
UNCLASSIFIED

405 611AD _

DEFENSE DOCUMENTATION CENTER
FOR

SCIENTIFIC AND TECHNICAL INFORMATION

CAMERON STATION, ALEXANDRIA. VIRGINIA

UNCLASSIFIED



N•TICE: When goverment or other drawings, speci-
fications or other data are used for any puzo•s
other than in connection vith a definitely related
govenrent procurmnt operation, the U. S.
Goveiment thereby incurs no responsibility•, nor anmy
obligation whatsoeverj and the fact that the Govern-
ment my have formAlated,, furnished, or in any way
supplied the said drawings. specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, oJv conveying any rights
or permission to usnufacture, use or sell ay
patented invention that my in any way be related
thereto.



4FsASR4'5-941

Co

DDC

-JUN I 1963

.'I'K A



Monitoring Agency Document No.

Elastic Thermal Stresses in Delta Wings

Part II

H. P ark us

Professor of Theoretical and Applied Mechanics

Vienna Institute of Technology

Vienna, Austria.

Contract No.61 (052) - 214

15 December 1962

The research reported in this document has been sponsored by

The United States Government



Contents

page
List of Symbols

General Remarks

1.) Introduction.

Skew-Symmetric Temperature Distribution

2.) General Equations. 2

3.) Perturbation procedure. 4

4.) First approximation. 6

5.) Example. 10

Second Approxtmation

6,) Symmetric temperature distribution, 14

7.) Skew-Symmetric temperature distribution. 20

8.) Example. 23

References. 29

Acknowledgment. 29



List of symbols

Symbols listed in Part I of this report are not repeated here.

b ......... half base-length of wing

1 ....... ° wing chord

distance between base and x-axis.

s ... a*.... exponent in representation of wing
cross-section.

........ angle at base of triangle. = a- .

a(t)...... complex function replacing •(f) of Part I



General Remarks

1.) Introduction. In Part I of this report1) the basic

equations for shallow conical shells have been derived

assuming the temperature distribution in the shell to be

symmetric with respect to the vertical plane of symmetry

of the delta wing. Boundary conditions have been formulated

and a perturbation method has been developed consisting of

two steps termed first and second approximation, respectively.

Temperature distribution has been resolved into two parts:

one symmetric with respect to the horizontal plane of

symmetry of the delta wing, and the other skew-symmetric

with respect to that plane. The general solution and a

numerical example have been given for the symmetric part

using first approximation only.

In the present Part II of the report the study of

thermal stresses in delta wings is continued. Equations of

first approximation for the skew-symmetric i'emperature part

are derived and solved. A numerical example is given. Then

the equations of second (and final) approximation are

obtained and solved for both the symmetric and the skew-

symmetric part. The numerical example is continued into

the second approximation.

Frequent reference is made in the following to Part I.

Equations or figures contained in Part I are quoted by

adding a Roman I to the equation number or figure number:

Eq.(I-12-1) or Fig.I-3.

Parkus (see list of references).
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Skew-Symmetric Temperature Distribution

2.) General Equations. The two basic equations (1-7-2)

remain, of course, valid in the present case of a

temperature distribution skew-symmetric with respect to

the x,y-plane, Fig.1. Boundary conditions (I-8-3), however,

have to be changed. Sinc3 upper and lower shell now

experience the same deflection w but opposite tangential

displacements u and v, Fig.2, the conditions

ran=0 u=O0
fK n 0

6= (2-1)
qn qn + -'S• = + -n_ n n v = 0

j
have to be satisfied along base (upper sign) and legs

(lower sign) of the triangle, cf.Fig.1. Boundary conditions

(1-8-4) along the y-axis (line of symmetry) remain

unchanged:

-= u=0

(2-2)
q x =-rn' nx i n xy = 0 |

J0

Equations (2-1) have now to be expressed in terms of

the deflection w and the stress function P. Eqs.(I-7-5)

and (1-7-6) render

mw= -NIV2w- (l-v) 2 1+

Si r
mrc= (1-v)N rry-r(•



Furthermore )

E - N + ,1 (2-4)q• r .8q

Base and leg of the triangle are given by T = 0 and

9 = 7 = - a, respectively. Hence,the first two of

conditions (2-1) take on the form

V~w - (1-v) 62W +

> (2-5a)62 l•w 1 5W 2

-- (V2w + 1") + (1-v)r 6- 2 -6- 1 O 2F

by6r by9y 6cr

along y = 0 and y = 7 .

From eqs.(I-5-3) and (1-3-7) one finds using polar

coordinates and denoting the radial displacement by u and

the change of the angle y by E

1r F 2 - (1+v) 62 F+ (1-v)D
-- -•(r) +F (1- 2DF+

--- + 5--+cw = lv 2+(-)%o (2-6)
r T Wr 17-

by 6rL•u + r 2 6._- = 2(v 6..(r _ 6_F)
ay Tr Eh r ( 6r

Along 9=0 and 9= we have u = 0 and E= 0 for

all values of r. Hence, from the first equation

72  _ (i+v) -2.+ (1-v)D "C0 = 0 (2-5b)
Ir

1) Melan-Parkus, p.59
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Differentiating the first equation with respect to 9 and
the third with respect to r, and subtracting, there follows

a 22 2 F ] =-0

•- F+ (+v)r- F) + (1-v)D (2-5c)

along = 0 and y = ý.

The four equations (2-5a) to (2-5c) replace the boundary

conditions (2-1).

3.) Perturbation procedure. Expanding w and F in series

in powers of c, Eqs.(I-9-2), and retaining only the first

two terms one obtains eqs.(I-9-3) and (1-9-4):

P2V2w - V2 I
1 - 7 1

(3-1)

V 2V 2F 1 = - (1-v)DV 2 ,

N72 72 w 1NV w2  r 6

22 h 2W 1 
(3-2)

V2 V F2  --
r (•r J

Performing the same expansion in the boundary conditions

(2-5a) to (2-5c) and using (1-9-1) one finds

v 2 w, - (1-v) = + o

: (3-3)
v 2w 1 + (1 - .)r 2 , w + 

(3= o

r +
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F1 - (1+V) + (1-V)D ' = 0

( 
F-4)

1.721 + (l+v)r 6 (•-) + (1-v)D PC 0

2w - (1-v) (3 15
w 12S( d2,w2) 1 af 62• P (-5

S v W2 + (1-v)r - MF-2( -)_ 1= r

V2 F2 - (l+v) 2  0

(3-6)
2 F;; jV2 + (1+v)r =6(~*) -

ThD four pairs of boundary conditions (3-3) to (3-6) are

valid along base and legs of the triangle, i.e. for 9 = 0

and 9 = T. The remaining four conditions (2-2), valid along

the line of symmetry x = 0, take on the form (1-9-7) and

(1-9-8) and, as in the case of the symmetric temperature

distribution, can be taken care of automatically by extending

the validity of the preceding equations to the entire

triangular region of the wing. For the second approximation,

however, an additional external load

q = -21 a nX1  (3-7)
ax

has to be placed along the y-axis, cf.eq.(I-9-9).
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4.) Pirst approximation. The solutions of eqs.(3-1) are

split up into particular solutions wPp, Fp of the complete

equations and solutions wI' 10 of the homogeneous equations.1' 1

If, as in Part I of this report, attention is restricted to

temperature changes only then p = 0 in eq.(3-1) and the

particular solutions may be obtained from eqs.(I-10-2):

(4-1)

V2Pp.= - (1-v)D j
No boundary conditions need be taken into consideration.

Eqs.(4-1) can be solved by the same method as used in

sec.10 of Part I. Another possibility consists in employing

the methodof finite differences.

The particular solutions thus obtained will, in general,

not satisfy the boundary conditions (3-3) and (3-4).

Substituting w =wp + wh into (3-3) and making use of
'1 1

eqs.(4-1) one obtains

1 V2w1 + (lv) ((1v)r 1 r

The same functional representation is assumed for h

as given by eq.(I-11-3)

2W R z) + Zý()+X() +X (Z) (4-3)
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where p(z) and X (z) are analytic functionsI) of the complex

variable

z = x + iy =reiq - a, a = 1 tan a + il 0  (4-4)

A bar denotes the conjugate complex quantity. Using

6_ = eiY a__+ e-icP ý- 1 a-. = i(ei•' a_- e-i'9•

dr dz ai a)8

and writing

X I'(z) =,*(z) (4-5)

one finds

V2wlh = 2 [,'(z) + R'(z)] (4-6)

- ½wz1"(z) + -(z) e-1

(4-7)Z+Z
+ jI'(z) + ,Z

1) The letter p is now used instead of T to avoid
confusion with the polar angle.
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In order to simplify the boundary conditions the second

of eqs.(4-2) is multiplied by dr = e-i'dz = ei'd, and

integrated:

2[ z -- + . (1iV) [i(z) + ' e = (z)1- eiWr-

-1-2i (1-v) _ (i)aWr 1 (J
C1 is real, The first of eqs.(4-2) assumes the form

(1+v) [ (z) + --- "z W (z)(eZ) +

+ ýzp"-(z)+ V-(z I ( e- 2 •' = (1-v) w

Multiplying this equation by i and adding it to equation

above renders

(3+v)p'(z)- (1.-v)pi'(z) - (1-v)[z+-(z)+ e-y(z e2

(1-V) 5w1I . w, + i

This equation is now once more integrated with respect to r.

One has with eq.(4-4)

fzp'- (z)e-2t (dr = + - ae- 2i4)TZ )dr =

= ei' 9z- -(z)-dz + (e 9 aeij'-)f --(z)d e

= eiP ý-Zji(Z) - 7i(-7)] + (;e"; -ae")1z -e"P1z -ei Z



-9-

and hence

()- zý'(-Z) -ý-Z e14 17P + ± j*L(;.P1] + C(O)Z + C200)

where

= T" (4-9)

The triangular region is simply connected and C1 and 02 may

be put equal to zero. Therefore the boundary condition reads

finally - -

+ -I )ei• (4-10)•z)- zpi'() -11(z) = (8r

along 9 = 0 and y =

For the stress function F1 both differential equation

and boundary conditions are the same as for the deflection wI.

Hence, upon putting as in eq.(I-11-19),

2 = Z4(z) + zi(z) + X(z) + x(z)

(4-11)

(z) = Ix(z)

one has at once from eqs.(3-4)

dP.P
14(z) - 44(z) -?fz) = + i .2 -I)ei ~ (4-12)

8r r 7

where
.= "•~v (.--1
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5. Example. Consider the particular case where the

temperature increases from its initial uniform value zero

to a constant value To in the upper half of the wing and,

at the same time, decreases to the value -T0  in the lower

half. Then

Tro = (1+v)aTo, Ou1 = 0

and, from eqs.(4-1), taking symmetry with respect to

x = 0 into account,

w1P = O P•=-(x2+y2) = -z (5-1)

where
I _,v2

C = --. DaTo (5-2)

Substitution into eq.(4-10) renders wh = 0 and hence

wI = 0, while from eq.(4-12) one has

W(• - 4.'(z) - TOz) = - CZ (5-3)

The solution of this equation can easily be given in closed

form:

4(2) = - XC Z jtIz) =0 (5-4)

Eq.(5-3) is then satisfied not only on the boundary of the

triangular region but everywhere within this region. From

eq.(4-11) one finds

p "C -9 (5-5)
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and hence, using eq.(5-1),

P1 = - , (5-6)

The corresponding state of stress is uniform compression

in the upper half and uniform tension in the lower half of

the wing. In particular, one finds in the upper shell

6 2 F1 = W•+1=0 (-7

nx1 = = -4 C = nyI, nxy1 = 0 (5-7)

8y
2

In the case of a more complicated temperature distribution

no closed solution can, in general, be found and a numerical

procedure has to. be used. In order to demonstrate this the

problem stated above will now be solved numerically.

Eq.(5-3) is transformed from the triangular region into

the circular domain by means of the mapping function
z = •() cf.eq.(I-11-6),

V. - • •,(6 - (') = CH(r = - Wc(6) (5-8)
(i3'(6)

valid on the boundary • = & of the unit circle. Using the

same expansions as in eqs.(I-11-8a) and (1-11-22) to

(1-11-24) and utilizing the Cauchy formula (1-11-12) the

following equation is obtained

co co n+l .1 O
ZAk~ k -k m Am ore+k_1 0 o " a- k

1 k=O m=1 0

Comparison of coefficients of equal powers of Ck renders

the following set of linear equations for the expansion
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coefficients Ak of function J(C)

col, + 2=12 + *.. n+ n)on * -o oC (5.9)

and

"10Ak - ° 0IfrImk-1 n " I kC (k - 1,2,..n) (5-10)
m=l

A similar set of equations for the coefficients Bk of the

function I (C) is obtained by replacing eq.(5-8) by its

( conjugate complex and performing the same operations as

before. One gets

n

-Bk = C7 k + T-- mo-mk_1 Am (k=1,2...2n-1) (5-11)
m=I

Coefficients cn are all real quantities and have already

been tabulated in Part I, Table 12, for a set of 10 triangles.

Coefficients Hk of the expansion (1-11-22)

+n

H(6) =V Hk6k (5-12)

-n

have to be calculated by means of Fourier expansion of H(V)

along the unit circle, cf.sec.I-16. In the present example

we have

H(6) = -0(6) = - Re = - R(cosy +isiny)

Real and imaginary part of H(6) as functions of the polar

angle 4 on the circumference of the unit circle can be

taken from tables I-1 to 1-10, of. Pig.I-10. As in the

example ia Part I a triangle with angle 2a * 1000 is assumed.



Pigs.3 and 4 show the two functions -ReýH(15)} and

- ImIH(6). A Fourier analysis renders the corresponding Pourier

coefficients which in turn determine the coefficients Hk, by

means of the equations

H° = iao Hn = ½(an-bn), Hn = #(aenbn) (5-13)

The Fourier coefficients are given on Pigs.3 and 4 for n = 6

while the coefficients Hk are contained in Table 1. The approximation

curves are also represented (broken lines).C

k= 2 3 4 5 6

Hk -IO,30± 1,80i 0,43i -1,941 0,68i 0,191
-0,26i -" 0,047671

H.k 0 -0,081 0,07i 0,021 -0,08± 0,07i

Table 1. Power series coefficients of H

Each value in the tables 1 and 2 is to be multiplied by the

corresponding factor F.

The exact value of all quantities H-k is zero. Table I

reflects the error involved in the approximation of the mapping

function.

Eqs4(5-9), (5-10) and (5-11) can now be set up and solved.

The results are given in Table 2. One notices that the Ak are

not precisely proportional to the Hk and the Bk are not all

zero as would be the case with the exact solution. The error

is due to the relatively small Aumber n - 6 of terms in the

series expansion.
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k-O 1 2 3 4 5 6 p

Ak -8,8741 1,4171 0,3081 -1,3341 0,4591 0,0661

Bk -0,770i -0,6771 2,0861 -0,117i -1,369i 4,8181 -0,530i- 0, 0476701

k=7 8 9 10 11

Bk -t0,5791 0,3561 -0,0761 -0,1071 -0,012i

Table 2. Power series coefficients of I andU/.(

Second Approximation

6.) Symmetric temperature distribution. As can be seen from

a comparison of eqs.(I-9-4) and the corresponding boundary

conditions (1-9-6) with eqs.(I-9-3) and boundary conditions

(I-9-5) the steps to be performed in the second approximation

are, in principle, the same as in the first approximation. They

deviate, however, in two respects. First, the equations for

the particular solutions wP and 4 can no longer be reduced

to the simple form (1-10-2). Second, a line load has to be placed

along the axis of y in order to have the boundary conditions

satisfied there.

The determination of the particular solutions

a eih2e p n 2e i
NII ~ (1 + -4)

may be performed either in the triangular 5-pianO or in the
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circular C-plane, where z = 4). Since wP and AP are usually

known in the z-plane a serips expansion similar to (1-10-5)

and (1-10-7) may be used for the corresponding parts wP and
21

PR of wP and M2:

nný
WP= mn jp+k cos

(6-2)
pp 1 3 = • m• k cos -n -

and, in case where m + k = nn

wP1 = jm+k in f cos(m+k)ý 1 (6-3)

FP1 = Pmm+k ln T cos(m+k)

in contradistinction, wh and FI are known in the 9-plane.11
The corresponding parts wP and F-2 of wP and F may therefore

22 22 2
more conveniently be represented by series expansions in terms

of 9 and , . Using the relations

22 4 62 1
v2 = 82 =z _'(} _' = _'( __'-T = ('
V =4 - __ ___76 P

(6-4)
2 I L + 1 62 1

and taking eq.(4-8) into account eqsj6-1) may be written

N&6W2 1R+ e21iP + 2j (6-5)
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S Re F ) + j2 21 (

where, in accordance with the notation of eqs.(I-11-28),

= ,().1S2.= (* ' '~ L,€:., •,c

In order to evaluate the right-hand side of eqe.(61-5) and

(6-6) the function i/ w'(9) has to be expanded into a series

1 =ZLa. n = J-- n9nein (6-7)

The coefficients an in this expansion may be found by putting

? = 1 and using eq.(I-13-2) which gives the values of w'

along the circumference of the unit circle. From eq.(6-4) one

has then

9(•,Y') =L.-.nam~n+mei(n-m) =2XPrs grcoo .b (6-8)

r s

The solution of eqs.(6-5) and (6-6) proceeds now in the

following manner. The numerical values of the right-hand sides

of these equations are calculated at a sufficient number of

points in the a-plane using a polar coordinate network p .

From these values a series expansion is obtained with the aid

of some suitable numerical methods

TURe TI r ( +w*(4)] e"'i+ NJ j u-.m2Osn

3h~ '' p (e V + aP~f & a 1 20



The expansion will contain cosine terms only sine. all functions

are symmetric with respect to the y-axis. A similar expansion -

with unknown coefficients - is then assumed for the following

quantities

ewP2 :7 ý-jbmnqmcoe nAt+ I bn n p 00o nk3

m  n n (6-10)
)7 T I --- Bmn9moo a n,&+ Y-- Bn9n 'a 9 0 0s nk

m n n

where the prime at the summation sign indicates that terms

with m = n have to be omitted. From the definition of the

operator 4, eq.(6-4), there follows

&(8wP2 ) = T I(m2-n2)bmnm-2 cos n•+ 2 TI n bnn 2 cos n4
m n n

A(e9222 ) = j -|(m 2 -n2 )Bmn m-2 cos n+ + 2 T n B nn-2oos nk

m n n

Comparing coefficients with eq.(6-9) one finds

br Amn b Ann
n nn

(m p n) (6-11)

= amnB a,
inM-7n J n

In order to obtain wP2 and PRthe foregoing steps would

have to. be repeated. This, howevrs, leads to very time-oonduaing

calculations. We proceed therefore in an approximate fashion

by applying the same method used to obtain eq. (6-9), i.e. we

evaluate eqs.(6-10) and (6-8) at all points of the ooordinate
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network and expand:

&W = T-o0 2 cos no° j
= n(6-12)

22 -ZZC~nmn? co n At]

Then, upon putting

P2 =-- - m cos nAt + Z:wngnln p cos nAY

22_L_. inn9,

(6-13)

F 22 =r ZIFmnm Cos nf + T- Fngnln 9 Cos n&I

and substituting into eqc.(6-12) one finds, corresponding to

eqr-.( 6-I I),

W ren = c W n =
m 2-n 2

(m / n) •- (6-14)

Fn = Fn=n

To wp a second solution pertaining to the line load

2
(3-7) has to be added. The solution for an infinite plate strip

simply supported along its edges and carrying a line load is

available in the literature1)and may be used here. Introducing

a coordinate system x,y as shown in Pig.1 one has

3 a.. nsy
wq =l 3 >(1 + n xx)e" sin- " (6-15)

1) Girkmann, p.170.
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where y = y + 10. The coefficients an are those of the

Fourier expansion of the line load,

6 nxsyy*a
q(?) = - 21 - = a sin (6-16)

x=O
For a supersonic wing profile the following approximation may

be used

if = (u- y')y* = (Us- q)r sin T (6-17)

(

where s is a suitable chosen positive number. Then

•f •f1 - = - sin6f, 1 = 5s - s-1l(C + 7 sin2r) (6-18)

The ratio of the leading-edge slope to the trailing-edge slope,

taken along sections x = konst, is given by a sin 20/26.

The normal force nx, at x = 0 is the sum of the particular

part nPx and of the homogeneous part nhie The first is in

terms of PP' eq.(I-10-5), given by

1'1

n = p = - (6-19)

• =0

While for the second one finds from eqs.(I-11-30)

AwC~~ (6-20)

The coefficients an in the expansion (6-16) may now be oaloulated

by some suitable numerical method.

The homogeneous solutions wh and F2 of the seoond approximation2he
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are introduced in the same form as in the first

approximations, eqs.(I-11-3) and (1-11-19)

2w 2 = zF(z) + ZFi(Z) +'X(Z) +XT-

(6-21)

20ý = i§(Z) + Z§(Z) + 1(z) + iX(Z)

The corresponding boundary conditions, eqs.(I-9-6), are

identical with those of the first approximation, eqsi(I-9-5).

Hence, eq.(I-11-4) remains unchanged:

F~) Fz +Yz (w-2 + i_.w.2) pq
p~z), ,'(,, V~) = (-, i(6-22)

ax 6y

or, after transformation into the 9-plane,

F(6) + P ) + Y,(--) =+- i -G() = () (6-23)
=, - 6x 2 y

Similarly, for 2

+ (5)= H(5") (6-24)

C , (1 6x ay

We note that

S+ i a = eiT(6 + - ) (6-25)

7. Skew-symmetric temperatura distribution. Zqs.(3-2) are

valid in this case. They are identical with those of the

symmetric distribution. Moreover, the same line load as
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in the symmetric case given by eq.(6-16) has to be placed

on the axis of y. Boundary conditions, however, are now in

the form of eqs.(3-5) and (3-6).

The particular integrals wp + wq and 1P2 are

determined in exactly the same way as in the symmetric case,

sec.6.

For the homogeneous solution w2 one has from boundary

donditions (3-5) on T =0 and y = B ,with wP + w• 2
2 w

v2wh 1v) ~W2  ~ W2 _20
2 = u = (i-v) =u- -7 2

_ 1 8f •2FI -- [lr-,_ + (1-u) 22 w(2 "2 777-(")

r2 , 6f6F rvw 1w

Wh is now split up into two parts,
2

wh =wh + wh(72
2 21 22(72

Where

21h

21 + =÷IF) X1 ) (7-4)
2w2= 1 2~ + SP (r + X22 (Z

The first part w-h is obtained as a biharmonio function21
satisfying boundary conditions (4-2) or (4-10), with w?

1
replaced by w * * The second part wh2 is then subject to the
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following boundary conditions

(7-5)

(2 ,( - r (~w*)j

We proceed now as in sc.4. The second of eqs.(7-5) is multiplied

by dr and integrated. Bearing in mind that 6f/r6g is

independent of r, of. eq.(6-17), and putting the integration

constant equal to zero, we obtain

21[hpý(z) - p2(z)J + (1-v)1-L [+~s +y~l(z)]J2(

This equation is multiplied by i and then subtracted from

the first of eqs.(7-5), to yield

(3+•vý(•) - l-v)pý,Z) - (1-v) [,jgjTZ) -7(z)]'.2i -

L L)v2w~dr - 1(4 bk ) a8i
r r 6 ar

= - aSi ~(7 2 w!)dr - J(: '
ar

=t ir

Another integration with respect to r renderu
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2( )- z i'(-z 2 = Z) D )f + 2 SV2wdrJ. e". (7-6)

where X is given by eq.(4-9).

The same procedure may be applied to boundary condition

(3-6). Letting

2 -21 22

and putting

( 211 = 4 1 (z) + 4 1 (z) + XI(z) + Xl(z) (7-8)

2F2 = 4~2(z) + 42(z) + X2(z) + k2(z)(79

one has boundary condition (4-12), with 3I replaced by

valid for 21 while F22 has to satisfy the following

equation

((

where X is given by eq.(4-13).

8. Example. The example of sec.5 shall now be continued into

the second approximation. With w1 = 0 one finds at once from

the second of eqs.(3-2) together with boundary conditions (3-6)

P2 = 0 (8-1)

In order to determine w2 one has, however, to perform all the

steps outlined in sec.7. Pirst the particular solution 4

must be found. Substituting eq,(5-6) into the first of eqs.

(6-1) one readily gets



- 24 -

2 =. +r3 + B(r) (8-2)

where B(r) is some arbitrary biharmonic function which will

be determined later.

Next, the solution wq due to the line load (3-7) has to

be calculated. Substituting n., from eq.(5-7) into eq.(6-16)

and using the first of eqs.(6-18) one obtains

q(y*) = 2C-0+1 sIS-1sin29 (8-3)

A value of s = 0.08 has been chosen in the following. Fig.5

shows the corresponding cross section of the wing along

x = const. Two other types with s = 0.07 and 0.1, respectively,

are also shown. The relative maximum thickness of the wing

in the three cases is 4.0 %, 4,6 % and 5.6 %, respectively.

In accordance with eq.(6-16) expression (8-3) is now

developed into a Fourier sine series. As has been done

consequently in this example only the first 6 terms in the

series are retained. Table 3 shows the corresponding coefficients

ak, with v = 0.3 in the expression (19+i)/(* -1) • 2/(I-v).

k 1 2 3 4 5 6

ak/C 0.1959 -0.0868 0.0556 -0.0426 0.0333 -0.0280

Table 3.

For the calculation of the first part W_ of the homogeneous

solution w2 eq.(4-10) is used in the form

R, - z(q() - Fj(z) = G + ± " = (6) (8-4)
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,.o ,34/ox ,.,•/,y dw-•/dx 6w/,y 6w,•/6z 6w•/6

0 181.87 152.62 0 -2.55 181.87 150.07

7.5 95.19 79.69 0.18 -2.29 95.37 77.40

15 59.49 49.72 0.31 -2.06 59.80 47.66

30 28.48 23.82 0.48 -1.69 28.96 22.13

45 4.65 3.90 0.58 -1.38 5.23 2.52

60 -15.83 -13.27 0,66 -1.08 -15.17 -14.35

75 -35.29 -29.54 0.71 -0.78 -34.58 -30.32

90 -52.94 -44.41 0.72 -0.46 -52.22 -44.87

105 -68.51 -57.66 0.67 -0.11 -67.84 -57.77

112.5 -89.92 -75.28 0.58 0.1.2 -89.34 -75.16

120 0 0 0 0.24 0 0.24

127.5 -116.44 0 0 1.15 -116.44 1.15

135 -88.68 0 0 1.43 - 88.68 1.43

150 -64.91 0 0 1.75 - 64.91 1.75

165 -34.77 0 0 Ii93 - 34.77 1.92

180 0 0 0 1199 0 1.99

Table 4.

All values are to be multiplied by CIN.
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with w = wI + wC.

Table 4 contains the values of the derivatives of N+0

from eq.(8-2), of from eq.(6-15) and of Nw*/C as

functions of the polar angle 49 in the 4-plane, see Pig.I-6.

The as yet undetermined function B(r) in eq.(8-2) has now been

chosen in such a way as to make the discintinuity produced

by r 3 in Af = 1800 vanish. One finds B(r) = br2

The corresponding graph is represented in full lines in Figs.6

and 7.

Real and imaginary part of G(1)(6) in eq.(8-4) are now

developed into Fourier series, represented by the broken lines

in Figs.6 and 7. The coefficients Gn in the expansion. (1-11-9)

follow then from the equations

G(1) = iao, G(1)- '(an-bn), G()_ = (an+bn) (8-5)

They are all purely imaginary and are given in Table 5.

k -6 -5 -4 -3 -2 -1

(1) 6.48 17.28 5.04 8.58 49_14 E5e9

k 0 2 3 4 5 6

(1) -0.42 -38.82 4.86 1.02 5.76 120 1.92

Table 5.

All values are to be multiplied by i
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Eqs.(8-4) are now solved by introducing expansions for p, and

y1 of the form (I-11-10) and (I-11-11). The results are

presented in Table 6.

n 0 1 12 3 4 5 6

a1) 0 - 9.97 1.24 0.27 1.03 0.32 0.39n

Ib l) -1,86 1-17.96 59.60 111.30 18.40 116.88 15.7"

_ 7 8 9 10 11

(l) -1.98 - 0.82 -0.36 -0.28 -0.07

Table 6.

All values are to be multiplied by i

For the calculation of the second part w22 of the homogeneous
22

solution the foregoing procedure has to be applied to eq.(7-6).

Using eq.(6-15) one finds

-a n -nIxl

wq _ 1 . _ _.si e sin

This expression is zero along the base y = - 10 of the

triangle while along the legs one has

J 2cos [e+"(cos A1VZ. - tan a sin o-y

2N, L
"- e'n~itan (91



- 28 -

Eq.(8-2) renders

v2wP a 3 r+1 2b)
2 IT -3-- 3..T~

whence

r

v 2 wPdr = 0 V+ r(r _ 2 b)

0

In addition, from eq.(6-17),
ldf sS- 1

1 = (p-yS)cos s - s in T

Using eq.(5-6) for F1 the right-hand side of eq.(7- 6 ), denoted

by G(2)(6), may now be calculated. Figs.8 and 9 show the graphs

of its real and imaginary parts together with the corresponding

Fourier expansions (broken lines). From these coGffjo_.Ontg

(2) are found with the aid of eqs,(8-5) and are represented in

Table 7.

k -6 -5 -4 -3 -2 -1

9.0 62.1 -70.2 173.0 -200.1 536.0

k 0 1 2 3 4 5 6

42)4576 -454.3 -23.7 -159.2 65.4 -125.1 17.4

Table 7

All values are to be multiplied by iC/N.



- 29 -

The last step consists in the determination of the expansioh

coefficients of the functiorap 2 (W) and Y2(C). Table 8 contaihe

the coefficients.

n 0 1 2 3 4 5 6

a(2) 0 -114.5 - 4.8 -33.2 11.7 -25.9 3.5

an
bn(2) 408.5 409.3 -115.6 69.6 -15.2 235.2 78.35

n 7 8 9 10 11

b(2) 14.3 - 0.4 10.4 1.8 - 0.6In

Table 8.

All values are to be multiplied by iC/N
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