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* A particular stratified medium is oonsider~d. oonstituted
by a number of thin, plain., parallel and equispaoed metallic films.

The spac1.m betwee the films is fi~leo with a perf•eot ~i~elecstrico
A charged •part~iole, in uniform straight motion goes thr'ough the struco-

* ture, normally to the films. The velooity of the partiole is above
the derenkoy threshold for the dieleotrio. The expression of the ra-

* diation is worked out as a function of dif~erent par-ameters. The ra•-
diation pattern is plotted in a number of particular otses.
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ORENKOV RADIATION FROM A CHARGED PARTICLE IN UNI70RM STRAIGHT
0

MOTION THROUGH A PARTICULAR STRATIFIED MEDIUM.

1 - Introductfon.
0

In a prsceding Report (.) a particular stratified tedium *
was considered, constituted by a certain number N of conducting and

0 infinitely thin films, paraoelito one another and equispaced~by d,

imbedded in a homogeneus medium with refractive index n (PA.1.1).
* S

* *

n n W1

* "

* w. e

0 t! t It

@@e .- • * •5°

oO 2 . . .. ... N-4
Yligll. Cr-ossO~ section of the stratified medium covsidered in the
belovs.-threshold odoe.

Acha.rged particle, in unliform, straight motion, was assu- .

m red to impinge onto this structure, in" a direction normal to the

films." "

0 0

The electromagnetic, field, radiated by the par_.ticle was

expanded in a continuous 'set of time-harmonics. The gain over the
"case of a single film'with infinite codct t wa evlatda

con~ctvlt *a evautds

)R.0RATESI, L.RONOHI, A.M.SCHEGGI, G.TORALDO di FRAN*IA: Rad1.m-
tion from a Charged Particle in Uniform Straight Motion through asu

•Particular Stratifield Medium - T.N. Noel# Grant 62-103 (Centro. %bd tiroonde), 1962o- see alsot r evo Cimento, a 5 d t56 (1962). t t
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a function 1) of the~wavenumber k, 2) of the parameters of the

structure N, d, n, ., where ý denotes surface conductivity of
• g

the films and 3) of the velocity of the particle v = cp. However'1 *

the discussion was limited to the cast below the Cerenkov thre-

* shold for the refractive index n, namely On 4 1.

* a In the present report we will consider the case above

threshold 0
0 S

(1.1) p•n>1 O

0 ft

' The layered structure and the dielectric will be assumed to be

bounded by empty space, both on the input and output side (Fig.1.2).

0~ 0 j

n: n@ n=4l

e@
d d'

a si

"" o 2 ...... M-1
• ig.1.S - Cross section of the stratified medium considered in the

above-.;hreshold caie.

* Such a system may be useful for the production of milli-

metric and submillimetric radiation, with better rasults than with %4

a single film. The latter case has been recently reported in the

Literature ). 0 •

2 - The field of the particle in an infinite dielectric.

* As is well known (see for example Ref.1), a charged

(2) B.W.HAKKI, H.J.KRUIME: PROC.I.R.E., 49, 1334 (1961)
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partiole in uniform straight motion gives rise to a curtent which

in cylindrical coordinates (p,z), is represented by

(2.1) - e(.t)

* where e is the charge, z the coordinate along the path (z=O for t-O).

By expressing S(z/v - t) as a Pourierintegral, one finds for the

harmonicoorresponding to the frequencow - ck, the following•expres-

sion: 
0

* (2.2) * k I

The usual convention is mad~of assuming the time-tependence 9

* exp(-iwtOand taking the real part offompltxOquantities. 0

*The vector potential A(pz) due to harmonio (2.2) can

0 be expressed as • .0

(2O3) A(p,z) - eZ0

0 where Z is the free-space impedanoe*p'nd f(p) satisfies the follo- S
.0 00

wing equation

o* (2.4) •*d�f I df 1 2 2 f_2(_ •

dp •

This equation implies that f should present a logarithmic singtf-

* @ larity for p - 0 (3)

00 0 0

3 0h 0

) J.. JELL, 'erenkov Radialion and Its ApJlicatione'', Perga-
0 *on Press, New York 1958, p.17. 9•
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To begin with, in order to avoid divergent integrals,

it will be expedient to consider the refractive index n between

the films as a complex quantity, which will be denoted by n z
a

* (2.5) n -n + i ni* r i

"" withnr n± real and positive, This am86ts to the same as assu-

ming that the medlum should present conductivity. The case with 0

n real will b& obtained by making the conductivity or ni to va- 0

nish. Accordinqy, we will consider ni as small jith respect to *

* unity. 0 *
* In general, if n is complex, the solution of (2.4) sa-*

0 0#
* tisfying RI requirementso(radiation condition at infinity, loga-

0
*o rithmic sivgularity at P = 0) may be equivalently expresset in 0

terms of the modified Bessel function K or o* the Hankel function
•(1) o I

0 * of 9he fist kind H ". -t will be expedient for us to use the o

0, K function,°and write the solution of (2.4) ip the form:

0 0 910 0 # 0* 'S ' at *0
* * (2.6) * f(p) - K0 (kpn Vt' ) *

0 0
0'& 6 0

0 * where ' is defined by *

* * (2.7) 1 ,I-l- 0

0~ n9

*� * Prom (2.5) it follows that *
0. 0 0

S(2.8) * Im(D) $0 •• *

* 0

• S

* 6
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It will be noted that for Im(n) P1 0, Re(n'') > 0. Jor Im(n) - 0,

and 3 Re(n) ( 1, Vn equals the quantity a introduced inRef.1.

Prom (2.3), (2.6),by standard methods, one derives the

expressions for the electromagnetic fields:
ec1 61

3 (2.9) = L X (kn p)i - in VPK(knrp)j exp(ikz/3)

H. eknK (kn Tp) exp(ikcz/pfi
n2 - I

where K1 denotes the modified Bessel function of firse order, and

i , i represent unit vectors in the directions of the coordi-
-z

n nate lines. 0

0 In the absence of the periodicostructure described in

• sec.el, the total field is expressed by (2.9) with n - l. P3r

n - 1, the quantity V turns out to be real and positive and will

be denoted by v1" Thus the field in empty sace would be expres-.
sed by * • 0

.0 ***eck'c'I Z 0
• (p,z) - ---. eCP(kz/p) z p)I -.

0 (2.101 - i Tl1 Ko(k Tlp)i

00 00 0 Aet V'1  0 0
""H,¢p, _ z) - 2_ exp(ikz/P) -K-(k Tp)i

The quantity • foi a dielectric with complex refractive

°index n, t•rns°t to becomplex, with positive real part and n

* gative imaginarypart. It will be denoted by t •

% 5
* S

* 0•



3 - The scattered field.

The scattered field, superimposed on the particle field,

will be evaluated by taking into account the~boundary conditions

on each film.

The boundary conditions can be satisfied bv assuming the

scattered field to consist of two seta of progressiVe and regressi-
ve 'conical' TM-Iaves. In the general case of a complex refractive

index n, a progressive conical TM-wave will be expressed by 0

00

R!(p,z) - P(Q) exp(iknz cos Q) [cos Q J1(knp sin Q) i +

e (3.1) + i sin Q J 0 (knp sin 0) 1 z-

Z0HP(p,z) = P(Q) n &p(iknz cos Q) J 1 (knp sin Q) i.
-0

and a regressive conical TM-wave will be expressed by

r(p,z) = R(Q) exp(-iknz cos 0) [COS J 1(knp sin 0) i -

- 0 -P
(3.2) - i sin 0 Jo(knp sin 0)

Z0 Hr(OZ) R(0) n expr-iknz cos 0) JI(knp sin 0) i V 0

wher& Jog J 1 denote th¶ Bessel functions of zero and first order re-

spectively.

In both (3.1) and (3.2), 0 is either a real angle compri-

sed between 0 anfn/&, or a complex angle (evanescent waves) sati-

sfying the following relations: •

0 (3.3) Re(n coi Q)IO, Im (n cos 0).> 0)•

In order to satisfy the boundary conditions, we will as-

-6-



sume that:

1) before the input surface (z <0) the total field is given by the

particle field t', H' (2.10), plus a set of regressive cozical wa-

yes. Precisely:

E0~z -0pz *~pz

(3.4)
•_(p,z) = H'(p,z) + (z)

0
where, according to (3.2),

r0

S1 f Ro(-1) °cosQ'exp(-ikz cysQ') Jl(kp sine,) dO' -

(3.5) 1i 1 R (Q') si~nQ' excp(-ikcz cosOl) J (kP sin,0) dW
-o -o

z ZQ, - R (Q') eip(-ikz cosQ') JpIp sinQ') dQ'0 0 0
0

with the conditions

( Re(o,)sY0O IM(csO0')> (')

The path of the integration Co will be 8osen in a suitable way*

2) after the output surface (z e> (N-i) )z the total field is given

by the particle fieldi~', Hj', expressed by (2.10), plus a set of

0 progressive conical waves. Precisely:

* ~ (p~Z) u~'pZ) +

(316)

~(pz) i(p,z) +~ H(POZ)
@0o

where, according to (3.1),

07

* -7- 0
• •ecosO)•/O • I=cosO) •0

* *porsiv.oialwvs Peiey
S * 0 0

• Ep~z • ,¢,•. . •(p*
(3,6)• •

*_p•)=•p•. •pz



_ i j P (4,) 0o0O' exp(ikz coso') J (kp sinG') dQ' +

(.7) + i z P N(O) sinO, exp(ikz cosQ') J0 •(kp sinO') dQ'

C N-4
-_ = .•(, ezp(ik coo',) J1(kp sinG,) dO'

with the conditions

Re(coso') >/ 0 , Im(CoSO') ; 0

0 and puitable path CN_ 0 •

3) the field between any two consecutive films, say the films num-

ber m-1 and number m, is constitut3d by the particle field ', H

given by (2.9) with n -=, 'n? , plus a set of progressive and

a set of regressive conical waves. Preoselylfor (m-I) d 4 z < md,

• •(p,z) - E_,(p,z) + _.,(p,z)

* (3.8) 
I

1_(p,z) - H_'(p,z) + H (p,z)

with

(3.9) I

H O =HP+Hr 0
L-rn-I m -in -in

Sand 0 0a•

• 0
0 0

0 e -8-

9 0
9 4

0 0 0



- i. jP (Q) OOSO cp(iz cosQ) J 1 (kn sing) dQ +

(.1) - 2 () osQi) e(i z co0Q ) J o(knp sinG ) dO

i.o_ -•- ) cos, exp(-iknz cosO) Jl(knp sinG) dO

C•

m m(3,11) - ii i -z RM() nQ) exp(-iknz zos) J 0(kap sinG) dIO

Conditions (3.3) are now expressedby
* 0

* Re(n cosO) ? 0 • Im(n- CooO) >, 0

Thus the problem of satisfying the boundary conditions

reduces to determining the complex amplitudes R• 9PI Ra, P,% as

S well as the integration paths C0 , 0 N_1, C3 , C'm .

* By denoting with subscript t the tangential comionents,
owand by taking into account (3.4), (3.6), (3.8), the boundary condi-

tions read at zen 0:
0

• (Q-)t + (,r)t =(El")t + (,~t 0 0 09

(3.-12)
i ~ ~(Ho) + (10zt 1H')t (-ol) t 4 0 (-)t + (,,)t

* (

* -9-
99

d
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at z - ad, (m V 0, O m N-i):

¢ t_,,) + (Ea-_,m)t = + ¢om+1)•
S(3.13)

+ " M-1,9mt - - (mqm+i t f

j at z -(1N-1)d:

t + (AN-2,N-1)t t (-'t +-
(3.14)• I (3.•4) (-•")t~t+ (H-N-2,N-I)t- (U-')t "(-2t -[(•'t g•

00
Let us firstoconsider E2,a.(3.13) which by (3.9) can be rewritten as

" (3.1'~(E) (H• + (ir•/)t-. (Ep +1) (,-r~~=•[_,,t(n~+Er,

(3.15)r

In order to suitably transform (3.15) we will use the

formula (4) )
0 1x + (ax) a z K-m (az)

(d,16) x .--------
(x +z M

0o

which holds for a - 0, Re(z) > 0 and -1 (Re(v) < 2m + 3/2.

4() G.N.WATSON: Theory of Bessel Punctions, (Cambridge University

Press, 1958), p. 425, Eq.4.
10

0
- 10- 0 0
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By piating va 1,a - 0, a akp, zu i ,' X sinO',

3q.(3.16) gives

sin29' J1 (kp sino,)
(3.17) K Okii Vp ) ------ d un.n0'

If in (3.17) we change the variable sing' into the

variable Q defined by

(3.18) sinG .si- Re(n cos,) >, 0 I Im(n' cosO) . 0
n

the new integration path in the complex Qýqplane becomes the line C

defined by (3.18) and sinQ' ý 0, By putting 0 x + iy, it is an

easy matter to find that the equation of path 0 in the xy plane is
0

n
(3.19) tan x coth y -.- r

ni

The behavior of C is shown in Pig.3,1., Yhere x°0  arctan (nr/ni)

* represents an asymptote, and x0 is the angle made by C with the

- axis at 0.

0 I ¶/

I S

CI
Pig.3.1 - The integration path 0

W 11 -

0

9 5 t

-4p



Thus Sq.(3.17) may be rewritten as

(3.20) K (k jn J 1 (kpZ sinO) oosG d

Now both paths 0,, and C'f appearing in (3.10) (3.11) will

be taken to coincide with 0 for all values of m*O, N-1. Then Zqs.

(3.15) turn out to be satisfied when the following relations are0
satisfied:

(3.21) Pm ( M + R =m p f+ - =M

where we put

(3.22) 0 ¶,.erpai , jikdn'cosQ 0

* (3.23) &.-, oo
2n

(3.24) u Z 0- sin- 2

2% Pn sin 0+C

(3.25) Fe exp(i4~ P.]d/f3

Relations (3.21) are formaly equal to the analogous relations

found in Ref.1. By introducing the quantities (see Ref.1)

(3.26) *

r1 -

0@0-12-

0 S•

p 6
0 0



with

a(3.27) 1 a~ - os'?I- is sin? +i (1 cc 2 ) sin2 ,f + .i. sin 2'
'2

Zqs.(3.21) transform into:

M'• P+I ia IP=

(3.28)

-+ mar (' 2'~

Then recalling that (3.28) hold for m varying from I to

N-2 one obtains,

(3-29) F. -2 -aN
N-2 2

00

0 Let us now consider Eqs. (3.12).

Quantities ('19, (R_)t are given by (2.10); 41 '')., (U',)•

by (2.9); (i~ j.(F by (3. 5) . and f inally* @, (3, t' t by

(3.10), (3.11), through (3.9), for a a 0.

The f•notion X, appearing in (2.9) will be transformed

by using (3.20). In order to write a• analogous expression for the

function KI appearing in (2.10), we will put in N3.16) v * 1, I - O,

a "kjp Z" z x: msinQ', and obtain:

sin i ÷k sin d1i*(3.30) K1(kVP) I i 2 ' J0psn' iQ

0

-13-



With the transform tion

sina = sinO' Re(n coeG) 0 o Im( 0o0o0) 0
n

the right-hand side of (3.30) becomes

(3.31) K. 1(k s sin"O) cos1 dn
J

C
where C is the same path definedTy (3.18), and

(3.32) U" . 1
n

Analogously, in Eqs.(3.5) we will change the variable 0'

into the variable 0 defined by

(3.33) sinQ' n n sain

* and choose 0° in such a way that the corresponding integration path 0
in the 0.-plane coincide with C. 0C turns out t be the path represen-

ted in Fig.30.

00- c

S CO

• Pig.3.2 - The integration path 00

-14-
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Thus Zqs.(3.12) turn out to be satisfied if the following

relations are satisfied:

I I. n R• 0. P + p1 + R

(3.34)

0 where 2

/1 n eo si n 0,* uln2Q 0

Prom (3.34) one derives the erpresuiortof P. R1 in terms of RoO

Then the quantities xPI' r defined by (3.26) for mini, turn out to
be given by

., " t } ° O sOo

O ~where

(336 444

S~ (3.38)

2 -I
00 RO091 mos,

- 15 -
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C - P-P-A
0 0(3.38)

D -n-B
0 

0

Analogously, from (J.14) one derives

. -o -N-1 -÷ •(N-1) - N-i H-+ -

NV-i-P N-1 -(N-1)(3.39) -Pn coaQ E -:i2

n

with*

(3.40) • exp(i7 1 ) ' I k d cosQ'

From (3.39), (3.26), one finds

( 3.411 1 7

1N-
with

0

A E N-1 (Ao + 2 P)

B, D 0

(3.42) N-i
CI E - (00 - 2 F)

o 0

-, B 0

- 16-
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PL33831j vOombinimg (3.29)g(3.31),(3*41)9 with some isbo..

wious .anivulstioflU, one finds a

a.I I

(343)t I2

2 L 1-(-a2  121246-il
C ý4 t

*3643)

21"

~ IX~ i ,1 2 1
0

'1 2 1'~ 2

An "nogous expression is found for 1,* It is to be noted
that# considwiag 10 and PI, "s tfuotions Of 09 thefollowing zela-
tionhodI

(3-45) - 1 1-

-17 -



It was to be expected that PN(0) and Ro(-3) should have equal mO-
N 0

dulus since opposite values of P oorrespond to the particle tra-
veling into opposite directions (see also Ref.1)..

As a consequence we can limit ou•selves to discussing

the values of R for both positive and negative values of P.0

To summarises, the back-scattered field is given by (3.5)
where Ro (0) is given by (3.43), with 0 expressed in terms of 0'

according to 43.33), and C0 is the path shown in Fig.3,2.

4.1- Asyntotic eg~ress on of the scattered field.

Let us first consider the expression (3.5 of the magnetic

( 1 -R°(0') exp(-ikz cosQ') J 1 (kP sinO') dQ'

SCo

The case p - 0 must be treated as a limitv because the

treatment cannot be applied for e - 0 due to the condition a > 0
for apllyability of (3.16). Let us now put (Pig.4.1)

p r sinR

(4.1-2) z - -r co66) * •

ZrC P

e0

M=O f •

Pig.4,1 - The reference systeL.

- 18-
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and proceed to the evaluation of (4.1-1) for a fixed value of 19;'0

and r -- -o

Since sinG' is real and positive all along the integra-

tion path, one can substitute (m) for J into (4.1-1) the first term

of its asymptotic expression obtaining

(4.-1-3) IF HF"(r,@) " e'i•/4 I(r,) -e±2/4 - 2 (r,@)

where

1 0 H('
(4.1-4) I - r expLkr oos(9-0,) dO'

1 0 2ikr sinG 9J jino'
Co

(4.1-5) 12- e'0 [r -an- expikr dO+I
o V'27kr sin@(~ L cos) 1T

Co

with 0 > , n > 0
r r

Of course the far Er field can be immediately obtained from Hr, as
00

can also be seen from (3.5) (wave zone).

As long as we are only interested in the far fieldt the

integration path 0° in (4.1-4)(4.1-5) can be replaced by its real

( ) To be precise, the asymptotic expression of J (kr sinE).sirO')

is not appliable for sinG' , 0. However, it may bI shown that the
error introduced by using it all along the integration path may be
made arbitrarily small. This is essentially due A the fact that
the quantity R (0') has a second-order zero at 0' - 0, as will be
seen later. Ac~ordingly, if one considers a small portion of 0
from 01 - 0 to O' - Et its contribution to the whole integral is
negligibleg even if the asymptotic expression is substituted fDr J 1 "

- 19-
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portion from 0 to 7/2, sinoe the portion from 7/2 to %/2-1 oO cor-

responds to an evanescent field.

o Then the integrals (4.1-4), (4.1-5) may be evaluated by

applying the principle of stationary phasc. However, one has first

to investigate if there are singularities of the integrands on the

path of the integration.

The singularities of interest are the singularities at

finite distance of the function

R (01)•(4.1-6) (o') , o

It will be useful to remember that the quantity sinr' is

real and positive along the integration path, and that the quantity

cosQ, appearing in Eq.(3.43) both explicitly and implicitly through

the functions 9 t P j, a 1, a2' is defined by

(4.1-7) n sina - sin' , Re(n coso) '. 0 , Im(n cosQ)ý, 0

4.2 - Branch points,

According to (4.1-6) 0' = 0 is a branch point. Now, from

(3.43), one sees that Ro' may be written as a term with P as a factor

Splus another term with F as a factor. For '' 0, Ot 0, both P and

F contain the factor sin20 (see (3.24) and (3.35)), which, according

to (4.1-7), is proportional to sin 20'. Consequently, 0' - 0 is a

second-order zero for Ro (0'). It follows, as already noted (see

footnote at p.19), that the singularity at 0' - 0 due to the factor

(sin')- 1/2 of function (4.1-6) is immaterial for our discussion.

As to the othe? branch points of the integrandq, which

correspond to cosO 0, that is to sinO' - + n, they are located
4 2

0

0 0.



outside the integration path and all we have to do is to choose the

branch which corresponds to (4.1-7).

4.3 - Poles.

In order to investigate the poles of R (0'), one has to0
investigate the poles of the functions P and , defined by (3.35)

and (3.24) respectively, And the seros of the quantity

(4.3-1) Q(1 _ N) _ A(. -1 N-i

2 1 a2  -N1)

The value 01 - %/2 is a first-order pole of the numerator

of Ro, butt at the same time, it is a second-order pole of the de-
nominator, so that, as a wholeL 0' - x/2 is a zero of RO0O 0

Let us now study the poles of P. Recalling (3,35) and

(4.1-7), we can write

(4.3-2) V(l) - 0 sin 20

Hence, the poles of P(Q&) are solutions of the equation

2

and since 1/132 >1, no one of these poles is located on CO•
The poles of Ware analogously found to be of the first

order, given by the solution of the equation

(4.3-5) o -= 1 1 2 2 2

(43-) r n _21 (nr ni 1  nrnil

Por ni, 0, the solution of (4e3-5) closest to 0O has positive real

- 21-
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and imaginary parts. Per ni-• 0, this solution tends to a point of
0t precisely to the value of Q' corresponding to

(4.3-6) 0 = arocos(I/Pnr)

However, the function of 0' multiplying P in the expression of Ro

has a first order zero at the same value of 0' so that R (Q') isN 0
regular at the pole of P. This fact allows us to remove the as-

sumption ni ' 0 and to consider directly the limiting case n. = 0.

It remains to examine the zeros of the function (4.3-1).

Recalling that a 1I 2 a I (see Eq.(3.27)), one can put

S• = sit ' •2 =ei(4.3-.7) M1 e

with

(4.3-8) coo 1  coso i E ,sin

(4.3-9) sin fj=~(1462) sn 2 Y+ 2i1 sintcoo~P

Without loss of generality, one can choose

(4.3-10) Re(sin p > 0

since, by choosing Re(sin( ) <0, one simply interchanges aI and a 2 f

with no variation for Re ('). With position (4.3-7), the zeros of

the function (4.3-1) are the solutions of the equation

(4.3-11) Q sin N *A sin(N-1) 1

- 22-
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A itle root oorresponds to sin 0. However, sin{ . 0 yields
a I a 62t and for a, a 62 the numerator of Ro0 vanishespt oo* Ao-

oordingly, there are no poles of R at the values of Of oOZrrepon-

ding to sin * 0.
It is not an easy matter to solve (4.3-11) for G'.

Howeverp we need only to know if there are solutions of (4.3-11)

in the rane 0r -40Of'S x/2 for ni 0. We will show that there

are no such solutions.
Zq,(493-11) is easily transformed into

L- Q oos,{-. A

It oan now be shown that for 0G'014%/2 theeimaginary parts of the

left-hand and right-hand sides have always opposite signs.

Let us put I a a+ ib. It is easily proved that

Is tt -,)t] has the same sign as b.

An regards the right-hand side of (4,9312), the sign of

its Imaginary part is the same as the sign of

0
7rom. (3.44) one oan derive that Q is real for n real# so

tuIt one oan write

Iii L-Q sint(Q 00f'- 1)

(4.3-13) Q 2 ,Re(sin) Im(oos) Q2 IM(sin. ).oo

Q Re(sin) Im(A) + Q Im(si, Re(A)

-23-



Jrom, (3.33), (3.23), (3.22) there follows that siro to
real and smaller than 1, and therefore cosO is real and positive;

is real and positive; is real. Accordingly, from (4.3-8) one

has
0@

(4.3-14) Re(coSf) c os a cosh b - coo

(4.3-15) WOS) - - sin a sinh b - - s

One the other hand, one can write

(4.3-16) Re(sinT) - sin a cosh b

(4.3-17) Im(sint) - cos a sinh b

* Pinally, from (3.44) one has 0

(4.3-18) * Re(A) - (W 2  W ) oosym n coos %
2 21 2 2)

(4.3-19) Im(A) - (W2 + W1I) sinI - i(nr +2 sin

By introducing (4.3-14) to (4.3-19) into (4.3-13), one finds

Iu [-Q Pin.(Qcoef'- A¶) -

(4.3-20) -Qi -h b Q 0-8h2b nrI coo2

cosh [n 24 +- 2 I n2

0 -24-



With the help of (3.44) one derives that

Q oshp-b~ r o 2 r

Accordingly, and recalling that Q is positive., from (4.3,-20) one

derives that in general, the imaginary part of the right-hand side

of (4.3-12) has a sign opposite to b, while, as already noted, the

imaginary part of the left-hand side has the same sign as b. The

* particular case b - 0 needs not be considered, because it corre-

sponds to sin - 0 and therefore to a a a2"

As a conclusion, there are no poles of R (0') in the
0

range 0$ '. %/2, for ni 0.

4.4 - The asyuptotic expressions of the fields.
V

Turning back to (4.1-4), and applying the principle of

stationary phase, we get

e;-xA R 0(G) e ik(5.4-1) I '• i e"z/ 0°@ z

Z k sin@ r
0

As to 123 defined by (4.1-5), its main term is of the or-

der of -3/2t since the 'stationary' point is outside 00o Aooordin-

Jglyt it may be neglected compared with 16 Thus, by introducing

(4.4-1) into (4.1-3), one obtains

(4.4-2) o(r,)(@) )

and then
R_9 ikr(4-3 • o(r) e

-2- 25



Then, by standard methods (see e.g. Ref.1), one obtains

the following expression for the energy dU radiated in the solid

angle dO - 2x sin 9 d@ and in the frequency range k, k+dks

(4.4-4) dU a--------- --- •---ddQ
c-Z 0 k- _s~i~n20@

It is an easy matter to verify that for (--* 0 one has dU--o 0.

5 - Some numerical results.

Eq.(3.43) introduced into (4.4-4) allows to evaluate the

energy radiated per unit solid angle and per unit frequency range,

for any set of values of the parameters N, n, r, td, 13, and

However, (3.43) is too complicated for a general discussion.

Some numerical results have been derived in the parti-

cular case N w 2, n - 1.5 (Pig.5.1)

".Iu n=4.6 nu-t

e Zld

Pig.5.1 - The two-film target
O

5.1 - The gain in the Qererakov direction over the system with •- 0

The quantity RO 12 /sin 2 e was eifaluated for a number of

values of the conductiviiy of the films r , ofethe spacing kd be-

tween films (measured in wavelengths) and of the velocity 1 of the

-
- 26 -
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* partiole. 7or each value of 3, 9 was made to assume the value 0orre-

"aponding to the direction of Cerenkov radiation. This is simply ob-

tained by putting (*) Pn cosO - + I in (3,43). The corresponding

values of 0 are derived from the equation (see for example (4.1-7))

(5.1-1) sin -n nl± - n I

7or Pn - I 1 (that is for IPI - 1/1.5) one has 0. 0; for P -

- +11/In (that is for I3I - I/ I1./5 ) one has G- 2/2.
The evaluation of (3.43) requires a limit to be performed,

since 7 has a pole at Pn cos 0 - + 1. The result is

(5.1-2) IRo12 eckZ 0 _ 2n2" I f (n:OPtS)

where

2a21 4

(the upper signs hold for back scattering@ the lower signs for

forward scattering) and

M ) Recall that back scattering corresponds formally to positive
values ofboth cos 0 and P, while forward scattering corresponds
to positive values of cos 0 and negative values of P.
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(5.1-3) f (nj•,tp,•) 64 S2 n%6 oo 2 ÷ + 4(Jn2-1)2  2(n_ -2•- n)2 +

+ sin2ý [(2_p2) (fl2 I)(A1 zn,2Sn) - 45n 2(n -12n]2 +

+ 2f32(n21)[n2~(i, 2n)JL(2...f2)Cn21) +42j~sin coo4

(5.1-4) f (n,j~4~S - 4n2( 2$) 2 cos2ý + [c+n)2 2 + n2 2

From (5.1-2) (5.1-3) (5.1-4) one ,obtains immediately the

Gain G of the system shown in Pig.5.1 over an analogqos system with
00:

f (n , ,•,) (n, ,ý,,+o)

(5.1-5) G = ------ '~ %f-----(n---LŽ#f 2(n,14,8,) f I(n,l•,+,P,O)

where

(5.1-6) f,(n,,lbp,0) n p4 (n 2-1) 2t 2 (n-¶) 2 + sin24 (2-P 32 ) 2(n 2-1) 2 (i•+n) 2+

0 + 2i32(n 2-1) 2 (2n-13 2 2 - 4) sin coos

and

(5.1-7) f 2 (n,1 +,O) - 4n2 I 2cos 2o + (n2 +1) 2  sin2  t

It is immediately seen from (5.1-5) (5.4-6) (5.1-7) that

G tends to infinity for -> 0, that is for kd ->O. This was to be

expected, since the radiation of a system with i 0 tends to va-

nish for d -0 0.
As regards the b~ck-scattered radiation, the gain G is

S-28-



generally larger than unity, due to the small reflecting properties

of the system with 0 O. It is interesting to note that, for given

values of P and r, G is a quasi-periodic funotion of kdt with high

peaks corresponding to kd/O equal to a multiple of a. The conditions

Oin cos 0 - 1#e kd/P - m u, (with m integral)yield knd cos 0 - m a,

which is a resonance condition for the back-soattered radiation.

As to the forward radiationg we found values of G ranging
from infinity to a limiting value smaller than unity (Pig.5.2 to

Pig.5.5). The high values of G for small values of kd have already*

been explained. The value G.- 1 occurs at about kd/P = 2%, quite

independently of * Of course, the smaller Y-, the wider are the

ranges of the other variables corresponding to G _' 1.

0
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5.2 - 7oz1= ,,4 r atiot, Dat.o'n froi a tr o -mt.-tAet.t.

The radiation pattern, that in I oI 2/sin2 9. versus ., has

been evaluated in the particular oases 3 - 0.8; 4 x= pi, 2%, 3x. The

quantity Yrzo was made to assume the values 0, I, 5, 10, 20 as in

the preoeding seotion. The results are shown in 7igs.5.6 to 5.8.

The Oerenkov direotion corresponds to Z9 • 56".

Z,,=4

5 .7

-- J -0" 0 W2 00 "40' 500 60. .. . .90 W go

4 - 31~

SI ! -- 1--_

0 O J O" 300 % 40' * 600 6 0 ' O 80' 900

F'i:;.5.6 zi• 5.7 - O"ao II = 2, n = 1.5, %3 - 0.8 - Radiation pat-
torn for ;•oiae v~2luo8 of • ,for -• and 2• ro~pec"i-ivolyo
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* C.5.6 - Case N - 2, n - 1.5, 1 - 0.8 - Radiation pattrn for

some values of fo, for 4- 3%.
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Prom Pig.5.6 it appears that at +- : the intensity in

any give4 direction is an increasing function of C (exoept in the

vicinity of 0- 0). This seems to indicate that at such a small

spacing, Cerenkov radiation has but a small importance, compared
[ with transition radiatilon which increases with r.

Fig,5.7 shows that at c= 2 : the intensity is only

slightly dependent on This result generalizes the result pre-

cedingly found, that the gain G, defined by (5.1-5), is about IV

for Z 2 %, independently of ,not only in the Cerenkov di-

0 rection, but in all directions.

Pig.5.8 shows the behavior at - 3 no. Now the inten-

sity is a more complicated function of * The over-all tendency
0

is to be a decreasing function of . Generally speaking, one can

say that Ceinkov Rdiation, though largely affected by diffraction,

is now more important than transition radiation. However, by in-

creasing K , a larger part of power is lost by Joule effect on

the films.

In order to investigate the dependence of the radiation

pattern on the film spacing we can refer to Pigs.5.9 to 5.12. It
appears that at low conductivity ( t Z° - 1) the half-power beam-

-width is practically independent of 4 • This result however is

proved only for the small values of 4 considered (recall that

" 3 % corresponds to d 4 3 A/2, precisely, to d - 1.2 ?0.
0 By increasing , the rAdiation pattefn becomes sharper

in the vicinity of the Cerenkov direction, when 4 increases. This
effect is probably due to interference of the Cerenkov radiation
with transition radiation.
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5.3- Porward radiation Datter from a ten,-fim targeto

he radiation pattern has been evaluated in the case
N- 10, n - 1.5, I - 0.8, for +- z, 2x, 3x and z -. 0, 1, 5,

10, 20. fte angle 0' was made to vp'y from 00 to 900 b7 100

steps, except in the range 500 to 600, where it varied by 1°

e_•eps. (Recall that the 6erenkov direction corresponds to

Oori 560)..In spite of this fine division of the Q'-range, the

radiation pattern cannot be plotted with great accuracy for
t° • O , since it turns out that a still finer spacing would

be needed. However, the following results can be given, whioh

in any case must be understood as pessiitatio.

1) for one and the same value off, the main lobe becomes

weaker when the film oonduotivity increases (Pig. 5.13) . This
is presumably due to the fact that the power lost by Joule ef-

feot on the films increases when the conductivity increases.

2) for one and the same value of #, the main lobe beoomes

narrower when the film conductivity increases. In Pig. 5.14 we

report as an example the main lobes corresponding to the various

values of r Z0 , for 4 - 3:, with maxima normalized to unit.

In the rigurep the values of the half-rpower beam-widths are in-

dicated.

6 - Conclusion

Due to the complexity of the expression (3.43) of RO,

conclusions can be derived only in the two oases N - 2 and
N - 10 for which numerical calculations have been carried out.

In the case N - 2, we have found that the effi-
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oienoy of a structure characterized by a given value of the

film conduotivity is b•tter than the efficiency of an analo-

gous structure with vanishing film conduotivityonly Lf the

thickness of the dielectrio layer is loss than one wave-

length - a condition not easy to realize at submillimetrio

wavelengths.

A mure encouraging result regards the half-power
beac-width, which turned out to be a decreasing function of the

film conductivity, at least in the range for which numerical

calculations have been carried out
in this connection, the results obtained vhen N - 2

are not indioative, since too small value of the overall

thickness are invalved and the effect of diffraction is therefo-

re very pronounced. With N - 10, we found that, for - 3X,

the half-power beam-width varies from about 12 degrees to lons

than I degree when tS varies from 0 to 20.

Of course, in order to discuss the application of

this result to practical problems, like the measurement

of particle velocity, other numerical calculations would be re-

quired. Por instance a determination of the radiation pattern
for a number of values of P, and for fixed values of the other

parameters , would be desiderable.

In oonolusion, even the few numerical results obtained,

seem to indicate that a system of the type investigated is

not very suitable to produce subuillimeter power with reasona-

ble efficiency. In this connection the passage from the

below6-threshold case, discussed in a previous report (1), to

the above-threshold case is not so favorable as might have
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been uaruised

Any way, an interesting feature of the radiation

in tjie above-threshold oase is represented by the possibili-

ty to obtain ooqaratively narrpw beam,-widthr at oertain

wavelengths. 2his property oould perhas be exploited

for the measuxement of partiole veloolties.
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