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The work

SUMMARY

performed under this Contract during the indicated

two years period is described,.Theoretical work includes : completion

of the basic theory for propagation along plasma columns in magnetic

fields, derivation of Brillouin diagrams, discussion of particularly

significant limits and preliminary analyses of the non-uniform plasma

case. Experimental work includes measurements of basic propagation

rarameters : transmitted signal, wavelength and group velocity, and

of physicdl plasma parameters as the electron density.
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INTRODUCTION -

During the two years covered by the present report extensive
theoretical and experimental work has been performed on the propagation
of electromagnetic waves along plasma columns in longitudinal magnetic
fields.

In the theory the most substantial contributions to the under-
standing of the propagation characteristics are the discussion of tle
dispersion equation solutions in the | ¢ W region, the evaluation of the
power ratios in the same region and the derivation of ihe Brillouin
diagrams. This analysis is rerorted in Tecchnical Scientific Note N. 2.

A more complete discussion of the propagation characteristics of circular
ly symmetrical modes along an uniform plasma column of circular cross-
section will appear on the September issue of the Journal of Researck,

edited by the National Bureau of Standards.

In the rresent report we describe other theoretical consider-
ations, which are of importance for understanding the proragation theo-

retical and exrerimental results.

The Brillouin diagrams in the limits of a very thin plasma
(d—0) and forz large cross-section plasma (d- ®) are discussed. Iy
meanc of a Doppler shift they become thLe corresyonding diagrams for an
electron beam; it is interesting to rediscover in thLis way the well-

known space-charge, cyclotron and syncronous wzves,

As another special case, the Brillouin diagrams are discussed,
when the following tyrical ionospheric conditions for whistler propagation
are satisfied :

' 2 13 X
w" < Wy «wt
Purpose of it is to find whether the delay versus frequency character-

istic of vhistler atmospherictmay be explained also assuming propagation
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along well-defined plasma columns.

All the previous theoretical analyses assume an uniform density
rlasma, «n assumption which is not satisfied in the experiments. The ne-
cessity to explain the observed experimental data has led us to consider
also theoretically the effects of disuniformities.Results have been obtained

on simplified aspects of this problem; they are reported in this document,

4 very long report would be necessary to describe fully all the
experiments and tentatives performed during these two years. Many
technical difficulties have been emcountered, due to the RF high-power
involved in producing the discharge (gas purity and transfer of power
are the most'important), to the difficulty of exciting selectively the
various propagation modes, to the necessary limitations in the dimensions
of the experiment (which would bhave to te the scaled laboratory model
of an ionosrreric duct) and finally to the comrlexity of some of the

measuring electronic equipment.
These experiments can be grouped in the followins classes @

a) Transmission measurements. Purpose of these measurements was to
collect more data over a wider range of experimental conditions, in
order to confirm the previous experimental results and the general

correctness of their qualitative interpretation.

b) Proragation wuavelenght measurements. Frevious data were insignificant,
due to tie presence at the same time of varinus modes and of undesired

stray fields.

c) Electron density measurements. This is a basic quantity, which is
necessary to know in order to compare propagation experiments with
theory. Conventional methods bhad failed in our geometriocal and physical

conditions; new special methods had then to be used.

d) Group velocity measurements. From these data, knowing electron density
and the other physical parameters, we can derive experimentally
Brillouin diagrams. The same could be ottained in a more simple way

6
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from the propagation wavelength measurements, but , as it is later
exrlaired in this report, we can measure these wavelengths only for

the first mode, which is the less interesting onse.

In the report detailed information is given on these experiments
and on their results. In all the experiments the plasma has been produced
usi;g a new RF generator capable of delivering up to 4 KW of power at
frequencies between 1.5 and 3 Mc.7hen specific data of the operating
conditions will not be given, reference has to be made to the analogous

cases reported in Technical Summary Report N.1.




COMPARISON WITH BEAM WAVES

It is enlightening to relate our propagation modes to the
well-known space-charge, cyclotron and synchronous waves,which can be

excited in electron beams.

This relation is best shown on a XJ/X. versus d/AJ diagram,
54 and 53 being the fix parameters for each curve. These curves can

be simply derived from the )\3/)\. versus d/A. plots, previously
obtained from the theoretical analysis. The usual beam waves are derived
in the microwave tube theory under the simplifying assumption of a phase
velocity much smaller than the light velocity, or )\3/ X. & 1, which is

equivalent to our quasi-static approximation.

3

axis, whick is the region where the quasi-static aprroximation holds, are

The result is that all the )\G/A' curves, near to the d, A

vertical and given by the relation :

d/d, = ¥E /T . (1)

J

where )/l') is the m - th root of the modified characteristic :quation:

% (v ALY

=5 .

J
Vale T (Ngm)  Ke()

-~
L3}
—~

The above )‘é/)\. vertical curves exist only when :

1) {3 E"}O ’ E'$0 (an infinite set of curves exist§
b) & 40 v &2 { (an infinite set of curves exist)
c) é’ 40 ’ QS‘/EJ(only one curve exigsts m = 1)

In an infinitely extended plasma d/l"-'b. Then y,‘:“ approaches
infinity and the second member of the characteristic egquation becomes

equal to - 1,

fogho .0 o 36
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Let us consider first the cases a) and b) above, The two
dieleciric components 6' and €, have opposite signs and the equation

becomes 3

e TOORR) - me By (R

Two cases exist, in which this equation is satisfied 3

é}—vo as -64(7(5')/;/!‘))1, and ¢ -» % as ‘Es()’.‘ﬁ/{:‘))a, where Ki')

is the m - th root of the Bessel function J,.

Yhen 5‘ and E, are both negative, I, and Iy functions replace
Jo and J1 and another poesibility existe. This is Eifl- 1, a condition
whick satisfies the characteristic equation,because the function ratio

I1/Io equals unity when its argument becomes infinity.

In a stationary plasma, &0 when w -wr y £, ® when w =wi
and 6‘53 = 1 when w = (wrou"')/l s brovided ;> Ur o In an
electron beam moving with velocity V| along the magnetic field axis :

t
w

E, = {~ — P (4)
(w- PV‘).- w'i,

L
[A)
63 =4 - (U- - \’l (s)

Then és.o when 3

P = (U*Ur) Uy , (6)

poghio & . d&i 36




This is the well-known phase propagation characteristic of space charge

waves.

The &,= 0o condition is satisfied when i

(u- Du‘)z-ufa 0

P e (W) (M

This is the phase propagation characteristic of cyclotron waves.

The &lé, = 1.condition implies :
(u-Pv;)z- -;- (urlfwf) s 0

p w2 V(uj‘ou;')/a (
Vi

Here too this case exists only if (¢ wr. For this reason and becuuse

(@]
~

such waves are of the surface type, they are not considered in the usual
microwave tube theory. They may however be of importance when a magnetic

beam focusing is not used and when proper excitation is provided.

Let us consider now.tihe other limit case d/\. > 0 .
Then yi" arproaches zero and the KA,/K0 ratio goes to infinity. One case,
which satisfies this limit,' is 63 =-00 ( 5.1 being positive). Anotner

set of solutions. is given by the equation :

b J'.(Vf.‘))/T,/?,) 20 o)

This implies A' %+ 0 , beside the previous E’o -0 cage.
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In a stationary plasma, €_= -% only vhen & = 0 and

3
e' = 0 when W = VUr0U"' B

In an electron beam, €, = -% when 3

w-PVlro

p = u/'U" (10)
This is the rhase propagation characteristic of synchronous waves.

In an electron beanm, 61 = O when :

¢

(U- P'U")z- N: = Ur
{3 = w*lﬂ"'“‘t (11)

vy

In the theory of transverse - field microwave tubes these waves are also
2

called cyclotron waves. In fact, we have usually ur 4 U“ s S0 that the

phase characteristic at this limit coincides with the previously given

characteristic for these waves in an infinitely extended beam.

It is interesting to see how the above picture of beam waves is
modified, according to our analysis, when the complete theory is used

in rlace of the results of the quasi-static approximution.

In the infinitely thin column ( d - o ) the complete theory
does not contribute any further solution, beyond those given by the
quasi-static analysis. In fact, the AS /)‘. versus d/A. curves
show clearly that, when d4d - o, )\J /A.-PO always, so that this case
implies always the validity of the quasi-static approximation.

fogho . & a1 36
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The same X;/)xo wurves indicate instead more possibilities
for the infinitely extended plasma. In faoct, if L 1 and €:),$ E,.‘ d,
all the investigated cirocularly symmetrical modes,except the first one,
approach, when d+ o s the coammon ratio /\:/ A. = 1/!:(° « It is
worth of mention that this same ratio is attained also in the case of
a TEM plane uniform wave with a right hand polarizations however, fields

are different and in our case we obtain :
E, - v

. ¥ ¢ .
ES :JEI-EW%Z?. -)E,
H, - 4E2 &
¢ o VEIC,
E T, \/-6,75 .
Hg'-?t--;-;ésg ,J‘T“JE;'JHV

(12)

whereas in the TEM case one has :
fl = H&- 0
H =. vtqﬁt E =.H (13)
P=) 2, ¢ =)y
. #) x )\ . .
When é1>4 and 634 €y the common 3/ o limit as d »w is
1/0(“ y for all modes except the first one j in this limit Ay = -4y and

the totzl field then vanishes in the infinite plasma.

The propagation characteristics for a plasma column or for a
beam with an extremely large cross-section can be easily derived from
the above considerations (the first mode will be neglected,due to its
low capacity of carrying microwave power inside).In order to have &‘ 21,
we assume WL W) . Starting from weo, £, i3 a large negative number,

certainly less than t';’ « In this region, substituting for 6‘ and E’

poghie 7 ¢ 36
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their values in the cl; formula, we obtain :

%

t 1 3
'% » %{41- 2 “Fwtw [{'P (40-—‘—-;:.“‘] (14)

There will be a {requency at which this P becomes equal to the P value
similarly derived from the c(. formula after substitution of the 81 and
83 values ¢t
(A ; Vz
w
P g — {{+ —fF— (15)

4 u{u;-u)

For (v values larger than this one, the r‘} versus @ curve follows the

last formula up t0 W = Wy .

Ahen urcw;, as in most microwave tubes, the curve intersects
the W = U‘, horizontal line, given previously by the quagi-static
analysis; the diagram P versus W for very large d values shows the

continuity behaviour sketched in fig.l.

ok

/ | FIG 1

The corresponding diagram for a beam is obtained'as usually,by substitu~

ting the doppler shifted frequency w-PU" to signal frequency (W .

10 36




WHISTLER PROPAQATION

The possibility of finding a region, on the kd versus PJ.
diagram, where the propagation shows the typical Pw Vhf‘;behaviour of
whistler propagation in an uniform ionosphere, has been reexamined on the

basis of our most recent results for uniform cylindrical plasme -oolumns,

We are assuming here the following conditions, which are satisfied

along the ionospheric path of propagation of whistler atmospherics 3

2 F )
WL W L wy (16)
\

This meang that &3 is negative, whereas 6‘ is positivej both, however,

are much larger than unity.

-{
Recalling the shape of the previously discussed d - /A, versus

)‘é
kd or P‘, curves for constant 54 and 53 s Wo gee that eaoh of them
consists basically of two straight line parts. It is reasonable to expect
that over any significantly wide frequency range the share of the re-
sulting kd versus [54. curves are correctly predicted by the elaboration

of one alone of the two sets of straight lines.

-
Let us consider first the constant o part of the (& versus kd)
curves, which is typical of the infinite plasma condition. We have (£~1
for the first solution ( &, and ’E,l» 1)y, %, or d,; for all the other

solutions. When 61 is very large

(%) ‘
€, = -3¢, (17)

Then the condition @ 8, ¢ &g) #-3 & o for which the constant o value

fogho 11 & 36
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ie «. , is attained when 1

ol

w < T (18)

In our case ( &, and Il,]»i):

t .
H
o/,,,-z,_ﬁi.,z,_ﬂg. (19)
) 61"65 Wy

L

] (A
4. = 6‘4‘&:.’-‘-'-—4_"_

w (U‘ - u) (20)
Correspondingly we have 3
(5 > u/c first solution
(21)
P ~ ‘Z_w_(\i other solutions,when w ¢ /2
cw) (22)
R~ w Voo other solutions,when U(/l Cwlwy (23)
| cywi-w

The classical whistler propagation behaviour may thus be found
also in plasma columns, but only over the frequency region botweon the
cyclotron value and its half.Over this region whistler delay versus

frequency curves show a characterigstic rising behaviour.

Let us consider now the set of straight lines diverging from
=4
the origin in the d versus k4@ plane (quasi-static approximation

region).

For discussion simplicity it is convenient to solve this problem

in the similar case of a plane geometry, where the basic equation of

ar - M N

foghie 12 gil6
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these lines is @

(B VET) - /e w4

b being half the plasma thickness.

The solution is approximately s
(5'- V-£3/£4 ® MY + 4/\/-5‘53

ihen wm =20 :

Bl. A o &
N t»;

When n’# [

FL ~ 4wr\ﬁfi, a W s
-es w .

‘-U

(24)

(25)

(26)

(21)

fhe whistler characteristic, which is found in uniform plasmas,is here

never attained,

It secems then rossible to conclude that in general propagation

of circularly symmetrical fields along ionospheric plasma
not explain whistler typiczl characteristics. In fact, we
at most only the rising part of the whistler delay versus
curve near cyclotran resonance. loreover, our theoretical

join, at frequencies lower than half the cyclotron value,

columns does
may justify
frequency
curve mugt

a constant

delay instead of showing the typical behaviour(frequency drops as the

square of time delay).

fogho 13 di 36
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PROPAGATION IN EON-UNIFORM COLUMNS

Various investigations on the changes of the propagation charac-
teristies due to a non - uniform electron density in the plasma column

have been performed for the purpose to explain some experimental results.

A general method for taking into account longitudinal disuniformi
ties has been worked out by Prof. Cambi of the Rome University, on a

consultant basis for this Contract. His analysis is reported in Appendix A,

More detailed analyses have been performed on the effects of
tranaverse disuniformities. For analytical simplicity we ‘have always
considered a plane geometry, instead of our cylindrical one. In this case
we have assumed density to be dependent only cn the coordinate of the

axis perpendicular to the plasma boundary.

As a simple case we have first investigated the propagation
conditions when the electron density drops linearly from a maximum at
the center to a finite value at the plasma boundary and when no magnetic
field is present. This same case has been investigated and similar results
reported at about the same time by Prof. Schumanﬁ? For this reason and
because of the scarce interest of this case for the interpretation of our

experiments, no further discussion will be presented here.

Details will instead be given of a simple, bul here more inte-

reating case.

As it is well-known, in the quasi-static approximation retar-
dation effects are neglected and the W&.¢c. electric field is derived from

a scalar potential?

E --v} (28)

14 36
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whereas a.c. magnetic fields are entirely neglected. We consider a slabd

of plasma in free space; a coordinate axis system is chosen as shown

in figure 2. The constant magnetioc field is directed along the positive

2 axis. Plasma electron density is a function of the transverse x coordi

nate only, and so are & §and €.

Xy

|

NN

N

FIG. 2

Maxwell divergence eguation provides tken the following

differential equation
!

£ (J’L i

ox? QJ

In the rlane geometry

for § @

) .jil é‘ _j[ 253 Slf x O
301‘ 9% Vx )'éx ) (29)

the modes, which correspond to the circularly

gymmetrical modes of the cylindrical geometry, require ’0 0 = 0, and
J

then the differential

) 3

E" 'Dx\

+ § 04) =0

equation for @ becomes

308 bx 5;- (30)

Let us assume now that typical whistler conditions (16) are

m’saﬁ




satigfied, so that ;

[ 4
(&)
£, » —F— (31)
W~ W
L 3
(A
&, =~ -
3 ;E (32)

Their ratio is thus density independent and is not function of position.

Eq. (30) becomes 3

3 ¢
_i-_'_‘_zl.ﬂi‘iffi?i.o (33)

;l
oxt €, 2 €, W O

A simple solution is obtained if the density varies esponential-
ly
-ax
61'5¢(°)° (34)
de may call 1/a the characteristic length of the density disuniformity.

Eq. (33) becomes 3

A LT ICL JRNICL SN (35)

Wt €, Rt Vx

which has as a suitable solution !
. 4] gt_ /oY afe - fe
behen B o gt Ol

16 .36
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For oontinuity E, (x = o) must vanish, and then D*/Dx, = 0. This

 ¥Y )
leads to the following relation for ¢ ¢

a/2
To ¢ (37)
3 ‘f 2 Q¢
/2 (3)

Outside the plasma a suitable solution for the potential is

(P- B e-[\xe-jPl (x>o) ~ (38)

At the plasma boundary (x = b) Dy and Ez must be continuous.
This leads to two relations between A and B, which are satisfied only
if the propagation constant P and the dielectric constant components

are related by the following dispersion relatjon

Q
S ] A
3 L3 .!_"_I_ ot

£, Pt" ('f)

where 61 is evaluated at the plesma boundary .

The second member of (39) can be rewritten as 3

(40)

fhe first of these two terms, as we shall show later, becomes negligible

for all modes except the lowest one, and eq. (39) has then the following

solutions

LE’."P" (5)l b=y (41)

foghio. 17 . ¢ 36
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The firet term of (40) is then :

4 Vﬁ.'f)lg(cl/?.)'
\/e, [&] ~T

which is obviously negligible in whistler oonditions and provided Ww#o.

Eq. (42) has to be compared with (27). The result is that in
the presence of an exponential d'ensity decay, the propagation oonstant
given by the uniform plasma theory has to be multiplied by the factor
V {4+ (avz‘h‘lt)‘ + When the plasma thickness is a few times the
characteristic length of the disuniformity the effect may thus be large,

particularly for the lower 4m modes.




SpA.

PROPAGATION AND WAVELENGTH MEASUREMENTS

The experimental results reported in Tecknical Summary Report N.1
can be explained in a much more clear way with reference to the Brillouin
diagrams derived during this period and reported in Technical Scientific

Note n.2.

We recall that the transmitted signal is detected by an internal

probe and tkat propagation is observed only when W(| > /.

Reference to figs. 3 and 4 indicates clearly that when &< w

propagation may take place only @

T
a) In the first mode, when U‘.> 2u'- Wy . This is a surface wave and
as such carries very low microwave rower along the central axial regionf
of the plasma column. For this reason this mode is not detected by the

rrobe,

b) In the upper branch modes, when m < Url W . In most cases these
waves are backward, and then are not properly launched by the helical
couplers. These waves may carry also forward power, but only at fre-
quencies very near to cyclotron resonance; near this resonance,
however, waves are very strongly attenuated by electron collisions.
All these facts may explain,why such waves have never clearly detected

in our experimental arrangement.
“hen Wiy W propagation takes place :

a) when wr(u , over a limited range of densities and provided the plasma

diameter is sufficiently large
b) when w,nu , always.

In Technical Summay Report n.! we have given reasons to believe that
experimentally observed propagations are related to conditions b) above,

namely Ww¢ U"wf .
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One of the experiments, initiated during the first year of the
Contract and oontinued during the successive months of 1960, had the
purpose to measure wavelengths, when propagation was taking place along
the plasma column.Theée wavelengths are determined from the standing wave
patterns measured with a pick-up probe, which slides along the column
very closely to the outside surface of the plasma container.
To obtain significant data it was immediately apparent the necessity to
reduce the intensity of some undesired, stray fields, which were definite
ly found to be present outside the plasma.
The.eituation was improved by a better chioice and arrangement of absorb-
ing materials around the tube. These materials reduce propagation
between input and output couplers, as well as spurious coaxial and
waveguide modes. However, it was found that residual propagation due
direct courling and to dielectric modes along the container glass walls
could be effectively reduced only feeding the microwave signal directly
into the plasma, instead of injecting it through the glass walls by means
of an external helical coupler, as done in the previous experiments.
Many different types of inside couplers were tested for this purpose;
finally a plane spiral antenna of small dimensions was chosen for its

good coupling and mode selection properties.

Using this couplers, properly placed absorbing materials and a
new accurate driving mechanism for the probe carriage, it was rossidle
to perform significant wavelengtl measurements. The result is that the
measured wavelengths are only slightly less than the corresponding free

space wavelengths.

This is in agreement with our theoretical analysis, provided the
signal detected by the sliding external probe is propagating according
to the first circularly symmetrical mode. Such a possibility is highly

plausibile, because the first mode represents a surface wave; in this casT

26 36




fields just outside the plasma are strong and may mask easily higher
order mode fields.

The opposite situation has to be found inside the plasma, where
the transmission detecting probe is placed. For this reason we believe
that the observed transmitted signal characteristios are in most cases
due to modes higher than the first, whereas the externally measured

wavelengths refer to first mode propagation.

During the two years covered by this Report further propagation

experiments have been performed. We shall mention here only two of them.

In one experiment, we have used our typical set-ur but a different
trequencﬁ range, namely the 1300 Mc/s range. Basiocally, we have observed
the same phenomena as in the 5000 Mc/s range, the only difference being
an higher pumber of transmission peaks. This is in agreement with tkte

assumption that propagation is observed when wisy, U‘,.

In a second experimént we have investigated propagation character-
istics using different tube diameters. We have found that the detected
signal power dependes on the tupe diameter and that this signal practi-
cally disappears when the diameter is less than 4 cm. This experiment
wag performed in pure Neon and in Neon contamined with Mercury, but no
significant difference was observed changing the gas. To explain,with
our physical picture, the observed behaviour we must suppose that the
electron density decreases with the tube diameter (for instance, this
may be due to larger diffusion losses)j so that when d { 4 cm the con-

¢

dition w, ¥y W is no longer satisfied.
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ELECTRON DENSITY NEASUREMENTS

In oréer to proceed from the previous gqualitative considerations
into quantitative verifications of the theoretioal analysis, it is neces-
sary to know the values of all basic physical parameters whioch Aharae-
terize the problem. Geometrical data, signal frequency and magnetic field
intensity are easily measured according to standard techniques. Diffioul-
ties arise, when we try to measure electron densities with conventional
methods; the failures of these tentatives have already been desoribed

in Technical Summary Report N.1.

A new approach was then chosen. The value of the average electiron
density in the discharge tube is derived from measure@ents of the guided
wavelengths of microwave signals propagating along the plasma, when
metallic walls are placed around the tube in a waveguidie arrangement.
Except for the presence of tﬁe external cylindrical metallic wall, con-
centrically placed near to the discharge tube, all the other geometrical

and physical conditions are unchanged.

A9, Trivelpiece and R.W. Gould 2), who first proposed this
method, compared it with other microwave measuring techniques, as the
cavity and the scattering methods, and found that it provides results

in good agreement with those given by the other methods.

The measuring set-up consisis of a cylindrical waveguiie, 70 cm
I.Dsy with a longitudinal slot. & screw-drived carriage, traveling along
the guide, carries the probe. The cut-off frequency of the empty wave-
guide is at 2500 Mc/s; measurements have been taken at lower frequencies,
so that propagation modes derived from conventional waveguide modes do
not exist. At these frequencies and when the density becomes infinitely
large, the field configuration and the propagation characteristiocs ap-
proach those of the classical TEM coaxial mode.

Measurementis are conveniently rlotted as Brillouin diagrams

p- ?A’/ XJ versus k = 21"/ )‘. . Pomparing these curves with a get of

foghio 22 g; 36
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theoretically evaluasted diagrams for various plasma frequencies the
experimental densities are determined. Theory necessarily assumes uniform
plasma, so that the described data must be regarded as average denasity
values.

The solutisn of the propagation problem in our real geometry
(plasma bounded by a glase tube, air and metallic waveguide) was first
carried out and solved with the aid of the so-called quasi-static approxi
mation and with the assumption of uniform plasma density. Whereas the
experimental conditions of other authofs were such that the results of
the quasi - static approximation are sufficiently accurate, our compu-
tations have shown that this is not the case in our experiment, so that
we have faced the necessity of more complete computations based on the
rigorous characteristic equation of the plasma waveguide with metallic
walls,

Experimental p versus k data fall on a straight line, passing
through the originj theoretically then, we must evaluate only the value

of the Brillouin diagram slope k/p- 1/ at the limit k = O.

Assuming no glass walls around the plasma, the dispersion
equation is derived along the same lines;used in the free space case
discussed in Technical Scientific Notesni1 and 2. For circularly symmetri

cal modes we obtain s Pl

Lp', LA 4, L A
x X, X, T, (%)

T =
L E", & Ll 4 pv, & Jix)

= —= = 2 43

Xo ¢« Jolx) X X Jo (%) (43)
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where

. [K.(x.) ; 1«("o)]/[.‘i'{_"). + 1(&)] - (48)

Ked) T, (W8 ]/ LKifud) 1 (n)

B [K«(X-) . 3 (Q_]/[K,(x.) _ 7T, x.)]
T ) Ly T S

b = metallic waveguide to plasma diameter ratio
XoyX19X2, = see Technical (Scientific) Note n. 1
Ye are interested in the low frequency range of each Brillouin

diagram, where the following approximations can be made 3
t

4 A}
Eg—%,-%-"w {K',’wrk)

Under these conditions, the above defined parameters become :

-
n

i_x. (V+4)

' -1
e (60
X3 (<L) - 2o £ VAT A e
K‘H‘ B Le, Vg

o V- daMe-q) /(a0

{4+ ;4 - bhat(e )/ ()t

n
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When these expressions are substituted into (43), the dispersion
equation can be regarded as a relation betwoen"kpd and "4 (which is now
equal to the initial slope of the Brillouin diagram), _provided we assume
that a = K:Jt/l(;llu a constant parametei' (k'b - c"u‘ ). The o versus kpd

curves can be found rather easily by graphical methods.

From these ourves k,d = L («, &) and the equation kpd -K;‘/ﬁ;
a new set of curves kpd -I( «, ’ﬁ,‘- ) can be obtained.
: )

Using these curves,from the measured o and kypd values the corr
) b

sponding average plasma density is determined.

Following the above discussed procedure the o versus kpd curved
for a constant a (fig. 5) and for a constant kyd (fig. 6) have been
computed, assuming for the diameter ratio b the experimental value 1.47.
The curves are those corresponding to the lowest X, solution of the dis-
persion equation. In fact we believe that our ezperimental dzta refer to
this solution, because the fields outaide the plasma are in this casec

much largcer than those of the higher order solutions.

Technically we had to face the problem of insuring a well defi-
ned standing wave pattern by using good reflective terminations at the
discharge ends. The best results were obtained with 2 mesh of tungsten
wires placed transversally inside the discharge tube together with an

external metallic iris.

Using this type of highly reflective terminations, measurements
have been performed using several frequencies in the 1 - 2 Xic,/s range.
To characterize discharge conditions the RF voltage applied to the plasma
between the electrodes was monitored. Typical resulis are as follows @
RF discharge voltage 600 V peak, kyd = 5.86, & = 1.6 and then
ne .’5.4.‘1011 elep-,/cm3 3 RF discharge voltage 1500 V peak, kbd = 5.86,

o = 1.3 and then nw 5.5.10'! elec./cm3.

2
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GROUP~VELOCITY MEASUREMENTS

Wavelength measurements using a sliding sntenna probe have pro-
vided information only on the first mode propagation. To obtain experi-
mentally Brillouin diagrams for the other modes a different approach must
be used. For this purpose, instead of measuring the phase cénstant ’3
versus the signal frequency, we measure the derivativeJk:/ J/a s that

is the group velocity.

This velocity is determined from measurements of the trans-
mission time delay using free space propagation as reference. The signal
is detected by the same probe used for the transmission experiments, so
that we are certainly measuring the properties of those signals, which-

propagate through the main plasma body (second and higher order modes).

For measuring the delay the 5 k Mc,'s signal is amplitude modu-
lated from a lower frequency sinusoidal signal (30 Mc/s) and the phase
variations of this modulating signal at the receiver are measured. To
achieve the derived accuracy, the modulating signal is converted in the
receiver to a lower frequency (30 Ko/s ), so that the delay, which is
displayed on a CRT is larger than the proragaticon delay as the frequency

ratio (103 in this case).

Group-~-velocity Vg is given by the formula :

[
Va = \
= 5
74 oy A (43)

where At (in/usec)is the variation of the displayed time delay passing
from frée space to plasma guided propagation and 1 (in meters) is the
length of the changed path, which is set equal to the diacharge tube
length.

o 3




.

I

The block diagram is shown in fig. 7.

The electrical characteristics of each main block are as follows @

a) M srowave varactor modulator.- Its purpose is to amplitude modulate

at 30 Mc the microwave signal. The index of modulation is 1, up
to 100 a¥W of microwave power, and reduces to 0,5 at 1 W,
The levels of sideband harmonics are always at least 25 db lower than

the 30 Mc modulation sideband.

b) 30 Mc Amplif. and 4.G.C. ~ This is a 120 db gain, 0,5 Mc band-width,

* 30 Mc center frequency amplifier; the output is held constant within

10 + 0,1 Volt over 90 db signal input varialiore.

«; 30 Mc quarts oscillator and 30 Mo + 30 Ko quartz L.O. - The two quartz

‘

ogcillators are built in the same thermostatically controlled containen
g0 that the 30 K¢ beating frequency can be held constant within 3°/°c

peak to peak frequency vavrintion over long time intesrvals.

The method and the equipment have been satisfaciorily tested
measuring the propagation time delays in coaxial cables of known lengths
and in free space varying the path lengths., Z&t maximum errors are of

the order of .1/usec, that is sufficient for our experiment.

The plane spiral antenna, placed inside the plasma, which was
chosen for the wavelength measurements, was no longer used, because of
its extremely chort life in the rresence of strong discharges. & plane
1isk was used in some of the earlier tests, but it was also abandoned
because its design was found to be critical, the coupling characteristics

being different for each tube we have constructed.

Then a new design was chosen for both the transmitting and the
receiving antennas. It consists of a dielectric antenna, incorporated
into the end plates of the discharge tube (see fig.8). These new antennas

not only show more constant coupling characteristics, but, due to the
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absence of metallic parts inside the discharge, allow to attain very
good vacuum, to maintain gas purity and 1o avoid the presence of sputtered

surfaces,

Using these antennas, however, the transmitted signals have
elways been at low level. The detected power was found to increase with
the magnetic field up to the maximum attainable field (v 3000 Gauss). To
improve the signal to noise ratios at the receiver, a new larger power
supply for the solenoid was then built (50 V, 1000 A, so that fields
around 4500 Gauss are attained). Larger signals ;ere detected at these
fields. '

A large amount of data was'taken using the curved and the
straight solenocids, discharge powers from a few hundred watts up to 4 KW,
neon gas at pressures in the millimeter range. Time delays from ! to over
20 jusec have been measured. Inconsistencies of these duata, however, have
sh;wn that operating conditions are not uniquely determined by our
measured data : signal frequency, magnetic field intensity and RF voltage

across the discharge.

This implies that gas and glass surface conditions are changing
with time and from one experiment to another. Consequently density and
its distribution are also changing. Ireviously discussed theories predict

that these variations may largely influence propagation characteristics,

This problem deserves then more work boih theoretical and

experimental.
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_CONCLUSIONS _

The main results obtained during the two years period, covered

by the present report, have been discussed.
In the theory they are :

1) The basic theory has been completed, including the W ¢ region and

deriving Brillouin diagrams.

..

2) The relations with well-known aspects of the propagation in electron
beams have been discussed and understoodj these results can be usefully

applied in microwave tube theory.

3) The differences between whistler characteristics for propagation in an
uniform ionosphere and in a well-defined ionospheric duct have been
4reconsidered on more general grounds. These results are definitive for
the case of uniform plasma ducts, but it seemé interesting to examine

from the same point of view the case of non-uniform ducts.

4) Preliminary theories on the propagation characteristics in non-uniform
plasma.columns have been worked out. In spite of the obvious analytical
difficulties of this problem, more work along these lines is highly

recommended.

Eyperiments have provided tne following resulis

1) Previous interpretation of transmission experiments has been confirmed

by further data, which cover a wiler range of experimental conditions.

2) Propagation wavelength measurements have been successfully performod’

but they concern only firasi mode propagation.

3) A satisfactory method for electron density measurements has been found.
This method ia based on wavelength measurements in a circular waveguide,
beyond cut-off, which contains the plasma column concentrically around

the axis,

2
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4) Group velocity measurements Lave been performed by measuring the

propagation time delays of the microwave signal in the -plasma.

5) Operating conditions are not uniquely determined by the assumed funda-
mental parameters : signal frequency, magnetic intensity and RF voltage
across the discharge. There are reasons to believe that gas and glass
surface conditions are changing with time and from experiment to experi
nment. More work is required to insure known and repeatable conditions

in the future experiments.

These conclusions indicate also some of the basic work which next year
research program will have to accomplish. In particular we mention the
further development of non-uniform plasma theory and the quantitative

analysis of experiments performed under known and repeatable conditions.
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SINDEL APPRDI A

PROPAGATION IN INHOMOGENBOUS PLASNAS
(By Prof. Cambi 1960)

1= Introductory
The presence of free charges in & plasma can notoriously be taken
into account by regarding the medium as possessing a tensorial pers

mittivity as defined, in cartesian goordinates for instance, by
D, = &[¢E, +jsE,
D, = g,[-ji,ﬁ, + L‘E,]
Dz =, ¢, E'

vhere §, is the absolute dielectric comstant of free space and

g, ., €, are relative tensorial components defined by

2 3 3

W w w

l'cid- 2’ , &2 =._.w‘ ——L—-l ; &5-.-1_—:.3 (‘)
ub_w‘ . w Q:-—Q w

In these formul as, u: is the square of the "plasma fre=
quency" related to the electron density n by

e
u: - ne
mt,
while w, is the oyclotron frequency, related to the magnetic
field by
wb = CB/m .

In an inhomogeneous plasma duct, the slectron density
and/or the magnetic intensity are, generally speaking, functions

of the paints in t:rms of the quantities
6 - _Lw ) k - 2—‘— (2)
w w
the components of the permittivity ;censor become
J 2
8|-4+‘b ; ez; fs , 53-.4—6 (5)
k-1 kt-1 N c
I, the coordinates are measured in torms of -fr-:—= vy =‘/NV|" L.,

that is, if % = Ln times the physical abscissa, and so ong
A' - -
and if, further,_l.( is written for the weotor ZoH = Jp/¢,'H

(homogeneous with .ﬁ), the adimensional Maxwell equations become

foglio 1 di 19
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2E, _2& _ Kk MWy _dky ;

ay -a-;'v- J » 5}-—1 3—3‘ J(‘o El "'J‘l EV)
2E ae WK, dika -

2Ey _2Eax . ik OKy 2Ku .18, E, .

2x ?y <3 =x Ry At

As stated above, &, & &, are functions of the point through the
quantities & and k appearing in (3)s but it is quite obvious
that the analytical problem cannot be solved in the present ge=
nerality. Actually’ the problem is quite complicated even in the
most schematic assumptionss so that it is mecessary to discuss

separately the most elementary laws of variability.

2~ TEM mede in a uniform plasma

the simplest conceivable case is that of a plasma where the olec=
tron dnsity, or the magnetic induction, or both, are functions

of # aingle coordiriate, say Z. In this assumption, a TEM mode
independent of x and y is obviously possible, satisfying the

reducad system

26, _ i 2Ky L e B, g,k
0k, Meentoint )
[« :Kz ! o ‘E:-

51 and Lz arc %o be regarded as known functions of 2. Eliminae
ting Ky and Ky, the system
!E .
%.z_.x. +& Ey =js, E

Az—a-‘—.' t.E' ’-j“Ey

dx2

(6)

is written at once.

foglio 2 . di 19
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In apite of the apparent simplicity, the systep is
exceedingly ocomplicated, even for the simplest laws of varias
bility of g, , and ¢,. In view of this, a rather eftended
discussion is in order.

In a first instance, we consider the apparently trivial (but
8till delicate enough) case where 8 and &, are constant, that
is, the case of a TEM propagation in a uniform plasma. Whea
¢, and & are constant, system (6) 18 solved by making E.

and E of the respective foms G e"" G e”' provided

M is a root of

8- - =0
The possible exponents are, accordingly
td=t\/t-i‘ 3 tP-t‘/t,-rEg.
From the general expression of E,
E,g'te :.&k e -] ;+|< c’p A C"P‘
that of Ey is found at once to bo . .
E 'IJke v +)k,¢’ -J.k e)l‘l -jk‘e-lpx.
The first Hamll equa.tlonn also give
"‘ -)PkJGJF f}Pk e
K, = - ok, C'. +or ky e' 'Pkl‘ +/3k‘
If o and 3 are taken positive (assuming that & > &, )

K, -Jdk,t -,alt e F

the terms with negative exponents represent a forward propagation:
assuming that the field originates "from the left", and that

no discontinuities occur, these are the only components of ina
terest.

Of course, i:. » ' = to excite,say at 2«0, such a progressive
field, the initial £ and X should match the local characteristic
impedance; that is, they are not simultaneously arbitrary.

Paking as x- direction that of B at g«0 and denoting
by E the (constant) modulus, & progressive field is gbtaiped by
making k -k -0, k -k‘-g the propagating field is then

B[N Y ke E e e
E 3)—5-{1-,“-0-}"'; ; K" ‘%{“c‘."' 4-/5“)"}.
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This can be regarded as resulting from the superposition of an
"alfa field"

W2 ‘ . -jor2
E;-%¢' ;0 K s..J.:.UC
1 - ) f -jus .
E’ =J_§. e . ; K’ = —s—“‘ ’

with a "beta field" similarly defined. The velocity of propas
gation of the o -field is c/er, that of the beta field c/p .

In each of the two fields the wector g is perpendicular
to 3, but the Poynting vector is zZero: in other words, the fields,
isolated, do not convey any power. Power propagates by virtue
of the superposition of the two fields: actually
Breich o Ep g V(P
E'miK' o .E: o e'j(.d*p]'.

In the alfa field, the plane of polarization rotates nes
gatively: actually, denoting by ¢ the angle of E with x, we ha=
ve ]

tan ¢’ = .E...V. e - ton (wt -oz)
vhile in the beta fierd
tan ¢" « .5;::!‘. » tan(wt -/3:).

When the two fields are superimposed the polarization is
fixed with time, but depends on s that is, the polarization
continuously rotates in the course of the propagation.

Actusllys

-
Ey +Ey  sin(wt-pr)-sin(wt-«32) o-p
t = y i - ® - .
an &{(8) PPN B DEYDICLECD), tan z

3~ TEM modes in a longitudinally variable plasma
The more general system (6) whers & and s are generic functions
of g alone can be attacked in substantially the same way.

Looking for a function F of z such that Ex = C,F and Ey . C,F

foglio 4 di 9
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may satisfy the system, we find the oonditions
(F +¢,F)C, +j5,FC, w0

-)¢, FC, 4+ (F+¢F)C, =0,

Non zero solaiion c1 and 02 exist if, and only if
F +(&.$£‘)F = 0O, (7)

In spite of the apparent elementarity, the equation is
exceedingly complicated unlesa ¢ and ¢, are constant (in which
case the cla.ssio solution is found). To make the problem practica]:,
we shall accept first the reasonable assumption that the varias
tion of g, and szwith z be relatively slow (as referred to the
wavelength) so that in a substantial number of "wavelengths" the
variation may be regarded as linear. In this case the equation

becomes of the form .
F+(As+B2Z)Fao (s)
and has the complicated solutions

FefavBe g [y (4 +B2)"] O}

where J is the Bessel function.

In the present case A + Bz is, alternatively, Jt, ~-¢,
or V&‘q-ta 3 so that, extending the value of the definitions
o o= 8'-7.3 and P’Vt"ﬂ" to the present case where & and [5

are functions of 3z, the general expression of, say, Ex is
) ) e 62
By ’“{le(ﬁ,"')’elj.i.(sb,)}+f5{e"]§ 3&) "J-g '3'%

with b = é' ‘éa ,b2 = i' + ia . (The formula, of course, is
only valid when ¢, and §,are linear functions of z). When F sati=
sfiea (7) with the upper (minus) sign, the coefficients of Ey
are + J times those of Ex; the converse is true in the case of
the lower sign.

Acocordingly

6 -ie o) o0, 621 -le )L 6

()
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It i3 scen that the knowledge of a closed solution of
equation (7) when g &€, 1islinear is far from constituting
an advantages in addition to being complicated, solutions of
form (9) are not physically evident: for instance, the way ie
by no means clear by which gombinatioms of functions (9) may

tjaz B2
tend to ¢ or e 488 18 necessary, when o and P tend to

become constant (b1 and b, to zexo)

The remark suggests the opportunity of looking for a
more practical solution of the physical problem as reprosented
by the general equ.a;tion

£ -9()
vhere g (2) = Lt is a known funotion of =. The assumption
of a linear beﬁavior of g is only an’ approximaticn‘which obviously
looses interest if it does not lead to a simplification.
Writing P -e", as i3 natural to do, the equation transforms into
a Rlccati equation
¢! +§ =-g(z) [(t0)

The fact that g is normally negative, and real, suggests

for ¢ a complex form ¢ = & ”l.) : this leads to
d+jlo+dt-b'e2jaba-g().

For the reality of the l.fthand side, b +24b must vanish:

this gives B = he.z‘and

a+al Wt . -3(:).

The further position a = ln u yields
4 _ W = -q(z) (14)
“ v =79

The physical problem is thus redused to that of assuming
a convenient form of u which, when subetituted into (11), may
yield a reasonable approximation to g(g). This can be done in
many different ways. For example, a funotion u -c", that is,
asyz ‘, could approximate g(z) by the expression

foglio 6 di !9
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he -yt
the parameters c;t wkich can be so chosen as to reasonably
"match®the actual g(z). For a matoh near the origin, for instance,
the conditions
oy =gl 5 -byh'sg'le)

are written.

The corresponding b is he"z" s as the cox_npononts of
the field have been assured to be of the form €2*1*  tne
"instantaneous wavelength" is 2n/6 =(2n/h) ¢lxz..

FProm the initial wvalue Zn/h the wavelength inoreases if Y is
positives in this case the amplitude also increases.

The complete expression is

a+jb = yz +jh/e"" dr zyx +j%[i -

that is, neglecting a multiplicative constant
: ~1y3
F = ex 1.th ¢
= exp[y2-ih &)
For given g(0) and g'(0), is the real root of the

equation

“xl _.,1.3(0)‘ +3'(O) =0.
Ash is real by assumption, b1 is negative or positive according
as g'(0) is positive or negative.

According to (3), the two physical expressions for the

function g are

1 A2

€ +¢ i e — ¢, -% =1
AR +k-1 ’ U 1 k+1

’

where k "\’;/ﬂ is proportional to the static magnetic induction
and 6'= c‘n/m t, w? is proportional to the electron den=
sity. If the wariation of g (referred to the wavelength) is slow,
§ 1is small and n? is close to g{0), that is, to wlor P'.

Given the four constants h“h“x. B defined by the
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initial values of §,¢, and their derivatives we thus have

Ey = G exp (Uq' -%‘ ¢.zm) +C, “‘P(X.'- + ‘? i L I
]

+Cyexp (‘1‘ - ;% Q‘".‘) +Cyexp ()’,8 + };% t-a“x)
i nplue €, explan ol )

2 -za';')

. . “C¥ety . .
-;cg e.xp(;,z-.,%; e y )—) e,. "P(Uz' 4-{%:. e

if the constants h‘ '1' are relatcd to ¢, —E, and hz ' D'i to

e, +¢&,.

The Maxwell equations give

. W -2
Ku = e1 (“1 "'jh e z'.z) etxp (x,z_ ’;' ¢ 'x) +

+C, ("t "j h, e-Z)’.I) exp (!-z + ,2._::- e-z;.z) -

- e‘s (h +)hy 3.2“!) exP(U;’ - ’2’% 9'25") -
i erlas
2
) p -2y, . -2y,
Ky =Ie1 (3’. ""}b, e ] "}pr(v'z _£%e 23 Z)*
5ol =i e ™ e (2 4 o )

v j@y(yy +ihye 1) exp (g2 - ’z%‘ L

1
e ya-hae ™) enplvyre 2 ™).

It is easily recognized that ifml'x1 and h2 are chosen
positive, the progressive fields are those involving + Jin
the exponentials: assuming that the entering field at z = O
is matched to the local impedance the conditions for the pro=

cressive field where mx(o) - E, Ey(o) = 0 are

foglio - 8 di 19
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‘)"'/3% - e~ ¢Jh3/z‘l «£

¢,

e

)b, /2 yhy /2
‘g, /25 _echa h

c, ie’ -O-

Accordingly, and writing for brevity

.‘. -y 3 'h -zrz:
3 vt e 4 2 +d-t @
e! 3 ¥ %;;

0 = exp, ; € = eXp, ,

the field is

E..E ¢
72

o

¥ exp, +-—:—¢- exp,

> &

m
'.
o

“P' -j;.c
h
!

, =ik ey

232 ' 2 --.hh-
(v,-jhe " )¢ ) ¢xp,-_§(‘f‘-jh,¢. “')e "R exp,
h, h

. . - - Jomte
i-i: exp, +J-§-(y,-1"'¢¢ z"')e 5 exp, .

Ky ='§'
Ky «jEfy,-jhe ) e
y=j gl
In every expression, the first term represents the "alfa
field", the other the "beta ficld" ,As usual, the Poynting vec tor

pertaining to e:ch scpar.te field vanishes identically, while
.h. .h'

L d X -J— -J—- . _z
-E..'u K" -)'%_e i i ()oz ‘szt n’)txp' exp, ; etc.

The discussion of the field: rotation, attcnuation, etc.
is carried out without difficulty: but the consideration of a

more concrute ¢ .36 1s of ureater interest.

4~ Propagation in a longitudinally variable laminar plasima duct

As 2 noxt case, in order of increasing complication, we
caﬁ .consider vhat of a plasma .istribution that, in a cartesian
space, may show a variation ir the gz-direction alone, as above,
but is confined in a finite widthin the x~di -ection being unlis=
mited, however, along the y-axis. If we look for fields which

are independent of y, the lMaxwell equations become

foglio 9 di 19
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-:a-—iz- =-JK' -‘;._E! g).g' E' -‘.E’
dE., DE Ox _OK: _ ¢ E_ 4j¢ E
Craiek Tl A Tt T R
RE AK. :
T3 =-jk T it €

»
that is, eliminating X,

*E. 2'E,
228 ~ z209x

=-¢E, ¢, E,

'3' E1 alEy

: - 12
T + >xt =) &, E. <, Ey ( )

zlEx _‘blE; =£3E'_
Dz D% dx?

It is recalled that g, il i; are functions of z alone.

The question is spontaneous whether a solution can exist
of he form -I:? = XF where the vectorTis function of x and the
scalar F of z only. Writing for brevity F/F -«?as before, and
F/F = -9 = -\}: -9, the system becomes

',
-Ax(s -t') +j§ A =AY
" .
Ay -A,(%-.i,)-)t,A,,lo ('3)

A, ¢ A, st A,

foglic 10 di 19
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(Acoents denote differentiation in respect to x, dots in ree=
spect to 2),

System (13), vhere the coefficients are functions of g,
should admit of solutions Ax' Ay, Az’ functions of x only. The
requirement is very rcstfictive, and for given ¢, &, &, cannot
be satisfied by a single function "f This means that the exist=
ence of a solution of type ‘KF is an exceptional event, if even

posaible,

The investigation whether of not such a plane propagation
can take place is r:latively simple, If the first two squations
(13) ar> written

A, 88 4 A LY LA
$ '
. L]
J'-‘A“ ‘-A’ (3-8‘) sAJ
we find. upon differentiation in respect to z:

’

4 g-i. A, ,,Jd ‘!.A’;o

'd‘;_A d(ﬂ-"_A -0
I a R 3 7
this requires, first, that

d d 9-4 _dg d
2lg-e) g g8 2

foglio 1 di 19
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Furthermore, the ratio

d(g -¢,)/dz
dtz/dz

must be independent of £: that is, as ¢ and &, depend on g only,

must be a constant. This means

3—‘&. = Q,e,-a-e, (14)'

Replacing in the first condition, we find

(ef-i)ﬁ..gn. ,e.e,g.i;_ -0

and

A, =)CA,.

The equations are necessary consequences of the assumption

of a form LF(z) for the vector 4 (plane waves).

Replacing in the first two (13), we have
Vo
-j[le -1)es seg]a, 2 AL @

"
A’ —Q:A’ 2= 0.

The second relation is perfectly compatible with the in=
dependence of Ay from gj the first equation requires that the

ratio

(e'z -1)¢, +CC, - D

(15)

be a constant. (¢ is conneoted to ¢ and ¢,by (14))

foglio 12 di1?
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From A! = - § D Ay we find, replmoing in the third (13)

3D () +834) =g

that is
-jpfe,+&)A, = ;CA ¢ = CC Ay
or finally
D(C,+&)+CC, ¢ =0. (16)
(14),(15) and (16) represent the necessary conditions for the

existence of plane wavess @ can readily be eliminated, writing
froa (15)
. Q
Y = (e‘ “)t'*Jgﬁ -Ht,#K
D
that is, replacing inso(14),
-(He +K) -HE, = @1, 48,4 C,

(17)

and,replacing into(16)
D(Czot,)-l- e,c,[uz,m] = 0. (18)

The conditions should be satisfied by suitable values
of :the constants C; Cp and D (to which H and X are obviously
connected). As 2315 expressible in terms of E‘ and t,, the
two equations, with given constants, completcly detcrmine the
plasma configuration., It is possible that the conditions be
less restrictive thequ they appear at first, owing to the pree
sence of three arbitrary constants which could possibly match

well enough the actual situation.

For a_jiven configuragion the problem only imposes two
conditions upon the three constants, one of which could possibly
be left free for a best pos:ible matchs if the configuration

varies rather slowly with Z, a solution by steps is then conceivable.
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5-Sgg!ltod aethod for the solution of more gemeral cartesian cases

Cases of wider generality than those that have been cons
sidered hitherto cannot be treateddby methods of comparable sim=
plicity. The description of a computational method that may pre=
sumably be valid in a larger variety of cases is thus in order.
We assume, as before, that # &, , £, be functions of z only,
but their generality is not restricted at the moment.

The solutions of :ihe Maxwell equations are usupposed tp be
expanded in series of orthogonal functions of x, having functions
of g as coefficients. If the width of the channel is indicated
by 2w, cos %;,':-x and sin HT;I:* can constitute suchk a set of
orthogonal functions. A simple inspection of equations (12) shows
that E; and Ey, as functions of x, have the same parity, while Ez
is opposite: the same is true of the components of XK. Accordingly,
"even" harmonic components can be written as

(22)
EZ = o sin -’-':7’-4'

v T nir
E = 8 co8-— E =6 cos—
b 4 x " Zked y y WX

"odd" components as

- L'_Z - _‘:'.:Z—‘ E me pr

Ex o sin vt Ey ey sinwx r.z e, cos-Zx
Similar expression are valid for Kx, Ky, Kz in terms of harmonic
components kx’ ky, kz' (These components are actually functions
of the order ni: the corresponding index, however, is omitted for

s’iniplicity.) With the notations accepted in (22), the harugnic

components appear to be connected by the ordinary systom:

. . . .
2, =]k, -K7 :f“ c){"gl e.’
¢l=2“:—5¢1‘jk11 Kx =‘.'%er ff‘ C,fjt, e., (23.)
. nw .
%"Y IJ‘kl -Ehc’ :]{' ‘3
The equations are valid both the even and for the odd components,
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Even in the simplest assumptions as to the form of the
funoctions 4, ,8,,(, of z, the resolution of (23) is exceedingly
complicated. If attention is ghven to the fact that one system
(23) exists for any positive value of n, the necessity of some
standard method of solution, at least approximated, is obvious.

Regarding the variation of the parameters as a relatively

small perturbation in respect to the constancy, we write &, =

. 3 &, &, L]
- £,+25, etc., where, of course, .5, _a,,+?‘,22+-’-'-;‘—

Assuming that i,/ /-Ez satisfy the static system.

Ly =k -k =8 e~ 5, ¢,

Ky = ‘”WT‘ ke + 6, ?x-rjgwa, (24)
Tl.,-jkz _.'_'“_,Ik.,.-:/'t_,,cz

we look for solutiomns of system (23) written in the form

B+ fxl . /kz +{z, where it is supposed that products of

small terms orf the form- of f times 23, are negligible in the
whole useful runge ¢f z in comparison to the principal terus of
form e times &, It is readily fcund that the corrective torms f

and ! have to satisfy tae system

_F"=j£x -eygjj‘c—x'z—5'272*‘/.‘:‘!,““4;
b=t L= il Gz rabioieh

. N (251
’;,Ef., =j b, '%r" =i 568 fz.

If the functions Ex, ,kz, solutions of (23), have been

so constructed as to sutisfy the boundary conditions at g=o0, the

correcting functions ! and L cun be sub jwct to the simple condition

of having gero initial values.
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Application of the method first requires solution of
system (24) where the coefficients are constant, (Of course, in
the case n = O, the field is TEM). The constant-coafficient systom

obviously zdmits of sclutions of the form

. P73
e,,t.,/ -.-../K,_ = constant x €

provided Y has such a value as to make zero the determinant of
the algebraic system of the"constants".

Before entering in further detzil, we remark that the
aquation for { is biquadr.tic and that for every value of J a

solution of the form

- 143 - 7] - r2 ’
=00 | ot ... k,=b,e
is available, with constant aly -+ .,b, (one of them arbitrary)

System (25) is subs.antially of the same form as (24), but
is complete instead of homogereous, the "forciny terms" buing of

vhe form
i3, 5,2—5‘4,: ; 5,2;2‘*}5;;/2} 15,?,2

that is, of the form
constant x Z eu

The analytical problem is thus 30lved as soon a8 one
pacrticular solution of the complete system is known., Thiz can
be done with 1ltandard rules a8 soon as "a fundament:l system"
of solutions of the homogeneous system is known. In the present
case, the "fundam:n al system" is merely cona*.iuted by the set
of four pextuples of functions corresponding to the four
different walues of ¥ .

In a somewhat more detailed discussion, we may observe,
first, that the unknown functions are actually four rather
than six, since two, out of equa'ions (24), are in finite terms.
Fliminating & and k_, (24) is Teplac:d by the system of four equations:

16 1
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ey =jk ky=-ja. e +5,8

(26)
- YR - - . - -
& =j(A/a, ’f)kv K= =j(A*1)e +5, &

where A is written for brovity in the place of »W/w. Similarly,

system (25) becomes

Iy’ =J‘€x
= i(Pfr,-1) 8, -3 28,
ly=-itef ve, by 528,-32¢ (22)

Cbe= (A )8 528t 52,

The solutions of (26) ars of the form

- .z - re - e L 9.2
eyse / ex"e[e / ky'cie ’ kz’-o"e

(1=1,2,3,4,) where f. is a root of the biquadratic equation obs
tained by making zero the determinant of the algebraic system
obtained by replacing the last expression in (26), and By, Cy, D;

ar> the corresponding solutions. Writing for brevity

F‘:o ’ ";_—- nSJZ ez / 5:]5;26-,—}:26, ’ F,z;ze,#jslev

the general solution of the complete system (27) is &iven by

P.,, e.rﬂ[[A./A Jz+ﬁ,] - e,'z[[A‘/A Jz-rf,l - e"z[/A‘/A dz + 23] +
. e“‘['-ffh/d dt-rf‘}

(29) fx- B,e“[fa,/advﬂ.}f LY e(‘z[fa,/A d2+Ri]+ B e‘“[fA,/A AR
+ 84 “”[fA«/A*z*‘e#]

tc{ = as above with coefficients 01, c2, 03, 04.

[, s as above with coefficients D“ 1,2, Dz’ D4
1 1
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A 1is the determinant of the "fundamental system" namely

%)
o B¢ ¢ D&
2
&t B, G” ¢, Al D, e%?
1
A = N s,e’zz C_*e{'z D;e“z
.7 RS 2
l"l boe’ C’e‘ )4¢“

As 0’., R A solutions of a biguadratic equation, the sum

r,* xl.'r’ *r"
of the constants, Similarly,

is gero: so that A, reduces to the determinant

F. F F3 Fa
‘ .ea,l B‘ e‘az qel’tl D,C“z
A, = ,e"l Bae(,l C', e‘il Dsehz
1’42 By tnl C‘ C“l D4e‘42’

while 4;,4;, 4, are similar in form but have ﬁ,F,/F,/ f, respectively
at the second, third, fourth row.
Functions P have obviously the form of . sum of terms
;z ex.-z where5 is a known function of ®. The determinants 4;
can thus be split in sums of four determinants the first
of which has the first row proportional to er'Z

e iz and so on. Out of these determinants the first is pro=

-%)2
portional to e (¥ 8*¥)2 | the second to e(r' %)

, the second to

etc. In any
case, the solutions (29) are explicit and can be directly cvalua
ated, for any given set of functions .f, ’ S) / 53

0f course, the solution is wvalid in the limit of the ap=
proximation consisting in regarding the pertubations as first
order quantities. The functions 'e'x+ fx,o---,l—(-z + 8z which by virtue
of the presence of the arbitrary constants R,, R,..3, have just
the same forms (29) are solutions of a system of form (23) where,
hoquer,t,,‘,,f‘ ar: not the given functions of 2z but differ from
them b terms of the order of -he square of .he perturbations.

18
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The procecure oan presumadbly be iterated, thus inoreasing

the. complication, but not the difficulty of the selution.
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