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CORR!IATION )ME HOD FOR RE'7CO($I1=lIG P&'1MrMS

USSR

Followincy is a trawslatiou off an, article by V. A- Kova.-
levskiy (KieY3 published ia ZhLunal Vychio~tel. neZ_&ete, -
tichedko r iziki (Journal of Advanced Co uting Mathematlcal

~htJMascov, Vol 4P No 4, 1962, pp M64.

The p-rblem olf racognition off petterns is oine of~ the ttrely P=ob-
lenw in cyberihetics. It arouses ir~terext especially in, conteeticin
'pith the cont~ae ior of sea-aning machines intended for use in 2-
tronic dae pocessing*

The task of recognition consists of clasirg oach pratte-rn in one.
specific grade, al~so denominated ima. The coplicity cif the tan),
of rcgnition depends on the setvp of tbhe classes.

In thia article the cast 13 Ines igatod, easeh clant being set
irp by mieams of a certain standard pattera in such a wy that all,
patterno of a givlen class ario-e :fr-om the.- standard pat-t1er .:z an
Issue of ditortions &,iscribeOd throiagh definitbe savtistics], re~gm-
1arities. These distortions might cover, for inetatce, iveotiga-
tions on darkenig of the backg: ound shift of the patterrn, -pro-
portionate increase in the measures of the pattern., incidental-,dak
euitg or lightenitg of cartvli. points, denouinated1 In the foll~ow-
±ing as noises~and so on.

1. Criterion. of Recognition

3 aceb pattaim can be described as a Patction of two vai~.1les, r--
peaeuttg the intensity or the reflection acofficiant ian each poirat.

As a. specific example we aihall in the folloiting'i,4estolgte ratterne
rea'lized on plate paper and described 'by the refleation :!oefficioenj
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ksy Yt.l Where xc &2. -Y are i"tce _roerd& CO ataes of a CctaiUap'-i
61tepaper.

in aoorsnc*)qth the asu,"Eed. toleraces the Pattern obtlain.ed ast
an isue of the dw i [Stortion of the fotsnt rd Of? can. be 4etxcr~bed by
the tcxet ton

wiw01*0 Au . - .'6.. &' are seversl raaccn Pazmameterig cha"racterizing
thet diitortf?)n snd r& . Y) is the rszedom,. function describing the

Ote s pacifiest- in thabPt wamy the atwertwcos y'tion of the sound out of
s:L3.blossibiftdint ivae1 it being clescrf bed aa a, simple additive Thinc-

t~Lm TaLmaks t s~t tocoPwt h probability sertng for the
inerolatcna of1 thes recognit"Ion off the criter'lon.

In ccr~ to include a certain tcnovn pattern. ? (Z' y) in1 one of
thte v. alasorv, it is neaart, -to compute -the probabili1-ty Of a, Iypo-
th't!ziit tbat *lhe given pattern 'Is the. result of' the distortion of that
or of a-nother st-andard and -to ehoose among themL the grteatest p1%obPrAbi1-

It.The probabilitie8 Of' the hyr potAhesis P3~ (k) will. present thle.m-
77esas reltiv :probabilities of7 the startdar'Jz for the co-ndiLtion
t':rn wIMch Ithe g'iven pattern shlould appear.

It 'is es-pedlent to Com-',uteC thesepoat Lie by taking ito so'.-
'mXn 'nt those tnwo atnsof, t-he patter.,s which ar gener ally re -
:avized. with systems of reovino Cff~loI ystem of thisi
kindA the beam illuminates a small section of the pattern. The MuT-
mlxation, o? the section -might. be -uneqyakl and41 IS eircumscribed in, the

g erlcaae bya certain troctl on g( -x j y - yj) whore x4 andy 1
are. 'the coordinates off the center of' the 'illuAminated section. I a t he-
bco'uk'ers Of theiv uiatd section gic '., W411 - ri) 0,

T'he light reflected tro-vi the pattern rhLls on a photocel1)., where-
tetfore the current of the latter is proportionaste to the Mean coef -
,f~xlent of the reflectilon of the iflnlminated section. D:

With eqjual distribution on the ranuge of' the pattern IN of points
ith coordinates x.,, y1 (± - 1, 2,l .... N)' one migh.t so describe 'he,

re zogte patern a s the standard patterns with vectors ' off N

Inaplyngrad snformations toC eQ atlon (1.) one obtains:n

Let. vs find. now the probability of thbe hypothesis P,(,.)n
According to the florsula o-t Bayes:

P" .*.")



Hare L! the co-&itionail density of the yrobability for patterrn7
Sa1,perizg as a remltt of 6istortiori of the P', standard.; t~ ns te

abs~l'ute (a priori) probabiliLty for the k Standard or k~ imse 14rq

is the ah.solute density of tIhe piroblibility of -te gilven .tirn

let u s corr(ute -,irat the valu".e Pk(~) So fa as acccrd~lng to (L2
the acei.1ntPJ . magyltude ~.io the total of two iimdependent acdn~
mggmaitudes tiv-he density of its distx-lbtition. is eq Al to the intgrl
bew-P of the distribution for 'I(a) and. rjs

Let us assume that one bas to dcal wi~th, a Gaisn distributi~on and
that it has jideTendent components. This asomption is valid if 'the
:sections illuinatd. 'by a scanning system do not over~lap and have tgeater
ctimensions than the ram.ge of correlatiou of the noie. In sueh a case
the following distribixtion of probabilities is valid for ever compo-
nent of the noise:

where is th* dispersion of the noise.

The probability that giiz'em vallues of the cco et fnieapa

simult1eously is 'by virtue of' their independence equal to the product:

In this way the densivy of the probability for the noise, is:

Mhe muvltidiramsional density of the probaobility of the paameters A,.

is designated b-y p(a). Then the revied dwasity ofC probability is:

AAw

Here the in-old. integral moves in the xa-dimensional range af the vana
Rtions of thle Paraeters P. ,I

T17he probabilities of the hypotheses m~ight be computed in w.cordarice
wieth the eqpiation () Thu'i: there -is no need to compltt, the magni-
'tude p( q) figuring ir- the denominator, as one miglht find J.t' on the con-
dition of -the nornralizeation:

Thus:
_',() sPkAP (A PXPjpi p1**)j~tda.(1.7),



1le7.4 the co-Picevt e &)es not depend on k and appears under condi-
tions of noXIM1t1"ution (1.6).

Tfae rcognition of the patteyrns bcy the- mtthod of brlabilitiles of
hypctheses can be rpeproduce. in the follovine. -way. Let us Introduca,
the conept of' the Wth space in which the values of the relection
cofficien-ts J, of the indiyidual sedCions of the psttern sere as co-

ordnates. In such. space, ft &,t 4in point corresponds to each pattern.
tLf o-ne subjlects the standard pttern. to all distortions,~ ith.1 the exc-
cept-Iou of, supez ?osition of th,-e noisepthe corresponding point 1'S shifted
-*n the space deiscribing a range in a aertaln ri-dirensional subspace.
I.Pt us denoinate It as the range of the stadard.

Th nge olf the various standards do not intersect one another
ifC the dlistortions are such that one cannot obtain. an identioa'. design
out of tvo if f erent standards.

In superimpoaing the noise the point might pass the lirits of the
reange of the standard: 'he probability that the point) as a conse-
quence of the superimposition of h noise, fell oulkt of the rano% of
the k standard into the -neighborhood of the point with coordinatzos
is characterized by tqe above-nroduced magntulde Pk() sis~hw
in.l~) the density of the probability of the noise is a function
Of * tis expedient in connection with that to introduice
into 'ie svurface in qieztion the distance between the two Points <
and o)is determined. byr the nzgni 'Mde

Now one car. state that sc a consequence of (1-5) and (1-6) th~ ensity
of the probability pk q ad the probability P (k) decrease oto-
stelyr as the point recedes from the range-of the tadd.One can
infer by analogy with the obvious three.-dinein.sional irnstance that tkhis
geometrical locus is an (N - 2) dimensional hyPersurface sul-dividirag
the entire surface in twl-o ranges,. onr one of them prevails the bi-
ity of the k hypothesis, on the other the 1'respectively.

if one clmveaws p stich interfaces for each pair of standards ,the who7-e
surface will appear to be suba-_divided into nt ranges, and, ve shall call.
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the. sbsue tly ranges of images5 or class o1 Pa-tterIS In eah
±rag ine Is encloised thoorrespon6-ng stand&Mard Fguei

It ordiex to reognize a pattern it ilf~fioesi to dt~n n hc
of the nrne the point of this patteom fl. The answei to,, tis
ve:stioc.n 1.4 giveti by ccriputtng the prubatbii.-ty 027 the hypotheses 1k
ad by, comparing tlaam

7Thc criterion, of rcgiinbmaedl on the probabityv C-f the hy~--
theesa~pet.D tbe per04ect 4 It a owvr h deficiency that the

formla i ~7 fo coputing the alue; Pj (ic) is complicaex hee"r
it 1:. hard:Ly auitabla for 'use in mzie kind of recordng. It is inter-
estlrng. in dontection -with tChat to fl-nd a rmore imle crit'erion of re-
cognition tha .t e"tnures a hilgh-le~vel probability of cOrrect 'reognition..
Or- aeIght flnd. flucrc (a Simplified criterton on the basis ofr th-4e follow,-

The dtnesbetwe-n the in'terface of t-wo defivite standards ama.t
the rengez of those stanr~dat mre virtually not eql. "he rela.,,tion,
of te distances depends ac muach on. the p,*,ecu%,lIaritiee of thne sad
matterns maietdin the -vtriouq charaocrs of thbe -PlactiJ.o-c
Q k (03,1, 9.'3 s r as on tea prniori pro'babilities of th' e sta:ndards'e

Vk). However, -in the case of a- suall nolse dispersion (in comparizon,
with the sqtuare aic-tanoc to tht interface), the pmrbability lo ve:ry snal
that Atter near to the i.nterface might a~iear) , end a dflbe-rat
shift of the Inter-i'9ce wvithin certa~in lit* haxrdly affewts the, proba-
bilities, of orec r"Econi~ou.

'Thereforl one might take in t-he Capacity of an Itterfa'ce of" two
stan.dards a geometricai locus otu points at aqUa2. distrance from the
jmngem of these standards 'Then., to recogniz r-,a pastte4r, it suffPices
to compute. its ehortest distanfce ftrom all tkhm. rgsOf the stbandardst

adselect t"he smletof these maniuds.Hre the mini1mm aff-ecOtb
all the vfailues of the Parameters of the dAttioneUm a;.1 Such criterion
of reco gnitldion, I's cosdrcymore sirq~le anid convenrient for compte-

One mitdgt estimee in the,. following ity- the pznbabl'lity of' an n
correct recogn-ition, by this. cr1terion a pattern of' theA k class 'w'iJ.
be incorrectly reco-Snized if the corresponding point Valls beyond. t-he
ljrmits OfL thie range o-J the k! I-mage bordereld by equistat s-:rfaces.
-.In order to cormpulte the robat; of suhanll e~I is n-es~t

t4uo Intcegrate -m'e e:qres sion (:L,:) by a devnslity of pprobabSi-litm':y~
for the Section Of the Space If, sittuated outside thle ra'nge f the It

' Ima Cosqetly, the probaboillty of an erroneous recoguit~kon.- Of a
patter bolongaing to the image k, is eqal to:;



The robabi2lty of an incorract recognit-Ion of a pattern hejon~igj-4r
to a partclar imzage is equal to

v

k.1

-Wee P(k ) is the a priorlI probability c): the k kwage

it .a Pvldent tbat the p --babi]Aty oil an error in a particular image
does not exceed the maximum ervor of the probabilitles

P 0.) <7 toq k(X,

t~ us vrite the expreason kl te avin substituted (1.5)
and (1 .9

&cchangi ng the sequence of intagratiott and observitg thalt:

A

Let ius substitute a' ra.e of integration more convwenient"- for copw-
putation -- to vit, withl a section S of the space located outside the
sphere S with a radi-as of where d. -a~is the shorteet distanace
betiween two 2an;.,es of stanards in, utmcwst p~noxiniity (see ?FIgu 2.3
The center of the sphere ici in the poinit '? I )a)where a.- is the
value of the parameters of the distortion for which the integl (..0o)
is at mximm. As far as such a sphere lisas a who.Le Inside the-
range of the k image, the space outside t1-he sphere connrises the space
outaide the range of thle image. Cons equevrty, through substitution
of the mrage of .irtQgre.tI-on, tbe irt raJ of the positive dens-ity of'
the probability c-an only increase. This is valid for any k. PU-nong them
that ifhere the magnitude Pk(e-r' is at a mximum because the chosen
radius of the sphere is srmaVler that ba:lf of the shortost di-stlwance
bOetween thle Pa±'ticuner sta'a&Irds:

With t'he substitution of the variables I~~' ~a.* one trazips-
fers the contber of tbe sphere to the origr~in of the coo~rd.Tates

.6



Tht e:;xrssiont of teri&eht side of (1ii epresetta by itself the
probability that the noise reator. r w111 be found beyond 'the 'iorders
ai' the aphere Sr vith a radius -- (,, thtihetquly

vill be fulfffille4

C Figure 2.

One mtight find -the probability of this Ineliility by rens of the
so-called dispersion >&'(86e [1) ) The total Of the W, squzare inda-
pendent -itellidental nagnitudes subordinate~ to a. norml die trfhut-ion
vith iero center 4n-1 dlspeweion d' followfo for great X a rule of i-
tribution close to the norm~,l one vith center 11 d 'and dispersion A';
tberefore:

Here 4 (x)= I P1, ct is the rtorma! rule of distribtloz#
The o'btained eation makes it uiu~le to establish, for instance,

a. conclusion like: the probability of the error does not exceed.
0.001. if:

that is, ip

It is necessary to observe that tbe aubmitted i!p~a.sR1 of the
probability of error is greatly overestimated azd the pihatbility
of er~or is actually considerably lover, Thit is conn~ecte~d viith
the possibility of highly overstgtitg the timber of standards -a

in. case of a namber N elements of distribution., 'that there exist
rosy directions ir, the space to which a point of the pattern mitght~

-13bscript afterW P a error]
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F1edieplacted and. ncrt ccwe close to tony intertface. 13y S'sbtituting ?crx-
the actual interfaces thl'e slphere with xiniiuun xatd:us, we reckon t.at ete -

rV point ait.a diustancu,-. from th e range of thatU stadardl exceeding CA. .

irmplies am .terset.tion of the iriterfaic0 and 'Pis n error,

As a resultA we come to thve conclusion thlat to 'recognize pattemrns
o.ner- car te succes,,ful uL:se of the criteriona of the minimumditace

-I* .,the ziftivwp. g'b.d for even-, stt-ndcr4 and. tor every pot -
sibLe distvrtion

an t nvestiga te for which st4an&,.rd this minimun is smallest.

~. ~cogitio ofMachine-'Recorded Signts

By rlet~tg ~ter a pvntd >o~.s ~ a a ctrtain, recording
Ynaihe one can choose for standards shapes of sgsprinted undr

cet~n dal cor-diions.l- In th~at ease aef inite tolerances miglvL; be a-d-
xritted concemrc possiLblE disc-tortion, in the standardx - Let us suppose

t &t c-rtain sign printed. on tegiven, machine dIf terent frow the
s'hvatdardi only in -its lpcntion on the paper~thie averpgt coef'ficient of
reVlection iaherent to the paper ansi the paint, and Cso In othe ge
.;ence of dlifferenrt defects of printing! to be consIdered as noise. M e.
comp-vted alternatio'ns of the s~tandar-d c.!a 'be ezore~su.:edtrt follow-
ing functions:

Hlere Q(x, yr) is the coeffcl aert of 'the 'reflect-ion of' the distourtedr
pattern; rdx, y) is the- accidental ?Unct.On of the noise, aydl7&
are accidlental magnitudess chrmctkeriztng the locatEion of the standard.,
pattern along the axes X -ri Y repctvly . and b are acz-1.6-,n'tai.
vra)joes determiningeven darkenng and even change ofI -the contrast rratic
of-h 'aictur.

BY means of th1"e pFsrrmetert,. a and, b we miglht ecib n cage in
'the average coefficients, of t-he background. and design refletion.

Ir order to get oc'nvined that 'being so It is s-ufficient to keep
inmind thlat a system of eqwuetions

,fhere 'and are the mean coefficients of the ba~ckground and



f'or the --tr (L--1 and anM Rr~e th~ e, ea the tuvtet

One ca~n -alter Be sumoos ccorwlatiOn for Y-ianin2 et~
jo isFn Tsu~e W & tamsrcrnation of the at~te -n snn

In aceor&.ncc_ -,itila t abov ubtt ~ cri tercon,. one h,4s f'or re -

cognition an nlszraun .p~attern, t o anmpte V1aaa

mic irz. fct' ,,i ad b ve oond in a gen~eral. Wt Differentiatingz
the total. of' (2, 1 *,)-7 a srnd b) ve fPind

(2.2

~ (2.3)

ie airationf; (2 .2) an~d .3) -d etex'dne tha- vI1ues q .i. b, corr~tnspo
Tng to the 'nost Iprbab1. .?. e~c tlnx ,'z1ven ptten. ThCeeoe
,~he roots (2.2) ; p. 3) p&.4,,, r~ ~tr~.I tern~eo

k':.
Thmving ac-lve&d4 the eq atiad (2 .2) with ctgard. t.*b, oneotin

Int-ouc-11A th' e iatiomm

Then:

S-.1bstdtuU-,n. tha-t An (2-3) we fid a:

E Ul VPaaww?

9'



imtroduce the degsi.nations:

substitute the found values a and. b in ('.1). ,,en:

l It

Let u; observe thatz

wherefVore:

B amlogy:

Let us introduce the designations:

ftk

a. q) *

Then:

,4,

Al

As far as the value does not d~epend on kj, Ni amd."

and the tack to find the smallest d ,,s equivalent to the deter-
mination, of the maximum of the value 'R,, or -- 't is the e - -

the maxtur of I'"J Mi for al! values of "and ' and also for 1;'L

10



Tbe ceyption 01, the value R,/ V M" coreI3 to the det.erY.ninatiol of~
scal-ar protiucts of the form,

0.8 far asi

and.

It is n~tx.to : C xps tha~t ou the standard. patterns thte k
grou:,nd. has a coonrzttnt oe:tficeient of reflection in all its po~ints and
-the s~t of the taudArd come forth prirded tlhat th!Ie deindzes
nottngrs the boc-ders o the detk,-ination range of the pattern,
Tv, that c:ase, the riagnitides Mk % and do not 6A,.end on the pa tr,"trs
of the shifts :an Th luefor, each Standard catib
corpn.ted 'tefor-,ehan dfor a~ny disposition of the stanU rd pattern. 7hen.
the _z:tde )rigbt be co.Trouted as' scallar prodctis of the vector
of at~ unknown - attern by n cattnt vectors &a/t~ .I order- to
find,.4- th. m<It c ,for aill possibe shifts it1- -s rjeessax~y to0 7lace
the congionents off both vectflors in the shape of rutr''es wrir 3.ispl-ce
these nmaric.-s in relation to ne another comuire~ i ~
scaler poroduct find courparing it with the other produc'ts olbtoijed by
other shifts. In oirde r to find vrtth thes,,e shifts for eaoh conTanent
of a Certain watrix the corrascondira, ccmonent in anoth1ex, mtri.',
the shifts mist be Yrade cyclically, - - *-±. e. a liAne or a o-11r
transgess:,'n, tie lirgits of the matrix on 0"" side, bas to be tnn8

fered t te pposi-te side of tine niatrIx Instead of' tha-t, one
mright have matrices of different siss

The daescribed alfgorithmx of recog~nition has "been peienal
inves-tigated with the aid of a universal compo-iter, '11e tests car-
ried out. i'th nachine -recorded n~e~schecked a high m.&Utibility,
of re~cognltian. With a low qua .Ity of printin, the Probability
of error is on tbhe order of J~

IAn order 'to -m=ognl ze somne pritted signs under conditions wh-)ere
the dlifferent :patterns of -a certain sign might differ by progressive



F711splacement, even changes in the coefficiets of reflection of theJ
background LcriA dewl, or 'by the presence of accidentml dciects, issues
near to an rtimuna osn be obtained in the following way.

One choses as t.he standatrd a pattern as clearly printed as possi-.
ble. By means of F; scaun!tig device the pattern is put on N di'fet

intersecting parts, abd the elements and the mean coefficient of re-
fketion (i .l, 2 .... N, N) is ohcked for each el..eent. The co-
efficient of reflection are consequently represented for each of the
n tandard. patterns, (P by the following relation

The tbis obtained vectors of the normalized standlart' .re re orded.

In order to recognize unknown patterns, its coeffieients of re.-
fleotion are measured by means of the same ;nanning device. The sca-
lrroulaets o4 the est.blished vector are subseq.ently computed for
all nornal:zed vectors of the standards. For each standard one com-
putes the scaaftr product irny times, while the components of the
vectors to be mltiplied are p.aced. in such s vay as to irlstate all
possible shifts of the standard patternr in relation to the pattern
-to be r.cognized. Thus the nuwmber of scalar p:&duets to be o nouted
is equial to n , w, Wherep n is the nvimiber of e ndrds an. w the niumber
of shifts. - e has to find the greatest scalar product among all
the corputed scalar products,. 'Tre number of the denomination of the
standard for which one 1-.as obtained the greatest scalar product is
the issue of reognitiol.

The proposed algorithm ensures high re l!-bilty of recognitlon. and
might constitute a basis for constrct~ng a computer.

The theoretical methods of statistical -solutions for recognition
have also been used heretofore (see 2, [3]), but the actual paths
of istortions were not taken into consideration and. the algorithms
were not coiqpleted "j, to working order.

The described algorithor of v'ecognition differs from other aigo.-
r thms based on a computation of c-celar prodcts (see [41, [.53)
to the extent that the ,rcrpoaed. method of detendr aing the standards
is an optimum under the investigated conditions.

The idea of pattern-recognition by coL.arison with standards is
'not new [61. It Is, on the other hand easy to make si e thlat a direct

12



sclw zprdcts of vectore4 decrCibiflg pattrves notl
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