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Summary

® A partioular stratified medium is oonsidergd, constituted
L ]

by‘ a number of thin, plane, parallel and equispaced metallic films.
The spacing bet'een the films 1s filled with a perfect gielectric.
A charged pa.rticle, in unif;;rm straight motion goes through the struc-
® ture, normally to the films. The velooity of the particle is above

the Jerenkov threahold for the dieleotrio. 'rhe expression of the ra-
¢ diation is worked out as a runotion of ditgerent parameters. The ra~
diation pattern is plotted in a number of partiocular cdses.
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CERENXKOV RADIATION FROM A CHARGED PARTICLE IN UNIFORM STRAIGHT

MOTION THROUGH A PARTICULAR STRATIFIED MEDIUM. © °

»
1 - Introduetfon.
°
In a prgeeding Report (;) a particular stratified pedium

was considered, constituted by a certain number N of conducting and

® infinitely thin films, pe.re.ﬂeloto one another and equispaced ‘byO d,
°
imbedded in a hgmogeneus medium with refractive index n (F#:.1.1).
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Fige1 1= Croos eeotion of the stratified medium con‘sidered in the

belovs-threahold cgge e . o
L ] [ ]

A charged particle, in uniform straight motion, was assu-
° * med to impinge onto this structure, in a direction normal to the

* .

films. 2 ®

.

* The electromagnetic field radiated by the pe.rticle was
expe.nded in a continuous ‘gset of time-harmom.ca. The ge.in over the
ce.ae of a single iilm with infinite condﬁctivity was evaluated as

: ®

&
(1) R.PRATESI, L.RONCHI, A.M,.SCHEGGI, G.TORALDO d4i FRANCIA: Radia- ®
tion from a Charged Particle in Uniform Straight Motion through a

Particular Stratifield Medium - T.N. No.1, Grant 62-103 (Centro,
= Microonde), 1962 -~ see also, Nyovo C:Lmento, 25, 756 (1962).
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a function 1) of the wavenumber k, 2) of the parameters of the
structure N, 4, n, 8’, where X’ denote’s surface oconductivity of
the films and 3) of the velocity of the particle v = cfi. However
the discussion was limited to the cas® below the éere;kov thre-

L)
shold for the refractive index n, namely fn {1,

. In the present report wegwill consider the case above
3 .
threshold
°
(1.1 ® fn > 1 ¢
é & g

° [ 2
The layered structure and the dielectric will be assumed to be

[
bounded by empty space, both on the input and output side (Fig.1.2).

s .

N=4 n n n nc nz1 ®
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Pig.i 2 - Cross section of the stratified medium considered in the

above--Shreshold cage.

. Such a system may be useful for the production of milli-
metric and submillimetric radiation, with better rssults than with

a single film, The latter case has been recently reported in the

Literature (2). o ® o0

4 ®
2 - The fieldgg_f; the particle in an infinite dielectric.
As is well xnown (see for example Ref.1), a charged

N * »
() B.W.HAKKI, H.J.KRUMME: PROC.I.R.E., 49, 1334 (1961)
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particle in uniform straight motion gives rise to a current which
in cylindrical coordinates (p,z), is %epresented by

e 5( ) z

(2.1) } 'i-aLOé(;- t) *

where e is the charge, z the coordinate along the path (zwO for t=0).

By expressing 5(z/v ~ t) as a Fourierﬁntegral, one finds for the

harmonic’corresp.pnding to the frequency.w = ck, the following‘exprea—
]

aion: 4 :
§(p)
(2.2) °® }k = i% “p'e“ exP(u:z/.p)o

The usual convention is mad®®of assuning the time—?ependence
exp(-1wt P and taking the real part of gomlgﬂqmtitiés.

o
o The vector potential A(p,z) due to harmonic (2.2) can o
be expressed as e o0
] o °
(] eZO @ Y
(2,3) A(p,2) = -3 £(p) exp(ikz/p) ® °
2% ® d
L] . ® @® °
where zo is the free-space impedance®and f£(p) satiefies the follo-
wing‘ equation ¢ ® ° g
e o
(24)'62f+1df- (l-na)sza 2§£22
22 P Y2 * " Tve
o o ®

o
o ™is equation implies that £ should present a logarithmic sing-

- 3
larity for p = 0 (). . .

3 ® - °
() J.V. JELLEY '‘Cerenkov Radisjion and Its Ap!)lications", Perga~

non Press, New York 1958, p.17. . L4

* ¢ & € E ® .

» -3 4 = _ -
& «*® * *
i )

& ' L

F e o
]
s
* »



S

! et YR Rt T 3

-

To besin with, in order to avoid Alvergent integrals,
it will be expedient to consider the refractive index n between

the films as a complex quantity, which will be denoted by 'x‘f s
=

® 2 %
Py (2.5) n o= n, +1in,
® i
with n,, B, real and %ositive. This am&mts to the same as assu=-
®
ning that the medfum should present conductivity. The case with
N real will bg obtained by making the c‘onductivity or n, o ve~
* nish. Accordinq.y, we w}ll consider n, as small 3ith respect to
unity. * ® ° L
¢ & ® . _
In general, if n is complex, %he solution of (2.4) ga-’
® tisfying ok} requirements.‘(gadiation condition at infinity, loga~
. rithmic siggularity at p = 0) may be gquivalently expresseﬁ in
A terms of the modified Bessel function Ko or o® the Hankel function
@\
of 1‘he fi"st kind Ho(n. It will be expedient for us to use the
@ Ko function,'and write the solution o’ (2.4) ;‘1 the form:
‘ [ ] b ® ® Q o Y O
eo (260 £(p) = E_(kpn ¥')
¢ o 0 ey
o where T 1s defined by ®
* e ® e o °
™~ ® ~
Y e (21) o (o rRe(TH)2 0 |,
* ® ®
®
e _From (2.5) it follows that ¢
oy O
e ®
(2.8) o In®7T ) L0 ¢®
L)
s °
®
° ° ° -4 -
®
®
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) J
® ° ® L . -
. * [ ]
@ 'Y y .,
[ ¢ 2
. *
* e o . - ®
5 ® . e @

@



It will be noted that for Im(n) ¥ O, Re(n T ) > 0. Por In(n) = O,

and p Re(n) { 1, T'n equals the quantity o introduced in Ref.1.

' Prom (2.3), (2.6), by standard methods, one derives the
- expressiona Ofor the electromggnetic fields:

eck T2
(o] ~
b E= e [ K,(knbp)ip - inTp Ko(knvp);_zj oxp (1kz/B)
fn
(2.9)
eck?n
Hm= -= K,(kn 7p) exp(ikz/B)i
£ = S5t (0 ¥) exp /68, .®
® i °
e ® where K.' denotaa the m.o.di:f.’ied Bessel function of firs? order, and
_:l_.p ’ ;’_L_q, ’ ;._z represeat unit vectors in the directions of the coordi-
Py nate lines. ° ®
: In the absence of the periodicgstructure described in
° & sec.1, the total field is expressed by (2.9) with n = 1. Pgr
s ¢ n = 1, the quantity T turns out to be real and positive and will
* be denoted by '51. Thus the field in empty space would be expres-
sed by ®» O ) o %
® ‘ ® L d o
o ¢ © o ) 0 0®%ck¥,2 |
E'(ps2) = =—y———-= exp(ikz/B) |K (kK T,p)L = -
e ©® o 2x°p © o ° o
[ o
) . - .
Y NC ) . LB E (k 719);2] .
® A ® ° ° ® 30% ‘c“‘ o ®
®e ) ‘. o L X
® “ . " The %u.antity T fog & dielectric with complex refractive
° .index 'ﬁ'. turns out to begcomplex, with posizive real part and .ne-
. gative imaginary part. It will be denoted by T .
¢ g
® o ® ®
o ' o
e ® °
[ ] o
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3 - The scattered field.
The scattered field, superimposed on the particle field,

will be evaluated by taking into account the ,boundary conditions

on each film., =
The boundary conditions can be satisfied bv assuming the

-

scattered field to .consist of two sets of progressive and regressi-
ve 'conical! TM-:aves. In the general case of a complex refractive

index n, a progressive conical TM-wave will be expressed by ®
° °

Ep(p,z) = P(Q) exp(iknz cos Q) [cos & J1(knp sin Q) :_L_p +

(3.1) +1 sin @ Jo(knp sin 0) _:l_._z]
P =
2 B (p,2) = P(0) n & o(iknz cos Q) J,(xnp sin Q) L, o
@
and a regressive conical TM-wave will be expressed by
* °
g_r(p,z) = R(Q) exp(-iknz cos Q) |cos @ J1(lmp sin Q) g._p - e
® ®
(3.2) -1 8in @ Jo(knp sin Q) !'-z] .
Z Hr(p,z) = -~ R(O) n exp?-i]mz cos Q) J,(knp sin Q) i Py ®
o= 1 v °
L ]

wherg ) o! Jd 1 denoge +tH® Bessel functions of zero and first order re-
spectively.
b In both (3.1) and (3.2), © is either a real angle compri-
sed between O ancbu/‘, or & complex angle.(evanescent waves) sati-
sfying the following relations: ®
(3.3) Re(n cos )0, In (n cos 9)20 °

]
In order to satéiefy the boundary conditions, we will as-

- &
-6 =



sume that:
1) before the input surface (z ¢0) the total field is given by the
particle field §', H' (2.10), plus a set of regressive couical wa-

ves. Precisely: °

o o E(p12) = E'(py2) + E(p.2)
(3.4)
H(p,z) = H'(p,2) + _Tfo(pm)
o
where, according to (3.2), o
}.‘_ﬁ = -j‘p [c RO(O') cosQ'.exp(-ikz cosd!) J1(kp sinQ') aQ' -
o

(3.5) - i3 / R (0') sin@' exp(~ikz cos@') J (kp sinQ') dQ'
Z 80 ) ® ) )

ZOI_Ii 2 - ;‘P é RO(O') exp (=-ikz cos@') J.'&p sinQ') 4o
o
with the conditions
[ ® o ®
Py Re(cos@*) 20 ’ In(cos@') >0,

The path of th.e integration C_ will be &osen in a suitable way. g
2) after the output surface (z > (N-1) d), the total field is given
by the particle field@E', H', expressed by (2.10), plus a set of

® Oprogrossive conical waves. Precisely:

® ®
o
o E(p,z) 2E'(psz) + BR(p,2) *
(3.6) ® ¢
Hp,z) = H%(p,2) + BR(p,2) °
o0 )
¢ where, according to.(3.1), L P ° ®
o -7~ d
.
. .
‘ .
o . . . . . .
o . ® a
*



_n_% = é"p J PN(O') cosQ' exp(ikz cosl!) J1(kp 8ind') 40t +
. (o
2.7) +1i

<]

14
j N(O') 8ind' exp(ikz cosd') J (kp ginl') ae! ,

oH'N J P (0') exp(ikz cosl') J (kp sin@') ao' i L,

Cn-q
with the conditions

VO s e

In(cosQ') 2 © =

° Re(cos@') 2 O '
@

and ;uitable peth ON_1 o °
3) the field between any two consecutive £ilms, say the f£ilms nume

ber m-1 and number m, is constitutad by the particle field E*, H'
given by (2.9) withns= 1, U= c » Plus a set of progressive and

a set of regressive conical waves. Prec‘sely%for (m=1) 4 ¢ 2 ¢ md,

T L T T

o
* E(psz) = E"(p,2) + E_, ,(py2) °
Y (3.8)
° H(pyz) = H"(p,2) + B, n'P12)
() o °
with
® o
L Em--1 ,m -m *b-m ®
(3.9) [
H ¢ wiPs BT ' e
“-1,m “m -m
® o
and ® o o
®
®
® ® . [
o @ 9 0 - 8 = ¢
o ®
®
* . ¢
®
» ®
: ]
@®



JP (Q) cos@ oxp(ikfz cos@) J1(ﬁp sin0) a9 +
CM
(3.10) +13 (x SRS 2 sm(iknz cosl) Jo(kr'rp sind) Ao ,

2 Hz - R L—’F{‘»f‘} um(ikﬁz cos@) J1 (kﬁ/p 8ind) a9

r » o

| L~ ~
_E: a _1._9 %. Rm(O) cos®P exp(-iknz cosQ) J1 (knp 8in@) Q@ -
m 9
(3.11) - i ;._z J Rm(O) sinQ exp(-ikﬁ'z cosk) Jo(kﬁp sin@) 40 ,
Con '
H = -3 ikt np sind) gl *
Zo_m = -1 :-Lm J Rm(O) exp(-iknz ros@) q1(]mp 8inl) ¢
Cl

¢ °"V\
Conditions (3.3) are now expr.essed‘oy
®

Re(n cosd) > O In(n cosd) 2 0

‘ s
®
Thus the problem of satisfying the boundary conditions

reduces to determining the complex amplitudes R ﬁ’ P‘, R ) P n 88
@® well as the integration paths Co’ CN-1‘ Cm, C'm.
By denoting with subscript t the tangential conRonents,
®ana by taking into aecount (3.4), (3.6), (3.8), the boundary condi-

tions read at z.- 0:
o

) @
(B')y + (Eg)y = (B')y + (B, 4)y

(3.12)

(HDy + )y = (E')y = (By )y = T [(E"t * “’-ﬁ%}
L
o ®
L o ®
s -9-
»
L 4

1)

i«



at z = md, (m o O, m o N=1):

. @ Ea ) T E et By nnds
(3.3
<H”) + (H 1 m)t - (EH) - (H m+1)'t ‘Y—[(F"”)t*(E 1 m)t]
at z = (N-1)a:
¢
(B')g + (Byog,nen)s = (B)g + (ER)y
° ! (3.14)
By + By gper)s = @)y = Ep= [ [ (B)y + (E-ﬁ)t]
L
Let us first‘%onsider Egs.{3.13) which by (3.9) can be rewritten as
&)y o By By + ),
(3.15)
. . r
By + )y = () = Wy = | [(E )t"'(gi)t*@m)t]
® o
In order to suitably transform (3.15) we will use the
4
formul
ormula ( ) o Y
nad J,, (ax) a® g’ m K,_(a2)
(3.16) gy~ dX = =
(x ) 2 n.
0 .

which holds for a > O, Re(z) > 0 and =1 ¢ Re(v) ¢ 2u + 3/2.

e A WA L S e

(*) G.N.WATSON: Theory of Bessel Functions, (Cambridge University
e Press, 1958), p. 425, Eq.4.

®
®  J
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e et g o SRR I SEMEREESS 0 e T

Bypu.‘btingv-1, m'O, a."kp. z.ggg 2-51110',
Bq.(3.16) gives

o0
o 1 ainQr 3,(kp 81n0')
(3.17) K, (ki T p) = —-x- ey e e 4 81201
5T/ sin Q' + n* T

If in (3.17) we change the varisble ein@' into the
variable @ defined by

(3.18) sgin® = ?sinﬁ' , Re(n cosd) > 0 In(n cos@) 2 0
n

the new integration path in the complex Qmplane becomes the line C
defined by (3.18) and sin@' > 0. By putting @ = x + iy, it is an
easy matter to £ind that the equation of path C in the xy plane is

n
(3.19) tan x coth y = - if

i
The bebavior of C is shown in Pig.3.1., where x = arctan (nr/ni)
represents an asymptote, and x, is the angle made by C with the
.y - axis at 0.

— —— — —— e e e

c
Pig.3.1 - The integration path C
¢ 11 -

"



Thus Eg.(3.17) may be rewritten as

~ o 1 sin20 ~
(3.20) K1 (hl z p) B gy ——--2—---‘;--2 J1 (kpn sinO) cosd 4@

v c 8in“Q + T °

Now both pathe C_and C' eappeering in (3.10) (3.11) will
be taken to coincide with C for all values of m# 0, N=1, Then Egs.
(3.15) turn out to be.satisﬁed when the following relations are
satisfied:

Pm"Sm + Rm';'m = Pm“';m + Rm+1")"'m
(3.21) e

meﬁ“‘ - Rm;“‘ - P, '}’m + Rm+1';"m - 25[rm';“+nm’; "“‘+re"jl

vhere we put

o~ o

(3.22) @ 7 = exp(1iV) ' o \'/- kdn cos@

Z
(3.23) §all® coso

2n

. eck 2 2

(3.24) F = . (o} s;n O~

23“pn sin“e +C
(3.25) €= exp(1¢) ' O= xa/

Relations (3.21) are forma,ly equal to the analogous relations
found in Ref.1. By introducing the quantities (see Ref.1)

p_ = S.Smﬂ P @ [a,-?(hé)ﬁ];‘ .
r:-sf;“"1 B+ [az-’;(m-é )]f}”“‘nm

(3.26)

o~ 12 -~



e e g

with
°

(3.21) o, = %; = cosy-10 siny + 1 [(14-52) einy + 1 § ain 2y

Eqe.(3.21) transform into:

pum
(3.28) °

r

=ayp, - $F (1=a, 7-1) et
1 " a.3 r - 5 ;(1-427"1) e

®
Then ,recalling that (3.28) hold for m varying from 1 to

N-.2 one obtains ]

e1‘1—2 a N=-2 °

N2 S -1 =1

P = q P, -~ 0 F (1=a ) —e———————
N1 % % Py ° 1% D
r = 2 §e¥F (1 "1) P e
Fe1 " %2 Tq - Mkt ’; e~
[ ® 2

o Let us now consider Egs. (3.12).

Quantities (E')., (H'), are given by (2.10); (B'*)., (H''),
by (2.9); (Eg)ys (Eg), by (3.5), and finally, (B, )y (B, 4)y o¥
(3.10), (3.11), through (3.9), for m = O.

The funotion K, appearing in (2.9) will be transformed
by using (3.20). In order to write an analogous expression for the
function K1 appearing in (2.10), we will put in 83.16) vs i, n= 0,
a= kp‘ 2 -'51, x = sin@', and obtains

(-]
o (30) KT gy -;-,;éfet.? 7,(p o1n0") 4 etndr
.
', .
[
-13 -
E

4



¥ith the transformation

gind = & sind' , Re(cosd) 0 , In(X cosd) 2 O
e n
the right-hand side of (3.30) becomes

2
(3.31) K, (xT 1p) =1 -—513-9-—-2 I, (xnp sin@) cos A9
T gin Q9 +7

where C is the same path defined%y (3.18), and

4

(3.32) t= 1

B

Analogously, in Eqs.(3.5) we will change the variable O
into the variable @ defined by

(3.33) sin@' = n sind
L and choose Co in such a way that the corresponding integration path @

in the &=plane coincide with C. Co turns out v be the path represenm
ted in Fig.:®R,

0 > "/ -
L Co
® ® . ®
® Pige3.2 = The integration path Go °
L J

® o - 14 -

[ ]

s °* « ®



Thus Egse(3.12) turn out to be satisfied if the following
relations are satisfied: )

° r+'ﬁ'n°-'f+r1+n1
(3.34)
fn coel [(F/ﬁz) -.F]- l:l Ro - P1 + R1 = 2 8 (:'i'lio + 1)
where ¢
eck Z '1\{ 2
() 8in 9
8 sin“0 +T
cosl
(3.36) = s

and cosQ'= \/1 - 32 sin20 s Re(cos@') » 0 , Im(cosl*) 2 O.

From (3.34) one derives the expressionsof P1. R1 in terms of Ro.
Then the quantities Pqr T4 defined by (3.26) for mwi1, turn out to
be given by '

[8 ‘o +{ 41:;-1_(1-8 )} co] +[ o +{¢1-} -1_(1_ 5 )} Do] Ro
]

§
(3.37) ’
ry = [813-»{«;2';'1-(1-5)} c, +[5Bo +{a2'$'.1-(1-5)} DOJ R

where
[

AO-%{G:‘{ coao(g-é-'f) + (1=29) r-i’}

@
(3.38)

BO-%&U-ZK)'IY-Nﬁ .

- 15 -



(3.38)
DO =N - BO
Analogously, from ( 2.14) one derives 4
N-1 ~(N=1) _
rn_1 7 RN- 7 F + n PN;‘] ’

N-1 P

(‘E'F)*PNV; 'RN-17
_nPN'}I:ﬂ = 28[_]!‘ e 1., nPN 711"1]

(3.39) =pn cos® € -(N-1)

withe

(3.40) ’;b- exp(i Y1) y Y, =k d coso

From (3.39), (3.26), one finds

/

Py_1% § 0; A1+ (1-0) ‘ C1}+ {8$-1B1+|:a1- ';(1-5)]D1} PN;;“

(=

(3.41)
‘ = (§ -1 N.
" rN_.'-{S‘; A+ [ ’;(1-5)- 01}-» .S«; B+|- ;(1-5)1131}
with
A, = '1(Ao +26m
B, =D,
(3.42)
c, = eN'1(co YR .
)
D, = B, o
° °
- 16 ~
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Pinally, ocombining (3.29), (3.37).(3.41). with some labo-
rious manipulations, one finds:

1 1
R = .
o Aoy ®

: -c’ - 2§ F (0 @) :::: +

. X { 25:(1415)

(3.43)
1y B

+Bn cosd(F- -2) [l( -ty )en ¢ (c,-cz)-_-i'(cl:-ag)J-r

]
4(!‘-;)[31 (.1-1_(‘1;.1)‘ blc 1(11-¢2)-(1+2 § ) ('1‘“2)_]}
@

where
e
Q= (W) [v-'1+ b (wem, )]

(3.4)  We3 Bo) 5 W . 3 (3’-1)

-1
) & .4 Y v
e .
x, -?' -‘} v,
An- ansglogous expression is found for rn. It is to be noted

that, oonsidering no and r, as tuno'yionu of B, the following rela~

tion holdss °
e

(3.45) 2y(8) = = (ST B (=)

M e v 4 e i 2 abar e aas - .




It wae to be oxpected that Py(p) and R (-p) should have equal mo-
dulus since opposite values of § corresrond to the particle tra—
veling into opposite directions (see also Ref.1)..

As a consequence we can limit ourselves to discussing
the values of R for both positive and negative values of f.

To summriao, the back-scattered field is given by (3.5)
where RO(O') is given by (3.43), with O oxpressed in terms of 9
according to ‘3-33), and C_ is"the path shown in Pig.3.2.

4.1 Asymptotic expression of the scattered field.

Let ug first consider thé expression (3.5%of the magnetic
field
(4.1=1) Hl‘; = o ;— J RO(O') exp(~ikz cosQ!) J.‘(kp 8in@') 4o
) ¢y
The case p = O must be treated as a limit, because the
treatment cannot be applied for p= O due to the condition a > 0
for ap}lyability of (3.16). Let us now put (Pig.4.1)

p=rx ain@
(4.1=2)
Z ® -y cOs@ ® ®
e
¢ r
)
e o
z
®
m=0 1 2
Pig.4.1 - The reference syste.
o
® ®



and proceed to the evaluation of (4.1=1) for a fixed value of @0

and r — 0. s
Since 8in®' is real and positive all along the integra~

tion path, one can substitute (') for J1 into (4.1=1) the first term

of its asymptotic expression obtaining

(4.1=3) Hﬁ = Hz(r,@) = e':""/4 I, (r,6) -ej"“/4 12(1‘.9)

where
R (&)
1 i 0
4,1=4) I = :exp[ikr cos(B-0') [ a0
( >4 LR Vork r 2in ©® | Y sind! J
Co
.- 1 4 Ro(ot)
(4.1-5) 12 = g  —ommomemoe- ——icmee  ©Xp | ik cos(@@‘)] aeoe
o 2nkr sin® fs?n—ﬂ"

0

with Vein@ 50 , Jsina' 20

Of course the far Ez field can be immediately obtained from HZ, as
can also be seen from (3.5) (wave zone).
As long as we are only interested in the far field, the

integration path co in (4.1-4)(4.1=5) can be replaced by its real

(*®) To be precise, the asymptotic expression of J,(kr sin (. aind!)
is not appliable for sinQ@' = O. However, it may b; shown that the
error introduced by using it all along the integration path may be
made arbitrarily small. This is essentially due #® the fact that
the quantity R_(9') has a second-order zero at &' = 0, as will be
seen later. Acgordingly, if one considers a small portion of C
from Q' = 0 to 9' = ¢, its contribution to the whole integral fs

negligible, even if the asymptotic expression is substituted for J
9
- 19 =
t
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portion from O to m/2, since the portion from =/2 to ®m/2=1i c© cor-
responds to an evanescent field.

Then the integrals (4.1=4), (4.1=5) may be evaluated by
applying the principle of stationéry phasc. However, one has first
to investigate if there are singularities of the integrands on the
path of the integration.

The singularities of interest are the singularities at
finite distance of the function

R (%)

[
(4.1-6) A , fsin¥’ > 0

It will be useful to remember that the quantity sin®' is
real and positive along the integration path, and that the quantity
cosd, appearing in Eq.(3.43) both explicitly and implicitly through
the functions 5, ; , P, F, @49 Gy is defined by

(4.1=7) n 9in = ginQ' , Re(n cos@) 20 , Im(ﬁ'cosb)g; 0

4.2 - Branch points,

According to (4.1-6) 9t = 0 is a branch point. Now, from
(3.43), one sees that R may be written as a term with F as a factor
plus another term with F as a factor. For T o O, b # 0, both F and
P contain the factor sin O (see (3+24) and (3.35)), which, according
t0 (4.1=7), is proportional to sin20'. Consequently, 9' = 0 is a
gecond-order zero for RO(O'). It follows, as already noted (see
footnote at p.19), that the singularity at ' = O due to the factor
(sinD')-1/2 of function (4.1-6) is immaterial for our discussion.

As to the othe® branch points of the integrands, which

correspond to cos@ = 0, that is to sin' = + 3, they are located
® o
9

o. -
® 20
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2

outside the integration path and all we have to 4o is to choose the
branch which corresponds to (4.1-=7). '

4.3 - Poles. >

In order to investigate the poles of RO(O'), one has to
investigate the poles of the functions P and ?, defined by (3.35)
and (3.24) respectively, and the seros of the quantity

(4,3-1) Q(ag - al:) - A(a2"1 - ul:-1)

The value ¢' = %x/2 is a first-order pole of the numerator
of Ro, but, at the same time, it is a second-order pole of the de-
nominator, so that, as a whole, O' = %x/2 is a zero of R,. [ ]

Let us now study the poles of P, Recalling (3,35) and
(4.1-7), we can write

eckZ n 2
(4.3-2) PO') = 2 sin O

21.2[5 sinzo '+

1
Hence, the poles of P(Q¢) are solutions of the eguation

2 Q

8in“Q =-'Zf-1--!
B’
and since 1/[32> 1, no one of these poles is located on Co.
The poles of ¥ are analogously found to be of the first
order, given by the solution of the equation

2 1 1 2 2

(4.3—5) cos O = 333 = -E-STI (nr - ni - 21 nrni)
o N

For ni;l 0, the solution of (4.3-5) closest to C o bas positive real

- 21 -



L4

and imaginary parts. For n, -> 0, this solution tends to a point of
°C°, precisely to the value of &' corresponding to

(4.36) 0 = arccos(1/Bnr)

However, the function of 9' multiplying ;in the expression of R
has a firat order zero at the same value of Q' so that R (0Y) is
regular at the pole of F. This fact allows us to remove the ag=
sumption n, ¥ 0 and to consider directly the limiting case n, = 0.

I+t remains to examine the zeros of the function (4.3-1).
Recalling that a,a, = 1 (see Eq.(3.27)), one can put

(4.37) A

with

(4.3-8) cos Y = cosf - i §ainy

(4.3-9) sin = ¢(1+52) sinz\i/-v- 21 § stn { cos

Without loss of generality, one can choose
(4.3-10) Re(aini) 20
since, by choosing Re(siny ) <O, one simply interchanges a, and a

with no variation for RO(O'). With position (4.3-7), the zeros of
the function (4.3-1) are the solutions of the equation

2,

(4.3-11) Q sin N Z = A sin(N-‘l)t

- 22 -
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A sigple root oor:b'e'sponds %o sin { = 0, However, ain/( s 0 yields
Gy = Gg0 and for a, = a, the numerator of Ro vanighes, t00. Ac=
oordingly, there are no poles of R, at the values of @' correspon=
ding to -in{ = 0,

It 18 not an easy matter to solve (4.3=11) for &',
However, we need only to know if there are solutions of (4.3-11)
in the range 0 £ o' £ =x/2 for n, = 0. We will ehow that there
are no such solutions.

BEqe(443-11) is easily transformed into

(443-12) tan(N-ﬂ{ - - -a----Q sin -
005{-

It oan now be shown that for 0¢ Q'€ x/2 the’imaginary parts of the
left=hand and right-hend sides have always opposite signs.

Let us put I- a + ib, It is easily proved that
In [ta.n(l!-‘l)a has the same sign as b.

As regards the right-hand side of (4.3-12), the sign of
its imaginary part is the seme as the sign of

In [-Q s:l.n{ (Q® ooa{' - A")I

L]
From (3.44) one can derive that Q is real for n real, so

“y

that one can write
In [_-Q'sint(q“ oos{“ - A")] -
(4.313) = @° Re(stay ) In(oosy ) - Q? In(stny ) Be(oos{) =
-Q Re(sin{) In(A) + Q Im.(sin{) Re(A)

L

- 23 =
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From (3.33), (3.23), (3.22) there follows that sind® is
real and smaller than 1, and therefore cos@ is real and positive;
\f’ is real and positive; 5 is real. Accordingly, from (4.3-8) one
hasg

®
(4.3-14) Re(cos() = cos g coshb = cos\'/
(4.3=15) Im(coat) = -ginaeginhbm =) sin]'}

One the other hand, one can write

(4.3-16) Re(sin{) = sin a cosh b
(4.3-17) In(sta) ) = cos & sim b

Finally, from (3.44) one has . o
(4.318) ® Re(a) = (¥2 - v2) cosy= n, 1 cos
(4.3-19) In(4) = (W2 + ¥2) siny = 3(nZ 4 12) sin y

By introducing (4.3-14) to (4.3-19) into (4.3-13), one finds
In [—Q sin{(Q cos 4{. - A‘):{ =

(4.3-20) = ~Q g%%’% [Q cosh% - nr"l cosz\r]

1 cosh b| _2 2 2
"§°551§5's[nr*”115’-n‘l’ *

- 24 -
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With the help of (3.44) one derives that
2
Q coshzb} nr/? cos \f/

Accordingly, and recalling that Q is positive, from (4.3 ~20) one
derives that in general, the imaginary part of the righi-hand gide
of (4.312) has a sign opposite %o b, while, as already noted, the
imaginary part of the left-hand side has the same gign as b. The
particular case b = 0 needs not be considered. because it corre-
sponds to sin 7[ = 0 and therefore to a, = a,.
As a conclusion, there are no poles of RO(O') in the

range 0£0'¢ =/2, for n, = 0.

[

4.4 - The asymptotic expressions of the fields.

Turning back to (4.1-4), and spplying the prinoiple of
gtationary phase, we get

-12/4‘ Ro(e) eikl‘
(5e4=1) I,~1ie
Z .k sin® r
3}3 to 12, defined by (4.1-5), its main term 1s of the or-
2

der of T , since the 'stationary' point is outside OO. Accordine-

gly, it may be neglected compared with I.‘. Thus, by introducing
(4.4=1) into (4.1-3), one obtains

R ( 0) o
—om i
8in @ r =p

(44-2) E(r,@)~ gy
0

o
and then
® R(6) o1k
(4.4=3) fo(r’ ®) £ '515-@- -5 (_i,?x_i_r)
[
-%5- o’



Then, by standard methods (see e.g. Ref.1), one obtains
the following expression for the energy 4dU radiated in the solid
angle 4@ = 2% sin @ ¢ ® and in the frequency range k, kedks

"1R.(9 )2
(4.4-4)  qUu = -E 122 ax

aQ o
c2 ok2 :s:l.n2 @

o
It ig an eagy matter to verify that for @—’ 0 one has dU—» 0,

5 - Some numerical results.

Eq.(3.43) introduced into (4.4=4) allows to evaluate the
energy radiated per unit solid angle and per unit frequency range,

for any set of values of the parameters N, n, X‘ s kd, B, and @,
However, (3.43) is too complicated for a general discussion.

Some numerical results have been derived in the parti-
cular case N= 2, n = 1.5 (Pig.5.1)

Nud X n=4.5 Y/n-{

Pig.5.1 - The two=-film target
L

v
5.1 = The gain in the Cerenkov_direction over the system with { = 0
The quantity fRo |2/sin2@ was ev’aluated for a number of
values of the conductiviuy of the films [ , of gthe spacing kd be-
tween films (measured in wavelengths) and of the velocity B of the

®
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particle. For each value of B, ¢ was made to assume the value corre-
“sponding to the direction of Cerenkov radlation. This is simply ob-
tained by putting (*®) fn coso = + 1 in (3.43). The corresponding

values of © are derived from the equation (see for example (4.1=7))

1
(5.1=1) 8in® = n gind = n 1 - -‘;.2;-2

Por fn = + 1 (that is for |p| = 1/1.5) one has @- O; for B = °

= 41/ n2-1 (that is for IBI = 1/1.25 ) one has ®@= =/2.
The evaluation of (3.43) requires a limit to be performed,
V
since F has a pole at fn cos Q@ = + 1. The result is

(5.1=2) |R°I2 I ]2 %% 1 f1(n.1.4>,ﬁ.5)
2@  |4xn(n2-0] 6 £ (ae )
where 58 ) Kzo
...""2'
an”p

1 4

1" [1-62(a%1)

(the upper signs hold for back scattering, the lower signs for
forward scattering) and

+
!

(®) Recall that back scattering corresponds formally to positive
values ofyboth cos & and B, while forward scattering corresponds
to positive values of cos O and negative values of §.

- 27 -

T
t



(5.1-3) f1(n,~l,¢,p,8) - 64 §%%08%h + gHa%n)2 § 2(n—v)-2 on)? 4
+ sin%p [(z-pz)(nz.w)(~1+n+28n) - 400%(n -7-25 n)] 2 .,
. 232(n2-1)[nz-(4l+25n)2][(2-£42)(n2-1) + 46n? _( $otnd cos ¢
(5.1-4) fz(n.'t\,q»é) = 4n2(’rl+25n)2 c0824> + [(~\+en€)2 + n2]2 sin2¢

Prom (5¢1=2) (5.1=3) (5.1=4) one ,obtains immediately the
gain G of the system shown in l"ig;5.1 over an analogqus systém with

Yao:

(5.1=5) G- f1(n9”l’¢1313) f2(n"'l"l>v°)

.‘fz(n"'l’¢’ 8) f1 (no’*lp‘#o B,0)

where

(541=6) f1(n,1l.1’.ﬁ.0) = 64(n2-1)21>2(n-'v,)2+ s1n24> (2-32)2(n2-1)2(‘\l+n)2+

e + 2[32(n2-1)2(2-62)(n2-'-f) (F sinci) cos4>
and

(541=T) fz(n,'yl,¢,0) = 4n2hlzcosz4> + (n2+~lz)2 sin2¢f>
‘ o
It is immediately seen from (5.1=5) (5.1=6) (5.1=7) that
G tends to infinity for 1>—>o, that is for kd —>#0. This was to be
expected, since the radiation of a system with (Y' = 0 tends to va-
nish for 4 -» O.
As regards the back-scattered radliation, the gain G is

" .28 ¢
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zenerally larger than unity, due to the small reflecting propeities
of the system with X'- O. It is interesting to note that, for given
values of ( and X’, G is a quasi-periodic function of kd, with high
peaks corresponding to ka/p equal to a multiple of mn. The conditions
fn cos O = 1, kdi/p = u n, (with m integral) yield knd cos & = m =,
vhich is a resonance condition for the obe.ck—scattered radiation.

As to the forward radlation, we found values of G ranging
from infinity to a limiting value smaller than unity (Pig.5.2 to
Pig.5.5). The high values of G for smajl values of kd have already‘
been explained. The value G = 1 occurs at about kd/p = 2m, quite
independently of g’ « Of course, the smaller y' y the wider are the
ranges of the other variables corresponding to G = 1,
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5.2 = Forward rediation pattern froj & twoi-filp-target.

The radiation pattern, that is |R°|2/sin2@. versus ©, has
been evaluated in the particular cases § = 0.8; ¢= x, 2z, In. The
quantity {zo was made to assume the values 0, 1, 5, 10, 20 as in
the preceding section. The results are shown in Figs.5.6 to 5.8,
The 6erenkpv direction corresponds to @ ~ 56°,
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Prom Fig.5.6 it appears that at ¢ = & the intensity in
any given direction is an increasing function of ¥ (except in the
vieinity 3:6 X’- 0). This seems to indicate that at such a small
spacing, Cerenkov radiation has but a small importance, compared
with transition radiation which increases with g('

- Pig,5.7 shows that at $= 2 n the intensity is only ¢
slightly dependent on X' « This result generalizes the result pre-
cedingly found, that the gain G, defined by (5.1=5), is about 1
for ¢ = 2, independently of ¥, not only in the Cerenkov di-
rection, but in all directions.

Pig.5.8 shows the behavior at 49 = 3 n, Now the inten~
sity is a more complicated function of X' The over-all tendency
is to be a decreasing function of | . Generally speaking, one can
say that Cewnkov radiation, though largely affected by diffraction,
is now more important than transition radiation. However, by in-
creasing X s 8 larger part of power is lost by Joule effect on
the films.

In order to investigate the dependence of the radiation
pattern on the film spacing we can refer to Figs.5.9 to 5.12. It
appears that at low conductivity ( X‘ ZO = 1) the half-power beam-
-width is practically independent of 4) o This result however is
proved only for the small values of 43 considered (recall that L
4’ = 3 n corresponds to d { 3 A/2, precisely, to d = 1.2 A).

@ 3By increasing X' , the rhdiation pattefn becomes sharper
in the wvieinity of the Gerenkov direction, when ¢ inoreases. This
effect 1s probably due to interference of thse Cerenkov radiation
with transition radiation.
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5.3 - Porward radiation pattern from a ten~film target.

The radiation pattern has been evaluated in the case
N =10, n = 1,5, g = 0.8, for ¢ = x, 2x, 3 and y2 =0, 1, 5,
10, 20. The angle O' was made to vary from 0° to 90°by 10°
steps, except in the range 50° to 60°, where it varied by 1°
steps. (Recall that the Jerenkov direction corresponds to
Ol 550)-..In spite of this fine division of the O'-range, the
radiation pattern cannot be plotted with great accuracy for
{%, # 0, since it turns out that a still finer spacing would
be needed. However, the following results can be given, which
in any case must be understood as pessimdstic,
1) for one and the same value of¢ , the main lobe becomes
weaker when the film éonduotivity increases (Fig. 5.13) . This
:Ls.presumably due to the fact that the power lost by Joule ef-
feoct on the films increases when the conductivity increases.
2) for one and the same value of ¢ , the main lobe blecomes
narrower when the film conductivity increases. In Fig. 5.14 we

report as an example the main lobes corresponding to the various

values of Y% , for ¢ = 3x, with maxima normelized to unit.
In the Tigure, the values of the half-power beam-widths are ine
dicated.

6 - Conclusion

Due to the complexity of the expression (3.43) of R,
oonclusiona can be derived only in the two cases N = 2 and
K = 10 for which numerical calculations have been carried out.
In the case N = 2, we have found that the effi-
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olency of a structure characterized by a given value of the
film oconduotivity is better than the efficiency of an analo-
gous struoture with vanishing film conduotivity,only 4f the
thickness of the dielectric layer is less than one wave-
length - a condition not easy to realize at subﬁillimetrio
wavelengths.

A more encouraging result regards the half-power
beap~width, which turned out to be a decreasing function of the
£ilm conductivity, at least in the range for which numerical
caloulations have been carried out .

Ih this connection, the results obtained when N = 2
are not indicative, since too small value of the overall
thickness are invalved and the effect of di3ffraction is therefo-
re very pronounced. With N = 10, we found that, for ¢- 3:,'
the half-power beam~-width varies from about 12 degrees to less
than 1 degree when {Z varies from O to 20.

0f course, in order to discuss the application of
this result to practical problema,. like the measurement
of particle velocity, other numerical calculatlons would be re-
quired. For instance a determination of the radiation pattern
for a number of values of B, and for fixed values of the other
parameters , would be deslderable.

In conclusion, even the few numerical results obtained,
seem to indicate that a system of the type investigated ia
not very sultable to produce submillimeter power with reasona-
ble efficiency. In this connection the passage from the
below-threshold case, discussed in a previous report (1), to
the above-threshold case 1s not so favorable as might have
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been surmised .
Any way, an interesting feature of the radiation

in the above-threshold case is repregented by the pbsaibilip
ty to obtain comparatively narrow beam-widths at certain
wavelengths. This property could perhaps be exploited

for the measurement of particle veloolties.
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