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ABSTRACT

Resonant frequency equations for right circular cylinders of any
dimensions were derived to aid in the design of microminiature ceramic’
pliesoelectric filters and transformers. The classical Rayleigh method
was modified to include a phantom work term that accounted for ener-

gles lost to vibrations in the coupled mode. The resulting equations
were ‘

mas men (@) (8 [t time]

e

Longitudinal mode (9'5‘-). + (%) [“"‘ ;: ;:w”)’b]. -l

where £ and 0 are the fundamental frequencies; G and H are frequency
congtants; L and D are length and diameter; and are Poisson's
ratios; and Ito is a Bessel function related to Poisson's ratio.

The equations derived were verified experimentally over a full
range of dimension ratios for BaTiO3 cylinders and for a small group
of steel cylinders.

1., INTRODUCTION

Exact equations for determining the resonant frequencies of cy-
lindrically shaped bodies are available in the literature for ideal
one-dimensionsl cases, i.e., for very thin disks and small diameter
rods (ref 1),

0 R
—_— 1
Thin disk fo -5 ~p—(i—'-—)- )
R = (1°u~)J1(Bo)/J°(R°)
1 L
-y . 2
Long Rod ao = 2L o (2)
‘o = l1deal radial resonant frequency for disk with sero thickness, kc
do = Ideal longitudinal resonant frequency for rod with sero diameter, kc
D = Diameter, in,
L - un‘th’ in.
R, = Radial modulus of elasticity, lb/in.®
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B, = longitudinal modulus of elasticicy, 1lb/in.?
Density, lb-sec®/in.+

Poisson's ratdio assnciating radial and tangential strains in the
radial plane, dimensionless

HRe

J n Bessel function

The tiny size of microminiature piezoelectric elements usually makes
the second dimension significant and the ideal handbook equations then
become inapplicable, Attompts reported in the literature to take into
account the effects of the second dimension are adequate only over a
narrow range of length-diameter ratios,

Lord Rayleigh (ref 2) applied the principle of conservation of ener-
gy to a long, thin isotropic cylinder to derive the resonant frequency
equation for the longitudinal mode. He accounted for the kinetic energy
in the radial mode during longitudinal resonance by assuming that
Poisson's ratio may be used to describe the radial deflections in terms
of the longitudinal. He noted that the inertia of the particles was dis-
regarded in making the assumption, but felt it would be adequate for very
small diameters. Inclusion of the radial energy in the equation for con-
servation of energy modified the ideal longitudinal frequency equation

to: '
a-a -.1. 2—_““‘
o\/ 1 2 ( 2L (3)

Mosley (ref 3) used Newton's laws and the theory of elasticity to
determine the effect of length on the radial vibrations of a thick disk.
However, to obtain a solution, simplifying assumptions were necessary
and limited the use of his equation

R u ﬁ__'
110
f-fo\/l's[m] “

to small length~diameter ratios.

In this report, the longitudinal and radial frequency equations are
derived for cylinders of any dimensions. Experimental results from
piezoelectric ceramic cylinders are then used to verify the equations.

2, THEORY
The modified Rayleigh procedure incorporates the following steps:
(1) Imagine that energy for radial vibrations is supplied by de-

forming the cylinder slowly with an external pressure acting radially.
Calculate the work done by this pressure.



(2) Find the energy lost to the thickness (longitudinal) mode
by defining a "phantom” work as that work which would have resulted
had the only existing force been a phantom force compressing the
cylinder length. The phantom force as interpreted in this definition
is the product of some constant Np and the net radial force.

(3) Specify the work available for radial vibrations by subtract-
ing the phantom work from the radial work., Assuming that the radial
motion of the particles will be sinusoidal when the pressure is suddenly
released, an expression for the radial resonant frequency as a function
of dimensions may be derived by equating the available radial work to
the maximum uncoupled kinetic energy.

(4) An expression for longitudinal resonant frequency as a func-
tion of dimensions is derived by equating the maximum kinetic energy
in the lengthwise plane and the difference between the work initially
supplied to the length and a phantom work acting radially. The phan~
tom force in this case is the product of the net longitudinal force
and some constant NL‘

The conditions imposed upon the derivation to follow are:

Right circular cylinder
Free, undamped vibration
Fundamental frequency
Homogeneous material
Planar isotropy

Linearly elastic material
Constant temperature

The resonant frequency equations of a right circular cylinder of
any length and diameter will now be derived using a simple spring-mass
analogy and the procedure outlined above. The equivalent spring con-
stants and ideal frequencies in the derivation are presented below for
the extreme cases of the cylinder, namely the thin disk and the long

rod.
2.1 Spring-Mass Analogy of a Long, Thin Rod for Free lengthwise
Vibration T
F. (L/2)
F , F L
- L =
——————— - S W) =)
! | ;
} L 6y ) oL ! F, E7D°
K S N (6)
—_—, L § 2L
3 F L
Q0w =
. ML | a=1 E—l-"=—]—"— -El‘=-}l (7)
K, | | o T oMM T2 T 1
1 8 !
b Lo

(ref 4, p 42)



= Maximum longitudinal deflection, in,
= Net longitudinal force, 1b
= Longitudinal spring constant, lb/in,

EF l"“ l."‘.q t‘o

= Effective lumped mass of cylinder in longitudinal vibration,
1b-sec® /in,

H = Longitudinal frequency constant, inrkc

2.2 Spring-Mass Analogy of a Thin Disk for Free Radial Vibration

F_(l-u_.)
R RO
= Zr T E, ®
R
c - Fn ) 2r L ER ©)
R 8 u'“aoj

K R E
! 1 R (o] R G
£ f o om o = w — ) == (10)
? KL A : o 27 lﬁ Y p(1 u%é? D

18
) R 1§
§p = Maximum radial deflection, in. (Ret 4, p 306)
KB = Radial spring constant, lb/in,

T
e |
-]
[ ]

Net radial force, 1b

[~]
]

Radial frequency constant, in,-kc

R Effective lumped mass of cylinder in radial vibration, lb-sec®/in.

Bffective values of E and pu are used for anisotropic materials.
For piezoelectrics, the effective values are those that would be ob-
tained experimentally with the sample fully polarized.

3. DERIVATION OF EQUATIONS

2 e A IR, S AT SEGRPRETIN P QRS A AOREX B oitis

Now that the equivalent spring systems and their properties are
defined, the generalized frequency equations may be derived in terms of
these systems, The radial mode will be attacked first.

e B

(1) Determine the work done-bp the cylinder by a tensile pressure

acting in the radial direction. A
F 2
1 1R
Win =3 FR 6“ =3 KR (11)
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(2) Calculate the phantom work lost to vibrations along the
length, The phantom force was defined as

F.=N_F ' Q12)

NR = Radial constant of the phantom force

Thus the phantom work is given by

(N F_)®
1 1 1 R "R
g =z Pl =3 K a3
(3) Find the resonant frequency for radial vibrations.
(a) Find the work available for radial vibrations
r° (N_ F)*
Aw=%l—(a—- "'Rx—"— (14)
R L
(b) Pind the maximum uncoupled kinetic energy. This is
found from
KE_ =3 mv? (15)
max 2 max
vmax = Maximum velocity of "R

where the maximum velocity is found by differentiating the uncoupled
spring displacement § = 6R cos (27ft) with respect to time and making
the result a maximum.

When this is done the maximum kinetic energy becomes
. 3
KE =3 ® (2rf)? (16)
max ~ 2 “:“R
(c) Equate the energies to find the frequency expression

AW = KEmax (17)

(18)

Introducing the spring properties (6, 9, 10) equation
(18) simplifies to
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c, LV :
('!(TD +<'—lb- = 1 (19)
where . (Ro)’ ‘n
G¥ m| — ) ———p— (20)
L p(1 u“)
N ° gE
R R
& - i . (1)
(1 "RD)IL

(4) An analysis similar to that performed for the radial mode
will show that the longitudinal frequency equation is of the form

K
l /-L
“"ﬁi’ (23)
L
NL = longitudinal constant of the phantom force.
Introducing the spring properties(e, 7, 9), the egquation
becomes
c, b\®
alY ("2
(“)4- L)'l (23)
where . ‘L
B = z; (24)
8 -
C'sM (28)
| 8 ‘R

It is apparent that the radial and longitudinal equations (19,23)
are incomplete mathematically in their present form in that they con-
tain undefined constants, N_ and N,. If left in this form the equa-
tions would be purely oxper?montnl, thus, it is necessary to break the
constants into the more familiar material properties. This may be ac-
complished by observing the behavior of coupled modes just before free
vibration occurs, and then comparing the behavior with that during

free vibration,

1 A radial force F_, develops a deflection in the longitudinal
direction due to Poisson coupling. The magnitude of the deflection
of each end of the cylinder is

€ L u.F
8. = X RL_R (26)

=
L 3 mD ER

10
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eL = Longitudinal strain
Hpr™ Poisson's ratio relating lengthwise and radial strains.
A longitudinal force that would produce the same deflection is:

. B, T p® E,
L" 2L (6)

Consequently the static relationship between the lengthwise and the
radial force is:

by D B
FL = [-n-x—:] FR (27)

whereas it was assumed at the beginning of the derivation that the dy-
namic relationship was:

FP = NRFR (12)

As a result, the phantom force will be expressed as:

Mpr By
FP {Yn En Fk Yp = numerical constant (2g)

Thus, using equation (21)

moy B 1% C® B
Ng' ’[YRL BL] ’Tls' ik (1-upg) (29)
R R R :
and
4 ® E
L
c,* l:m' (30)
1 7 Q Hpo) Bp

when tho arbitrary assumption that Y' = 2 is made. Verification will
be done experimentally.

11
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Ordinarily the quantities Ep and E, are unavailable in the literature.
However, their ratio is proportional to the frequency constants G and
H, which are easily obtained from literature or frequency measurements
on a long rod and thin disk. C,; should therefore be expressed in terms
of the frequency constants by using equations 20 and 24,

4. .  HR
RL o
€, = 7o - (32)
17 i) 07 (Thigg)
A similar analysis will show the longitudinal constant to be
Hoy G (lep )VR
AL L (33)

= ZHR
[o]

Defining these constants completely generalizes the freguency
equations 19 and 23 to functions of dimensions and material

4 HR b
O B I
| (%), +(%)n {u“aoﬂwkzlwm)w]a . .

4. VERIFICATION OF EQUATIONS

4.1 General Considerations

The equations were.verified experimentaliy by using piezo-
electric ceramic cylinders. Being pieszoelectric (ref 7, p. 80), means
the electrons and nuclei within the ceramic are directionally forced
by the act of polarization into geometrical positions that contain no
center of symmetry. Consequently, the ceramic assumes a motor or gen-
erator capability in that applying an electric field causes the body
to expand or contract according to the direction of the field, and con-
versely, physical distortions cause the body to develop an electric
charge.

Utilizing the motor ability, the body may be excited into
mechanical vibration by an alternating electric field. 1If the field
is applied at the natural resonant frequency of the body, minimum en-
ergy is required to induce maximum amplitude of vibration. The gener-
ator action of the piezoelectric being sensitive to the amplitude
of strain is electrically a minimum impedance at resonance. As a

12
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result, by noting which frequency induces a minimum impedance, the
natural resonant frequency of the buody is determined.

Although the piezoelectric cylinders are forced by an al-
ternating electric field, the natural resonance is identical with
that of the body in free vibration. This is true only as long as
there are no external mechanical or electrical loads on the device,

The experimental procedure was to form a long piezoelectric
ceramic cylinder, and then record the resonance each time part of the
length was ground away. However, nothing other than the strongest funda-
mental was recorded because of the confusion in distinguishing the funda-
mental of the weak coupled mode from harmonics and subharmonics.

The experimental results were used to show that the form of the
equationpis correct. The material constants were then obtained experi-
mentally from one sample and used to show that they are valid for other
samples of different dimensions but of the same material, Finally, data
were extracted from published literature and compared directly with the
form of the theoretical equations.

4.2 Experimental Iethbdl, Data, and Graphs

Three cylinders were made of a mixture of barium titanate and
4 percent lead titanate and were cut with an ultrasonic impact grinder
in the following initial dimensaions.

Sample D:::?ter Iiggf?
BT-1 0.137 0.307
BT-2 0.248 0.159
BT-3 0.147 0.359

The ends were silvered with air-drying silver paint, and then the sam-
ples were polarized longitudinally by immersing in silicone oil heated
to 120°C, applying 40 v/mil across the samples, and allowing the oil to
cool with voltage maintained. When the temperature of the oil bath
dropped to about 30°C, the voltage was turned off, and the specimens were
removed, washed, and allowed to cool to room temperature,

The samples were placed in a holder consisting of two leaf
springs having a very low mechanical resonant frequency. Electrical point
contact was made to the silvered surfaces of the sample under light pres-
sure near the center of the disk. Resonant frequency determinations were
made at room temperature with a Hewlett-Packard Type 606A signal generator
and a Boonton Electronics Type 91B RF voltmeter as illustrated in figure 1.
All resonant frequency readings were made instantly to avoid the problems
of poussible internal heating and frequency drift.

13
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PIEZOELECTRIC UNDER
TEST

sonaL L .

GENERATOR VOLTMETER

Figure 1(a) Apparatus employed for measuring the
resonant frequencies of plezoelectric cylinders.

VIBRATING PIEZOELECTRIC
CYLINDER

VERY WEAK LEAF
SPRING CONTACTS

SILVERED SURFACES

Figure 1{(b)} Leaf spring sample holder.
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The lowest frequency producing a major pip on the voltmeter
was recorded for each sample. The major pip indicates an impedance
change that, when related to the motor and generator action of the
piezoelectric, depicts the fundamental mechanical resonance,

The samples were then ground to new lengths, the ends re-

silvered, and the frequency measurements repeated. The resonances ob-
tained are shown in table I,

Table II lists the data extracted from a publication by
B. G. S8haw (ref 6) and processed into a form usable in the derived
equations, S8haw's experiments were conducted on thick barium titanate
disks of various diameters. His data were presented in graphical fomm
and consequently some error in extracting the data may be expected.

Table 111 extracted from reference (8) p 198, is Dennison
Bancroft's numerical solution to the complicated classical Pochhammer-
Chree solution of the isotropic coupled longitudinal mode. A compara-
tive table 1V is obtained from the longitudinal equation derived in
this report by reducing the equation to the isotropic form.

15



Table I. Effect of Length on Resonant Frequency

Fundamental
Length Resonant Frequency
(E.—f (ke)
Sample BT-1 (Diameter 0,137 in.)
0.307 2632.2
0.277 298
0.348 322.8
0.3230 362.8
0.201 397
: 0.181 436
& 0.161 491
0.143 543
0.128 880
0.088 682
0.0683 762
: 0.038 800
; Sample BT-2 (Dismeter 0.248 in,)
£ 0.159 390
! . 0.123 419
¥ 0.079 435
g 0.038 458
" Sample BT-3 (Diameter 0,147 in,)
? 0.389 226
4 0.323 251.3
: 0.306 263.5
3 0.364 . 304.8
0.237 337

Table 1I. Effect of Diameter on Resonant Frequency of Thick Barium
, Titanate Disks Beprocessed from Reference 6.

(W/D)*  (tp)? (1/D)® (2D)?
(kc=in,)? (kc-in,)?

v 1.00 8304 0.111 13440
0,640 8073 0.098 13710

0.445 10680 0.082 14040

0.326 11400 0.071 14840

0.250 11730 0.063 14330

' 0.197 12950 0.058 14520

: 0.160 132930 0.049 14310
i 0.132 13840 0.044 14100

16



Table IIl. Bancroft's isotropic longitudinal cross sectional frequency correc=
tion factor as a function of Poisson's ratio, HRL’ and the diameter to wave=
length ratio:

2
K_= (2—)° ;
n a,
D Poisson's ratio, u
0.1 0.15 0. 20 0.25 0. 30 0. 35 0. 40
0.00 1.000 1. 000 1. 000 1. 000 1. 000 1.000 1,000
0.05 0.99988 0.99972 0,99950 0.99922 0.99888 0.99848 0.99802
0.10 0.99950 0.99886 0.99798 0,99686 0.99549 0.99389 0.99206
0.15 0.99882 0.99736 0,99533 0.99277 0.98967 0.98609 0.98202
0.20 0.99780 0.99509 0.99138 0.98670 0.98117 0.97480 0.96772
0.25 0.99632 0.99184 0.98579 0.97830 0.96956 0.95975 0.94903
0.30 0.99421 0.98728 0.97810 0.96702 0.95435 0.94049 0.92571
0.35 0.99114 0.98085 0.96759 0.95203 0.93486 0.91660 0,89770
0.40 0.98651 0.97158 0.95310 0,93236 0.91031 0.88770 0.86503
0.45 0.97913 0.95778 (.93300 0,90668 0.88003 0.85372 0.82812
0.50 0.96621 0.93646 0.90503 0.87383 0.84372 0.81499 0.78780

Table IV. Cross-sectional frequency correction factor as computed from the
isotropic form of the longitudinal frequency equation derived in this report.

(KFRL) D.2 a 2
ot ey T &)
, \ .
D Poisson's ratio, "RL

T 0.1 0.15 0. 20 0.25 0. 30 0. 35 0. 40
0.00 1,000 1.000 1. 000 1,000 1. 000 1. 000 1. 000
0.05 0.99988 0.99973 0,99950 0.99916 0.9987! 0.99811 0.99733
0.10 0.99955 0.99894 0.99800 0.99666 0.99486 0.99246 0,98933
0.15 0.99889 0.99735 0.99500 0.99167 0.98715 0.98115 0.97334
0.20 0.99806 0.99576 0.99200 0.98667 0.97944 0.96984 0.95734
0.25 0.99722 0.99338 0,98750 0.97917 0.96875 0.95287 0.93335
0.30 0.99603 0.99046 0.98200 0,97001 0.95374 0.93214 0.90669
0.35 0.99445 0.98676 0.97500 0.95835 0.93575 0.90575 0.86670
0.40 0.99289 0.98305 0.96800 0.94668 0.91776 0.87936 0.82937
0.45 0.99101 0.97855 0,95950 0.93252 0,.89591 0.87731 0. 78406
0.50 0.98890 0.97353 0,95000 0.91667 0.87150 0.81150 0.73340

17
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4.3 Bources of Error

Basically the sources of error are in the measurement of di-
mensions and frequency, and the effects of sample~holder pressure. Be-
cause of the tolerances of the ultrasonic impact grinder, a 3~mil
variation in diameter occurred along the length of some cylinders. As
a result, this figure was chosen to be the tolerance for length grind-
ing. After recording the frequencies of sample BT-1l and observing the
results, however, the length tolerance was reduced to 1 mil, B8pecial
attention was given to maintaining the holder pressure as light as pos~-
sible on the sample, especially for long samples. Excess pressure could
result in obvious changes in resonant frequency.

No extreme attention was given.to the body temperature of the
sample other than making a rapid frequency measurement at room tempera-
ture to avoid any drift.

Obviously, precautions such as vecuum-deposited electrodes,
polished surfaces, and temperature boxes could have been instituted. It
was thought, however, that an accuracy of 85 kc was all that could be ex-

pected from the instrumentation; therefore precise sample preparation
was not warranted,

5. DISCUSSION

The radial and longitudinal frequencies predicted by equations 34
and 35 when plotted against length, for a constant diameter, take the
form shown in figure 2. The ordinate intercept of the curve for the
radisl mode is the ideal frequency f,, and the abscissa intercept is the
length value at which the quantity C;L/D becomes equal to unity. The
abscissa intercept of the curve for the longitudinal mode is the length
value at which the quantity CgD/L becomes equal to unity.

The trend of the theoretical equations in figure 2 was shown to be
correct by plotting the measurements made on sample BT-1 in figure 3,
The right-hand portion of the curve shows that as the length of the sample
was decreased, the resonance rose at an increasing rate. However, the
strength of the vibration indicated on the voltmeter (fig. 1) steadily de-
creased to a region of lengths where two equally strong resonance readings
were encountered. This was the transition region where the primary mode
was switching from the longitudinal to the radial. Beyond this region, as
the length was further decreased, only single strong resonances evolved,
and they approached the ideal fundamental frequency as a maximum for van-
ishing lengths.

‘The compatability of the theory with the data in figure 3 may be seen
readily by noting that the form of the theoretical equations is linear
when the squared terms (£D)% and (L/D)? or (oL)® and (D/L)? are used as

coordinate axes, and that the intercepts on the axes are related to the
constants of the material.

18



RESONANT FREQUENCY

to |

LONGITUDINAL THEORY (QL/H)2 +(Ce D/L)E =}
‘~
b~
~
~N
RADIAL THEORY (1D/G)2 +(C, L/D)% =)

D=CONSTANT

|

| —

CeD D/C,

LENGTH

Figure 2. Resonant frequency predicted by the modified Rayleigh
equations for a cylinder of constant diameter and varying length.
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RESONANT FREQUENCY, KILOCYCLES/SECOND
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RADIAL MODE

DECREASING DIAMETER
INDICATES LOSS IN
SIGNAL STRENGTH

/— TRANSITION OF MODES
\

/— LONGITUDINAL MODE

e CONSTANT DIAMETER =20.137 INCH

3

| 1 ] | | |

>

0 0.05 0.l 0.1 0.20 0.25 0.30

LENGTH, INCH

Figure 3. Changes in resonant frequency of sample BT-1 as the length
was ground away. The curve shows a similarity to the theoretical
curves given in figure 2.
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Consequently if the experimental measurements are in agreement with
the theory, the high frequencies of sampde BT-1 plotted on the axes (reso-~
nant frequency x diameter)? and (L/D)* should form a straight line. The
same argument applies to the low frequencies of sample BT-1; when these
data are plotted on the axes (resonant frequency x length)® and (D/L)?, a
straight line should also result. Figures 4 and 5 show that this is in-
deed the case. Assuming then that the theory is correct, the equations
may be fitted to the experimental data and the values of the constants
may be calculated from the intercepts

G = 111.3 in.-kc H = 82,2 in.-kc

Cl= 0,767 C2= 0.370

Comparatjve values of G and H are available in reference 1.
G = 111.7 in.=kc H = 82.7 in.~kc
No literature is available to provide direct comparison with the C
and C, constants. However, the components of the constants are readily
available:
uH=0,3 (ref 7)
Ro = 2,049 (refll)
Inserting these values into equations 32 and 33 yields
C

1

C

0.726

0.356

which are in good agreement with the values 0,757 and 0.37 obtained ex-
perimentally.

As further evidence that the constants C1 and Co are independent of
dimensions, the measurements obtained from samples BT-2 and BT-3 were
plotted in figures 6 and 7 together with the fitted equations obtained
from figures 4 and 5; the degree of the fit is sufficient to warrant the
conclusion that the constants are independent of dimensions.

In all experimental work reported herein, the cylinder length was
the dimension varied. In an effort to verify the theory for diameter
changes as well, the data presented by E. G. Shaw in reference 6 were
examined for conformance to the radial theory. These data were published
in graphical form so some error in extracting the data was expected; how-
ever, when they were plotted in figure 8, they followed the form of the
theoretical radial equation. The intercepts differed from those obtained
experimentally, and the conclusion is that a different barium titanate
formulation was used by Shaw.

21
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I'igure 4. 1lhigh frequency data obtained from sample BT-1 illustrates
the tendency of thig data to follow the linear requirements of the radial
cquation.  Fitting the radial equz"ltion to the data forces the ordinate
intercept to yield the constant G and the abscissa intercept the constant

(1/c))-.
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Figure 5. Low frequency data obtained from sample BT-1 illustrates
the tendency of these data to meet the lincar requirements of the
longitudinal theory,  1Witting the longitudinal equation to the data forces
the ordinate intercept to represent the constant H2 and the abscissa
intercept the constant (1/(32)3.
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Plot of data for the radial mode specimens prepared from

sample BT~2 (identical material to BT-1 but of a larger diameter) and
the curve determined from BT-1 specimens (1vigure 4). The compar-

ison
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shows that the constants G and C are representative of the material
and indcpendent of cylinder dimensions.
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Figure 7. Plot of data for the longitudinal mode specimens prepared from
sample B['-3 (identical material to BT-1, slightly larger diameter) and
the curve determined from BT-1 specimens (figure 5). The comparison
shows that the constants H and C, are representative of the material and
independent of the cylinder dimensions.
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Figure 8. Reworked data from ref 8 for multidiameter cylinders also
shows excellent conformity with the linear requirements of the radial
equation.
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Limited data were presented in reference 8, but they allowed a test
of the modified Rayleigh theory on isotropic steel cylinders. Using the
material properties given in the report, the constants Cz and H were cal-
culated, and the resulting longitudinal equation accurately predicted the
resonant frequencies obtained experimentallv .

However, in all fairness it should be mentioned that more extensive
data on the longitudinal vibration of steel rods was published in ref~
erence 9, page 148, which did not agree completely with the theory. 1In
that work the claimed values of material properties did not produce cor~
rect values of H and Cy, although the linear requirements were met. The
possibility that the steel was slightly anisotropic was recognized in
the report, and is accepted here as the reason for deviation from the
isocropic theory. Additional information was unavailable but necessary
in order to employ the anisotropic equation.

Dennison Bancroft's numerical solution of the claseical isotropic
Pochhammer-Chree equation of the coupled longitudinal mode is listed in
table 111, According to this data the linear requirements of the iso-
tropic longitudinal equation are contradicted. Table IV shows that only
a slight error exists in frequency prediction betwecn the two methods,
but this error will naturally be increaseg as the dimension ratio approaches
unity.

Figure 9 is a brief comparison of the two tables and the discrepancy
cannot be explained. It will only be noted that in the region of 1 = 0.33
the two tables are in closest agreement, that this is the region of both
the steel and piezoelectric ceramic data, that the equations decveloped in
this paper have the advantage of being able to handle some anisotropic
materials vibrating in either mode, and that all the experimental data pre-
sented in this report do appear to follow the linear requirements of the
theory.

6. CONCLUSION

The experiments performed to verify the equations

— ]
(Q)a + l‘)g e Bl =1 (34)
G (n h(l-um) G (1+uR9)‘P -
R T va 3
o a ., "E)d ML G 7 (1+pR9) L (35)
H L 2 HR -

showed that the trend of the equations is correct, the corstants are in
agreement with those in the literature for barium titanate and steel, the
equations are unrestricted by anisotropic effects of piezoelectrics, and
the equations are valid for any dimensions.
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Figure 9. Comparison of Bancroft's numerical solution of coupled longitudinal
vibrations with the isoiropie form of the longitudinal equation derived in this
report,
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These equations fill a void that has hindered the design of cylin-
drical microminiature ceramic transformers and filters. The derivations
themselves avoided the use of higher mathematics and tedious tensor
equations, Their simplicity opens the door to the derivation of addition-
al design equations that eliminate the need for the time-consuming process
of experimentallydetermining an empirical relation.

In the field of piezoelectrics, the most valuable form of the fre-
quency equations is:

(%)a + cl(%)f =1
<%)= + 02,@)2 =1

The constants C., Cz, G, and H should subsequently be listed in the 1lit-
erature for various materials, strengths of polarization, and tempera-
ture.
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Equation No.
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Grouping of radial material constants, dimensionless 32, 19
Grouping of longitudinal material constants, dimensionless 33, 23
Diameter, in. 1
Longitudinal modulus of elasticity, 1b/in.® 2
Radial modulus of elasticity, 1lb/in.? 1
Actual radial resonant frequency, kc 34
Ideal radial resonant frequency for disk with zero thick-

ness, kc
Net longitudinal force, 1lb 6
Net phantom force, lb 12
Net radial force, 1lb 9
Radial frequency constant, in.~kc 10
Longitudinal frequency constant, kc 7
Longitudinal spring constant, lb/in,
Radial spring constant, lb/in.
Maximum kinetic energy, in,.-1b 15
.length, in. 2
Effective lumped mass of cylinder in longitudinal vibration,

1b/sec®/in. 7
Effective lumped mass of cylinder in radial vibration,

1b/sec®/in. 10
Longitudinal constant of the phantom force, dimensionless 22
Radial constant of the phantom force, dimensionless 12, 30
Input work, in.-1lb 11
Phantom work, in,-1b 13
Work available for radial vibrations, in~lb 14
Actual longitudinal resonant frequency, kc 35
Ideal longitudinal resonant frequency for rod with zero

diameter, kc

Maximum longitudinal deflection, in.

Intermediate radial deflection, in, 15
Maximum radial deflection, in, 8
Density, lb-sec®/in.4 7, 10
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SYMBOL GLOSSARY (Cont'd)

Equation No.

‘L Longitudinal strain, dimensionless 26
Jl,Jo Bessel functions, ref, 5, p 494 1
png Poisson's ratio associating radial and tangential strains in
the radial plane, dimensionless 1
1 Isotropic Poisson's ratio, dimensionless 3, 4
Hpr, Poisson's ratio relating the radial strains to the longitudinal
strains, dimensionless 26
Ro Function defined in equation (1), dimensionless 1
t Time, sec 15
YR Numerical constant, dimensionless 28
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