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ON THE PLEONASMS IN THE GENERAL SOLUTION OF EQUILIBRIUM
EQUATIONS OF AN ANISOTROPIC BODY IN DISPLACEMENT

. By
E. N. Baida

If the system of differeantial equilibrium equations in displace-
meuts of an anisotropic body during the absence of volumetric forces is
written in the form of an operator:

Dwu -+ D20'+ Dyw = 0,
D+ Dgv 4 Dgw =0,
Dsu 4 Dyv + Dew = 0; S

then it is easy to find a solution to this system in the form of:

. r-—l DsD. D;Dg . DzDa ®
u=|leDo ¢'+ DeDs ®, DDe | ™ | .. L
DD, D\D, DyD, o L@
v= DuDs ¢, D;Dy ‘Dz+. DD, . o i
. DDs | DD, DDy 0 P e
©=|p.p, | "1 ¥ | D:Dy ¢’+|.D.D.I ]
where
. D|D303 o ',
DDsDs ‘q’l.. 193 = 0. . (3)
D1DgDo °

The solutions (2) and (3) may be considered as being analogous
to the Bussinesk - Gelerkin solution.

The presence of pleonasms in Bussinesk = Gelerkin solutions were
noticed for the first time by P. F. Papkovich. A more detailed ex-
amination of the qQuestions dealing with pleonasms in the Bussinesk-

2
Gelerkin solutions is listed in the work of A. S. Maliev .



Applicable to the solution of (2) and (3) a certain result is given
below which enables us to find all those elements of functions O; =123,
the calculation of which does not alter the displacement vector.

Based on this result it is possible, for example,to reduce the number
of the utilized functions ®is122 to one for solving equations
(2) and (3).

Let us begin by substantiating the result, For this purpose
we initially transform expressions (1), (2), (3).

The system of equations (1) is rewritten with other symbols

of differential operators and obtains: -

D:f-l u° + .Dy.l 'U+D;.|.‘w = 0. N o
I)X.ﬁu + Dy,z'u + D"gw 3 O. o . (4)
Dystt + Dysv+Dsyw=0. _— .

In these equations the linear differential operators with
constant coefficients "Diiztas, Dyyer2a. Depmia appear

as:

. e

Do ( )—- +Aua " 'T'Aua . +2Aua 6 +2Au dxa +2A"0x0:

A"axl
Dy (- )—Auo ,+A~.-c 6=+ Trw 6:!

F (At A 3o+ (At A o - (Are A 555

4

L Dy ( )—-Auox,

[ 0
3 (At An) 3oz -+ (Au +Ag) a“;o‘; + (A + An) rrrl

‘T‘Aua 2 +Ag 0:’+

Y. i
Daal )-A..§-,+Az.-,,"4',+A“;,f,+. .

+(-4n+ Ay)—— % 0 +(Acu + Alz)——"*'(Au'{'Au)“a’

. . 09,
Dm( ) = A 3; +42:5’;; +Au'0-z', +2Ay 'a—"a—‘ +2A, a‘;‘b; + QA“;;O-:' ’
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Dﬂ( )= Arm +A '4 +Au on + .
'"i (Axn + A-u) + (Ax w) +(Au u) dxd
,'st( )—A'“ax'+A“0yi+ u&""l'

o @
T Aut A 7o+ (A A s (At Awd 5

dy 0: s
. - L
Dya( )= Au +Auo " +A"oz-'+ " .
'}- (A44+Aza)——" "‘(Azs T“Au) + (At Ase) == axaz -
g . ,:‘ '_‘D‘;.a( )—A“a.v=+ “0y2+ aa‘; 4

L o o r o :.
+ 24y o +-A""0——xdy t 2‘4""0—.:0: :

By inserting the significance of vector projections into the
indicated operators, the equations system (L) will be presented in

this manner:

o] . . , _
0, . RS (5
0 . . "

blpl Ol
<! <i <I
i

in which
De=1-Dea+7+ Dya +kDas, '
By =1+ Dya +}Dy.2 + /:':D:.z, .\,\ o ©)
Dy =1Dysa+ ] Dya+ kDsa

are indicated,

If the left parts of each equation of the system (5) are correspond-

ingly multiplied by & J X , and the results summated, then the
transcript of the equation system (5) can be written in the form
of a parity vector

N [ - .

i (Do V)+7-(Dy- V) + k- (D V)=0. . D
3



Taking into consideration the new symbols, we rewrite the
solution of (2) and (3) as:

V“(B,XB;)‘I’,-{- (B:XB*)(I’¥+(B‘XD’)¢" — (8)
[B.- (DyxDfe=0.. O
where o
D=0, + O, +kD,. ' C{10)
Symbols Bparzs in expressions (8) and (10) are accord-

ingly changed to Oy .
Considering that i '
D (-BJXB.\')EO, . Dy {D«X D,)=0,

De- (DeXDy)m0, ~ Di (DyXDi)=0..

By (DyXD:)=0,- Ds- (DsXD;)=0 |
and using the possibility of circular permutation for a mixed product
of vector -operators, it is easy to verify the solution of the |
equation (7) by (8) and (9).

Before we begin to analyze the elements superfluous from the
viewpoint of general solutions (8) and (9), let us investigate the
differential operators with constant coefficients appearihg as:

om B RN
D,( )= Z Anagad * -
' . i+j+hk=m . ) . . : ) '
o L ,
Dy )= Y Bl./.k.m- | P
btk =t ' g

Let us assume for determination that all A, and  Bi.=0.



Let us prove that, with certain limitations imposed on operators Dl ( )
and Dp( ), @ partial solution of the equation exists:
D'f=q> ' ' R ‘ . ' ; (l2)
in the form f=f,, " vhere L )
Dafo =0, o R (3
it o is any given function from

Dypm0. D)

Iet us seek the solution in a series of functions presented by means

!
of a finite sum of homogeneous polynomials. Assuming

A+m PN
. fo = 2 f"t
. oy
and o
P Y
. =0t .
Here nm, !,
Functions ®g and fs , are presented by means of the

homogeneous polynomials in series 8 and sl » in this manner:

T

o= 2 a, . oyzn - (18)
vhat =g : Lo
and
Fam N baEyien (16)
‘ Vit n =8 ‘ ' ' E B
It is necessary that :‘ps and fs should satisfy lesl - <ps and
D2( ) = 0. '

IatustakBSl-s*m.‘

We substitute (15) end (16) into (12) and consider (11).

o



2 2 Apn(m=1) ... =i+ (n=1) ..o (m—k+1)X

Then vty dnEsem ijeham
X =1 =+ 1) By =
‘ Zl avnx‘ b A : . (17)

V4 24 veng

The left and right sides of parity (17) represent homogeneous
polynomials of series 8 . It can easily be seen, that each
XY on the right side of parity (17) corresponds to such

Xr--tyw=izw-®  on the left side, in which

vy—i=y, . .
x,-—/:x, ' (18)
n—k=m,

Considering (18), parity (17) will be rewritten differently:

~Y‘ Am("+1) v+ l)(*+])---(*+U(’n+k)"--~(n4'—l)')<”‘
'+x+q-: I+l+h m '

Xb(-u).(w/) e b XY= 24 a"‘ xyE. (19)
[ZIET LY .. . oo

Pa.rity (19) may be satisfied by accepting:
¥ Al 40 D) GED) R (D X

I+]+h=m , , o
X bpv+ i int ) = Buuns (20)
Here v-rx+’1"" , , .
vt i), (x ue L
Let us assume that b(v+l),(-+lb('|+'t) Ctipior (12D (21

v (4 Diln + R ‘ '
and ' '

Q' = o S (22)
Vl" Vl%l'l]l .

Taking into consideration (21) and (22), parity (20) is rewritten
as: ‘ . L

h) A,,,,b(.m 4 ) = Gy - (23
Li)+hem B

were v gL

Analogously from (13) and (14) it follows, that:
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v
o

B"/l*lb('l""l)' [CEIAR (t+h) = o. ’ e (24’
RRIAY Ny ’ .

where \’!+X.ﬂ+‘]=!"s_jl+m

z BIIII.Ia('It’I)Q (a4 /), (nut ) = 0- . ' (25)

and
hthi+ky =1l

vhere Vst Xt m=s—L.

We will seek a solution of the system of finite-difference equations
(23) and (24). Since function ¢ is defined, then all Oy

can be considered as known.

Let us express the coefficients °‘yxn as follows:
o)‘ -
A= —Z%s - '
" ox"dy*oz" (26) :
By means of

ol e Y g, —
Bloﬂ ox[ - 2 hik, 62"0]"0‘*'

’j"'/}“;',l"‘ )
i

t is possibledin (26) to exclude the differentiation in respect
to X of an order higher than 1 .
In this manner, only ‘those coefficients can be independent from
a nunber of Qay » in which y=0, 1, 2. ({=1). e In

essence, these coefficients are:



Qooy
am(a\—l)
An-n v

10 (¢=1) )
an - . .
(4413 (5=3)

QA=1)0(s=1+1)
Q(t=1)1 @=D
Q(l=1) 2 (8=i=1)

3

e s & » b 4 8

I

s+1,

s,

1} .'f ‘e . :
3

s—1[+2. [,

. . 1

¢ ~‘(. -;\1 :

The independent coefficients Ot’,xn

where

where % 4 =

ity = C‘x "?n + C%’ '”ﬁﬂ

s—1

where x+n_s—l+}

Here

= Cn+C|z+ .+ G, * J
" =Ci-au+Cia-ag+...+Cu “x.l,
C“ D= Cl.l'ﬁm + Cm calg . .+ cl.l . a{.'.ll.v
.................. . e
CV=Coa+Cpat ... +Cot
d P = Cp,: < apy + Cp.2 Gp,H- veo +Cpae, Gpty
C“_”“ Cp.l "'p,l +Cpa- “ + . -‘+Cpl . “r.l ’ A
. . s q . . . . . * N . . . * : : : : : ) .J

.....

Their ‘general '
number equals, .

@=irdy
2 .

are presented as follows:

‘Qoay = P8t + g +- o CO B,
x4+ 7=s; '

a1y = CUBIYY + C&"ﬁa’{z +o Cc8n,

. [} }
oA TR Bt 42 Ti= 142,

@1

(28)




where p<l,2..(s—!+2).
Analogously with p> 8 — 1 4+ 2 it is necessary to adopt
) C%a= Cu-t43s + Cutanya+ ... + Cls-t143

C¥ s = Clu-tans + Ge=tsnpt + Cumrima X
X Bt 432 + .+ C(;-uau ﬂ(o-m) 1

. LI R T ) CIURCI DR

C:—l+a C(:—l+3)l a2 +C(;-z+a).2 ﬁ(:-t-n).:"‘

|+ Clomtaant * Hoteani; (29)

C( )- C:.l + C:.2'+ +C: N [
CV=Cri e+ Cia- tsat .o+ Cat+ %0s; K .
C$+| C(J-H).l + C(u-:).'z +...4 C(c+u. ‘

Expressions o -
Gp1, ppn Ips

; ¢f).'-". ppo Tp; ’ ‘ BN (30)

2

Ep.h gp' Ta

represent 1 solution of the characteristic equation of operator Do( Ve
Here Bp and Y are so seiected that among the ratios

3 : S 31
Yp =123 (641
none are alike., The below assumed limitation concerning absence
of multiple yoots among Gp1; %pate -+ B is not compulsory
end can be removed by altering the form of expressions (28), (29).
If, for example, during concrete value P 1t is found that % =8,
then in (28), (29), instead of  (,,,C,.- :,_,,c,',_.‘g},',',,,c,',._;;-';

the following should be respectively teken O Cra'3pi, Cpa-2a5:, . . .,

Coar (I=1) a5~ '
The unknown coeffieient (W, ’
where p-l,2...(s+1)..

gm=0l..({=—1).

-9




can be determined by means of solving of £ : ‘algebraic systems
(27), the consistency of which is easily established by the fact

that the determinants are irreversible to zero:

L | BTl e PR O o A
R T '-' B YN o
gatr.. | T ity @)
3’ WO, L LT
Actually, by presenting (32) in the form of
(i) (). 0 ()
T 2/ - A;:T:H-q I
: (BN (BN o Brer-q \2
et B |
ATsr1-¢

and considering that the determinants entering into (33) are

A

Vandermonde type determinants, allowing ¢ to be expressed

in the form:

i - V s/'l 3’1 " oot
A.,=[l'h; ] [ﬂ(1,,, —T)]
o Pl 2. (BF12Q) p>p,
Pum=12. ... (541 -g)
we note that,with realization of (31), A,#0.

The existence of solutions of the algebraic systems of equa;ions

(28) relative to Cor is analogously proven:

where p—l 2...(s—l+2),

Crml, 20

10



and of systems (29) relative to C,.

where p=(s—143), (s—=Il+4)...(s+1),
r=12...L )
Morever, for algebreic systems (29) the solutions are not univalent,

due to incompleteness of systems (29). The consistency of systems
(28) and (29) is evident. '

Now, the given coefficients Oemy * are presented in this form:
= YN G @4

P=L2,..(541) r=12...1

where _Y+x-l:n.==s. .

Here Cor . are determined from the correlations

ot AR RS

(27), (28), (29). It is easily seen that (34) does not contra-
diet (27), (28), (29), and consequently (30) solves the finite-
difference equation (25).
Lets seek solutions of (23), (24) in the form:

bun = X ? ﬁrw&u. )

P=12...(s4)) r=12...4

where"ﬁ}l".i'_kl+ﬂl=3f- .
Selection of by, in form (35) allows satisfaction of condition
(24) with Epr. .

Lets substitute (35) into (23), considering (18). Then

. . ‘ x 3 T
Z Al/k( 2 Z E,,, v HTH’.)“W.

i+j+h=m p-l.?..'.(q+l) Tr=12. i . )
= ¥ S‘ c,,,, ab . 35T (36

TLL L pml... Ul {=1" e

s kbt o



Transforming (36) in the form of:

Z 2 ‘ ZAUkEP-" o ;HT;HT-- "

=130 (s+) r=12.,1 i/ rh=m ‘

.." = Z . Z CrrapsBp15: ' (37)

JUE ez

In the parity (37) we assume:

4 U, SR Y PYEY) 1+b___ ’ v s L)
Z AnEpritr B tp Cor*2psBotp
l4)+hem \ FE

Er.r‘“p.r?pTP 2 A %, ’pI'TI‘ = Cp.r “p-rﬁp’fp . (38)

lej+h=m

Solving (38) relative to £, we get:

C
Eﬁ-' = L4 ’
. Y. ;
L Aiyn ’p,r%b
. i+jvhmm
where
p=12...(s1),.
r=212..1
Lets restrict operators Dl( )y and D, ()  to the condition
[Q] of possibility of such selection for each P Yps 3p T ratl2,. .1
by compliance with (31), during which
}: Au,.a,‘,,',ﬁ‘,'{;,sﬁO, C e (39)
4]+ hmm '

Y Buw e =0

i+ it Ryt

vhere ~=12...L
The left sides of the written expressions are the characteristic

forms of the operators Dy( ) and Dy( ) .



Thus, coefficients ,,, ,being restricted on account of
(39), are easily determined , satisfying all set conditions; that !
is, expressions (23) and (24). bu.y, . remain the undetermined |
coefficients for which Vet ptn<m . These coefficients
can be considered as arbitrary.

We write down the final solution of the given problem:

n+m’

f" = 2 fln

) &=0
where

\' b'|'|'u v
= ——yhth,
Cfa= XY ey

e+ S

It is easy to see that,for the rea.liza.tion. of condition [Q],
it is necessary that the characteristic forms of the operators
D ( ) and D, ( ) should not be decomposed by the factors, different
from the constant, among which is the common factor.

" Lets return to the examination of the basic question, concerning
the pleonasms in the general solution (8), (9), indicated at the

beginning of this chapter. From equation

(B Bt (DX Do)ty + (DX Drles=0 (40)

we will try to determine the components of a certain vector 5
It is possible to represent the vector of the volumetric force

7". in the form of

Fai(Be V) =) (B V)= R(Bi V)

13



which allows finding & general solution to (40) in the form

5=1(0e.8)+] (D, 1)+ R(Dse). (a)
Substituting (41) into (40) and performing & transformetion, we
should finelly ohtain en equation which would be satisfied by the
components of veetor 6 .
This equation is:

Dy (Dy X D) (0, -+0, 4+ 6,) = 0, ST (42)

The vector ,3" » obtained in this manner  as can be easily seen,
may be added to vector a)’ in solving (8) without altering the
displacement vector ﬁ .
By this, the vector (3:+ g-b ) , es vector 5 » in accordance
with (9), (41), (42), does not necessarily have to satisfy the
correlation: [Bx (B,)(B,)]( )=0'.. . | . (43)
We will show that,without losing generality in solving (8), (9),
it is sufficient to retain one function, for example, % .

From equation (42) it follows, that ,
6= - blf61+?|' : o " (44);
vhere ¢ is any function, satisfying expression (43). '
In parity (4l4) it may be presumed that Gy and 6, are the
arbitrary functions of their arguments X, ¥, 2.

Considering that

- ‘7'; (0, XD)Jo, + (B, x B.) 0, + (0. X By) @, =
= (Dy XD:) (P +9¢,) + (Bz X Bx) (¢y + ‘Py) + (B*' X-D-’) (@, + ) ?

1k



we will try to dispose of functions &’Jy’ lbz, with the aid of

9y and ez in such a manner that

%=-—‘§'y- } o (45)
=__()

In accordance with (6), (1), (4L4), correlation (45) is rewritten
in a more explicit form as:

@, + Dsa® = (Dsz— Dya)by + (Dsa— Daa) b, } -
‘D;+Dx.3f?=(Dx.3“ D,V-J)ev +(Dx.3“Dz.3) 0.- .

We introduce the designation:

@, + Drrp =y,
O, + Deagp = ;.

We consolidate function ¢ . Then ‘by, o, may be considered
&8 known functions.

The quotient solution (46) we will find in such a form:

8y = (D3 — Ds3) wy — (Dxa— Da2)w,, } . (47)
0,= (Dya— Dyg)o,—(Dxs— Dya) @y,

Here ﬂyz are determined from the equation

S } (48)
[0+ (Dy X D)| ¥y =0. . _

The operator L{ ) has the following form:

(DyX Dy)- (i) F&)U )ex [(Dea—Dya) (Daa— Dia) = .
— (Dxg=Dz2) (D.r.:i Dy ( ), o (49

If operators (43) and (49) satisfy condition [Q] , then it is

15




permissible to seek solution (48) in a set of functions
[Be- (By X B2)] one 50,
Taking in consideration condition [D,., . (5, >< 5,)];»,',, =0
and expression (4T),it may be easily shown that function

Y= Duwa (= 0y~ O, ¢) 4 Dysby -+ Desb, - .©  (50)

ti fi‘ lati — e =L
satisfies correlation \D,¢°(Dyxoz)l( y=0.

We finally arrive at the following result:

shere  V=(DyXDi) @+, T oh
le . (Dy X Dl)](q’.r'!'q‘.r) =0. ]
In this solution, functions & are abolished by means of

T3
a special selection of Uy, .

Function i, , determined by formula (50), may assume different
values, depending on the selection of function @ » due to which
solution of (51) is not entirely free of pleonasms. If {p',é_ b= @
is indicated, then the solution of (51) will be finally re;lri*i;ten as:
v = (By X Bx) %y
where -

[ - (D5 %,Di)} @2 =o0.
Under other limitations a.pplied to the differential operators, the
remaining variants of solutions can also be cbtained:
V=(D.XD.)at,
V=(D.xD,)4,

w here 4? and ¢: satisfy correlation (43).

16
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