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REFLZCTION OF SUDDEE CBANGZS 1B DXINSITY FROM TEE AXIS OF SYW/2™RY

by
D. A, Mel'nikov.

The flow of a supersonic ixially symretricul stre.m from a norzie,
with pressure in the stream grester or lcs than the pressure in the
surrounding medium, is accompanied by the formation of jumps of con-
dengation, which are reflected from the axis of symmetry. The existing
methods enable one to compute the flow im such : stream, with the excep-
tion of the area of the reflection of the jumps im condensution from the
axls. Below there 1is stated the problem with i1ts solution obtained for
the flow of a gas in the region of the reflectiosn of an incident Jump
in condensation from the axis of eymmetry and the formation of & .central
Jump in condensation cohverting a supersonic flow into ~ subeoric one.
"he accepted gystem of flow has been c;nfinned by experiment. There 1is
ghown the vossidbility of reflecting un incident jumv in condensation

from the axis of symmetry without the formution of &« subsSnic flow.

1. Let us tak- 28 one of the nossible systems of flow of a gas in the
region of reflection from the axle of symretry of an incident jump in con-
densation the following one. Cloge to the nozzle the incident Jump e

sPlit into two jumps in condensation (Fig. 1). The firat reflected jump

Lo mmagt ) Lt W ISP RN A

in.condensation XR goes in/ direction from the axis of -ymet;ﬁ;?‘::ﬁ';"”c-
cond, the central Jump in condensation KP, converts the supersonic flow nearN
the axie into a sudbsonic one, From the point of splitiing (in Fig. 1,

roint point X) there goee the line of flow XL, whict provee to be tke sur-
fuce 0f a tangenti:1l bresnk, The subsonic flow back of the central jump in

condengation is rwpidly acceleruted and becomes superconic, 1. e., the urea
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of subsonic flow proves to be cloeed inside the survereonic flow. The flow
behird the reflected Jump in conden-
gation in the general case can be com-

vletely surersonic or pirtially sud-

conic.

1
__I‘//A;”

7 y let ug seex n soluticn deterrin-
ing tre subgonic flow behind the cen-
Mg, 1
tral jump.
Let up introduce the dimencionlese v.irameters u, v, the components of
the vector of velocity V =1f7;T:F—;E referred to the naximum velocity in
the cylindricel system of coordinate: z, r with tre beginning of the coordin-
ntes z = @, which rune through (Fig. 1) the voint ¥, D and p ure the pressure
snd density, referred to the prec:ure and density of the retarded flow K de-

fore the Jjumvs in condensation. k 1g the index of the adiabatic_cgrve. Let

qu use the basic equations of an ide:.l gas:

a du k=112
vEmtv et a0 (.1
Vitple=1 (1.2)

a (rpu) . ?_(lﬂl -0
gV or (1.3)

The pressure p and the angle @ betwen the vector of velocity und the
vositive direction of tre axle z we wlll cunsider es the unknown functions
of z and r. Let us introduce 4into the c;nnider&tion algo the entropy
function®= p ./ pk. The oqgatlon'tl.l) we convert to the form -

& [r (=550 )]+ 22 o S )

Let ue solve the vroblem by the method integrel relationships (see, for
exnmple.l[_1_7). In the general cas- we divide the subsonic flow between

the wxls of symmetry ant the line of the flow running through the point X

snito the band N by equidietant liner. The firet line coincides with the

N
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(rig. 1) with the line of flow XL vroceeding from the noint X. The rero
line is the axis of symmetry. Let us cderive & formla with K = 1.
Let r; = r(2) b; the equution of the line of the flow KL, Let us in-
tegrnte the oqﬁationu (1.3) and (1.8) by r from r = 0 to r = ri(z). In the
integrals obtnined we will approximate the subintegrsl functions accordipg
to r through their values with r = 0 and r = ry(z). After the convervions

to the variudles v, 0, ani @, taking into consideration that

deg, dg .
=g = =0 (1.ta)

from the integrated equations {1.3) und (1 4) we will get

n\ 'mi

':”' {er,V,’ sin 0, (2 cos Gy — T )@ + 20, [ (Pl Po) +

+2p,V,tcos0, (—L —cos 0,)] {2r| [ Vil cos 0, (cos 0, — -;:—) +
+!‘-—_—’(i—2cos'0l +-Vl-cosﬂl)]} i (1.5)
d:" {2r, cos 0, ( z_k‘ %—:— -"—'%‘;lv-l) —'f}:l -+ 2r,p,V\V,8in b -i:’—'- —_
— 2180, (pV? + 20V1V cos )] {r, (E,;—‘f’f'-— clonl ’)}"‘ (1.6)

We will make use aleso of the equation of the line of flow passing through

the voint X:
dr,/dz==tg-0, 1.7)

The subecriptc 1 nnd 0 refer to the parameter: on the first an¢ zero
lines of flow,

5till one more equation cun be obtained from the boundary conditions on
the 1ine of flow vaseing through tke voint X and forming the surface of the
tgngential break;'rrLel,gf qoznider that with r > ry(z) the flow 1s complete-
1y sumwersoaic. let ue write the equation which connects p and @ along tﬁe

characterietic 11 of the family:

sinp cosp sin 0_sin
dh, _.___' < ar s sin 2;1c
+ Tp dp, — - s, =g T EG= dln(p -0 (1.8)

Here o is Mach's angle.  The subscrivt ¢ relates to the suversonic

flow with r > ry(z2).
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The system of equations (1.5)—(1.8) determines the unknown functions
rol(z), 1y (2). 01(15. ard ry(z). The initial parsmeters with the subscript
1 with z = 0 for int;gr.ating the aya'trm of equations nre determined if one
knows the'foint of svlitting X on the incident jump in intensity. From the
condition of eymmetry the centr:l Jumu on the axie at the point P will be a
straight jump in intensity. Therefore the initi.l p.rumeters wi'l the sub-
tcriot O are kmown if one knows the coordinzte zy °f the voint P. The val-
ne 401/dz which enters into the equations (1.5) and (1.6) remains unknown

with z = 0. Let ue write the equations (1.1) und (1.3) in the system of

curved-line coordinatec s, n (Mg. 1):

s

30 p k—=138Inp
5 T T on (1.9)
0 k—t p { alnp_uino

Here, s is taken to be along and in the direction of the lines of flow,
arn? © aleng the normal to them, The direction of the coordinute n is chosen
in such a way that the mutually perpendicular directions n and s coincide with
the direction r and z, reemectively, with 2 turn at the angle 6. The differ-
entisls dn and ds can be connected with the element d1 of the centrsl Jjump

(Fig. 1): '  dn =dlcos(y —0) = R cos(y — 0)dy
ds = —dlsin (Y — U) = — R sin (7 — 0) dy {1.11)

Here R 1eg the radius of the curvature of the central'Jump in depsity and
Y is the angle between the normul to the central jump and the positive di-

rection of the axis s.

Let ue introduce into the consideratisn the obvious rélation.hip-

dh 88 ds | 30 d= dinp _Blnp ds , 3npdn
T mwTmGa w T e & T & (1.12)

From the syestem of equations (1.9)—(1.12) let us establish the deven-
dence between 3 1n p / 3o and 36 / de And we will definitely get the sup~

rlementary equation for determining do)/dsz witk z = O:

S mTo62.17571 4 2 )



o -l dlnp |
£ { n gt ""“7'“9)‘* :’."15-(*__3_";% :)608(7.—0.)]+
___D W
| + sino,cou('f,—-o,)cmo}{ [ki" f;'—-cos(-r,—ol)———-— (1.13)

i —_ ﬂ‘-’-ﬂsm (1, — 0,)]}

- The products de/dr and 4 1n p/dy are determined from the rela-icnnhive

for the oblique jump in deneity taking into ccneideration the variabdbility
0of the gas-dynamic varwmeters before the centirzl jJump in denelity. The equa~
tiony (1.5) and (1.13) determine the wnlues dp)/dz and 40, /dz with x = .O.
From the system of eﬁuationn (1.9)—(1.12) let us expreas slso the ra-
dii of the curvature of the centr-l jJump:
at the point X with s = 0

T PRI SRR

M= (-— JheosGy

at tre point P with 3 = s, e -

woweg [ Er - (1.15)
The equations (1.5) und (1.6) determine the values dplld: and dp,/d4s

by expressions which revresent a fraction. The denominator of the expres-
sion (1.,6) becomes & zero at the special voint where the velociiy ¥, is

cqual to the velocity of sound. The denomihator of the exvreesion (1.5).also
bacomes sero at a special yoint close td the velocity V3, eqgual to the! ve-
locity of sound. COnlequentiy 1§‘ordcr that there bde & continuouQ section
clote to the sonic line it is necessary that the numerators of the equations
(1.5) »na (1.6) become zero where the denominators are equal to sero; From

- these two ccnditions at the special points of the equations (1.5) amd (1.6)

it is necessary to determine the positions ofﬂgh;lbointl K and P, 4. e., r

with 8 = 0 and sp'vith res 0.
2. The exveriment s were verformed oa four axially symmetrical nozsles.
Two nozrles with a radius of the exhaust ry = €0 mp had a uniform field of ve-

locities at the exheust with the figures M s 2.8 and 3.2. Two other noz-

FrD-TT-62-1785/1 4 2 5



“"zles had & nonuniform field of velocities at the exhaust. Tho contourl of
the 1atter nozzles were obtained by trimring the equalizinz area of the
T “‘ nozz]es wh:lch have a unifcrm field at the exhnnst with the ﬁgures M= 2,67
. ,‘ dnd 3 3? in such a way that tbe field of velocities WEE u.n:lfom cutoff
not on the whole exhaust radins, bu-t on the are: 0.51 rg with the val‘ue Mz 2.67"» ‘ . N
‘ and on the area 0.46 rg with M : 3.37. rg = 30.57 -nd‘ 41,55 mm with the |

values M = 2,67 and 3.37, respectively.

::’:"?{%r‘””:{‘z’i T i o There were obtained shadow vho-

togravhs of the flow into the atmog-
vhere of the supersonic axially sym-

metricel alr streams. Inveatigafion

was made of the reflection from the
Fig. 2, a and »

i GRAPHIC NOT REPRODUCABLE
! passing from the exhaust of the nozzle with a vressure in the stream of lesgs

axie of symmetry of the incident Jump

than the atrbospheric.‘ Th.e region of the reflection from the axis of this in~
cident Jump turned out to be im all the investigated nozzles in the rhombus
of uniform velocity. Therefore from here on we will characterize the in-
; vestigated nozzles by the figures of M in the uniform velocity. ;l'he presg-
| gure of the retardation p. ’befo‘re the nozzle changed within a 'broaf.d renge.
" As an example there are vresented in Fig. 2 shzdow phétogr.apixs of the
reflection of the incident jump in densify from the axis .of symmetry, (&)
with M = 2.67 and p? = 10.9« P°* and (b) with M= 3.2 znd p2 = 35.1 ><P_.g:; '
On the vhotogrsphs of the reflegfi'.&-!i“of' th'e"tncident Jump in theA;xoz”-r :M:_:::f‘"
;ies with uniform and no;luniform fields of velocit i:eg at the exhaust one l
does not see the central jump in density in some range of Dressure pc o pp
(Fig. 2 b). The comnputed vressure oy was determined from the condition T

that the vressure on the surface of the nozzle in the exhieust section was

equal to the atmospheric. Let ue designste the minimum pressure Pc at

FID-T7-62-1785/1 ¢ 2 6




w'ich t'ere occurs the refiection of the Jump from the axis without the form-
ation of a central jump through »o~. tre experimentsl value: of the vres

sures pno and p°‘referred to the atmoepheric for the tested nozzlet are given

in Table 1.

hd Tubdle l
M num-  pd °* o Remurks
ber : .

Rozzles witr uniform fi?ld of velocities
Rozzles with nonuniform field of velocities

On the shadow photogriths with p'« Do« Py it 18 seen that the incident
and reflected jumms close to the axis have a form near to the rectilia-:r.
With a decrease in the vrescure v*« ®c Po there occurs a reflection of
+he incident jump from the axis of symmetry withoui the formation of the
virible centrsl jump and the zone of subsonic flow behind it (eee dlagrsm in
?g. 3. where A0 is the incident nnd OB the reflected jump in density).

Let ue investigate the flow in the caee of such a reflection of the in~
cident Jump AD in the region around the point of reflection O on the axis.
Let us make use of the polar system of coordinates R, Y with the pole 15
the voint of reflection 0.

Let ue form a basic system of equatiops of an ideal gas (1.1)—{1,13)
and the condition of adiabaticity to the coordinates R, Y' After 4he

conversion from this system we obtain the folloving'equationo:

dhnV

= ———{sinOsin('r-—0)-mn'r[li' +etg{y — O)T-ﬂ-&-,l;z]}
v .
x{sin-r[k—_zﬁ%’sin’(r——b)—i]} +ctg('r-—0)!l “" (? 1
olnV k—14 1 01!\
R = —R g — )"—mgf‘ i+
IV (2.2)

+-F '8(1’—-0) 'u r—0

Cutside o t.lr'e beeic noint ith R = 0 in the '1e’d between the incident

and reflected Jumve in densiy the change in the gns dynamic parameters ac-

P TTb2-1785(1 2
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cording to the coorainetes R and , proves to dbe continumu. ‘The bracxctt
,1n the denominator of the x‘irut nenber

R of the equntion (2.1) enclose & quantity
'equal to zero, vhile tke projection of '

the vector of velocity in the directiqn

of Y is equal to the velocity o}r sound,
On tbe ifcident and reflected jumps in density if one considers them as
rectilinear, the projection ol the vector of velocity in the direction of ‘

coincides with the velocity vector normsl to the surface of the jump,

The normal cowponent of the vector

of velocity behind the incident jump is

less than the velocity -of sound, and id

front of the reflected jump it is great-

er than the velocity of sound. Conge~

quently the square-bracket quantity of

the equation (2.1) is negative near the
incident jump, positive near the reflected jump, g.ixd equal 10 zero gomewhere
between them. When the bracket quantity in the denominator of the first mem-
ber of the eguation (2.1) is equal to zero, from the condition of the contin-
uity of fiow, also the numerator should de equal to zero. From the lat't.er
condition it folll.ows that either each of. the values ¥6/0R and 31&?)03 18
the ofgel of m.fyjhe?f:c he value A is of an order equal or great'ex: than 1, .
or one of the indicated products is of the order of 1/R. '
' In all then cases the equation {2.2) .hov- that in the area where the
bracket quantity in the denominator of the fir:t member of the equation (2.1) .

is equal to zero, the derivative 31nV/dR is of the order of 1/R, Conse-

" quently in this area with the decrease 1n R there is an increase in the de-

FTD-T1-62-1785/1 } 2 4 8
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rivutives 4 1nV/3R 1nd OO/bﬁ. With emall values of R, when the derivatives
3V/3R snd 30/9R are very great, in the equations of motion it 1; necessary
to take into‘cSnoidorntlon the forces of viscous flow. Consequently, in
the cage of the reflection of the jump in density from the axis without the
formaticn of a centrnl jump in density, the equations of an.idoul €8s in the
region of R = 0 are pot valiad,

In accordance with the shadow photogrurhs there was meusured the angle g
between the direction of the incident Jump in density in the point K and the
axis of esymmetry (Pigs. 1 and 3). In the cage where the centru:l jvmp ia
abgent the angle Wy was meagured on the axis of symmetry. The results of the
measurements at different vressures of retardation §c°. referred to the at-
moepheric, are presented in Fig. 4, where by a 1ittle circle there are out-
lined the computation vointe with p ° = pp°. Mach's angles, corresponding
to the number M in the rhombus of uniform velocity.

In the case of the formation of a central jump in deneity there were
conuuted at the point X the maximum and yinimun angles of devistion (of the vec-
tor) of velocity behind the incident jump in density O4may and Oupin
and the angles Wypay 8P4 W gpnyy cOrresponding to them, which charscterise
the direction of the incident jump, from the condition that _behind the re-
flected jump in density the velocity 1s equal to the sonic (the valuel vhich
correspond to the velocity of sound are marked dy the -u’bacrlpt .)._”In ac-
cordance with the experiment it was considered that in the reflected junp in
denuity the angle 6 increases.

The velocity of the flow behind the reflected jump can be subsonic 1f
the intensity of the incident jump is very great (6 < Bemin 2824 W > (Vemin)
or very amall (8.3 O,pax 804 (1) « Wymay). There were determined also the

angle of deviation of the vector of velocity behind the incident Jjuwp @, and

FID-TT-£2-1785/1 4 2 9
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e

' the angle w, corresponding to it, from the condition that behird the central

) T

Jump at the point X the vector of velocity is parallel to the axia of symmetry.

o

{ P ¢ L r In Mg. S with k= 1.4 as ‘devends on ‘
E - :fi;iya"‘;‘ _ the M mnber there are vresented the wval-
i ] . x
ues Oymax: Oapin: G- Wemaxr Wamin® Wa »
-20°

r\ - and the limiting angle of tke turn of the v
4",0, ; N o

[ flow in the oblique jump 8;4,.
i o _ 7 From the results of the computation
7 a2
2 7 Y 4 ”
c - - one should note that at the point K be-
: Hg. §

| fore the jurmps in density, with the val- . i
ues of M less than the critical values of M, (My = 2.4 for k = lfh). behind
the reflected Jump there is always a subeonic flow. Consequently, with the

. number M<C M, the scheme of the computation of the flow considered in the

foregoing section is not accomplished. In Table 2 there are vresented the

computed values() mays Womin+ 2088 Wq

velocity of the tested nessles.

Tadle 2 :

- . and the experimentsl values for the cen- i

M l “emax l “emin l “a l g ‘ o i

c » . - » !

2.80 | 25°0° | 52730° |38°00°] 27°00" tral Jump.w:w with p.° = p® for the i

AL AR R — ' ' |
.67, 30 |26 00

337 | 2000 | 5800 135302130 numbers M in the rhombus of t?xe unifors {

1

Let us note that with large values of M equaling 2.8, 3.2, eand 35.37 the

angles W*\ ymax» but with the number M equalling 2.6€7 where W€, nax in

8 small range of pressures of retardation (p.® = 13.6-34.L) the angle &) is -leﬁ ;

-
1
1

‘than (Uymex. The experimentsl angles (U prescnted in Fig. 4 in the presence £

of a central jump for all the tested noszzles M is considerably less than (emin.
Consequently, as was ascumed in the preceding section, in the tests:

behind the reflected jump in deneity there occurred suversonic flow, with !

the ‘exception of a 1ittle range of prumrén of retardation at M= 2.67.

FID-TT-62-1785/1 4 2 10




" In this way the incident Jjump in density is reflected from the axis of
uymietr;' at little intensity (w (V®) without the formation of a central jump
anA at great intensity (Wegyn > W> w*) with the formation of a central jump
and -npor-onic flow -(w'> Wemax) bohlnd'the reflected Jump, and with very
-great intensity (W>Wemin) with the formution of a coentral Jump and subsonic
flow behind the reflected jum near the point K. In the last case the schene
of computing the flow considered in the foregoing sectlon is not accomplished.
With the numbers MD> 3 this occurs when behind the incident Jump in density
the angle © at the point K is close to the 1imd 6y, (Fieg. 5).

The experimental angles(J* are less than (). COnnequently. witu small
 ¥adii of the central jump the angle of deviation of the vector of velocity
behind 1t.01> 0 and the curvature of the central jump is directed to the side
opposite the direction of the flow. Proportionally as the intensity of the
incident jump increases the radius of the central jump and the angle 8; de-
crease, snd with & 0 the curvature of the central Jjump hwa.lrou!: direct-
ed in tf)o direction of the flow, |

Let us determipe the maxisum ratio of the pressures pg in the incident
jump on the axis of eymmetry at Pc° = p°°® 4in accordance with the measured
size of the angle () = W. The values pg® are given in Tadle 1.

The flow in the region of reflection from the axis of t!}e incident Jump
in density is determined by the whole flow up to the incident Juwp and the
conditions on the boundary of the stream behind it., In this connoc’tion it
is interes‘ing to note that the values p,* for the norsles vith a uniform
field prove to be noticeadly greater than p,* of the nozzels with nomuniform
field with identical mumhers of M in the rhomdus of the uniform velocity.

In accordance with experimental values there vere computed at the point

K the angles of inclination to the axis of symmetry of the central jump W,

Al

FTD-TT-62-.1788/1 4 2 11
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sh&dow photogranhs.: Hc approxihate thc forn of the cnntrnl Junp by the

"polynomialz .

- tions (1.5) 2nd (1.6) one writes a single equation of diecharge

U O T e o T ———— N - PRESE— PP v

aﬂd of the veétor of Qéiocity'bdhind it 6;. Yor all the tested cases thy
changen fron 87 to 90° hnd 91 from 0 to 4 6°. COnsequently. the central ’ !

Jump as a forn cluse to the rectilinear, vhich 1. qnite apuaront alno on tho

.'z.=z.},+‘art‘+br’—}-cr‘ (2.3)

The coerficienta éfhthe polynomial‘ve will express by éhe known angles , /
of inclinavion tb the axis of the central jump at the points X and P, the
radii of curvature R, ana By, and the condition with r = r, 8= 0. By
congidering the value zp 88 emall, with the aid of the‘?quationc (1.5), (1.6),
(1.13), (1.14), (1.15), and (2.3) it 1s possible to compute the value z,
and all the parameter- at z =0 needed for the beginning of the integration
of the equation (1.5)—(1.8). In this way, with emall values of gz, where
the value zy 18 vnilaterally connected with the value r; with £ = 0 by the -
equation (2.3) the general solution of the problem ie simplified—out of two
boundary conditions at specizl points of the equations (1.5 and (1.6).onme
can make use only of one for deterﬁininglthe position of the point X on the
incident jJump in denaiti (r4 at == 0). .

For the tested cases.of the-reflection of thé incldent Jump in density .'.
there were computed fhe parameters of the subsonic flow with z = 0. These
computations showed that thé gas-dynemic parameters change very little (by
1——2@) in accordance with r, The maximum change in the values pu which
characterize the mass .discharge . amounted to 2.5%. . Taking into considera-
tion this fﬁct. as a first approximation‘one shouid congider &he'suﬁ.onig

flow as nniformA(nunber of lines'n = 0). In this case instead of the equapu )

1

k—1\ 1 ’
' ,.lz[,l'lx' (1 — %‘E'p;’r) 2 = const (2.4)
The subgonic flow is determined in this'case by a aystem of equations

PID-7T-62-1785/1 4 2 12




(1.%).:(1;65.Hnnd (2.4).  The position of the point X un the incident Jump
(ry with 5 = 0) is determined by the condition in the critical section of
the uniform ﬂov:
' 6 =0, r=r,
Intered 2-16-1962
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