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SOLVING THE BOUNDARY LAYER PROBLEM

V. Ya. Shkadov

The movement of an incompressible viscous fluld in a boundary
layer 1s descrilbed in Kotschin ~t al. [1] by the equation for the
stream function y (x,y)

‘ ap oy . ooy . dU Py
Gy ey e ap=U&Etyop : : (1)

with the boundary conditions

o o
¢=0, W:Omyso, ‘JF—’UM y— o . , (2)

If the velocity of the fluid U(x) on the extefnal boundary of
the boundary layer is given in the form of a power series U(x) = ag +
+ a;x + aziz + ..., the solutién for ¢ (x,y) may also be found in the
form of a serles with respect to x, the'coefficients of which must be
found by numerical integration. '

At pfesent Curle [2] has carried calculations out to the x!1 term
for bodies wilth blunted fronts and symmetrical with respect to the
onflowing stream, When using this solution one must limit himself to
the first few terms of the U(x) expansion, but this 1s not always

sufficient, especlally for asymmetrical bodies. In these cases one
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must use a solution which cannot represent U(x) as a rapidly converging

serlies,

The éuthog himself [3] hag pointed out the possibility of pro-
ducing a solutlon to the boundary layer equations definable by fhg
dimensionless combinations U'x/U, Ut1x2/U, U't1x%/U, ..., in which
the primes indicate differentlation withirespect to x.

We will introduce a new independent variable n = 7 (x,y) and the
unknown function f (x,m) so that

| iz, ) =VUvz iz n) (‘1 =y ]//:'U;)

For f (x,n) 1s derived the equation

» ) Uzl il_lzl 1 83_‘/_‘_‘ i?_/_&’/ ___61—0“;/\
‘ %_l‘]/'—"-_'.’../c?]'-'“rT[‘—(é—q) —'_T/(Tl]"]'"t(i)n drdn . oz ) (3)
with the bounding conditions

. y
=0, ;,o—fl--——Om n=0. Tn— lwen 7o ' (4)
Let us examlne the equation

. . b
¥ Uz

21 AN}

Gy~ 7/ P Tl [’_—(0_71') TT’W]: (5)
00 N 3

=\l ; o o of & i

=X (ip; — PPy Pisy) (’?'1‘ dpian " ap, "_'1’)

in which the function depends on MNs P15 P2y +o-

We will look for a solutlon to this equatlon which satisfies the
boundary conditions (4). If, in the space of the variables p;, Pa,
oo function U(x) parametrically gives a curve with the relationships
P1 = U'x/U, p, = Ut1x2/U, 1t 1s easy to see thaﬁ'along this curve

dp;

X —
S . dzx

therefore the right half of Eq. (5) represents

=ip;— PPy T Pita

o _r_ o
’(aq dr dn 9z an
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and Eq. (5) coincides with (3). ‘

Consequently, in thls speclal case function f(q? Pis P2s +e.)
-found by the solution of Eq. (5) with boundary conditions .(4) will
describg the flow 1n the boundary layer.

Two solutions fof Eq. (5) may be produced: expansion into a
series wilth respect to p;, p2, ... and into one with respect to p,-1,
Pz, ... The first solutipn corresponds te boundary layer flow begin-
ning at the sharp edge on whlch p; = 6, P2 =0, o0y while the second
.describe a boundary layer beginning at a’critical point at which
P1 =1, P2 =0, ... |

The coefflcients of these serles are functions of 7 and are found
by numerical integratlon of ordinary differentlal equations. The
necessary calculations wzare done on a “Stréla" computer. They show .
that thé coefficients of the.series rapidly diminish as i grows,
therefore in whgt follows the terms contalning p¢, ps, ... are con-
sidered too small and are dropped. For bodles with a sharp forward
edge. | '

£ = foo & 8fupr + 8 (fupi® -+ fuups) -+ & (faups® + farpap Japs) e ' . (6)

Substituting f into Eq. (5) and Setting‘expressions with various
comﬁinations of p1, pz, and pa equal to_zero we may derive equatiohs
for fik‘

Because, howevef, numerical lntegratilon neéesgitates awkward
- right sides and consequent storage of much 1nf9fmatioh, fik was com-
puted by a different method. Let |
t U(x)=1 —;-az+b;= Rpy (a. b, ¢ = const).

It can be found that

1y 11 . 11 1
G=T\AT LT Py "“=T('27"-"'TP')' - (1)
1 { 1
u,=—d'(.—6 p,)_‘ d""“"l’l'f"'-j"h"'-‘; Pao

FID-TT-63-283/1+2+l =3=

e nt, T a h



By expanding into a serles with respect to x we will find the
solution to Eq. (3) with the boundary conditions (4) in the form

f = ot agiz -+ (@ + Uh) 28 5 (60— ably 5 k) 2 oo ' (8)
The functions fo (1), &i1(n), hi(n), ... satisfy the equations

) . 1
» . i /Dn‘:“' ?/o/o' =0

L IR ‘e . - ;o 1
B gl — Ll = TS == - — 5 fofet

(9)

PR | : 5 .
B = f e o =

|;lc.:

ez e . o 1
FIEE T 80T 2l = T (s - o) A 1 = o o fofe®
: 2

with the boundary conditions

fo=0, (=0, n=0g'=0... whenn=0 : (10)
Ji'—1, @'—0, i’ —0,... when 1.— 0 '

*If we assume that p;, pz, and ps are small enough, it 1s possible
to expand ax, bx2, and .cxz into series of the for;m (6) by using (7).
Substituting expressions for them into (8), collecting the terms with
the same py, P2, Pa combinations, and comparing with (6) we finally
find f,, . For shearing stress at a wall 7 =4 32y /dy? when y = 0

we have

u[u

p-l (Yg) T = f"00(0) & 8p1f 30 (0) - 8% (/"0 (0) - pof "1 (0)) +
- 8 (1”30 (0F - prpefan” (0) -+ pafa” (0)) = 8 (p1/a0” (0) + Pitmefa” (0) +
+npl e (0) =+ P27 (0) + 8% (Pt 50 (0) + Pipef 51 (0) + Pi2Paf"4s.(0)+ (11)
' + PP (0) + Papaf"ss (O))

where the second derivatives of fik” have the followlng values:

¥ Fe(0)= 0.33206, 0= 0.19290, 7 (0) = —0.03129
" (0) = — 0.00318, [0 (0) = 0.01244, fa (0y=0.00132
772 (0) = 0.00008, 1”4 (0) = — 0.00679, ja (0) = — 0.00074
J"a2 (0) = — 0.00003, 17 12.(0) = — 0.00002, [ (0) = 0.00423
ffa(0)= 0.00033, [ (0) = 0.00002, ["0a(0) = 0.00002
" (0= 0.000001
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The calculations from formula (11) coincide well with the results
shown in Gértler and Witting [4] and Terrill [5]. To exemplify, break-
away of the boundary layer U = 1-»% takes place when X = 0.64, closely
matching the value of x = 0.67 [5]. ‘

In order to examine the boundary layer on bodies with blunted

foreparts we will introduce

LUr - Urr® U'r U yrs 45 /B__ \
1‘277_" :r;=-—U—--——3(T}f“———1), I;:'—‘-U. — 0 T _1-)\0 i) i (12)

et =

71 1 ‘

Fa-wm) (13)
. 111 1 , 1

cz:*:T)—(;Er;), ])-.:1—-‘2‘2'1—_——?13—-2—31;

[
~i

Using the solutions found by expanding with respect to x (Curle

[2]), we will by the above-described method obtain

(1%)

f=Fu+xnFp+aFuy2fnt...

and for shearing stress at a wall

1
VU' 2 y : - [ ]
e (T) T = F(0) L a1 F 71y (0) 4 712 F "2 (0) + 22F "2 (0) +
+ 739 (0) F 209 F 755 (0) < 73 "5 (0) 5 2 F "0 (0). + 2w F "0 (0) +-
+ o F e (0) < 226 (0) + 2750 (0) + 2% F " (0) + (15)

+ 24303 F 753 (0) + 723F 753 (0) 3 2223 F 20 (0)

Here

Freo (0) = 1.232588, Foo(0) = 0.52443, Fon(0) = — 0.06739
Fouy () = — 0.01731, Fou(0) = 001668, Fou(0)= 0.00758
Fra(®) = 0.00111, Fo o (0) = — 000627, Frq(0) = —0.00229
F* e (0) = — 0.00038, o (0) = — 0.00041, Freo(0)= 0.00276
Fou ()= 0.00107, Fra(0)= 0.00016, Fru@ = 0.00018 .

Fo0) = 0.00008

FID-TT-63-283/142+8 -5-
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By using (15) the shear stress and point of breakaway are cal- .
culated for various cases described in Curlé‘[2].and Terrilil [6];
in doing so good coincldence 1s ascertalned. By way of example we

cite below values of the magnitudes

4
AU Sy u-p

T= (U‘ I oy*

calculated for U = Up (x-x® + 0.0789 x5) according to formula (15) and

also borrowed from Curle [2].

g2 045 058 0.64 O
T = 1.1.\_“.’ 1.027 0.21:: 1] :57? 0 . — by formia (1S
T 1489 0 1027 0712 0559 — O rrom Curle 2
Received January 24, 1962
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