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ABSTRACT

Progress on the Aerospace Intelligence Data System (AIDS)
Research Contract (AF 19(6264-10) is presented, The one year cffort
is summarized and the progress\and status of the fourth quarterly
period of this effort is reported. The design philosophy of an adjunctive
equipment group (AN/GYA-( )) to be employed in developing an Mon
dema.-\d\ computer service capability with a large data processor¥g u
described., A technical paper / evaluating search time
bounds for various probability distributions of the file location of stored
information and several search strategies.i-s-p-oaonted?/ The theoretical
basis is established, in this report, for a procedure of sampling files
in order to estimnate (with confidence levels obtained) the number of
filed items having some specified characteristics in common, A
methodology (computer oriented, using citation data) for estﬁ Idhing

"clusters" of related items is reported,
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APPLIED RESEARCH PROGRAM
AEROSPACE INTELLIGENCE DATA SYSTEM (AIDS)

QUARTERLY REPORT NO, 4

SECTIONI

Introduction and Summary

Applied research work performed under Contract AF 19(626)~-10
is guided by Work Statement dated 20 March 1961 as revised on
8 August 1961, Four technical areas of effort are identified therein,
for which applied research effort of either a reporting, or of an exe-
cution nature is prescribed. These technical areas and corresponding
categories of effort are identified and reported on in this quarterly
report, The objective of this contractual effort, as stated in the work
statement, is: '""The AIDS Applied Research Program ... has the
overall goal of supporting the progress towards a SAC operational
sub-system by reporting on results of non-numerical data automation
techniques and equipment development now in progress in industry
during the time period of AIDS. Selected implementation of these
results will assure an optimum data handling equipment complex
and utilization of the most efficient techniques in the SAC operational

intelligence data handling subsystem, "
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Inasmuch as this report represents the fourth report of a

continuing research effort, a summary of the past effort and accom-

plishments on each task, since the project's inception, is provided

in addition to reports on the work of the last quarter.

The general organization of this report is as follows:

Volume 1

(1)

(2)

(3)

(4)
(5)

One year review and last quarter progress and
status summary

Appendix A: The General Design Philosophy
of the AN/GYA-( )

Appendix B: Optimum Search Strategies
Appendix C: Sampling for Co~Occurrence
Appendix D: An Experimental Investigation of

"Clustering"

Volume 2

(1) Test of the Datacom Model 408-2 (to be submitted

upon completion of tests)
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SECTION II

Summary Report

Taskl - Automatic Print Reading
General Comment:

This task has consisted of a monitoring effort on progress
being made on the task of automatic methods of converting printed i
text into machine processable form.

Results:

A complete bibliography of ''Character Recognition System
Patents' was provided in the second quarterly report (Volume II).
This bibliography additionally included many patents that pertained
to elements of character recognition systems as well as patents
pertaining to allied fields such as facsimile, curve following,
signal analysis, code and perforated record analysis,

Two research efforts on new and promising approaches to
character recognition were reported in some technical detail, Verbal
presentations and demonstration of a semi-automatic method of rapid
and economical conversion of textual material to machine processable
form by virtue of a developed ''Stenowriter' system were provided.
Task II - Storage and Addressing
General Comment:

This work included conceptual and design efforts for exploiting

3.



the high storage densities and unique addressing features of the Air
Force's AN/GSQ-16 equipment in conjunction with a large scale data
processor, for the purpose of providing: ''on demand" computer
service to intelligence analysts, greatly increased assistance to
analysts in formulating queries, and development of methods of
semij-automatic or automatic pre-processing of messages or text
into machine processable form, Sub-tasks include:

(1) Photostore Disc storage of ""quick demand' programs

(2) Searching of formatted files

(3) Processing of unformatted file materials
Task II - Sub-task 1: Disc Storage of Quick Demand Programs
Results:

Three alternative engineering approaches for connecting a
Photostore (AN/GSQ~16) to an IBM 7090, involving a minimum of
computer interference or ''down-time', have been examined with
the result that recommendation that one of these designs -~ a direct
data channel connection ~- be accomplished.

The general design philosophy of a recommended effort
(consummated in contract AF 30(602)-2754) for the AN/GYA-( )
Computer Storage Integration Group has been evolved, and is

outlined in appendix A of this report.
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Task II - Sub-task 2: Searching of Formatted Files
General Comment:

The problem of searching files of information to answer
specific requests has been examined from a general theoretical
approach with results being applicable to many equipment and file-
content configurations.

Results:

(a) A fundamental mathematical relation expressing

minimum average file search time in terms of the

probability of location of the "sought-for'' file material
has been found,

(b) An important new technique for solving the fore-

going mathematical expression for minimum average

file search time has been developed.

(c) As a result of (a) and (b), optimal search strategy

for a random access file mechanism having matexial

filed within it, in an ordered manner, has been deter-
mined, Similarly, for this case the corresponding
minimum average search time has been determined.

(d) A mathematical method of sampling files for the

5.



possible co-occurrence of specified terms or events

has been developed which should have considerable

utility in '""on-demand" multiprocessing information

retrieval systems which employ rapid access, large

capacity peripheral files,

Progress and Status this Quarter:

Dr. Eugene Wong has continued his development of a mathe-
matical basis for determining optimum search strategies., He has
examined in detail the problem of determining efficient techniques
for locating items stored in tabular (ordered) format in computer
storage units, These are reported in Appendix B along with suggested
avenues of research leading to practical applications of these '""bounds',

Dr, C, Abraham ha: further developed the mathematical basis
for sampling a file for items having a co-occurrence of say a descrip-
tive term or associated event, Thie work is of particular significance
for "on-demand' multi-processing computer complexes where some
"feedback'' to the analysts making the queries must be provided
concerning the estimated magnitude of file response to be obtained.
St.;ch "feedback'' based on ''sampling' rather than on exhaustive file

search, can obiviate unnecessarily time consuming searches and



allow the analyst to narrow the search if he so desires by adding
qualifying search terms with logical conditions pertaining to their
relationships., This recent work is described in Appendix C along
with assoclated work on the correlation task,

Task II - Sub-task 3: Processing of Unformatted File Material
General Comment:

Examination of this problem has led directly to the central
problem of information retrieval; that is, '"what is the best form
into which one should translate (or characterize) unformatted source
material, for machine searching?' and secondarily, but important
in an economic sense, "How can unformatted text be converted (or
processed) to this form?",

Work supported by AF 49(638)-1062 has provided asymptotic
expressions for machine search time for a large file of retrievable
items, searchable by a query made up of terms in conjunctive and
disjunctive form, and an asymptotic expression for machine search
time, This search time, for a large file of retrievable items, is
proportional to the square of the average number of retrievable items
in the file that pertain to each description term (non-negated) that

occurs in the query (reference AF OSR-TN-61-2),



Dr. Bohnert of the Experimental Systems Department, IBM
Research, has been studying with some success transformations
between pseudo-English language sentence structure and equivalent
symbolic logic expressions, Additionally, J. Andress of this
Department has completed a powerful program-tool for generating
sentences from stated rules of grammar (to be presented at the
International Congress of Linguists, MIT, 28 August 1962, by Lees,
Matthews and Andress). This program should allow penetrating
analysis by linguists of the adequacy of hypothesized grammatical
rules, through examination of large quantities of sentences generated
by these rules,

Progress and Status this Quarter:

As a result of the above cited current and pending investigations
(including a statistical study of texts by the IBM San Jose group) which
are attacking fundamental aspects of English to English translation, a
minimum of effort was expended on this task of the project effort,
Task Il - Multiple Interrogation
General Comment:

The basis of this effort is the premise that large computer

complexes which are intended in part to aid intelligence analysts in



accomplishing their functions, should be tailored to provide a con-
venient, timely, and useable service rather than serving entirely as
large scale "batched problem' processors whose ''throughput' rather
than general utility 1s considered paramount, Two major divisions
of non-hardware effort are identifiable:

(1) Programming research for multiprocessing

(2) Query formulation programming

Each of these '"'software' efforts are intended eventually to be
integrated with, and employ the Computer Storage Integration Groups
AN/GYA-( ) as outlined in Appendix A,

Results:

An overall technical plan has been prepared for a combined
hardware and software program leading to a demonstrable canability
of mixed simultaneous operation of a routine computer task and a
user query formulation and file search (see Quarterly Report No, 2
Volume III and Appendix A of this report).

The outline of the programming approach and structure that
is being pursued is as follows:

(1) development of an advanced supervisory control

progfam with complete accounting lists of the status of

each program being worked on (or requested) and
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(2) quick refevence to program segments stored on the
photostore as an adjunct to use of the main core memory
for operating program storage. In addition, the first
form of a query formulation procedure and program, has
been neariy completed and de-bugged, This program
stresses the interplay between the computer and the user
(at a suitable display console). ''One-shot'' query prepa-
ration and extensive waiting for an answer will be avoided
by computer provision of partial re sponses and possible
alternative question sequences which are posed to the
user as he develops his query in a knowledgeable and
natural manner,
Progress and Status this Quarter:
The query simplification program in a simple outline form
has been completed and is currently being de-bugged, The program
in its initial form presents a sequence of display instructions to the

person making the query (as follows):

Display Title Comment
(1) Enter Field Name User is asked to select an

appropriate '"Field" or sub-
topic from the total computer

stored data

10



Diaglaz Title Comment

(2) Specify Parameter Match The user is given the oppor-
Criterion tunity to specify query match
conditions such as '"equal to",
"greater than', "less than",
or "less than and equal to'",
""greater than and equal to"
and '"not equal to"

(3) Enter search parameters An opportunity is here pro-
vided to insert terms, names,
and characteristics that per-
tain to the query, This is
equivalent to the '"inclusive or"
retrieval of all Field items

containing these terms or

characteristics.
{(4) Expand, Narrow, or End This provides an additional
Query opportunity to expand the file

search by adding additional
subject fields and requesting
search on an "inclusive or"
or a 'conjunctive (logical

intersection)' basis.
This work will continue to be expanded upon this program out-

line with the demonstration of its utility as the primary goal.
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The Advanced Supervisory Control Program (overall execu-
tive control program) to control the multiprogrammed operations on
the AN/GYA-( )-IBM 7090 Integrated equipment has been outlined
in scope and some detailed programming on key portions of it has
begun,

Task IV - Correlation and Classification Techniques
General Comment:

The general intelligence problems characterized by the
following questions are being examined: '"What attributes or charac-
teristics are really important with respect to the item or problem in
which one is interested ?'" or '"Do these particular measured charac-
teristics signify this (or that) overall class of actions or structures?",
or "If this person or thing pertains to something of possible interest
are these other people or things also involved?"

Results:

Classification; Early in this program, basic work was accomplished
that led to an FSD developed FORTRAN program for determining
""into which of two categoriej or classes an item (having up to 40
measured characteristics) should be placed. This work has been
extended to obtain methods of determining a confidence measure for

such classification action even though it is based on an extremely

12,



small sample of the population classes into which one is attempting
to place the new item.
Correlation: Three experiments were completed in the process of
developing techniques of "clustering" or determining fundamental
relationships among items (people, documents, R & D activity, sus-
pected military installations, etc.) on the basis of measurable charac-
teristics of these items which do not obviously nor directly yield a
possible or probable "connection'" between them. In addition, as re-
ported in Quarterly Report No, 3 (Volume I), Dr, Abraham reviewed
and mathematically analyzed the appropriateness of use of various
"association measures',

A report of an experiment that delineates and assesses a
new concept of dissemination of information based upon categorizing
groups of report recipients on the basis of a high probability of
common reading interest, was reported in Quarterly Report No, 1.
Progress and Status this Quarter:

Miss Reisner has continued the work on methodologies of
"clustering', that is, grouping of items together on some basis of
of common relationship, Since the co-authorship relationship by
itself appeared to provide a highly fragmented clustering effect,

experimental effort was changed to the use of citations (literature)

13,



so that results could be correlated more obviously with known facts,
Of particular significance is the devising of a ""path-tracing' algorithm
to determine '"connectivity' of items of interest. Appendix D of this
report describes the work of this quarter on 'clustering',
Other:

In November 1961 a Facilities Contract was executed with
the Electrada Corporation for an off-line editing and message com-
posing keyboard and display console. This equipment was delivered
to the Thomas J, Watson Research Center on 9 July 1962 where it is
presently undergoing test, Volume II of this fourth quarter report

will be submitted to cover results of the8e tests,
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Appendix A

Overall Design Philosophy of the AN/GYA-( ) Computer Storage Integration
Group

Introduction:

Large scale computer installations typified by the IBM 7090~
have been profitably exploited by many organizations in the processing
of scientific, engineering, business, and other information, Until
recently only a small fraction of the total personnel in a typical
organization have been able to directly utilize these machines, albeit
in a highly efficient manner, The advent of symbolic programming,
source problem programming languages, and compilers, have
extended the power of these processing complexes to the service of
many more people, However; in the realm of information processing
where human mental activity needs continuous assistance, rather
than intermittent assistance or replacement, computers are not used
to the extent that the potential of some of their characteristics
would indicate should be possible, Primary deterrents to more
complete exploitation of machine information processors would
appear to be the essentially unilateral and discontinuous time-
batching method by which men are forced to communicate and operate
with computers, even when complete familiarity with the language
and procedures of thié communication are known, This 18 of course
the result of unwillingness of most reasonable managements to
allow ''tying up'' of the totality, or even large portions of these
powerful processors, either on a time or equipment basis, while one
man ''thinks" about his next request or response to the machine, The
need for discontinuous but '"on demand'' use of a computer is keenly
felt by programmers when they attempt to '"de-bug'' new programs,

This need is further appreciated by scientific and engineering

15,



personnel who frequently would like a more continuous interplay with
the machine during the processing of a problem even though this
inter-reaction is interspersed with pauses in machine activity on that
problem to allow human thought and possible redirection of machine
activity (see for example reference 1). Similarly, in mixed machine
and human information processing, typified by military intelligence
analyst activity, there would appear to be a great need for this
discontinuous but "on demand" service by a computer complex.

It is extremely doubtful, except for operational situations
involving a few major specific functions, that complete dedication of
a large processor to this '""on demand' service is warranted. This
would be particularly true if the valuable services now provided to
an organization on an efficient basis are seriously curtailed. It is to
the obtainment of a compromise equipment configuration, useful in
an intelligent information processing environment where the ''bread
and butter' 'batched proéessing" tasks of the large scale processor
are affected only slightly and "on demand'' service is also
conveniently and efficiently provided, to whichthe development
program on the AN/GYA-( ) is directed.

Postulation of Processing Environment:

The postulation of an intelligence information problem
environment determines that existing processing needs include
operation on numerical computational problems, logical and lexical
operations on information in language form, and retrieval of
information items from large scale storage, as well as problems

havirg mixtures of all three processing categories, Indeed, if
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processing problems could be uniquely categorized then specialized
hardware dedicated to each type of problem would be a feasible and
possibly economical approach to the goala of this endeavour,

However, the following type of problem is presented as an example

of a desirable type of service that must be provided: an analyst, (let
us say a political specialist), enters into the computer complex ten
names that havé come to his attention by reference to some recent
literature, He asks that all available news items (perhaps in
abstracted form) rélative to these people be provided. The processor
replies, via a suitable display that approximately 500 newspaper
articles are involved. The analyst decides, after some thought, that
he would be satisfied initially to have all iterms which are source
dated after 1 January 1960, He is informed of the number of items

in the file response, or at least if this number is greater say than
that which can be conveniently handled by the display screen, Let us
say it isn't, and he requésts "display', rather than hard copy print
out, After examining the screen display he decides that two of these
people appear to have similar knowledge on a subject of interest to
him, He requests from a particular file the biographical data on
these men and selects from this as well as from the previous ncwni
items a set of criteria that can be used to determiné possible
relationships between these people and others who may be noted in
the file, He may select for example specific "location-time intervals"
from the biographical data and then ask the computer to retrieve from
a "location-time'" organized event file, all items listed under the

intervals that he selected, specifying perhaps some logical

17,



relationship of co-occurrence of an action or event within each
retrieved '"location-time'" interval., At this point some internal
computer sampling procedure should be accomplished by the computer
in order to place a bound on the computer "tie-up' on any specific
request, After the computer informs the user of the estimated
magnitude of items to be handled as a result of his request, the user
may instruct the computer to proceed with a clustering matrix or
""graph tracing' operation which then provides him with a grouping of
names, each group having a decreasing degree of '"connectivity' by
virtue of their relationship reported in the event file, At this point
the analyst requests a file time and CPU time accounting of his use
of the complex and decides to ask for a print-out so that he can
submit a "batched'' request for complete biographical and news item
print out of either the pertinent document references or the actual
source material, so that he may assess the reasons or '"common
purposes'' that connect the groups of people (if such a common
purpose exists),

The above description, although, fictitious, is believed
realizable and typical of service that is needed in many human
information processing environments, The question of course now
arises '""So it can be done, what happens to the processing of the
daily organizational reports; or worse, the payroll?' The answer
to this question involves consideration of processor throughput in
terms of the number of concurrent '""on demand' users and the
statistical characteristics of their queries in terms of processing

load, file search load, input/output operation load, and so forth,

18,



We obviously don't know and presently have no reasonable means of
determining quantitative assessments of these factors until such a
service is provided at least in development form, Accordingly we
have arbitrarily set some initial criteria for our research and
development program to provide "bounds' on what is done to assess
this problem area,

(1) The characteristics of the central processor (IBM 7090),
at least initially, will be unmodified per se,

{(2) '"De ;bugged” programs only will be allowed within the
processor during the ""on-demand' service experimentation, (Later
in the program, hardware modifications for memory allocation and
protection will be examined in order to pz;ovlde greater flexibility in
this respect,

(3) More than one concurrent "on demand' user will be
hypothesized for the development program in order to provide for
generalizing the usefulness of experimental results,

(4) Assessment of expected impact on ""bread and butter"
program operation in terms of ''on demand'' users will be a goal of

the program,

Processor '"Throughput' Discussion:

Obviously any specified computer equipment configuration
has limits as to the number of ''on demand' programs that it can
execute in a specified length of time., The portion of the computer
complex that fixes such a limit will depend c;n the predominant
characteristics of the processing that the problem-mix requires,

The following possibilities exist as unique or joint occurrences in a
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cehtral processor type computer,

Predominant Characteristics Possible Computer -~ System
of Processing Required Limitations
l. Extensive computations Basic Core Memory and CPU

cycle time of a central computer,

2. High Input/Output (I/0O) data I/0O transfer cycle time

flow rates, availability,
3. Frequent references to External-storage average item
peripheral storage devices, access time and availability of

peripheral storage capacity.

4, Extensive transfer within High-speed memory capacity or
programs to sub-routines storé.ge average item - access
and other non-contiguous time of external storage.

program segments,
5. Extensive non-contiguous High-speed memory capacity
data-block branching. or average item access time

of external storage.

6. Many, 1/0 device to I/O 1/0O data transfer rate or I/O
device, data transfer transfer cycle time availability.
operations,

The above list pertains to a single central processor of a
serial processing type (with overlap of input/output and CPU
operations allowed). The list for distributed systems, that is,
processors with multiple ox distributed processors (or component
processing units) would be different, with such limiting factors

appearing as "intra-computer switching and communication rates' or
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"supervisory program operation rates',

Although quantitative assessments can not be realistically
made without experimental trial of the actual operation of an 'on
demand' computer service, qualitative assessments are necessary
to produce a design approach for such experimentation. Review of
the above list, keeping in mind an intelligence environment for
operation, has allowed the following guide lines to be drawn:

(1) Extensive logical operations or computations: This
problem characteristic i8 more typical of scientific problems and
would not be expected as a predominant characteristic of the '"'mix"
of intelligence processing problems (such problems will occur of
course), |

(2) High Input/Output (I/O) data flow rates: If the '"on-
demand' processing service were to be provided to a multiplicity of
high data rate devices such as radar sets or multiplexed communi-
cation data channels, then I/O transfer cycle time could become
saturated. Generally speaking, if "on demand'' computer service
is to be provided primarily to human beings the superimposed data

transfer rates required for communications from these human

beings would be negligibly small, It is true however that unless
some measure of internal control is provided, a few "on demand"
queries for information could unnecessarily cause a saturation of
available I/O channels if they required total file contents to be
scanned by the central processor unit for matching query criteria,
This is a problem that must be circumvented in an "on demand"

system design,

21,



(3) Frequent references to peripheral storage devices: This
problem-processing characteristic is typical of information retrieval
application, input-data transformation to machine processable form,
and processing that involves frequent references to pre-computed
data tables or tables of constants, All of these processing
characteristics would be typical of intelligence and other intellectual
information processing environments.

(4) Extgnsive transfers within programs to sub=routines and
other non-contiguous program segments: This problem does not
appear seriously in the normal "batched processing' use of a
computer (except in some compiler operations) since large contiguous
segments or even total programs are usually brought into main high
speed core memories for rapid reference, In this case, overlapping
operations of several programs can be efficiently accomplished,
and the occasional reference to a special macro-program or sub-
routine via I/O operations need not produce great loss in computer
throughput, If however, 'on demand'' service to many users each
with different program requirements is conéidered the capacity of
even a large high speed core memory may be exceeded, Teager and
Morse (see reference 2) working toward similar '"on demand"
computer service goals in an engineering and scientific environment
have noted that greater high speed memory capacity could be
effectively provided for processing purposes, if the amount of high
speed memory required to contain the programs could be reduced.,
Their preliminary assessments showed that over 20% of the machine

time of a particular computing complex goes to programs which take
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either greater than 16000 words of memory (core) or require more
than 15 minutes running time. Thelr analysis further indicated that
on the average only three or four programs can be run simultaneously
in a 32K word core-memory machine, and if the alternative of
processing each program on a priority sequence basis were followed,
unacceptable delays would be encountered by individual users,

(5) Extensive non-contiguous data-block branching: This
type of problem arises in many instances of processing data, each
item of which requires a processing reference to a data item not
contained in a contiguous block of data held in the high speed core
memory. Again, processing of informa.tipn that is heavily ''cross
linked' with other items in a total file, linquistic operations such as
synonym and word-phrase linking, and retrieval of information based
on "chain' storage where connected or relevant items are connected
by '"'see also' or "see next" linkages, all lead to extensive data
branching, Here again, as in the frequently branching or the highly
segmented type of program problem, limitation will be imposed
either by the ability of the high speed core memory to hold all
pertinent data for all the programs, or by the time consumed in
finding information in external atorage.

(6) Many, 1/0O device-to-1/0 device, data transfer
operations: An example of this type of processing problem might
be the transfer of large quantities of digitally stored information
from say tape units, through the CPU for an editing proceu,. to an
output printer, This type of operation is a prevalent one in large

processing complexes and frequently is assigned to relatively
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independent smaller scale peripheral data processes, In any event
many of these operations occur in problems susceptible to ""batched"
processing operations, and are frequently handled that way.

Computer Through-Put Considerations:

In reviewing the foregoing categories of probable processing
characteristics of problems in an intelligence operation, it would
appear that categories (3), (4) and (5) require special attention in the
design of an "on demand" computer service. Item (3), frequent
references to peripheral storage, in particular may be effected not
only by the problem environment (through problem characteristics
(4) and (5)) but also by methods of achieving '""on demand' service
from the computer complex, Since the amount of high speed core
memory appeared to be an important possible limiting factor on
the number of contiguous programs (and associated data blocks)
that can be operated upon "concurrently" (on a dense time multiplexed
basis) ; methods that could effectively augment the available high
speed memory were explored, Direct supplementation of the high
speed core memory of course is possible and if core memory
augmentation factors of up to two were all that were required, this
would be perfectly feasible by engineering addition to the computer of
a parallel memory unit, However, high speed read/write memories
are the most expensive form of computer memories for storage of
sparsely used data, on the order of one dollar per bit in cost in an
operational set-up. An alternative was to seek a peripheral storage
device whereby the complete program repertoire of the computer

installation would be contained, and needed portions thereof would be
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avallable for quick transfer as needed into the main core memory,
Now the amount of storage capacity needed for the routine program
repertoire of say an IBM 7090 in a sclentific computing center may
be as low as one to two million bits; this would be the case where a
great majority of the operating programs are maintained by the
various users, external to the computer center, and where no ''on
demand" service is provided, On the other hand, cursory review
of the total published library of programs for the IBM 704 system
(704 Share Abstracts, May 15, 1960) representing programs
developed for a great variety of customer applications in the
scientific area indicates that a versatile program library may fall
in the ten million bit category, or greater, It would seem logical
to assume that an '"on demand'' computer service should provide for
the use of a wide variety of program routines and that peripheral
storage capacity on the order of 107 bits should be a developmental
criterion if program repertoire storage only, exclusive of other
functions, were to be considered,

The IBM 7090 can execute on the order'of 2X 105 program
instructions per second (on a non-data-limited basis), Therefore
any scheme of effectively augmenting high speed memory capacity
go that multiple programs can be executed on a dense time shared
basis; must consider the effect of retrieval and ""read-in'" of the
prografn instructions. Unfortunately, extensive statistical data
on the relationship between program segment size and the a{rerage
number of program transfers outside each such program segment,

is not available, From Research on instruction mixes for the
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IBM 7094 program one would expect that the probability density (per
word) of a sequential operating instruction being outside a program -
segment whose size equals two instructions, to be about 0,55 and this
probability should eventually reach a value close to the reciprocal
of the program size for program segments that approach average
maximum program size, Review of the above referenced Share
program abstracts for the IBM 704 indicates that special sub-routines
or essentially self-contained programs (with exception of compilers)
average about 200 instruction words each, Assuming that primarily
the terminal instruction in these routines involves transfer to an
instruction outside a 200 word average set or segment, then the
probability density per word of encountering a non-included
instruction would be on the order of 0, 01 for a 200 word program
segment size,

With this probability of requiring retrieval of another
program segment from a peripheral storage device (assuming that
each additional segment needed does not also reside in the high
speed memory) then a program segment access time of about a
millisecond (per segment) would be required for a computer that
averages on the order of 105 instructions ''consumed'' per second,
This estimate i8 predicated on the program-segment retrieval
operation which does not appreciably lower the average useful
program instruction execution rate and that the computer need not
wait for one program-segment in order to con'ttnue execution of
other program instructions, Several practical factors tend to

reduce the rate at which a program's total instructions are
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""consumed', First, programming makes extensive use of highly
efficient reiterated '"loops'' or short sequences of instructions and
this reduces the effective rate at which the computer moves through
a programs' total of instructions, Second, a certain amount of
within program '"housekeeping'' functions involving say transfer of
data within memory, etc. may further reduce the effective rate of
total program instruction consumption,

These factors may cause a program instruction ""consumption
rate" (not instruction execution rate) to drop to about one fifth or
even as much as one tenth of the basic instruction execution rate of
the computer (based on average 2 cycles per instruction), If, and
the speculative nature of this cannot be overemphasized, the above
assumptions are approximately correct, then the program instruction
""consumption rate' would be about 20, 000 per second, as averaged
over the total program "mix'' of a computer complex, A program
segment length, selected to be about 256 instruction words in length
would lead to the probability density per word that a transfer of
instruction sequence outside a segment will occur, of about 0. 0l.
This estimate is based upon sparse data, and attempts to obtain
further information on this will be made.

The fraction of machine capacity that should be dedicated to
""on demand'' service must be determined, At this time it is
impossible to predict the effect of segmentation of program data,
but if one arbitrarily sets the limit that less than 10% of the
program instruction consumption rate be dedicated to the '"on demand"

service then the following constraints should hold as an approximation:
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m T o= [Pw1ok]!

where: Ks = fraction of program instruction

consumption rate allocated to
program segment retrieval.

P(L)= probability density per program
instruction that an '""outside' seg-
ment instruction will be required,
(Segments, L words long)

I = average program instruction word
"consumption rate'' (per second)

T = average time required to obtain
(in a main core memory position)
program segments of length L,
from peripheral storage.

(2) T =T +TZ +‘r3: average total time to retrieve

a program segment,

where: T average time required to address

1 and locate a desired program seg-
ment in a peripheral storage device,
T, = average time to read out a selected
program segment into a buffer
storage.
1'3 = average time to read selected pro-

gram segment from buffer to main
high speed core memory.
Combining (1) and (2)

1
3 7, P(L)'I-K"(TZ+T3)
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assume the following:
.

K = 0.1
8

L

256 words (36 bits each) of program

instruction words,

P(L) = .0l transfers per program word
""consumed",

I = 20,000 instructions '""consumed' per
second,

T_ 2 0.009 seconds (1 x 10°% seconds/bit x
256 words x 36 bits/word),

T _ 2 0,008 seconds (256 words x 30 x 1078

seconds/\’:rzrd).

Then Tl (average time to locate a desired
program segment in the peripheral storage
unit) becomes from (3): le 33 milliseconds

* 1,0 bit per microsecond is an assumed high

speed peripheral storage data transfer rate.

#*%*This assumes an average of 14 machine cycles

per 36 bit word transferred via an 1/0 device,

Obviously, if 7 1 and 7 3’ that 18 the time to address

and locate a program segment and the time to read
it out of buffer storage can be overlapped, then (3)

becomes (assuming T _< Tl):

3
T 1 T

1 P(L): I+ K_ T2
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and in this case Tl becomes:

‘1'1 = 41 milliseconds

Alternatively, in this latter case, if the addressing
time ( "'1) is maintained at 33 milliseconds then the
fraction of machine cycles used for '"on demand"
service can be upped from 10% to 14%,

If auxiliary program storage alone functionally dictated the
desired characteristics of an auxiliary storage device for use in
providing an "on demand'' user service, the aforementioned storage
characteristics could be satisfied by technology which is already in
an advanced development or operational status (say by magnetic drum
storage devices), One should expect however that the developmental
efforts toward providing such service should anticipate that each user
will eventually be allowed considerable flexibility with respect to
the terms (at least) if not the language which he uses to communicate
with the computer and its stored information, without imposing
additional processing load on the existing computer complex., This
implies large dictionary storage and language processing capabilities,
For this reason the basic technique and equipment employed in the
USAF AN/GSQ-16 language processing system were selected as a
key functional element of the equipment complex needed to achieve
the goals of this program. This equipment (referred to as the
Photostore) currently has a storage capacity of 60 million bits of
information, Item retrieval times on the order 30 milliseconds are
now achieved., The basic technique potentially i{s capable of greatly

expanded capacity and access times on the order of 10 milliseconds,
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Additionally, this equipment has operationally demonstrated a
useful capability to translate between languages, a desirable
characteristic if successfully exploited for solution of man-machine
communication problems.

The AN/GYA-IBM 7090 Relationship:

Two basic methods of connecting the photostore to an IBM
7090 as an auxiliary program segment store (as well as a possible
lexical processor) were examined. In each approach, hardware
methods of program relocation and memory protection were assumed
to be possible of achievement, even though they were not included in
the connection method study. Because the photostore is an
asynchronous and independently operable device some data buffer-
storage was required in the path of interconnection between the
photostore and the IBM 7090. A maximum possible length of program
segmeAntation of one thousand words was assumed and a minimum
buffer size of two thousand (36 bit) computer words was assumed
(on the basis of providing an alternate program segment choice to
the IBM 7090). Further consideration of possible uses of the
photostore -buffer combination in conditional table -look-up processing
of data (such as this combination serves in the AN/GSQ-16) may
make a larger buffer desirable, at least for experimentation
purposes,

The two methods of interconnection which were examined for
the foregoing purposes were (1) Direct Data Channel Connection and
(2) Shared Memory Connection, The first of these connections was

finally considered as the best, although each method of connection
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{s briefly discussed below,

Direct Data Channel Connection - This method of connection
was discussed in Volume III of the second quarterly report on
AF19 (626)-10, In review, an IBM 7607 Model II Data Channel
would be modified to transmit to the IBM 7090, a maximum of one
36 bit word every 6. 54 microseconds (based upon no other I/O channel
activity,) With three I/O channels on a complex using 1/O cycle
times on a maximum basis, the slowest rate of transfer of data
retrieved from the photostore would be about one 36 bit word every
54 microseconds, A ''nominal" figure of 1, 2 bits per microsecond
(one word every 14 machine cycles) transfer rate can be assumed.
This modified data channel connection is referred to as the Direct
Data Channel Connection, Of considerable significance, with respect
to this connection, is the fact that in transferz;ing a block of data or
program words from the photostore to the high speed working memory,
only one machine cycle per 36 bit word is required (even though this
may occur every 14 machine cycles).

Shared Memory Connection - Engineering design has been
accomplished that allows connection of an additional 7302 core
memory to an IBM 7090, that effectively provides a 64 thousand
word total (36 bit word) high speed core memory for the IBM 7090,
With this added memory attachment the necessary hardware
modifications to the IBM 7090 are provided such that at the choice
of the operator (or the program) the computer can operate using
aither, or both, of the memories, If one now considers the sentence

analyzer memory, of the AN/GSQ-16 Lexical Processor (a smaller
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core memory having electrical characteristics similar to those of
the IBM 7090 core memory) as being used as this additional added
memory, then the IBM 7090 and the Photostore would communicate
via the placement of data look-up addresses (entries) or retrieved
data in this common additional memory,

The two methods of connection briefly outlined above, each
has particular advantages and disadvantages, particularly when
examined from the point of view of each of the various intelligence
data processing requirements such as lexical processing, information
retrieval, and ''on demand" service. Since the latter objective is a
primary goal of this R & D program the following factor strongly
influenced the final decision to exploit the Direct Data Channel
connection, In the Shared Memory Connection, operation on program
words retrieved from the Photostore would require in many cases the
transfer of program instruction words from the shared memory into
the main core memory of the IBM 7090. This operation would require
the employment of a minimum of six machine cycles and possibly up
to 12 machine cycles for each instruction word transferred, This
appeared to be-a serious '"overhead' to pay in terms of useful machine
cycles. In addition to the foregoing, the future utility of a connecting
design which involved a '""non-standard' and technically intimate
connection between two specific memory structures was considered
suspect, whereas the Direct Data Channel Connection offered greater
flexibility of 'tie-in" with variations of structure in the IBM 7000
seéries computers (such as the higher speed IBM 7094 Data Processing
System which is compatible with the IBM 7090 Data Processing System). -
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To implement the basic equipment group (the AN/GYA-~())
to reach the goals of this program, a more flexible method of
communicating between the computer complex and the '""on demand"
user was required, Fortunately, the U, S, Air Force has previously
sponsored development of a Communications Control Console,
capable of being connected to an IBM 7090 tape unit connection,
Although the eventual optimum characteristics of such a console
for "on demand' use in a computer complex are not presently
known, this device which has typewriter key-board, selected
operation keys, and cathode ray tube display, should provide a
good experimental capability,

The basic configuration of the AN/GYA-( ) Computer Storage
Integration Group which will be developed and integrated with an
IBM 7090 are shown in figure 1.
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Appendix B

Optimum Search Strategies

Introduction

We consider a store consisting of N cells, with information
stored in tabular form. That is, the record r(i) stored in cell i is in
the form of argument-function x; f(xi). the file being arranged in
ascending order of the argument x, Given a particular argument x,
one proceeds in searching for the cell containing xf(x) by comparing

x against the arguments in a sequence of cells i This

i. iz. e e
sequence of cells is to be chosen so that the average number of

comparisons needed to locate the correct cell is a minimum,

As aumgtions

(1) We assume that for a comparison of x against x,, one
of the following three outcomes is possible:
x> X0 x < X0 x = X,

(2) Let 5 be a random variable denoting the location of

x. We dssume the a priori distribution p, is given,

where:
Py = Prob [ ‘7 =k ]
. (1)
>, P " !
kal

(3) Let S be the set of integers 1 through N, and let ¢ be
any non-empty subset of S, We assume that the
a posteriori probability distribution of '7 is un-

changed except for normalization, i.e.,
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Prob[’-kliér:\ = Pk, ker 2)
Ho)
where
Plg) = Z.pi (3)
(X1 4
Formulation

let T [(pk), N] formally denote the minimum average number

of comparisons necessary, given the distribution (pk) and the number

of cells N, It is to be emphasized that T is not a function of Py per se,
but is rather a functional of the distribution, i.e., the whole set of
pk's. It is clear that the first step is to select a cell for the first
comparison. Suppose we select cell n, then the following situation
results from the comparison:
(a) There is a probability P, that x = x and the search
terminates.
(b) There is a probability an1 = rﬁ Py that x > x,
then x must be contained some\{'?ulare in the first
n-1 cells. Now if we renumber the cells backwards

starting with n-1 as the first cell, the new distribution

becomes:

p’k = p = k

P

(4)

n-1 N

(c) There is a probability 1.-1!5'n - E‘“ Py that

x <% and upon renumbering the new distribution becomes:
"

P" . p1'x+k
k (5)
1-P
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Now, whatever the choice of the first comparison is succeeding
choices must remain optimum for the overall choice to be optimum,
Therefore, T must satisfy the following minimization functional equation,

P
i min n-k
T[(By N] * 1snsN { 1+ Po T[‘pﬁ" -]

P
+ (1-P ) T[( 1255 Nxﬂ} (6)
n

Equation (6) is a dynamic programming equation [ 1] yielding as solutions
the functional T(.,.), and n [(pk )s N] which minimizes the right hand
side, As initial conditions we set Po T(.,0) =2 oand T(.,1) = o,

The following distributions are of particular interest:

(a) Pk = llq. k= 1,--4N.

) Pxos NUpl=Uepis 2gk, g
N(N-1)
(@ Tk o= (ML) kel oy NR L ocyar .
@ Px « Al . 1<d<2 ,
K

The first is obviously the uniform distribution. The second is the
distribution with constant slope, The third is the binominal distribu-
tion and the fourth Yule distribution. Thus far, Eq. (6) is completely

solved only for (a).
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Solution for Uniform Distribution

For Py llQ » Equation (b) reduces to

min { n-1

T(N) = 1 + 4nsN | N T(n-1) + (l-%) T(N-n}. (7)

If we let f(N) = NT(N), then Equation (7) becomes:

£(N) = N+ 'l’;i::m [f(n-l)+£(N—n)]. (8)

It can be shown that the solutions are as follows: (See Appendix1)

k+1

(2 v2m-1) = 2 (k3) + 2mk + 3me1, k=0, 1,... N

m=0,1,...2" (9)
k+l 1 .
+2m) = 2 (k—z-) + (2m+1l)k + 3(m+1), k=0, 1, ... Kk
m-o. lp --cz -1

g2+

(10)

The policy solution n{N) which yields the minimum is not unique. In
fact, the multiplicity of solutions for large N is quite large. The

complete set of solution are as follows:

n@2*l2m) = 25, 0, 1., 2me1 m‘zll?-ll (11)
j-zm-zk+1p RN zls m22
a2 l2m-1) = 225, je0,1,...,m, me2*!
j-m-zk-lt ...’zk'l' mzzk-l (12)

For example, consider N= 24-!-6 = 22,
n(22) = 8,9, 10, 11, ..., 15,

Similarly, n(23) is given by

n(23) = 8, 10, 12, 14, 16,
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Linear Distribution

2 N +1 1
For P = NT%—I) [ k -—-Z—-—] + N Eq. (6) becomes

T(BN) =1+ Ty { P BNT [ (N, a -1]
+By BN T[ £, (aN N -n] } (13)

where Pn (B,N) 1 -8 (%—:—nrl) ] R (14)

1
2is
o

and £ (B,N) = N(’il‘ﬂr)‘:—N % (15)
It can be shown that T(@, N) as a function of g is piece wise linear,
i. e,
T(B, N) = a(p, N) - b(g, N) |p| , (16)
where a(g, N) and b(g, N) are constants over intervals of 8,
It is also clear that:
n(g, N) Z max{n(o, N)} , B>O0, (17)
similarly, since n(g, N) = N -n(-g, N),
n(g, N) € min f no,N)§ |, p< 0, (18)
where maximization and minimization are taken over the set of

multiplicity of solution for g = 0 (uniform distribution). From
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earlier result we find that:

max {n (2% 1, Zm)} = 2Xy2m+1, me 2®7Y, (19)
.okl m 3z XL

max {n(zk *1 m SHE Xi2m, m < 21 (20
.okt o 2 K-l

Now, instead of seeking the optimum solution to Eq. (6), we can obtain
a near-optimum (for small g) solution by using Eqs. (19) and (20)
in Eq. (6). It can be shown that the near-optimum solution To(g, N)

is of the form

TopN = § - sl mE 8O (21)

where f(N) is given by Eqs. (9) and (10) and g(N) satisfies the
functional equation;
gN) = (N -n+1) f(n-1) ~ nf(N -n) + g(n -1) + g(N -n), (22)
In Eq. (22), nis given by Eqgs. (19) and (20). The function g(N)
for some specific values of N can easily be obtained. For example,
g2t 1ony = 2 g2y -2F g2ka1) + 2g(25-1), (23)
whence g(Zk + 1--1) = 0, since g(1) = 0. However, general solution

of g(N) have not yet been obtained.

Entropy Measure

It is often argued c.f. 2 on intuitive grounds that the

N
entropy measure = L pklogzpk represents approximately the
=
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mimimum average number of comparisons, The validity of this

approximation can be examined using Eq. (6). To do this, we change
assumption (1) slightly, and restrict the outcomes to a comparison to
x % X and x> x, thus eliminating the possible outcome x = x,.

i

As a result, Eq (6) is modified and becomes:

. Pn.k+1
T [, N1 = min | {1+p 1 [(—5‘—;:—-—-).n]

Pn
va-r) [ Gk, veal ) (24
Now, if we substitute for T [ -,"] in Eq. (24)

N
T ph N] = =) p log, pp (25)

ket
Eq. (24) becomes:

N "
- g) P log2 P = ‘:n’:x; " { 1 - Z‘. Py logzpk + Pn logZ Pn
4 b

~N
- Z pk log2 pk + (1 -Pn) log2 (1 -Pn)}
Renet

or

min 1+ P log. P +(1 -P_) log (l-P)} = 0 (27)
l-ﬁn-‘iN{ n 2 n n 2 n

Equation (27) is satisfied if and only if
P_=1/2 (28)
n
In general, there is no integer'n which satisfied Eq. (28). Further-
more, even if there is an integer n which satisfies Eq. (28), in

general Eq (25) is still not a solution due to the recursive nature
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of Eq. (24). In order for Eq. (25) to be the optimum solution, not

only must there be an n such that

N N
Z‘ P = 2 P = 1/2
®) heas
but there must also be integers ﬂ and m such that
! » " N
z_."k= Zl.pk" ;Pk ) g‘pk=l/4
=y hele LR emet
and so on, For large N and under some regularity conditions on
Py it is very likely that for the first few comparisons partitioning
into equally probable subsets can be accomplished. However, it is

not clear that in what precise sense can Eq. (25) be regarded as

an approximate solution,
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Discussion and Conclusion

From a purely theoretical point of view, the formulation
of the search problem as a functional equation involving minimization
is quite attractive. First, it has led to the complete solution in
one simple case and a detailed examination of some approximate
solution in a second case. Secondly, this approach has permitted
a precise analysis of the entropy measure as an approximate solution
for the minimum average number of comparisons. Nevertheless,
from the point of view of application, the purely theoretical approach
has serious limitations. First, the formulation requires that the
a priori distribution be known. An accurate knowledge of the dis-
tribution is probably difficult in most practical situations. However,
it should be noted that this difficulty is an inherent one and not due
to the particular formulation chosen. It is always possible to devise
a strategy which is distribution free, such as binary search or serial
search, in which case it almost always means that our information
céncerning what has been stored is not fully utilized, A second
limitation is that implementation of an optimum. strategy would al-
most surely involve some computation time, If the computation
time becomes significant in comparison with the average search

time, then it is doubtful that the total time required will be a minimum,
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Despite the above reservations, the importance of a
rigorous theoretical approach should not be underestimated.
Its principal usefulness is in establishing a standard of performance
against which any practical strategy of search can be measured.
In this regard, the most important open problem is to establish
both upper and lower bounds for the minimum mean search time
(or minimum number of comparisons). It has been shown that the
entropy measure is in some sense an approximate solution. How-
ever, in the general case where the outcome to each comparison
is "greater than", "equal to" or '"'smaller than', the entropy measure
is neither an upper nor a lower bound.

Future Research

As the design of system for the integrated complex
progresses, a number of immediate storage and searching problems
has arisen or can be anticipated. A few of these are briefly form-
ulated below,

A. The storage apportionment problem - it frequently occurs
that a large amount of information has to be stored, some of which
are to be retrieved more frequently than others., The question then
arises as to what proportion of the information should be stored in

a rapid -access, high-cost memory (e.g. core) and what fraction
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should be stored in a slow-access, low-cost memory (e. g, tape)

to achieve a favorable balance of cost and speed. Although the gen-
eral problem is open, a great deal can be inferred from existing
results. The following example will serve to illustrate the approach
that can be used. Suppose that a dictionary containing N entries

is to be stored in a combination of core storage and tape. Assume
that the entries are arranged in decreasing order of frequency of

use such that the jth entry has a frequency of use ~. Jl— (Yule Dis-
tribution or Zipf's Law), The problem is now to determine the
average time required per look-up and the total cost of storage, if

n of the N entries are stored in core and the remainder on tape.
Under some simplifying assumptions, this problem can be solved,
Assume that the n entries in core are sorted so that a binary search
can be used. It is estimated that for each comparison cycle of a
binary search, approximately 15 machine cycles or 30 Psec 7090
time is required. Assume that the information on tape is again
sorted with a record length of k entries. This immediately implies
that an additional core storage for k entries is required. It is assumed
that entries are read off the tape in blocks of .k, and a binary search

is then used on the k entries. Each entry is assumed to be 5 ma-

chine words long (180 bits). The approximate average time per
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lookup is easily calculated to be:

n
T .03 lo ’—ld +(7.3+4+.5k+.031 k)(N-——'n)'- n‘+l
T, gzn‘]%j__:____ . . . og, k)5 J=n+l
—-
J'=;T J=1J

in milliseconds, where a tape reading time of (7.3 4 .1 x number of

wds/tec) milliseconds has been assumed. If we use the approximation

n
E '-zL X Ilnn+ ¥ ( Y« .58 Euler's constant),
i=1

then the expression for T simplifies to be

TY .03 log,n (Inn +7) (

InN+Yy InN+ Yy

N-n) (7.34.5k+.03 logzk) (In N -ln n)
2k —

The total cost of storage is approximately

C= B, (n+k + B, (N-n),
where ;31 and B, are the costs per 180 bits of core storage and tape
storage respectively. To reduce T, one can increase either n or k
or both, of course, at a greater cost. Since T is nonlinear with
respect to both n and k, while C is linear, speed is not simply pro-
portional to cost. The choice of n and k must be carefully considered.
As this example indicates, the large number of problems in the area
of apportionment and selection of storage are amenable to theoretical

analysis and should be pursued.
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B. A second area where work is required is when the cost
of maintaining a sorted file is too high. However, this does not
mean that completely random storage has to be resorted to. Between
a sorted file(where order is almost complete)and a completely ran-
dom f{ile, there is a wide spectrum of policies of filing and searching
which preserve most of the structure and order inherent in the in-
formation to be stored at a fraction of the cost of maintaining a
sorted file. The open addressing system described in detail by
Peterson (Ref. 2) is an example of such a policy. Another example
is where items to be stored can be labeled by an originating date
(e.g., news items, periodicals). A simple policy would be to store
the items in the order of accession date. A knowledge of the dis-
tribution of the gap between the originating date and the accession date
can be used in designing search strategies which permit rapid access

to the file.
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Optimum Solutions for Uniform Distribution

In this appendix, we shall prove that the solutions of

Eq. (8) are given by Eqs. (9) through (12). The proof proceeds in
three stages, First, we shall show that the right hand side of Eq. (8)
is minimized by a specific set of values of n, Next, the solution
for f(N) will be given, Finally, the multiplicity of the policy solution
n(N) will be derived.
A, We begin by proving the following theorem:
Theorem 1, given the conditions f£(0) = £{(1) = 0, the equation

(N =N+ 0 [ -1 (N -] (8)
is satisfied if n = n¥(N) where

n*(4m -2) = n¥(4m -1) = n¥(4m) = n¥(4m+1) =2m, m =1, 2,...(A.1)
Proof: It is easily seen that the theorem is equivalent to the following

set of equations for m ranging over all positive integers:

f(4m -2) = 4m -2 + £f(2m -2) + f(2m -1), (A. 2a)
f(4m -1) = 4m -1 + £(2m -1) + £(2m -1), (A. 2b)
f(4m) =4m  + f(2m -1) + £(2m), (A. 2¢)
f(4m+1) = 4m+ 1 + £(2m -1) = f(2m +1), (A. 2d)

The proof proceeds by induction. First, it is easily shown by enum-
erating all possibilities in Eq. (8) that Eq. (A. 2) holds for m = 1.
Now assume Eq. (A.2) to hold form =1, 2,...,K, it will be shown

that the validity of Eq. (A.2) for m = K 4 1 follows. The main part of
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the proof of the theorem will need the following Lemma,
Lemma: The validity of (A.2) form =1, 2,...,K, implies the fol-

lowing inequalities:

fln+1) - f(n) 2 f(n -1) - {(n -2), n=2,3,...,4K, (A, 3a)
f(n+ 1)> {(n), n=1,2,...,4K, (A. 3b)
f(2n) - f(2n -1) > f(2n + 1) - £{(2n), n=1,2,..., 2K. (A. 3c)

If we subtract (A. 2c) from (A. 2d) and (A. 2a) from (A. 2b), we see
that

f(4m + 1) - f(4m) ® f(4m -1) - f(4m -2)

> f(4dm -3) - f(4m -4) ? .. ..00en 2o, m=1,..., K.
Similarly,

f(4m) - f(4m -1)> f(4m -2) ~ f(4m -3) = f(4m -4) - {(4m -5)

> f(4dm -6) - f(4dm -7) ..e.0e. PO m=2,..., K. (A.5)
Thus, Eqs. (A. 3a) and (A, 3b) follow immediately from Eqs. (A.4) and
(A.5). Equation (A. 3c) can be proved by indication. If Eq. (A.2) is
valid for m=1,...,K, then

f(2m) - f(2m -1) > f(2m + 1) - {(2m), m=1,2...,K
implies

f(4m -2) - f(4m -3) > {(4m -1).~ f(4m -2)
and

f(4m) - f(4m -1) > £{(4m + 1) - f(4m), m=z1,2...,K
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Therefore, the fact that £{(2) - £(1) > £(3) - {(2) implies Eq. (A. 3c).

Now f(4K + 2) can be written by Eq. (8) as

min
f(4K+2) = 4K+ 2 ¢+ 1€ n24K + 2 {f(n -1) 4+ {[(4K+ 2 -n)} (A.6)
By symmetry and and Eq. (A. 3b), Eq. (A.6) can be rewritten
min
f(4K+ 2) = 4K+ 2 + 260 24K + 1 f(n-1) + f(4K + 2 -n)} (A, 7)
= 4K+ 2 + min {lf“xgx f(2n -1) + f(4K + 2 -2n) ] ,
min [
1¢ n<K Lf(Zn) + f(4K + 1 -Zn)]}

Now by Eq. (A.3a), Eq. (A.7) becomes

f(4K+ 2) = 4K+ 2 min {rf(2K+ 2) + f(2K -l)] , [f(ZK) + f(2K+ l)]}
=4K + 2 + f(EK) + f(2K + 1). (A.8)
Now, Egq. (A.2a) becomes valid form = 1,2,...,K+ 1, and Eq.
(A.3a) is valid forn=1,..., 4K + 1.
Similarly, by the use of Eqs. (A. 3a) and (A. 3b)
f(4K + 3) can be written
f(4K + 3) = 4K+ 3 + min {2f(2K+ 1), f(2K) + f(2K + 2)} . (A.9)
Now it follows from (A. 3c) that '
f(2K + 2) - f(2K+ 1) > f(2K + 3) - f(2K + 2),
and it follows from Eq. (A. 3a) that
f(2K + 3) - f(2K + 2) 2 (2K + 1) - £(2K).
Therefore,

f(2K + 2) + f(2K) > 2f(2K + 1),
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and
f(4K + 3) = 4K + 3 + 2{(2K + 1), (A.10)
thus extending Eq. (A.2b) tom = K + 1.

By following a procedure nearly identical to the above,

it can be shown that

f(4K + 4) = 4K + 4 + f(2K + 1) + {(2K), {(A.11)
and
f(4K+ 5) = 4K+ 5+ f(2K+ 1) + £f(2K + 3). (A.12)

By induction, Eq. (A.2) is valid for all integral m, thus proving

the theorem.

B, Thus far, it has only been shown that certain choices of n yield
the minimum for the right hand side of Eq. (8). Nothing has been
said about what form f(N) might take. This will be taken care of

by the following theorem:

Theorem 2: Equation (8) is satisfied if and only if

k+1, kKt 4)4 2mk+ 3m+1, k=0,1,..., (B.1a)

zk

£(2 2m-1) = 2

m=0,l,... ’

825 Yy 2n) = 25 Y o4 )4 2m41) k4 3m43, k+0,1,..., (B.16)

m= 0'1. ce ey zk-lo
Proof: The "only if'' (or uniqueness) part of theorem 2 is trivial and

will be taken care of first, Suppose there are two solutions fl(N)

54,



and fz(N). If fl > fZ' then f. cannot be a solution of Eq. (8). Sim-

1

cannot be a solution if f_. > f.. Thus, the solution f(N)

ilarly, f 2 2 1

of Eq. (8) must be unique.

To prove Eq. (B.1), we can again employ induction,
That is; we can easily verify that Eqs. (B.1) is valid for k = 0, in
addition, we assume Eq. (B.1l) to be valid for k=0,1,...,K -1,
If, thereby, the validity of Eq. (B.1) for k = K follows, then Eq.
(B. 1) must be valid for all k. The complete proof is a simple ex-
ercise in substituting Eq. (B.1) in Eq. (A.2) with elementary ma-
nipulations, and will not be carried out here.
C, Theorem 1 is strengthened by the following theorem:

Theorem 3: Equation (8) is satisfied by n = n*¥(N), i.e.,

fINN=N + f [n*(N) -1] + f [N -n*(N)] , (C.1)
if and onlz if
aw(2%* 1t 2my = 245, §=0,1,...,2m+1, 0€me2" "} (C.2a)
j=am-25%1,...,25 2 le me X,
ax(2%* 1y 2m -1y = 2% 25, j+0,1,...,m 0&£m =21 (C.2v)
k -1 k -1 K

jEm -2 ", .2 0, zk'lgm.ez .
Proof: The "if'' part of the theoremis easily proved by simply sub-
stituting Eqs. (C. 2) and (B.1) in (G.1) and verify. In the process,
it is also easily shown that for Zk +1 £NE& zk * z-l, the only

solutions for the range X2ns22t ! are those given by
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Eq. (C. 2). Therefore, it only remains to show that no value of n¥*

k+1

greater than 2 or less than Zk satisfies Eq. (C.1).

k+1 k -1

Consider N = 2 +2m, 0% m «2 . Since we

know that n* = Zk is a solution, we need only to prove that (similar

results follow for n* > Zk +1 by symmetry)

1(25-1) + 125+ 2m) < £(25-2) + 525 2m+ 1) ££(25-3)+ 125+ 2m+ 2)2... (C.3)

Inequality (C. 3) follows immediately from (A.4)§. The proof for

N+ 2Kt 2m, 2X lem ézk. is equally simple. By using n* = o 1,

it is found that

12" 1oy + fam) < (2% Ny 4 fem -1 £ 42 D fam - £ ... (C9)

which follows from (A.5). The proof for N = Zk + l+ 2m -1 follows

completely similar lines and will not be reproduced here.

§In fact, a stronger inequality with strictly unequal signs throughout
follows from (A. 4).
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Appendix C

Sampling for Co-occurrence

[
1. In business and military intelligence as well as in the retrieval of

information from documented knowledge, it is quite often necessary to deter-
mine the number of items that co-occur in two or more lists of items., These
items may be the names of individuals, titles of documents, '"key words', etc,
The lists of items, though finite, may often be too long to permit exhaustive
matching for co-occurrence, without making the cost of this operation pro-
hibitive., Thus, it is of interest to explore the possibility of applying sampling
techniques to estimate the number of co-occurring items.

As a specific case of the problem of co-occurrence, let us suppose
that we have lists of names of individuals on the basis of their professional
specialities such as Mathematics, Engineering, Physics, etc. In addition,
let us assume tha t associated with each name is a short biography. It might
be of interest to obtain the number of individuals in the various lists who might
have been working together on some specific project or might have been at a
particular university during a specified time period. Quite often, it is only
necessary to obtain an estimate of this number than its exact value. In any
man-machine information retrieval system, it may often prove to be advan-
tageous to obtain a reasonable estimate of the number of co-occurrences before
a display by cathode ray tube or any other hardware, since such displays may
be very expensive and one might want to reduce the number of items to be dis-

played by adding new requirements. Thus in the specific problem mentioned
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previously, if the number of people who worked on a particular project are
too numerous, and the properties they should have in common other than
the one specified are known, then by requiring these further properties to
be satisfied, the size of the collection of co-occurring items can be reduced
until at such stage display is economically feasible. Thus at each stage, we
can obtain an estimate of the number of items and stop sampling when the
desired size of display has been obtained.

Having given a rather brief account of the reasons for sampling to
determine co-occurrences, we shall consider the statistical aspects of the
sampling problem. There are two situations with which we shall be concerned.
They are:

1. The finite populations are unstratified and the sampling is simple
random sampling.

2. The finite populations are stratified and the sampling is stratified
sampling. Stratification is economical in such cases as alphabetical
listings.

This problem had received some attention earlier. Leo Goodman (2)
discussed simple random sampling and derived the unbiased estimator for the
number of items common to two or more lists of items, The approximate var-
jance of the estimator for small sampling fractions had been indicated. We shall
obtain the exact moments of the unbiased estimator. This will enable us to dis-
cuss the skewness and excess of the distribution of the estimator. Using the
probability distribution of the estimator we can show computationally that the
unbiased estimator is indeed the maximum likelihood estimator. We shall de-

fine unbiased esimator for stratified sampling and indicate several interesting

aspects of this type of estimation.
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As shown by Goodman, this is one situation where insufficient statis-
tics give minimum variance and unbiasness, As he indicates, sometimes the
estimator has unreasonable values and adjustments have to be made so that
the nearest reasonable estimate is used, This naturally will introduce bias.

We shall discuss the sampling problem with emphasis on pair wise co-

occurrence but shall indicate natural extensions to more than a pair of popu-

lations.

2. Sampling Techniques

As su.mgtions:

1) There are r populations Ul' UZ’ ¢ o o Ur with Nl' NZ' AN

Nr units respectively, The units do not occur more than once in
each population,

2) Samples of units will be drawn from Ul' Uz. o o Ur' without
replacement,

3) Sampling can be done in one or more stages,
4) Sampling from the populations or from the strata is random

sampling.

A, Simple Random Sampling

Definition 1: Simple random sampling is a method of selecting n
N
units out of a population of N units such that every one of the (n) samples
has an equal chance of being chosen, Sometimes this type of sampling is

referred to as unrestricted random sampling in statistical literature, As-

sumptions 1) and 2) hold,
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Sampling Scheme: Simple random samples Syr S0 0 o s Sr of sizes

nyy Ny, o oy B are drawn from populations U Uz. .« o s Ur « The num-

ll
ber of units, nij which samples Si and Sj have in common with each other,

are observedfor i ¢ j, /& i, j<r.,

Problems: If ¢ jj are the number of units which U; and Uj have in

common, we want to estimate rij s using an estimator 3“ 1 which is

a real valued function of Dy n, 0y, N; and Nj' The estimator 3—1j has

to be unbiased and should be a minimum variance unbiased estimator. Further,
the variance and higher moments of 6"‘ij have to be derived. The coefficients
of skewness and excess have to be evaluated to study their effects on the pred-
icative value of 6"” . Natural extensions to defining estimators of ri-j. X
the number of units which populations U;, U oo Ul have in common are

investigated,

Analysis: We shall make the observation that Tij’ o’ijk etc, are

values or constants.

. & NN

Definition i il Ty e . nij (1)
A A
Theorem 1; TiJ as defined by ¥y = .1::_::’1 ny; 1is an unblased
A .
estimator of fij ,and in general dl']‘ - ﬁ;’i . .%{L ny.-. I A is an
unbiased estimator of q::in-l . O | L
A

A
Proof: We have to show that the expected vlaue of V'“ written as E((ij)

60;



is equal to g..
ij -
We shall define a function é (i, j) ae follows:

5 _ 1 if the unit ¢ appears in both Ui and U
K1, j) B 0 otherwise )

-

In addition we define a random variable ; as follows:

x (i, j)
S ) 1 if the unit ¢ appears in both S, and
o (i, j) N 0 otherwise

—

i “Z So((i,j) where thez is over all o¢ in both Ui and Uj'

/
Further n . = Zsu(i 7 where summation 2, is over all o appearing in both
x 14

Obviously,
ij

S, and S..

i j

Emg = 2 EC S5

= 5 s, )

)

and E | Sot(i,j)

—ni.n 28
N, . N, o(i,
i 4 (i, j)
=ni.n . 6_1‘]
Ni-Nj

i.e.,

{.___._1. . nij} =‘o_ij
J -

Definining the function 2) and the random varia.bleg

So((i,_j. v

for more than two populations, we can show that

Ey  , ..¢)=E {Z'So((i,j, t)}

- N -1 R Y I
S W CE R CED X
T @
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N, N, ... Nl .
Thus, E 1 ) . D,.ee0¢ } =g-.
ni nj coe nl 1) iJcool

" A
Theorem 2: The variance of rij’ written as Var v"’ij) is equal to

N N- N: /\(I (n"-/)(ﬂj-/)'
n; a; V; ." (/%4)(,\/,.-/) " ne a; V:/

}J N:  N; (n; -1)n;-1) N
R o) 7~ M

(4)

and in general

'\. MA/ N, IV‘M.AQ (u‘-l)
A . - !'-.— —— 4 °

var\(‘r‘f/’--. 2 ey v; A (-0~ 0). H0)

(«; -/). ('g‘-l) f MM N (11{4')(4'4)-..( )
Gt e e

"j ’ "[ y f’ ‘J [{M-I)(MJ.I)'"(‘.d “‘. ﬂj co e "l. . /
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Proof:
A No N ‘
Var (¢) = £ (7‘37/1,9 - 7‘7)
Z
(3t - )

R GY ¢)

where the 2. is over all pairs of random samples of sizes n; and ny

/

and AYZ'AN is the probability for a pair of samples.

< /)
i ) ("/'

N Y N N;
Var(@). ZH Ay -“Z'Z(wm-‘g o+ 53t

(%))

W W) W W\ Wi-1\(N; -1
é“_{!f) Z‘fia h-n-) ; ‘.c(i:/') n}’-/) ;9/-/)

¢ J

()4 X))
+ z%z% g ﬁf)({,’:f)
(0)(%)

Since we have to consider the occurrence of single units such as ¢ and the

pairs such as «¢, /l » in the samples in order to evaluate nzu + Since

e (T, -1
‘/“‘"f) and “‘/’“f’ are counted as one ;‘.Z? I‘/“:j) g (;( )
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and Z 8‘“,) - q‘.‘J as before. Further the number of samples in

ol
- (\/'-/
which & alone occurs in C::_ ,) ”/_ ,) and the number of samples in which
§ Y-

o and /é’ both occur is (2{‘::) ::/:f)
Thus s
) @)()
. Cf/’y “?f"f/”’ %3 (%:2)
()%

Nty M (= Dnym0) (-7,
iy T g (1)~ 1) ~

/] L (’/‘V:l;\f) ) -t

from theorem 1.

: i

(%) (%)
A Ne N NN (ng - 1)(np=1) 4 s .
s Var (V) = BE G Tl -0on, x (G- G)-2%+ ay

N My A
A Ay (N~1) (N;=1) A; 7 i

. & N, - /% (ﬂ" -")(Il/-/)_
‘ V;/ /("4"")(1‘5'-/) ", o N B /}

The extension to evaluation of Var( € TR ) of the above technique is

obvious, This completes the proof,
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Corollarz 1

” n;
If 77:‘" and ‘Z‘ are small, then

e

Var (6'5.) 7 (6).

Corollarx 2

A
When n, = Ni and Nj - nj , Var (rij) s (0 asisto be expected,

Theorem 3; If for all the subsets of the set of r documents, ¢ 's are
defined and if M 1is a real valued function of the ¥ 's,then there is at most one

sample function m such that E(m) = M (This theorem is due to Goodman),

Proof: Excluding the empty set and the sets of single populations, there
are 2° - r - 1 = t, subsets of the set of populations, Let these t
subsets be ordered and ranked so that they recieve theranks 1, 2, . . . , t.
Let s and V'j be the estimator and its true value for the subset which
receives the rank j in the ordering, The estimator need not be the particular
one we have defined in previous theorems, The sample space consists of the
subsets /[:1. B0 0000 3y ]} of the t-dimensional Euclidian space, We

order this subset by increasing values of s For equal values of s, we

t .
order the vectors by s, ;| and so on, so that for equal values of s,, we order

the vectors of 8; . We may thus describe the sample space as a sequence of
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vectors

B, =[5, 5,00 ... o)

B, =[5, 5@, ... s@)] etc. where B, 1is

the smallest ordered vector, 132 the next smallest etc, To each sample

vector, B , there is a population vector Pj given by

Pj - [‘fl(j)o (fz(j). .« o Tt(j)] where as defined

before ri(j) corresponds to si(j) for i= 1,2, .., t. Let Pr(Bi/Ph)

be the probability of obtaining sample vector Bi when Ph is the true popula-
tion vector, Evidently Pr[Bi/Ph} = 0 if {>h , and Pr(BilPi) >0 for
all 1, Hence an unbiased estimator m(Bi) of the population function M(Ph).

must be such that

h
iz- ' m(Bi) Pr(Bi/Ph) = M(Ph) {(7)
for h = 1, 2,3, ... This necessary condition insures the uniqueness

of m(Bi) since m(Bi) must satisfy the recursive formula (7). This com-

pletes the proof,

Theorem 4: :"/ - ”—‘;:YL ﬂ,]- is a minimum variance unbiased
¢ /

estimator of rij . [This is Goodman's argument)

Proof: The proofsfor Theorems 1, 2, and 3 indicate that if we want to
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define an unbiased estimator, our best strategy is to use rij . This

A
means that rij is indeed the minimum variance unbiased estimator,

1, Confidence Limits

In computing the confidence limits for estimates, we usually assume that
the estimator has a normal distribution, We shall make this assumption about

the probability distribution of and shall later discuss in detail, the

3

i
magnitude of approximation involved in such an assumption, If the assumption
holds, lower and upper confidence limits for rij are given by

A A
vg‘.-zVar( )<v;]‘?<6‘;.l.+t%r(79-) (8)

where 2z is the value of the normal deviate corresponding to the desired

confidence probability, The most common values of z are:

Confidence probability .8 .9 «95 .99
L 1.28 1,64 1,96 2,58

If sample size is less than 30 and n, = n, = n, the probability points =z
may be taken from Student's t-table with (n - 1) degrees of freedom,

n.
Thus in our problem if —! are small

A [NCA; ‘ y Nd; o
q’u}""an, q<a,’!<7{-+z,,,. if

/]
if e = o . b
Thus if T = _/Vj— a4 andif /Vj- V:J/ has to be less
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than € with some specified confidence probability then
z
a* 2 (2 75)/e (9
Formula (9) gives the appropriate value of a , the sampling fraction a.

2. Validity of the Normal Approximation

"In the usual sampling problems sample means are the estimators and
the finiteness of the second moment guarantees, by the Central Limit Theorem,
that the sample means are normally distributed if the populations are infinite,
Madow (1948) proved that for a large class of finite populations the distribution
of the sample mean tends to normality even if the sampling fraction ‘/)VLis not
negligible and sampling is without replacement, From the study of theoretical
distributions that are skewed and from the results of sampling experiments on
actual skewed populations some statements can be made about what usually
happens to confidence probabilities when we sample from positively skew popu-
lations, The sample size is assumed large enough so that the distribution of the
estimator shows some approach to normality, The statements are as follows:
(1) The frequency with which the assertion estimate - (1.96) s.d. (esti-
mator) ¢ (true value) ( estimate - (1,96) s,d, (estimator, is wrong,
is usually slightly higher than 5%.

(2) The frequency with which (true value) > estimate + 1,96 s.d, (esti-
mator) is greater than 2,5% .
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{3) The frequency with which (true value) < estimate - 1,96
s.d., (estimator) is less than 2.5% .

Here s.d. stands for standard deviation,' [Cochran]

If the population is negatively skewed statement (1) will still be true
but in (2) the frequency will be less than 2, 5% and in (3) the frequency will
be greater than 2,5% . Since any standard book on sampling theory gives an
excellent discussion on skewness and its effect on confidence statement, we

shall not elaborate on this point any further,

A
We shall show that the distribution v’ij could be both positively and

A
negatively skewed even though most frequently in practical situations V‘Tj is

i
positively skewed, It is worthwhile to emphasize the fact that if we are only
interested in the absolute value of the error of an estimate, then a fair amount
of skewness in the distribution of the estimator can be tolerated, However, if

we want to make a confidence statement, the normal approximation is not trust-

worthy unless very little skewness remains in the distribution of the estimator,

There is no general rule as to how large the sample size must be for the
use of normal approximation, For populations in which the deviation from norm-
ality consists mainly of marked positive skewness, a practical rule due to W, G.

Cochran is as follows:

2
Sample size > 25 G, (10)

where

G. = (Third Central Moment)
1 {Second Central Moment) °/<

69.



This rule is designed so that a 95% confidence probability statement will

be wrong not more than 6% of the time.

A
3, Skewness in the distribution of 9~ j

Theorem 5: Sampling fractions being small the probability distribution

13 is positively skewed or negatively skewed arcording to whether

a.-
. - 3

positive or negative respectively

Proof:

E(3- ) £(5- 35"

A 2
15t G g )
2 ” K
- E(@T’)—J@-E(z} ) + I E(T)~ v,
Now,

E(é:})’ - (%‘147’}2)3 £ (n‘-..i)

; ‘“){ e (2 )(4:1)
(”)()
EF I

.4 -'-,/(u) " “’-) (N Dz

- &
()(7)
T 6 s (MIE2)
=i
" n
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where ‘ (i, }) and 5 “f (i) are defined as in the proof of Theorem
/ .., is defined as follows:
d./,r(:,/)

1 if units «, and r appear in both S; and §,
[ . ) - / J
"'/" r ("/ 0 otherwise,

Z S ., has to be taken twice since the order in which .~ and
o / (i, /)
/€ are taken gives rise to different terms. Equation (12) on simplification

gives

M/o/i-" N: N: (n-/)(n -1)
A3 ‘
E{V:/) '{(ﬂ,-n- V;/ "'3(” A (A/—/)(/j 7) y(T -1)

4 (n,-~/)(n,--4)(;:1--/)(,,1._3) |
(' nJ (W= 1)(N - 2)(N -1)(N-2) 03(@-/)(@.-5)}

(13)
We have already evaluated E((fJ ‘) and E( 7. ‘/ Thus

A s N N //n/ Cn:-1)n;-1)
E(q - 7) - [{ S EmJmga 7y
( A (n; =)W -8Xn; -1Xn;-2) i }
i 4 ) (A ~IXN, Xt ~IXN - 2) v& (f‘f -,)(('/'. &)
(A{-A’- “[n;n; i (n-0) n(n;-1) -l
- % ww w G * - -1 5%

) J
+ 0. - .
Y 7 ] (14)
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LN

— n,
when A/ and —/\-/L are small, Equation (14) gives
(3

/

e g3
(;“ %) ~{"'}/ 30‘-‘/(0’5-')*1”“;‘}

(15)

A 3 A
From equation (15) when £ (q;—ofj) >0 the distribution of 0}; has

- . A 3 o A
positive skewness and if E{a"‘y ..J:'/) L 0 then distribution of {‘/‘ has

negative skewness. This is equivalent to the assertion in the Theorem.

Note: When D and -:-zL- are not small equation (14) must be used to

4 N

determine skewness. In the extreme case when h.(-: /V, and '.1/ = Aﬁ , it is

easy to verify that Eq. (14) reduces to zero as is to be expected.

Corollary 1: When fl_‘. and _nL are small the coefficient of skewness,
e R A, N‘ N/.
/\
Gl y of the distribution of I' is given by:

o« ()G -0 350 oo

3 ' 6
”m)“ (16)

Corollary 2: When 2 i= 1, 2,,r. are small, the coefficient of skewness

M
of the distribution of a" L is given by G, -

6 = ( ”n) -3 A’/""“"‘—ri,? - 8- -30;.. l( ,-ﬁ-??;j

By

Ne ooV,
( /.YL.?——", iy z)-y-?.
Effect of Non-Normality on Egtimated Variance
A

We have derived earlier the variance of the estimator @ « The

expression for the variance is in terms of 7,} » the population value, In
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practice, when the variance has to be computed using sample values, it is

important to investigate the effect of non-normality of the distribution of
4 P

V‘-- on the computed variance, say S . One such effect is that the

2
estimated variance S may be more highly variable from sample (pair)
to sample (pair) than we expect, if we assume that we are sampling from a

normal distribution, For any infinite population the variance of estimated

Fy
variance § in m repeated samples (pairs), is

2{5(6}/" 7,})21‘ Kg
* M (17)
m-| m

Variance (estimated variance) =

The first term on the right hand side of Eq. (17) is the value which the

&
variance of § has when the parent distribution is normal, The second
term represents the effect of non-normality. The quantity K,' is Fisher's

fourth cumulant (Fisher, 1932) and is given by

/ A V] A L
by = E(Ty- V) - 3E(T;- V) (18)

The skewness in the distribution as measured by 6, does not affect the
stability of J ¢ . The important factor is the fowrth moment in the population,
The cumulant /t’, is zero for a normal distribution, It may take positive or
negative values in other distributions but in those encountered in sampling
practice /l, appears to be positive much more often than negative and may

have a high value for some parent distributions,

A s &
E(7.~- ¢. iy
Variance (S‘) - £ (V:", v‘;) / + -’:—- (19)
m -l sm o
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where @, = 4, /{Var( }

e+ 2 ——G) is the factor by which the variance of $°

is Fisher!s measure of kurtosis

is inflated due to

non-normality, Since this factor is almost independent of m , the

inflation remains even with large m .

A
We shall determine G& for V!'/ . For this we have to determine
A ¥
E(V; -

7)"

d_ 4_ /,,_ /13 3 l"
€, — 7 ) = £(%7) VGEG)+ 6 G E (")

" v‘"“
(\;/:)f 5

A
E(O;} “{) can be computed using the § -functions in the same way as

the first, second and third moments, We have to define an additional

§ -function as follows:

1 if elements o, /, r, and € appear in
S - both Si and Sj .
d,ﬁ r € (4':/‘)

0 otherwise,

(/N) ("‘/'"'}
A/
Y |2 g
/‘/é “A () ,f:./"_'f) '/'?-:)

< )5)

Then




v ey Saprap (m3)(257)
(«-)(n)

(- 0)(%7)
" 3‘{"};’5 ‘d,/,flf(l;j) It"-‘/ /‘/“/
v )(2)
n; N\
[
As before N‘)(M) is the probability of choosing two samples of
i“" '.'I'

sizes n; and n, from U, and Uj

number of pairs of samples in which a particular
unit, say e , appears,

= number of pairs of samples in which two particular
units, say e¢ and / , appear,

)

(//;V‘ 3) :‘y 3) = number of pairs of samples in which three particular
V'Y units, say e, /6 , and r , appear.

number of pairs of samples in which four particular
units, say /3 r , and $ » appear,

B3
[
-K
N
’\
K
\—
[}

The coefﬁcxents 14, 36 and 24 are obtained as follows: Since we are taking

n we have to obtain the multinomial coefficients for 2 units, 3 units,

i ’
) 4! 2 L4
and 4 units, For 2 units, we take 2727 for termslike & /6 .
, [
2 371'1';'7 for terms like 96';’ and -o/d’ giving a total of 14, For 3 units,

. s 4
we have to take J 2777 ,7 = 36 forterms like x/r. /ruc, r'x/
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4!

For 4 units we have m = 24,

Thus

E(V' f) . ,/‘ 4 4 n'-,-g,. 2 //. ”‘.(”l._l)nj(nj_,l ] E(q’; _’)
- VIR X (M-DN, (N-1) 2!

3¢ n;(ni~1Xn;- 2 /n/--/)(r}--z) 7. (G-I - 2)
Ce—y— 7
VAT 7Y PR vy 37

24. ﬂ,-(n,--z)by—z)bz,'-s)/'tj(q,'-l)(ty-a)(ty-d) V,;--(o;-.-/)ioz: -z)(o;. -3)
X, -1 XN )N 3) NN M- X3 ¢7

('_/V.M,- ¥ //r-f/-)‘oe,--,)(,,j-,) _
" Gl G TG w5 (%)

J
NN\ - Moe-2)n. - 1)(n;-2)
‘ L 4 L v.lo-/No. -
* ol (nuy) Wd2xg 2 -2y 5 (5% -2

4 ﬁf) S (-t Xn,- 4)(::;-3)(;9- ~tNn;-2Xn;-3)

# (4,- 7 (M'-,)(gf 'LX’V?'JX@‘-/X@-Z)(A}-J) V,}(@-/I(/-;)(q;} -3)

It is easy to verify that when n; = N, and n; = N

“
i i’ E(v‘} D - 97/' d
4 p
Now using the values of E(g;j") , E(q/' %) and E (Q':J) computed

earlier, we have

3 J
) 4 NN //): f{) (n;=1)(n;-1) ' _
EG- ) () gy o 1 (EE) s v, (-

76,



(N N )" Cn;-0 )= 8)Cn; - )n; - 2)

LI i | M-1)(H- 20 -1)() - 2) 7 (v{'./-/)(v;] - 4)
(% Aj’)" (n.-1Xn;-2)n;- W -1Xr - 2)n;- 5)
5w ) W= eX WX -2 w=a) G (%=X - )

KW" £ (Mo W \E 1)1
—- 4 ,,‘.,g/) V{/ - /2 \4‘-"/.1/ (”‘...,)(,f-/) VT]‘(V‘}.../)

N N Y (ni-a)(m - e Xn-1)n;-2)
SAIRAR 4 4 / / 2
-4 (n,- i)  (N;=) (M- 2N -1 A -2) 2 (V"']--/)(v,‘/-.-c)

M”‘/‘) 3 (n-1)n;-¢)
i é”’f' G e tmwr G (G0 -

4 4
Notice that when X; = N; and n;w= l{,‘, E(V‘} - f‘/) - 0 as is to

be expected.

A
The extension of the above proof to E(fyl - Tl )’I is obvious.

iy
e
517,

. A
Theorem 6: When —>-  and 7{&- are small E(G:/-.- v;)/

)

”‘. . -

. J 4 /

LA N - 2 (KN N .
In general when -7{-‘-_‘—, _I;’;—’ e are small E(Fy"l 7‘;1) (-"Th‘—)g‘

The proof of this theorem follows from (20).

“lo ”j‘ . . ,
Theorem 7: When and are small, the coefficient of kurtosis

y7 3
a . )1
G, of the distribution of ¢ & ( " %)L - 3 and in general the coefficient of
7 AT Yy
kurtosis G, of the distribution of 6"’_ & :{ 4 '%_ ./ - J.
Proof:
4 v/ A YL
E(G- ) -3{e( - )}
=
2 A s )2
{E(V‘; - V‘;)} by definition.
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Thus

A
5. Observations about the skewness and kurtosis of the distribution of {ﬂ—

When sampling fractions are small the coefficient of skewness of G1

A A
of the distribution of (7: is approximately /G‘TL V",-) . This indicates
LI

that for small values of V,; .

fractions are made large, in which case the exact formula for Gl has to be

the skewness is much pronounced unless sampling

used to compute the skewness, Except for documents that have nothing in

Ne N,

common, _"1_1_ is an upperbound for skewness when sampling fractions
v

are small, The coefficient of excess or kurtosis G
NNy

tions varies as A; A ?9:"'3 . Here again when 6“] is very small G, is

2 for small sampling frac-

large and for all pairs of documents which have at least one unit in common;
NN,
"‘,,,"."nj" =3 is an upper bound for Gz .
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The probability distribution of nij

In order to show by computation that the 'unbiased estimator

;-1—;,-1?' is indeed the maximum likelihood estimator, we have to eval-
i)

uate the probability for nij' In order that the two samples of sizes

ni and nj should have nij = a co-occurrences, these items should be
included in the samples. Let N be the number of items that co-occur:
in the populations Ui and Uj’ then any (1:) could be included in the two
samples and the remaining n, -a and nj -a items of the two populations,
respectively, so that none of the common items appear among both

(ni -a) and (n.j -a) items of the two samples.

Thus, the probability that nij = a can be easily seen to be

N -a
N. -N N; -a -
p . = :E N NPa i J y
ny; = 2) T30 el 5™ (ni'a'y)(nj'a )

G (%)

An alternative method of derivation of P (nij = a) will be briefly dis-
cussed below. The derivation is based on a theorem concerning the
realization of m among N events. For a more detailed reading Chap-
ter IV of W. Feller's ""An Introduction to Probability Theory and its

Applications' forms an excellent reference. If A “es AN are

ll Zl .

any § events, not necessarily mutually exclusive, then P (a) the
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probability that exactly a among the N events occur can be expressed

in terms of Sa’ Sa + 1 SN where Sa. = P (Al' ey Aa) where

P (Al. cens Aa) is the probability of joint occurence of Al’ cees Aa'

In essence, the theorem asserts that

P =5 _(a.+l

(a) a a ) S

+o0-t Ny s

+ 2
.|.(3'a ) S N N

a+l a+2
In the context of our problem, Sa is the probability that
any a of the common items will appear in both the samples. This is

obviously (I;‘) (gi) (:j)

iy ()

Thus:

P {Nij = a} “Fry = @ @ - @+ 0 Nt gk )

P TS I STRN T

X n: : . )
N W R P T I A P I N R R )

N; N, Niy (N
i) () ) W

N
= S e & Gh G /S G
X =

a
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The rth moment about the orig_:_

Theorem E{;;jr} { D(ra(l) ij)( )( o
- -z) N, - 2
i_ J _
2o A2 - 2) [ )
N

+ D (r;a.l(z?az(z) ) Z

+ D (r;a (r)' az(r), a3(r), ..... , ar(r) ) z S o ,g:.;«f(i'j)
“1: ‘V-I'KI' !
(N. -r ) (N. - r)
1 J
n, -r n’ -r
1 2
(Ni) (Nj) Where o(l. L SURRERY “r are items in the
n, n,
i j populations.
(s) (s) (s)

and where D (r;a\1 I R ERTI ) is the denumerant introducted by Sylvester

for partitions, ( 12547 )

Thus, D (r;al(s). az(s), e e, as(s)) denotes the number of partitions of r

(s) _ (s) (s)

into parts al pAy e as which is the same as the nimber of solu-

tions in integers of al(s) x ¢+ az(s) X, ... 4 as(s)xs = r,
The generating function for this is D (t;al(s), ..as(s))
= Z D(r;al(s), .. .as(s)) tF
Y
= 1
a2 (s al(s) 2 (8
-t ) (a-t2% ) -t )
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Computational verification of the fact that Ni Nj_ . nij
n n

i

is the maximum likelihood estimate of rij'

We are interested in finding that value of a‘ij which maximizes
the probability that the random variable x has an observed value
nij' In one sample problem such as the one discussed by Feller (4),
the calculations on the basis of sampling with replacement in two
stages reduce the determination of the maximum likely number of
items to some fairly simple inequalities in terms of certain observed
values, But in the two sample cases, any similar calculations are

very difficult and as such we shall use a computational scheme.

Here we shall only include the tabulation of ?(x) for Ni = N, = 100,

J
ni=nja.50, 0‘ij=4 (4) 48andforNi =Nj = 200ni=nj=100

o—ij = 4 (4) 40. These tabulations are sufficient to indicate that

N.N
i i . nij is the maximum likelihood estimate of O;j. When

l‘li nj

Ni Nj is not an integer [ Ni Nj nij should be used
n n n n '

1 i
as the maximum likelihood estimate of (J” iy’ The tabulation is

self-explanatory.
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Tabulation of the probability distribution of co~occurrences when the
sampling fractions are each 1/2,

= # of items in the lst population
= # of items in the 2nd population
= # of items common to or co~occurring in both populations

T2
2

[

. are the sizes of samples

= observed # of co-occurring items in samples
(N) = Probability of obtaining x co~occurrences when there are N
common items in the two populations,

v "’L_ZZZZ

X

For various values of N, the maximum likelihood value x and the
corresponding probability are underlined,

N1 N2 N X PXIN)

100 100 4 0 0.31214111
1¢0 100 4 8
100 100 4 2 0.21184912
100 100 4 3 0.04497169
100 1c0 4 4 0.00344940
1C0 100 8 0 0.09383162
1C0 100 8 1 0.26685131
100 100 8

100 100 8 3 0.21131340
1C0 100 8 4 0.08401838
100 100 8 S 0.02057208
100 100 8 6 0.00302837
100 100 8 T 0.00024489
1C0 100 8 8 0.00000832
160 100 12 0 0.02708941
100 100 12 1 0.12015590
100 100 12 2  0.23534560
1C0 100 12 3 0.269034335
100 100 12 199800867
100 100 12 S 0.10151327
100 100 12 6 0.03615530
100 100 12 T 0.00909021
100 100 12 8 0.00160017
100 100 12 9 0.00019220
100 100 12 10 0.00001494
100 100 12 11 000000067
100 100 12 12 0.00000001
100 100 18 0 0.00748815
100 too 16 1 0.04612894
1C0 100 16 2 0.1202%721
100 100 16 3 0.21354941
100 100 16 4 _0.23819625
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Ni

100
1C0
100
100
100
1C0
100
100
100
1¢co
100
100
100
1C0
100
100
100
1C0
100
100
100
1C0
100
100
100
1C0
100
100
100
100
100
100
100
1€0
100
100
100
1C0
100
100
100
100
100
100
100
1¢c0
100
100
100
1C0
100
100
100
1C0
100
100
100
1Cco
100
100
100

M

1C0
100
100
1C0
100
100
100
1¢c0
100
100
100
1C0
1co
100
100
1C0
1Co
100
100
10
1C0
100
100
100
100
t1co
too
100
100
100
100
1¢c0
100
100
100
100
1c0
100
100
1¢0
100
100
100
1co
1C0
100
100
100
100
100
100
1Co
1¢0
100
100
1c0
1¢0
100
100
100
1c0

16
16
16
16
16
16
16
16
16
16
16
16
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
20
24
24
24
24
24
24
24
24
24
24
24
24
26
24
24
24
24
24
24
24
24
24
24
24
24
28
28
28

A
0.18862925
0.1C964145
0.04768691
0.01567438
0.00390386
0.00073375
0.0001029¢C
0.0C001054
0.00000076
0.000CCCCI
0.00000000
0.0€000000
0.00197504
0.01587299
0.05830571
0.130C9740

0.19766334 -

0.2172586

0.17914570C
0.11341063
0.05594671
0.0217C372
0.00665252
0.00161269
0.00030839
0.000C4622
0.00000537
0.0C000047
0.00000003
0.000CCCO0
0.00000C00C
0.000C0000
0.00000000
0.00049513
0.00499459
0.02321275
0.06611821
0.1295175C
0.18559521

9 0.20204025
0.1712834

8

9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24

0

1

2

0.115C1052
0.06187926
0.02688570
0.00947900
0.00271828
0.00063414
0.00012010
0.00001€39
0.0C0CC226
0.00000022
0.0C000001
0.00000000
0.0CCCOCO0
0.00000000
0.0€000000
0.00000000
0.000C0000
0.00011746
0.00144937
0.00828432

Y

100
100
100
100
100
100
100
100
1c0
100
100
100
1co
100
100
100
100
100
100
100
100
100
100
10
100
100
100
100
100
100
100
100
1co
100
100
100
100
100
100
100
1co
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
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Ns
100
100
100
100
100
100
1co
100
100
100
100
100
100
100
1c0
100
100
100
1C0
100
100
100
100
100

.100

100
100
100
100
100
1¢o
100
100
100
1co
1co
1¢0
100
1¢0
100
100
100
1co
100
100
100
100
100
100
100
1c0
1co
100
100
100
100
100
100
1¢0
100
100

28
28
28
28
28
28
28
28

28

28
28
28
28

28
28
28
28
28
28
28
28
20
28
28
28
32
32

32
32
32
32
32
32
32
32
32
32
32
32
32
32
32
32
32

32
32

32
32

32
32

32
32

36
36

4
3
4
5
6
7

9
10
11
12
13

14

15
16
17
18
19
20
21
22
23
24
25
26
27
28

0

1

2

3

4
1
6
7

9
10
1
12
13
14
15
16
17
i8
19
20
21
22
23
24
25
26
27
28
29
30
n
32

0

1

®
g )

0.02919267
0.07120921
0.12798472
0.17614900
0.19048589
0.16477585
0.11548814
0.06619C21
0.03122428
0.01217704
0.00393627
0.00105583
0.0C023492
0.00004328
0.00000658
0.00000082
0.000CCCO8
0.000C0000
0.00000000
0.00000C00
0.00CCCCOG
0.000C0000
0.00000000
0.00000C00
0.0000CC00
0.0000000C
0.00002623
0.00038896
0.00268119
0.01144083
0.03394464
0.07457C60
0.126123C9
0.16859476
0.181453
0.15937337
0.11538137
0.06936508
0.C3481675
0.01464684
0.00517721
0.00153968
0.00038537
0.00008111
0.00001433
0.00000212
0.00000026
0.000000GC2
0.000C0C00
0.00000000
0.00000000
0.00000000
0.00000C00
0.00000000
0.00000000
0.00000000
0.000C0C00
0.00000000
0.00000000
0.00000548
0.00009647



N MmN xR Ny Mow x R(X)
100 100 36 2 0.00079096 100 100 40 26  0.00000000
106 100 36 3 0.00402561 10 100 40 27  0.000C0000
1¢0 100 36 4 0.01429017 100 100 40 28 0.00000000
160 100 36 S 0.03768742 100 100 40 29  0.00000000
100 100 36 6 0.07680%590 100 100 40 30  0.00000000
100 100 36 7 0.12421554 160 100 40 31 0.00000000
100 100 38 8 0.16246317 100 100 40 32 0.00000000
100 100 36 D Do 17425179 100 100 40 33 0.00000000
100 100 36 10 0.15487679 100 100 40 34  0.0000000C
100 100 36 11 0.11498225 1co 100 40 35  0.000060000
100 100 36 12 0.0717343¢ 100 100 40 36  0.00000000
1co 100 36 13 0.03777774 100 1C0 40 37 0.00000000
100 100 26 14 0.01684935 100 100 40 38 0.0000000C
100 160 36 15 0.00637883 1C0 100 40 39 0.000C0000
1C0 100 36 16 0.00205251 100 100 40 40  0.00000000
160 100 36 17 0.00056161 100 100 44 0 0.00000019
100 100 36 18 0.00013064 100 100 & 1 0.00000462
100 100 36 19 0.00002581 100 100 46 2 0.00005218
1C0 100 36 20 0.00000432 100 100 44 3 0.00036699
100 100 36 21 0.00000061 100 100 44 4 0.00180650
100 100 36 22 0.00000007 100 100 44 [ 0.00663222
100 100 36 23 0.00000000 100 100 44 6 0.01889621
1C0 100 36 24 0.00000000 100 100 44 7 0.06292551
100 100 36 23 0.00000000 100 100 'S ] 0.07926784
100 100 26 26  0.00000000 100 1CO &4 9 0.12072065
100 100 % 27  0.00000000 160 100 44 10 0.15330181
10 100 36 28  0.000006C00 100 100 44

100 100 36 29  0.00000000 100 100 T "l% '%f%ﬂeczsao
100 100 36 30 0.00000000 100 1C0 44 13 0.11390086
100 100 36 31  0.00000000 1C0 100 (1} 14 0.07489260
1co 100 36 32  0.00000000 100 100 48 13 0.0422109¢%
1¢0 100 36 33 0.00000000 100 100 'Y 16  0.02044027
100 100 36 34 (0.000C0000 100 100 44 17 0.00851767
100 1CO0 36 3%  0.00000000 100 100 44 18 0.00305741
1¢0 100 36 36 0.00000000 100 100 1Y 19 0,00094572
1co 100 40 0 0.0C€000107 100 100 44 20 0.00025209%
100 100 40 1 0.00002205% 100 100 A% 21 0.0000578%
100 100 40 2 0.00021289 1co0 100 'Y 22  0.000C1141
1C0 100 40 3 0.00127856 100 100 44 23 0.0000019)
10 100 40 4 0.00536684 100 100 44 24  0.00000028
100 100 40 S 0.01677578 100 100 44 2%  0.00000003
100 100 40 6 0.04062538 160 100 44 26 0.0000000C
160 100 40 T 0.07829129 100 100 Y] 21 0.00000000
100 100 40 8 0.12239429 100 100 44 20 0.00000000
100 100 40 9 0.15743871 100 100 A4 29 0.00000000
100 100 40 *%___9;1&&22215 1¢0 100 44 30 0.00CC0C00
100 100 40 0.15113331 100 100 44 31  0.00000000
1co 100 40 12 0.11445647 100 100 44 32  0.00000000
100 100 40 13 0.07352436 100 100 A4 33 0.00000000
100 100 40 14  0.04021275 100 100 &4 34 0.00000000
1¢o0 100 40 15 0.01877760 100 100 44 3%  0.00000000
1co0 100 40 16 0.00750062 100 100 44 36 0.00000000
100 100 40 17  0.00256594 100 100 44 37  0.00000000
100 100 40 18 0.00075217 1co 100 'Yy 38 0.00000000
1co  1c0 40 19 0.00018890 100 100 7Y 39  0.00000000
160 1cO0 40 20 0.00004061 106 100 44 40 0.,00000000
100 100 40 21 0.00000747 100 100 A4 41  0.00000000
100 1CO0 40 22 0.00000117 100 100 a4 42 0.00000000
1c0 100 40 23 0.00000016 100 100 'Y 43 0.

100 100 40 24 0.00000001 100 100 4 4 0.

100 100 40 2% 0.00000000 100 100 48 0 0.00000003

85,



100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
1c0
100
200
200
200
200
200
200
200
200
200
200
200
200
200

100
100
100
100
100
100
1co
100
100
100
100
100
100
100
100
100
100
100
1co
100
100
100
1co
100
100
100
100
100
100
100
100
100
100
100
100
100
100
100
1€c0
100
100
100
1c0
100
100
100
1co
100
200
200
200
200
200
200
200
200
200
200
200
200
200

PEIPIIIPIPIPEIILIIPIPIPIPILIIPIIIIELLIIPIPIIPIPIIIIIPIIIPIIPIPIPIIPLILIPI
SRR IIISILIPIRIPTOIRIOIOIOERITIIIIIIRIDIIOIIRIOIIIGOIIII®PIOOIIDIOD §

O OB ~NCVNISWN» N

-

14
s

16

17

18

19
20
2t
22
23
24
2%
26
27
28
29
30
31
32
33
34
3
36
37
3
39
40
a1
a2
a3
o
s
ab
a7
a8
0

B (x)
0.00000088
0.000011%9
0,00009%00

0.00054537 .

0.00233697
0.00777967
0.02067320
0.044711797
0.07989366
0.11922121
0.14989%92

.15988345
145464

0.1133731%
0.07594950
0.04384447
0.02185249
0.00941551
0.00350972
0.00113213
0.0003159%
0.00007623
0.00001588
0.0000028%
0.000C0044
0.00000005
0.00000000
0.00000000
0.00GC0600
0.000€0000
0.00000000
0.00000000
0.0C0C0C00
0.00000000
0.00000000
0.00000000
0.00000000
000000000
0.00000000
0.00000060C
0.000CC000
0.00000000
0.00000000
0.00000000
°o
0.

o.

0.

0.31428289

0. 398

3
4
0
1

0.04592994
0.00367481
0.09698421
0.26693611

§ 0.209493508

4
]
[}
7

0.08531594
0.02183061
0.003427C9
0.00030173

N
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
| 200

200
| 200
200
200
200
200
200
200
200
200
200
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A
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
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200
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200
200
200
200
200
200
200
200
200
200
200
-200
200
200
200
200
200
200

b g
WN=ON=~OOBNCRIAIN=O®

Z,(x)

0.00001140
0.02936734
0.12352014
0.23383006
4
0.19663910
0.10246048
0.03821433
0.01027544
0.00197683
0.00026533
0.00002357
0.00000124
0,00000002
0,00871996
0.04983979
0.13110764
0.21067868

;231430
i %.1542%48;

0.10999131
0.0%5019797
0.01770021
0.00483747
0.00102117
0.00016472
0.00001990
0.00000174
0.0C000010
0.00000000
0.00000000
0.00253714
0.010848187
0.06278110
0.13221341
0.19357269

0.17367016
0. 11304544
0.05864094
0.02448764
0.00827218
0.00226451
0.00050139
0.00008929
0.00001286
0.00000140
0.00000012
0.00000001
0.00000000
0.00000000
0.00000000
0.00072282
0.00644512
0.02702987
0.07094684
0.130828%3
0.1803%992

0,164
0.11387993
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200
200
200
200
200
200
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200
200
200
200
200
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200
200
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200
200
200
200
200
200
200
200
200
200
200
200
200
200
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24
24
24
24
24
26
24
24
24
24
24
24
24
24
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28
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28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
28
32
32
32
32
32
32

32
32
32
32
32
32
32
32
32
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9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
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9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

0

1
2
3
4
5
6
7
8

10
11
12
13
14
15

R(%)
0.064594K9
0.03031338
0.0118%376
0.003985459
0.00104852
0.0002379C
0.00004487
0.000C0700
0.00000089
0.00000CC9
0.00000001
0.0C000000
0.00000000
0.000C0C00
0.00000000
0.0C000000
0.00020147
0.00213890
0.01074458
0.03400273
0.07614194
0.1284648%
0.169806176
0.18048932
0.15713903
0.11356562
0.0687994]
0.C3518806
0.01527118
0.00564244
0.00177823
0.00047825
0.00010967
0.000C2139
0.00000353
0.00000049
0.00000005
0.000C0000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00005490
0.00068006
0.00400404
0.01492303
0.0395%5879
0.07945380
0.12577412
0.16115972
0.17035773
0.11264884
0.07178682
0.03922705
0.01846374
0.00751053
0.00264594

%
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200
200
200
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200
200
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200
200
200
200
200
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200
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200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
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200
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200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
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200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200
200

N

32
32
32
32

32
32

32
32

32
32
32
32

32
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
38
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
36
40
40
40
40
40
40
40

X Rix)
16 0.00080828
17 0.00021416
18 0.00004918
19 0.00000978
20 0.00000168
21 0.00000025%
22 0.00000003
23 0.0000000C
24 0,000C0000
25 0,00000000
26 0.,00000000
27 0.00000000
28 0.0C0CCO00
29 0.00000000
30 0.00000000
31 0.00000000
32 0.00000CCC
0 0.00001461
1 0.00020798
2 0.00141210
3 0.006€9086
4 0.01875889
S 0.04395681
6 0.0R154303
7 0.12303170
8 0.15393197
6 0.16202658
11 0.11142509
12 0.,07391334
13 0.04256478
14 0,02136594
15 0.00937696
16 0.00360607
17 0.00121696
18 0.00036068
19 0.00009389
20 0.00002146
21 0.000004 30
22 0.00000075
23 0.000C0011
24 0.,00000001
25 0.00000000
26 0.00000000
27 0.,000CC000
28 0.00000C00
29 0.00000000
3o 0.00000000
3l 0.00000000
32 0.00000000
3 0.00000000
34 0.00000000C
3s 0.000C0000
36 0.00000000
] 0.00000379
1 0.00006133
2 0.00047415
3 0.00233538
4 0.0082379%
] 0.02218003
[ 0.04743809
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N

40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40
40

40
40

40
40
40
40
40
40

40

40
40

40.

40
40
40

X

OV~

1

1
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
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36.

37
38
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40
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PulX)
0.08282109
0.12037122
0.147179348
0.155C4146
0.14020139
0.11005825
0.075422131
0.04532545
0.02397171
0.01118898
0.00461896
0.00168900
0.00054763
0.00015752
0.00004020
0.00000909
0.00000182
0.00000032
0.00000004
0.00000000
0.00000000
0.00000000
0.00000C000
0.0000000C
0.00000C00
0.00000000
0.0000000¢C
0.00000000
0.00000000
0.00000000
0.0000000C
0.00000000
0.00000000
0.00000000



Limiting Probability Distribution

n,

n,
1
Case I. Let . > S and j ..)cj as n, nj. Ni’ Nj...)\o
1

Let N be the number of common items in the two populations and

let n,, = a.
1)

. 5 " ()2 GNF)
Than Pfniza} = 2. (1) (,f)(a.')
N D

265 7 k) - E ) )
Ml ) 0 ')N = ("&’)

=.%(—r)“’“ ()@ (1"/—)('- (1= 52)0-5) - (- %)
A=a (,_3-’/[).. ( x-/)(,__L) (/_%;)

va. n, X o ' N  2a X
) %._fc:) ,,'_’__;’ (v a)=x§aef> () (*)es)
‘ i

bt g =p ( efzclwﬁj bt G and g <)
Al A=A
Thes Am,. P(ny;-@) :2(-/) (/’}/)(i() x
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(e J(%7) = (2)%)

/ /
S‘,' N a+v _ N. ‘_(aff)o
nee afr‘)< a ) ~(arr)] (N-a-r)] al t!

Nl a!l (N-a)! (a+r)]

a! (N-a)! (N-a-r))(asr)! a! *!

(¥ )(Vz=)

N xa
Thus lt'sw. P{-n?'.;a,) = g (—’) (y)(:)fx

()p0-p) ™

)]

Case 2 Since case 1 leads to a binomial distribution, we can
obtain a Poisson distribution with the added conditions that
o « N tendto A as N—,)g andp:ni nj_._’ 0
Ni Nj Ni Nj

Np =
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Tows fiw  Png=a) = fmg  (2)p%0-p)""

/V,t-ﬁ\ /’"
Mo
o RNV ENEIE)
= _}2;2
al

Note: The maximum likelihood property of NiNj nij' the estimate for N is
abviousin the two limiting distributions.
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STRATIFIED SAMPLING

Asgsumptions:

(1) As before,
(2) As before,

(3) Each population is stratified into L non=-overlapping strata so
that Ni= Ni(l) + Ni(z) e oot Ni(L) and Ni(h) represents

cr s h .
the number of units in the ht stratum in Ui .

(4) Sample of size n, drawn from population U, comes from the L

1 i
strata so that n, = ni“) + ni(z) + + n, (L) (h)

for the portion of the sample from hth stratum in Ui .

and n, stands

1

A, Main reasons for stratification

"(a) If data of known precision are wanted for certain subdivisions of
the population, it is advisable to treat each subdivision as a "population" in its

own right,

(b) Administrative convenience may dictate the use of stratification
e.g. an agency conducting a survey may have field offices, each of which can

supervise the survey for a part of the population,

(c) There may be a marked difference in the sampling problems in

different parts of the population,

(d) Stratification may bring about a gain in precision in the estimates of
characteristics of the whole population, The basic idea is that it may be pos-
sible to divide a heterogeneous population into subpopulations, each of which
is internally homogeneous, If each stratum is homogeneous, in that units
vary very little from one another, a precise estimate of any stratum value

can be obtained from a small sample in that stratum,”" [Cochran]
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B, Sampling scheme: In stratified sampling the population of N, units

i
(/=1 =r) ie divided into subpopulations Ni(l), Ni(z), . o o Ni“") s0
2 L
that Ni = Ni(l) + Ni( )+ oot Ni( ). The subpopulations are called

()

strata, To obtain the full benefit from stratification Ni must be known,

When the strata have been determined, a sample is drawn from each different

(1) _(2)
i ’

strata, The sample sizes within the strata are denoted by n N e e ey

ni(L) respectively. If a simple random sample is taken in each stratum,

the whole procedure is described as stratified random sampling,

Notations: The following symbols all refer to stratum h:

(4)
/\/‘ Total number of units of Ui
(h) .
n; Total number of units in sample
n;: (4) Total number of units common to samples from Ui
J and U,
(h)
7 Total number of units common to U, and U,

2 eh) i }

Estimator of number of units common to Ui and Uh

V-‘" = Total number of units common to Ui and Uj'

We shall denote the estimator of 0:, for the populations Ui and U, by

) J
(«‘J Vat*
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Problems

(1) To define estimatora of Ve

ij*
(2) To investigate properties of such estimators.,
{3) To determine the best choice of ni(h) and nj(h) 8o as to

obtain maximum precision,

(4) To extend, whenever appropriate, the estimation problems
to more than two populations,

Analysis
Th 8: In h ;‘ *) M (")MM) ¢h) isa
H .e - o 8 n
eorem 8: any stratum h, i - ’l ) nj 7y K,
() 4 (h) ) pg (h) (/,) (‘)
unbiased estimator of ¥, and in general ¥, - A N ) is an
Yy gL u.),,l (h) ”‘(h)
¢
unbiased estimator of V: Y
/ .,
Proof: Since each stratum can be regarded as a subpopulation we need
h)
congider E(V' (h)) and E(V‘( ) only for that stratum, Then the
proof is the same as for Theorem 1.
1(A)
Theorem 9: If in every stratum h, V;/ is an unbiased estimator

of V‘} 4) then( V{/ /)3 defined by
L Ny ) (h)
Crp )y = 2L — v’
J sr het NN Y
is an unbiased estimator of ‘/ . '

- ) ¢4
if Gows £ is an unbiased estimator ofV‘}a.__L. then

More generally,

( T‘-/f ) s defined by
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/ §' 7 y . - ol
(v‘;"---ﬁ)st T Lo MMM fy'; (22)
k-t ¢ 7

is an unbiased estimator of V., .
f/ LI T 'L

1 A i s

Proof: We want to show that E[(G;/ I)“} -

i
W (4
In every stratum h, V;,' is an unbiased estimator ofV“/-'- so that
Lo @ m gy L ), (h)
£fte), | -5l L gL 3 Mt g
A S v het NN /

We have already stated that the strata could be regarded as independent

N (hl , (h)
"populations", Thus ‘N N, is the probability for the stratum b,

i’y
Thus
N W g Aty
where Eh means averaging for strata, This by definition is indeed 7.

.ll.

is obvious,

The extension to( (7;/ l)sr

Note: The proof for Theorem 8 does not use any particular unbiased !

estimator of each stratum,

W N NB )

A
Theorem 10: For ¢ = 4 —t n. and
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h) () (h)

N. N . N
A (h) ¢ Y- y4 (h) A /A
q"/ Y n‘.u.)”j(/.). . "/w STIRRY B (V;/-),, and (ﬁ...;)“
defined by

L h) (k) 5) A L l\/(l') (4) (h) (h)
- = .A/‘__—AJ/—— - ( .. - [} M o . é/‘
(V‘j‘):r I‘Z-:; A l% \7 and (q;...[)sr é} N; N N/ V(; £

(23)

are unbiased estimators of V;

Proof:
(u ()

E(e %G Jar = IZ. ¥ a.) R }

L A,c/,) N(/,) N“" N a.) (AN ). ()
_ (R

> [Z P (s )F#;)

h<i

/
where Z_. indicates summation in the stratum h,

NU») N: (h)

]
the probability that a unit chosen for each of the pair of samples belongs to

is

straﬁum h. To make sure that the same unit ¢& belongs to both samples

in the stratum h , we assign this unit to both samples and choose the remaining

(. B) (h)
1

- 1) and (n, = 1) units from stratum h for the two samples,
J

Thus if we define

1 if unit «¢ from stratum h belongs to Samples
(h) _ 5, and S,

o (l.',j)

0 otherwise,
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e

then

() (4)
Lo ) ) ) (N- - )(A/ ) z)
Y th) | J
£ (%) = 2 N—‘-——‘L'N § § (h). N N, n"(/-)_, PRy

where Z is summation over all the units in Ui and Uj
<

A
Thus £(V&)ﬂ' = Z"‘ Su(c‘,j)— V;

where

S« Jj)

1 if unit &« belongs to Ui and U

j

0 otherwise,

is obvious,

A
The extension to Ll
( .'j...t )sT

L s¢h)
A
Note: (éi/'),:r' is not the same as (;:]-)where(v‘;- )= Z V:j .

hel
A 4
The difference is that in (V;l ) the individual strata receive their correct
(A A/ (h) A A
weight /LEV——AJ——- It is evident that (¢ ) coincides with (V.':--),,r"
‘ /’6 ¥y J

provided in each stratum
A) K)
nen /\4(‘9/\/-“’
n; ,,:/. = AT = constant
A
This means that the sampling fraction is the same in all strata, This strati=

(h) (h)

fication is called stratification with proportional allocation of n, and n.,= ',

J
It gives a self-weighting sample,
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A
Theorem 11: For stratified sampling, the variance of {( J.'/ )‘t}aa an

estimate of o> is

¢
A ( U‘)) (N ) d’f‘)
Variance {(f{/)‘t - A./ A{ /V/ Variance (f/ ) (24)
In general,
L wye, k2 & 3 «
Vanance{( ,/ [) } Z(N )(A;} (/V /'VarianCe ’A- I)
L. NF gL
/ {
(25)
Proof:
k) L) 4y R)
K , &)
N M,
(), - 2NN £ NN
ij ‘5. ¢f 4 -—/U—N:-/— /) ; Ny N J (26)
(H O AR (,(,
jod Z N; / (4/ - 4'/' )
veny
. 2 (u () A (L) thy <
) e f L ST (5= g
(0’-"-) ¥ 3
Y is. Y AT /
- a.) “ & f‘l "“1 ¢4 e (u (27)
#2 L NN NNy (G- )( %
Rfh =

2
~ Ao
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Since the error in the estimate is now expressed as a weighted mean of

the errors of estimation that have been made in each individual strata,

The right hand side of Eq. (23) extends over all pairs of strata, We now
have to average over all possible samples, For any cross product term,
we begin by keeping the sample in stratum h fixed and average over all
samples from stratum k., Since sampling is independent in the two strata,
the possible samples in straturh k, will be the same and will have the same

probabilities, whatever sample has been drawn in stratum h, But since

Alk) (A Ky (l’l
0‘7/- is assumed unbiased, the average 6 / is zero, Hence all

cross product terms vanish, Thus

2
L (k) (.‘)) N7IETRe ]

! s (M N -
Variance{(g?/-%b} = ,(Z-/ ___A_/_f_‘//.gr E 6 -'d,}
f)
L k) (R) 2
= Z(NL Vi ). Varianee (‘2](‘))
A=/ N.‘A_//" ' (28)

A
The extension to (a“[ 2‘? is obvious, Note: we have not used any particular

Al
unbiased estimator 02.-“’ in this proof,

/ Alk) “}N“)

Theorem 12: When 0: = t N ., "é") and
v Wi 4
L e A m
[3(' ) = Z A; . “) , the variance(‘/ .
/ 3t Ks/ MA{/' ;[A) "') /
is ¢ /i

: L k) &) 2
Var 2 AL - A} (h)
Lir ¥ N; Ny ""—"m ”;5; ”Z]
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tl) hy, o w (/8]
H{ AN ‘N';,"",;,",f, -1} "]
(/V )( ) /

(29)

Proof follows from Theorems 2 and 11,
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Appendix D

An Experimental Investigation of '"Clustering"

INTRODUCTION

In a previous report under this contract (Co-Author Clusters:

AF Contract 19(626)-10 Quarterly Report III) a technique for '"clustering'
on the basis of co-authorship relationships was explored in which net-
works, or clusters, of authors were found and authors ranked according
to a measure of centrality within each net. This report describes:
A. An experimental investigation of citation indexing
" which was recently undertaken as a continuation
and extension of the above work on clustering
techniques.
B. An algorithm for automating the path-tracing tech-
nique used to discover central authors within co-
author networks.

A, CITATION INDEX CLUSTERING

A citation index is an information retrieval tool which lists, for
each document in the index, those documents that have cited it--its
"descendants''. Several large scale citation indices are now being
made (1) (2) (3). In this study, a variation of the citation index concept,
an author citation index is being explored, which lists, for each author,

those authors who cite him,

Data Collected

A small citation index based on a bibliography collected by
Charles Bourne of Stanford Research Institute, plus all documents

referred to in these articles (in the field of Information Retrieval)
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has been made. The index consists of approximately 500 original

titles, 1300 cited titles, 213 original authors and 450 cited authors.

Data Analysis

1.

Preliminary data describing the document and author
samples have been obtained (total number of different
authors and titles in the source and citation decks,
frequency distributions, growth and interconnectedness
of the samples.) It was found that 93% of the authors

are cited 5 times or less, and 69% are cited oaly once.
Eight authors were cited 15 times or more (M, Baliley,
C. Bernier, R. Casey, H. ILuhn, C. Mooers, J. Perry,
C. Shannon, M. Taube). However, in one sense the
matrix is highly interconnected. Of the 213 authors in
the source deck, 62% (132) are also found in the citation
deck, which gives an indication of the growth of the author
index,

An attempt to partition the author citation index in a way
analogous to that used in the co-author study (find all
authors, b, c,...who cite a, then all those who cite

b, ¢,...etc.)is, so far, yielding much larger and more
highly interconnected networks than were obtained with
co~authors. One network found contains approximately
48 authors. Although the matrix of relations is of course
not symmetric, some symmetry was found--7 of the 48

authors cited each other.

103,



3. Examination of a sample citation tracing (on titles)
made by John Tukey indicated a ''chaining'' effect in
the citation habits of the authors. (a cites b, then ¢
cites a and b, d cites a, b, and c etc. ). This chaining
effect will have to be considered in any attempt to
obtain ''key' authors by some frequency-based criteria.

B. PATH-TRACING ALGORITHM FOR RANKING CO-AUTHORS

In the paper on co-author clusters, a manual path-tracing
technique for finding '"central" co-authors in a communication network
of co-authors was proposed. Here, an algorithm, suitable for com=
puter use is described to replace the manual technique, and a rough
estimate of computer time calculated,

In the original paper a network of co-authors was partitioned

into sub-networks. Then a sub-network, e.g.,

was drawn in which the nodes represent authors, and the links, the
symmetric relation ""co-authored with', From this graph, a matrix
was obtained and "central" authors derived as follows:

Consider author i

Letp, i =  the minimum path (in terms of number
of links) between 1 and j
letd - 2 P = cumulative "distance
i ) Fij
between i and all other authors in the network.
Then

Let di(min) be a measure of '"centrality' for { (The ""central"

author is the one for whom di is minimum)
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g - e

The following algorithm assumes that the network has been
partitioned into subnetworks and describes the path-tracing and
summation procedure for {inding the '"'central" authors within each
sub-network. To automate, we make use of the following known
theorem:

(k) c if and only if there are c distinct

In Ak the entry aij
k-chains from i to j, (where A is a matrix with elements aij’ k is
the k2 power of A, and a k-chain is a chain with k links),

Therefore, we proceed as follows:

Consider the author i:

Let a,ij = { 1ifi and j are co-authors
0 if not
Let kij be the smallest value of k such that
a; j(k)) o.
Then
- &
% i 4

e. g. Considering the first vector alZ' ..look for all non=zero
entries, Count the number of non-zero entries, If all entries are
non-zero, proceed to the next vector. If some zero entries are found,
take the square of the matrix A . Looking only for those entries
a.lj which were zero in the preceding matrix, count all entries alj
which are now non-zero. Multiply the number of such entries by 2
(the power of the matrix). Add the number obtained to the previous
sum. Repeat the procedure by taking successive powers of the matrix
until all entries alj have been accounted for, Then rank the di as in the

manual technique), For example, given the network:
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The manual technique yields the cumulative distances diz

dl " 4
dz - 4
d3 = 6
d4 = 6

To automate, we obtain the symmetric matrix, A
0 1 1 0
1 0 0 1
1 0 0 0
0 1 0 0
P and a,; are non-zero, therefore, we get the number of such entries
times (1) times the power of the matrix, yielding the partial sum
P,=(@2)x(1)=2
The square of the above matrix, AZ
2 0 0 1
0 2 1 0 . Al
0 1 0 0
1 0 0 0
Since a4 is the only entry in the vector a 17 ° not previously
encountered, we look for it. Here it is non-zero, so, counting the
number of such entries, (1), and multiplying by the power of the matrix
(2), we get (1) x (2) = 2, added to the partial sum Pl = the new partial
sum PZ <4,

Since all entries in this vector have been accounted for (a,ii is not

considered) we need not take further powers of the matrix, and PZ= 4 = dl'
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the cumulative distance obtained with the manual technique, The
procedure is then repeated for all other vectors.

For a rough order-of-magnitude estimate of computing time,
assume the data is stored with one cell to a computer word, (''Packing"

36 aij per computer word may be more feasible for larger matrices).

Then if
n = order of the matrix
k = highest power of the matrix needed to find

all distances di
The number of multiplications, m, required is at most
m = n3 (k-1)
(to obtain one element of the new matrix requires n
multiplications; there are n x n elements; the process
is repeated (k-1) times)
For the largest network found in the co-author e¢xperiment
n = 12
k H 4

3 « 5 x10% multiplications

m = 3.12

Assuming an average of approximately 10 cycles/multiplication

=5x 104 cycles, at 2ks/cycle =.1 sec. (IBM 7090)
Letting the additions increase the multiplication time by 1/5 (addition
takes 2 cycles) gives a total of approximately .12 seconds. And
doubling the above figure to allow for other programming instructions
gives .24 seconds per network.

Since 23 networks were found in the computer experiment (none

as large as above) computing should not be more than 6 seconds.
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As a result of work on both co-author and citation patterns,
the utility of a general ''path tracing' computer program became clear,
Such a program would be applicable to citation index (title citation
index and/or author c.i. ) data, as well as to co-author data, and
would have the following functions¥:
a. Give the distance between any pair of nodes.
Distance to be defined either as minimum path as
in the co-author study, or as a defined distance--
such as, for the citation authors,

f (m, n, o) where

m = number of times a cites b
n = number of authors by whom b is cited
o = number of authors a cites.

b. Given a distance, find, for any chosen node (person,
title) all nodes within that distance.

c. Given a node (e.g., title in a citation index) limit
the path tracing by some combination of words within
the node (e.g., given a title, select only those titles
which contain words a and b but not ¢, trace only fhose

paths emanating from the selected nodes...)

*  In the following description, the "nodes' and ''links' would be:

Author Citation Index Title Citation Index Co-Authors

Nodes authors titles authors
Links "is cited by" "is cited by" "co-authored
with"
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