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List of symbols

Symbols listed in Part I of this report are not repeated here,

bc o100 0000 half baBe-length Of Wing
1.....000. Wing Ohord
10........ distance between base and x-axis.

8 +..400.. €xXponent in representation of wing
cross-section,

B eevesses angle at base of triangle. B = g - 0.
p(&)...... complex function replacing ¢(£) of Part I



General Remarks

t1)

1.) Introduction. In Part I of this repor the basic

equations for shallow conical shells have been derived
assuming the temperature distribution in the shell to be
symmetric with respect to the vertical plane of symmetry

of the delta wing. Boundary conditions have been formulat-d
and a perturbation method has been developed consisting of
two steps termed first and second approximation, respectively.
Temperature distribution has been resolved into two parts:
one symmetric with respect to the horizontal plane of
symunetry of the delta wing, and the other skew-symmetric
with respect to that plane. The general solution and a
numerical example have been given for the symmetric part
using first approximation only.

In the present Part II of the report the study of
thermal stresses in delta wings is continued. Equations of
first approximation for the skew-symmetric remperature part
are derived and solved. A numerical example is given. Then
the equations of second (and final) approximation are
obtained and solved for both the symmetric and the skew-
symmetric part. The numerical example is continued into
the sccond approximation.

Frequent reference is made in the following to Part I.
Equations or figures contained in Part I are quoted by
adding a Roman I to0 the equation number or figure number:

1)

Parkus (see list of references).



Skew-Symmetric Temperature Distribution

2.) General Equations. The two basic equations (I-7-2)

remain, of course, valid in the present case of a
temperature distribution skew-symmetric with respect to

the x,y-plane, Fig.1. Boundary conditions {(I-8-3), however,
have to be changed. Sinc: upper and lower shell now
experience the same deflection w but opposite tangential

displacements u and v, Fig.2, the conditions

~

“l
m =0 u=0
n S 1,\
= _ ns _ , oW _ |
b 9% J5 I3 " v=20

/

have to be satisfied along base (upper sign) and legs
(lower sign) of the triangle, cf.Fig.1. Boundary conditions

(I-8=4) alcng the y-axis (line of symmetry) remain

unchanged:
\ \
|
%% =0 @ u=20
oW 3 2 (2=2)
9 = = 3n x j Nyy = 0

%
Equations (2~1) have now to be expressed in terms of

the deflection w and the stress function F. Eqs.(I-7=5)
and (I-7-6) render

_ (o2 1
m¢ = = NIV J

2
T

2

V

(2=3)
g = = (1=-v)N %;(% %%)
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Furthermore1)

Nd (2
= - & (VW + ) 2=4
Base and leg of the triangle are given by ¢ = O and
p=f = g - a, respectively. Hence,the first two of
conditions {2-=1) take on the form
2
O°w .
VZW - (1-\)) + =0
are
> (2~5a)
& (FPw + )+ (1=V)r 932(1 dwy _ 1 OF QE; =0
d¢ L orc T 3¢ ¥ d¢ Or
along ¢ =0 and ¢ =7F .

From eqs.(I-5=3) and (I-3-7) one finds using polar
coordinates and denoting the radial displacement by u and
the change of the angle ¢ by ¢

-
du _ ] L-VZF - (1+v) Sﬁgw (1=-v)D % )
dr Eh Ar 0.
UL I N o’F _ Pr s (1=-v)DV, | > (2-6)
T > r Eh ‘ N 2 0
® X r
du 2 d¢ 2(14v) 8 (F _OF
— == e - -—)
3¢ dr d¢ ©  or
/
Along 9 =0 and ¢ =F we have u=0and € =0 for
all values of r. Hence, from the first equation
2
PP - (1) &5+ (129D, = 0 (2-5b)
r

1) Melan-Parkus, p.59



Differentiating the first equation with respect to ¢ and
the third with respect to r, and subtracting, there follows

o | 2 2° /F Ll
a VR + (1+V)r ?(;) + (1-V)D’Lo-‘ =0 (2=5¢)

along ¢ =0 and ¢ = fB.
The four equations (2-5a) to (2-5c) replace the boundary

conditions (2-1).

3.) Perturbation procedure. Expanding w and F in series

in powers of c, Egs.(I-9-2), and retaining only the first

two terms one obtains eqs.(I-9~3) and (I-9-4):

22 P 2
7~ (3-1)
VYR, = = (1-0)Dv° T
N
oW, = - + —2—02F1
2 r dr
> (3=2)
2.2 Eh °2W1
VR =T 3T

Performing the same expansion in the boundary conditions
(2=-5a) to (2=5¢c) and using (I-9-1) one finds
> GZWT po
v W.] - (1-\)) S—;z— + 1 = 0
) ) _ > (3=3)
&_ | 2 3= M1
—_— w, + (1=v)r (=) +T l =0
¢ 1 Orz T 14

e 4
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\
2 oy
v F1 - (1+V) -6-;2—4' (1=-v)D TO =0
> (3=4)
o PVZF + (+Vv)r 02 (-F—1-) + (1=v)D ™ } =0
OCP i 1 -a_r? r 0—_
> \
O°w
2 2
VoW, = (1-v) — =0
2 or
2 > (3-5)
o I 2 02‘”2] 198 O
— | v°w, + (1-v)r (=) =5 &=
dp | 2 a2 T | T Wy ot
2
d°F
V2F2 - (1+V) ;—,rz = 0
T
. -~ (3~6)
- 2 F
o) 2 o) 2
=~ | VP, + (1+V)r (==Y} =0
dcp{ 2 ;I-z T }

J

The four pairs of boundary conditions (3-3) to (%-6) are
valid along base and legs of the triangle, i.e. for ¢ = 0

and ¢ = B. The remaining four conditions (2-2), valid along
the line of symmetry x = 0, take on the form (I-9-7) and
(I-9-8) and, as in the case of the symmetric temperature
distribution, can be taken care of automatically by extending
the validity of the preceding equations to the entire
triangq;ar region of the wing. For the second approximation,

however, an additional external load

- of
Q= -2 =y, (3-7)

has to be placed along the y-axis, cf.eq.(I-9-9).
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4,) Pirst spproximation. The solutions of eqs.(3-1) are
split up into particular solutions w?, F? of the complete
equations gnd solutions w?, F? of the homogeneous equations,
If, as in Part I of this report, attention is restrioted to
temperature changes only then p = O in eq.(3=1) and the
particular solutions may be obtained from eqs.(I=10-2):

3
vzwg’ = -T,l g
(4=1)
VE = - (1=9)D %,

/
No boundary conditions need be taken into consideration.

Eqs.(4-1) can be solved by the same method as used in
sec,10 of Part I. Another possibility consists in employing
the methodof finite differences.

The particular solutions thus obtained will, in general,
not satisfy the boundary conditions (%-3) and (3-4).
Substituting w, = wg + w? into (3=3) and making use of

eqs.{(4=-1) one obtains

2.h 2.p
°w 3w
2. h 1 1
VW, = (1=v) — = (1=v) —
1 or ar

~(4=2)

h 3 P
o [1.2 2 ¥ &
Y {:{. v Wl; + (1=v) s ('r-)J = - (1-\')-6-??1:5(-1:1)

The same functional representation is assumed for w?

as giver by eq.(I-11=3)

ow? = Zp(z) + zp(z) + X (2) +X(2) (4=3)



-7 -

where p(z) and x'(z) are analytic functionsT) of the ocomplex
variable

z2 =x+ iy = rel? - 8y a=1tana+ il (4=4)

A bar denotes the conjugate complex quantity. Using

.= elod sy mivd %.Q_=1(eiq>2.-e‘i¢.6.__)
dr 9z 0z o dz dz

Q

and writing

x '(z) =y(z) (4=5)

one finds

vzw? = 2 [P'(z) + ﬁTZ;)‘ (4=6)
\
% %; vzw? = 2i {p"(z)ei¢ - #‘(z)e‘i¢}
ol 1 dwﬁl 1{= " 1 Zicp ‘> ( )
5;('5 a—c;-) =5 |2 (2) + Y (Z)‘ e" TV - 4=7
- %{zw‘ (2) + y '(z)} e21?
28

- % [2}1" (z) + Y'(Z):‘ 219 4 «%[z,,l" (z) + ‘;'(z):] e=2ip
(4=8)

O-IO—
i

+ pr(z) + p'(a)

1) The letter p 1s now used instead of ¢ to avoid
confusion with the polar angle.



[

In order to simplify the boundary conditions the second
ot eqs.(4-2) is multiplied by dr = e~1%dz = ¢1%az, and

integrated:

~ ) ]“ -
21 [P'(z) - p'(zi}‘+ % (1-v)<1tﬁpﬂ(z) + y'(2) e2le

- ) » 2 D
- {zpﬂ(z) + y'(z)] e'Zi?f'= - (1-V)t3%3;(;l) + 01(¢%

C, is real. The first of egs.(4-2) assumes the form

. 3%wP
+ sz"(z) + y'(z)} e'21q’lL= (1=v) -d—vzv-l
o J T

Multiplying this equation by i and adding it to equation

above renders

(3H+v)p'(z) = (1-v)p'(z) - (1-v)[zp'(z) +vy'(2)

e~2io

~62w$ 62 w? ]
= (1=v) + 1 () + 1 ¢y(9)

or® drdy

This equation is now once more integrated with respect to r.

One has with eq.(4-4)

fzm)e'zwdr =Jr(i + 8 = ae-ZiCP);l'-'_(_z.)dr =

eiq’j zpt (2)dz + (3el? - aéi‘P)fF(_z)a'z'

el?® {zp'(z) - P(z)] + (8ei? - ae-iq’).}-l-'-(-;)ae'wz;(_;) - ei’;;&-)-



and hence

or d¢

o e awP P :
Ap(z) = zp'(z) -y(2) = eiq’[-'—wl + i 9—(?)} + 1 C,(9)z + Cy(9)

where

A= 13;:% (4"9)

The triangular region is simply connected and Cy and 02 may

be put equal to zero. Therefore the boundary condition reads

finally suP 3 £
—— — w W
Ap(z) = 2p'(2) ~y(2) = (=F+ 14 -&;—)eiq’ (4-10)

along ¢ =0 and ¢ = B.
For the stress function Fy both differential equation
and boundary conditions are the same as for the deflection Wy

Hence, upon putting as in eq.(I=11<19),

ZF? = Eé(z) + z%ZZS + X(z) + iz;)

(4=11)
‘\}/(Z) = X'(z)
one has at once from eqs.(3=4)
or R
#4(2) - 2§'(2) “Yha) = (=L + 1 -‘;;—;‘-)e” (4=12)

where

* = 2 | (4+13)

v



5. Exampie. Consider the particular case where the
temperature increases from its initial uniform value gero
to a constant value To in the upper half of the wing and,
at the same time, decreases to the value =T_  in the lower

o
half. Then

70 = (1+V)aTo, 11 =0

and, from eqs.(4-1), taking symmetry with respect to

Xx = 0 into account,

w? = 0, F? = - %(x2+y2) = - g 2z (5=1)
where
I-v2
C = - DaTo (5=2)

Substitution into eq.(4-10) renders Wi = O and hence

w, = 0, while from eq.(4-12) one has

28(z) - 2§'(z) - Y(z) = - ca (5-3)

The solution of this equation can easily be given in closed

form:

d(2) = -glr 2 Yia) =0 (5-4)

Eq.(5-3) is then satisfied not only on the boundary of the
triangular region but everywhere within this region. From
eq.(4-11) one finds

p*; = -'_g.f 2% (5~5)

[REE—————
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and hence, using eq.(5-1),

- §8} .z (5-6)

The corresponding state af stress is uniform compression
in the upper half and uniform tension in the lower half of
the wing. In particular, one finds in the upper shell

=0 (5-7)

=4
I

In the case of a more complicated temperature distribution

no closed solution can, in general, be found and a numerical
procedure has to.be used. In order to demonstrate this the
problem stated above will now be solved numerically.

Eq.(5-3%) is transformed from the triangular region into
the circular domain by means of the mapping function

= wW(L), cf.eq.(I-11-6),

xd(6) - 26 G (6) - - Y(6) = CH(E) = - Cw(E) (5-8)
w'(6)
valid on the boundary £ = 6 of the unit circle. Using the
same expansions as in eqs.(I-11-8a) and (I-11-22) to
(I-11=24) and utilizing the Cauchy formula (I-11-12) the
following equation is obtained

® nti1
1“1:4 Z: me-i-k1; '5""5_"1:‘k
=

Comparison of coefficients of equal powera of Ck renders

the following set of linear equations for the éxpanaion



coefficients A, of function é(é)

coky * 20K, + oo+ (1), X, + !o = - HC (5-9)
and n
m=1

A similar set of equations for the coefficients Bk of the
function “}’(é) is obtained by replacing eq.(5-8) by its
conjugate complex and performing the same operations as

before. One gets
n .
=B, = CH_, + Sm=1 WOy _yy Ap (k=1,2...2n~1)  (5=11)

Coefficients ¢, are all real quantities and have already
been tebulated in Part I, Table 12, for a set of 10 triangles.

Coefficients Hy of the expansion (1-11-22)
+n
H(E) =) B (5-12)
-n

have to be calculated by means of Fourier expansion of H(C)
along the unit circle, cf.sec.I-16, In the present example
we have

H(6) = -w(6) = - Rel” = - R(cosY +1isinY)

Real and imaginary part of H(6) as functions of the polar
angle 4} on the circumference of the unit circle can be
taken from tables I-1 to I~10, of, Fig.I-10. As in the
example in Part I a triangle with angle 2a = 100° is assumed.
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Figs.? and 4 show the two functions -Re{%(ﬁi} and
- Im{%(ﬁ) . A Pourier analysis renders the corresponding Fourier
coefficients which in turn determine the coefficients Hi, by

means of the equations
H =1ia,, H =3(a;-b), H_, =3aysb) (5-13)

The Fourier coefficients are given on Mgs.? and 4 forn = 6
while the coefficients H, are contained in Table 1. The approximation

curves are also represented (broken lines).

k=0 1 2 3 4 5 6 R
H_y 0 -0,081i | 0,071 | 0,021 |~0,081 {0,071

Table 1. Power series coefficients of H
Each value in the tables 1 and 2 is to be multiplied by the

corresponding factor P

The exact value of all quantities H_, is zero. Table 1
reflects the error involved in the approximation of the mapping
function,

Eqss(5-9), (5=10) and (5-11) can now be set up and solved.
The results are given in Table 2. One notices that the Ak are
not precisely proportional to the H, and the B, are not all
zero as would be the case with the exact solution. The error
is due to the relatively small Aumber n = 6 of terms in the

series expansion.
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k=0 1 2 3 4 5 6 p
Ay -8,8741| 1,4174 | 0,3081 |-1,3%41 | 0,4591 | 0,066%
By | -0,7704 -0,6771| 2,0861 | -0,1174 | -1,3691 | 4,8181 | -0, 5504
0,04767C1
=T 8 9 10 1

Table 2. Power series coefficients of § andjif.

Second Approximation

6.) Symmetric temperature distribution. As can be seen from

a comparison of eqs.(I-9-4) and the corresponding bBoundary
conditions (I-9-6) with eqs.(I-9-3) and boundary conditions
(I-9-5) the steps to be performed in the second approximation
are, in principle, the same as in the first approximation. They
deviate, however, in two respects. First, the equations for

the particular solutions w5 and B can no longer be reduced

to the simple form (I-10-2). Second, a line load has to be placed
along the axis of y in order to have the boundary conditione
satisfied there.

The determination of the particular solutions

2 2
szvzws E - - %;;E brlg)
azwg (6=1)
PR - Pyl *—:—‘WJ

may be performed either in the triangular z-plane or in the
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circular {-plane, where z = W({). Since W) and !ﬁ are usually
known in the z-plane a series expansion similar to (I=10-5)
and (I-10-7) may be used for the corresponding parts Wg1 and
F£1 of wg and Fg:

_ - nne
w51 = Qpp P cos o
- (6-2)
_ . nxy
F£1 =P, cos —
o
and, in case where m + k = %E ’
)
wg1 = Qm§m+k ln % cos(m+k)
> (6=3)
Fg1 = §m;m+k 1ln % cos(m+k) @
)

In contradistinction, w) end F; are known in the {-plane.
The corresponding parts wgz and ng of wg and Fg may therefore
more conveniently be represented by series expansions in terme

of ¢ and V. 2 Using the relations

\
5 02 4 62 1
4 = — =06 ’t
v 8202 W' (L)W' (Z) 32dZ w'(L)w'(2) ‘ (gs e
> (6-4)
= 62 + X 9 + 62 0(0,8) = ._.....1_.__.
Y A R T o )

and taking eq.(4-8) into account eqs(6-1) may be written

w (&)
w' (&)

%

Na(eawd,) = T R "2 + Y] 2o (2) (6-5)

rd
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[m .’ 21‘P+2 (2) > (6-6)

'(8)

where, in accordance with the notation of eqs.(I-11-28),

13) (&) (&)

" wio

In order to evaluate the right<hand side of eqs.(6%5) and
(6=6) the function 1/w'(Z) has to be expanded into a saries

= "L - Lagen (6-1)

The coefficlerts a, in this expansion may be found by putting
¢ = 1 and using eq.(I-~13-2) which gives the values of '
along the circumference of the unit circle, From eq.(6-4) one

has then
8(g,a¥) =z- zanams,mmei(n-m)ﬁ':z__ Zﬁrs pFcos e &  (6-8)
r s

The solution of eqs.(6=5) and (6~6) proceeds now in the
following manner. The numerical values of the right~hand sides
of these equations are calculated at a sufficient number of
points in the f~plane using a polar coordinate network P"‘g"
From these values a series expansion is obtained with the aid

of some suitable numerical method:

%Re{[:(é) ')+ 11) (;)] 210, 2@'(;) - NZDmv"'am

=9,

%g * [.‘:')Ez; P (2) +y (C)] g, 2p* (€) ZZamn? cos nf



N

The expansion will contain cosine terms only since all funoctions

are symmetric with respect to the y-axis. A similar eipmion -
with unknown coefficients - is then assumed for the following
quantities

oawd, = Z > Voo 9"c0s nd+ ) bye" 1n p coe nd
mn n n

earga = ZZ'anpmcos nd + Z Bngn ln p ocos nd
m n n

(6-10)

where the prime at the summation sign indicates that terms
with m = n have to be omitted. From the definition of the
operator 4, eq.(6-4), there follows

A(SAWSZ) =Z IV;‘(m2-n2)bmn9m'"2 cos nd + 2 Z n bngn'zcos né
m n

n
a(8aFy,) = ZZ‘(mz-mz)anQm'z cosnd+2) n B p" 2 oos nd
m n n

Comparing coefficients with eq.(6-9) one finds

B ~
A Ay
Pun = 270 Py = Tn
> (m # n) > (6=-11)
S
Ban = 77 B, = g2
py /

In o‘rder to obtain "12)2 and 1'52 the foregoing steps would

have to. be repested. Thie, however, leads to very time-consuming
calculations. We proceed therefore in an approximate fashion

by applying the same method used to obtain eq. (6-9), 1.e. we
evaluate eqs.(6-10) and (6-8) at all points of the coordinate
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network and expand:

3
Awg2 =§: Z"mn?m-z cos nAY
> (6=12)

Al"g2 =ZZCman'2 cos naY

A
Then, upon putting
\

wgz =ZZ’wmn9m cos nd + Z-wnpnln p cos nd
> (6-13)

ng =Z Z'angm cos nﬂ'+ Z annln ¢ cos nA,'

g

ind substituting into eqs(6-12) one finds, corresponding to

eqr(6-11),

'\ °
w = —;—m—r.]'-z w = cTn—n
mn n n
m =n
> (m £ n) > (6~-14)
C c
n
Fon =77 By = Tg-
m -n
S P

To wg a second solution pertaining to the line load
(3-7) has to be added. The solution for an infinite plate strip
simply supported along its edges and carrying a line load is
available in the literature”and may be used here. Introducing

o coordinate system x,y as shown in PFig.1 one has

_ nEix .
;‘%(1 + Mix—')e sin f;_y_ (6=15)

3
wl = ——51
¢ ANx n

n

YV irkmenn, p.170.
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where y‘ =y + 1,. The coefficients a, are those of the

Pourier expansion of the line load,

of nxy’
Q(y') = =21 S; nyq = Z &, sin -T— (6=16)

x=0
For a supersonic wing profile the following approximation may

be used
1f = (B%- ¢®)y® = (B®- ¢®)r sin ¢ (6=17)

where s is a suitable chosen positive number. Then

1 of
-_—=
dx ?

df

8=1
The ratio of the leading-edge slope to the trailing-edge slope,
taken along sections x = konst, is given by s sin 28/2B.

The normal force Neq at x = 0 is the sum of the particular

part n§1 and of the homogeneous part ng « The first is in

]
terms of F?, eq.(I-10~-5), given by

P T¢2Fx1> ——Z—OZFE (6=19)
n; = = -
x1 dy dr

$=0
while for the second one finds from eqs.(I-11-30)

—e 1 —_—
gy =g = 80 + §0) + - [w(cm‘(o +\{/;(c)] (6-20)
- W (&)
The coefficients a, in the expansion (6-16) may now be calculated
by some suitable numerical method.

The homogeneous solutions wg and !g of the second approximation
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are introduced in the same form as in the first

approximations, eqs.(I-11-3) and (I-11-19)

2w§l = Zp(z) + z;ﬂ?) +Y (2) +XZz')
(6=21)
2F§ = z§(2) + zé(z) + X(2) + X(2)

The corresponding boundary conditions, eqs(I-9-6), are
identical with those of the first approximation, eqs{I-9-5).
Hence, eq.(I-11-4) remains unchanged:

rtq

dw, ow
—24 3 =2 (6-22)

pz) + zp'(z) + y(z) = - (ox by

or, after transformation into the f-plane,

— > dw, P*a
pE) + LUD 1) + yT6) = - (L4 4 $> = o6)  (6-23)
w'(6)

Similarly, for Fy

- — OF o p
3(6) + 28 §i(6) +Y(o) = - (2 1 22) a5(e)  (6-24)
X

@' (6) o
We note that
Frig =i g (6-25)

7. Skew-symmetric temperature distribution. Bqs.(3-2) are
valid in this case. They are identical with those of the

symmetric distribution. Moreover, the same 1ine 10ad as



in the symmetric case given by eq.(6-16) has to be placed
. on the axis of y. Boundary conditions, however, are now in
the form of eqs.(3=5) and (3-6).

The partioular integrals wg + w% and Fg are
determined in exactly the same way as in the symmetric case,
S8ec,.6.

For the homogeneous solution wg one has from boundary
donditions (3-5) on ¢ =0 and ¢ =f , with wg + wg = ﬁ; ,

2. 3%wh %Wy o, A
-(1- = (1= -
> - (1 ");2' ( v);z— VW,
d_[1,2,n o2 V5
- [; 3+ - S S (7-1)
3t d°F 2 W
1 3 3
=14 " ;;21 "5 [}.vzw; + (1-v) m(;?-)]
>
wg is now split up into two parts,
Wy = Wy + Wh, (7-2)
where
2wf,,_11 = Em(z) + zsz(?) +X1(2) + 2112) (7-3)
2wy = Epp(e) + spy(2) +95(2) +X,(2) (7-4)

The first part wh, is obtained as a biharmonic funotion
satisfying boundary conditions (4-2) or (4-10), with w{
replaced by wg » The second part wga is then subject to the
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following boundary conditions

2
o°wh
V2W1212 - (1-V) :,-;2-22 = - VZW;
> (7=5)
Py [% VPwhy + (1-v) g;’z(—f‘):l = 73 ;;) 6—2- Vz"z)

We proceed now as in szc.4. The second of eqs(7-5) is multiplied
by dr and integrated. Bearing in mind that 0f/rd¢ is
independent of r, c¢f. eq.(6-17), and putting the integration

constant equal to zero, we obtain

21[F2'(z) - g(—;)] + %‘-(1-\»){[5}%(2) "'Yé(z):l o219

[Pé(z) +y (z)] 2“}- (l-g)%f—‘-j’iw Wy )dr

This equation is multiplied by i and then subtracted from
the first of eqs(7-5), to yield

(3+v)p2'(z) - (1-V)_P—2'—(_E) - (1=v) [zp‘é(z) +W2'(z)]e‘219’ -

3 oF
= -f(_ - Q_)vzwzdr - ﬁ(- -;) br1

oF
<2 ot e - 40

f OF,
=2 - 2v2w2 -~ *(- — —
09 Or

Another integration with respect to r renders
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" i
2,1;2(2) - zp'(2z) "1’2(2) = -[ﬁ‘v(i; g—g)z'1 + Zjvzw;dr]% (7-6)

where A 1s given by eq.(4-9).

The same procedure may be applied to boundary condition
(%=6). Letting

;o= By By (7-7)

and putting '
27y, = 2§,(2) + 2§,(2) + X,(2) + X,(2) - (1-8)
2F5, = 2Q,(z) + z§;?;5 + Xy(2) + X,(2) (7-9)

one has boundary condition (4-12), with Fﬁ replaced by
Fg, valid for 1"21 while ng has to satisfy the following

equation

i
R(Ez(z) - zéz'(z) -'\fz(z) = - ZBVZngr] 1?;,% ‘ (7-10)
where € is given by eq.(4-1%).

8. Example. The example of sec.5 shall now be continued into
the second approximation. With W, = 0 one finds at once from

the second of eqs.(3~2) together with boundary conditions (3-6)

In order to determine w, one has, however, to perform all the
steps outlined in sec.7. Pirst the particular solution wg
nust be found. Subétituting eq.(5=-6) into the first of eqs.
(6-1) one readily gets
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W = Sn 5t =7+ B(x) (8-2)

where B(r) is some arbitrary biharmonic function which will
be determined later.

Next, the solution wg due to the line load (3-7) has to
be calculated. Substituting n,, from eq.(5=7) into eq.(6-16)
and using the first of eqs.(6~18) one obtains

q(y’) = 2C ?_—} sq>s_1sin2cp (8-3)

A value of s = 0.08 has been chosen in the following. Fig.5
shows the corresponding cross section of the wing along

x = const. Two other types with s = 0,07 and 0.1, respectively,
are also shown. The relative maximum thickness of the wing

in the three cases is 4.0 %, 4.6 % and 5.6 %, respectively.

In accordance with eq.(6-16) expression (8-3) is now
developed into a Fourier sine series. As has been done
consequently in this example only the first 6 terms in the
series are retained., Table 3 shows the corresponding coefficients

8y, With v = 0.3 in the expression (® +1)/(% =1) g 2/(1-v).

k 1 2 3 4 5 6

ak/C 0.1959 | -0.0868 | 0.0556 | -0.0426 | 0.0333 | ~0.0280

Table 3.

For the calculation of the first part wi, of the homogeneous
solution wg eq.(4-10) is used in the form

oy L % (1)
Api(z) - 2pi(z) - yo(2) =555+ 1 555 = 6 7(6) (8-4)
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$° dwg/o:: OWE/Oy owg/dx owg/dy dw;/Ox OW;/ oy

0 | 181.87 | 152.62 | 0 [-2.55 | 181.87 150,07
7.5| 95.19 79.69 | 0.18 |~2.29 95.37 77.40
15 59.49 49,72 | 0.31 !-2.06 59,80 47,66
30 28.48 23.82 | 0.48 |=1.69 28,96 22,13
45 4.65 3.90 | 0.58 [=1.38 5423 2,52
60 | -15.8% | «13.27 | 0.66 |-1.08 | =15.17 | =14.35
75 | -35.29 | -29.54 | 0.71 |-0.78 | -34.58 | =30,32
90 | -52.94 | -44.41 | 0.72 |-0.46 | =52,22 | -44,87
105 | =-68.51 | =57.66 | 0.67 |-0.11 | -67.84 | =57.77
112,5| -89.92 | =75.28 | 0.58 | 0.12 | =-89.34 | =75.16
120 0 0 0 0.24 0 0.24
127.5 |[-116.44 0 0 1,15  [=116.44 1,15
135 | -88.68 | 0 0 1.43 |- 88.68 1.43
_;56 -64.,91 0 0 1.75 |- 64.91 1.75
165 -54.77 0 0 1i9% |~ 34.77 1.92
180 0 0 0 1499 0 1.99

Table 4.

All values are to be multiplied by C/N.




%
with w2

= wP
= W3

Table 4 contains the values of the derivatives of ng/c

q
+ W5,

from eq.(8~2), of ng/c from eq.(6-15) and of ng/c as

functions of the polar angle & in the L-plane, see Fig.I-6.

The as yet undetermined function B(r) in eq.(8-2) has now been

chosen in such a way as to make the diascontinuity produced

by r> in A = 180° vanish. One finds B(r) = - &y %i_} bre.

The corresponding graph is represented in full lines in Figs.6

and 7.
Real and imaginary part of 6(1)(5) in eq.(8-4) are now

developed into PFourier series, represented by the broken lines

in Figs.6 and 7. The coefficients G, in the expansion. (I-11-9)

follow then from the equations

Gé1) = 1a,, G£1)= %(an'bn)’ Gﬁl) = %(an+bn) (8-5)
They are all purely imaginary and are given in Table 5.
k -6 -5 -4 =3 -2 -1
o{") | 6,48 | 17.28 | 5.08 | 8.58 | 49.14 | =15.90
X 0 1 2 3 4 5 6
q(‘1) “0042 -38082 4086 1 002 5.76 1 020 1.92
Table 5.

All values are to be multiplied by i

o
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Eqs.(8-4) are now solved by intrcducing expansions for B4 and
y4q of the form (I-11-10) and (I-11-11). The results are

presented in Table 6.

n 0 1 2 3 4 5 6

alm| o |-9.97 | 1.24 | 0.27| 1.03 | 0.32 | 0.39

v{1)|=1.86 | -17.96 |59.60 [11.30] 8.40 | 16.88 | 5.73

n 7 8 9 10 11

p{1) ~1.98 | = 0.82 {=0.36 |=0.28 |~0.07

Table 6.
All values are to be multiplied by i %

For the calculation of the second part wgz of the homogeneous
solution the foregoing procedure has to be applied to eq.(7-6).
Jsing eq.(6-15) one finds

This expression is zero along the base y = = lo of the

triangle while along the legs one has

T . _ nn'x|
f vzw%dr = :—:;EEE—EL% [e (cos %‘3: - tan g sin 3¥:)
A n n

- g-nntan ;]



Eq.(8=2) renders

whence

In addition, from eq.(6-17),

1

z %% - (BS-¢s)cos o - scps-1

sin ¢

Using eq.(5-6) for F, the right-hand side of eq.(7-6), denoted
by G(z)(ﬁ), may now be calculated. Figs.8 and 9 show the graphs
of its real and imaginary parts together with the corresponding
Pourier expansions (broken lines). Fron these coeffiolente

(

sz) are found with the aid of eqs,(8-5) and are represented in
Table 7.

kK | -6 -5 -4 -3 -2 -1

k 0 1 2 % 4 5 6

Gﬁz) 45706 "45403 "2307 "1 59.2 6504 -125.1 1704
Table 7

All values are to be multiplied by iC/N.




The last step consists in the determination of the expansioh

coefficients of the functiom p,(&) and yz(é). Table 8 containhs
the coefficients.

n 0 1 2 3 4 5 g
al®| o |-114.5 |- a8 | 332 | 1.7 | -25.9 | 3.5
) laos.5 | 209.3 | -115.6 | 69.6 | -15.2 | 23.2 | 78.3
n [ 7 8 9 10 11
v{2) | 14,3 |- 0. 10.4 1.8 | - 0.6

Table 8.

All values are to be multiplied by iC/N
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