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ASYMPTOTIC VALUES
OF HOLOMORPHIC FUNCTIONS

1. Introduction. The purpose of this paper is to derive some
results on the asymptotic values of functions f(z) holomorphic in
the unit circle. If f is bounded or has bounded characteristic, then
the Fatou-Nevanlinna theorem and related results tell the story. We
are concerned with a larger class of functions where a considera-
tion of radial limits is completely inadequate; we must consider
asymptotic values along arbitrary curves in { |z | < 1} which end
ata pointof {|z|=1).

In section 2 we summarize the facts about asymptotic tracts
which will be needed later.

In section & we define three classes of non-constant holomorphic
functions in { |2 | < 1}. A is the class of functions having asymp-
totic values at a dense set on { | 2 | =1 }. B is the class of functions
such that there is a set of Jordan arcs T'in { | z | < 1 }, each ending
at a point of {|z|=1)}, such that the end points are dense on
{ | 2| =1} and such that on each T either f — o or f is bounded. The
clags [ is defined as follows: f € [ if and only if each level set
{2]|f(2) | =X} “ends at points” of {|z|=1}. (The precise
definition will be found early in section 3.) The central result is
Theorem 1: 4 =B = L.

The remaining two theorems of section 3, as well as Theorems 4
through 9 of section 4, give information on the possible nature of
the asymptotic tracts of f € A. In particular, f € 4 may have a
tract, with asymptotic value c, which is associated with a whole
arc K C {|z|=1}. Butif so, to each { € K there exists a curve I
ending at ¢ on which f- «. Various useful conditions associated
with such tracts are obtained. On the other hand, Theorem 4 shows
that a tract associated with a finite asymptotic value corresponds
to a point (never an arc) of { |z |=1}.

Now one of the obvious examples of a function of class 4 is the

modular function f(z) mapping {|z]| <1} onto the universal
covering of the sphere with 0, 1, o removed. As is well-known, the
asymptotic values (0,1, or «) occur just at the vertices of the
fundamental regions, and those are merely countable in number.
But under suitable conditions we can do better than countable dense.
Sections 5 and 6 are devoted to proving Theorem 11: that if f € 4

1This research was supported by the Air Force Office of Scientific Research.
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4 RICE UNIVERSITY STUDIES

and yisanarcof { | 2| =1} on which f does not assume the asymp-
totic value o, then f assumes finite asymptotic values on a subset
of y of positive measure. As shown by Example 11 in section 10, the
conciusion can not be improved to almost everywhere on y.

Section 7 is devoted to deriving some sufficient conditions for
f € A. The fundamental condition, Theorem 14, is

1
(I) [ (1=7) log* | f(re?) [ dr < o (6 € 0)
0

where 0 is dense on [0, 2x]. A more restrictive condition is

1
(I11) §<1 — ) logt M () dr < «
0

where M () is the maximum modulus of f.

Section 8 is devoted to further sufficient conditions for f € A.
The most significant, Theorem 17, is that if f is normal in the sense
of Lehto and Virtanen, then f € A.

Section 9 considers the question of how many distinet asymp-
totic values may be associated with a single point z, 0of { |2 | =1}.
Here f € A doesn’t seem to imply anything particular. But if f
satisfies (III) then, Theorem 22, f has no more than 5 distinct
asymptotic tracts at z,. Examples 13 and 14 in section 10 show that
Theorem 22 is not susceptible to improvement unless more is
assumed about f. The proof of Theorem 22 involves Ahlfors’ proof
of the Denjoy conjecture on the number of asymptotic tracts of an
entire function.

Finally, section 10 contains an assortment of examples illustrat-
ing and clarifying the results of the preceding sections. In par-
ticular, Example 2 shows that there are functions in 4 which possess
no radial limits.

It should be observed that all the results are for holomorphic
functions. The arguments break down in various places for mero-
morphic functions. In particular, nothing in the nature of Theorem
14 can hold for meromorphic functions, for, as was shewn in [14],
there exist meromorphic functions without any asymptotic values
for which 1 (r) grows arbitrarily slowly.
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For future purposes it is convenient to make the following defi-
nition. Let { y,} be a sequence of continuous compact curves in
{|2z] <l)andletybeanarc{z||z|=1a<argz<B}.

DEFINITION. v, — y tf and only if for each ¢ > 0 there exists
n, such that

nC{l-e<|z[<1}
|infargz —a| <g, |supargz—g | <e( (7 >7).
T Yn

One of the basic results, Theorem 14, depends on Theorem 13,
which is a generalization of the following well-known lemma of
Koebe [9]. Let f(2) be holomorphic and bounded in { |z | < 1}. Let
ya—>vy where y, C {|2| <1} and y is an arc of {|z|=1}. If
sup, | f(z) —a|—>0 as n— « then f(z) =a. It should also be
pointed out that the first conclusion of Theorem 9, namely u > 0, is
another generalization of Koebe’s lemma,

2. Asymptotic Tracts. It is convenient to recall some basic facts
about asymptotic tracts, a concept that goes back to Boutroux [4];
see also Iversen [8] and Valiron [22]. We state these facts for the
case of a function kolomorphic in { | z | < 1 } and non-constant; the
ideas involved have a much wider applicability.

A tract { D(e),0 } associated with the finite value a is a set of
non-void domains D (&), one for each « > 0, such that

D (&) 18 a component of the open set

2.1

= (2]]2] <L f(2) —a|<e)
(2.2) 0<e <ea=D(e;) CDC(ey),
(2.3) N D()=49.

e>0
If ais replaced by oo the only change is to replace | f(z) —a | < e
in (2.1) by | f(2) | > 1/e.

The point of (2.3) is clear; we don’t want D (¢) collapsing on a
point of { |2z | < 1}; that would correspond to a value of f, not an
asymptotic value.

It is readily seen that
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(2.4) K=nDG)

is a non-void, connected, closed subset of { | z| =1 }. We shall call
K the end of the tract. If K is a point (arc) then the tract will be
called a point- (arc-) tract. The tract is a point-tract if and only if
diam D(:) — 0 as ¢ — 0. The tract will be called global if and only
if K is the whole circumferance { |z | =1} and for each arc y C
{|#z| =1} there is a sequence of arcs y, C D(1/n) such that
yn—> y. This last condition is important; Thecrem 6 is false unless
some such condition is included in the definition of global tract. For
an example of a non-global tract for which K = {|z| =11}, see
Example 3 in section 10. As is well-known, there are functions which
have more than one global tract; f can tend to « on one spiral and
tend to zero on another. There can be more than one arc-tract asso-
ciated with a given arc; similarly for point-tracts. But we shall see
that for the class of functions we shall consider such multiplicity
can arise only in the case of point-tracts.

A tract is uniquely determined by D (¢,) satisfying (2.1), (2.2),
and (2.3) for some sequence ¢, ) 0. The two tracts {D,(s),a,} and
{D,(e),a, } are distinct if and only if D,(¢) N D,(c) = @ for ¢
sufficiently small; if a, 54 a, they are automatically distinct.

Let {D(e),a} be a tract and let T: 2=¢(£),0<t <1 be a
continuous curvein { | z | < 1)} such that ¢ (¢) € D (e) for 1 — 8 (e)
<t < 1. In this case we shall say that T belongs to { D(¢),a }.
Because of (2.3),|¢ (£) | > 1 ast 1 1. Clearly f(z) »aas|z|—>1
on T; that is, f has the asymptotic value a on I. Given the tract, there
exist curves T belonging to it. Conversely, if f has the asymptotic
value ¢ along some curve I' on which | z | — 1, then there is precisely
one tract { D(¢),a } to which T belongs. A curve I belonging to
{ D (¢),a } will tend either to a single point of K or to an arc in K.
There always will be some T" which tends to the whole set K ; there
may or may not be curves I' belonging to the tract which tend to
proper subsets of X.

(2.5) Let as~ o« and let {D(¢),a } be a tract. Then D (¢) is
simply-connected (maximum principle). Let I', and T, be two Jordan
arcs belonging to { D(¢),e } which tend to single points ¢, and ¢,
of K. Then ¢, = ¢,. If I, and T, are disjoint except that they start
at the same point, say z = 0, then any curve I' tending to ¢, and lying
in the domain bounded by I, U T, also belongs to { D (¢),a }.
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(2.6) Let I, and T, be two arcs in {|2]| < 1} ending at the
same point ¢, | { | = 1, such that f — a; on Ty, a; finite. If T, and T,
belong to different tracts (which is certainly the case if a, 7% «,)
then there is a curve I, between T, and T, and ending at ¢, on which
f— . “Between” means that I, and ', may be extended so that
T, U T, is a Jordan curve and I lies in the corresponding Jordan
domain.

(27) If a = » then D(¢) may have any connectivity and the
results in (2.5) all fail. See Example 3 in section 10.

(2.8) Let T, and T, be two arcs in {|z]| < 1} ending at the
same point ¢, || =1, such that f— « on (1 =1,2) but such
that T, and T, belong to different tracts for the value «. Then there
exists a curve I" between T, and T, and ending at ¢ such that f is
bounded on T.

(2.9) We shall say that f has the asymptotic value o at ¢,
| ¢ | =1, if and only if thereisan arc T C {|z| <1} tending to
¢ such that f — a on T.

We conclude this section by remarking, as is well-known, that
any holomorphic function fin { | 2 | < 1 } has at least one asymptotic
tract. The easiest way to see this is as follows: Let w = f(2) map
{|#] <1} onto the Riemann surface S over the w-plane. Let the
ray B: w=f(0) + e'ef, 0 <t << = on the w-sphere be chosen so
that S has no branch-peints over R. (If f (0) = 0, use some point
2, 5= 0, /(z,) 54 0 to start at.) As is easily seen there is a maximal
half-open piece of B, R; : 0 < ¢ < 7, r < o, which may be lifted into
S, starting at f(0) in S. The point of the requirement that f be holo-
morphic is that § has no points over « and hence it is impossible
to lift the complete ray R. It is now easily seen that w, = £(0) -+ efer
is an asymptotic value of f along the curve in { |z | <1} which
corresponds to the lifted E_.

Example 3 in section 10 shows that f may have precisely one
asymptotic tract.

3. The Classes 4, B, and [.

Let 7(2) be holomorphic and non-constant in { |z|.<1}. For
any complex number ¢ (@ = « permitted) we define the set 4, as
follows. The point { belongs to A, if and only if | ¢ =1 and f has
the asymptotic value a ot . See (2.9). If S is any set on the sphere
we set
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(3.1) AS) = U A, AR =0ifS=0.
a €8

In particular we set

(3.2) A= U Ay A=A"UA_.
a5 w0

DEFINITION, f(z) belongs to A if and only if f is holomorphic
and non-constant in { |z | < 1)} and Ais dense on { |z | =1}.

We define the set B* as follows. The point ¢, | {| =1, belongs
to B* if and only if there is an arc I'in { |z | < 1}, ending at ¢,
such that | f | s bounded by some finite constant M on T. In general
the bound M will vary as ¢ and I" vary. Also we set

(3.3) B=REB*UA,_.
DEFINITION. f(2) belongs to B if and only if f is holomorphic

and non-constant in { |z | < 1) and B is dense on { |z|=1}.

It is immediately clear that B* D 4%, B DO A, and hence

(3.4) A CB.

For the following two definitions we distinguish between level
set and level curve. Given f(z) in { | z | < 1 }, then the level set L (1)
is{z||f(z) | =A};herexisany constant > 0. A level curve C ())
is any component of L ()\).

Now let S be any subset of {|z| < 1}. For eachr, 0 <7 <1,
let the components of

SN {r<iz]<l)
be S;(7), ¢ € I. Let §;(r) = diam S;(r) and set

S(r) = sup & ()
1 ¢l

with § () = 0 if I is void. Clearly §(r) | as r 1. We shall say that S
ends at points of { |2 | =1} if and only if §(r) | 0 as r 7T 1.

DEFINITION. f(z) Delongs to the class £L(L*) if and only if f(2)
ts holomorphic and non-constant in { |2 | < 1} and every level set
(curve) L(r) (C())) ends at points of {|2z]|=1}.
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It is immediately clear that

(3.5) L CL*

Remark on the definition of £*, If C(\) is a level curve of
f € [* without double points, then either it is a Jordan curve or
each “halt” of it ends at one definite pointon { |z | =1 };%.e, C(}))
is a cross-cut of { |z | < 1 ). However, for some A, C (1) may have a
countable infinity of multiple points and for this reason it seems
simplest to define £* as above in terms of the concept of “ending at
points”. We remark that the level curve C(\) ends at points of
{|2]| =11} 1f and only if every continuous curve T C C (1) on which
| z| — 1 tends to one definite point ¢, | ¢| = 1. It is immediately
clear that if C(\) ends at points then every I must tend to a point.
Suppose now C () does not end at points. Since C(\) is connected
there exists 7, such that for », < r < 1 every component, C;(x,7),
t =12, ...0f C(\) in {r<|z]| <1} will have a limit point,
zi(r), on {|z|=7). If for a given » there were infinitely many
components C;(A,7), there would exist a point z,, | 2, | = r, every
neighborhood of which would meet infinitely many C;()\,»). But f
could not be holomorphic at such a point; thus there are only a finite
number of components C;(\7), ¢ = 1,2 --- , i(r). Pick {7},
0 < 7,7 1. Since C (1) does not end at points, one of the finitely many
components C;(\,r,) does not end at points, say C,(\,r,), and for
this component 8 (») | § > 0, where §(r) is the §(r) used in the
definition of ending at points. Then one of the finitely many com-
ponents of

Cilyry)y niir,<lzl <),

say C,(A,7,), satisfies the same condition §(r) | § > 0, and so on.
Thus we get C, (A7) D C,{(\7,) D -+ - with diam C, (A,7,) == 8. Let
' be a curve tending to { | 2 | = 1 } and running in C, (\,7,), C, (A7),

- in succession; I may be chosen so that C, (\,7,) contains a com-
pact portion of I with diameter > §/2. Clearly T does not tend to one
point of {|2]=1) and our remark is proved. It should be noted
that this T" just constructed need not be simple (without double
points). It is possible to construct an f(z) which has a level curve
C (1) consisting of a sequence of disjoint cross-cuts y, of { |z | < 1}
which tend to an arc y of { | 2| =1) and of a simple arc y which
interects each y, just once and tends to an interior point of y. Any
stmple T C C(1) will then tend to a point, but C (1) does not end
at points.
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Our object now is to prove the fundamental Theorem 1.
THEOREM 1. A =B=L C L% and the inclusion is proper.
We start with the following lemma.

LEMMA 1. Let f(z) be holomorphic, non-constant, and bounded
n{|z]<1).Thenf € L.

Proof of Lemma 1. Let | f| < 1 and suppose f ¢ L. It follows

then that there exists a A, 0 < A < 1, such that the level set L ()
contains a set of disjoint simple arcs y, such that the y, tend to an
arcyof { | z| =1 }. By means of Fatou’s theorem and a linear trans-
formation we may assume that the radial limits f(=217) exist and
that each v, is a cross-cut of the right half unit disc joining a point
of the radius (—4,0) to a point of (0,7) . Furthermore we may assume
that in the right half disc vy,.. separates y, from y={e? || ¢ |
< /2 ). Let D, denote the domsin bounded by v,,y..1 and two seg-
ments of the radii (0,%4%). Since | f | = A on each y, it follows that
| f(x1) | = A Then from the maximum principle

(3.6) [f(2) [ <A+e (2 € Dy > m0(e)).

From (8.6) it follows that

(3.7) lim sup | f(2) | =2 (£ €9

z2—>C

where vy° is the interior, | § | < =/2, of y.
We show that the point 1 is not a limit point of zeros of f. Let

Uy={lzl<1}n {Je=1[<1/)
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and for some fixed v let a, be a zero of f, a, € U,. The function

CLVZ

g (2) = f(2) 2

is bounded by 1 and also satisfies (3.7). Hence log | g,(2) | < 0 (?)
log A where « is the harmonic measure of y in the unit disc. Thus

(3.8) log | f(2) | <o(2) loga +log | == | (]z| < 1).

Let o, denote the segment {argz—arg a,,|a, | <|2z| <1} If

¢ = max g;’ | (z € U,),

then ¢ is a finite positive constant since » is harmonic in the closure
of U,. Then

(3.9) w(®)=1—c(l—|z]) (2 € U,

and hence (3.9) is valid on every o, .
The function
hrp) =log+ = (0<b<r<),

is readily seen to be a concave function of » with 2 (1,0) = 0. Hence
h(ry <W() (r—1) or

g1 =5 <~ ﬁi’b)(l—-?’) (O<b<r<l).

On the segment o, then

| 2] —]a]
1—|adyz|

<-tHea—yeD.

(3.10) log | £=2L |=log
Using (3.9) and (3.10) in (3.8) we get

(3.11) log | £ (2) | < log {i*}“"ﬁ+cmgAy1~lzn (2 € ,).
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Now if 1 were a limit point of zeros of f, then there would be an
a, € U, for each v. Picking v large enough so that from the defini-
tion of U,
1+ |a, |
1= a]
we see from (8.11) that [ f(2) | < A on ¢.. But o, is intersected by

infinitely many y, on which | f | = A, and thus we have a contradic-
tion. Hence 1 is not a limit point of zeros of f.

>v>|clogal,

Now let U be one fixed neighborhood U, which contains no zeros
of f and let B, = [0,e%.), k = 1,2, be two distinct radii which end in
U and are such that the radial limits f(e”:) exist. Then

(3.12) | F (e | =\ (k=1,2).

Tet v, C y, be a cross-cut of the sector 4, < arg z < 4, and let G,
be the domain bounded by v/,, y'».: and two segments of R, and R,.
Since |f | =\ on v/, and because of (3.12), it follows that

@ =2 <e

on the boundary of G, for n > n,(¢). But for n > n,, G, C U and
f 54 0 in G,. Then it follows from the maximum-minimum principle
that

Hence | f(2) | > rasz — y/, where y’ isthe arcof { |2 ]| =1} from
6, to 6,. Then by the reflection principle, the function log | f(2) |,
which is harmonic in U, is harmonic in a complete disc about 1.
But then f(z) is holomorphic at z = 1, which is incompatible with
a whole slew of distinct level arcs vy, coming arbitrarily close to
2z = 1. This completes the proof of Lemma 1.

Proof of Theorem 1. Proof of B C 4. Let f € B. To prove that
f € Aitis clearly enough to prove that if yisanarcof {|2]| =1}
such that f does not have the asymptotic value « at any point of y
then f has a finite asymptotic value at some point of y. Since f € B,
there exist two distinet points ¢, and ¢, on y and two arcs C, and C,
joining 2z = 0 to ¢, and ¢,, respectively, on which | f | <M. We may
assume that C, and C, are disjoint except for z = 0. Let D denote
the domain bounded by C,,C, and the subarc y = ({,¢,) of y.
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If f is bounded in D, then f has radial limits at almost all points
of y" and the proof is complete.

Suppose f is unbounded in D. Then w = f(z) maps D onto a
Riemann surface S containing some points over | w | > M. Let P,
be a point of S over w,, | w, | > M, and let R be a ray from w, to
in the w-plane such that R lies in | w | > M. R may also be chosen o
that it avoids the at most countable set of projections of the branch
points of S. Now it is easy to prove that there exists a maximal half-
open segment [w,,w,) of R which may be lifted into § with starting
point P,. Call the lifted path B, and let T be the image of R in D.
Clearly f — w, on I"and T must tend to the boundary of D; that is, f
has the asymptotic value w, on T. But |w, | > M and |f| <M on
C, and (.. Hence T must tend to an arc or point of .

Now if w, = <, it follows from our hypothesis (that f does not
have the asymptotic value « at any point of y) that I must tend to
an arc y, C y'. But this is impossible; for f € B and f is bounded
on each of a set of curves ending at points which are dense on v,.
Thus | w,| < .

If now T tends to a point of v/, we are done. If T tends to a whole
arc y, C ¢ let £, and ¢, be two distinct interior points of y, and let
C, and C, be arcs ending at ¢, and ¢, on which f is bounded by M,.
This is possible because of f € B and our hypothesis on y. But | f |
< M, on T, and T contains arcs, each joining a point of C, to a point
of C,, which tend to vy, = (&, ¢). Then by the maximum principle

lim sup | f(2) | < max (M,,M,) (€ v,).
z2— L

Thus by Fatou’s theorem, f has radial limits almost everywhere on
v, and f does have a finite asymptotic value at a point of y. (Actually
T must tend to a point, for, if not, all the radial limits on y, would be
equal to w, which, by the Theorem of F. and M. Riesz, would imply
f = w,, which is incompatible with f € B.) Thus we have proved that
B C A; together with (3.4) this gives

(8.14) A=R8.

An examination of the above proof shows that we have proved
something more than we set out to prove. If f is bounded in D, then
A* N y has positive measure and hence has the power of the con-



14 RICE UNIVERSITY STUDIES

tinuum. On the other hand, if f is unbounded in D, then there is a
continuum of permissible rays R, with w, and P, fixed, leading to
distinct finite asymptotic values w,. Two distinct asymptotic values
w, will be associated with distinct points of y because of (2.6). Thus
we have proved the following theorem. ‘

THEOREM 2. Let f € Aandlet y bean arc of {|z]| =1} such
that A, N y=@.Then A* N y has the power of the continuum.

We shall prove in Theorem 11 that A* N y has positive measure,
but that will take much more work.

Proof of B C L. Suppose f € B, f ¢ L. Then there is a level set
L{A) which does not end at peints. That is, each annulus {r < |2 |
< 1} contains a component of L (1) whose diameter exceeds 28 > 0.
From such a component we can pick a simple comipact arc whose
diameter exceeds 8. By picking a suitable sequence we obtain dis-
joint arcs y,, tending toanarcy C { | 2| =1}, suchthat | f(z)| = A
on each y,. It is impossible then that f have the asymptotic value «
at any interior point of y. But f € B, and hence there exist two dis-
tinct points interior to y, £, and ¢, such that | f | < M on arcs C, and
C, which end at ¢, and ¢, respectively. We may assume that C, and
C, start at # = 0 and have no other point in common. Let D be the
domain bounded by C,,C,, and the arc y = (&,,¢,) C y. Each y,, for
n > m,, contains a cross-cut v/, of D, joining a point of C, to a point
of C,. It follows from the maximum principle that | f(2) | < Max
(M,7) in D. Map D conformally onto {|w | < 1} and set f(z) =
F(w). Clearly F' has a level set, containing the images of the ¢/,
which doesn’t end at points. That is impossible by Lemma 1 and
hence our assumption f € B,f ¢ L isimpossible. Thus wehave proved

(3.15) BCL

Proof of [ C B. Let f € £ and let y be a given compact arc of
{| 2| = 1}. We shall prove that there is an arc T C {|z | < 1}, end-
ing at a point { € y such that either f is bounded on T or f — o on T
We shall consider level sets L (\) and level curves C(\). For con-
venience we shall assume that ) is chosen so that L (A) has no mul-
tiple points; that assumption forces the omission of at most a
countable number of A. Then each C(A) is either a Jordan curve
or a cross-cut of {| 2z | < 1}, since f € L.




ASYMPTOTIC VALUES OF HOLOMORPHIC FUNCTIONS 15

If there exists, for some A, a cross-cut C (1) that ends at a point
of y, then we are done. Also, if £ is a point of y and there exists a
neighborhood of ¢ in which f is bounded, then the existence of T is
trivial.

So we assume that no C (1) has an endpoint on y and that at each
point ¢ € y

(3.16) lim sup | f(?) | = .
z2—

Consider then a permissible sequence A, T « and let D, be that com-
ponent of {z| | f(2)| < A,} which contains z = 0; we assume that
| £(0)] < A, Now D, is simply-connected (maximum principle) and
is either the interior of a Jordan curve which is a C(x,) or is
bounded by a finite or countable number of cross-cuts C(A,) and
various points of {|z| = 1}. In the latter case, because of (3.16)
and the fact that no C(»,) has an end on y, D, will have one C(A,)
on its boundary which separates z = 0 from y. Let

y={e"a<I<B}

and let R, and R, be the radii to e and e'# respectively. Then for
either sort of D, the boundary of D, will contain an arc vy, which
joins a point of R, to a point of R, and is a cross-cut of the sector
a < arg z < B. Now, | f(2)]| = X, 1 « on y, and y, — y. It follows
from Theorem 3 immediately below (which does not depend upon
Theorem 1) that f has the asymptotic value « at every single point
of y, which completes the proof of

(8.17) L CB.

Now, if we combine (3.5), (8.14), (3.15), and (3.17) we have
Theorem 1, except for the propriety of the inclusion. That will be
taken care of by Example 16 in section 10.

THEOREM 3. Letf € L and let v, be a sequence of distinct simple
arcs in {| & | < 1} which tend to the arc y of {|z| = 1} with the
property that

(3.18) inf | f(2) | =pn— (n— ).
z € Yn
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Then f{z) has an asymptotic tract {D (&), } with end K such
that y C K and such that if ¢ is an arbitrary point of K then there
is a curve I belonging to {D (e), } which ends at {. At any interior
point & of K the only asymptotic values come from this tract
{D (&) ,0}.

Remark. If { D(e), « } is a given tract for an arbitrary holo-
morphic function for which K is an arc, then we can choose v, C
D (1/n) such that y, — K and (3.18) is satisfied. So one consequence
of Theorem 3 is that any arc-tract {D(s),«} for f € L is relatively
decent in that one has point asymptotic values on all of K. See
Example 8 in section 10. But more than that, Theorem 3 shows that
a sequence vy, — y on which f — o determines one tract; that resuit
is false for unrestricted f.

Proof. Let y = { € | « < § < B } and let ¢ be an interior point of
y. Choose «y,8,, so that « < o, < arg ¢ < B, < B. Let S(«,,3,) denote
the sector { o, < argz < B, |2| <1 }andlety’, C y,be a cross-cut
of S (a,B,) joining a point of arg z — «, to a point of arg z = 8,. By
using a subsequence of the y, if need be we may assume that each vy,
contains such a cross-cut v/, and that y/,.; separates y/, from |2 | =1
within S («y,8,). We may also assume that y, T «. Let E, denote the

Bs

G

oy

subdomain of S{(«,,8,) which is bounded by v, ¥ ns1, and two inter-
vals on the boundary radii of S(a,B,). Now let A > 0 be a given
constant and consider the level set L(A) = {z]|]|f(2) |=A}. For
n = n, let the components of L (1) N E, be l(n,g), 1 <1< 1, Here
we choose n, = 1, (\) so that by (3.18) no v, with n = n, intersects
L()). Let

(3.19) : 8, = max diam I (n,7) (n=n,).
1

Since f € [

(3.20) : S, — 0 (n-> o).
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For the sake of simplicity we pick A so that L (1) has no multiple
points. Then, by (8.20) for n == n,, any curve l(n,9) which inter-
sects the radius R = { argz == arg { } will be a Jordan curve con-
tained in F,. Hence any interval of R, in E,, on which | f(2) |< A
may be replaced by an arc of a level curve [(n,f). Making such
replacements (finite in number for any one ») for each n = n,, we
obtain a curve I'(1) such that

Hm inf | f(z)| = A
[z]|—> 1,2 €T(\)

Also T'()) tends to ¢ by (8.20), and T'(A) and R intersect at each
intersection of B with any v/,.

Now let A, T o« be given. We construct T from portions of T'(1,),
(), - --. Let Q, be the last (max |z |) intersection of R with ¢,
and let T (A\;,n) be the portion of I'(\;) joining @, to {. Follow T'(A,)
from z = 0 to Q,, where n, is chosen so that

largz—argl| <%, |f(&[=r (2 €T(O,n)).

From @,, follow I'(},) to the point @,, where n, > n, is chosen so
that

|argz —arg ¢ | < 1, [ f(z)| =X (2 €T(M\y1,) ).

Follow T'(},) from @,, to @,, where etc. The composite curve T thus
constructed clearly tends to ¢ and f(2) — o« on T.

We have assumed so far that ¢ is an interior point of y. Now let
¢ be an end point of y, and let { ¢, } be a sequence of interior points
of y with ¢, — ¢ Let 1, be a curve to ¢, on which f — . A curve T,
tending to &, on which f— « is easily constructed by piecing to-
gether arcs of the I',’s between suitable y;’s and arcs of the yx’s. The
details of the construction are similar to those of the construction we
just finished; so we omit them.

Finally, each asymptotic path I to an interior point ¢ of y inter-
sects all the y, for n > n,. By (8.18), all y, with n > n, will belong to
one and the same domain D(e) where | f(z) | > 1/e. Thus all T
belong to one fixed tract { D(e), « }. If the end K of this tract con-
tains y as a proper subset, then simply choose arcs y*, C D (1/n)
such that y*, — y* = K. Since v*, and y* satisfy the same hypotheses

|
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as y, and vy it follows that if { € K then there is a curve I belonging
to { D (&), } which tends to ¢. The last sentence of Theorem 3 fol-
lows, since if T ends at ¢, an interior point of K, then I must inter-
sect all but a finite number of the y*,. This compietes the proof of
Theorem 3 and hence also that of Theorem 1.

Clearly f € 4 = af + b € A for any constants a and b, a 5= 0.
Then, by Theorem 1, the similar result obtained by replacing both
A’s by [’s holds. That is not immediately clear from the definition
of £. One naturally raises the following questions, where 4* denotes
A plus all constant functions. Is 4* a linear space? An algebra?

4. Results on Asymptotic Tracts. Now that Theorem 1 is proved,
the hypothesis f € L in Theorem 8 may be replaced by f € A4 or
f € B. Theorems 2 and 3 give two results on the asymptotic values
of functions in 4. We add the following two almost immediate
results.

THEOREM 4. Letf € Aandlet { D(e),0 }, a 5% =, be atract of f.
Then { D(e),a } ts a point-tract.

The proof of this theorem is the argument given in the para-
graph immediately preceding (3.14).

THEOREM 5. Let f € A and let B* be defined as at the begin-
ning of section 8. Let the open set B* consist of the open arcs J,.
Then each J,” is the end of a single tract { D(em), » } of the type
wn Theorem 8. In particular

(4.1) B*" C Ay .

Here closure (bar) and complement (prime) are relative to
(lz]=1). -
Proof. Each J, satisfies the condition on y stated just prior to

(3.16) in the proof of £ C B. That proof and Theorem 3 apply. It is
clear from the definition of the J, that the end of the tract

{D(emn), o } must be precisely J,. The analog of (4.1) with B*
replaced by A* is false, as is seen from Example 15 in section 10.

The next three theorems contain further information on arc-
tracts.

THEOREM 6. Let f € A. Then

(A) f has o global tract if and only if f is unbounded and all
level curves of f are compact.
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(B) f has a global tract if and only if f is unbounded on every
curve T in { |z | < 1} on which | z|— 1.

Proof. To prove (4A), assume first that f has a global tract.
Then of course f is unbounded. If C(A) were a non-compact level
curve of f, then, since f € £, C()) would contain an arc I ending at
apoint £ € {|2z|=1}. But (recalling the definition of global tract
in section 2) we can choose v, as in Theorem 8, with ¢'an interior
point of y. Then I would intersect infinitely many y,, which is ob-
viously impossible. Now assume that f is unbounded and has com-
pact level curves, Choose any A for which the level set L (1) has no
multiple points and consider D(A), the component of {z||f(z) |
< A} which contains z = 0; we assume that » > | f(0) |. D(A) is
not the whole disc { | z | < 1}, since f is unbounded; hence D () is
the interior of a Jordan curve J()). Use a sequence A, T o, D(\,),
J(\y); since D(»,) C D(\.) and any given disc {|z| <7},
r < 1, is contained in D (),) for sufficiently large n, it follows that
the curves y, =J (A,) tend tothe complete circumference { | z |=1 }.
An application of Theorem 8 completes the proof.

To prove (B), assume first that f has a global tract. Then it
follows from the preceding that the curves J(1,) exist, tending to
{|#]=1) on which f — «. Every I must intersect infinitely many
of the J()\,) and hence f is unbounded on I. Now assume that f is
unbounded on every T. If C were a non-compact level curve it would
contain a T on which f would be bounded; hence all the level curves
are compact and it follows from (A) that f has a global tract. This
completes the proof of Theorem 6.

THEOREM 7. Let f € 4 andlet { D(s), o } be an arc-tract of f
with end K. Let [ be any point of K, let 8§ > 0, and let

U ={lz]<l}in{|z—-¢]| <8}
Then:

(A) f(2) assumes every finite value nfinitely many times in
U (3,0).

(B) Let w = f(2) map {|z| < 1} onto the Riemann surface
S, a covering of the w-plane. For any r > 0 let the components of S
over { |w| <r}bea(rl), A(r2), - - . Let G(r,n) be the domain
in {|2]| < 1} corresponding to A(rmn). Then for any given r > 0
there are infinitely many of the components A(rm), say A(r,n),
k=12,---, such that each A (r,m;) is relatively compact and G (r,n;)
c U(s,2) for k> 1.
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(C) Each D{(e) has infinite connectivity.

Remark. The relative compactness of a(r,n) (as a subset of )
is equivalent to the relative compactness of G(r,n) as a subset of
{|#2]| < 1}; that is, the property that the closure of G relative to
{]#| <1} is compact.

Proof. (A) is a simple consequence of (B); so we prove (B).

RS

Let ¢, and ¢, be two distinct interior points of K such that | ¢ — ¢ |
< §, so that arc y/ = (¢,¢,) C K lies on the boundary of U (8,{).
Let T, and T, be disjoint Jordan arcs in U, T; ending at ¢; on which
f— o (Theorem 3). Let {y, },* be a sequence of disjoint Jordan
arcs such that y, C D(1/n) and y, — K. For n sufficiently large v,
contains an arc y/, C U which joins a point of T, to a point of T, and
has no points except its end points in common with I, and I,. By
shortening T; and picking a subsequence of the y,” we may assume
that:

1) r, Uy, UT,is a Jordan are, a cross-cut of { | 2| <1} joining
¢, and £, which, together with ¢/, bounds a domain H; and 2) that
the cross-cuts 4/, progress monotonically toward +/; i.e., that ..
separates y’, from y’ in H. Let E, denote the Jordan domain bounded
by v'n, ¥'ns1, and arcs on I, and T,. Giverr » > 0, then for n sufficiently
large B, C U and | f(z) | > r on the boundary of E,. Suppose
| f(2)| =7 in all but a finite number of E,. Then let v* be an arc
interior to y’. There would exist a neighborhood V of y* such that
|f| =7 in V. Then 1/f would be holomorphic and bounded in V
and tend to zero on a sequence of arcs y*, C v, y*»— y*. Then we
would have 1/f = 0 by Koebe’s lemma (see section 1), which is
impossible. Thus for infinitely many n: | f(2) | > 7 on the boundary
of E, and | f(z)| < r at some point of E,. Each such E, must con-
tain at least one G (r,m) which will be relatively compact since E,
is relatively compact. Finally (C) follows since the G(1/em) put
an infinity of holes in D (¢) . This completes the proof of Theorem 7.

The result of Theorem 7 (B) may be turned into a necessary and
sufficient condition for a global tract as follows.
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THEOREM 8. Letf € A. Then f has o global tract if and only of
for every r > 0 all A(r,;n) are relatively compact.

Proof. Let f have a global tract. Then by Theorem 6 (A) all the
level curves of f are compact. Let » > 0 be given and choose r, > r
such that the level set L (7,) has no multiple points. Each G (r,n)
is the interior of a Jordan curve which is a component of L (r,).
Hence each G (r,,n) is relatively compact. Any G (r,m) is contained
in some G (r,n) and is hence relatively compact.

Conversely, let ail G (r,n) be relatively compact. Any level curve
C(A) is contained in one G(r,n) if » > X and is hence compact. Also
f is unbounded, for if |f| < M then there is just one G(M,n),
namely { |z| < 1}, which is not relatively compact. Then f has a
global tract by Theorem 6(A).

THEOREM 9. Let f € A and let { vy, } be a sequence of simple
arcsin { |z | < 1} which tend to an arcy C {|z|=1}. Let

(4.2) pua = max | f(z) |.
S Y

Then

(4.3) = lim inf > 0.
n—> o

If

(4.4) p< %

then at any interior point { of y

(4.5) lim sup | f(2)] < p.
2>

Proof. We prove (4.5) first. Let ¢, and ¢, be two distinct interior
points of y at which f has asymptotic values a, and a, along curves
T, and T,. We may assume that I, and I, start at z = 0 and have no
other point in common. Let D be the domain bounded by T,,T,, and
Y = ({,¢,) C vy. Now I, and T, must intersect all but a finite number
of the y,, and we might as well agsume it is all. Let y, C v, be a
cross-cut of D, joining a point of T, to a point of I,. We can assume,
by using a subsequence if necessary, that u, - u < o and that
Y'ne1 S€parates y’, from y’ in D. Let D, be the subdomain of D bounded
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by v, ¥'ne1r and two ares on T, and T,. Since f — ¢,,a, on T,,T, which
intersect all v,, it follows that | a; | < p. Hence | f(2) | < p 4+ con
the boundary of D, for n > n,(¢), and (4.5) follows.

If now u = 0, then it follows from (4.5) and Koebe’s lemma
(see section 1) that f=0. But 4 contains no constant functions,
and hence u = 0 is impossible.

The conclusion (4.8) generalizes Koebe’s lemma by replacing
the hypothesis f bounded by f € A.

5. Measurability of A (S). In Theorem 11 in section 6 we shall
need the measurability of the set 4 defined in (8.2). In preparation
for this we prove Theorem 10.

THEOREM 10. Let f € A and let S be a Borel set on the sphere.
Ther A(S) is measurable.

Remark. Measurable here means Lebesgue measurable as a set in
[ 0, 2= ]. It would of course be quite startling if a holomorphic func-
tion could lead to a non-measurable set. Nevertheless, it doesn’t seem
possible to give a very simple proof of Theorem 10.

Proof. The following relations are obvious, for any finite or
countable collection of sets S, on the sphere.

(5.1) A(U S)=U A(S,).
(5.2) A(NS,)) CnA(S).

The reason for inclusion only in (5.2) is that f may have more than
one asymptotic value at a given point. For example, w = (1 + 2) /
(1—2) maps {|2z| <1} onto Jw > 0 and the function f(z) = ev
has two asymptotic values, 0 and «» at 2 =1. Set S, ={0}, S, =
{oo};thenA(S, N S,) =B but 4A(S,) N A(S,) = {1}. This diffi-
culty can be obviated by means of the following result [ 2,7 ].

THEOREM OF BAGEMIHL AND HEINS. Let f(2) be holomorphic in
{|2] <1}. The set of points E C { |z | =1} at which f has more
than one asymptotic value is at most countable.

It follows then that (5.2) may be improved to
(5.3) NA(GS,) =A(NS,) UE, E, countable.

Then from (5.1) and (5.3) it follows that it suffices to prove the
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measurability of A (S) for the two cases: S ciosed and bounded,
S = { » }. For then, if S, is the whole sphere, A — A (S,) is meas-
urable. If 4 (S) is measurable and S" = S, — S, then

AS) ={A—-A(S)} U { countable set }

1s measurabie, and so on.

Let now S be closed and bounded. Foreachn > 1letA(n,1), -+,
A(nm, v,) be a finite set of open discs of radius 4™ which cover S and
is not redundant in the sense that

(5.4) Aln,k) N Ss£0, 1<k v

Let A* (n,k) be the disc of radius 2-4™ with the same center as
A(n,k). The discs A and A* may be chosen so that their circumfer-
ences contain no projections of the branch-points of S. Here S is
the Riemann surface onto which w = f(2) maps { |2z | < 1}. Then
each component of S over A(n,k) will correspond to a domain
D(n,kp) in { |z| < 1} which is bounded by level curves, without
multiple points, of f(z) —a(n,k), where w = a(n,k) is the center
of a(n,k), and possibly some points on {|z]| = 1}. Now f € 4,
hence f ~a € 4= L. Each D is either the interior of a Jordan curve
or is bounded by one or more cross-cuts of {|z| <1} and a set
E(nk,p) on {|2] =1}. We consider only the second type of D;
for given n,k, let these be D (n,k,p), » € P(n,k). The set P(n,k)
may be void, finite, or countably infinite. Now each FE (n,k,p) is
closed and is hence measurable. F (n,k,p) will contain a finite or
countable set F'(n,k,p) which consists of the end points of the level
curves on the boundary of D (n,k,p). The set

H(n:k:p) = E(’n’:k;p) - F<n)k)p)

is then measurable.
Set

(5.5) EMn)y = U EMnkp), Hn) = U H(nkp)
k,p kp

and
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(5.6) E = ﬁ E @), H= ﬁ H(n).
n=1 n=1

These sets are all measurable. Also

(6.7  E(n) =H(n) U {countable set},E = H U {countuble set).
Now we prove that

(5.8) H CA(S) CE,

from which it follows that A (S) is measurable. If { €A (S) then
f— a as z— ¢ along a curve I ending at ¢, and also a € S. For each
n, ¢ € A{n,k) for some k and hence a tag end of T lies in some
D (n,k,p). Then ¢ is on the boundary of D (n,k,p); that is,
¢ € E(n,k,p) for some pair k,p. Hence { € E(n) for eachn, ¢ € E,
and thus A(S) C E.

Now assume ¢ € H. Then for each n there is a pair (k,,p,) such
that ¢ € H(n,k,,p,). The corresponding demains D (n,k,,n,) are
such that any two of them must intersect; for if two D’s are dis-
joint then the only boundary points on { | 2 | = 1 } which they have
in common will be end points of boundary cross-cuts, and such
points were removed from E (n,k,p) to form H (n,k,p). Since

(5.9) D (m,kep,00) O D (,F0,00) 5% O (mmn =1)
it follows that
(5.10) A(m,ky) N A(nk,)5% D (mm=1).

Since the radii of these discs tend to zero, these discs a(n,k,) tend
to a unique point a. Since the covering A (n,k) of S was non-redun-
dant and S is closed, it follows that ¢ € S. It follows from (5.10)
and the choice of the radii of the A and A* that

(5.11) A¥(n 4 Lkpa) C A* (k).

One component, S, of S over A*(n,k.) will contain the component
over A{m,k,) which corresponds to D (n,k,p,). Let S, correspond
to the domain D*, in { |z | < 1}. Then

(5.12) D (n,ky,py) C D%,
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and because of (5.9) and (5.11)

(5.13) D*,. C D*,.

From (5.12) it follows that ¢ is a boundary point of each D*,. Now
let T:2=¢(t), 0t <1, be a continuous curve such that
é(t) € D¥, for r(n)< ¢ < 1. The domains D*, are such that
D* N {|z|Kr}=01for r<1,n > n,(r), as otherwise it is clear
that we would have f == a, which is impossible. Hence I tends to
{|#2]=1} and f has the asymptotic value ¢ on I. We must show
that I tends to Z. From Theorem 4, T must tend to some point ¢,.
But ¢ is on the boundary of each D*, and we can find a curve T,
running through the D*, which comes arbitrarily close to both ¢
and ¢,. If {54 ¢,, then we would have an arc-tract, which is impos-
sible by Theorem 4. Hence ¢ € A(S), which completes the proof
of (5.8)

Finally we must prove that A_ is measurable. A simplified
version of the above argument works, We start with the discs
Ay,={]|w]|>n} and don’t have to fool with a*’s. At the very end
of the proof we appeal to Theorem 3 rather than Theorem 4.

6. Asymptotic Values on Sets of Positive Measure. We are now
in a position to improve on Theorem 2. It will be recalled that A*
denotes the set of points at which f has finite asymptotic values and
A the set where f has the asymptotic value c.

THEOREM 11. Let f € 4. Let y be an arc of {|z| =1} such
that y N A_ = @. Then meas (A* N y) > 0.

" Remarks. By Theorem 10, A* and hence A* N y are measur-
able. The inequality meas (4% N y) < meas (y) is possible, as will
be shown by Example 11 in section 10.

Proof. If f is bounded in a neighborhood of some point of v,
then Theorem 11 is an immediate consequence of Fatou’s theorem.
So we assume that

(6.1) lim sup | f(?) | = = (all ¢ € v).
z2—>¢

That there are functions in 4 which satisfy (6.1) at every point of



26 RICE UNIVERSITY STUDIES

{]|2] =11} but for which A, = @ will be seen from Example 10 in
section 10.

Now let ¢, and ¢, be two distinct points of 4 N y. Then f has
finite asymptotic values at ¢, and ¢, and there exists a cross-cut
v, of {| 2] <1}, joining ¢ and ¢, on which | f | < M. The arc v,
and the arc ¢y = ({,,{,) C y bound a domain H in which f is un-
bounded by (6.1). If n > M, H will contain at least one complete
component of {z||f(2) | >n}; let these components in H be
D, .,D,, -+ . Now.suppose f were unbounded in every single set
D, for all n > M and all & involved. Then D, ; would contain at
least one D1, S8y Dyq,1, Which in turn would contain D, 1, and
so on. The domains D,; D D,,.1 DO -+ determine an asymptotic
tract of f with asymptotic value infinity. The end K of this tract is
part of y and by Theorem 3, K C A, which is incompatible with
our hypothesis 4 w N y= . Hence there exists some D, ; on which
f is bounded ; let us denote this domain simply by D,. It is not neces-
sary that n be an integer, and we may assume that n is such that
the level set L(n) contains no multiple points. Then D, is bounded
by various Jordan curves and cross-cuts, T'y, on which | f | = n, and
by a set F' C y. Also

(6.2) n<|f)| <N (z € D,).

The set F' is non-void, for otherwise we would have lim sup | f(2) |
< 7 at every boundary point of D, implying | f | < » in D,, which
won’t fit with (6.2). Now the effect of each Jordan curve in I, is
to punch a hole in D,, which makes the connectivity of D, nasty. Add
all such holes to D, to obtain a domain D C H with the properties:
D is simply-connected and is bounded by cross-cuts T, on which
| f|=m, and by F'; also

(6.3) |f(&)| <N (z € D).

Now if I' contains infinitely many cross-cuts, the diameters of these
must approach zero, since f € L = A. It follows readily that the
total boundary of D is a Jordan curve. The set #' contains no arcs
because of (6.1) and (6.3) ; but it must contain an infinity of points,
as otherwise the extended maximum principle would result in
| | < n, which would contradict (6.2). Actually we shall prove
that F N A* = K, has positive measure.
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It is convenient to assume (use a linear transformation on the
unit disc if necessary) thatz=0 € D.Let z=¢(Z) map {|Z | <1}
onto D with ¢ (0) = 0 and set

¢ (Z)=1(9(Z))=1(2).

Then ¢ (Z) is bounded in | Z | < 1 and by Fatou’s theorem has radial
limits ¢ (e") almost everywhere. Now ¢ (Z) is harmonic and may be
expressed by the Poisson integral with boundary function ¢ (e).
Since | ¢ | > nin part of {| Z| < 1} (corresponding to D,) it fol-
lows that | ¢ (¢?) | > n on a set E* of positive measure. Since D is
a Jordan domain, each radial limit ¢ (e?) corresponds to a point
asymptotic value of f in D. The set E* maps onto E' C F'since | f | =
n on T.

The proof will be compieted by showing that
(6.4) me (B) =z m(E¥).
Here m means measure, m, exterior measure. That is enough, for

_F is closed; hence F, = F' N A* is measurable by Theorem 10 and
E, D E, and therefore m (¥,) = m.(E).

Let E*, C E* be closed and satisfy
(6.5) m(E*) > m(E*) —.
Let o(Z) be the harmonic measure in { | Z | < 1} of the set E*,.
That is, 1 — Q(Z) is the harmonic measure of the open set E*/,, the
sum of the harmonic measures of the intervals comprising E*..
Here the complement (prime) is relative to { |Z | = 1}. Then
27[1—-0(0)] =m({E*,) or
(6.6) 270 (0) = m(E*,).

Transfer the harmonic measure Q(Z) to D and ¢dll it (2). From
the normalization of the map g and (6.6) we get

(6.7) 2m0 (0) = m(E*,).
Let G be an open set on { |z | = 1} covering E such that

(6.8) m(G) < m,(E) + e.
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Let o, (2) be the harmonic measure in { |z | < 1} of G. Then
(6.9) 2, (0) =m(G).

Now the function of u(2) = o, (2) — () is harmonic in D. If ¢ is
an interior point of one of the cross-cuts bounding D, then o, (¢) > 0
and »({) = 0 and hence u(¢) > 0.If ¢ € FF N G, then o, () = 1

and lim sup :_,{w(z) < 1, and hence

lim inf % (2) > 0.
2=,z €D

If £ € F N G, then ¢ corresponds to a point ¢ € {|Z| =1} and
(EGC =0 E=>E¢ Er= 8 ¢ B ,or £ € E¥,. Hence (E", is
open) Q(Z) — 0 as Z — &; that is, w(2) > 0asz— ¢ 2z € D. Thus
lim inf % (2) = 0 for z— ¢, 2z € D. Thus at all boundary points of D,
lim inf #(2) = 0 and hence u(z) = 0 in D. In particular % (0) > 0,
or :

(6.10) 0, (0) 2= 0(0).
Combining (6.5), (6.7), (6.8), (6.9), and (6.10) we get
me(B) > m(E*) —2 .
Since ¢ > 0 is arbitrary, (6.4) follows and the proof of Theorem 11

is complete.

COROLLARY. Let f and y satisfy the hypotheses of Theorem 11.
Let V De the set of asymptotic values which occur on y. Then V
contains a closed set V, of positive harmonic measure.

This is immediate by applying Priwalow’s theorem [ 20, p. 210 ]
to the function ¢ (Z) and its angular limits on the set £*.

7. A Suflicient Condition for f € 4. The purpose of this section
is to prove that if the growth of f is suitably restricted, then f € A.
The precise statement will be found in Theorem 14 below. Theorem
14 depends on Theorems 12 and 13, which we prove first.

We recall the well-known fact that if % (2) is a real-valued uni-
form harmonic functionin {0 < |2z—¢ | < R} and u(z) < M then

u(z) =clog|z—~a|+ U(z)
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where ¢ > 0 and U(z) is harmonicin {|z—a | <R }. If ¢> 0, we
shall say that u has a negative logarithmic pole at a.

THEOREM 12. Let a be fived, 0 < o < w, and let

(7.1) S={z]0< 2| <1 |argz| <a}.
Let u(z) be uniform, real-valued, and harmonic except for possible

1solated negative logarithmic poles in S and on the radii [ 0,e7)
and [ 0,ei), Let

(7.2) u(z) < M (z € yun=1)

where M is ¢ constant and { v, },* 18 @ sequence of disjoint cross-
cuts of S of the following sort:

Jvn JOins a point a.e” to a point b,e'v;
(733') Uz,efr'e 0 < Oy, b,, < 1.

(7.3b) yus1 S€PATQLES v, from the circular arc vy on the
) boundary of S.
(7.8¢) min |z|=p. T 1.
4 6 Yn
Let
(7.4) u(rexic) < p(r) 0<r<l)

where p(r) = 0 is continuous on [0,1). Let p (r) satisfy

Uns1 bn+1
(7.5) { a-op@®a+

{ a-vp@ a
Gy b,
C

< (n=1)

1‘_'Pn

where C is ¢ constant. Then for each 8,0 < § < a,

(7.6) {u(z) 18 bounded above in the sector

Se={z|0<|z| <1, |argz | <a—98).
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If p(r) satisfies the stronger condition

QApsy Z)n+1
(7.7) f a-vp®mdi+ | -0p®) d<C (=2 1),
Ay bn

then (7.6) may De replaced by the stronger conclusion

lim sup u(z) < M.

(7.8) 2| > 1,2 € S,
If
1
(7.9) [(1 —t)p(t) dt < oo,
0

then (7.7), and hence (7.8) hold.

Remark. The condition (7.9) is of course more stringent than
(7.6) or (7.7); but (7.9) has the great advantage that it doesn’t
involve { a, } and { b, }.

The proof of Theorem 12 depends on an appropriate estimate
of certain harmonic functions in the sector S. We start with the
case a = w/2.

LEMMA 2. Let 0 < b, < b, < 1;let p(t) = 0 be continuous on
[b,b,1, and let ‘U(z) be the bounded harmonic function in the
semi-disc D = {|z| < 1, = R 2z > 0} with boundary values 0
except on the interval (ib,tb,), where U (ly) = p(y). Then

b

(7.10) ve<BEZED (aonsmat en).
b,
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Proof. By reflection, U (2) is bounded and harmonic in the half-
plane x > 0 with boundary values 0 except for U (iy) = p(y) on
(¢b,,th,) and U (ty) = — p(1/y) on (¢/b,,i/b,). Then by the Poisson
integral for the half-plane,

b, 1/b
_x( p®dt p(l/t) dat
Ui = § T (D) S QT
b, 1/b,
b:z 2
_ w§ p(t) di is p(t) dt
T i (y1)* x ) 2t (yi-1)®
’ (L) p(t) dt
2P 1-82) p (%)
=2a-12P  Grrgaa b e

v,

Now 22 + (y—1)* = % If t = 14 then 22t + (yt—1)2 = x2/4.

o<t Y¥%and |y | <1 thena®t>+ (yt—-1)22> (yt——l) = 14.

Thus for all ¢ in question and for |z | < 1, #*? 4 (yt—1)* = «?/4.

Usmg alsol—|z?<2(1—]z|) and 1 — ¢ < 2(1 —t), we obtain
7.10)

LEMMA 3. Let 1 < b, < b, <1,0< a<<m let p(t) = 0 be
continuous on [b,b,], omd let U(z) be the bounded hm"momc func-
tion in
(7.1) S={z]0< |z <], ]argz| < e}

with boundary values zero except that U (teie) = p (t) on the interval
(b,ete,b,et®), Then

b,
(7.11) Uz) < Bss(l_;znj (1—t)p(t) dt

(1/2 2| <1, |argz| << a—23),
where
Ba — % 2(5/2)+(87/(20))

Here § is arbitrary as long as 0 < 8 < «
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Proof. The mapping function z7/¢>® takes S onto the semi-disc
D of Lemma 2, and from (7.10) we obtain

b.#

16 (1 —7r8) . )
7138 cos® (B ) bg (1 —£)p (¢/F) dt

1

Uz)<

where z = re?, [ § | < o, and B8 = =/ (2«). Then by a simple change
of variable in the integral we obtain

b,

168 (1 —78) _1
7138 cog’ (B g)bS tA (1 —th)p (L) dt.

(7.12) Uz) <

1

Since 14 < b, < t and g > 14, we obtain via the mean value theorem

(7.18) 1—t8 = (1—t)Brbt < 2% (1 —1t).

Since 14 < 7, an analogous estimate holds for 1 — 78, Also

(7.14) L 2%, 7o > 276,
Finally, since [0 | <a—38, 86| <%_pa and
. . wd 8
(7.15) cos B0 =s8in B8 = sing— > —.
2a a

Using (7.13), (7.14) and (7.15) in (7.12), we obtain (7.11).
Proof of Theorem 12. We may assume that
(7.16) M<p(r) (0<r<);

for p (r) may be replaced by max (M,p (r)) without upsetting (7.5),
(7.73, or (7.9) except for possibly changing the constant C.

Let E, denote the subdomain of S which is bounded by va,yni1s
and the segments [a,e7¢,0,.1¢%] and [b,e*,b,.;e]. Then

(7.17) w(2) <M+ v,(2) (z € E,)

where v,(z) is the bounded harmonic function in E, such that
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’Z),,(Z) =0 forz € Y U Y+l and (Z (/,-e:t'ia) == p(7') -M 2 0 on the
rest of the boundary of E,. By Carleman’s principle of Gebietser-
weiterung [18, p. 69],

e-‘ia
(7.18) v, (2) < W, (2) (z € E,),

where w, (z) is the bounded harmonic function in S which vanishes
on the boundary of S except that w,(rexie) =p(r) —M on
la,eia, 6] and [D,ei,b,,e%]. Now w,(2) is the sum of two har-
monic functions of the type U(z) considered in Lemma 3; hence
we obtain from (7.11)

g Qps b'n+1. )
w,,<z><Bas-3(1—|z|>1§ +Hoa-n @ -m dt;
allv n
! @yt bm-l
<B.8*(1—|z]) {lMH— [+ a-tr dt},

Qay, bnv

provided a.,b, = %, | 2| = Y and | arg 2 | < « — 8. Then from (7.17),
(7.18) and (7.3¢c)

a")l bn

a/n+1 bm—l
(7.19) u(ﬁ)éMnLBas*s(l—pn){lM I +§ +§(1—t)p(t) dt}

(Pn>1/2:z GE;QS(S) ’

where E, is the closure of E,. Now from (7.5) and (7.19)
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(7.20) U)K M+ CB.8% 4 Bo| M| 831 —p,)
(Pn> 1/2,2 € E1:m Sﬁ) .

The E, for which p, = 14 cover that part of S which lies in some
annulus {1—-7% < |z]| < 1}. Hence it follows from (7.20) that

(7.21) limsupu(z) <M + C B,83
|z|->1,2 €8s

and we have proved (7.8). If p(r) satisfies (7.7), then (7.20) is
changed to the extent that a factor (1 —p,) appears in the second
term on the right hand side; then instead of (7.21) we get (7.8).
This completes the proof of Theorem 12,

Remark. The hypothesis that u is harmonic except for possible
1solated negative logarithmic poles in S may be replaced by: u s
subharmonic in S. This fact is immediate from the proof of
Theorem 12.

THEOREM 13. Let f(z) be holomorphicin { | 2 | <1}. Let 8,8,
and y, be as in Theorem 12, and let

(7.22) log | f(re*x )| < p(7) O<r<)
where p (r) = 018 continuous on [0, 1) and satisfies (7.9).
If

where C is a constant, then

(7.24) limsup | f(?)| < C (0 <8 <a).

|z|—>1,2 €S,

If f(z) approaches o finite value @ on v,, that s, if

(7.25) lim {suplf(z)-—all—o
Nn—> 0 {2 € v j

then f(z) =ain {|2] <1).
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Proof. This theorem is an immediate consequence of Theorem
12. To derive (7.24), apply Theorem 12 to u(2) = log | f(z) | with
M = log C; then (7.8) becomes (7.24). Note that if f = 0, then
Theorem 12 does not apply; but (7.22), (7.23), and (7.24) are all
trivial. To derive the last conclusion in Theorem 13, if the conclusion
were false (i.e., if f(z)=% a), we could apply Theorem 12 to u(z) =
log | f(2) —a |. Then for any constant B > 0 it follows from (7.25)
that u(z) < — B, for 2z € y, and n > n,(B). With M = — B,
Theorem 12 yields

limsup | f(z)—a | <
|z|—> 1,2 € Ss

Hence lim sup | f(2) —a | = 0, and it follows in the familiar fashion
from the reflection principle that f(z)— o = 0. Here we have used

u(rexic) Llog { | f(re*) |4+ |a]} <log (2™ + |al)
<p(r) +logt|a|+ log2=7p,(r);

and p, () satisfies (7.9) since p () does.

It is clear from the last conclusion of Theorem 13 why we re-
ferred in section 1 to Theorem 13 as a generalization of Koebe’s
lemma.

We come now to the sufficient condition for f € 4. We shall say
that f(z), holomorphic in { |z | <1}, satisfies the condition (I)
if and only if there exists a set ® C [0, 2« ], which is dense in [0, 2=],
such that

1
(1) f(1—7) log* | F(rew) | dr < e (6 € 0).
0

No uniformity is implied here; the condition requires only that
each individual integral converge. Note that if @, is a finite subset
of @, then there exists p(r) = 0, continuous on [0, 1), such that

(7.26) logt | f(re?)| < p(r) 0<r<1,6 €0,
and such that p(r) satisfies (7.9). Namely,

P (r) = max logt+ | f(re?) |
6 € o,
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will do.

THEOREM 14. Let f(z) be holomorphic, mon-constant, in
{lz] <1} and satisfy (I). Then f € A

Proof. The hypothesis that f be non-constant (for any constant
satisfies (I)) is necessary since constants are not included in A.
We shall prove that f € £ and then appeal to Theorem 1. Suppose {

that f satisfies the hypotheses of Theorem 14 and f ¢ £. Then there
exists a positive A and a sequence of disjoint compact arcs v, in
{]#2] <1}, onwhich |f| = A, such that y, tends to an arc

y={el|a<O<B).

Leta < ¢, < B, < B; a,8, € ©. Then it is an immediate conse-
quence of Theorem 13 that f is bounded in each sector S,

o, FeLargr < B, —¢

of {|z| < 1}. Map S. conformally onto { |w | < 1) andlet f(2)=
F(w). Now clearly F (w) ¢ L, for there will be a sequence of arcs,
images of parts of the y,, which tend to an arc of { jw|=1} and
on which | F' | = . Also F' is non-constant. But this would violate
Lemma 1, and hence our assumption f ¢ £ must be false. This
completes the proof of Theorem 14.

Now the integrals in condition (I) immediately suggest some
connection with the Schmiegungsfunktion
27
(7.27) m(r) = *Lf logt [f(re®)|d6  (0<r<1)

27
0

of Nevanlinna. Such a relation is easily found. Let

1
(7.28) o (§) = § (1—7) log+ | f(re) | dr.
0
Then
2 1
(7.29) —Z%S c(8) do :S (1=7rym(r) dr

0 0
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without restriction on f. Hence if the integral on the right of (7.29)
converges, then o (4) will be finite for almost all 4. Hence if we set

1

(11) T j (1—7)ym(r) dr < o,
0

then it follows that

(7.30) (I1) => (7).

We may also introduce a third condition, namely,

1
(IIT) § (1—7) logtM(r) dr < o,
0

where M (r) is the maximum modulus of f. Since m () < log+ M (r),
it is clear that

(7.31) (I1I) = (1I).

It is also immediately clear that if f =% 0 then (III) is equivalent to

1
(7.82) 5 (1—7)log M (r)dr < oo,
0

for the integral in (7.32) will differ from that in (III) by a finite
constant.

The hypothesis (I) in Theorem 14 may be replaced by either
(I1) or (III).

It will be shown in Examples 6, 7, 8, 9 in section 10 that neither
implication (7.80) or (7.31) can be reversed.

We now take up a condition, related to (III), in terms of the
Taylor coefficients of f. If f is bounded in { | 2| < 1} we shall say
that the order of f is zero. If f is unbounded, the order p is defined by

log log M (7) -
— 1
1—7r

(7.33) p= lim sup
r—>1 Jog




38 RICE UNIVERSITY STUDIES

Another way of putting it is as follows: if f s 0, then p is the
infimura of the real \ such that

M(r)y=0 {exp[ (1 —7)*]} (r—1).

It should be noted that the order of f as defined by (7.88) is not the
same as the order of f as defined by Nevanlinna [17, pp. 138-140].
Nor is it the same as Hadamard’s order » of fon {|z|=1}; in
general if p > 0 then o = . For our purposes the order p is perti-
nent. We use the following theorem.

THEOREM 15. Let

(7.34) f@=Y e (Jz] <1).

n=2~0

Then the order p of f is given by either

+1og+
(7.35) _ P lim suploBTlogt | o |
P+l L logn
or
— 1 log*log™ | a, |
(7.36) p = lim sup Togn —Tog+Tog+ [ @y |
n—> oo

Proof. It should be noted that (7.35) or (7.36) does define a
p in the range 0 << p << 0, for the radius of convergence of (7.34)
is at least one and hence

(7.87) logtlogt|a, | <logmn (n>n,).

The equivalence of (7.85) and (7.36) is trivial; p/(p+ 1) is an
increasing function of p for p > 0.

Next note that if the sequence a, is bounded, then f is dominated
by a geometric series and it follows immediately from (7.33) that
p = 0. But (7.36) also gives p = 0. So it is enough to consider the
case lim sup |a, | = o« ; in this case M (r) is unbounded. For the
significant » in this case all the log+ in (7.35) and (7.36) may be
replaced by log.
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Now suppose that
(7.38) logM(r) <A —7r)> (A > 0,4 const).
Then, from the Cauchy estimate,
(7.39) logt|a, | <AA—-7)*~nlogr.

Both terms on the right of (7.39) are positive and the - on the
log is justified. We choose (for n > A)

A \ 1/ ()
1—7r= <—>
"

and obtain from (7.39)

(7.40) logt | a, | < 24Y/040 pA/O4D) (] + O (wt/ M)}
(n—> ).

It follows immediately from (7.40) that

. log+logt | a, | A

lim sup Tog 71 < A E1

If f is of finite order p then, see (7.38), we may use any A > p and
hence

. log+log* | @, | P
\ [=3
{7.41) lim sup Tog 72 < FI
In case p = o (7.41) is valid because of (7.37), and the proof of
(7.35) is complete in the case '

log+logt | a, |

Tog 7 = 1.

lim sup

Now suppose that last is not thé case; then there are constants
o such that

(7.42) logt|a, | <t/ =n0 (0 <o < 1n=2m,).

Then
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[ee]
(7.43) Mr)<A +E en? o,
no

Now it is readily seen that if g (z) = z* + x log 7, then

max 9(x) = {0/ (170 — g1/ (170)} <logi) oo
0z << w r

Thus

log (¢ 17) < B (cr)(log—lr—) "
and

(7144) M@O@)SA+N exp{ B(o)<log %)” } -+ §97
N41

Now choose

i 1\ /-0
(7.45) N=[(5re) "],

where [ 1 denotes the greates’é integer not exceeding. Then if
n=N 41,

1 \1/@G-0)

and that inequality is equivalent to

(7.46) ne 4 mlog r g—g——log 7.
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Then
o0 0
2 (N-1) /2
(7.47) Z en’” pn <Z7""/2 = ————71 —r
N1 N1
Now

log p(N4+1)/2 — __iv% 1 1 1 )1/(1—(7) o 1

log 7—< —?(ZﬂogT ] g

1\
(7.48) :_2“( Iog7> .

Also, as r 1 1,

1 ——7‘:<1og7—1_>[1 -+ O<log~,}7>J,

= 1 1 1
(7.49) 1—\/r= —2—(1og7)[1 n O<log7>],
‘ -~ 1 1
log (1 —+\/r) = —log 2 4+ log 1og7—}— 0 <log7>,
and hence
log T2 < — 2 (log2)" 1 log 2— log log-~ + 0 (1og L
8 S — (10g7> .+ log 2 —log og7+0<log7>

=2 <10g%)—”[1 +o(1)].

From this it follows that the series (7.47) is 0(1) as r 1 1. Then
from (7.44) and (7.45) we get

M(r)< 4, +(2/10g L) exp{ma)(log—%)"‘}

and it follows that
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log M (1) < B@)(log%) P4 o(1)]

e

and hence, from (7.49)
log M(r)< B(o) (1—=7)*# [140(1)].
Then

1
l—7

log log M (7) < ulog + 0 (1),

and it follows from (7.83) that p < u. Recalling (7.42), we may
choose u/ (u -+ 1) arbitrarily close to i

logt+log+ | a, |
logn

lim sup

b

and hence the order p of f satisfies

log +log* | a, |
logn

(7.50) < lim sup

P
p+1
Combining (7.41) and (7.50) the proof of Theorem 15 is complete.

Now it follows from (7.33) that condition (III) is satisfied if
g < 2. Hence, from Theorem 14, Theorem 15, (7.30), and (7.81) we
immediately have the following result.

THEOREM 16. Let f(z) be non-constant,

[ee]

(7.34) f(2) :Zan o (2] <1)

0

and let X be a constant such that

(7.51) 0<A <2, log* || < n>n,).

Then f € A.

A bizarre way of interpreting this result is as follows. If { a, }
satisfies (7.51), then for a dense set of ¢ the trigonometric series
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0
Za,,e"”'” is summable in a “skewgee Abel sense.”
0

8. Other Sufficient Conditions for f € .

The next theorem involves the concept of normal function as
defined by Lehto and Virtanen [10] : the function f(z), meromorphic
m { | 2| < 1},1s normal if and only if the set of functions f(T(z)),
where T ranges over the linear transformations preserving
{|2] <1},1samnormal family. For instance, if f omits three values
it is normal. We shall need two results of Lehto and Virtanen [10,
Theorems 2 and 3].

THEOREM L V,. If f is a normal meromorphic function in
{l2| <1} and has the asymptotic value a along an arc ending at
g, || =1, then f has the angular limit a at

THEOREM L V,. If fis meromorphicin { |z| <1}, then it is
normal if and only if

[ (2) | c
(8.1) T ST 2T (lz]<1)

where C is a constant.

DEFINITION. f(z) belongs to the class N if and only if f is holo-
morphic, non-constant, in { |z | <1}, and normal.

THEOREM 17. N C A and the inclusion is proper. Also,if f € N,
then:

1° Given ¢, | L | =1, f has at most one asymptotic value ot . If
f has the asymptotic value o at ¢ then f has the angular limit a at .

2° f has no arec-tracts.

Remark. Lehto and Virtanen gave an example [10, p. 58] of a
normal function without any asymptotic values; but that function
is meromorphic, not holomorphic, and Theorem 17 shows that such
must be the case.

roof. We assume that the non-constant holomorphic function
f satisfles (8.1) and prove that f € A. Consider the spherical char-
acteristic of Shimizu and Ahlfors [18, p. 177]

.
To(r) Egé—gﬂdt 0<r<1)
d
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where

_ 1 |f (re) = ‘
AGt) =1 § S T Gran e rdrds (<t <.

Pl
Then from (8.1)
t
2r dr Ce ¢z C2t
Al s C )(1- Y I STo
and hence
7
To(ry< C: k=2 — e 1
s (r) < ) = C?log T
0

Since f(z) is holomorphic,

~+ 0)
(0 <¢ < 1),

(8.2) m{v) =T(r) =Ts(r) +0(1) < C? log

where T(r) is the original Nevanlinna characteristic of f. It is
immediately clear from (8.2) that m(r) satisfies condition (II),
and hence f € A.

Next 1° follows immediately from Theorem LV,. It is then clear
that the inclusion N C 4 is proper. For in [15] it was shown that
there exist holomorphic functions of arbitrarily slow growth (and
hence some that satisfy condition (III)) without any radial limits.

Finally, to prove 2°, if f had an arc-tract with arc K, then the
associated asymptotic value would be « by Theorem 4. By 1° and
Theorem 3 f would have the angular limit « at every point of K and
the meromorphic function 1/f would have the angular limit zero at
every point of K. By the theorem of Lusin and Priwalow [20, p. 212],
this would imply 1/f = 0, which is impossible. If f is normal because
it omits two finite values, then 2° would also follow trivially from
Theorem 7.

Another sufficient condition results from a Theorem of Tsuji
[21], of which we quote only part, as follows.

THEOREM OF TSUJI. Let f(z) be meromorphic in {|z! <1}

and satisfy
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2

| (re) | . .
(8.3) §1+ e GOS0 0<r<1)
0

where C 1s a finite constant, so that the circle { | z | = 7 } is mapped
on a curve of length << C on the sphere.

Then for almost all 9§ the radius [0, e?) is mapped onto a recti-
fiable curve on the sphere, and hence the radial limaw of f(2) exists
almost everywhere.

The rest of Tsuji's theorem is to the effect that any f satisfying
(8.3) comes “close” to having angular limits almost everywhere.
Now the proof of Tsuji’s theorem comes from the fact that (8.3)
implies

1
] f/ (.,aew) |
(84) Og 1 + l f(re"”) l::

dr < o

for almost all 9. Certainly if f is holomorphic and non-constant in
{|#2]| <1} and satisfies (8.3) then it belongs to 4. But that con-
dition may be weakened to: (8.4) holds on a dense set of radii. We
can even do somewhat better than that, as follows.

THEOREM 18. Let f(z) be holomorphic and non-constant in
{|z| <1} and let n(t) be a real positive increasing function on
[0, ). If

1 :
(_|f (re?)]

then the radial limit

lim f(re?) = f(e?)
r11

exists for each § € 0. If © is dense in [0, 2=], then f € A.

Remark. This result may be generalized by using a different
w(t) for each § € 0, as will be clear from the proof.
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Proof. We shall show that for any fixed 6 for which (8.5) con-
verges, the corresponding radial limit exists. We may assume that
6 = 0. Suppose that lim,,; f («) does not exist. If f(x) is unbounded
on [0,1), then lim sup | f(2) | = o, lim inf | f(2)| = X < . Thus
the curveI' : w = f(2), 0 < 2z < 1, will contain infinitely many dis-
joint arcs I, each lying in { el w | < 2¢ ), where c= A +1 > 0,
and joining a point of {| w | = ¢} to a point of {| w | = 2¢}.
Let T, correspond to the interval [z, &, + k,]. Then

(8.6) 0<a, <&+ k<2 <24+ hy < - 11, |
(8.7) | F (@t B = F (@) | e > 0 (n>1)
and ‘
(8.8) F@) | <O <o (an<a< o+ hyn>1).

In this case C = 2¢. If f (&) is bounded on [0,1) but lim f(z) does
not exist, then it is easy to see that there exist z,,A,,¢ and C such
that (8.6), (8.7) and (8.8) are satisfied. Then

o+l Tyl
Pl 1 ,
5 LqFOD = Mc)‘ 5 1@ at
T Zn

1 o ¢
—.-‘U.(C) l f(xn + hn) f(xn)l > /.L(C) ’

and hence

1 Lot
BAOIL N S _
f w7 = ) -
0 m)l/
This completes the proof of Theorem 18.
Another type of criterion is furnished by the following theorem.

THEOREM 19. Let

(89) fe)y= ) ane™ (121 <D

n=1
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where

(8.10) lim inf%':il> 3.
n—> co

Then f € A. If in addition

[>e]

(8.11) Y o=,

n=1

then there exist two sets, @, and @_, each dense in [0,2=], such that

(8.12) lim u(re’?) =

§+°°, (¢ € 0.)
rftl

) (9 €®-)

where u = Rf. Similar results hold for v = 7f. In particular, when
(8.11) holds, A, is dense on { |z |=1}.

Proof. If (8.11) fails, then f is bounded and f € 4 by Fatou’s
theorem. So we assume (8.11) and prove the first relation in (8.12).
Let a, = Anefan; then

[o0]
(8.13) u(rel) = Z Ay rhicos (M + ay).
n=1

From (8.10) we may assume (throw out some initial terms in the
series (8.9)) that

inf Mty g
7’&21 /\n

Then there exists §, 0 < § < #/2, such that

T — 28 T
/\n > 3 )\'n+1
Set sin § = 5 > 0. Now cos (A0 + «,) > 0 in various intervals of
length =/\,. Chopping off §/X, from each end of such an interval, we

obtain a closed interval I, of length (= — 28) /A, in which

(8.14) (n=1).

(815) cos ()\119 "I' an) 2 n (0 € I'n)-
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By (8.14) I, must contain two consecutive full arches of the graph
of cos (M1 9 4+ ani1), and one of these arches will contain an interval
of the type I,.:.

MNow let @, be defined as the set of 4 for which the upper result
in (8.12) holds. Let y be a subinterval of [0, 2=]. Then there is an
n, such that y contains an interval I,,. Using the argument above
we get a telescoping sequence of closed intervals,

yD>IL,DLuD - DI,D

ny

for which (8.15) is satisfied for n > n,. Let 6, be the point common
to all the I,. Then by (8.15) and (8.13),

n,—1 0

u(ree) > — Z A+ 9 Z A, ™,
1

N

By (8.11) the last sum tends to 4+ « as r 1 1. Hence 4, € 9, and,
since y was arbitrary, @, is dense, which completes the proof of
Theorem 19,

Examples 4 and 5.in section 10 are related to Theorem 19.
9. The Number of Asymptotic Values at One Point.

In the proof of Theorem 10 we have already quoted the theorem
of Bagemihl and Heins to the effect that the set of points on
{|#]|=1) at which a holomorphic function has more than one
asymptotic value is at most countable. But of course at one point f
may have infinitely many asymptotic values. For instance, consider
Grosz’ [6] entire function F ({), for which every complex number is
an asymptotic value. Slit the ¢-plane along one path on which F' — o0
and map the slit plane onto { | 2| < 1} so that { = « corresponds
to 2 = 1. Set f(z) = F(Z). Clearly f(2) € A, since f is continuous
at each point of {|2]| =1} except at 2 =1. But, at z=1, f has
every complex number as an asymptotic value. Also observe that f
satisfies condition (I).

The object of this section is to show that if f satisfies a condition
of the type (III) then there is a limitation on the number of agymp-
totic tracts which can be associated with one pointon {|z|=1).
The precise statement is in Theorem 22. The argument depends on
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Theorem 20, an adaptation of the type of harmonic dominance argu-
ment used by F. and R Nevanlinna [19], and a slight extension,
Theorem 21, of Ahlfors’ proof of the Denjoy conjecture on the
number of asymptotic tracts of entire functions.

THEOREM 20. Let u(z) be real-valued and harmonic, except for
tsolated negative logarithmic poles, in { |z | <1}. Let p(r) be a
positive increasing function on [0,1) such that

(9.1) u(z) < p(r) 0 |z|=r<1).

Let C, and C, be two Jordan arcs in { |z | <1} joining 2 = 0
to z =1, which are disjoint except for their common end points.
Let D be the Jordan domain bounded by C, and C,. Let

(9.2) ()M (z € C, U Cy),
where M is a constant.

Let A, 0 < A< 1, be a constant such that

1
(9.3) f (L= p(t) dit < .
0 ,
Then
(9.4) u(z) <o(|1—2]|?) (z €D,z— 1).

If A = 0 we have the stronger result

(9.5) u(z) <M ( € D).

Remarks. It will be noted in the course of the proof that it
breaks down and yields nothing if A > 1. It should be observed that
there is no restriction on the curves C, and C,; they may approach
z — 1 tangentially, for instance. That lack of restriction is essential
since we are interested in asymptotic values along any curves. [f
C, and C, lie in some angle | arg (1 —2) | < _g— —-5,0<8< _721, then
for |[1—2z| < sin$

2| <1—%

|1 —2|sin g,
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and, using (9.12) and (9.14) (which are trivial) we get

u(@E)K<p(2)<Pp(A-% |1-2]|sind)=o0(]1—2]")
(z € D).

Proof. Map{|2z| <1l}onto{R¢>0}byl= (1-+42)/(1—=z)
so that 2 = 0,1 correapond to { = 1, . Then C, and C, correspond
to ares T, and T, from ¢ = 1 to { = « and D corresponds to A,
bounded by T, and T,. Let u(z) = U (). Let ¢ = pei®. Then

Pe=lzr=1— 4p cos ¢ _4pCOS¢o
- 7 142pcos ¢+ p (14 p)*’
and hence
2p cOS ¢
9.6 r 1———‘——,,.
©8 RRNERE

Let now p, > 0 be a constant such that { || <<p,} N A= 0.
Then for p = p,

A
(I4+p27 (14p) 2’

and hence

p ¢
=
(I1+p)2 7 2p

We note for future reference that since ¢ = 1 is a boundary point of
A then p, < 1, and hence

(9.7)

(P> Po) .

(9.8) 0<c<lh; —f;—g:'gl/z (0= po).
0
Combining (9.6) and (9.7),
pc1_908 ¢ (=),

and hence from (9.1)

(9.9) U@ <p(1-2222) = P(p4) (b= o).
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Now let R > 1; let Hy denote the half-disc { |{ | < R,R¢ >0},
and let A*; be any component of Hr N A, Then A*; will be bounded
by one or more cross-cuts of Hy lying on I, U T, and various arcs of
{|Z]|=R}. There is one domain A bounded by a single one of
those cross-cuts and a singlearcy C { | {| =R, R { > 0} such that
Ar D A*p. By (9.9), and since U(¢) < M onT, U T, it follows from
the maximum principle that

(9.10) UM+ U, (0 (L € Ag)

where U, (¢) is the bounded harmonic function in Hj such that
U, ()= P(p,¢)+ | M| on y and U, = 0 on the remainder of the
boundary of H;. By the reflection principle, U, is harmonic in
{1¢| < R} and, combining the Poisson integrals over y and its
reflection, it follows that

) 2
U, (p@"‘b) = — Ep (Rz-pg) COS ¢

X( {P(R,t) + | M]|}costdt

) [R*-2R p cos (¢-t) +p*] [RE*+2E pcos (¢+1) +5°]
N

Then in Hg, where cos ¢ > 0, it follows that

U, o) < 2B EAD(( p(R, ) 0] ) cos tat
14

or

ol 2Rp (R 4 p)

Y

Now set

(9.12) q(t) =»(1—ct) (0 <t 1/0).

Then q (¢) is positive and decreasing, and (9.3) is equivalent to

1
(9.13) s ?q(t) dt < .
0
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From (9.13)

r r

q(v")Stkdthtkq(t) dt = o(1) (] 0)
0 0
and hence
(9.14) q(t) = o(t*1) (t}0).

We note from (9.12), (9.9), and (9.8) that

P& &) =q(<F0),

which is certainly defined for B > 1. Then

SP(R, £) cos t dt = Sq <C(}§t>costdt
Y Y
/2 1
( cos t _ U du
<0) q< i >c0stdt._205 uq(—R_>\/I__uz,
and hence
! d
% U
(9.15) sP(R, t) cos t dt gzguq<—§),\/1_:_:7.
Y 0

Now this estimate is nothing unless the integral on the right con-
verges; and this convergence follows from (9.13), since A << 1. Then

' d % N
U U = u . U
os v (Te“)vl—ra< \/20§ wa )+ q(ﬁl/g Vioa
1/(2R)
:\/§st tq(t) dt—{—\/iq(—z-l-R—)

0
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ueR
<EER: (%) S B q(t) dt + o(RM)
0

where we have used (9.14). Now the last integral is 0 (1) as R — oo,

by (9.13), and it follows that

(9.16) S g (%)\/fziu — o (RM) (R ).
0

Now from (9.10), (9.11), (9.15), and (9.16),

4Rp (R + p

(9.17) U{pe®) <M + (R —p)°

{o(RM1)} (pe® € A, p < R).

It should perhaps be pointed out that the same uniform estimate
holds in all A, (there may be several Ay for a given E) and hence
only A N {|¢{| <R} appears in (9.17) ; that is because the par-
ticular choice of Ag, i.e., of y, disappeared when y was replaced by
(—=/2, =/2) immediately before (9.15). Also the o term in (9.17)
is independent of o.

If, for pei® € A, we set R = 2p, then (9.17) gives
(9.18) U (pe?) < o(p) (pe'® € A, p—> ).

For the case A = 0 we can do better from (9.17) ; let R - « while p
is fixed to obtain

(9.19) U(peid) < M (pe'® € A, 1 = 0).

Finally, (9.4) and (9.5) are obviously equivalent to (9.18) and
(9.19).

Now we need the following theorem.

THEOREM 21. Let n = 2 and let I,, Ty, -+ , T, be n disjoint
Jordan arcs in R & > 0 which join { = 0 to ¢ = o. Let I'; and Ty
bound the subdomain A; of RC > 0,1 = 1,2, « -+, n-1 with the A; dis-
joint. Let A be the domain bounded by T, and T, which includes all
A Let F (&) be holomorphic in A, continuous at finite points of T,
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and T, and let M > 0 and A > — 1 be real constants such that

(9.20) log | F(O)|<o(pM) (p=|{|—> =, €4)
and
(9.21) [FOI<SM (Le€T,i=1,2-,n).

If F (&) is unbounded in every A, 1 <t < n—1, then

(9.22) A>n—2.

Theorem 21 is the analog for a subdomain of the half-plane of
Ahlfors’ theorem confirming the conjecture of Denjoy on the number
of asymptotic values of entire functions. The proof of Theorem 21
follows precisely the proof given by Ahlfors [1] and there is no
need to repeat it.

The theorem at which this section is aimed is the following.

THEOREM 22. Let f(z) be holomorphic and mon-constant in
{l2z] <1} and let M(r) denote its maximum modulus. Also let,
for a constant A, 0 < A < 1,

1
(9.23) S (I-=r)rlogM(r) dr < .
0
Let 2z, |z, | =1, be given and let n; (ny,) denote the number of

distinet asymptotic tracts of f associated with z, for which the
asymptotic values are finite (infinite). Then

(9.24) A=0 o<1 ne <2

(9.25) 0< A1l %<2, N <3,

Remarks. Before proving this theorem we must point out that
it is closely related to results of Gehring and Heins. Let f(z) be
holomorphic and of bounded characteristic in { |z] <1}. Let z,
7y, and n be as in the. statement of Theorem 22. Gehring [23,
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Theorem 1] proved that n;, < 2. Heins [24, § 9] proved that n; < 2
and Ny << 3. These results are special cases of (9.25). If T'(r) is
the characteristic of f, then as is well-known [18, p. 2201, (p —7)
log M(r) < (p+7) T(p) for 0 <7 < p < 1. Since T(p) = 0(1)

~-it follows that (1 —7) log M (r) = O (1) and (9.23) is valid for any
A > 0. It is clear however that (9.25) covers more than functions
of bounded characteristic.

Gehring also considered the following subclass N* of holomor-
phic functions of bounded characteristic: f € N* if and only if
logt | f(2)| has a harmonic majorant in { |z| < 1} whick can be
written as a Poisson integral. He proved [23, Theorem 2] that if
f € N*, then n; < 1. This result overlaps (9.24) ; but neither result
contains the other. It is easily seen that if f has an arc-tract (with
asymptotic value « ), then log* | f (2) | has no finite harmonic major-
ant; hence f is not of bounded characteristic, and, a fortiori, does
not belong to N*. Example 3 in section 1C¢ shows that there are such
functions which satisfy (9.23) with A = 0. For instance, choose
p(r)=exp {(1—7)*2}, Thus (9.24) is not contained in Gehring’s
result. On the other hand, set

QU)=|%t|* (log (2=/]t]))*>0
for 0 < |t | < =, and

K

1 11— .
u(z)zf;gl—%cos (e—t)-{—r?Q(t) dt - (z=re?),

—_ T

which is convergent in { |z]| - 1). Also u{z) > 01in {|z]| <1}
Let g (2) be a function, holomorphic in { | z | < 1}, with real part
u(z) ; set f(2) = exp ¢g(z). Then u(z) =log | f(2)| =log* | f(2)|,
and hence f € N*. But log M(r) = u(r), and by a change in the
order of integration

1 1ogM(o~)dr:le(t) dt 1 1-7 4
| { {
J

™ —2rcost-r:
0 0

The inner integral on the right is easily computed and is found to
be = 2 log (2/t) 4+ O(1) as t | 0. Thus (9.28) is divergent for
A = 0, and Gehring’s result is not contained in (9.24).

Proof. It should be noted that, since A << 1, f certainly satisfies
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(1) and by Theorem 14 and (7.30) and (7.31) f € A.In computing
N, One counts the occurrence of an arc tract for which z, € K; by
Theorem 3 that does not upset the following argument. To prove
Theorem 22 we use Theorem 20 with u(z) =log | f(2)| and p(r) =
log+ M (7). If A = 0, then we don’t need Theorem 21. For if f has
the finite asymptotic values a, and @, on C, and C, (C, and C, as in
Theorem 20), it follows from (9.5) and Lindel6f’s theorem [11]
that a, = a,, and C, and C, belong to the same asymptotic tract.
Hence n; << 1. If n, > 8, then we could choose, by (2.8), C, and C,
such that (9.2) is satisfied but such that D contains a curve on
which f — . But this would contradict (9.5) and hence < 2.

Now assume 0 < A < 1. Let, forz,=1,C,, C,, - -+, C, be disjoint
curves to z = 1 on which |f| << M such that f is unbounded in
between each pair of C’s. Map {|z]| <1} onto R¢ > 0 by ¢ =
(1 4 2)/(1 — 2). Let C; correspond to T; and set f(z)= F(¢). By
(9.4) it follows that (9.20) holds in the domains A; between the I's.
From (9.22),n < A + 2 < 8, and hence n << 2. Then (9.25) follows
simply from this result, (2.6), and (2.8). This completes the proof
of Theorem 22.

For examples to show that Theorem 22 is best possible see
Examples 13 and 14 in section 10.

10. Examples.

EXAMPLE 1. The modular function. Let w=f(z) map
{]#] <1} onto the universal covering surface S of the w-sphere
with the three points { 0, 1, » } removed. Since f omits three values,
f € N and by Theorem 17 f € A. Moreover, as is well-known, log
M(r) = O((1—7)*) and f satisfies (III). Also known: f has only
a countable number of asymptotic values and these occur at the
vertices of the fundamental triangles. That is easily seen, as follows.
From the nature of S it is clear that f will have a countable number
of asymptotic tracts for each of the values 0, 1, « and no others.
These will all be point-tracts by Theorems 4 and either 7 or 17. In
particular, this example shows that the set A may be nothing more
than countable densé even if f € N and satisfies (III). The hy-
pothesis 4o N y = @ in Theorem 11 is essential.

Each component of {2z || f(2)| > A}, A > 1, is the interior of a
Jordan curve which is tangent to {|z]| =1} at just one point.
Hence it is not difficult to see that B¥* = { |z | =1} (see beginning
of section 3), and in general the inclusion A*¥ C B* is proper.

ExXAMPLE 2. Let w(7) > 0 be a given increasing function on
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[0, 1), un(r) T . It was shown in [15] that there exists a function
f(z) holomorphicin { | 2| < 1} for which M () < u(r) and which
has no radial limit. We can certainly choose 1 {7) so that f satisfies
(III), and hence f € A. So the class A cannot be attacked through a
consideration of radial limits. This example shows that the inclusion
N C A of Theorem 17 is proper. It also indicates why the proof of
Theorem 10 is not trivial,

ExAMPLE 3. Let u(7) be given as in Example 2. It is known,
Bagemihl, Erdés and Seidel [8, Theorems 3 and 5], MacLane [14,
Theorem 4; 16], that there exists f(z), holomorphicin { |z | <13},
such that

min | f(z)| > «» (n— )

6’6 n

where {J, } is an expanding sequence of Jordan curves tending to
{|z|=1}, and such that M (r) < w(r). We choose p so that f
satisfies (III), and hence f € A. Then by Theorem 3 f has a global
tract and A = { |z | = 1 }. In particular, f € A may have just one
asymptotic tract.

If we look at f in the half-disc D = {|z| <1} N {Rz >0}
and map D onto { | w | < 1}, then we obtain a function F(w) € A
which has an arc-tract whose end K is not the whole circumference.

If we choose u(7r) = (1 —7)*and consider g (2) = (1 —2)*f(2),
then clearly ¢ € A, g has an arc-tract with end K = {|z| =1},
but no global tract, since g (x) —» 0 as z 7 1.

EXAMPLE 4. Now the condition (I) covers a large class of
functions, but by no means all functions in 4. The purpose of the
following example is to construct an f € A for which the integral
o (8) in condition (I) is divergent for every 6 and such that M (r)
grows arbitrarily rapidly. We use Theorem 19.

Let { 4, }°f be a given sequence of positive numbers and set
(10.1) Py=1—4" pp=1- 154" (n=>=1).
Then 0 <7, < p, <7, < p, < -+ .Seta, = 1, = 1 and choose an

increasing sequence of positive integers A, such that

(10.2) =2 (—3;—) Mt s g, (n>1),
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(103) Ans1 > 4 /\‘n (n 2 1) ’
and
n
-\
(10.4) (?”p—l> RS 2n+1{1 +Zz-v+1 P ”}, (n>=1).
v=2

That such a choice is possible is trivial by induction on n; at each
stage it is only necessary to choose )\,.: large enough to satisfy all
three conditions. Define

(105) Qpy1 = 2,,, Pn ~)\71+1 (’I’L 2 1) .

Then (10.4) is equivalent to

n-1
(10.6) Gy T > 22 ay (n>=12),
y=1

and in particular it follows that
(10.7) Gp = 20,1 (n=>=2).

Define

Qy 2,

(10.8) f(z)=

Il D8

n=1

For |z | < pu, n = 1, we get from (10.5)

0 . w
A
a Ay < a, n)\‘, — 2—v+1< Pn > v
) < ¥ = T (-
v=n+1 n+1 n4 1
‘ 0
(10.9) < Z o — gt
n+ 1

which proves that (10.8) converges in { |z |<C p, )} and hence in
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{|#| <1}. From (10.3) and Theorem 19 it follows that f € A.

Forr, < |2 | =7 < pu, # > 1, we have from (10.9)

n—1
F@=-aon < Y a4z
1
and by (10.6),
n—1
I f(Z) l 2 ATy — Z @, — 27+
1

> 1/2 a/n?ﬂn)\" - 2."+1-

From (10.6) and (10.7) the first term on the right tends to oo,
and hence

[ f(z)| = %)— Tyt

for n == n,. Or, from (10.5) and (10.2)

1 "n A" !
(1010) I f(Z) [ 2? 211t </)—> 2 Ay ('n > Ngy T < l z [ < Pn) . i

Pn-1

The sequence 4, > 0 may be anything we wish. Given u(r) > 0
and increasing on [0, 1), choose A,.; > u(7w1), n = 2. Then it
follows from (10.10) that M (v} > u(r) for 7,, < 7 < 1. Hence M (r) i
may grow arbitrarily rapidly even though f € A. ;

On the other hand, we get from (10.10)

Pn
s (1—7) log* | f(re®)|dr> 4= log 4,

T

and if we choose log A,., = 4% then it is clear that the integral o (9)
in condition (1) diverges for every 6.
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ExaMpLE 5. Now if A, — o, then the function of Example 4
has a global tract by (10.10) and Theorem 3. But the gap series of
Theorem 19 need not have any arc-tracts, as is shown by the follow-
ing example. Here we are concerned with the case where (8.11) is
satisfied, of course. Set

D
f(Z) = Z (279 2M
1

where a, = (—)*/n and X, = 4" Consider § = g»/4™ where ¢ and m
are arbitrary positive integers. Then for the real part of f

0]
u(re?) —_—Z (_7;)" 74" cos qrdn™
1
m 0
(—) o n-m (_)n n
:Z 7 7" cos qnd —+ Z oS rt
1 m-+ 1
m ]
(_)n ; n~m (* *
——>Z - cos qmd™™m - Z o (r1t1).
1 m-+1
For the imaginary part of f
o m—1
0y —— (—) " IR n-m. (_) " n-n
v{(re?) = Z - r*" sin qrd¥™™ — Z ", sin grd (r11).
1 1

Hence the radial limit f(e'em/#") exists and is finite. Thus f has no
arc-tract.

BExaMrLE 6. We shall construct a function for which both A,
and Ay are dense on { |z | =1} and for which M(r) may grow
either arbitrarily slowly or arbitrarily fast. Set
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cQ
(10.11) 0(2) =u(z) +iv(z) = E @y 2 (lz| <1)
1

where \a/A = 4, @, > 0, and = a, = . Set f(2) = ¢/®. Then by
(8.12) f has the radial limit « on one dense set of radii and the
radial limit 0 on another dense set of radii. So certainly f € 4, and
also f satisfies (I). Let n(7) > 1 be a given function on [0, 1) such
that u(7) 1 . To achieve

(10.12) M) =f(r) =@ < u(r),
pick a, = 1 and choose the A, large enough so that
7 < 2 log p(r) 0<r<L,n=1);
then (10.12) is a trivial consequence. To achieve
(10.13) M(r) = e’ > u(r),
choose A, = 4" and a, = 7, where », 1 1. The r, may be cliosen so

that log n(r) < nin 0 < r < 7.1 and (10.13) is a simple conse-
quence: 7, K7 T =

g(r)= 1=mn>logpu(r).

=g s

It is to be noted that the growth of M (7) has nothing to do with
the existence of arc-tracts for f € A. In Example 6, f has no arc-
tracts and M (7) can be either arbitrarily small or arbitrarily large.
In Example 4, f has an arc-tract with arbitrarily large M (r). In
Example 3, f has an arc-tract with arbitrarily small M (r).

ExaMPLE 7. Here we construct an example of o function f
which satisfies (I) but not much more for meas ® = 0. That is, if
o () is defined as in (7.28), then ¢(8) = o for almost all §. From
(7.29) it follows that (II) = ¢ () < o« a.e. Hence this example
shows that (7.30), (II) = (1), can not be reversed.

Let {7, } © and { p, } ¥ be two given sequences such that
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(1014) 0<7'1<P1<T2<P2 <"'<,’m<n<Pn < Tw+1<"'T1-

We then pick a sequence { @,, A, } ¥ with
(10.15) ay >0 (n=1)
and

(10.16) A, = 2t u, an increasing sequence of positive integers

such that
(10.17) a, =1, 1 =2
A
(10.18) Gy pny = 27 (n>1)
and

(1019) a,,’/',,kn(p,, - 7"11) (1 - Pn) > 4(a'1+ e + a’"-l) (’)’L > 1) ’

We show by induction that such a choice is possible. Now (10.18)
and (10.19) are equivalent to

-A

n

(1018,) Gy = 27 Pn-1 (’}’L > 1))

and

can A 2"-}-2
1019)  (—2 )M > (o 1).
( O ) Pn-1 /(Pn"?n) (1‘Pn) (al +a 1) (n> )

The choice of a, and A, is specified by (10.17). Pick A, to satisfy
(10.19%) for » = 2 and (10.16), which is possible since 7, > p,. Then
a, is determined by (10.18’). Now suppose @,A,, ***, Gp.1,Ap.; NAVE
been picked so that (10.18’) and (10.19") are satisfied for 1 < n < p.
Then choose a power of 2,

Ap = 281 > 2Hpa,

such that (10.19’) is correct with » = p; this is possible since
Tp > pp-1. Then @, is determined by (10.18”). We note the simple
consequence of (10.19)
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oy > 4(‘%1 + e "I" a/n-l) 2 4a’71-1 (n > 1) .

But ¢, = 1, and it follows that

(10.20) a4y > 4t n>=1).

Now consider the function

<0
(10.21) g(z)=—1 Z by 2
1
[vs]
(10.22) u(2)= Ry (z)= Z Gy e 8in A0
1

where z = re¥, First, for | z | < pn we obtain from (10.18)

A

0 m [e]
Z l Ay, zk" ] < Z (L Pm'\" + Z ay Pn-1
1 1

m+ 1
m [os} m
< Z a, +- Z o — Z a, + 27,
1 m41 1

Since p,, T 1, we see that the Taylor series (10.21) converges in
{lz] <1} |

Secondly, we note that if § = kx/2?, where p and k are any in-
tegers, p > 0, then all the terms in (10.22) for which A, = 28 = 27
vanish. Thus % (z) is bounded on any such radius:

(10.23) |u(z)| < M, = E a, (0 = kn/2) .
M <D

Thirdly, for n > 1, 7, < | 2 | < p, and 6 such that sin 1,0 = 14,
we obtain from (10.18) and (10.19)
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n—1 o

Ay
u(z) = Vo auryn — Z ay, — Z Qypy-1
1 n+1
@
2 1/2 C(,,,’)‘,f‘n — % CL,,?”,,".: (p," —_ ’/‘n) (1 —— pn) — 2_v
n+1

> 14 (1/,,7'.”‘\:! — 2™,

It follows from (10.19) and (10.20) that ¢,7,*» —> <« as n — «, and
hence

(10.24) w(re) >%a,ﬂ".,,\| (e < | 2 | < puy Si0 A8 = Yo, 13> 1) .

Now define f(z) by

(10.25) f(2)=e'®,

Then | f{z)| = ¢"®, and from (10.23) we see that for integers k
and p, p > 0,

(10.26) | F(re?)| < el O=rka/2?°, 0K 7r<1).

Hence f(z) is bounded on each one of a dense set of radii and cer-
tainly satisfies condition (I).

Now let E, be the subset of [0, 2] on which sin 1,0 = 1. If
6 € B, and n > n,, then from (10.24), (10.19) and (10.20) we get

Pn

(10.27) s (1 —7) logt | f(re) | dr 2%_0&"7-73,, (L= pu) (pn—172)
T

2 1/2 (al "'l— tee —|_ (1;,,_1) > % a’?l-l 2 1/2.4)2-2‘

Set
0 0
(10.28) S=Ilimsup &, = 0 U E,
k=1 v=k
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Now if § € S (i.e, if 8 € E, for infinitely many n) the integral
o(8) of (7.28) will diverge, since it will invoive infinitely many
contributions of the form (10.27) from non-overlapping intervals
(7nspn) - That is,

(10.29) o(f)= (6 €9).

We wish to show that (10.29) holds almost everywhere; so we
shall prove m (S) = 2. The complement of S is

[} 9]
(10.80) S’ = liminf £, = U N ..
k= 1 v= K

Now sin A,0 == sin 246 has period 2=/, and &, consists of intervals

of length% 2w/\, separated by intervals of E', of length% 27/ .

Because of the regular spacing of the intervals of £, and F,, it is
clear that the following argument is valid. Given k,, then

m (B N B > (By) (k= ).
Hence, pick %, > k, such that

m (B, O By < %m(E",\.l).
Continuing in this fashion, we pick k,k%,, -+ - such that

(B O 0B <om (B 0N B (> 1),

Then it follows readily that

and hence
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for arbitrary k,. Thus from (10.30) we get m (S’) = 0 and m(S) =
2.

ExamrLe 8. Here we give an example to show that the impli-
catton (III) = (II) can not be reversed. Let 8 > (¢ and consider
the function

(10.31)  f(r)=eta)f (Jz] <1)

where the determination of (1 —2)"#in {|2] < 1} is that which
has the value 1 at z = 0. Thus if 2 = re? and 1 — z = pe®¢,

(1 —z)P=pBe ke, | o | < =/2.
Then
(10.32) | f(2)| = exp { o8 cos B¢ ),
and it is clear that
(10.33) log M(r)=(1—1r)5.

Hence f satisfies (II1) if and only if

(10.34) . B < 2.
From (10.32)

ki)
(10.35) m(r) g-;lr_ 5 56dh.
0

But p* = (1—7)* - 4r sinzé‘g(l —7)? - 4r(0/x)*

(1—7)2 0<I<1~7)
23 4r(8/m)* A-r<f<n).
It follows from these estimates and (10.35) that
O[(1—7)"Fl+0(1) (B=~1)
(10.36) m(r)= 30[105; 1_70] (8= 1) (rp1).



ASYMPTOTIC VALUES OF HOLOMORPHIC FUNCTIONS 67

On the other hand, m(r)= T (r) and [18, p. 220]

log M (o) < T+°m(7") (0 <o<r<l).

" —a
Setting e =1 —-2(1 —17) and using (10.33)

(10.37) m(r) > 2VE(1 —r)+F (h<r<i).
From (10.86) and (10.87) we see that f satisfies (II) if and only if

(10.38) B < 3.

Comparing (10.34) and (10.38), we see that f satisfies (II) but not
() if 2 < B < 3.

Also, using B8 = 3, we have an example of a function f which
certainly satisfies (1), for f is holomorphic at all except one point
of {|#|=1}, but not (II). These f behave quite differently from
those in Example 7.

ExAMPLE 9. This example complements Example 7. We shall
construct an f for which ¢ (§) < « on a set of measure 2= and o () =
w on a dense set.,

Let
(10.39) ¢ (2,0) = (1 — eiag) 2,
If 2z = reilett), then

1—2rcost - r2cos 2t

R ¢ (z,a) = (1 —2rcost+ r2)?

For ¢ = 0 we get, for a given 7, the maximum of both | ¢ | and
R ¢(2,0) :

(10.40) M 4(r)y=R ¢ (reie, )= (1 —r)"2,
Otherwise,

4
(10.41) | R ¢ (2, )| <

(1—2rcost-+1r2)?’
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Now 1—2rcost 4 r2 = (1 —7)? 4 4r sin® (¢/2), and by consider-
ing0Lr<<Thand 1 < r < 1 it is easily seen that there is a
positive constant ¢’ such that

(10.42) 1—-2rcost4r>=ct? osr<, it )
Thus
(10.43) |Rp(ref, a) | < c|0—al™

where § = arg # is chosen so that | § — « | is minimal and ¢ = 4¢".

Now let { a, } © be a given sequence of distinct points in [0, 2x)
which is everywhere dense in [0, 27). We shall use the function

[vse]
(10.44) TOE NERTCS)
1
for a suitable choice of §, > 0. By (10.40) this series converges and
¢ is holomorphic in { |z | < 1 }if
(10.45) T 8, < 0.
Now choose { 7, } ¥, 7. > 0, such that

(10.46) e < 2

and

The sector | arg z — a, | < 7. contains none of
(10.47)

the radit arg 2 = a,, 1 < v < 7.

That is possible since the «, are distinct. From (10.48) it follows
that

o]
(10.48) Y, m<l
1
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Now choose 8, so that
(10.49) 0 < 8, < 12,4,

By virtue of (10.46), (10.45) is a consequence of (10.49) and (10.49)
is the only condition on the §,.

Now from (10.40)

n—1
Ry(rem)= 8§, (1—7)*+R Z 8vep (reie, ay)
v=1

ee]
4 Z 8y R ¢ (Tei, o).
v=n-+1
For the middle term on the right each summand is bounded and the
term is bounded. For the third term use (10.43) and | ay —av | > 7
from (10.47). Thus we obtain

0
R lp(/reia”) 2 811 (1 — 7’)‘—‘2 - Cn - Z Sl'c 77_4"
vy =N -I— 1

where C, is a constant. Finally, by (10.49)
(10.50) Ry(rém)=8,(1—7r)2=C—1 (n=10Kr<1).

Now let LL denote the interval { | § — o, | < 7. }; let

(10.51) E,={a,a, a1} U U I,

and let E’, be the complement of E, reiative to [0, 2x).
We note from (10.46) that
%
m(En) < Z 277 v 2~"+2’

v="N
)



70 RICE UNIVERSITY STUDIES
and hence
(10.52) m(E’,) > 27 — 272,

For afixed § € F',, z = re¥,

n—1

Ry ), BIRsGa)l+ Y 8RRl

v=1 v=—"N

Each term in the first sum is bounded by (10.51). For the second
sum we use (10.43), |6 ~ay | =y, (from (10.51)) and (10.49).
The result is

[ee}

(10.53)  [R¥@DI<B.(O)+ ) 2"<BAO+1 (8 € B
v="N

where B, (4) is a finite function of ¢ defined on E”,.

Clearly £, | E, £, ? E’; from (10.52)
(10.54) m(E') = 2.
If ¢ € E’, then § € E’, for some n and we get from (10.53)
(10.55) [Ry(2)| < B(9) (6 —argz € E)
where B(8) is a finite function of § defined on E".

Now define

(10.56) F(2)=ev@® ;

f is holomorphic in { | 2| < 1 }. From (10.50) we see that

1
(10.57) o(ay) = S (1—7) log* | f(reim)| dr = (n>=1).
0

i
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On the other hand, it follows from (10.55) that

(10.58) c(f) < (6 € E').

It will be recalled that { «, } ®  was picked to be dense on [0, 2x].
So (10.57), (10.58), and (10.54) are the properties we claimed
for f at the beginning of this example.

ExaMPLE 10. The purpose of this example is to show that
Theorem 11 is non-trivial in that it is not a simple consequence of
Fatou’s theorem. That is, we shall construct f € A4 such that

(10.59) Ay =0

but

(10.60) lim sup | f(z2)| = « (allg, | ¢ | =1).
z—>

Also f will be such that for any ¢, | { | =1, and any finite a, { will
be a limit point of zeros of f(z) — a. Hence it is impossible to reduce
f to a bounded function in any neighborhood of ¢ by means of a
linear transformation of f.

A sglight alteration of the construction will give a funection
satisfying (10.59) and (10.60) but such that f assumes no values
in a certain half-plane. Then a linear transformation of f leads to
a bounded holomorphic function F in { |z | < 1 }such that : F 5% 0,

F does mot have zero as an asymptotic value, but for any ¢, || =1,
(10.61) liminf | F(2)| = 0.
22—

About the simplest example of an unbhounded function in
{|#] < 1} which does not have » as an asymptotic value may be
obtained as follows. Let D, be the domain {# > 0,0 < v < e*}in
the w = u-+iv-plane. Let D be the domain obtained by slitting D,
along each of the segments {v =1/n, 1< uLlogn} (n = 8). Let
w=7f(z) map { | 2| < 1} onto D. Then f is unbounded, but there
is no path in D on which w — «, and so f does not have « as an
asymptotic value. Our construction is a generalization of the essen-
tial fact about D: every way you start for « you get stuck and
have to turn back and try a different channel; a frustrating maze.
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Let y be a Jordan arc in the w-plane and let

(10.62) sup |z | = p(y).
2 €y

By a piece S(y,n), we shall mean a simply-connected Riemann sur-
face over the w-plane with the following properties.

(10.63) S(y,n) s the interior of a compact bordered surface
S(ym) U I(y,m) over the w-plane where T' is a Jordan curve on a
larger Riemann surface containing S U T.

(10.64) T (y,m) contains an arc T, (y,m) projecting one-one onto y.

(10.65) There is a ¢ross-cut C (y,m) of S(ym), lying over
{|w]| <1}, which separates S into two parts S, and S, such that:

(10.66) S, has T, on its boundary and S, ltes over
{w] <p ()42}, and

(10.67) the projection of S, contains {|w| < n} and is con-
tatned in { |w | < n+1}.

That such pieces always exist {given y and n) is easily seen.
Take S, to be a “strip” with one end bounded by y and the other by
a given segment C inside { | w | < 1 }. This is possible if C is chosen
so that C N y = @. Construct S, by taking a “strip” S* with one end
bounded by C (S* and S, abut on C from opposite sides) and the
other by anarcon { |w|=n-4 % } and such that S* C { |w | <n+1}.
Put a slit in S* starting at a point over { | w | =7 -+ 1% } and hang
on with a branch-point the disc { | w | < n + 1 } similarly slit. S*
plus this disc is S,. Clearly, S(y,n) may be picked so it abuts on
either side of y desired.

We now construct a Riemann surface F as follows. Let F, be the
disc { | w | < 1} and partition its boundary into arcs y,» 1 < v < v,
Along each v,, hang a piece S(y,,,,2) and call the resulting surface
F,. Here of course all the S (v,,,,2) are chosen to abut on y,,, fromthe
side opposite to that on which F, abuts. Partition the boundary of
F, into arcs y,», 1 < v < v, and hang on pieces S (yu, 3) *o get the
surface F,. Andsoon. F, CF, C ++- C F, 1 F. Clearly,F is a simply-
connected covering of the w-plane.

In partitioning the boundary of F, into arcs yuv, 1 < v < vy, We
always choose the partition so that
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(10.68) each end point of @ yy.1,v 18 an end point of two v, x Then
the end points of all y,, are boundary points, not interior points,
of F.

Let w=f(z) map { |2 | < R< « } onto F with f(0)=0 € F,.
If f had the asymptotic value «, then there would exist a curve T
on F on which |w |—> «. Since F, les ever { |w | <nt1)} (see
(10.66) and (10.67)), T must run through all F,. Also I must run
through infinitely many of the S,(y,»n+1); for if eventually T
stayed in various S, then by (10.66), since 2 n? < «, w would be
bounded on y. But to get from one S, to another T must go through
some S, and cross at least one curve C(y,n) (see (10.65)) on which
| w| < 1. Hence a T on which | w|— o does not exist, and f does
not have the asymptotic value «. Now any entire function does
have the asymptotic value « [8;18,p.291] and hence R < «; we
may take R = 1.

Now it may be true that f € 4 without more ado. But let n(r)
be a given positive function on [0, 1) such that u(r) 1 « as» 7 1.
Then by the use of Carathéodory’s kernel theory [5], [13], it can
be shown that if the partitions { y,,} are chosen fine enough at
successive stages n, then

(10.69) M(r) < p(r) 07 <)

where M (r) is the maximum modulus of f(z2). The details of the
argument are lengthy; but they are similar to those given in [16]
and we skip them here. It is also useful to choose the partitions
{ yu.v } fine enough so that

(10.70) max diamy,,— 0 (n— ). -
1<v<w
1
If now s (1 —7) logt n(r) dr < «, then by (10.69) f certainly
0

satisfies (III) and f € 4. By (10.68).each vy, ., is a cross-cut of F;
let the image of y,,,in { | 2| < 1} be y*,,,. If the end points of v, ,
are over W = a,,and b, ,, then f will have the finite asymptotic
values a,,, and b,,, along the two ends of y*, ,. Hence by Theorem
4, v*,,v tends to two definite points of { | 2| =1 }; those points are
distinct by (2.6) since f does not have the asymptotic value «. Thus
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each y*, , is a cross-cut of { |z | < 1}. From the structure of F, and
F it is clear that for any fixed n the y*, » form a sequence of cross-
cuts “running around” the circumference { |z| = 1} and all
together bounding the part of { | z | < 1} corresponding to F,. Now

(10.71) max diam y*,,—> 0 (n— o).
1<y,

For if we had a sequence y*,;, such that

lim sup diam y*,;, > 9,
N —> o

then by (10.70) we could pick a subsequence y*,,q ng tending to a
whole arc of { |z| =11}, on which f — a. Now a 5£ « is out by
Theorem 9 applied to f — a. If ¢ = «, then f would have the asymp-
totic value « by Theorem 3, which is also impossible. Hence (10.71)
holds.

Now let | | =1 and let
U={lz|<1}n{|z—1]< 8},

where 8 > 0 is arbitrary. Since the vy*, v, for fixed n “run around”
{|z| = 1} and by (10.71), there exists n such that U contains a
complete y*, ,, say y*.,,. Let A be that one of the two domains inte
which y*,, cuts {|2z| < 1} such that A C U. From the structure
of F, A contains the images of various S (v, »m + 1) for any m = n.
Hence by (10.67) f assumes all finite values infinitely often in A
and hence in U. In particular, f is unbounded in U. Thus we have
proved (10.59), (10.60), and the other properties stated at the
beginning of Example 10.

The alteration mentioned in the second paragraph of Example
10 is the following. Replace (10.67) by: the projection of S, con-
tains {|w]| < m; Rw > 0} and is contained in { |w | < n41;
Rw > — 11}. It is clear then by (10.66) that F lies over

o0
RwW > —1 — Z - = —n2/6.
2

The rest of the argument is changed only at the very end; f takes
every value in Rw > 0 infinitely often in U.
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ExamMpLE 11. We wish to show that Theorem 11 can not be
mmproved to m(A*N y) = m(y). The following example depends
on the fact that there exist Cantor type sets of positive measure.
Let E, consist of two open arcs |argz| < §, and |arg z —= | < §,
on { |z| = 1}. Let E, be E, plus two open arcs removed from E’, :
|arg z = 7/2 | < 3,. E, is obtained by adding to E, four open arcs,
each of length 8., one centered in each cf the four arcs in E’,. And
go on. The §, are chosen so that none of the intervals in E, overlap
or have a common end point. Also define

oo oC
(10.72) E—=UE, B =N,
1 1
Note that
oL
m(E) =25, + Z 201 5,
2

and we can choose the §, so that m(E) < . Then m(E") > 27 — &.

For each interval I,, of E', take a cross-cut y,, of { |z | <1} with
end points in the two intervals of E, adjacent to I,,. The y’s may
be chosen for every n and v so that no two intersect or have a com-

mon end point and so that the set of all end points has no limit point
in E. Algo we require that only a finite number of y’s intersect any
disc { |z | <7}, r < 1. Foreach y, . let D, , be a “strip” subdomain
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of {|z| < 2} between a pair of cross cuts of { | z| < 2} such that
vy C Day. The four end points of the two cross-cuts bounding D, ,
are to be distinct. The D, , are chosen so that any two have disjoint
closures, which is clearly possible.

Now by Runge’s approximation theorem there exist polynomials
P, , (z) such that

(1073) IPn,v(z)"' 1 I < % (Z € "/n,v)
and
(10.74) | Puy(z)| < 472 (z eD,,N{]z]<2}).
Then set
o0 2n
(10.75) f(2)= Z Z Poi(2).
n=1 v=1

It follows from (10.74) that this series converges uniformly in
some neighborhood of any point of { | z | < 2 } which is not a limit
point of the assorted D, .. In particular then f(z) is holomorphic on
{|2]| <1} U E. Certainly then f has o finite asymptotic value at
each point of E. Since F is dense it follows that f € A

Suppose now that { € £/ and I'is a curve in { |z | < 1} from
2=0 to . Then I must intersect each of a sequence of arcs

Yaip Yaim T 5 Ymip . S0 there will be a sequence of points
on T, progressing along I and tending to ¢, 2,,2,%,2.,2,%, - - - such that
. U N/
2, € Yy 4y z," € <m’ Y D‘"N’) .

Now it follows from (10.73), (10.74), and (10.75) that

| 3 1 .1
[F@) | =] Puiy ()= ), | Pus(@) | > — =5
other
and
[e0]
u ) o 1
I f(zn'l‘) I < Z | Pmr,v (z'nr* ) [ < Z 2m. 4rm-1 :"4_

m, v m=1
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Hence it is clear that f has no asymptotic value at ¢; that is,
A* N B = @. Since m(E’) > 27 — ¢, we see that m(4A* N y) > 0
is the strongest conclusion we can draw on m(A*N y) in Theo-
rem 11.

However, in this example, E’ is nowhere dense and hence any vy
contains an interval y, such that m (A% N y,) = m(y,). We don’t
know whether such a conclusion in Theorem 11 would be correct in
general.

EXAMPLE 12. We recall the example of Lusin [20, p. 229] of a
non-constant function f(z), holomorphic in { |z | < 1}, which has
the radial limit zero on a set of measure 2x. Clearly f € 4. Also A,
is dense on { | 2 | = 1 }. For if not, then as in the precof of Theorem
11, f would have asymptotic values of modulus > 7 on a set E of
positive measure. This is impossible by m (4,) = 2= and the theorem
of Bagemihl and Heins (see section 5). It is interesting to compare
this example with Examples 6 and 9.

ExaMpPLE 13. We wish to show that the estimate (9.24) in
Theorem 22 can not be improved, Let { = (1 + 2) /(1 —2z), which
maps {|z]| <1l}onto {R¢>0).If |z =7and p = ||, then

Take f(z) = F (&)= ¢&e%. Then

P(p)= max [F ()| =p

and M (), the maximum modulus of f, satisfies

147y 147 2
M(T)<P<l—'r>— 1—7”< 1—7r"

1
Thens log M(r) dr < . As a matter of fact, (9.23) converges ..
0

for A > —1. The function f has n; = 1 and n, = 2 at z, = 1. For
F(§)—>0asét o and F(144p)—> o asn—> 4 o or g = — «. Here
f has the angular limit 0 at z, = 1 and the two tracts for « are
squeezed toward { |[z|=1).
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A different behavior is exhibited by

f(z)=G{{)={"sin(L?)
where 0 < a < 1. Here | G() | = Olexp(p*) ] and
log M ()= O[(1 —7r)™]

1
S0 S log M{r) dr < . But now G(¢)— 0 on the real axis but
0

G ()~ o in each of the angles § < | arg { | < =/2 — 8. So now f
will have two “angular tracts” for « and the tract for 0 is squeezed
toward the radius [0, 1).

EXAMPLE 14. We now constder the case 0 < A < 1 of Theorem
22. We show that (9.25) can not be improved. Given A, choose §,
0 < 8§ < A, and set

which maps {|z] <1} onto A= {|arg {| <(1+ 8)=/2}. Then

v\ 140
(10.76) pz!élé(if;y:0[(1_7~)-1-6].

Set
f(R)=F({)={*sinh {

and let P(p) be the maximum of |F ()| in {]|{|<p}. Then
P(p)= 0 (e), and from (10.76)

10g M(')") < 10g P[B(l — 7') _1"5] = O[(]_ — 7') -1-6] R
Since 8§ < A,

1
(9.23) § (L —7)rlog M(r) dr < <.
0
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Also it is clear that n; = 2 and n, =3 at z, = 1. For F({) —» =
along each of the three rays arg ¢ =0 and arg { = = (2 4 §)»/4.
And those three rays are separated by the rays arg ¢ = == =/2 along
which F'({)— 0.

If we set u(2)=log | ()|, then the hypotheses of Theorem 20
are satisfied with p ()= log+ M (») and C, and C, the images of
arg = + =/2. But for 0 < = < 1,

1 144 R
w(e)=log f(x) ~ (L12) (@11).
Since § may be chosen arbitrarily close to A, the conclusion (9.4) of
Theorem 20 can not be replaced by

w(z) <K O[] 1 —z |+e]
no matter how small ¢ > 0.

EXAMPLE 15. Set

1 1

()= N + 17

which maps the sphere onto a three sheeted surface § with three
distinet points over « corresponding to ¢ =0, 1, «. Let x(z) be the
modular function of Example 1 and set f{z) = ¢(n(2)). Then
w=f(z) maps {|z| < 1} onto the universal covering Sof § —
{ 0, ©, ®,}, where «; are the three points of S over «. Now
and hence f is a normal holomorphic function: f € N. Thus f € 4
by Theorem 17. The only asymptotic values of u are 0,1, = and the
only asymptotic values of f are «». For 0 < ¢ < ¢, the components
of Sover { | w| > 1/¢} are logarithmic-branch-point neighborhoods
of «, countable in number. So f has a countable number of tracts, all
with asymptotic value «. These are all point-tracts, by either
Theorem 7C or by Theorem 17. Thus A* = @. A, is countable, and
the relation

(4.1) Ay, D B*

cannot be strengthened by replacing B by A.

Asin Example 1, B¥* = { |z | =1].

L
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EXAMPLE 16. Finally we wish to show that the inclusion £ C L*
of Theorem 1 is proper. Here it is a little simpler to operate iii the
square S = {0 < = < 1,0 <y < 1 }than in the unit circle. Let y,
be the segment {x = 1/, 0 <y < 11, n = 2. Let D, be the strip

(lo—1/n| < n-1<y<2) (n>2).
Then the D, are disjoint neighborhoods of the y,. Let
yn={®=¢, 0 <vy <1} where the constants ¢, are chosen so that

v’y lies between D, and D,,,; that is,

1 1 11
T R Y e N P (n=2).

letR={0< 2 <2 —1 <y <2}.ByRunge’s approximation theo-
rem there exist polynomials P,(z) such that

(10.77) [Pa(2)—2| < (2 € ypyn = 2)
and
(10.78) | P ()] < 2™ (z € DyNR,n=2).
Set
[o's}
(10.79) f(2)= Z P, (2).
n = 2

If follows from (10.78) that f(z) is holomorphic at every point of
R which is not a limit point of infinitely many D’,; but that is all
of R. Hence in particular f(z) is holomorpkic in

S*¥={0<e<],0 <yl
Now on y, it follows from (10.77) and (10.78) that

0

(10.80) f@>@-1h)— ) 2'=1 (2 €ymn>2)
N=—2 '
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and for v,

oD
(10.81) @< ) 2r=Y (Eymn=2).
n:Z

From (10.80) and (10.81) it is clear that any given level curve
C(Ar) can’t intersect both a v, and a y’,, and is hence restricted to
some { § <2< 1, 0<Ly<1}in which f is holomorphic. Hence C (.\)
ends at points and f € £* But also from (10.80) and (19.81) the
level set L (34,) will contain, for each n == 2, a cross-cut of the square
S, separating y, and v/,. Thus L (3/) does not end at points and
F €L
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