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ABSTRACT

The two-dimensional flow under a free surface with non-zero
cavitation number 1is considereg using a "point drag" cavity model.
The drag coefficient is obtained in closed form as a function of
the cavitation number and the curvature at the cavity end (or nose),
but not explicitly of the depth. The thickness-length-ratio of
the cavity is calculated numerically ﬁnd compared with the case of
an elliptic cylinder under a free surface.

The three dimensional effect on the cavity is also con-
sldered by the approximation of the cavity to an ellipsoid.

These results should be of use in the estimation of the
shape of cavities behind ventilated hydrofoil wings and in the

subsequent calculation of downwash.
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LIST OF SYMBOLS

A constant defined in Equation [#4]

a, b constants in the transformed plane given in Rquation [2]
and Figure 2

Ar area given in Section 10

C curvature

2
Cp = D/4pU o

Cp pressure coefficlent
D drag
d depth of foil

E.Fy first and second kinds of lncomplete elliptic integrals
respectively

K,E, II first, second, and third kinds of complete elliptic
integrals respectively

Ho homogeneous solution defined in Section 4

Im = imaginary part of

k, k' constants assocliated with elliptic integrals defined in
Section 10

2 length of cavity

L scale factor of-transformation

P/ principal value of integral

q(x) source distribution as function of x
8 seml-span

t maximum thicimess of cavity
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Uo velocity at =
Umax maximum veloclity on the body

w=u-iv  complex velocity nondimensionalized with respect to U°

v real variables defined in Equation [4]
vx(a,b,c) x component of the incremental velocity at (a,b,c)

P density
o cavitation number

{=¢4n1 transformed plane
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ON FINITE LENGTH CAVITIES BENEATH A FREE SURFACE

1. INTRODUCTION

Fully cavitated hydrofolls under a free surface at infinite
Froude number and non-zero cavitation number in two dimensional flow
are considered. Using a method previously used by Fabula (1960) and
Wu (1957) we compute the polnt drag acting on the end of the lin-
earized hydrofoll-cavity system. Thus we obtaln the relations be-
tween drag, length, and thickness of the cavity for a glven depth
of foll and cavitation number.

Rapld progress in the development of high speed hydrofoil
boats has led to a need for an understanding of cavity flows beneath
a free surface. Although the case of zero cavitation number has
been developed a great deal in recent years [e.g., Jakob Auslaender
(1961), V. E. Johnson (1958)], the mathematical difficulty in deal-
ing with a doubly connected domaln has retarded the lnvestigation
of the case of finite length cavities (non-zero cavitation number)
under a free surface,

Wu (1957) pointed out that the calculation of the drag from
the flow field near the trailing cavity end singularity in the
linear theory has the same physical basis as the calculation of
drag on the image body in the Rliabouchinsky model or the determina-
tion of the Jet momentum in the reentrant Jet model. Fabula (July,
1960) used a two dimensional, linearized model of a cavity in an
infinite fluld symmetric with respect to the vertical axis. This
model, which may be considered as a linearized Riabouchinsky model,
is called "a point drag cavity model", and has the same singu-
larities at the leading and the rear edgc respectively. Fabula
(July, 1960) calculated the point drag, and cavity length-thickness-
ratio, and ohtained surprisingly good agreement with the nonlinear
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Riabouchinsky model [Plesset, M. S., and Shaffer, P. A., Jr. (1948),
and Byrne Perry (1952)]. He also considered the effect of the pre-
sence of two symmetrically located solid boundaries parallel to the
flow direction with this model (October 1960).

This report is an extension of the method used by Fabula
to the calculatlion of the point drag and the cavity size in the

presence of a free surface.

2. FORMULATION OF PROBLEM

Figure la shows the cavlity and the coordinate system used in
this report. Since in the linearized theory perturbations are taken
as very small, the cavity shown in Pigure la may be assumed to re-
present the boundary of the thin slit shown in Figure 1b. The line
¥y = d represents the free surface and the slit at y = 0, and
0< x< 4, the cavity in the z plane. wu is the x component, and v
is the y component of the perturbation velocity nondimensionalized
with respect to the free stream veloclty Uo. The boundary condi-

tions for the analytic complex velocity w are as follows. Froude
number 1s assumed to be very large so that 1t can be approximated

to ». Accordingly, u 1s equal to zero on the free surface y = d.
On the cavity u = %-, where o 1s the cavitation number [see Tulin
(1953)]. Since the flow is considered to be exactly symmetric with

respect to the x = 4

Evaxis, u is symmetric and v 1s anti-symmetric
with respect to X = x - é-. Hence

u(X) = u(-x)J
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and

v(X) = - v(-X).

It then follows that
v(0)

i

0

on the axis X = 0, or x = é-. In view of these considerations it
is necessary to consider only one half of the physical plane
(Pigure lc). The boundary conditions for the complex velocity
w(z) = U - iv in this plane may be summarized as follows:

On the free surface EwD u=20 \\\
On the center line DC, AEb v=2~0

On the cavity BC, BA u = g/2

At lz‘ = w(z) =0

On z = 0, w(z) behaves like ;%§= (R. T. Jones, 1960)

On pt. D w(z) =0

There i1s no singularity except at z = O in the half plane.

3. TRANSFORMATION OF THE PHYSICAL PLANE

We now transform the forward half of the z plane under the
free surface y = d into the upper half of the { plane (Figure 1d)
by means of the Schwarz-Christofell transformation

4z _ L (L-b)
W 1)? (g

(1]

(2]
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where constants L, a, and b will be determined later. The boundary
conditions given by Equation [1] become in the upper half of the
L(=¢ + in) plane as follows:

On -1 < €< 1 u = g/2
-ao<€<..1 i
1<t<a v=20
8‘<E<°° u=20 i
£€-a w(g) =0
As ‘CI—’“ W(C)—‘O i
At £ =1b w(t) behaves like E%F %

and there is no other singularity except at { = b on the
upper half of the [ plane. /

Notice u and v are alternately prescribed on the real axis.

4. SOLUTION

It is now necessary to find an analytic funetion w(l) on
the upper half of the { plane satisfying boundary conditions of
Equations [3] on the real axis of { plane. Cheng and Rott (1954%)
have developed a general method for solving such boundary value
problems when u and v are given alternately on the real axis, The
first step 18 to find the homogeneous solution Hb(c). This solu-

tion satisfies the boundary conditions of Equation [3] with the
following exceptions: at -1 < & < 1 the condition u = ¢/2 1is
changed to u = O, and the boundary conditions at « may be violated.
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Under these conditions

3 3
1A(E2 - 1) (¢ - a)
HO(C) = L - b 2

-1 Vy [4]

where A is constant. According to Cheng and Rott the uniqueness of
the solution satisfying boundary conditions [3] is assured, in this
case, by HO(C) -4 0 as [d-. ®, but

H ()

L
We notice here from [4]

by
vg(8,0) = - A=) {e-a)

on - 1< €< 1.

We now find a new function % which 1s also analytic in the
o

upper half of the [ plane except at certalin polnts on the real axis.
The usefulness of this function is that when combined with boundary
conditions [3] and Equation [4] its imaginary part is determined on
the whole real axis.

W u - 1iv
= (5]
H 5 4 U, - 1vH
According to the definition of Ho(c), uH = 0 on the portions where

u(é,0) is preseribed. Thus, equating the imaginary part of Equation
[5}, we have
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0> HY™ A(82-1)° (&-a)
on |g|< 1
=0 on &> a

Similarly on the portion where v (£,0) 1s prescribed,

vH(g,o) =0, v(&0) =o0.

We then have

w(g, 0 v(g,0
1n (sl - 2bioly o 7

Now using the formula for the analytlic function on the half
plane with the given imaginary value on the real axis [see e.g.
Philip M. Morse, Herman Feshbach, Part I (1953)]

o I w‘%,O)’
W -1 /— _jiﬁlfig_ as (8]
H(C) 7 E-¢

we have, inserting the values [6] and [7] in Equation [8]

1
oH () 7 (¢ _p) at

/

) - -
" B [ eo@e-F (ea)f

(9]
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Now substituting the expression of HB(C) in Equation [4] into

above equation and performing the integration we obtain

‘ 1
3 3
w(g) = u(g) - 1v(g) = - deficd) (f-e) (6 - b) de
e O e e L
|
- - 1o(e2-1F (r-a)? | 1 . t -b ;‘de
oD @)t (e (e (eea)?)
3, 1 -
i -1 - -2 L [2
T E S | T M Jaz]*
+ (t-b) / s ] [10]
Jy (e-t)(e=-1)3(e-a)?

where K 1s_the first kind of complete elliptic integral. Near

{ = b the last integral behaves like ({-b) II, where the third kind

of elliptic integral II has at most logarlthmic singularities.
When we use the Plemel) formula [I. I. Privalov (1919), or

Muskhelichvili (1946)]

1 1
1lim o e(8) _ o(€&)
Lot /1 gt 46 = 7ie(t) + P 1[ it a8

where t is on the real axis (-1 < t < 1) and P [ is the prineipal part
of the integral, we can easily show that Equation [10] is our solu-
tion satisfying all the given conditions.
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5. DRAG
\
Using the formula for the point drag by Wu (1957) or by the
Blasius theorem we obtain

c, =88 _ _ 1 ?r w2(z) dz

D 2
%o Yy z=0

- Im }w‘(c) T a
=b

Lo? (¢2-1)%(¢-a) ¥k
7 (L-b) (a+l)

2
a+l

i
o)
8

ag

where + -c«ee- indicates the terms which do not contribute to the
residue. NRow if we take the integral along the small semi-circle at
{ = b using the value of the residue, we obtain

o2LV (1-b2)(a-b) _[2
Cp = r (a+l) 2 Kz( '51"1‘) [11]

constants a, b, and L are determined from the correspondence between
the z and { planes. When the depth of the foil becomes infinite,

we can show that as a =+ », L behaves like -;—-\/5' 3 as b=+ 0

2
K% — -;- , and

cn-.§k‘ , (12]

which agrees with Fabula's result for the case of infinite submergence.
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This 1s also shown in Pigurg 2 where the value of cn/c'l at 4/8 = 1.5

is already close to w/8.

6. MAXIMUM CAVITY THICKMESS

The maximum thickness of the cavity is obtalned by integrat-
ing the y component velocity on the cavity boundary (0 < x < -‘5 R

= 0)
1/2 /2
t =/ v ~/‘ v{&(x-)] ax
0 0
1 =1
=[ v(e) 5 de-/ v(g) T at
b
1 1
- _psL / (h-b) dh d
S B TSR YRS T
e . (h-b) log (1+h
). (-n®)%(a-n)?
or
1 g (h-b) log (1+h
L1 TJ (1-n®)%(e-n)?
l-€
_ lm ;_/ log (1+h)[ h-b_ . _ htb J
=0T, @ [ent T )t

- l ((i‘;’7é ( i’:‘;} )[2‘\’?103 € -~ 4\e -~ 2 (log 2)‘\/‘;]
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If we put h = cos 6, (h’-l)é in the denominator will be cancelled
and only a logarithmic singularity, which is integrable, remains.
This integral has been evaluated numerically on an IBM 1620 for

sufficiently small €. 'The curve of t/(fo) versus d/f 1s shown in
Figure 3, where d is given by Equation [16a]. The error is less

than
7 1 ( 1-b + 1+b )

# {2\[?'105 € - 44/ - 2 (log 2)-V€1 m_yr (a-li% (a+lj%

1 (l—e—b , L-esb
5-c \(a-1+€)f  (a+1-€)?

As far as the approximate value of the maximum thickness is
concerned, 1t may be obtalned easily. We know from linearized aero-
foil theory that a thin elliptic cylinder in a uniform flow has a
uniform pressure on its surface [R. T. Jones (1960)]. Even in the
presence of a free surface, when the depth is large the effect of
the free surface image above is very small. When the depth 1s nearly
zero, the velocity near the body is nearly uniform since the image
source distribution 1s of same magnitude and opposite sign as that
under the free surface. Therefore we can say that the pressure on
the surface of the submerged elliptic cylinder near the free sur-
face is still approximately uniform.

From the table given by Jones (1960, p.18) for a thin ellip-
tic cylinder whose major axis 18 at -1 { x 1

t Zz
u - 1iv = —-(1 - ———
4 Vz2.1
where z = x + yi
or

t
o“=2u=2-‘-‘-

e e oo Pyt s reraes o
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where g, denotes the cavitation number in the infinite medium. JFor

the effect of the free surface we have only to consider a biplane
image above (at y = d). (0 < x < 4 the distribution of sources is
the same as that of the cavity in magnitude but of opposite sign.)
Approximately the value of u at x = 0,

g
2 oou-t 4 a/4

PO
1+ (T

where odis the cavitation number for the depth d. If we approximate

the cavity under a free surface by an elliptic cylinder
44 |2

e [

. 1 [k

d
d 8'2"

[14]

From this, a curve of 327 versus %-is shown in Figure 3 with the
d

case of the point drag model. This indicates that the values of
%-almost coincide in both cases except between the values of d/£0.15

and ..5 where the polnt drag model differs by at most .15 from the
elliptic model.

T. CORRESPONDENCE BETWEEN z AND [ PLANES

If we integrate Equation [2] from x = %- to any point
0<x< é- for y = O we obtain from an integral table [Wolfgang

Grdbner and Nikolaus Hofreiter (1958)]
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/ |

J(a-b) P (o,k) - (a+l) E (o, k)

2
+3 (15]
va+1 2

where
r - 2 - 24 -
0e¢<73, k="\/077s €=28In" ¢ -1 and F and E
are incomplete elliptic integrals,
We note the correspondence of polnts between the z and { plane

z = é ~ {=-1and 1
z = é-+ id ~ €=a
z =0 ~ C:b

Inserting these conditions in Equation [15] we obtain

oL z wal
va+l - :
i l
_ 2L a-1 1!
d = == t (1+b) K(\/aﬂi ) + (a+l) E a+1 ;' [16b]
Va+l |
L ] 2 2 |
te - @y o, |- @) B o) [160]
y a+l | "
where
«1 . ; b+l
¢ = 8in v 3

K and E are complete elliptic integrals.
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We obtain the relation between a and b from Equation [16a]

b=a-(a+1l) ———— [17a]
Jye

Combining Equations [16b] and [16c]

[-(l+b) K(" i—% + (a+1) E( ﬁi‘i‘) ]

= ] [17v]

-2{ka-b) F (0,‘¢Eg; - (a+l) E (¢,1Jgg;

Dividing Equation [11] by Equation [16c] we obtain

o N I 8]
o ~Yr {(a-—b) F (4»,'\/[;3——1 ]\/Eﬁ'

CD/czz versus d/4 1s plotted in Figure 2. It shows that CD/bzz

T

- (a+l) E (¢, ol

becomes nearly the same as the value at infinite depth when the
depth-length ratio of the cavity (d/f) becomes 1.

8. CURVATURE AT THE END POINTS

The curvature at x = O (or £ = b) 1s obtained from
2

a2y
ax?
v [ )z}sfa

gy . vi&(x
dax 1l 4+ 0/2

C =
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Thus
g(82-1) (&-a) ! (t-b) dt
2nL(e-0)°(1+ 3) J  (6-8)(62-1)%(s-2)?
C = 1lim -1
- b 1 s /2
& {% + ((&2-1)%(§-a)% (t-b) 5 dt )2} /
(1+ Sir(e-v) J,  (6-8)(62-1)3(¢-0)*) |
ooy =T
C = g - /-2
L(1-b2)2(a-b)? | (as1 SUVE (191
1
: dt _ -2 [
inee ] (#2-1)%(t-a)?  Vanl x| '/a*l)
=]

Combining Equations [19] and (11] we obtain

v (1+ %)
Cp = —5—— [20]

D c
That 1s, the drag coefficient is proportional to the radius of
curvature at the nose, for & given cavitation number. It 1s in-
teresting to note that this relation 1s independent of the depth.
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Since it was not necessary to specify the geometry of the
body generating the point drag cavity, there are not enough condl-
tions to obtain the length of the cavity or the drag separately.
However, when the drag of the body can be estimated by the case of
infinite depth (M. P. Tulin, 1953) or zero cavitation number (V. E.
Johnson, 1958, or Jakob Auslaender, 1961) since drag is not sensi-
tive to these parameters, it 1s possible to determine the cavity
length, maximum thickness and hence the flow fleld about the cavity.

10. THREE DIMENSIONAL EFFECT ON THE CAVITY FLOW

Since a two dimensional cavity can be approximated by the
known solution of the flow past an elllptic body, it may be worth
while to see the three dimensional effect on the cavity flow by
the approximation to the flow past an ellipsoid. Not only the exact
solution for the flow past the ellipsoid (Lamb, 1945) but also the
linear solution (Weber, 1957) has been obtained. For a foil of
small aspect ratio, Weber obtalned constant velocity distribution
on the elliptie foll by the application of slender body theory. 1In
Figure 6 she compared the velocity increments at the center of the
ellipsolds by four methods: the exact theory, the slender body
theory, the linearized slender body theory, and the ordinary linear
theory respectively. She also suggested the better approximation
by the application of a factor to the velocity on the ellipsoid
obtained by the linear theory. We use the right handed xyz-
rectangular coordinate where x is in the direction of the uniform
stream and z vertically upward. We consider an ellipsoid whose
three axes are in the directions of xyz axes respectively. Then
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the factor Weber suggested is written as

1
; 1%
1+ (az/Bx)zf

This factor reduces the approximate velocity on the elliptical e¢ylin-
der to the exact one in the two dimensional case. In the present
papér this factor is applied to the approximate velocity at the
center of the ellipsoid, 1.e.

-3
U=0 . {1 + (bz/ax)ag

. .

If we approximate the cavity shape to this elllpsold in the
uniform flow, the drag due to the cavity can be obtained by the in-
tegration of the x component of the thrust over the front half sur-
face of the ellipsold. From Bernoulli's equation

where Uo and P are the veloecity and pressure at iInfinity respec-

tively, and p is the local pressure on the surface of the ellipsoid.
Let the angle between the tangent plane to the ellipsoid and
the x axls be denoted by a. Then

. - 2
EQ = C_sina SE3'-- = 1 - Umax a5
A p Ar

| Ar
2 s I%'%1+ @@Qxf}

b § 2
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where Ar 1s a given area, s

' is the half front surface of the ellip-

soid, and s2 is the projection of the ellipsoid on the vertical cen-

ter planc.

Since the ellipsoid can be represented as

3
t
z (x,y5) = 5-{} - (1 - 2x)® - (y/s)’}
where t is the maximum thickness of the ellipsoid, s is the half
span, and length L is considered to be 1.

1 4 z2 /42

1 + (3z/3x)° t2 + 4 (1-t2) z2/t2 - 2 (y/s)?

The lntegration of thils expression on the proJjection of ellipsoid
on the plane x = 0.5 is

s Eae(ar?
1 t t2 -1
dzdy = - 3/ tan
o) o 1+(3z/0x)® 1-t2  (1-t®)
Vi-t2 sT
4 8
Hence i1f we represent the cavitation number
¢ = P - Pun - U;ax -1
2
§9U02 Uo
or -
BX . ~1+0
U2

o
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we obtain

S | (o)t . - [VIEE| t2 i+
ol e

tsw la

taking Ar as the maximum cross sectional area Ar 5

in the

dimensional quantity.
This shows that the drag coefflcient does not include the
semi-span s expliclitly as long as we nondimensionallize it by the

maxinum cross sectlonal area and express CD in terms of t and o,

but ¢ is a function of s and t. If we consider ¢ as an independent
variable, t can be represented as a funection of ¢ and s.

To obtain the free surface effect on the three dimensional
cavity, we may approximate the three dimensional cavity for mathe-
matical simpliclity as llike a rectangular wing of elliptlc section.
As far as the linear theory 1s concerned, the difference in the
maximum velocities on the ellipsoid and on the rectangular wing of
elliptic section is very small (see Weber, 1957). Due to Weber s
(1957), the increment of velocity due to the rectangular elliptic
wing in the uniform flow can be approximated by the veloelty pro-
duced by the source distribution

1l - 2x!

in -s y < s
1-(1-2::')% 0<x<1

J zZ=0

q(x') = 2u_t

i.e. the x component of the increment of the veloeity at (x,y,z),

USRNSSR NP SN - © e s e e

1 o ata—
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l =

v (x,y,2)

X 1 X - x! .
UQ = ]‘.-’UO / ’[ Q(X') LS/Z dx'dy

L. e
-8
Hence

v_(0.5,0,0) 1

X ’ . . dx!
v, K //’

A {1-(1-2;:' )2 }é<(1-2x' )2 +4s? F‘;

ts

—7 K2
(1+4s®) € 0e)

]
A =

where K(kz) is the complete elliptic integral of the first kind with

K2 = 3
1+k4s82

As in the two dimenslonal case, the image source distribution
for each x above the free surface is of the same magnitude but of

the opposite sign to that of the real source distribution of the

wing under the free surface. Hence the increment of the velocity

due to the lmage also changes sign, 1i.e.
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1
vx(0.5,0,2d) Lis (l-2x')e dx'

i jc; {16d2+(1-2x' )’L {1-(1-2::' )? ?%(1-2# )2+16d’+4a’?

|
i

1
__ Ms J[. dx!
= - 3
5 %1-—(1—21:')a ?1¥1-2x')2+16d2+482 }

1

4t dx'
+ —;5 16di/~ - ]% 3
0 {6d2+(1-2x' )2} {1-(1-2;:' ) il &1-2x' )2+16d2+482}

4L
putting 1 - 2x' = cos 0

w/2 T/2

_ _ beske dae _ 6l4tsd®ak! dae
v (1+k'281n29)% v (1+)\sin29)(1+k'251n29)£
0

0

A S

with

e et nm-
(1+1642+482) ~ 1 + 164

Hence the total increment of the velocity at x = 0.5, y = 0, z = 0 18

Vx(OI-I5JoJ°) . 4:3 {k K (kg) - k'K (k'g) - l6d‘lk' II ()\Jk'.)}

(]

If we use the linear relation

2"x(°' 5,0,0)

Y%

g =
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we obtain

L3
a=

8341«:1:&2 )-k'K(k'2)-16a%Ak' TI (A, k'?)

Qje

This is computed by using the tables of Herbert Bristol Dwight (1958)

and Heuman (1941). Figure 4 shows the maximum cavity thickness ver-

sus depth for each span. As in the two dimenslonal case, the maximum

cavity thickness, t/(e4) at d/4 = 1 is almost the same as that at

d/f = » for each span. Figure 5 shows the maximum thickness versus

the span for each depth. The maximum cavity thiclkmess t/(c4) at
s/L =1 is almost the same as that at s/f = w, or as in the two
dimensional case for each depth.
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