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INTRODUCTION

From the bathtub drain to the airplane wing to the mushroom
cloud of a nuclear explosion the vortex occurs as a dominating fluid
flow feature. In fact, the vortex, or "eddy" as it is sometimes called
in reference to turbulence, is probably the most common and the most
important single fluid flow phenomenon; yet it remains one of the most
poorly understood. Vortices play an important part in the transition to
turbulence (Reference 1) and in meteorological storms (Reference 2).
Possible applications of the vortex are in heat exchangers (Reference 3),
gas separators and vortex reactors (Reference 4), (Reference 5), the
Ranque-Hilsch effect (Reference 6), advanced space propulsion (Reference
7). (Reference 8), and power generation systems (Reference 9), (Reference
10). Additional applications as well as an extensive bibliography of
recent work on vortices are given in reference 11.

Many of the older theoretical analyses of the vortex utilized highly
restrictive and, in many cases, unreal assumptions such as negligible
axial velocity or no variation of the tangential velocity in the axial direc~-
tion. It is only through the use of such restrictive assumptions that exact
solutions of the full Navier-Stokes equations can be obtained for so com-
plex a flow. Recently, Long (Reference 12) obtained a numerical solution
of the laminar Navier-Stokes equations with boundary layer approximations
which is not too restrictive. In this solution, the axial velocity is of the
same order of magnitude as the tangential velocity for all radii. It is noted
by Long, however, that experimentally the axial velocity falls off faster

than the tangential velocity at large radii. Also recently, Lewellen (Ref-

erence 13) obtained a series solution of the laminar Navier-Stokes equations.

Newman (Reference 14), using boundary layer assumptions, linearized



and integrated the Navier-Stokes equations for viscous laminar vortical
flow behind a wing tip. He then applied the laminar solution to a turbu-
lent vortex by replacing the kinematic viscosity by an eddy viscosity.
This assumption of an eddy viscosity which is a function of the circula-
tion and kinematic momentum of the vortex but not of the radius or the
axial coordinate has been used in most analyses of turbulent vortices.
Newman (Reference 14) states that the eddy viscosity varies slightly
in the radial direction and that this variation is about the same as in
the turbulent jet. He also found variation of the eddy viscosity in the
axial direction in the wing=-tip vortex but attributed this variation to the
incompleteness of the rolling up of the vortex rather than to actual variation
of the turbulence level. Gasparek and Dosanjh (Reference 15) obtained
experimental velocity measurements in a vortex behind an airfoil (NACA 0009)
and compared these with Newman's theory.

In the present investigation, the turbulent entrainment analysis
of the axi-symmetric free turbulent jet developed by Faris (Reference 16)
is extended to describe the free turbulent vortex, and the resulting theory
is compared with that of Newman (Reference 14) and the experimental
data of Gasparek and Dosanjh (Reference 15).

The theory is then extended to describe the confined turbulent
vortex and is compared with experimental measurements taken in a sink

type vortex confined in a cylinder.



EXPERIMENTAL APPARATUS AND TECHNIQUES

Apparatus

The apparatus used to produce and study the confined turbulent
vortex is shown in Figure 1, Figures 2 and 3 show close~ups of the
5.72 inches inside diameter plexiglas tube with the vortex core made
visible by smoke.

The air entered tangentially at one end of the tube through a
system of twelve one-inch high vanes set tangent to the tube and placed
symmetrically around its circumference. The vanes were covered with
a glass plate which permitted visual and photographic observation into
the end of the tube.

A wooden plate with a 1.25 inches diameter hole in its center
was located inside the tube 2.50 feet from the vanes. The plate fitted
flush with the inside of the tube so that no airflow around its edges was
possible. The air was pulled through the hole in the plate by a Joy
Axivane fan connected to a Sola constant voltage transformer. A variac
was used to vary the power to the fan and thus regulate the flow velocity.

The probe used in measuring the velocity profiles and its traversing
mechanism are shown in Figure 4. The probe was made of progressively
smaller diameter stainless steel tubing ending in a section 0.018 inch
in diameter. Before the measurements, the probe tip was accurately
adjusted to be exactly on the axis of the probe. The micrometer traversing
mechanism was fitted with a calibrated angle adjustment device such that
measurements could be taken at any angle to the axis of the tube.

Lines parallel to and in the same plane with the axis of the tube
were scribed on each side of the tube to assist in orientation of the probe.

A series of holes spaced 2 inches apart was drilled along one of the lines



to accommodate the probe. All holes except the one in use were covered
with tape. The tube was mounted in its supports so that the probe moved
in the plane containing the two lines and the tube axis. Final fine adjust-
ment of the probe into this plane was made with the two adjusting screws
at the base of the traversing mechanism. The aluminum block on the front
of the traversing mechanism was cut to conform exactly to the outside
diameter of the tube to insure that the probe axis was perpendicular to

the tube wall.

A strip of electrically conducting paint was painted on the inside of
the tube along the line opposite the holes. Batteries and a small bulb
were connected between the paint and the probe so that a complete circuit
was formed when the probe touched the paint. Thus, it was possible to
determine the exact micrometer setting at which the probe just touched
the wall without damage to the probe. The angle adjuster was zeroed
visually using the line scribed on the tube. Measurements were made
with a Kollsman helicopter airspeed indicator calibrated against a Betz

manometer.

Iechniques

Because of the very large velocity gradient in the radial direction
(the tangential velocity increasing from zero at the centerline of the tube
to a maximum value in about one-fourth inch), it was impossible to measure
the static and total pressure at the same time as it conventional. Therefore,
at each setting of the micrometer, measurements were taken at two degrees
of angle intervals and at one degree intervals where necessary. The maxi-
mum pressure was then taken as the total pressure, and the minimum pressure,

which was located approximately 90 degrees from the maximum pressure,
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was taken as the static pressure. The angle at which the total pressure
occured was taken as the angle of the velocity vector.

The velocity was then calculated from the total and static pressure
measurements, and its components in the tangential and axial directions
were obtained from the angle of the velocity vector. About 45 measure-
ments were taken between the wall and the centerline of the tube, at
0.20 inch intervals near the wall and at 0.020 inch intervals near the
centerline,

The centerline was located by extrapolating the tangential velocity
curve to zero. This accounted for the small irregularities in the thickness
of the paint and in the tube.

Measurements were taken through five holes at the same variac
setting, the five holes being 1.5, 5.5, 13.5, 21.5, and 26.5 inches
from the plate. Also, measurements through the 13.5 inch hole were taken

at a higher and a lower variac setting.



THEORETICAL DESCRIPTION OF THE FREE TURBULENT
SOURCE OR SINK TYPE VORTEX

Tangential Velocity

The tangential velocity of an inviscid, potential flow vortex is

given by

/7
=T (1)

772 )

yielding infinite velocity at /2 = o (Figure 5). However, in a real
fluid the velocity discontinuity at /2 = © will be smoothed out by
the action of viscosity.

It was suggested by Cornish (Reference 17) that it might be possible
to obtain the viscous vortex tangential velocity profile by considering
the potential flow vortex velocity profile shown in Figure 5 to represent
two hypothetical adjacent jets in opposite directions. Following this
analogy, at /2 = ¢ there exists a velocity discontinuity between the
two jets which must be smoothed out by mutual entrainment,

This turbulent entrainment process was analyzed by Faris (Referer.ce
16) in his description of the axi~symmetric free turbulent jet. Using a
boundary layer approach, he found that the axial velocity in such a jet

can be given by

= Wl +Bsy) & 2

7 7

(2)
- /2
s =0 , Tz /



&7
(see Figure 6). The function /7, 1is a function of AR where
/?{2) is the width of the jet, and is plotted in Figure 7. This function

is very closely approximated by

B 5 =3 [1 5 enrr-2) ] ®
77

In direct analogy, the jet 2772 on the right side of the
Jz = () line in Figure 5 entrains flow on the left side of the .2 = & line

given by

_ L

i = T (1 ,)

where /?/2) now is the width of the zone of influence on each jet on
the other.

Thus, as is shown in Figure 8, the entrainment velocity of each
jet is opposite in direction to the primary velocity of the other jet so
that the resultant velocity is obtained by subtracting the entrainment
velocity of each jet from the primary velocity of the other. This resul-
tant velocity profile is then taken as the viscous free turbulent vortex
tangential velocity profile and is shown by the dotted curve in Figure 8.

Therefore, the tangential velocity of the free turbulent vortex is

given by

/7 /7 n
N= e PN (/"'/630)) r <

J



or,

7oA,

A= T erR (k{_?—.) )

.

2 <
R-—/ (5)

As can be seen in Figure 8, VATE ] ) is the radius of the boundary layer
within which the effects of viscosity alter the potential flow profile.
Outside the boundary layer/;'/;‘ =z /) the effects of viscosity are
negligible, and the tangential velocity is given by the potential flow

expression:

=z /. (6)

Pressure
According to the usual boundary layer approximations for vortex
flow (Long, Reference 18) the centrifugal force and the pressure gradient

force are the only important terms in the radial Navier-Stokes equation:

W ? I D
- -l (7)

2 T e on

Therefore, the pressure is given by

& - [ e fe)




Substitution of A" from (5) and (6) and application of the boundary

condition at JZ = 6o : ‘0—:, = [ vylelds (Appendix A)

£ L= éf;)t[/—‘/,é‘-)- 5.7j g/, 0
P.‘ z
?‘e_’;?’a;gz) )%z/_ (10)

The function F [ %"‘) is plotted in Figure 9.

Axial Velocity

In a real vortex the axial velocity is in general not negligible as
is often assumed. It is thought that the same tangential velocity and
pressure distribution may exist with various modes of the axial velocity
depending on the kinematic momentum and boundary conditions. It will
be assumed here, subject to subsegquent experimental verification, that
in some cases the axial velocity is the same as that of the axi-symmetric
free turbulent jet. In this case the axial velocity of the vortex is given
by (Faris, Reference 16)

o = W(/+,£30) ’ 7:"'_‘. /) ()

g (12)
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Following Long (Reference 18) the kinematic momentum transfer in

the axial direction is assumed to be constant; thus,

J o0
;I—z-///w-z-f-f')/zlh_ =0 . (13)

Substitution of AY” and ‘? from equations (9), (10), (11), and (12)
vields (Appendix B)

j’;/WR>=OJ (14)

or,

W/R = constant = T 2.26/4 (15)

.

The plus sign is to be taken for source flow and the minus for sink fiow.

Using (15), the axial velocity from (11) and (12) becomes

wr =t ——(1+48,) R I o

2 > / (17)
Iay - .
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Radial Velocity
Using the axial velocity from (16) and (17), the radial velocity

may be obtained by integrating the continuity equation:

/z = (ra) + —aw =0 (18)

.

Thus,
- L2+ L J(2)
A = 2 ZZ . (19)

Substitution of 4+~ from (16) and (17) and application of the boundary

conditionat 2 =0 : . = o yields (Appendix D)

44.-'-'.'.":2-75/_-7/(/5-/3//:.)[;;)// /549) ///ﬁ-/?l>

2 (20)
. / JL
+J/—;M7r(/-%)—a—7_/§)+0.//7j7 7?_"/)
AR\ I 2
o .—.-_+(-—o./l/.7/7F’J—)A . =z 21)
The function T/ g) is given by
//3,) oo (_')M”_ 2m (/- N I+ /
Rl ('7"‘)/(/»1"'/) (22)

and is plotted in Figure 10,
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Boundary Layer Radius

It now remains to determine R / i') . According to Newman
(Reference 14) and Squire (Reference 19) the kinematic viscosity may
be replaced by a turbulent eddy viscosity €& which is a function of

/A and /7 . and is constant throughout the vortex to a good approx-
imation. Employing the usual boundary layer approximation for vortex
flow (Long, Reference 18), the axial Navier-Stokes equation then be-

comes

Daur Duirm | 2 (JM- | Sunr
b o + — ==
A Sn +M;2 = 3 ;f'f'é z ] (23)

Evaluated at .2 = ¢ , (23) becomes

(o 22), = -0, e [(35) + (3 2),] e

Since «+ = ¢ at . =0. Evaluation of these /2 =0 limits from equations

(9) and (16) and substitution in (24) yields (Appendix F)

[}.xm-msg@,—%)‘]% = *9.0Y 7SR E . @3)

Integrating,

7.01 7 e

R =z #Z < constant, (26)
S /1K -is8GE)
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Again, the plus sign applies to source flow and the minus to sink flow.
As stated before, the eddy viscosity & is also a function of A
and /-' . This linear dependence of R on 2% 1is in agreement
with Long (Reference 12) and Gartshore (Reference 11).

The constant of integration in (26) would be the radius of an orifice
at 2 =0 if the boundary layer approximations were valid at Z = O ,
However, near the orifice, the partial derivatives with respect to 2
cannot be neglected, and (26) does not apply exactly. Because of this
and the existance of a boundary layer next to the wall of the orifice, the
constant in (26) will be slightly less than the radius of the orifice.

It can be seen from (26) that in the case of source flow (jet with

circulation) dR/ d2 Dbecomes infinite if

S./ A
5—[7;- = =7 = 0.445:“(‘) (27)

and for values of 5[7; greater than 0.665 1//—(7 , JR/JE‘ is
negative. Also, for sink flow (common sink vortex) ‘JR/ 4 2 is
negative for values of 3%; less than 0,665 1/—/? . Therefore,

since only positive values of JR//z are realistic, equation (26) applies

only to source flow with zero or small circulation as compared with the

kinematic momentum and to sink flow with strong circulation.

Non-Dimensional Equations and Certain Characteristic Values from the

Above Equations
Figures 11, 12, and 13 show typical variation of the A~ , _w/,

and A< profiles in the axial direction. To facilitate comparison with
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experimental data, the following values are obtained from equations (5),

(9), (16), and (20).
il e
R)% = 0.3%6 ) /r)

Z -
“cos

=0.299 (,—?l = 0. /90

(7/?'1),“% = 0.750 /7?'2(”) =092 .

(28)
Mas = /'72/577/? )
/
‘L., = t(-0. 1737 /% » ) 29
A 20 2 _ 2z
o = —-0.56/ /;;) ) 7 = 0. 3&¢ e ,
(30)
—P A
— - .430Z7=/”"5-77 F =030 5
3:'—?”';:( © F) , R /z”w-/ )
(31)
-/(WA'J: = /-’_@ap //?2 = 0,992 /-2/—2
& o8
(32)
2= _ L[ ) ! Ja\*
A = “/3'/0/;@”7)//4-@30) - ‘7//?)
(33)
2
+“/FM7(/— )"_7_/;5')+0 /!j ;:4750%
Yomat

Equations (30), (31), (32), and (33) are plotted in Figures 14, 15,

16, and 17.
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Application to Wing-Tip Vortex

In the case of the wing-tip vortex, the axial velocity outside the
boundary layer is not zero as in the previous case. Therefore, using
coordinates fixed relative to the wing with 2  positive behind the
wing, the axial velocity deficiency rather than the axial velocity is

A
assumed to be a similar function of R

Wao = A Jz

J

4

(34)

3l
AY]

N=Woa

After Newman (Reference 14) all the wing wake is assumed to be
drawn into the vortex, an assumption which is not justified near the
wing but becomes increasingly accurate as Z# increases. The profile
drag of the wing is then given by the deficit of longitudinal momentum

within the vortex:

(2]

L = 2rf e (W =ane D2 d (35)

Q

Assuming (Ww "m) << Ww (Newman, Reference 14), equation (35)

may be written

Q

Do=°?r/o Wo.[W.o‘Mr)/Zdlz.

2

(36)
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Substitution for W, ~ar from (34) and integration (Appendix G) yields

D = 0./26 r/o/?zm/x, Wi - W)' (37)

Therefore, (34) becomes

Da /
We=ar = (0./3é7r/°ww)ﬁ//+’8~’0> ; /F?:f/)
(38)

Using the /2 =0 limits from Appendix H, the axial Navier-Stokes

equation (24) becomes

[':7 (o./aép;-/) * /- 53@‘9)175;

(39)
Do ) /
—_ Yp2 / —
'T7°€( 0. e mrw) R .
Integrating,
Yr D, €
et
2 0.063 7/ e
R - D, . IR Z -+  constant. (40) -
IRE da 758 ( o

—

Thus, the radius of the boundary layer is proportional to the square
root of 2 in the case of the wing-tip vortex, rather than to the first
power as in the source or sink type vort:x. This conclusion was also

reached by Gasparek and Dosanjh (Refer:nce 15) and Squire (Reference 19).
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There is no restriction on the circulation in the wing-tip vortex,
all values of /7 being possible according to (40). It should be noted
that Newman (Reference 14) assumed small axial velocity deficiency and
small tangential velocity compared with the remote axial velocity. Here
only small axial velocity deficiency has been assumed.

Experimental data taken in the wing-tip vortex behind a NACA 0009
airfoil in a wind tunnel by Gasparek and Dosanjh (Reference 15) is com-
pared with the theory of this paper in Figures 18 and 19. Though the
scatter is understandably great, the agreement is generally good. As
was predicted, the agreement between theory and experiment becomes

greater as the distance from the wing increases.

Application to Axi-Symmetric Free Turbulent Jet

If /'=0 |, equation (26) applies to the axi-symmetric free
turbulent jet:

/7. 42 &

= T Z — constant. (41)

IRy,

According to Schlichting (Reference 20), JZ for the axi-symmetric
free turbulent jet is independent of the kinematic momentum and is ecual
to 0.29. This value was confirmed by Faris (Reference 16). Therefore,

from (41)

/7.4 &
T = 0-27 (42)
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or,

€ =00/66 (&, (43)

Schlichting (Reference 20, p. 608) gives

€ = 0.0/67 /K% (44)

The close agreement between (43) and (44) confirms the use of

the axial Navier-Stokes equation to determine < / 2) .



THE CONFINED TURBULENT SINK TYPE VORTEX

Extension of the Free Vortex Theory

The theory of the preceding chapter applies only to free vortices.
The introduction of confining walls produces pronounced changes in
the vortex as can be seen in Figure 20 where experimental measurements
of the tangential velocity of a vortex confined in the tube described in
Chapter II are compared with the free vortex theory.

It was found in the preliminary measurements that when the plate
with the hole init was removed from the tube, the introduction of smoke
showed no characteristic vortex core, and the tangential velocity of the
flow was directly proportional to the radius all the way out to the edge
of the boundary layer on the wall of the tube.

Therefore, it was thought that the tangential velocity of the con~
fined sink type vortex produced with the plate in the tube might be described

by a superposition of the free vortex profile and the linear profile:

/U"="a?:/€> éi;% + b

(45)

Experimental Results

The experimental results of the measurements through the five
holes at one variac setting are presented in Figures 21A-21E. In
Figures 21C-21E the experimental data is compared with equation 45,
and the agreement can be seen to be quite good over most of the curve.
The circulation /7 decreases and j< increases as the distance from
the plate increases. The tangential velocity at the two stations closest
to the plate (Figures 21A and 21B) is not a linear function of the radius

near the centerline as is the case at the other three stations, and,
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therefore, equation 45 does not apply near the plate.

The tangential velocity curves all exhibit a characteristic kink
just beyond the maximum values. The region of the kink is also the
region of departure from equation 45. It is possible that this may be
due to a perturbing effect of the probe, for near the centerline audible
perturbations occured when the probe was in the static pressure pasition.
Visual observation with smoke also revealed that the presence of the
probe caused a slight displacement of the position of the visible core
of the vortex. |

The axial flow pattern is very complex as can be seen in Figures
22A-22E. Throughout most of the tube there is very little radial flow.
Observations with smoke indicated that after the air enters through the
vanes it does not move radially into the center but spirals downward
along the wall toward the plate. The smoke forms a hollow visible core
as shown in Figures 2 and 3. The radial position of the smoke core
apparently corresponds to the second zero point in the axial velocity
curves. The top of the smoke core intersects the glass plate at almost
a right angle so that the core seems independent of the incoming flow.
When the source of the smoke was removed, the core of smoke remained
in position and only after several minutes was gradually drawn out through
the plate.

Observations with a wool tuft indicated that the flow through the
hole in the plate is down toward the fan near the edges of the plate.
Nearing the centerline the direction of the flow changes to up toward
the vanes. It was not possible to determine the direction on the center-

line because of the size of the tuft.
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Therefore, the following description of the axial flow may be given
as drawn in Figure 23 where the axial velocity profiles at each of the
five stations and the tube are drawn to scale. The air enters tangentially
at the vanes and spirals downward along the wall toward the plate. At
the plate, part of the flow moves out through the hole, and part turns and
moves upward along the outside of the smoke core toward the vanes.
This flow turns at the vanes and joins the incoming downward flow along
the wall.

Inside the smoke core the flow is upward toward the vanes next
to the core and downward toward the plate near the axis, being zero on
the axis. Thus, the axial flow exhibits two co-axial elongated ring vor-
tices, one outside the core and one inside. The inside ring vortex ektends
through the hole in the plate and has its turning point below the plate.

Observations with an aural stethescope indicated that the flow was
weakly turbulent inside a radius of about 0.85 inch and strongly turbulent
inside a radius of 0.30 inch, the transition from weak to strong being
gradual.

The results of the measurements at different variac settings are
presented in Figures 24 and 25. As can be seen the flow pattern is the
same at all three settings, only the magnitudes of the velocities being

affected.



CONCLUSIONS

The use of the turbulent wake function ,égp and the boundary
layer turbulent entrainment analysis, which correctly describe the axi~
symmetric free turbulent jet, has been extended to describe the free
turbulent source or sink type vortex. The agreement between theory
and experiment in the wing-tip vortex is good, and the theory correctly
predicts the value of the turbulent eddy viscosity in the axi~symmetric
free turbulent jet. Therefore, it may be said that the theory does
correctly describe the free turbulent vortex.

The confined turbulent sink type vortex may be described by a
superposition of the tangential velocity of the free vortex and a tangential
velocity directly proportional to the radius of the vortex., The agreement
between this modified theory and experiment in a vortex confined in a
tube is good over most of the curve, and the slight departure from the
theory may be due to pertubations caused by the measuring probe.

Experimental measurements revealed that the axial velocity in a
confined vortex is quite complex, consisting of two co-axial elongated

ring vortices separated by a zero velocity region.
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Appendix A Evaluation of '? ‘—'/%" dr + %(2)

Substituting for A from (5),

£ (%) ;;) R +46), F =1,

Graphical integration yields

-G FE) ), F2l aw
where
R/R;
F(#)= |52 J(#) we
, (R

and is plotted in Figure 9,

Outside the boundary layer, AJ" is given by (6), and the pressure

by

[ da ' 2
g E R
Integrating,

/

%:—— A,+5é) =z (a-5)



Butat 2 = M,r = Pao so that

Re
8,(3) = "'('5"
Therefore,
« AR o
:E"-"':{L(Pr/a) * e 7?@"?/'

Equations (A-2) and (A-7) must be equal at 2 = ] :

,,,,R)F‘(/) +£z) = - - 265 + -’§=

and, therefore, since F(1) = 5. <7,

J

VIOR g: - s 7955

Substituting (A-9) in (A-2),

—(3: (37/?)/:(%') 57{7 %f/.

25

(A-6)

(A=-7)

(A-8)

(A-9)

(A-10)
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Appendix B Evaluation of J%/:[N‘ + 'F')/:abz = 0.

From (11) and (12),

j";f:"/”"* = ﬁ[w%'/(//wu)l(%ﬂ/%)j) (B-1)

since wr = O for 2>/. From Appendix C,

/ (18, (8) IR = 0.031/ -2
Therefore,
J = Iy C# (W z/?z)
2}_ /w-/zdlz = . 03//3'}' . (B-3)
Also,

R oo
” d
2%[';'*"" =d_i'[glﬂd” +Ii£§mb?° (B-4)

Substituting for ? from (9) and (10),

3Fs=bf{ B rer- o}
/2(—--5' ,;,,,,)}/zd/z (-5)

T B A R A Y



27

& Frine Ao+ ) sl

SN
2E) 22 "
= e(er/ 2 .
2/ (®
But the values of all three integrals are constants. Therefore, if Eo is

not a function of 2 ,

j‘%/f/zo(a = 0. (8-7)

And, therefore,

oo
...4— c3 (B"'S)
32| (++ E)ndn = 0.03//;% w?r*) = O

o

or,

W /R = constant. (B-9)
But the kinematic momentum /( is given by

K= o?r/wz/z ab;) (B-10)
[]

or,

K =27 (0.03/])wrR* . (B-11)



Therefore, from (B-9) and (B-11),
WR =2 2.26 /A = constant. (B-12)

The plus sign is to be taken for source flow and the minus for sink flow.
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Appendix C Evaluation of A =[// "'/630) /T)J(/?).
Using the approximate form of /ﬁ '3p from 3),

= 2f[i-ear R JCRIR).
Vo -‘-(/’ /:QE :

= 1;-/// - emrr/o‘)z(/—/t)J/a-

= 7'///-—/«)44L - —/c:cor,u J/u + //«mm //«-

+?/¢,9§r/u//~“‘//"&‘°‘;’r/‘J/k
Expanding the cosine, ,
/ . 00 (- /)MV o g
f T i J/k = M’Zd AR, Vs J/».
/

z -1 7 " Y
M=o CIm ) (4m */) s 0

Therefore, /
/

m” Im
\ . w (-1) ¥ Ym */
S o - Lz /-
I == /“)/o 2 (2a ) (Imrl) /a

1" (2 ) "
- - Vel ‘/M"/
+1/’AM~7"/& / +* I,,-Za (m)! (Imr1)

¢

i I /
3&7
or,evaluating the series,

I =3 -500379)+7(0.29s) = 0.03//.

(C-1)

(C-2)

(C-3)

(C-4)

(C-5)
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Appendix D Evaluation of « = - & | S2 dn + _Afz_)
From (16),
g';: = i’e’-‘-?é/?/:/;éj;[/_,/@“) _,,/_é/%o’ J(R)
(D-1)
= 205603 Bf0e,) + 28, ]);
Therefore ,
S IJJ‘F%/Z?/%’) 54, J(#UF) (0-2)
+ 4C2)
or,
e 2200 SRR + o (2)002)
(D-3)

+ Jal GTaR] + 42).

Integrating the last integral by parts:

Jal (BVU) = £ (8) - s fo (0 a0R)
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Therefore,

na = 236 IE[FR) + 8, (7)

(D-5)

- Jan(#)IB) | + £)

The integral is evaluated in the same manner as in Appendix C so

that

Jou ) UE) = - (5] - i (-2

(D-6)

- (.’m Im ~
+ ) 7 (/-

/
? M=o (90!)-’(‘//"*/)

Therefore,

Rae = :.9..74/?5’}@[/%)7/*,0,,) - ;L(%)L

# i (- RY < TR [+ 46) | R 2
where A 2
= /1) T Im+/
/e - ————————— - &
7(#) = m—Z«/ ()l (¥n+1) (7 R) .
Finally,
L AR 1 Jrant )

(D-8)

Ay
In
~

+‘;”L,«'M7r//- )‘—'7'/”'] /é_) R

)

T st R
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Butat £ =0 , ¢ =0 sothat //2) must satisfy the

equation:

i:.-?éf/_r’/_?i'i;@ -7 770{7"‘ 'ZR—/E‘) = 0,

(D-9)
Therefore, since 770) = p, 374,
£l2) = 2 5 2¢ /& JJE@/O' /27) (D-10)
and (D-8) becomes
< = i:.:z/?%f(-f—f)- /R/g)‘//+40) A .
(D-11)

* L (/- ,%-‘)l—_?—’ T/R":)+a./f7j £<y
,

It is shown in Appendix E by application of L'Hospital's rule to
(D-11) that ¢ 1is indeed zeroat L2 = O
Outside the boundary layer, v =0 and the continuity equation

becomes
oo
S.(ru) = O, (D-12)
Therefore,

(2)
w == ZF=zy (D-13)
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>

But (D-11) and (D-13) must be equal at 2

+ 2.2 1K & J= (0. 063) = 3;\,(5-)) (D-14)
since 7(7) =0 . Therefore,
3[2) = *(-o. /1/,7/,?5;/—? / (D-15)
and (D-13) becomes
(D-16)

n
= Z /.

t(-0.192 (% 5’3@-)/—2" )

ft

AL
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Appendix E Evaluation of 4&/»4. AL .

RO
From (D-11),
,f:';v;u =+:3‘/—7kljﬁi' /")[ZF)(/.*AJD)

(E-1)
~ () + a2 2 TOR) 5 0.7
J

which by L'Hospital's rule becomes

tise = 2506 # I i [(RVA, 4 200005,
Ve S d] R0

(E-2)

~35(R) - 21 Beww(1- & / - ‘T/F)j

But, from Appendix D,

oo ('") 77 2
T#)= - Z o L = ~coor (/- ). ()

Therefore,

/&.»“,M = 0.

e R J-)
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34&.:— l o
endix F Evaluati ey e —[ )
App rvuonof( 52 ), P -;-fa)

(é—:‘:ﬁ- /! Suar
ont )o ) (A a—;‘-)o .

From (9), since ~(0) =0,

2

(f)o = % - 577(97/7/?) . (F-1)

Therefore,
P 3
F’-{%’)o = //.Se?é‘}/z' /‘P"{rj}@ . (F-2)

From (16), since /5” /0) =0,

- = ______-'?.96/7(_1 (F-3)
° B /R
Therefore,
Ounr 2. 28 Kk 2.26 /7
(N JE / = -/i : T JR
R R Az
(F-4)
S /K IR
= R3 dz .
Also, from (16),
| Qar 2.2 7 _
TR S TR A (F=5)
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Stmilarly,
i _ o 226K 7
a/z& T - R& Ap . (F-G)

Differentiation of (3) yields

/2 2 2
/6;0 = T T (1- &) + an*(/- ,%"')mv-//—,i—")t (F-7)
)

”
8o that /é.w /o) o -—.,?7-‘.

Therefore,
2ur\ +/_ 452 7 VK
(a/z" A Vot . (F-8)
Also,
/
3
BRI = RE R
(F-9)
2.% /K . ”
=T TR e
75--)0
or,
(J_ 24_&:) - +/_ 4,52 7 /K’ (F-10)
R on /), T =

r~? .



Appendix G Evaluation of [[/ "‘/Bap)[?/g; ) 4 (?> .
Proceeding as in Appendix C,
! /
/(/4-@,,-)(7?—)) (%) = 3'/// -p ) p

/

!
-3 ruida + ;"//* e dp,

or,

/}/+,530)(;2-)A/ﬁ—) = 7 - F(0.377) = v.0é .
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(G-1)

(G-2)

T v ke 0 0T
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Appendix H Evaluation of ( iy 3 )o ( SA® ')o
] ’
!
x Ix AL _fa
( onr b, P / 2 )o
for wing-tip vortex.
Porm (34), since /Ai?o (o) = a,

2s |
;= W = (026 r/‘h/..o)/?’

e
R

Therefore,
. . ( Sanr - &\( Do _Li/i
“T 2 ) o-/26m /S JRE Iz

Alsc,

D /7
Sar / ° )_L/g
shn =~ o0 06 rPW=/)R3/ 30,

at\d\" ( 00 / 4
on* T T ( 0.796 7 P )R"ﬁ” .
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(H-1)

(H-2)

(H-3)

(H-4)
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”

Therefore, since /5, /0) = -ort,

' yr2 /
- 2z, —— H-5)

Also,

. pa / \ £__’
D — é 30
5 5"5)0 =T /o-./aé A om )R‘/ 20 (§) o EO

which, as in Appendix F, becomes

V) /
L 2 2 )-——
(/2 on )o = Ir? /0 106 wrvie R H-7)

The pressure term in unaltered, being given by (F-2) in Appendix F.
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Figure 228
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Figure 22C
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Figure 22D
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Figure 22E
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Figure 23
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Figure 24
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Figure 25
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