropriate divisios of the time of flight, the imitial tesperataure ¢, 4
18 each interval will always be significantly larger than the difference bLetweea
the initisl and final temperatares ( to4,, - t,4 ). Therefore it 1s possible
to neglect terss comtaining ( to4,, = $q4 )" Where n) 2 and retain sstisfectory
aocuracy. After doing this equatica (11) simplifies and A Q3 depends lineerly ea

the sought-for ¢, ¢, !
AQ, = = Cad32F (s ato k1 — 1. 1). (12)

It 1s not difficult to see that the longer the intervals of time AT
the greater the insocurscy. The problem of evaluating the error will be -

exanined later,
Aceording to the first assusption, the amowst of heat passing through the

surface of one layer into another is & solid during time AT 1o

N S Ny )
- . (13
Ax Ax

AQ, = ——;-}.A-.AF {



For the surfsce layer we have

¢ =t ', -t 7
AQJ:-—-‘;}.A:.\F[ e S (14

3z ' s J

The inoresss ia the heat contained in the volume being saleulated equals

3Q=LcnxdFu, =1, (13)

On the surface in contaot with the supersonis flow the heat balance equatiom
for the element A xAY becomes

AQ =20, T3Q.+2Qu (16)

Substituting (9), (11), snd (14) 4nto (16) and rearrangeing, we obtaia

(I 42H, +F +4K)t, .., —F1 o =Fh 2t

~(1—2H —F, %2Rt ,~2(H¢t _ —Hu, O (17)
where ‘- ’
Fu=-§—:"—;-, . (18)
/ a‘ 1‘._ . )AJ
\". el
H,=BiF, Bij=-—>*—2", (14)
(l’—- -,—-’—‘ T ax
H.=BiF, Bi=—3 2= (20)
: ’ Cpie .-:
Rt

When the point ealculated is located within a homogenscus solid struoture,
the heat balanoe equation takes the following form



Q" =3Q,+3Q., (22)

. 1ATAF : .
AQI = = "’Ax (t;,t - ’;—1,. + tl,‘-l - tl—l.l'l)' (23)
L 13-3F .
A("-"*‘—T,‘;“(‘/t"’tnv:+’J.bx—“ﬂ.n.x)v (23)
AQ = P AXAF(L, 4y — 4, 4)- (23)

Substitating (23), (24), and (25) into (22) and rearrenging we get the heat
balance equsticn

- Fu’:-:.‘ : ~20-+F)¢ .., — Fu’:-x,hz""
=Ft _, . =20—=F)t ,+Ft, |, (20)

<l W

The problem reduces to the solution of a system of linear algeursie equations
comprised of equations (17) and (26):

Gty ke T8yt ke =b
Auly g+ 850 4o 020w =b, I
Gy ) p T Oyl wF At e =0, l} (27)
(LY PR Y- R Ty Fa
We write thip rysten in matrix form 23)
Al =2D). (
In expressicn (28), the matrix of coefficients is tri-diagonals
T a,000 ... 00—~ 7
a.,a,80 ... 00— (29)
A=! 0 a,08,0;...0—=0—
0000 ... Gy B

therefore the system is sasily solved,
In the case of three-dimensional Wnﬁm f1elds, we have in place of (17)

the following heat balence equation (figure ls) for ﬂn surfece leyer
6



20 +2H, 4+ F - F .-~ Foa 4Rty 4.y = 2F ity 4oy —
—Futs sy —Fot z.~ :—’F sliior — Fools 4y ™=
jU---’R-—- 24, —F,, - F,—F.)t,

"'-men"'Fo:l:.r’."
—F,t, ., —F. t‘.,‘-,-FJtJ.,-—‘i (H: T Hte, ) (30)
al: JAT rle
where F01=;-Fu.-=:}—;'Fu.-':;-

In the case where the point cslenlated is located within s homogenescus solid,
the heat balance equation may be written in the form(figure 1b)s

OU "'Fm".“Fo";'

w) b nes —Fotay —Futs Y B
—Foty s =Foty sy —Fols i = Fulo sy =
1("‘F ~Fea—=F) ¢ v+ Folt, a1 000+
+Fo:(tJ,k—:'tt.k)—;'F‘u“'n.t':’ G.k)~

At the aame time the problem resolves into the solution of the systes of

1inesr slgebraic equations (30) end (7).

The number of equations 1s equal to the
masber of poiats calculated,

e
4 d
?004 I ”~ l;’/. o~ ’) :;
/—0 L ’;I/’___
d l’/(.” -
2y i - A
T A '
’I )
- P
L4 ’ )
: »
-_s_'../’

Figure 1. Sketch of the division of the structure into parallelpiped elements,
a) for the surface of the structure, b) within the ltructurc.
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The equaticns in finite differemces oconsidered $n our work have six poist
syzmetry[L] , consequently, 1t 1s possible, in gemersl, to selest the intervals of
time A7 for equal increments Ax; to be significently lerger thas ia the method
of A, P. Vanichev,thus the expenditure of time ia calomlations will de less,
Calculation of a numerical example shows that the results by the preseat msthod
agres well with the results by the method of A.P, Vanichev (figure 3). In the
example examined the maximus permissible segnitude of time wes 47 = 2,56 seccnds
for the method mentiocned, but with use of ocur method the sems reeult was cdtained
by choosing the calculated interval of time to be AT = 45 seconds. |

2, DETERNINATION @F EEROR

¥e will determine precisely the error shich originates from meglecting
terns with (to4,, =to4 ) (2 2) in formla (11). IF these terme are

retained than the heat balanos equation for the surface layer bscomess

Hae

t\J.k-X —t&',l’:Q(Hl‘dk‘.T ":"l)—
- Q(Hxlo. T H'.»’o,h;) "Fu'[(tu.n‘:“l.._.— ;) - (tx,n"T ’:.n-x)] -

2 Cpas '3, k+l—'3.l . (32)
S X L -t
We assuse that
Lai—La=nl . (33)

After sudbstituting (33) into (32) and resrrenging se obtaims

1 0 3,02, 1 .
-gn‘-';-ll:—rﬂu —‘-'—2'R—(X“—1R—2H.+ Fo)ll:

1 , 1 ey e ey
= (Mo~ Hto, ) — i - H. R Fo)
0, & . ] !
. . F ) :
- TM‘:.(‘x.AT‘th)- 34

nmummmmmm,nmmmmuw

(1+ 4R —-2H,+ F) "'-Te—(ﬂlt"" - H’t""t) -
o a

—2(H,+ Hy+ R+F)+ T (hatt > © (39)
Ok

The error is the difference betvesn the selutisms of equatiens (34) sad(39)s
8



L Y to.apr== (1t — n’) 2o s (35)

3. CALCULATED FXANPIE

After 90 seconds the aircraft acoelerates from M =2 ¢o § st an altitude
of 15,000m. The calculational model of the cross-sectica of the wing is shown
in figure 3. The sheathing, flange, and wall are steel, ¥ = 79500 kg/m,

A = 39 keal/hr.s, and C=0.11 keal/xg ®c.
The variation °I€c at.lbo heat emission écofﬂeiont with time 1s showmn ia figure 2.

~0

Wor—f - !

- N S
50 20 =0 200 250 Toon

NN

Figure 2, Variation of the heat emission coefficient with
time of flight.
The graphs of the temperature distributions in the cross section at wvarious

instants of flight are shown in figure 3.

L £~08 ’
~—— &0 1 i e ¢s0 ¢ By the Vanichev method
o ¢
= ’ ]
|2 ! o
e e g
L]
3 e
§
51 )
. -
é
o !
b,
| - o s

Figure 3. Temperature distribution in the cross-section.



The variation in teaperature on the surface during the oocurse of the flight
1s shown in figure 4.

In figures 3 and { the dashed lines cerrespond to caloulations with s sere |
value for the degree of blackness, £ = 0,

In figure 5 the sise of the errors corresponding to various valuves of
the inorement of time AT are given. Froa parsgraph 2, itis ovﬁo'ut that the
errors are connected with the nitial tompersture distribution. If we use 7’=0
for the initial time (1.e. at the beginning of the acceleration ) then we obtain
the s011é curve, but if T = 90 esconds is uned the dashed ocurve results,

<0 100 o <o @50 <sec

Figure 4. Variation of surface temperature with time of flight.

10



, CoNCLUSION
When acoounting for the heat radiation ia the determinatioa of the noa-
stationary tesperature fislds of the struoture during non-stesdy progrems of
flight the proposed method 1s ecavenient for eagineering caloulstioas,
The caloulated intervals of time may be chosen to be significantly grester
than in the method of A.P, Vanichev.

0

" » 1 o
9 20 45 60 »s PX 4

Figure 5. The error corresponding to various values of the incre-
ment of time AT,

APMRIDIX
Nethod of A.P. Vanichev asosunting fer rediation
The heat dalanse equation for ome-dimensiomal tesperature field is, for the

surface layers
1



Axcy da- ¥ Csdx

Qa3 Dale

- ' a
T Sx- .‘k . .LLC: “u ( )

In arder to determine ¢, Aoy » WO USE suacessive approximations. JInitially
we find ¢, , from equetion (a), this denoted by t‘gA,, « Then we replace tq 4
)]
in the radiation teres in formula (s) by the average temperature t_ua::_t.u_

we obtain t':,'*', » this 1» the second approximaticn of the tempersture.

Analogously, we continue caleulations untfl

{ry RCT 2 1)
Lokl = 25 ag).

The maximmm permissible sise of the izterval of time is determined by
the forsulas

.\'.,“. =

. (6)
C L
Axz AxCy + CiAx

12



BIBLIOGRAPHY

1. Vanichev, A.P., An approxisate method of scluticm of the problea of best
conduction vith varisble constants, Isv. AN SSSR, Ot4. Tech. Neuk, No 12, 16,
2. Yushkov,P.P., An approximate solution to the probdle» of acn-staticasry heet
conduction using the method of finite d&iffereaces, Trudy Inst. Emergetiki, AN, - ‘
DSk, Vyp. 6, 1958, | |
3. Kitcheaside, A.N., The effects of kinetic heating on aireraft structures,
IRAS, Pebruary, 1958, )
4. Saul®ev, V.K., The integration of equations of the paradolic type Ly the
grid method, Moskva, 1960,

13



RQUILIBRIUN EQUATIONS POR STATIC BENDING AND FRER VIBRATION
OF IMMEGULARLY SRAPED CANTILEVER PLATES
B.E. Sivehikow

Nethods for calculating bending in cantilever plates hawe been developed
rather rocontl!, sainly in eonnection with the prodles of the deforssticn of
short wings. “elutions of the known bdibarsonic bending equaticn for rectangular
cantilever plates of constamt thickness snd certain simple stresses have deen
obtained by the grid sethod and by the superpositiom method [5,9,13_] .
Calculations show that the integration of the diharmonic equation with sixzed
boundary conditionn is attended by inordinate mathematicsl diffieulties,
Significant progrees has been made thanks to the use of variatiocmal principles
which permit the creatien of sufficiently effective appraximstios thecries for
caleulations of cantilever plates [2, 8] and permit obtainiag numericsl resulte
by direct methods.

Por the goel of studying the motion of a plate under statie lad dyoanie
stresses, it appears the use of the Lagrange variatiocnal equation is most effective.
The representation of deflections in the cross-sections of the plate parallel
to the attached =zide by the sum of a power series lesds {0 a cne-dimensional
funotien. Variation of the latter gives a system of ordinary differential
equations and boundary conditions which approximstely describe the bending of the
plate. For a series of cases of practical ispartance the possibilities of the
system 1initing te low crder and of obatining scluticns for cantilever plates
with varicus planar contours was shown[4, 6, 7). However, this method is less
suitable for calculations on cantilever plates of irregular shape, i.¢. es vhem
the free and fastensd sides are not parsllel to one snotber,

In the present article the method described gemerslises ca the case of the
bending of cantilever plates with straight sides arbitrarily placed with
respect to obe ancther. The equilibrine equstios ef a cantilever plate with
static bending and free vibratien 1s derived by the variaticmal method. It is

14



assmuned that the plate 1s homogenecus and 1sotropie and that its deformatiea
follews Nook's law, It 45 also sssumed that the theory of bLendiag fer thia
rigid plates is s correct hypotbesis,
1. TRAXRSPORNATION OF THE EXERGY BQUATION

We are considering a tetragonsl plate of varisble thickness rigidly fastened
om one side. We refer to the plate bty s rectanguler system of ooordiutu,e ’
7 G (fig. 1). We set the origin of the cccrdinates in the fixzed side, the
plaze £ , 7 comforming with the center plane of the plate.

We use the non-essential condition that the sbape of the plate (regioa JU )
10 defined by straight lines. The equations for the longitudinal beundu'y
lines are &=, (7 ), and E =qlz), eand for the tranverse

| n=5-tg?o%=i-tg9.+l. a)

where 1 1s the length of the plate along the paxis.

Let us investigate the equilibrium equaticn snd boundary comditions fer
trenverss bending of the plate using the lagrasge variaticmal equetieas

U2 (I— A). (2)

15



As 1o well known[1], the potential emergy ef defersatiom of the plate i

9= f f D (i 2 [, 4 w?, 2w, o, +2(1 — p) ol ] didy, @)
1y

-

where 2/ 1s the deflection in the directiom of the § axis, u‘sa%(r.vﬁf), o
(g ,7) 1s the local cylindricsl rigidisy,
D =
(5 ,7) 1s the local thickness,
E, s are the no-wal modulus of elasticity snd tranverse coceffisient of
deformation,
the hugru'uon sxtends ever the whole regiocm N o The work of the exterml

stationary ferce is :
A= | [pG n)w-di-dn, )
]

where p(§ ,7) 1s the tranverse loading per unit ares,

Aligning s new system of coordinates x, y, s #0 that in this systea the
regicn JL has the shape of a trepesoid( regien Q im figure 1b) attached by
its bass of length b, Obviously the transfermatiem of coordinates may be
expressed

TS T ®

whereupcn it follews from relatdems(l) and (5) thet withis the limits of the
plane

b (M€ xLY(y), - '
o<y< 1, ‘

1 1 :
—— — {
2<x<2. ‘:

16 .



where x = b (y) and xwd (y) are the equaticns of the 1imes gao(’(l') and
;:qa(‘) ia the new systea of cocrdinates,

We perforn the substitutioa of varisbles by fersmla (5) ia the expressioas
for the potential energy (3) and the work dome by the extermal forces (4). If
we intredwoe the notatiom

A =L —the clongetica per wnit length,
Pzt e ¢ —~—— & taper paramster charscterising the spaeing of the
opposite sides (y= 0 and y=1).

1
J—~gx

u=tg".‘v—-"‘y

S =

6

and oconsider that the Jacodiss of the trensformation is

oC.® _ 1
a(x, y) s

(;'J)~ {(l +a’ysta?, —4(1+ at)ushh (w,, +isw ) w,, +

W
i
’Blv
—.
—
o

o LN
" o, a2 . ” l—u\ A - c 22,2
— 2 (P tp) SR, — 4 (u —5=)s i (2, + 255w, @, +Fs'e?) —
— 4usid (@, + 5@, @, T 0L} - dx-dy, @)
1 .l(” 1
A=b1f f p(x.y)w—dxdy. ‘ - (®)
o 5

e represent the deflestien funsticns as

WY, +x¥,+ Sy, 9
-

17



vhere ¥, = Y_ (y) 1s as unknown function satisfying the eonditions of the
rigid fastening at y=0,

Y (0)== Y. (0)=0. (10)

(Primes here and later denote differeatistion Yy J)
The functiom Y, expresses the trasverse deflestion ea axis y , the
function Y, represents the distribution of the elastie deflestiem angles of
the sections y = const relative to the y-axis, the remaining teras of the sum
characterise the deformatien of the shaps of the trasverse sectiens y= ecnst.
After substituting the sus (9) inte equations (7) and (8), we ebtain the
follewing .oxprouicn for the total potential energy femcties 7D -As

1 NN
st TNV WY o
n:-f},}.-.a{“ﬂw,,, RIS U R VLY NS o po
Ty Yo Y0 .,\u *:"——._.D'“l - "'*(’”“‘”)"x.- T
—-:-an," a A Yo V=2 (m— 1) (4 -_,), om-ne> Ya¥o—
—4m(m—1)2 A omonez YV ey Y.Y)--
N

~muim—1)n -1, my llv—bl EP..Y..U)'- an

v o
where
LY men-ry
‘,ru~n I ( D(X, )’) _I L_f,‘. “2)
o (1 —¢x)
"
b2
%
ax r=0,1,..,4 :
Pa. (x ._x___ ( » by »
PN m, n=0, 1,..., N). (13)
.-‘,) -

18



2. GENERAL EQUATIONS

The oondition for minimisatiea (2) for the funetion (11) requires functioas
Ty to satisfy the equatiea

/5“. '-;. "-'__ili!_" 3
j\or o) _:a}‘ : ny"e)_)dJ 0

(m==0, 1,..., N),

from whick after integratiom by parts, taking into account the boundary
conditions (10), we obtain the system of ordinary linear differential equationss

N
}:(l(] +u:)-.]-n, e nY,; - 2(1 ‘;'U:)U}-(;J" " - ..—m‘,

=! , » l.sian
-L'III(”I‘_"‘)(” -"P)’J m -2 W]'

_:—2( _")uk(a'lun n_n‘ll "w-n x) Y-—';(u """—T“ "2!?‘."’0."-.+

Y-

-:'(”‘ == n)-"’l.lh'l» }—l-”l”j.’.lu-n-.; }" 0“"!’” (I" - 1)'?1 L AN} J-:-
+mnm--41J, .. | Ym'f'—:-ﬂ(u i), -_J’;-
—2uiln(n— 15, , . a—mu(n - W, e Yo+

Smn(m—1)(n--1)VJ Y y=L . (=01 ... Ny (14

and the natural boundary conditions on the free side of the plate ym=sls

N
{4+, WY, 26+ u) i, , md, )Y+
i}

Tmm N @+wis, Y =0 (15)

2 “(l"' u° ) "u "w . nY’ r)(l + II') “;' (;Ju 7] u+ ”‘Jl.n n--l) Y::v_'-

L .
Lm(m =) p)i®S, Y 20+ ah un (S e
TS, 0 )Y+ (u _1_'._—2_}_\ So m-nt2lm=-n) S oyt
+mnty oy V=2 [m(m - V), T
-J-mn(m ~ Ny w4l ,,,l}v_,“) (16)

(” =0, l, vee AV).

13



The order of the system (14) and tbe nusber of boundary comditions (10), (15),
and (16) are equal to 4(¥-1).

In the geveral case equation (14) has variable cosfficients wuw and
(o0 (6) and (12)). If =@, = O and the conditiom is imposed that’

h..(x') B
J, . = | D(x, ) xdx=0, (a7
5.(.)

then the system divides into two independent systems desoriding the mutually

Jr, mem-r

independent symmetric and antisysmetric (relative to the y-axis) movesesats of
the plate.

As B> 00 the exact sclution of the system is also the exact sclutiom of the |
bibarmonio equation for the deflection of the plate. Ia the case of & finite
number N, the exact solutica of the systea of equations (14)-(16) enly
sppreximately desoribes the deflections of the plate. In particuler, the
boundary conditions on the longitudinsl edges of the plate are not sstisfied,

If the solutiom of {10) is found, then the componsats of the stress oi' -

'Ui‘-l' and the principal stresses g7 and0; w the surface of the plate are

determined by the well-knowa forsulas:

GAt, 6M, 6A;,
=R AT TR e e
i . ; T oy e
R R ) I CIry L (8)

vhere N , N mthobel\din(”"“"“‘ is the torsdonal momest.
M= D(w;=-px, )=
=__..2[m(m_1), X7 ¥ = 2uh (mx” s L s Yy 4
+ (1L paty x5ty
. M, =--D(w ~-pw )=
=—%2[m(m ~ DR, 2 e s sy Y
= FlrdsTiery (19)
N
M, =(1 — ) Dw, = (1—p) -ﬁ—}:li (mam=ls™! - ps ) Xy —

— us~ X"y

<0



If the unstressed plate makes free vibrations with amplitade 27, then
the asctiem of the inertial foroe is equivalent to the sctiom of a tranverse
stress inmtensity of pw\ﬁu, vhere £ is the density ot the material of the plste,
and 2 1s the angular frequency of oscillatica. The corresponding nﬂ of the
inertial foroe 1ss

A= f f i didy = ol J” (ke L dxdy.
¢ Yy

If the expansion (9) s considered, then after integration by x

N AL

Baick
.“.':bl\".P 2_\ )'mYﬂ .l nd)" (20)
'b“ mey R U
b, (v)
Jun= [ 7

1 - b

vien dx

b,y

Replacing the work A by A, in the expression for the total potential energy (1),
fros condition (2) we obtainm in place of the functions 5, in the first parts
of equation (14) the functicas:

N
c,=up N f, WY, n=01,..,N) @

m i)

Since the latter depend on the unknown functicas Y,,, then the systea of .
differential equations obtained will be homogemsocus. It is satisfied at specifie
values of the persmeter W which , like the functions Y¥,,, depends om the
locatica.

3. SINPLIFIED EQUATIONS
1at us assume that the deflection of fho plate may be epproximated with
sufficient accuracy by two terms of tho expansion (9), This um-
implies that the deformatiem of the contour of the ssction yeoonst is
peglijidly smallly eemparisca with the deflectien Y, and the dislocatien

21



during turning x¥;,. Sinoe am amalogous suppoeition is made in the basie theory
of rod deflection, it is always poseible to select such & sufficiently
"lengthy® plate that the descrided assumptien is justifiable,
We suppose alse that the thieckness of the plate , hmhy-h-hy vwhere
By s & charscteristic value of thickness, h=h,(y), Ksh, (x) - dimensionless |
functicne, and the y-axis is selected in such & manner that
bt )
limow b R T =0
Assuming that N=1 ia .q-uau (14)-(16) and integrating the systea (14)

taking inte asccount the boumdary cenditions (16) for the case .of static bending,

we obtain the simplified system of differential equations:

A=u)d, Y -2 -—w)yurd, Y =] -201+ wharst, Yo+

.

'I.;::"j‘, vY‘:i—‘ ‘-—2{1 - L) H}J;. “)';'l’ :

1
-4 (u — TLtEy Y'=-r rp“z.'y;
O R SRR e
\ - H

-l ':—”;):Jo.:yz'" S S PTG YD 08

20 myund,, =M DY — (a-'~7— '—%1'—>>.’(7=’Jo..- -

: o !
- 2::“11,: '.”-I_-, u) Yx'! = -1 p;dJ'
J
and the doundary conditioms

Y5(0) =Yg (0)=0,
Y, (0) ==Y, (0)=0, ' o
(18, oYy — 20k (2 oY+ 4y oY) )]y =0, (23) i
(Y +a®) o Yy — 2ub (3, — 1, ) ¥ ], =0. o

22



If we calculste the components of the vectors whieh are norssl to the
longitudinal sides b,(y) and bg(y) for N=1 by formulas (18) and (29) thea 3%
turns out that they differ from sero shez such components om the fru side,
paturally, should be absent, This is & result of the basic assumptiom of the
simplified theery wvhioh ignores the boundary conditiocas on tbo> lengitudisal
s1des, |

By putting ), = "A into equations (22) and (23) we obtain the relatioms
which were cbtained in reference [8]. 1In the particular case whea Yoty =05
u=0, mdp:O. Frea equations (22)-(23) for the plate with rigid tranverse
eross-sections (E=1), we find the bonding squations

L) u)——l’pd\, '

(23)
Vad) =Y, \0) = }‘, (=0

and the equation of limited twisting

(J,..Y)y 20 -t Y = ‘fp_dy (25)
where Y 0 =Y 0 =Y ()=0,
' . £ 5,0
o o=" o J hidx
>, 1
and . 5, (1

N

T e ——

fo= 0 T

LAY

hix'dx

with accuracy up to the oconstant factor ,—_/J;; confora respectively te the
noment of inertia ef the cross-section relstive to the x-exis and the

sectorial moment of inertia ef the seotien of plate. The predust is
X0
u ===-——————'“ - X =
20— o= ff Kix=GT,
L/

where Gis the modulus of elaasticity of the uuul type, T 1s the M

. rigldity of the tranverse cross-section ia twist.

The separation of the systems (22) amd (23) iate two mtually

23



independent grcups of equatiens (24)-(25) mathematically indicates the erigia
of the axis of rigidy coineldes with the y-exis. In this case oonditicm an
gives the locatica of the center ef rigity ef the shape.

Applying the simplified theory ef plates (N=1) in the probles of free vibratice
gives s system of homogenecus integrel equatiens t.!ooerluni the bending-tersiocnoal
vibrations. These equaticns may be obtained from equetions (22) and (23) by
replacing p, end p, bye,and o, .

From formla (21) we find

€= “:?Uly, —I1.Y,

c,=wp(fY,+S.Y)

In the case when 8 = u= J,=0 and the shaps of the tranveres cross-sectiom’
of the plate has two axes of symmetry, the bending and torsiomal vibtratiems are
matuslly indepsndent, and the system of equations btreaks down inte the
equations for bending vibrations

1
(o, oY)+ el f JY iy =u,
Y0 =Y, 0=Y(1)=0
and for torsional oscillstions taking sccount of the 1imited torsicoal
deformatien

(',0. :Yx.)""‘ 2(1 - !‘)J.‘.OY; T“‘:Pl; ff. Y;d; =0,
>

Y,(0)= Y] (0) =Y (1) =0, -

j-mbm!ﬂ-mﬂuﬂudﬁopﬁrﬂmﬂno.ﬁumﬂh
complex. In the general oase they ecutaia variable eoefficlents and, evem
vhen N=1, de mot submit to exact iategratien. Their selutica say de feund by
sumsrical methods, the poseibilitiss of whish increass with the use of high-espacity

FID-TT-62-1769/142 24



computers. By comparison with the numerical solutioa of the well-knowm oquuén
of bending in partisl derivative form, the soluticn given by tho cx'pudd 9)
is preferable., It is more easily sudjected to analysis sinee it oclearly
includes the "bar® deformations Yo and ¥, .

In a series of cases of practical importance for the caloculstion of statie
displacements and also the frequencies and foru of the free vibratioms the
simplified equations (N:xl) may be used, .

Por caloulations on simply shaped cantilever plates, for example, calculaticms
on plates with constant thickness baving the shaps of parsllelegrass, t.hoA
simplified equatiens integrate exsctly,

25
PTD-TT-62-1769/1+42



BIBLIOGRAPHY
1. Timoshenko, S.P., Flates and meabranes, Gestekhisdat,N.-L., 148,
2. Bisplingkhoff, R.L., Eshli, Kh., Khalfwen, R.L., dercelasticity, IL-i., 1958
3. Parkhomovskiy, Ys.M., Prolov, V.M., The influence of torsicnal restraiate em the
frequencies and forms of torsiomal oscillatiens of besms, Trudy TedGI im. N.B. Zhukobskewve
vyp. 733,1959.
4+ Vakhitov, N.B., Calculations of the stability of tapered wings of monmolithie
constructien, IVUZ, "Aviatsionnaya Tekhika®, Ne 1, 1958,
5S¢ Varvak, P.A., Development and ‘application of the grid methed ia calculstions for
plates, Ch. II, AN USSR, 1952,
6. Steim, M., Anderson, I1.E., and Eedgepeth,J.NM,, Deflections and stress analysis of
thin selid solid wings of arditrary plan fors with particular reference te delta
wings, N.A.C.A, Rept. 1134,
7. Bartom, V., Vibration of rectangular and skew plates, Joura, of Appl, Nech,,
June 1951,
8. Williams, N.1., A reviev of certain analysis methods fer svept-wing structures,
J.A, S8, Vol. 19, No. 9, Septemder, 1952,
9. BHoll, D.L., Cantilever plate with cencentrated edge load, Trans. ASKE, vel. 9,
1937.
10. RNash, W.A,, Washingtea, D.C., Several approximate analyses of the dendiag «f &
rectangular cantilever plate by uaifors mormsl pressure, Joura. of Appl. Mech,, Vol,
19, Ne. 1, 1952,

FTD-TT-62-1769/142 ' 26



DISTRIBUTION LIST

sl s TIUTLE DL Fr. Cepies MAJOR AIR COMMANDS Nr. Coples
AFSC
SCFDD 1
ASTIA 25
DI TRRTIND ITaE TOBTL .5
LDl CAnT I LI mBDP( ) 5
i AEDC ( AEY 1
APC1le3I0 : o e ]
L} (LRE} et a2 2
ASD (ASYIM 1
EAORIES. APGC (PGF) 1
LTYER fclallLl ESD (my) 2
3 HADC (RAY) 1
" & AFSWC (SWF) 1
iy 9 AFMTC (MTW)- 1
u 2 TDEWP 1
52 :
s :
LEBT 2
Pws 2
RiS4 1
LRVY ;
NAVS g
RANT
KIFEC 1

FTD-TT-62-1769/1+2 zl



