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APPLICATION OF THE ASYMPTOTIC METHOD OF CERTAIN
PROBLEMS OF THE DYNAMICS OF VEHICLES

V. A. Yaroshevskiy

The present article generalizes and reduces to a
compact form the rule of the conservation of the
"adiabatic invariant."

As an example of applying the formulas obtained,
we will examine problems concerning orbital decay
of a satellite, the skip-glide motion of a glider,
and the oscillations of a vehicle about the center °
of mass on a flight path with a varlable velocity.

1. When investigating a number of questions concerning the dAynam-
ics of vehicles, the problem reduces to finding a solution of a system
of equations in which the principal second-order equation describes a
rapld quasiperiodic motion, and the parameters of the system are var-
lable, slowly changling magnitudes whose change 1s described by a sys-
tem of second-order equations.

Let us examine the system of equations

diy du |

- EF"'F(" e b ‘m) 0 (1)
ar, dy
dtl'_esz(f, Tiv Y, 'J!l’-) =0 st 2...n (2)
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Here ¢ 1s the parameter of smallness, T = et is "slow" time,
F and 8, are differentiable functions of both arguments.

At constant values of 7 and rJ and when ¢ = O, the first equation
describes a rapid periodic motion.

'To obtain the relationships characterizing the change of "ampli-
tude" values of the variable y and the "mean" values of the variables
ry, we will use in this work a method analogous to the method devel-
oped by Kuzmak [1, 2].

We will represent the unknown functions as functions of two var-

iables, "slow" time v and the phase of the periodic motion ¢:

U= Ye(® @)+ (v @)+ 0N, ri=ria(n) + erals, 9) + O(s¥),

o = @0(x) + e, (1) + O (e,

To avold the appearance of secular members, we will require that
the functions be periodic with respect to 9. Then the order of small-
ness of the terms of the asymptoiic expansion will be retained in-the
interval Tt ~ 1, 1.e., t ~ 1/ [1].

Separating in all equations the terms of the zero and first order

of smallness, we derive

$ d)aq, R 0‘0
H ”‘+F(f.r,..y..01+e{;'az 2w, ng‘*}‘—(-'lo:yo-o)"’o

Lo
i o9

0".
o (3)

+ }_, -—l-(t. i Yoo O)r,‘} + 0(s?) = 0.
{=1

+u T +% - % i g Ot + 2ugm, 222

Here JF/dy’ designates a partial derivative of the function F
with respect to the argument e dy/dt. .
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ory dryy
e {“’of‘; o+ —

o —s; (T. s Yos 00%’5’)} +°(5.)." 0 (4)

Hereafter such partial derivatives of the function F will be
designated as dFo/dy, dFo/dy’ and aFo/er, and the functions them-
selves F(T, Tyor Yoo 0) and si(-r, Tyos Yos Wo dyo/d¢) as Fo and 840"

Integrating the expression in e in Eq. (4) with respect to ¢
from ¢ to ¢ + 27 and taking into account that Ty, 1s a function peri-

odic with respect to ¢, we obtain

Do o, (5)
dtc

where

94-1%

S si (r. Tier Yor ©p Z—y‘) do
P o

et
(naturally, when integrating here with respect to ¢ the quantities
t and ry are considered parameters).
The term rjl('r, @) 1s determined by the relation:
ra (%, q>)=wio '\’ [sis — Sisl d@, (6)
WolT)

where @o(t) 18 some function which is nonessential when calculating
the zero terms of the asymtotic expansion.

The term yo 18 a solution of the "standard" equation

0H(0) 5+ FI5, 1 g, 01 0. (7)

The value of wo 18 convenlently determined from the hypothesis

that yo(9) = yo(o + 27).
The change in time of the amplitude values yo, which 18 of partic-

ular interest to us, cannot be determined from this equation, there-
fore we must attract the "condition of perlodicity" of the function
ya [1]. '

FTD-TT-63-164/1+2+4 -3



i3

The equation (linear) for determining the function y; has the
following form (see Eq. (3)):

ANy oF,
“’0(7) ‘7‘9: + = ”'y,- (8)
dwed oy, QU d or
- — [l 20 a;ﬂg‘-+ %o '+2w.w.;§:-+2; arin)

Differentiating Eq. (7) in terms of ¢, we are easily convinced
that the term dyo/d¢ satisfies Eq. (8) without the right part. Then,
multiplying Eq. (7) by y1 and (12) by dyo/d9, subtracting the obtained
relations from one another, integrating in tems of ¢ from ¢ to
¢ + 2r and taking into account that T‘W' 20 4o = 0, we easily find the
first conditions needed for the periodicity of the function ¥y1 in

terms of o:.

3R

S{dn.. e + 20, b dFﬂ .ﬂ"..;. )
) ot ' of dp

(9)

JdF, ‘M
4+ W : —ri S dep
,%“ “ J ay 47 =

We will not examine the second condition of periodicity which en-
ables us to determine the correction w,.

Taking into account that yo is a solution of Eq. (7), we find
that

© e =+—1‘ ___2”.’,‘ d i/s .
N ”§' odye)] (10)
where Ym is the amplitude value of the function yo indifferently, more
or less, corresponding to the vanishing of the derivative dyo/d¢ (the
plus sign 18 ascribed to the increasing portion of yo and the minus

sign to the decreasing portion of yo).

ke



It is evident that relation (10) is equivalent to the determina-
tion of the "instantaneous amplitude ¥y for values y and dy/dt 'by
means of "frozen" Eq. (1) (7 = const, ry = const, e = O).

We will transform Eq. (9) to the following form:

it e \ °§"“  OFo ( dye \? .
) o (Se) o]+ { g (S ) ae
n otan
‘i"Z .\ Z,F;%;!' [|d =0,

When integrating with respect to ¢, the magnitudes T and r,jo must be
considered as parameters, therefore dyo/d¢de = dyo. Taking this into
account as well as relation (10), we will reduce Eq. (9) to the fol-

lowing form:

w§ (-2 [ ran) s
¥m

. . (11)
+<§)"’°( 2 SF,dyo) dy.,+2§-v—fndy.'-°

/=1

(The sign & means that integration is performed for the complete per-
iod of the change yo).

Integrating by parts and taking into account that rh is a periodic
function determined by formula (6), and |

& L) dyy =

we obtain

(S) %t-;!-fll dy, - (S’ (_ 'S' '%'fTo l/o> (_——"g;';“.j.dyo-
-2 ‘F.dy.

ym

(12)

Having differentiated the first term in Eq. (11), we derive



W  B-{Ee)n
2‘?‘5’( 2 5”“‘/') dypp= L tm i —dyy 4
(-.-a mo.) :
Yo .
2 i oo v ) (13)
+ l@(-—z SF.dy.) dy.].
1 jomcenst im .
Substituting (12) and (13) into (11), we obtain
L I jowcorist {)—_(l/“) K +(§ ‘;F' L (ve)dye +
( f'*dvo) sdpe - (1%)
e = 0.
2 (ye) .

Here dyo/dt(yo) 1s the solution of Eq. (1) with frozen values of Tyo
and 7 when £ = O.

Since

OFa 1 9 rdll s d Fy
"—'lly T2 —— —— ° - Yo dy.
S o, ° 2 or, L dt (yo)J "‘—"‘“ —I [——],

then the third integral in (14%) can be presented in the following form:

- Ko oF, )
2 (___ 5 o dy.) S50 490
4)/“1 Vm I §) - dll. d
. d./u Ly 2 [ ] i e
P

We will introduce the following designatlons for averageable

[ ]
values:

-6-
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6[". dyo
F_Fo Ta

dy'. g)dyoa.

9 dya
= §0r, [ d ]'lod”" =

Sjo = = §,, (T, 7 »
/o & 3 [dy. P 10 (To 7100 Ym)
or; | "ar o

<§ 4s dyo=D(%, rje Ym)

dF,
= —(T, I . N
o (%0 7100 Ym)

is the "adlabatic invariant" [3].
Then the concluding result can be presented in the following form:

ér,r/o-ccmt +Z?hs/‘+DaF.’ . (15)

The values of Ty, are determined from Eq. (5)

L]

drlﬂ
dc

== Sig (To Fiar Ym)-

Using these equations we can determine the change in time of the
amplitude of the zero ter@ of the asymptotlic expansion for y (1.e.,
ym) and also the change in time of the zero terms of'the asymptotic
expansion (mean values) for ry (1.e., rio)' The difference between
the exact solution and the zero terms of the asymptotic expansion in
the interval t ~ 1/e retains an order of smallness e.

The first two terms of Eq. (15) can be combined into a "unique
derivative" of the integral D in time, which 1is distinguished from the
real, complete derivative 1n that the values erO/dt a“E}o are re-
placed by the values 53:. If the right-hand parts of Eq. (2) were to
depend on y and dy/dt, then (when 3F/dy’ = 0) we would obtain the
known rule of the conservation of the adlabatic invarlant D = const
[3]. Equation (15) generalizes this rule.

The magnitude 35375;7 corresponds to the term BFo/by' averaged

~7-
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over a period with a weight of (dyo/dt)2, the magnitudes 30 correspond

to the terms ’Jo averaged over a period with a weight

D_[( 4wy
-W/[(dl)]'
It is easy to see that in the important special case where

F('r. Ty, e %’-)=Fn (f- yoe %) Fa(nr)

the magnitude E?:, like 35373;7, is a magnitude averaged over a period
with a weight of (dyo/dt)2.

We note in conclusion that these results can easily be generalized
for the case where the term ¢ dy/dt is replaced by the term ef(dy/dt).
2. ILet us examine, as the first example, the problem of the
decay of an elliptical orbit of a satellite owing to a small aerody-

namic drag.
The initial system of equations is written in the following form

[4):

L I 16
d‘p.'{"ﬁ—’l- ( )
oSSR p® ST IEY

dg ' m al/+(§dfp)' - (17)
where
- Ro 3°R:
§= -, T]:.—.
R do \
' (m.m)

1s the magnitude which i1s the invarliant on a Keplerian trajectory and
in this case slowly changes, R 1s the distance from the vehlcle to

the center of the planet, Ro is the planet radius, go is the accelera-
tion of gravity at the planet surface, ¢« 18 the central angle, p is
the density of the atmosphere, Cx is the drag coefficient, S is the

-8~



characteristic area, m is the satellite mass. The meaning of the

designations can be cleared up from Fig. 1. The perigean point cor-

responds to the value ep = R
Let us apply the method cited in part 1 to this system (16), (17).

Taking into account that

@ 0= VGG (18)
we will find the value of the adiabatic invariant

g e — o)
D g).d‘pd. n .

Fig. 1.

Equation (15) has the following form here:

LI R TR
R, d¢ "oy “de ‘

Hence

dt, dy .
o = dp Mo &)

-9-



(no 18 the zero term of the asymptotic expansion for n or the average
value for 7 during the circling time).

Equation (5) is written as

dm d“ (ﬂm £
Here
tp -
( 1 diys _di
I e ARSI
ﬂa ONe  sne—t, (19)
do m . tr o i
v dE
i S dg | de
Me—Le
¢
i V 2(8) /}-+ gy 9 (R,
| 5 _csk m.S_bzl (t&) &@E)a
! dq, m ] ‘p 5 d; . (20)
— 5= ]dE
an-t, on ( ? )
where d§|d¢

are determined by formula (18).

Let us extract the explicit expressions for these derivatives in
two extreme cases.

a) Considering the eccentricity of the orbit as small (€p -£<
S_ﬁp), approximating the dependence of density on height H = R - Ro

by the function p = po exp(-AH), and introducing the concept of an

"average" radius of the orbit r = %%, we will transform Eqs. (19) and

(20) to the following (dimensional) form:

% == — PoC”:Sr’ c_). (r—Rq) (Io l;" (f _ Rp)l _ ll [A-.(f _ Rp)]) <

o] o[

r
L e EEeren - ra{1+ o 2] 4 o[=Re ).

Designating the parameter A(r - Rp), which in the indicated assump-
tion 1is proportional to the eccentricity; in terms of x, we derive the
known result (see, for example, [5])

-10-
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ar_ At
dx

AL

-~
~—

where Io and I, a;e Besgel's functions of the imaginary argument.

At large values of X, Io|11-» 1. Consequently, if the eccentric-—
ity 1s comparatively large, the height of the perigee Rp decreases
slowly in comparison with the average radius of the orbit r (and the
height of the apogee Ra)’ and the eccentricity rapidly decreases.

At small values of X, Io|11 s 2|x, X ~ exp Ar|2, the orbit
changes to a circular orbit, the average radius of the orbit and the
height of the perigee virtually coincide and they decrease with the
same velocity.

b) If the eccentricity of the original orbit is large, then the
maln deceleration of the satellite occurs in the portion of the path
adjacent to the perigean point, wherein the role of this portlon of
the path grows with an increase of A. The dependence of density on
helght for a large range of altitudes, characteristic for an orbit
with a large eccentricity, can be approximated by the functibn

“
. ~ | aqetran

p = ."o" ° ’ .
where A 1s a slowly changing function A(eH). In the section R - Rp 14

1Y Rp, which 1s of interest to us, we can consider that

=&y (R—R,
p=pe ® »)

(bo =P (R, Ap= A (R)).

Simplifying the expressions for derivatives (19) and (20) in
accord with tho assumptions made, we obtain (again in a dimensional

form)

-11-



A similar result is obtalned by a different method in El‘'yasberg's
study [6]. It follows from the reduced relations that

agim o ‘11
BRI

i.e., we obtain an ordinary linear equation which 1s easlly iIntegrated.

For convenlence we can combine the results obtalned for small and

large eccentricities and write them in the following form: -
c,sr dR C,Sr . -x
e — B R e, S == p R — e

where x = X(Rp) ﬁ; (r - Rp) (at large values of x Io (x) ~lj%%§ra
Io(x) - Il(x) ~
N

-———2———-——-). Since Ar has a order of 100-G0C, we

can expect that the ranges of variability of the formulas overlap.
3. As the second example we wlll examine the motion of a flying
vehicle with a large positive quality (the so-called skip trajectory)

(71.
We will introduce the following assumptions:

g Ry |0 RGN ."oc-”‘v C, == const.

-12-



Then the equation of motion can be rewritten in the following

form:
&H  CoSVe v
el i O 4
d(v2) C oSV dH.
T T m — 280 s -

Here H — height, V — velocity, 9 — the local angle of inclination
of the trajectory, s — a variable of the path, cx and Cy -~ coefficients
of drag and lift (see, for example, [7]).

Considering that the velocity changes negligibly during the os-
cillation period with respect to H and that Cy changes slowly, we will
apply formulas (5) and (15) to this system of equations.

We are easlly satisfled that when calculating the averaged deriv-
atives m and d—.?[—:, the term 2gdH|ds does not have any effect;
it vanished on averaging. Therefore, this term is not taken into ac-
count when calculating the amplitude and mean value of the zero terms
of the asymptotic expansion for helght and velocity respectively.

Then, i1f we eliminate the variable ds, we derive in plane (H, V)

the followlng equation of motion:

dzll B _—Cy Cu—‘
PO V‘Rox“c':'*‘ .y o

wherex-InJ—BT{E;—, y-% Rf-p.

We can apply to this equation the method cited in Kuzmak's study
(1], considering exp(2x)-1 a slowly changling coefficient, which is
valid for large values of the quality and at velocities smaller than
circular velocity.

Without going into detalled calculations, we can extract the final

formula which determines the dependence of the amplitude values of

-13-
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height on the mean velocity:

R\
( Vinstial ) ¢ h[ CuSRe®max ]= const.

Rotto cv‘mitu.l 2m (-‘t,—";i'_ 1)

- —~1

Here the argument of the function h is the ratio of the maximal
amplitude of density Pmax to the density corresponding to a trajectory
of quasistationary gliding

. 2m (Raffa — V¥)

Pu - C”SRQV‘

The function h is determined by the formula

k) - :.gu) 1/41 —z+ln -z- dz,
Sy k)

where z;(u) and %2(u) = u are the roots of the equation u - z +
z
+ In T = 0,

The graph of the function h(u) is shown in Fig. 2. When -
u-~n1.l’1(u)-~f_1£“(u-:L)2 whenu»1h(u)-u——-.2u'JE
eNZ ’ 3

Hence it 1s clear that in "deep" skips (u » 1) when C_, = const,

y

the value of is practically constant (analogous to the case where

Pmax
the helight of the perigee 1s at first almost constant upon decay of an
elliptic orbit with a large eccentricity), which coincides with the
results obtained earlier [7]. As the velocity decreases h — 0, i.e.,
Pmax ™ Pws the trajectory becomes a trajectory of quasistationary
gliding. Here the minimal (amplitudinal) density Pmin i1s assoclated

with the maximsal relation

Prmax Pn, ) 2 Lomi
X ox (__ 13 e Lmin (_' min
Pa p e e cxp *

The instantaneous oscillation "period" with respect to the vel-

ocity 1s determined by the formula

1l
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. ;
LTy —— N
;Tv" 7?"'.1‘4' VR~V T( b )
b
‘h\! fdnation ¥ (u) -‘-j-;: h’(u) 18 shown 1n Fig. 2. Since
Qﬁ 1! Bhe numbbr 3f compiété oscillations of the vehicle when C

& 3EhES Acks not sxceed

v L
i - ?M%P VRS, T i
-1C X arc sin Vroﬁo
v

y "~

Yand

B

VRA C,
',<-_4__E-:- 756;-

L4

we

Fig. 2.

4., th the 1abt example we will examiné a rapid plane oscillatory
ﬂb%IBﬁ o a ballistic vehicié in an 1dealizéd medium with a constant
aﬁﬂllfy in the abiénce of a gravitational field. ﬁor simplicity we
‘111 Qxclude from the examinétion the damping terms in the equation of
%hq oBtillations of the vehléle about the pénter of mass (although
§hIN sunnot be Ucne in practical calaulations).

the equations are written 1n_tpe following foim:

dia
gm = kmzaVs,

av
o = —kCy a) 13,

-15-
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Here ky = %?}, kg = 8%, a 18 the angle of attack, mg is a deriv-
ative of the aerodynamic moment coefficient, cx is the coefficient of

drag, S and 1 are the characteristic surface and length, J is the mo~

.ment of inertia, m is mass of the vehicle.

If the coefflclent C, did not depend on o, the change in ampli-
tude of oscillations A would be determined by the asymptotic formula

’ 1

Uy ~ e
i — kﬂ":v‘
or
23V == const. . (21)

We will apply formulas (5) and (15) to the extracted equations.
Taking into account

D= ;/ —k, mzVaam,

we obtain equations describing the changes of the zero terms of the

asymptotic expansion for veloclty Vo and for the amplitude e

Q Cy (@) da
—Cyn ‘/a,‘" —a? ————
- = — V2T @),
____da
—Clyy VG,‘" —al
[
Vagr (@h) + @m0, '
_ S C )V a), — arda
av — ——
W = IAH = — kaV:Cx (@m).

Yn

S V::,,Ta-‘—da

Then the equation relating the amplitude to the mean velocity

takes the following form:

16~



C, @y
e dinV,=0. (22)

2dna, +

If Exiam, ~ Exfams, we derive formula (21). We will approximate
the dependence C,(a) by a function of the form:

Ci=a+blai™ (@>0, b>0).

Then
LGP I (0 S T
e A
P)
fm %_ 3
e M

Using these formulas, we can easily integrate Eq. (22) and ob-
tain the relation between Vo and % in an explicit form.
We will Iimit ourselves to a qualitative investigation of this

equation.
When m > O
C.t (anl) 2
7 e T

In the limiting case when a = O and m — = we derive that this

relation approaches zero, l.e., a_ = const, in spite of the fact that

m
the velocity decreases monotonically and the relatlve change of veloc-
1tj during the oscillation period with respect to a can be as small as
desired. The physlcal sense of the last result is that the fall-off
of velocity V mainly occurs only in the neighborhood of amplitude

Q@ =a, and outslde this neighborhood the velocity can be considered

as a virtually constant value. Therefore the motion "inside" each

FTD-TT-63-164/1+2+4 AT~



half-period is conservative, and the frequency change Jumplige from
half-period to half-period.

An opposite "degenerate" case can be obtained if we assume that
0>m > -1 so that C,(a = 0) - o,

Then the relation under consideration is greater than unity,
i.e., in this case when m — -1, the amplitude can increase proportion-

ally 1/V (see [22]). Both degenerate cases are illustrated in Fig. 3.

~L\' /’_';\\ .
A —
S

— |

U]

Fig. 3.
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