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APPLICATION OF THE ASYMPTOTIC METHOD OF CERTAIN

PROBLEMS OF THE DYNAMICS OF VEHICLES

V. A. Yaroshevskiy

The present article generalizes and reduces to a
compact form the rule of the conservation of the
"adiabatic invariant."

As an example of applying the formulas obtained,
we will examine problems concerning orbital decay
of a satellite, the skip-glide motion of a glider,
and the oscillations of a vehicle about the center 0

of mass on a flight path with a variable velocity.

i. When investigating a number of questions concerning the dynam-

ics of vehicles, the problem reduces to finding a solution of a system

of equations in which the principal second-order equation describes a

rapid quasiperiodic motion, and the parameters of the system are var-

iable, slowly changing magnitudes whose change is described by a sys-

tem of second-order equations.

Let us examine the system of equations

dy+Pdy 0. (4
s ,, , y. ) 0 t, 2. (2)

dlT\ dl,
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Here e is the parameter of smallness, T - et is "slow" time,

F and sa are differentiable functions of both arguments.

At constant values of T and rj and when a - 0, the first equation

describes a rapid periodic motion.

To obtain the relationships characterizing the change of "ampli-

tude" values of the variable Z and the "mean" values of the variables

rip we will use in this work a method analogous to the method devel-

oped by Kumak [1, 2].

We will represent the unknown functions as functions of two var-

iables, "slow" time T and the phase of the periodic motion 9:

Y - A (r. T) + eh (,. 4p) + 0 (0). r ( r1,(,) + ar,i (v, qp) + 0(•s).

LT M'•oT + co () M + 0(0').dqt

To avoid the appearance of secular members, we will require that

the functions be periodic with respect to V. Then the order of small-

ness of the terms of the asymptotic expansion will be retained in-the

interval T -. i, i.e., t ( i/a [1].

Separating in all equations the terms of the zero and first order

of smallness, we derive

4•-MI + F r,, yi.. 01 + a L- +w + L( ri, y,)o +

+ + L. (c•, V,.. O)Y, + 2ww O" + (3)

+ , r1., yV . 0) ,r/ +0(s')-0.
I-- /

Here 6F/ýy' designates a partial derivative of the function F

with respect to the argument e dy/dt.
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Hereafter such partial derivatives of the function F will be

designated as aFo/ay, aFo/ýy' and aFo/ari, and the functions them-

selves F(T, ro 0 , Yo, 0) and si('r, rjo, Yo, co ayo/aq) as Fo and Sfo.

Integrating the expression in e in Eq. (4) with respect to 9

from 9 to 9 + 2,r and taking into account that ri is a function peri-

odic with respect to 9, we obtain

dri, --- -, , -o (5)
dv

where

Sio •-- ( T, ri., d, w p•

(naturally, when integrating here with respect to 9 the quantities

T and rj are considered parameters).

The term rJ (T, 9) is determined by the relation:

r 1 (,). p).=_- [si, - sio) dq, (6)
WO ..Lr)

where 4po(T) is some function which is nonessential when calculating

the zero terms of the asymtotic expansion.

The term yo is a solution of the "standard" equation

a"-. +,IrT,, 0o, 01 0. (7)

The value of 4oo is conveniently determined from the hypothesis

that yo(q) - yo(q + 2r).

The change in time of the amplitude values yo, which is of partic-

ular interest to us, cannot be determined from this equation, there-

fore we must attract the "condition of periodicity" of the function

Y3. [a..
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The equation (linear) for determining the function yi has the

following form (see Eq. (3)):

,+ -

[49ib+U.A +6 c.ft.+20)c tk (8)

Differentiating Eq. (7) in terms of q, we are easily convinced

that the term ýyo/4 satisfies Eq. (8) without the right part. Then,

multiplying Eq. (7) by y1 and (12) by ýyo/3q, subtracting the obtained

relations from one another, integrating in terms of T from p to

4 + 2r and taking into account that - we easily find the

first conditions needed for the periodicity of the function yi in

terms of T:.

qF- X

2(~. +'q OF .
Oo, - 2 dc, p , 0 Y

U~risJ Adp O

We will not examine the second condition of periodicity which en-

ables us to determine the correction w1 .

Taking into account that yo is a solution of Eq. (7), we find

that

2 Fdy , (10)
mm

where Ym is the amplitude value of the function yo indifferently, more

or less, corresponding to the vanishing of the derivative ýyo/ýq (the

plus sign is ascribed to the increasing portion of yo and the minus

sign to the decreasing portion of yo).
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0

It is evident that relation (10) is equivalent to the determina-

tion of the "instantaneous amplitude ym for values y and dy/dt by

means of "frozen" Eq. (a) (T - const, r- const, e - 0).

We will transform Eq. (9) to the following form:

7 C I (9, . )'d,;

" -, -i- A - 0.ao)

When integrating with respect to qp, the magnitudes T and rio must be

considered as parameters, therefore ýyo/ýq)d - dyo. Taking this into

account as well as relation (10), we will reduce Eq. (9) to the fol-

lowing form:

d 2F. dyI .dy. +

-°L-d- '" dy"+ rd -0

(The sign means that integration is performed for the complete per-

iod of the change Yo).

Integrating by parts and taking into account that rn, is a periodic

function determined by formula (6), and

!-'d -0.

we obtain

£ i dy. OCaF' dy0  , s des.
(2 S y

Having differe'ntiated the first term in Eq. (ii), we derive
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Substituting (12) and (13) into (ii), we obtain

+ F d +

l.iJdt ale +d +*1',. a. ) :
i• -o•/ dyle -1. dYleS• . II .

3 dye -. 0d

dt

Here dyo/dt(yo) is the solution of Eq. (i) with frozen values of rJo

and v when e - 0.

Since

----, 'l r- , dy- - dy
d &I

then the third integral in (i4) can be presented in the following form:

1dy e), -%I, d dyd

.y dgt
Vt (YO)

We will introduce the following designations for averageable

values:



O F' d_ dy

dy' * 
y, ),

S8 dye
I 0 , d." J d j- dy _

S/0 d S/6 (T. rf,, Y,,),

ýL.y dyo = D(T, r1., y.) -dt

is the "adiabatic invariant" [3].

Then the concluding result can be presented in the following form:

D+ 270 O - 0. (15)

The values of rjo are determined from Eq. (5)

dr,0  -
S= , (T. rD, J

Using these equations we can determine the change in time of the

amplitude of the zero term of the asymptotic expansion for y (i.e.,

ym) and also the change in time of the zero terms of the asymptotic

expansion (mean values) for ri (i.e., rid). The difference between

the exact solution and the zero terms of the asymptotic expansion in

the interval t -. i/e retains an order of smallness e.

The first two terms of Eq. (15) can be combined into a "unique

derivative" of the integral D in time, which is distinguished from the

real, complete derivative in that the values drjldt T-W-jo are re-

placed by the values s-3-o. If the right-hand parts of Eq. (2) were to

depend on y and dy/dt, then (when ýF/6y' - 0) we would obtain the

known rule of the conservation of the adiabatic invariant D - const

[3]. Equation (15) generalizes this rule.

The magnitude TFyo/ýy corresponds to the term 6Po/"y' averaged

-7-



over a period with a weight of (dyo/dt)2, the magnitudes Sc correspond

to the terms a J averaged over a period with a weight

a,, 1k a' , J

Zt is easy to a.. that in the important apecial case whore

F •r. y, a Al = F, FduL ,.r))F

the magnitude sic, like 6Fo/•y', is a magnitude averaged over a period

with a weight of (dyo/dt) 2 .

We note in conclusion that these results can easily be generalized

for the case where the term e dy/dt is replaced by the term ef(dy/dt).

2. Let us examine, as the first example, the problem of the

decay of an elliptical orbit of a satellite owing to a small aerody-

namic drag.

The initial system of equations is written in the following form

[4]:

+ (16)4dpl

d,) CAR. p(.).C/S+ •(d2

;- (±47)

where

is the magnitude which is the invariant on a Keplerian trajectory and

in this case slowly changes, R is the distance from the vehicle to

the center of the planet, Ro is the planet radius, go is the accelera-

tion of gravity at the planet surface, qp is the central angle, p is

the density of the atmosphere, Cx is the drag coefficient, S is the

-8-



characteristic area, m is the satellite mass. The meaning of the

designations can be cleared up from Fig. i. The perigean point cor-

responds to the value t --M

Let us apply the method cited in part i to this system (16), (±7).

Taking into account that

dt

we will find the value of the adiabatic invariant

D . Mt- TI)':

-a - -,I-

-9

I.

SI .I

\ •. ' *-

%•, - , ,

,--S - -n.•

-9--



(no is the zero term of the asymptotic expansion for n or the average

value for n during the circling time).

Equation (5) is written as

alp d9 1O

Here

t P 4 + I dt •IX
ij C, SR o j j dp/ d(jd)

%P b49)

CSR. '*4

-, •,(20)

where dtIdc are determined by formula (18).

Let us extract the explicit expressions for these derivativel in

two extreme cases.

a) Considering the eccentricity of the orbit as small (Rp - <

• p), approximating the dependence of density on height H - R - Ro

by the function p = Po exp(-XH), and introducing the concept of an

"average" radius of the orbit r = Ro, we will transform Eqs. (19) and

(20) to the following (dimensional) form:

dRp = -oC 1Sr -A (,-R.) {10 1% (r - R,)1 -- .(r-R,)]) X

Designating the parameter )(r - R)+ which in the indicated assump-

tion is proportional to the eccentricity: in terms of x, we derive the

known result (see, for example, [5])

-10-



dr I It (x)

where Io and Ii are Bespel's functions of the imaginary argument.

At large values of x, IolI0,1 i. Consequently, if the eccentric-

ity is comparatively large, the height of the perigee R decreases

slowly in comparison with the average radius of the orbit r (and the

height of the apogee R a), and the eccentricity rapidly decreases.

At small values of x, I0111 - 21x, x , exp xrJ2, the orbit

changes to a circular orbit, the average radius of the orbit and the

height of the perigee virtually coincide and they decrease with the

same velocity.

b) If the eccentricity of the original orbit is large, then the

main deceleration of the satellite occurs in the portion of the path

adjacent to the perigean point, wherein the role of this portion of

the path grows with an increase of X. The dependence of density on

height for a large range of altitudes, characteristic for an orbit

with a large eccentricity, can be approximated by the function
'i

where X is a slowly changing function X(eH). In the section R - R<<

<< Ri, which is of interest to us, we can consider that

S= pp -R-p)

(pp = p (R), • = • (R)).

Simplifying the expressions for derivatives (19) and (20) in

accord with the assumptions made, we obtain (again in a dimensional
form)



dr CASrpp

dqR
0 i '_X__ + 

_ +_ R .-- R,

dRpý RSP r

t - , J ,

X 1 + r 0 0l. Ro -- Rp "{,_ .o -J j o[•,_,R.'_, Rd X o R .R

A similar result is obtained by a different method in Ellyasberg's

study [6]. It follows from the reduced relations that

dRP N 7

i.e., we obtain an ordinary linear equation which is easily integrated.

For convenience we can combine the results obtained for small and

large eccentricities and write them in the following form:

ar C!Sr: d Csr-p(Rp) 1. (x) e-,. --p --r , (Rp) 11, (x) -- "1 (41l C-Z.
d•• In ay m

where x - X (,) r(r - Rp) (at large values of x Io (X) _ e

x
Io(x) - Ix(x) e . Since Xr has a order of 100-900, we

-Ir(2x )/2 )

can expect that the ranges of variability of the formulas overlap.

3. As the second example we will examine the motion of a flying

vehicle with a large positive quality (the so-called skip trajectory)

(7].

We will introduce the following assumptions:

/I << R,,, 10 1. p.oc-)2- C, - const.
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Then the equation of motion can be rewritten in the following

form:
it-W C oSV' V

d (V) C.'pSVl dH
ds In 2go ".

Here H - height, V - velocity, 0 -- the local angle of inclination

of the trajectory, a - a variable of the path, C. and Cy - coefficients

of drag and lift (see, for example, (7]).

Considering that the velocity changes negligibly during the os-

cillation period with respect to H and that Cy changes slowly, we will

apply formulas (5) and (15) to this system of equations.

We are easily satisfied that when calculating the averaged deriv-

atives dV2Ids and dV2 1ds, the term 2gdHJds does not have any effect;

it vanished on averaging. Therefore, this term is not taken into ac-

count when calculating the amplitude and mean value of the zero terms

of the asymptotic expansion for height and velocity respectively.

Then, if we eliminate the variable ds, we derive in plane (H, Y)

the following equation of motion:

dx' +

'• , ~CxS R/
where x - In y - -- V P.

We can apply to this equation the method cited in Kuzmak's study

[1], considering exp(2x)-i a slowly changing coefficient, which is

valid for large values of the quality and at velocities smaller than

circular velocity.

Without going into detailed .calculations, we can extract the final

formula which determines the dependence of the amplitude values of

-13-



height on the mean velocity:

Roge _ .t /s j

of quasistationary gliding

C, cRnVt~~V 2 , R .- I

The function h is determined by the formula

h () - u,,. -- z - In--dz.

where zi(u) and W2 (u) = u are the roots of the equation u - z +

+ In -E = 0.u
The graph of the function h(u) is shown in Fig. 2. When

7r
u h(u) (u - )2, when u >> I h(u) - 3

Hence it is clear that in "deep" skips (u >> i) when C = const,

the value of Pmax is practically constant (analogous to the case where

the height of the perigee is at first almost constant upon decay of an

elliptic orbit with a large eccentricity), which coincides with the

results obtained earlier [71K. As the velocity decreases h-+ 0, i.e.,

Pmax, -*' the trajectory becomes a trajectory of quasistationary

gliding. Here the minimal (amplitudinal) density Pmin is associated

with the maximal relation

,. ," P. p,- /

The instantaneous oscillation "peribd" with respect to the vel-

ocity is determined by the formula

-14 -



So Ndn~tion • (u) - -- u h'(u) i" shown in Fig. 2. Since

t the, nubr bf compiet4 oscillations of the Vehicle when C Yhi •t d666 not bkceed

xarcsin

8et Ven IV'"C . •C

fA,,

Fig. 2.

t. the last example we will examinh a rapid plane oscillatory

Wi6~t br a ballistic Vehicig in an ideali•'d medium with a constant

6 I hin the abbnoe of a iravitational field. ýori simplicity we

Wil gidlude fonm the examination the damping terms in the equation of

g d•illations of the vehicdle about the center of mass (although

th4l •8•bt be d6he in praetical calculations).

'he equations are written in the following fomn:

dta

dV
- 5-C, ) V.
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Here k3. - , k2 = , a is the angle of attack, m22 is a deriv-

ative of the aerodynamic moment coefficient, Cx is the coefficient of

drag, S and I are the characteristic surface and length, J is the mo-

-ment of inertia, m is mass of the vehicle.

If the coefficient Ox did not depend on a, the ohange in ampli-

tude of oscillations am would be determined by the asymptotic formula

S- 7.,v

or

%,.V = const. (21)

We will apply formulas (5) and (15) to the extracted equations.

Taking into account

D = -k, i1L;Vna',,

we obtain equations describing the changes of the zero terms of the

asymptotic expansion for velocity Vo and for the amplitude am

, =._ - ____"" _,__.__ - -•• (c,)

C, m-V d( •

kV.V €:,, - kV. -- k=CO,

Then the equation relating the amplitude to the mean velocity

takes the following form:
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2d Ina.+ din V. -O. (22)

If • ', we derive formula (21). We will approximate

the dependence Cx(a) by a function of the form:

C,=,a+bja~j" (a>0. b>o).

Then

Cr m.-+ -+ r

C,(,)=a + - M.

21' +-2-) +

Using these formulas, we can easily integrate Eq. (22) and ob-

tain the relation between Vo and am in an explicit form.

We will limit ourselves to a qualitative investigation of this

equation.

When m > 0

C, ((=,,I)
C, (+)

In the limiting case when a = 0 and m = we derive that this

relation approaches zero, i.e., am - const, in spite of the fact that

the velocity decreases monotonically and the relative change of veloc-

ity during the oscillation period with respect to a can be as small as

desired. The physical sense of the last result is that the fall-off

of velocity V mainly occurs only in the neighborhood of amplitude

a - am, and outside this neighborhood the velocity can be considered

as a virtually constant value. Therefore the motion "inside" each

FTD-TT-63-i64/i+2+4 -17-



half-period is conservative, and the frequency change Jumplike from

half-period to half-period.

An opposite "degenerate" case can be obtained if we assume that

0 >m > -i so that Cx(c . 0) -'=.

Then the relation under consideration is greater than unity,

i.e., in this case when m-. -1, the amplitude can increase proportion-

ally I/V (see [223). Both degenerate cases are illustrated in Fig. 3.

a. a

Fig. 3.
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