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First we shall state the problem and give a simple method for Its

solution. Then we shall describe the empirical method used to relate

the solution to the problem of blast loading an air earth interface.

In circular cylindrical coordinates (r, e, z) a homogeneous,

isotropic, solid medium occupies the semi-infinite region 0 S z < 00

and a homogeneous, isotropic, fluid elastic medium occupies the semi-

infinite region - CP < z - 0. An impulsive point source of pressure

is located at r = 0, z = -h.

The motion in the solid is a solution to the linear elastic wave

equation. Integral expressions for the motion have been derived by

Ewing, Jardetzky and Press (Elastic Waves in Layered Media, New York,

McGraw-Hill, 1957), Strick ("Propagation of Elastic Wave notion from

an Impulsive Source along a Fluid/Solid Interface", Philosophical

Transactions of the Royal Society, Series A, Vol. 251, 1959) and others.

Therefore, no derivation of these expressions will be given here.

Lot Q be the r component of particle velocity, W be the z component

of particle velocity, and Tza, Tzr, Trr be the stress components. The

Laplace transform with respect to time of these quantities is denoted

by an overbar. Consider the problem where the pressure point-source

emits a step function of strength Mo at time t u 0, where No = Poh and

where Po is the pressure amplitude that would occur In an unbounded

fluid at distance h from the point-source. Then the Integral expressions

for the transforms of the motion at r, z are
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where S(p) =,IR(p) f 1 and R(p) = 4 4 4  *T 4 l p

R(p) Is the characteristic Rayleigh denominator in Lsam's problem, and

S(p) is the characteristic Stoneley (or Scholte) denominator in Strick's

problem. The path of integration, r , runs parallel to the imaginary

axis between p = 0 and the smaller of p = v- 1 and p = vf- 1 .

By considering a step function source, integrals have been obtained

in which Laplace transform variable, a, appears only in the exponentials

and the argument of the Bessel function. In this case the transformation

to the time domain is easily made by operational means. The technique

is illustrated by a simple example.

Consider an integral of the form

"-Is(S = J-fdp IK,(-Spr) F(P) eSs i-k S

where F(p) is the ratio of polynomials in p, ip, I.' and The

function Kn(-spr) in the transform of

H(t* + ,

and

K,.,(-spr) e" 5 "2S

is the transform of

•[(t. --I,; -t "•t)L ,r' '61
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Thus the integral I(s) Is the transform of

Let ' = -pr + a z + I h and deform the path, P , in the left half-plane

such that on the deformed path t is real. The deformed path is symmetric

with respect to the real axis as in the real part of the integrand so

the expression for I(t) can be written

V t) #p F(P) (4)

where p+ is that part of the deformed path that lies in the second

quadrant.

Changing the variable of integration to T gives

07•T (5 )

where p is now regarded as a function of t , and rso i that value of T

for which the path of integration touches the real p axis.

The problem then is rduced to the numerical evaluation of an Integral

f 
((t
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If V0 corresponds to a real value of p where there is a branch cut, the

lower limit of the path of integration is extended toward the origin,

to the branch point nearest the origin. That value of t" at the branch

point is denoted by T'c, and

f( Z)+Z (7)

If t < 'o in (6) or t < Zc in (7), I(t) = 0.

For either (6) or (7) it is necessary to evaluate numerically one

or more Integrals of the type

T()

The method used is the Gausa-Legendre method. First the following

transformation is made

£- * ,

from which is obtained

1= - I H~io (9)

Next the range of Integration Is divided into I equal parts, t; = 11/21;

'= [ HS)

7r &- (o
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To this point no approximations have been made.

In the Gauss-Legendre method an integral

is approximated by

..i X I

where xj is the jth root of the Legendre polynomial Pj(x), - 1 < X < 1,

and aj is the jth weight.

pi.. (12)

Several tables of weights and roots are available.

The expression for the transformed integral becomes

'T E& > +~~ja-)b (13)

The transformation procedure described here has been applied to the integral

expressions (1.1) - (1.5) and a FORTRAN program exists for the numerical

evaluation of the approximating sums represented by (13).

The five quantities of interest are presented in dismensiomlesa

form as follows:

horizontal velocity, q = /.,o4 0 vf

vertical velocity, w -OAW/PoVf

vertical stress, rZZ = TZZ/Po
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shear stress, tzr = Tzr/Po

horizontal stress, Trr = Trr/po

The following compilation defines terms used throughout the above

discussion.

fJP = density of fluid

_f = density of solid

vt = acoustic sound speed in fluid

Vp = compressional speed in solid

vs = shear speed In solid

p = a variable of integration

a = Laplace transform variable

(- 2 21/: (Vf - p2)1/2 These expressions are maltivalued

,.p = (v 2 . 2l/2 functions of p. To render them,and

expressions involving them, singlev
-s = (vs2 2) valued, branch cuts are Introduced,

in the case of • ,from p = vf 1 to

p= oc and from p -v top = -00.

K n() = modified Bessel function of the second kind, or order n and

argument o(

/4. = rigidity modulus of solid.
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The results obtained above represent a solution to the linear elastic

wave equation. In order to use the results to study the problem of blast

loading an air/earth interface, several simplifying assumptions must be

made. First, it was decided to consider the response at four ranges,

corresponding to pressure levels of 10,000,5000, 1000, and 500 psi.

The parameter Po should be larger than the largest pressure considered

and was arbitrarily chosen to be 20,000 psi. That is to say, at a

distance h from the point source the pressure would be 20,000 psi when

the solid half-space ts absent. The ranges corresponding to the four

pressure levels considered were taken from the data of Brode (RAND, P-1951,

March 1960). Then for each pressure level the parameter h was chosen

such that the incident pressure field would have the proper value. For

a pressure P at range r we have

P = hPo/(h2 + r2)
1 /2

For a given P and r and with Po = 20,000 psi h can be determined. Thus

h is different for each pressure level and can be regarded as the "effective"

height of burst.

The horizontal blast wave velocity was taken fron the data of Brode

and from it an "effective" fluid speed can be calculated for each range.

Finally, the density of the fluid is taken to be the density behind

the blast wavefront in the Brods data and therefore is also a function

of range. This last assumption is not very important since the fluid/

solid density contrast is always very large.
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On this basis several problems were solved. Ground materials con-

sidered were "rock" (dilatational velocity cV = 15,000 ft/sec, shear

velocity ca = 8,000 ft/sec, unit weight X = 170 lb/ft 3 ), "tuff,"

(c p = 7,900 ft/sec, ca = 4,000 ft/sec, 130 lb/ft 3 ), "sediment"

(Cp = 2,400 ft/sec, ce = 800 ft/sec, I = 120 lb/ft 3 ) and "dirt"

(cp = 800 ft/sec, cs = 200 ft/sec, Y = 100 lb/ft 3 ). Pressure levels

considered were 10,000, 5,000, 1,000 and 500 psi; depths investigated

were 0, 40 and 80 feet. Horizontal and vertical normal stresses, shear

stress, and horizontal and vertical velocities were computed. Results

for tuff are included in this presentation; results for rock and sediment

are given in Appendix A. Extreme requirements of computer time prevented

extending the curves for dirt to times at which the Rayleigh wave

phenomena would occur; therefore, no results for dirt are given.

The Rayleigh wave contribution is not apparent from examination of

the stress and velocity curves; the most satisfactory method of identifying

the Rayleigh wave is by examination of particle motions. The Rayleigh

wave is unique In that particle motion Is retrograde with respect to the

solid half-space. Particle paths are shown In Figure 12 for surface

points at the four overpressure levels. Since the velocity curves of

Figures 10 and 11 begin at the time corresponding to the peak stress

traveling directly through the fluid (i.e., at 188 ma) early-time motions

are not shown. The vertical velocity increases abruptly after the fluid

pulse arrival while the horizontal velocity decreases equally rapidly.

Positive directions of vertical and horizontal velocities are upward and

outward, respectively. Therefore, the motions following the arrival of

the fluid wave are retrograde and identify the passage of the Rayleigh wawA.
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Once this wave Is located for one pressure level it can be identified

quite readily at the other pressure levels as well; therefore it is

necessary only to examine velocity curves at one overpressure level.

For tuff the sharp downward thrust of the horizontal stress curves

immediately following the initial peak is caused by the Rayleigh wave.

The relative importance of the Rayleigh wave at the four overpressure

levels can be seen quite clearly. At 500 psl (nominal) the Rayleigh wave

horizontal stress is of much greater absolute magnitude than that from

the fluid pulse. However, since the stresses from these two wave arrivals

are opposite in sign the net result of these effects is a positive stress

arising from the fluid pulse. As overpressures increase the Rayleigh

wave horizontal stresses becom less important; for Ps0 = 5,000 and 10,000

psi the Rayleigh wave effect is not of sufficient magnitude to cause these

stresses to become positive.

The Rayleigh wave has far less effect on vertical stress than on

horizontal stress. For surface stresses no effects are shown whereas

the effects for depths of 40 and 80 feet are less than 10 percent greater

for P 0o 0 500 psi and less than 3 percent greater for P5a 0 10,000 psi.

Shear stress effects become quite large, particularly at lower pressure

levels, as evidenced by Figure 9.

The pattern of stresses which follows the Rayleigh wave peak hori-

zontal stress is at least partially obscured by oscillations of the

numerical evaluation. This is particularly apparent in the horizontal

stress curves for Poo = 5,000, 1,000 and 500 psi. Similar oscillations

appear in the vertical and shear stress curves and also in the vertical

and horizontal velocity curves. Such fluctuations could have been



-11-

eliminated by choosing shorter time steps at later times. This was not

undertaken in the present study because these oscillations did not

impair the usefulness of the results in defining Rayleigh wave effects.

After the passage of the Rayleigh wave, vertical stresses for

depths of 40 and 80 feet tend toward the values of surface stresses.

Surface stresses, in turn, have stabilized at a value equal to the

constant-valued fluid pressure at these later times. However, horizontal

stresses for all depths increase negatively, by a large amount and, in

the cases of Po0 , 10,000 and 5,000 psi, become larger than at the

time of passage of the fluid pulse. For Po = 10,000 psi these later

stresses are almost 40 percent greater than those associated with the

fluid compressional wave. It can be established that these late time

horizontal stresses are not a result of the Rayleigh wave disturbance

by examining the particle motion curves of Figure 12. The transition

from retrograde to prograde motion can be seen clearly. As indicated

in this figure the change occurs at a time corresponding to that of the

peak Rayleigh wave stress for each pressure level considered.

For the most part only qualitative conclusions can be drawn from

the above results (and those given in Appendix A) because of the simpli-

fications involved in the analysis. The most important of the simplifying

assumptions is that of a non-decaying pulse. Were the pressure source

a decaying pulse similar to the Brode air blast pulse, vertical stresses

would exhibit a sharp decay following the Initial peak. The horizontal

stresses also would show such a decay but this would be seen primarily

at times after the occurrence of the Rayleigh wave peak stress. It is

unlikely that a decaying pulse would give rise to great changes in the
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relative magnitudes of the first peak and the Rayleigh wave peak stress.

Therefore, the above comments regarding the relative importance of the

Rayleigh wave at various overpressure levels appear to be valid.

On this basis it may be stated that, for stresses in tuff at least,

the Rayleigh wave is of less importance than are the other "air"-induced

effects in the close-in region (i.e., above 1,000 psi). This statement

must be qualified by adding that, taken alone, the Rayleigh waye effects

surpass the air-induced effects; however, the phasing of the two effects

Is such that the Rayleigh wave stresses are opposite In sign to those

which exist prior to the Rayleigh wave arrival. Therefore, the net

effect of the Rayleigh wave Is a reduction In stress rather than an increase.

Since this phasing is the dominant factor in determining Rayleigh wave

effects these results are at odds with the assumption, on which some

earlier analysts were based, that the Rayleigh wave effects may be

described independently of the other air-induced effects.
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The cases studied included four ground materials (rock, tuff, sediment,

and dirt), four overpressure levels, (10,000, 5,000, 1,000 and 500 pal)

and three depths (0, 40 and 80 foot). Properties assigned to the ground

materials were in toers of dilatational wave velocity, Cp, and shear

wave velocity ca. Values used were as follows: for rock, cp = 15,000

ft/sec, Cs = 8,000 ft/sec; for tuff, cp - 7,900 ft/sec, ca = 4,000 ft/sec;

for sediment, cp = 2,400 ft/sec, ca = 800 ft/sec; for dirt, cp = 800 ft/sec,

ce = 200 ft/sec. Corresponding values of Polsson's ratio are 0.30 for

rock, C,.33 for tuff, 0.43 for sediment, and 0.47 for dirt. Results, In

the form of time histories of vertical and horizontal stresses and

velocities, are given here for rock and sediment. Results for tuff are

given in the main text. No results-are given for dirt; excessive com-

putation time requirements prevented extending these results to times

at which the Rayleigh wave disturbance would occur.

The timewise location of the Rayleigh wave is best detected from

inspection of the particle motion, which is uniquely retrograde during

passage of the Rayleigh wave. This has been accomplished primarily

from direct study of velocity data although notion calculations were

helpful. Identification of the Rayleigh wave by means of motion graphs

is discussed In the main text and shown in Figure 12.

Results for rock and sediment are shown In Figures A-I through A-10

and A-i1 through A-20, respectively; those for tuff are given in the

main text.
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Examination of the rock particle velocity curves of Figures A-9

and A-10 for P50 = 1,000 psi shows that the retrograde motion associated

with the Rayleigh wave pulse begins at about 192 mo, at which time the

vertical particle velocity changes sign. In Figure A-?, in which are

presented results for horizontal stresses for Poo M 1,000 psi, the

pulse thus identified can be seen to peak at 200 mo. At 500 psi

(Figure A-8) the peak can be seen to occur at 260 ms, whereas the curves

for 10,000 and 5,000 psi (Figures A-5 and A-6) show the peak to occur

at 80 and 100 mu, respectively. In these figures the Rayleigh wave

contribution to the horizontal stress appears to have a somewhat more

rounded shape than in Figure A-7 and A-81. This is largely a matter of

the scales chosen for the abscissas of these graphs; drawn to the same

scale the curves of Figures A-6 and A-7 would appear much lees rounded.

It in apparent from these figures that the relative Importance of

the Rayleigh wave contribution to horizontal stress in rock ti most

important at the lower overpressures. In each case the Rayleigh wave

produces horizontal stresses opposite in direction to those of the

pulse which is associated with the passage of the fluid pulse front.

These horizontal stress curves for tuff and sediment also show decreasing

Rayleigh wave importance with increasing pressure and Rayleigh wave

stresses opposite in direction to those from the dilatational wave.

It is useful to discuss further the relative velocities of the

fluid and solid elastic waves. For rock the fluid pulse is superselsmic

(i.e., the point of intersection of the fluid wave front ant the solid

surface travels at a velocity greater than the propagation speed of

dilatational waves in the solid) for nominal pressure levels of 10,000
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and 5,000 psi. For P5 0 = 1,000 psl the fluid pulse is traneseismic

(i.e., its velocity lies between that of dilatational and shear waves

In the solid) and for Paw , 500 psi it is subseismic (i.e., Its velocity

is less than that of shear waves in the solid). At both 1,000 psi and

500 psi the fluid pulse velocity Is relatively close to that of the

shear wave velocity; the fluid and dilatational wave velocities are

fairly close for P5 0 = 10,000, 5,000 and 1,000 psi and tranaseismic

for P = 500 psi. The dilatational and fluid wave velocities are

very closely matched at 500 psi and relatively close at 1,000 psi.

The fluid pulse is strongly superseismic in all cases for sediment.

In terms of the relative velocities it may be stated from the

horizontal stress results that the Rayleigh wave contribution is not of

great importance In the superseismic situation even when the fluid

velocity closely approaches that of dilatational waves in the solid.

The contribution Is large in both the transseismic and subaeismic

regions and reaches Its greatest importance when the fluid wave velocity

closely approaches that of the solid shear wave.

Horizontal stress curves for P 0so 10,000 and 5,000 psi for both

rock and tuff show a rapid rise to a first peaks associated with the

passage of the fluid pulse. This is followed by a steep decay upon

arrival of the Rayleigh wave followed in turn by a later increase as the

Rayleigh wave passes. The horizontal stress curves for tuff at 1,000

and 500 psi also follow this pattern. The first arrival shown In

Figure A-7, for rock at 1,000 psi is not that of the fluid equivalent

of the air-blast shock front. The arrival time of this early distur-

bance corresponds to that of a dilatational wave induced directly

SIn this discussion a more-negative (i.e., compressive) stress is con-

sidered greater than a less-negative stress.
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beneath the burst. The fluid wave front arrives at 18 mn, when the

pulse has gone positive by an extremely large amount. The Rayleigh

wave peak occurs at 200 me and gives the most positive point on the

curve for each depth. In Figure A-S, for rock at 500 psi the fluid pulse

arrives after the positive peak; the effect of this pulse can be seen

in the abrupt change of the surface stress from 4,350 to 2,300 psi

in about 10 ma. In this case the Rayleigh wave peak occurs at 260 mas

and the first arrival is that of a dilatational wave induced directly

beneath the pulse. It is apparent that the surface disturbance has

outrun the fluid wave.

The critical situation in rock is shown in Figure A-7 for Poo = 1,000

psi where the fluid pulse is passing from the tranaseismic to the subseismic

case. This only occurs in the region of interest for materials of high

seismic velocity such as the rock considered here; even for tuff the

location of this transition is far beyond the distance for which Po0 o

1,000 psi. Such high-velocity materials also possess great strength

and high modulus of elasticity. Such materials are far more able to

withstand the large stresses associated with the Rayleigh wave in the

transseismic region than are softer materials. Thus horizontal stress

effects appear to be largest in materials which are best suited to

supporting such stresses. There is, of course, so" question as to

the significance relative to design of the high-intensity tensile

stresses such as those of Figure A-7 (i.e., 4,000 psi).

The absolute magnitude of horizontal stress in rock arising from

the passage of the Rayleigh wave is in no instance greater than the peak

fluid induced horizontal stress at Poo 1 10,000 psi. For tuff the Rayleigh
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wave stress is nowhere larger than the fluid-induced stress at P*a =

1,000 psi. Results for sediment are incapable of supporting such a

statement directly because the computations were halted before the

Rayleigh wave peak occurred for P*s = 1,000 and 500 psi. Comparison

of the sediment curves for horizontal velocity with those for rock

and tuff at Poo = 10,000 and 5,000 psi indicates that the Rayleigh

wave effects for sediment are less important relative to the fluid-

induced effects than are the effects in rock or tuff.

Surface vertical stress curves for rock at all pressure levels

show an abrupt rise on arrival of the fluid pulse and a constant

value of stress thereafter. Stress curves for depths of 40 and 80 feet

closely approximate the surface curves for Pas = 10,000 and 5,000 psi;

for P5a0 1,000 and 500 psi the 40 and 80 feet curves differ considerably

from the surface curves at earlier times. These differences at early

times are attributable to the outrunning ground shock at these lower

pressure levels. At 1,000 psi the early stresses are insignificant

relative to the stresses which occur after the fluid pulse arrival.

The relative importance of the early stresses Is greater for Pe0 s 500

psi but fluid pulse stresses remain greater than those associated with

the Rayleigh wave. The Rayleigh wave effects in each case tend to

counter the stresses from the fluid pulse. At later times curves for

all depths tend toward the value of surface pressure, ams is to be expected.

Curves for vertical stresses in tuff and sediment exhibit the same

patterns as those for rock with the exception that no outrunning occurs

for these softer materials. Sediment results for later times at Poo

1,000 and 500 psi are unavailable but the results appear to follow those

for tuff.
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Velocity curves for rock are shown in Figures A-9 and A-10 for

vertical and horizontal velocity, respectively. For sediment the

corresponding figures are A-19 and A-20 and for tuff, Figures 10 and

11 of the main text. Motion phenomena are strongly affected by the

shape of the pulse and no comments regarding magnitudes of the velocities

are in order. These curves are useful primarily in identifying the

Rayleigh wave from the retrograde motlon. This motion can be found

readily by considering simultaneously the changes in vertical and

horizontal motion.

Because of the simplifications involved in this analysis of the

Rayleigh wave only limited conclusions are drawn. These are sufficient

to define the relative importance of the Rayleigh wave contribution,

at least with regard to stresses. These conclusions are as follows:

1.) The Rayleigh wave is never of primary importance for horizontal

stresses in the superseismic case; therefore, only materials having

seismic velocities greater than 8,300 ft/sec (the air-blast wave velocity

at Pao = 1,000 psi) will exhibit important Rayleigh wave effects in

the close-in region. 2.) The Rayleigh wave is never of great importance

for vertical stresses at any location for any material. 3.) The

Rayleigh wave horizontal stresses are opposite in sign to those accompanying

the air blast wave and tend to reduce the effects of the latter; for

vertical stresses the results generally are additive but the Rayleigh

wave contribution is of minor importance. 4.) When Rayleigh wave

effects are important the stresses involved are tensile.

Based on the above conclusions stresses arising from the Rayleigh

wave appear to be of less Importance than are other air-inducod effects
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in the close-in region and can be neglected for most design application.

without introducing appreciable error into the analysis. In ordir to

make a comparable statement regarding ground motions it will be necessary

to base any future analysis on a more realistic representation of the

air blast pulse.
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Shear Wave Velocity 8,000 ft/soc
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FIGURE A-4

Vertical Stress In Rock

P 0so 500 psi, Seismic Velocity 15,000 ft/soc

Shear Wave Velocity 8,000 ft/sec
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VIOURS A-5

Horizontal Stress in Rock

P 0so = 10,000 psi, Seismic Velocity = 15,000 ft/sec
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FIGURE A-6

Horizontal Stress in Rock

Poo - 5,000 psi, Seismic Volocity t 15,000 ft/soec

Shear Wave Velocity = 8,000 ft/sec
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FIGURE A-8

Horizontal Stress in Rock

P80 = 500 psi, Seismic Velocity m 15,0o0 ft/see

Shoar Wave Velocit~y = 8,000 ft/vec
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FIGURE A-9

Vertical Particle Velocity for Rock

P = 1,000 psi, Seismic Vqlocity 15,000 ft/secso

Shear Wave Velocity 8,000 ft/soc(
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FIGURE A-10

Horizontal Particle Velocity for Rock

Pso = 1,000 psi, Seismiic Velocity 15,0)0c £t/Lo<i

Shear Wave Velocity 8,000 ft/sec
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Vertical Stroes in Sediment

rp )J0,000 psi, Seismic Velocity 2,400 ft/sc(c

Shear Wave Velocity = 800 ft/sec
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- Vertical Stress in Sediment

Pao 1.000 psi, Seismic Velocity = 2,400 ft/sec
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FIGURE A-15

Horizontal Stress in Sediment

Pao = 10,000 pot, Seismic Velocity 2,400 ft/sec

Shear Wave Velocity = 800 ft/soc
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FIOURZ A-I1

Horizontal Stress in Sediment

Pso M 1,000 psi, Seismic Velocity 2,400 ft/sec

Shear Wave Velocity 800 ft/sec
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FIGURE A-18

Horizontal Stress in Sediment

Pso = 500 psi, Seismic Velocity 2,400 ft/sec

Shear Wave Velocity 800 ft/see
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PIOURE A-i9

Vertical Particle Velocity for Sediment

P•O a 1.000 psi, Seismic Velocity - 2,400 ft/sec

Shear Wave Velocity = 800 ft/mec
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FIGURE A-20

Horizontal Particle Velocity for Sediment

P*o - 1,000 pal, Seismic Velocity - 2,400 ft/sec

Shear Wave Velocity = 800 ft/sec
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