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On the Inclination of Satellite Orbits About an

Oblate Precessing Planet

Introduction

It is shown that satellite orbits about an oblate
precessing planet will maintain a constant inclination to
the planet's equator under a certain condition. This condi-~-
tion is that the motions of the satellite's pericenter and
of its ascending node on the equator plane are rapid when
compared to the precession of the planet. This is the case
for both satellites of Mars and explains why it is not just
a coincidence that both of these satellites have small (<2°¢)

inclinations to the equator of Mars at the present time,

1, It is well-known that in the abgence of satellites,
an oblate spinning planet whose equator is inclined to its

orbit plane will precess about the normal to its orbit plane
1

with period given by T=2 gg;‘ C _secg (1-1). P is the
3p (C-a

period of rotation of the planet and P’/ is its period of

revolution about the sun. € and A are the planet's moments
of inertia about an axis perpendicular to the equator plane
and an axis in the equator plane respectively. For simpli-

city we assume axial symmetry for the planet, ¢# is the angle

-1-



between the planet's orbit and equator planes, also known as
the obliquity. For Mars formula (l-1) gives us T=2,17%10°
years where C-A is taken from satellite data,?

If £ is Ehe angle between the planet's equatorial and
orbit planes then the inclination, relative to the equator, of
a satellite orbit which is fixed in space will vary as the
planet precesses, If d is the angle between the satellite
and planet orbit planes then the inclination would vary by 24
for 624 and by 26 for § £ 4. For Mars #=25° 12', However,
Phobos and Deimos are inclined to Mars' equator by less than
two degrees., Similar results hold for the inner satellites of
Jupiter, Saturn, Uranus, and ﬁeptune. Since these planets are
all precessing it is evident that they must drag the orbit
planes of their satellites around with them, Otherwise the
low inclinations of these satellites would amount to an un-
believable coincidence. Two possibilities suggest themselves
since the equator of a planet is defined both by the spin axis
of the planet and by the equatorial bulge that this spin
produces. In the first place, the spin can affect the incli-
nation through tides raised on the planet by the satellite.
These tides transfer spin angular momentum into orbital
angular momentum of the satellite or vice versa depending on
whether the orbital period or the spin period is longer.
However, upper bounds can be put on these tical effects and

they definitely rule out this possibility as an explanation of



the inclinations of the satellites, The second possibility is

directly related to the equatorial bulge of the planet, It is

well known that the major effect of the oblateness of a planet

on its satellites' orbits is to produce a secular motion of

the pericenters and of the nodes. In this paper it is shown

that if these motions are sufficiently rapid then the inclina-

tion of the satellite's orbit relative to the planet's equator

is unchanged by the planet's precession, It is then apparent

that in this case if satellites are brought into their planets!

equator planes (either by being formed there or by some other

means) then their inclinations to this plane will remain constant

as the planet precesses.

2, The notation which is followed in this paper is set

out below,

LN is the longitude of the ascending node.

i 1s the orbital inclination relative to the planet's

egquator,
W is the longitude of the pericenter.
a is the semi-major axis.
e 18 the eccentricity.
f is the true anomaly.
M is the mean anomaly. M=n(t-t,)
the mean motion., n=Iwhere

nis

T



T is the period of the satellite,

' is the mean motion of the planet about the sun,

T 18 the planet's period about the sun,

8 is the spin angular velocity of the planet,

R is the radius of the planet.

M 1is the mass of the planet,

Explanation of Fig.(1-2).

The two coordinate systems which will be used are drawn
in Fig.(1-2), O is their common origin,

The X, Y, Z system is an 1nert1§l system with the X Y
plane coinciding with the planet's orbital plane. i, 3, R
are the usual unit vectors.,

The x, Yy, 2 set is one in which the x y plane is the
planet's equatorial plane, The x axis lies in the X Y plane
and makes an angle of & with the X axis. Hence,u=&is the
angular velocity of precession and ¢ is the planet's obliquity,
.

i, 5, K are the unit coordinate vectors of this system,

ﬂ=ﬂk=p(sind j+cos¢ k).



equatorial
plane

obliquity

Y

pericenter

ascending node

(1-2)



Let r be the radius vector to the satellite from O,

r=|¥F| ¢=f r=a(l-e?) (1-2),
r l+ecosf

Let ¥ be a unit vector in the orbit plane orthogonal to %
and in the direction of increasing f.

Finally, let W=£«9¢,

We will need the matrix which relates £, 9, W to 1, j, k.

This is just the Euler matrix and can be written as follows:

£ i
¢l={a {|]
¥ k

where the matrix A is given below

cosucosa -sinusinn cosi, cosusina+sinucosncosi, sinusini

-ginucosn -cosusinn cosi,-sinusina+cosucosncosi, cosusini

sinisinn ! -ginicosn , cosi
We have set u=w+f in the above, (1-3),
3. The equation for di is given in terms of the perturba-
dg

tion force per unit mass F as followss3

di= 1 (£\cos(w+t) [F- & (1-4).
dt na(l-e*) (a) ]

In the x, y, z frame ¥ is made up of two parts. The first
is due to the planet's oblateness and the second is the inertial
force due to the planet's precession. The oblateness has

been treated by many authors including Kozai? whose work we
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shall refer to for results at a later stage, 1In the present
paper a development of the inertial force will be carried out,

Let ?1 denote the inertial force and ¥o the force due to
the oblateness.

Hence, ?=?°+Fi.

?1 has the familiar form

Fy =—2f2-xP-Ax (Ax2), 5
The dot denotes differentiation with respect to time in the
precessing x, y, z coordinate system, ﬂ is the precession
angular velocity and is expressed in terms of the i, 3, ﬁ
unit vectors as)i=p(sim¢ 3+cos¢ i). Finally, since we are
considering uniform precession, we can set ].1\=0 and we get

Fr=-2in?-Ox(frT) .

The next step is to express rcos@u+f)[f}-&] in terms of
trigonometric functions of the true anomaly £, We shall treat
the "centrifugal force" -Ux(Hx?) first.

Br(Hxt)e @=(L-F) (W) - (R-B) (2 R)
but (.#)=0. Hence, we have rcos(w+f)[1*(fx¥)%]=rcos(w+f)
(d-T)(i-W). Using the transformation matrix (1-3) we can
express T and % in terms of 1, §, k.

A simple algebraic computation then yieldss



- +8in?d [(2cos? fcos®w +28in2fsin%w -sin2fsin2w)sin2nseini]

-cos?d [(sin2fcos2w+cos2f sin2w) .1n21;|

-8in2g# [(2cos2fcosiw +281n2 Fein?w-8in2fsin2w)sinncosi

_( sin2fcos2w+cos2fesin2w)cosnsin2i

8-

-4 (W)L x (IxE).w]=
4 conwst)[fx (o))

| (sin2fcos2w+cos2f8in2w)cosncos2i J
(1-5)
Next we shall treat the "Coriolis force"

2rcos (w+£) [ (fix?)e W] =2rcos (w+E)[A- (¥«@))
2rcos (W+f) l(EL+rf@)xW=2rcos (w+f) i« (r#f-er2 sinff{)

a(l-e?

Where I have made use of

r=a§l-.e2 )=er?sinff (1-6)

l+ecosf a(l-e

Usingﬁ=ﬂ(sindf+cos¢ﬁ) we get after an elementary computation

sing‘ﬁfz
a(l-e

cos%‘r-"f;
a(l-e

4. At

2rcos (W+f )[ (RxE). W=
"{(Zcoszfcoszw +28in?fain®w~-sin2fsin2w) sirm.}(l-o-ecosf)q

(sin2fcos2wtcos2fcos2 )

i(sin2fc082w+coszfc032w)sim ‘ esinf

(sin2fsin2y~cos2fcos? -sin? £sin?w)cosncosi

F{ (sin2fcos2w+cog2fcos2w) sini} (1+ ecosf)
| {(sin2£s1in2w-2co82fcos?w-28in?£sin’w)sini} esint

(1-7).

this stage we will take the time average of di due
dt

to f; over a single orbit of the satellite, In order to carry



out this average we shall need a formula relating £ to M,
This formula follows directly from the equations of motion,

1) t-r&'=-g M, 11) L 4(r28)=0
r r 4at

ii) implies rzgg§h=constant. Since £ differs from © by a
t
constant angle, dt'ht' Using formula (1-6) we have
. t r
er? sinff=ehsinf =
a(l-eZ) a(l-e?)

Y=ehcosff=eh?cosf
-e?) a(l-e2)r

ré® =h?

hence 1) gives h? -eh?cosf =G M,
r3 a(i-e?)r? r?

h =G Mpa(l-e?) is the result we are after.

df=df dt=1 df-h = ayjyl-e

dM dt dM n dt nr? nr

df=a2{T-eZ using G Mp=n?a®, (1-8).
dM r .

We shall denote time averages by a bar over the averaged

quantity,
- T
Thus P= 1 FdM. (1-9)0
L (-]
In performing the averages we can change the integration
variable to f thus obtaining F=___1 f( ) Fac (1-10).
ZUJ -e’

Using this formula for computing averages and noting that r
is a symmetric function of £ about £=1], we can immediately

observe that all terms involving an odd power of sinf will
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give zero upon averaging. This is the only property of these
averages that we shall need aside from the obvious fact that

they are functions of a and e only. Dropping the terms which

average to zero we can write:

di= e Eﬁ?linz¢{(2r!lin!fsin4u+2r!c0315c0lﬂu)sin2001ni
dt na -e
+(r!cos§flin2wcoszwsin21)}+u3cosz¢{rzc032£sin2wsin21}
4
+u?|1n2d{(2r!coazfcosﬁa+2rzsin!fsin3w)sinngosi
4

+(r!c032£s1n2wcoan90521q

Asing {2?’!eos'§(1+ecoszbosﬁusinr\
a(l-e

2r3¥sinZf (1+ecosf)sinfwsinn+rILcos2f (1+ecost ) cos2w

er3faiansinfsinchoancos{}+“%osg {er3fsin2fsinfsin2wsini

a(l-e

r3fcosif(I+ecosf)coszwsiniﬂ

(1-11)
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5. At this stage we must refer to the results of the
paper by Kozai. To a first approximation the potential due
to an oblate planet can be expressed as
V=g_g,+g_mz(é-sin2,\) where A is the angle of lati-
tude meas;;ed fiom the equator., For an axially symmetric
(about a polar axis) planet A,= ‘g"ﬁz 6 (1-12)
where C 18 the moment of inertia about the polar axis and A
is the moment of inertia about an equatorial axis., 1In this
approximation the disturbing potential
R=GrM.A3(%7sinﬁA). In Kozai's paper it is shown that
of the six orbital elements a, e, i,Ww , N, M only the last
three undergo secular (non-periodic) perturbations, Further-
more, the secular perturbation of M is a trivial one and can
be considered as defining a new or "renormalized" mean motion,
The secular perturbations in W and.N can be expressed in

terms of n and A, as follows:s

W =Wt __2naAz [1-581n21]t

a?(l-e?)2
(1-13) .
n=n,=Azncosit
az2(l-e2)2
6. The last step in the proof involves averaging the

expression for Ez over a period of time which is long compared
at
to the periods of revolution of the pericenter and node. It
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is here that the assumption of a slow precession with respect
to these periods is employed, This assumption allows us to
treat a, e and 1 as constants in this average and only con-
sider the motions of W and N since the oblateness only produces
secular variations of these latter two elements as mentioned

in section 5,

If we examine the equation for di under the conditions
above, namely, that w and.n are lin::r functions of the time
and a, e and 1 are constants, we see that all terms on the
right-hand side have zero time average providing that we ‘
average over a sufficiently long period of time,

For the most interesting case of small inclination we

have ggg—g%g and it is seen by inspection that upon averaging
at t

over a time equal to T=2][=2[fa2(1-e2)2 gives us
nAz

T

l‘f gz dt=0 (1-14). In special cases such as sin?iw4 we

T t 5

haJ; dwe0 and in this case terms which are independent of n
dt )

must be averaged over much longer periods of time before they

give zero. Other pathological cases occur when dw=-dn and in
dt dt
similar circumstances., These cases give rise to products of

trigonometric functions whose arguments change with time at
approximately the gsame rates and this also increases the time

—

interval over which these terms average to zero,
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7. The condition under which the inclination is es-
sentially constant, except for small periodic terms, is
expressed in a more illuminating form in this paragraph,

From formula (l-l1) we have

1=3n'? (c-p)cosd Also fi=g4=_Azn
58 ¢ By

dt a
when sini<<l, Using A =3 gc-e} we get
2

Mp
a= nsCsec ) sec R (1-15).
A Mpal (1-e T_%rl—e a

Now the condition for constant inclination becomes

‘.%»l or %(%) f:cé (%)2»1

For Mars we have §=1.25x106 for Phobos while {=5.0%10%
I

for Deimos,

We see from the .magnitudes of [} for Phobos and Deimos
that these satellites should undergg’no change in inclina-
tion due to the precession of Mars, At present the orbit
of Phobos is inclined-by 1.8%°and that of Deimos by 1.4° to
the equator plane of Mars, Since the obliquity of Mars is
25° 12' it would be a remarkable coincidence if the inclina-
tions of these satellites varied by about 50° (see section 1)
and just at that time we came to observe them they both were
inclined by less than 2° to Mars' equator. In light of the
previous discussion we can see that this is not a coincidence

at all since the inclinations of these satellites do not vary

as Mars precesses.
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8. In this section a more refined calculation on orbits
of very low eccentricity e<<l and small inclination sini<l
is carried out, The amplitudes of the periodic terms in

the inclination are evaluated. From formula (l-11) we have,
setting e=o, and working to first order in sini
Esf,’:‘(-unzdsinznainiuinzdsim)+ singsinn

dt 4n

Since Yl for all satellites and planets in the solar sys-
tem wencan approximate §!%ﬂsin¢sinn. (1-16). Using equation
(1-13) we get a

n=n -M=n°-3§c-A2n= -Q[C-A) R®n
s Ma e “at

Integrating H__I:pgindgim yields 1‘=-k singcoan+l, where
dat
T, is the constant part of I, Finally, substituting for u
and A we get I=[3n’2(%)2cosd cosntlo, (1-17).
Esn -
For the satellites of Mars T=3,45%10"6cogn+T, for
Phobos and T=1.38x107> cosn+l, for Deimos or T=.71" cogn+ie

for Phobos and T=2.84" cosn+l, for Deimos.

9. Similar results hold for Jupiter, Saturn, Uranus and
Neptune. In all cases the ma jor satellites of these planets
are close enough to their planets to maintain fixed inclina-
tions with respect to the equator of the planet,

Some of the outer satellites of the major planets, as’

well as the Moon, have inclinations which remain constant
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with respect to their planet's orbit planes. In all these
cages, except that of the Moon, the planets could muintain
constant inclinations of the satellites with respect to
their equators if no forces other than those of the planet
acted on these satellites, However, the sun produces signi-
ficant perturbations of the elements of these outer satel-
lites. In particular, if we can neglect the oblateness of
a planet then the sun produces a motion of the node of a
satellite. This motion is uniform on the planet's orbit
plane, This is the major motion of the node for some outer
satellites and makes inclinations constant with respect to
the planetary orbit planes even though the planets are
oblate and precessing,

It should be pointed out that the calculations for
these ma jor planet-satellite systems are not quite as ele-
mentary as those for Mars., This is for two reasons, 1In
the first place, mutual interactions between the satellites
produce additional motions of their nodes and pericenters
which may be comparable to those produced by the planets’
oblateness., Secondly, the torque on the planet-satellite
system due to the sun may include significant contributions
from couples acting on the satellites in addition to the
torque acting on the planet itself, For this reason the

formula (1-1) is not always applicable,



-16-

Finally, in the Barth-Moon case it is well-known that
the Moon produces a greater torque on the Earth than the
sun does 80 (l1-1) does not apply here without modification

either,



On the Eccentricity of Satellite Orbits in the

Solar system

Introduction

In this paper the secular changes in the eccentricities
of satellite orbits in the solar system are investigated,
Two mechanisms which affect the eccentricities are considered.
One of them is the tide raised on the planet by the satellite,
which has been the subject of discussion in the past; the
other is the tide raised on the satellite by the planet, It
is seen that cases arise in the solar system in which each

of these tide's effect on eccentricity is dominant,

1 (1909), Groves? (1960) and Jeffreys> (1961)

1. Darwin
have given arguments to show that in most cases the tide
raised by a satellite on a planet tends to increase the
eccentricity of the satellite's orbit, If we look at the
values of the eccentricities which arise in the orbits of
the inner satellites of planets, we see that they range
down as low as 10~4 for Tethys. Since it seems hard to
imagine any process of formation of satellites which could
produce initial values of eccentricity as low or lower than
these, it would appear necessary to look for some mechanism

that could produce a secular decrease of eccentricity which

-17 -
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could rival in magnitude the secular change due to the tides
raised on the planets., Such a mechanism was proposed by
urey? (1958) in the form of tidal working in the satellite
due to tides raised by the planet. If we only consider the
case where the satellite always presents the same face to

the planet (this is the only case which is observed in the
solar system and includas the greater satellites of Jupiter
and Saturn as well as the Moon. Jefffeys5 1952) then it is
easy to see why the tide raised on a satellite tends to
decrease its eccentricity. The eccentricity ef/f;f_i-ff'(z-l)
where E i3 the energy of the orbit, L is the anqulrruggmentum
and MP and Ms are the planet and satellite masses, If the
satellite is not spinning, then the tide raised on it can
only produce a radial perturbation force. This means that

L is not changed by the tide., 8Since any energy dissipation
in the satellite decreases E and since we have E<O, O<e<l

and L constant, we find that e is decreasing also, If e¥O
such digsipation must take place since the height of the tide
will vary with the oscillation in distance between the satel-
lite and planet,

In this paper it will be shown that insofar as their
effects on eccentricity are concerned, the tides on the
satellites are probably more important than tides on the
planets in all casas where tidal effects might be significant

except for Phobos, Deimos and possibly the Moon and Jupiter
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V. In the cases of Phobos, Deimos and Jupiter V, however,
the tides raised in their planets tend to secularly decrease
their eccentricities anyway 8o it is not surprising to find
that the orbits of these satellites have low values of eccen-

tricity.

2, In this section the following idealized case of a
planet with a single satellite will be considered. The
assumptions are as follows:

i) The mass of the satellite is neglected in comparison with
that of the planet,

ii) The inclination of the satellite's orbit plane to the
planet's equator is taken as zero.

iii1) The planet and satellite are both considered to be
homogeneous incompressible spheres which can be characterized

by two parameters, s and Q. M is the rigidity and Q the

specific dissipation function, Q=2[E* (2-2)
dE dt
dat

where E* is the peak energy stored in the system during a
cycle andfgg dt is the energy dissipated over a complete
cycle., Q wiil in general vary with the frequency and ampli-
tude of the tide and the size of the sphere in addition to
its composition,

iv) Pinally, I will work only to first order in eccentricity
in the interest of simplicity.
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The idealized problem that I have set up has been solved
neglecting tides raised on the satellite by Darwin6 (1908)
and reviewed by Jeffreyu7 (1961). The following will be a
summary of Jeffreyas' paper with several corrections of mis-
prints, Jeffreys' notation will not be followed:; instead we
shall use the followings;

a=gemi-ma jor axis of the satellite's orbit,

e=eccentricity of the satellite's orbit,

G=gravitational constant,

n=gatellite's mean motion=;;[ where

T=gatellite's period. ,

Quantities pertaining to the planet will have a

subscript p and those pertaining to the satellite

will have a subscript s,

M=mass of sphere,

R=radius of sasphere,

psdensity of sphere,

gsmgurface gravity of sphere.

M =rigidity of sphere,

Q(v)=Q as a function of frequency/V.
W =angular rotation velocity of sphere,

2¢y 1i=1-3 are phase lags in the periodic tides

raised by the tidal potential,

These phase lags arise as follows: the tidal potential

acting is written as a sum of periodic terms with different
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frequencies, The response of the tide to any periodic
component of the potential will be in phase with the poten-
tial only if no energy is disasipated by the tide, If the
tide dissipates energy, then its phase will lag that of the
potential (at least on the average). 2€,, 2§,, 2£,, and 2g,
are the lags of the tides with frequencies 2w-2n, 2w-3n,
2)-n, and % n respectively,

Pinally, using the notation set up above, we can state

Darwin's and Jeffreys' result,
3 =<6 (G MR H_e (g -498, +1E, +3€;) (2-3)
2™ (@ Mp) Ry oo l8opipiptafop™itap

where d =4 p+d s, &_ p denotes secular rate of change due
dtdt 4t dat _
to tides on the planet and g g denotes secular rate of change
dt
due to tides on the satellite,
The formulas for A\ and H in Jeffreys' paper, however,
contain several mistakes so they will be corrected here.
The elastic tide raised by a potential Uskyr*S,  (2-4)
(where S is a spherical harmonic of order two and r is the

distance from the center of the planet) is equal to ARP 32(2-5)

at the surface of the sphere where

2
A= S50pRp ko and k=3 G Mg (2-6), If we write ARp=Hp
{ igﬂp-O-SgFprp’ 4 af

then we f£ind that the surface inequality of the planet pro-

duces an external potential ulp(r)=% G EERFHEEI.
r

Using the correct expression for H we get:
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- 90 M4 (G M,)R 0 e . v (2-7)
g p W [E'OP ﬁ%slp’&Zp 5"‘ 3P]

If we next consider the tides raised on the satellite
we can modify the above argument slightly to get g% s. We
must first realize that W =n, Hence, 2u4-2n=0,
2ujy~3n=-n, 2W,-n=n and as a consequence £,4=0, and £)g=-&24.
Furthermore,(llp above is the potential energy per unit

satellite mass due to tides on the planet., U, =3G Ms Rg Hs Sp
3
r

is then the potential energy per unit planet mass due to tides

on the satellite., To change this to potential energy per unit

satellite mass, we must multiply U;, by Mp . Using the pre-
M

ceding results we have from Jeffre&s' forﬁula that

] 4
=-9 M5(G My)" (G Mg)Rgpge| 25 ¢, _+3
' THa (19ug+2ggPgRg) ‘1? 28 5£af] or

=9 (G MQ’*R:ele 2565443
s mm/‘sﬂgaflns’ [_2 2“523.]

215

(2-8)

25

. 3., Before we can compare the magnitudes of gE and de 8’
t P dt

we must relate the phase lags, 2£i, to the specific di:sipa-
tion function Q. This is accomplished in the following
manner, Let W be the work done on one of our homogeneous,
incompressible spheres by a body force f(f) which is

derivable from a potential U(¥). Then
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gﬁ- .PV(?)-?(?)@r (2-9) where ¥(2) is the velocity of
tﬁe material at point'?. Using the equation of continuity
we get ,oV-VUt V-(Pﬁu)-Uv- (/oV)a V-(PvU)i-g% U. Since %gt,so, we
have g_%- /ow-ﬁda (2-10) where i is the outward normal to
the surface of the sphere., If Uzcosyt and the surface
inequality is & cos(vt-2f) then V.Ra sin(vt-26). Hence, we
get %ﬂ;Kcosvtsin(Vt-ZS). A simple integration gives to first
ordertin €.

aw dt=-KJ[sinE= § dE dt
fg o=l

at
‘ Thy
E* = AW dt=K cos2f Using (2-2) we get
o dt 2y

Q= E* = 1 or for large Q 26=1. (2-11)
dE dt tan2g Q
dt

Incidentally, this calculation tells us that E£(V) has the

same sign as V since de at <O
at

4. Next I will show how Q compares for two spheres of
the same material but of different size. This behavior is
important for explaining why the inner satellites of the
large planets have circular orbits. (e.g. Saturn I-»V),
Qualitatively one would expect Q to increase wigh the
size of the body for the following reason, The energy
dissipated, per unit volume, in a cycle, will depend only

on the square of the strains since this frictional energy



-24-

dissipation is a local phenomenon, The peak energy stored
per unit volume, on the other hand, increases for a fixed
strain with the size of the body since the stresses are
increased over the purely elastic ones by the self-gravita-
tion of the sphere., Hence, Q increases as the bodies self-
gravity becomes more important than its elasticity, The
relative importance of elasticity and self-gravity of the
sphere enters into the formula for the tidal surface ine-
quality in the denominator (1qp+2%pn). To examine the
quantitative dependence of Q on size, we proceed as follows,
From formulas (2-4), (2-5), (2-6) and (2-10) we have the
energy dissipated in a cycle for each periodic component of
the tide equals Ep= fg_m at=_c.R’ where C, is

at 15'53"1 u,-o-zigp: R)
independent of,; and R, However, the energy dissipated must
be proportional to the square of the strain as mentioned

previously. Therefore, the energy dissipated in a cycle

equals DyR where D, is independent of u and R also,
ZI§u+§g R’
This last formula is derived as follows. Using (2-5) and

(2-6) we have the surface strains proportional to R3
+290R
hence the square of the strain itegrated over the volumquf
the sphere gives a result proportional to R’ where
A+2GPpR

we assume the surface value of strain throughout the sphere
as an approximation to get the proportional result, Com=-

paring these expressions we get £, = where § is

1&u+quR
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independent of y and R, This gives Q_pl+%§pg (2-12) where
m

Qo
Qo is the value of Q for a body where self-gravity is negli-

gible. In the case of liquid or gaseous spheres u=0 and Qq
is not defined,

5. In this section the two rates of change of e will be
compared both in magnitude and in sign.

First I shall deal with the question of sign. de P
has the sign of ‘(EOp‘ggﬁlp*ng +%g3p). For the Eargg, Q
and hence £, varies by less than a factor of four over a

8

range of one cycle per second to one cycle per year, In

this case £; must be the dominant term and the sign of de p
is the same as the sign of 2wW-3n. While this constant ae
behavior of Q with frequency may not be true for all planets
(especially not the major ones) it is still likely that the
£; term is dominant because of its relatively large coefficient,
If this g, term is dominant, we have gE g © for all satel-
lites except Phobos, Deimos, Jupiter vtand the retrograde
ones,

In the case of tides raised on satellites the sign of
g% g 18 the sign of -(%;§23+%538) where £,  and g5, have
the sign of n and therefore are positive. Hence, de Lo
for all satellites which keep the same face towarddtheir

planets,
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Next, we will compare the magnitudes of these two
rates of change of e, Prom formulas (2-4) and (2-8) we

get

il

(2-13)

® =(Rs) (19up+29p00Rp) {55
Rp gt g.th. 43¢

P

ool

I will examine this ratio in three limiting cases;:
i) up» 2gpPpRp ua>>2g'08R.
This is the case of small satellite and small planet and

yields the result

de 8

at [Rg Mp 25E25%3€3g (2-14)
—— il

%% P p/\Ms eop'i?glp* +3€3p

We see that if the satellite is appreciably smaller
than the planet and has approximately the same rigidity and
specific dissipation function, we get the tides raised on
the planet dominating, This case certainly applies to

Phobos and Deimos,

ii) ;Lp<<2ggppap. ,;8>>298/.R.
This is the case of large planet and small satellite and

we get

de 256,443
= 29pPpRs L] 2845834 (2-15)
o

(g
«




In this case no general conclusion can be drawn about
this ratio,
1i1) /-l-p<<29p,0pRp MUg<<29gpgRg
This is the case of large planet and large satellite and
gives

"~ (32) Fo

3P B 2P o

23

ol

4
In this case we see that the satsllite tide wins., This

is made even more striking when we remember that if the

staellite has the same composition as the planet then

de

Q R \2 ac 8 2

=R ={.p| so that dt __ ~(Rp

Qs (Rs) ae Rg (2-17)
& P

6. A discussion of the results obtained in the pre-

ceeding sections is presented. This discussion is intended
to give an explanation of the results obtained so far and
to indicate the range of their validity.

The first point dealt with will be the effect that
tides raised on the plan;t have on the eccentricity. Let
us consider the case where the period of the planet's rota-
tion is much shorter than the period of the satellite's
revolution and the satellite i3 a direct one (not retro-

grade), 8Since the tide raised on the planet is dissipative,
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we have a time lag between the applied tidal force and the
tidal bulge it raises. Because the day is shorter than the
month this time lag means that the tidal bulge precedes the
satellite in longitude, The effect of this tidal bulge lead
in longitude is to produce a couple between the satellite
and planet which adds angular momentum to the satellite's
orbit, at the expense of the rotational angular momentum of
the planet, This is the well-known tidal couple which is
responsible for the secular accelaration of the Moon,

So far our argument has been independent of the ec-
centricity of the satellite's orbit, Let us next con-
sider what additional complications arise when we take the
eccentricity into account and how they feed back to effect
the eccentricity which produced them., 1In order to simplify
the picture let us think of a very eccentric satellite orbit,
The height of the tide raised depends inversely on the third
power of the satellite's distance and the force it produces
on the satellite involves four more reciprocal powers of
distance, Hence, we have the torque on the satellite de-
creasing as the sixth power of the satellite's distance from
the planet, This steep decrease with distance enables us to
approximate the effect of the tidal bulge on the satellite's
orbit by an impulse at pericenter, With this approximation
the satellite must again pass through the same point at

pericenter, since bound orbits in inverse square force fields
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are periodic, But, angular momentum has been added to the
satellite's orbit; hence, the apocenter distance, and there-
force the eccentricity, must have been increased. In fact

the angular momentum of the satellite per unit mass is

L =l§4Mpa(1-e‘) =/G Mrp(l+67 where rp, = a(l-e) is the dis-

tance to pericenter, If we have AL>O and Arp=o as discussed

above, then AL=l ¢ ! de go Ae is positive. Also from
2 +e
Ar =0 we get Afa(l-e)] =Aa(l-e)-adle=0O or Aa=_ape 8o that
P (1-e)

da i8s positive also, as we would expect, The previous dis-
cussion, when modified to hold for smaller values of e,
accounts for the tendency of the tide raised on the planet,
to increase the satellite's eccentricity.

The considerations presented above are concerned solely
with the tidal torque on the satellite, That is, they only
make use of the component of the disturbing force which is
perpendicular to the satellite's radius vector, 1In his
paper on the Moon's eccentricity, Groves also considered
only the tidal torque, It is not surprising then, that he
found the Moon's eccentricity could only increase due to tides
on the Earth, This neglect of the radial components of the
disturbing force renders the above arguments, and those of
Groves as well, incomplete. We shall consider how the pic-
ture presented up to now is altered by the inclusion of

radial forces.
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We shall again take an eccentric orbit about our planet,
The relevant points are identical with those presented in
section 1, There it was shown that the tide raised on the
satellite produces only radial perturbation forces and a;nce
these canﬁot change the satellite's angular momentum, buﬁ
must decrease its energy, they must also decrease its eccen-
tricity., The preceding argument, when applied to the plane-
tary tide, shows us that this tide may decrease as well as
increase eccentricity. The details of whether we have de-
creasing or increasing eccentricity depend on the satellite's
revolution period, the planet's rotation period and the ampli-
tude and frequency dependence of Q(y).

The applicability of our results to the actual planet-
satellite systems extant involves two questionable assumptions.

The first assumption is the neglect of all tides except
the 30l11id body ones, It has recently been demonstrated,
that in the Earth-Moon system, the ocean tides which in the
past were thought to be of major importance are really much
less important than the solid body tides. This conclusion
would undoubtedly also pertain to Mars, FPFor Jupiter, Saturn,
Uranus and Neptune, however, turbulent tides in their at-
mospheres or possibly in any liquids which may be found on
these planets, might be of greater importance than the solid
body tides. We can still use the two parameters M and Q to

fit the tides on these planets, although we can no longer
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hope to make very good estimates of their frequency and
amplitude dependence, The satellites of these planets are
almost certainly solid since they are not big enough to have
held the heat necessary to keep them liquid and are not re-~
ceiving enough heat to do this either. Before leaving this
quesation of the composition of the major planets, it should
be mentioned that for Jupiter, measurements exist which have
been used in the past to calculate a lower bound for Q. This
question will be taken up in the following paper where it will
be shown that although the measurements may be correct, their
interpretation is not,

The second serious approximation we have made in the
pretense of a linear superposition for the tides of different
frequencies, In developing formula (2-7), Darwin and Jeffreys
both wrote the tide raising pbtential as the sum of periodic
potentials., They then proceeded to consider the response of
the planet to each of the potentials separately, At first
glance this might seem proper since the tidal strains are
very small and should add linearly. The stumbling block in
this procedure, however, is the amplitude dependence of the
specific dissipation function., 1In the case of the Earth, it
has been shown by direct measurement that Q varies by an order
of magnitude if we compare the tide of frequency 2J-2n with
the tides of frequencies 2w-n, 2W-3n and %p. This is because

these latter tides have amplitudes which are smaller than
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those of the principal tide (of frequency 2w-2n) by a factor
of eccentricity or about ,05, It may still appear that we
can allow for this amplitude dependence of Q merely by adopting
an amplitude dependence for the phase lags of the different
tides. Unfortunately, this is really not sufficient since

a tide of small amplitude will have a phase lag which increases
when its peak is reinforcing the peak of the tide of ma jor
amplitude, This non-linear behavior cannot be treated in
detail since very little is known about the responase of the
planets to tidal forces, except for the Earth, 1In our dis-
cussions we shall use the language of linear tidal theory, but
we must Keep in mind that our numbers are really only para-
metric fits to a non-linear problem,

There is one more assumption which is implied in this
paper. It concerns the neglect of direct gravitational in-
teractions between bodieg in influencing the eccentricities
of the satellites., Celestial mechanicians in particular,
would consider this omission to be a very serious one over
periods greater than a few thousand years., This is because
their calculations will not guarantee the stability of sa-
tellite eccentricities, perturbed by direct gravitational
interactions, for periods greater than these. To this objec-
tion one can only offer the belief that for well-space orbits,
direct gravitational interactions alone will not endanger
stability in eccentricity, even over ages comparable to those

of the solar system,
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7. The development of the orbit in time will be taken up

in this section for use later on. From Jeffreys' paper9 we

have
da . _18(¢ M)t (s Mg )OoRREGD (2-18)

dt am ( 19/lp+2gpopRp )
In the absence of better information, Q is taken inde-
pendent of frequency and amplitude in this section. This

enables us to integrate the above equation which gives:

y s

a=[117(G ME# (G M).ﬁggﬁg t-o-a:‘] where a=a at t=0,

p*<9pPp"p

If we set £, L =1-3 equal tot € then

38 _ eMNG Mp) (G Mazn?g" pEP
at P T aW19yp+29pPpRp
3= _-e 72(G M) Rg
at ° aqzrg}-‘s*zgspal‘s;

A is a numerical coefficient which depends on the sign of

the various €.

In any case

de = e sofe ) =(g)"where e=e, when a=a, . ¥ will be evalua-
da a €o ao

ted separately in each case in the following sections,

8. Numerical estimates for de are made in this section
dat

for several different satellites,

i) The Earth-Moon System

Since we have more information in this case than in any
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other, it will be investigated in greatest detail, Jeftreyslo
uses _19 =3 for the Barth, with a homogeneous sphere model,

R
If we use the same value of y for the Moon as for the Earth,

then we get

de s
%_; = %g_(%;%)(g)‘gﬁs - =7 %E where Qo 18 the value of Q
for the material when self-gravity is negligible, as dis-
cussed in section 4, If Q,g=Qop then the eccentricity of the
Moon's orbit would be increasing. However, there are two con-
siderations which tend to increase the importance of the tides
on the Moon. In the first place, the rigidity of the Moon is
likely to be smaller than that for the Earth since the high
rigidity of the Earth is due to high pressures in the interior.
Furthermore, the strains on the Moon are larger than those
on the Earth by a factor of 4.9, for the value of rigidity
given above, It is known that for the Earth Q decreases
with the amplitude of strainll and this would probably also
be the case for the Moon.

The above would be considerably altered if ocean tides
were significant contributors to Q on the Earth, but recent

evidencel? geems to rule out this possibility. If we take

I’-.s[?ﬂm = -1,4 Qp. We thus see that small changes in
g; p Qos

the parameters L and Q alter the sign of gg so that the
t
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regults for the Moon must be considered inconclusive.

If we determine the value of 1 , for the
25557

Earth, from the present observed secular acceleration of the
Moon, we can use this information to determine the evolution
of the semi-major axis of the Moon, MacDonald has done this
and claims that the data is consistent with having the Moon
close to the Earth between one-half and one billion years ago.13
Ignoring the difficulties which arise from such a situation,
we can make the following observation in regard to eccentri-
city:s if the rate of eccentricity change is dominated by

CH a
For a,= 10,000 km,, a = 380,000 km, and e = ,055 we get

tides on the Earth, then we get (g) = [a % (2-20)

e, = 5x10~6 (Groves gets 2%10-6) which seems very small, es-
pecially when compared with the eccentricities of other sa-
tellites in the solar system, for which planet tides produce
negligible secular accelerations. On the other hand, if e
has been decreasing and we assume its initial value was less
than eqo = ,5, we get the followings From the result

G%) = (%‘ we get -.6<¥%0, 8o we see that de

dt
and the two rates of change must have almost canceled each

ol <1. 25|de pl

other, In any case, it seems likely from the preceding that
whether the Moon's eccentricity is increasing or decreasing,
the two tidal effects are close to being equal in magnitude,
It is worth noting, in this context, that the Moon's eccentri-

city is higher than that of all other inner satellites in
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the solar system,
ii) Mars

As explained in section 5, Phobos and Deimos are covered
by case i), section 5 and de ,
t
a) For Phobos Eoplelp' and 52p' are all negative while

de «1.
at P

€3p is positive. This tells us that de , is almost certainly
de

negative, This agrees with the observed low eccentricity of

.019 for Phobos, It is still necessary to show whether the

tides on Mars could have appreciably altered the eccentricity

of Phobos in the age of the solar system, which we take as

four billion years. Using the same \l, for Mars as is used by

Jeffreys,l4 we haves

§§ p = _9,75%10-15¢ sec~l at the present time. Next, using

Q=100, which is a typical value for low amplitude tides on the
Earth, we get 1 gé.p - =9.75%10717 gec-l, since 4x10° years
= 1.2%1017 seCBWetsee that e could have been appreciably de-
creased by tides on Mars, It should be borne in mind that

the semi-major axis of this satellite is decreasing, since

the satellite's period is shorter than the Martian day, This
means that -1 de

e dt P
Using formulas (2-19) and (2-20), one could carry this analysis

was smaller in the past than it is now,

out to include the integration over the past four billion
years,
b) For Deimos, we have Elp negative while Eopc 52p and

€3, are all positive. This assures us that g; p 18 definitely
t

p
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negative for Deimos, Again using Jeffreys' numbers we have,
taking Qp = 100, %g p = 4.5 10’2°sc'l, 80 we gee that in
4x10° years, or 1,2 1017 Bec., the tidal forces will make a
negligible change in e, For Deimos, the semi-major axis is
increasing due to the tides but at such a rate that this
effect may also be safely neglected.

Since the eccentricity of Deimos is ,003, we are forced
either to accept the conclusion that Deimos was formed
with this initial eccentricity or to find some other pro-
cess that might have decreased the eccentricity of this
satellite, In the following paper one such mechanism is
proposed, It involves the direct gravitational interaction
of Phobos with Deimos coupled with the tidal forces on Phobos,
It is shown there, that the rate of change of Deimos' eccen-
tricity due to this process, could have been significant over
a period of four billion years.

ii) Jupiter, Saturn, Uranus and Neptune

As discussed in section 6, the satellites of these
planets are likely to be solid, while the state or states
of the planets are uncertain,

For Jupiter V the planetary, as well aa the satellite,
tides decrease the satellite's eccentricity. These tidal
effects are very likely to be significant and probably account
for the aatellite's low eccentricity of ,003,

For all the other satellites of these planets, except
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for the retrograde ones, the planetary tide increases the
satellite's eccentricity. These satellite planet systems
probably can be approximated by case ii) of section 5, if we
assume \'s of the order of those of ice., If we write equation

(2-15) in terms of Q,g and Qyp, We get:

g% ? = -28 [Zggepkp)z Qop (R;)
g% p 15 Up' 19U Qog\Rp

If, for simplicity, we consider the case of a planet and

satellite of the same material, this becomes

g% : . -28(29 ] ;Eg Since 29gPpRp>l, we see that
?p E'I%'&Rp 19Mp

all satellites with R,&'!Eﬂ%]ﬂuﬁ will have decreasing
IpPpRp

eccentricities, while those with R.<'!§%2m will have
9gPpRp/*

increasing eccentricities,

After this brief and very speculative discussion, we
can only appeal to observation, which shows small eccentrici-
ties for the five inner satellites of Jupiter, the six inner
satellites of Saturn, the four major satellites of Uranus and
the inner satellite of Neptune. 1In all cases where the eccen-
tricity is less than .0l we find: -1 de '?.1.2’&1017aec'1 for
reasonable values of Q's and u's, ;hiz seems to indicate that
tides raised on satellites are of great significance in the

evolution of the eccentricities of these satellites,



An Explanation of the Frequent Occurrence of Near-

Commensurate Mean Motions in the Solar System
Introduction

In this paper an explanation of the improbably large
number of near-commengurate pairs of satellite mean mo-
tions is proposed, It is shown that special cases of
near-commensurate mean motions are stable under tidal
forces, Furthermore, at least four of the best illustra-
tions of coﬁﬁensurabilities in the solar system have this
stability. Pinally, the significance of these stable con-
figurations on the evolution of satellite systems is dis-

cussed,

1, The existence of near-commensurabilites among the
mean motiods of the satellites and planets in the solar
system has been known for many years, The most famous of
these commensurabilities involves the Jovian satellites
Io, Europa and Ganymede., Within observational accuracy,
the mean motions (n,, n; and n; respectively) of these
satellites obey the relation n,-3n,-2ny=0. The motions of
these satellites have been studied in great detail, first
by lLaplace, and.subsequently by many other authors. 1In

addition to this three-body commensurability, several cases

-39«



-40-

of near-commensurabilities between the mean motions of
two satellites have also been known for quite some time,
The motions of these pairs of satellites have also been
intensively studied since they yield data from which a
determination of the satesllite masses can be made,

More recently, A, E. Roy and M, W, 0venden1'2 have
examined the mean motions of pairs of planets and satel-
lites in a new light. They considered the question of
whether the observed number of near-commennurgte pairs of
mean motions in the solar system was foo great to have
arisen from a .andom distribution of mean motions. As
this paper is intended to provide answers to several
intriguing questions that they raised, we shall begin
with a general discussion of the contents of their two
papers.

In their first paper, the authors arrived at the con-
clusion that the brefergnce for near-commensurate mean
motions in the solar system is inconsistent with the
assumption of a random distribution of mean motions for
the planets and satellites. A sketch of their proof of
this important result will be presented next,

Before we can prove anything, however, a sharper defi-
nition of near-commensurate mean motions must be given,
Let n, and n,; (n;> n;) be the mean motions of two bodies
about a common center of force, If two integers, A; and

A, exist, such that |93_ - Bz|= & where £ is a small
n Ay
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positive number, then these mean motions are said to be
nearly commensurate, Since the ratio nz can always be ap-
proximated with arbitrary accuracy by :ﬁe ratio of two in-
tegers, it is necessary to limit the size of the integers
considered, In their paper, Roy and Ovenden arbitrarily set
this limit for A, at seven, This restriction to small in-
tegers in no way limits the scope of the discussion, 1In
fact, it can easily be shown from perturbation theory that
the importance of near-commensurabilities decreases as

their order increases., Using our definition of near-commen-
surability, we can assign two integers, A, and A,, to every
pair of mean motions, n, and n,, whose ratio nzg¢l. Since the
smallest difference between adjacent fraction:.is i-1=1 ,
there can be at most one pair of integers, A,,A,for ea:g
pair of mean motions, n,, n, such that|nz -§1|=g<1 =,01190,
From A, and Ay, with A,27, we can form ?; f?;ctions with
valies from %_to 1, Thus, given £,£,01190, the probability
that a randomly chosen ratio in the range % to 1 lies within
€. of some fraction Az is P5,=l7*2£ox%,=39;67e° Roy and
Ovenden consicered 42.pairs of mean motions and compiled a
table which compares 46Pg,, for various £0,£.01190, with the
observed number of pairs of mean motions for which a near-
commensurability exists with €<£¢,, This table, minus the

control distribution data, is reproduced below,
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€e 0119 .0089 .0059 .0030 .0015
46P¢, 21,7 l6.2 10.8 5.3 2.5
Observed

number of

pairs of 33 26 20 12 6
mean mo-

tions with

€< €o

Table (3-1)

As Roy and Ovenden pointed out, there are two reasons
why the observed number of near-commensurabilities, which
are listed in their table, might be misleading, In the
first place, if n, has a near-commensurability with both
n, and ng, then it may also be the case that ng is nearly
commensurate with n,, If this is so, then it is unclear
whether the commensurability between n; and ng should be
considered as an independent one, In their paper, Roy and
Ovenden showed that this problem of “multiple counts" was
likely to affect the number of independent observed commen-
surabilities listed in table (3-1), by 2 or 3 for €,=,0119
and even less for smaller £€,. The second source of error
arises from the nonuniform distribution of the ratios ng
on the interval % to 1. In fact, no ratio exists whicg'
is greater than ,75, Wwhile it is difficult to correct
accurately for this effect, the authors do show that it

should not affect the expected number of near-commensurabi-

lities, for a given ¢,, by a factor very different from ,925,
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In light of the preceding discussion, we see that the
distribution of mean motions very definitely deviates from
randomness but that it is difficult to say precisely how
large this deviation is,

In their second paper, Roy and Ovenden prove that, "if
n point-masses are acted upon by their mutual gravitational
forces only, and at a certain epoch each radius vector from
the (assumed stationary) center of mass of the system is
perpendicular to every velocity vector, then the orbit of
each mass after that epoch is a mirror image of its orbit
prior to that epoch." The authors call this theorem the
mirror theorem and the special configuration described above
is called a mirror configuration, As a corollary of the
mirror theorem, the authors prove a periodicity theorem
which states that, "if n point-masses are moving under
their mutual gravitational forces only, their orbits are
poriodic if, at two separate epochs, a mirror configuration
occurs,. "

After proving the preceding theorems, Roy and Ovenden
suggest that the frequent occurrence of mirror configura-
tions will cause perturbations on the orbits to undergo fre-
quent reversals so that the disturbances they generate cannot
build up to magnitudes so large that they endanger the sta-
bility of the motion., For a definition of stability, the

authors adapt Poincare's conditions, namely:
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i) The heliocentric distance of any planet cannot increase
or decrease without limit,

ii) The system repeatedly passes through the configuration
it had at time to, say at times t,, t,, ty, etc,

1ii) Close encounters of any pairs of planets are ruled out.
(The conditions for satellite orbits are analogous).

Finally, Roy and Ovenden examine three of the best
cases (i.,e.,, those for which £ is smallest) of near-commen-
surabilities in the solar system. These include three pairs
cf satellite orbits in Saturn's system: Hyperion and Titan,
Enceladus and Dione, and Mimas and Tethys. The values of
nz -Az for these satellite pairs are -0,000566, +0,000643
:;d §6.000784 reaspectively,

Observation provides the following remarkable results:
Conjunctions of Enceladus and Dione always occur near the
perisaturnium of Enceladus, For Titan and Hyperion, the
conjunctions always occur near the aposaturnium of Hyperion,
For Mimas and Tethys, the relation involves their nodes and
the conjunctions of these two satellies occur near the mid-
point between their two ascending nodes on Saturn‘s equator
plane,

The examination of these satellite pairs thus reveals
that they satisfy the mirror theorem, at least to a first
approximation, The nature of this approximation and its

significance will be the subject of the rest of this paper,
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2, Before we can proceed to the discussion of the stabi-
lity of these near-commensurate mean motions, we must out-
line classical perturbation theory.

We shall describe the orbit of a satellite of mass m,
about a planet of mass M, by the following six elements:
a 18 the semi-ma jor axis of the orbit,
e 18 the eccentricity of the orbit,
i is the inclination of the orbit to the planet's equator,
N is the longitude of the ascending node,
Wis the longitude of the perihelion.

W=Nn+w where w is the angle between the ascending

node and the perihelion,
€ i8 the mean longitude of the satellite at epoch.
To give the position in the orbit, we will use the mean
longitude A A= fndt +E
n =/G M for motion a;out a spherical planet., It is
call:d the mean motion since n=Jlwhere P is the satellite's
revolution period, :

For unperturbed motion about a spherical planet, a,
e, 1{,n,W, and € are constants, If the motion is perturbed,
however, then a, e, 1,n,W, ande will, in general, vary
with time. If V(¥) is the total potential per unit mass
acting on the satellite, then R(?) is defined to be V(¥)-G M
and is known as the disturbing function., In terms of the :

disturbing function, we can write the equations of motion
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for a, e, i,n,W, and €. 1In what follows, R is considered
to be a function of a, e, i,.n,0W, and A, For simplicity,
we shall neglect powers beyond the second in the satellite's

eccentricity and inclination, This allows us to writes3

da=2
=8
de=_-~1 2R
dt nale 21y
di= -1 2R
t nazi an

(3-1)
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Perturbations of the first order are obtained by
treating a, e, i, and ns_{G_'E as constants on the right-hand
sides of the perturbatio:u;quations, while the mean longi-
tude, A, i8 treated as a linear function of the time. We
shall deviate from common practice, however, and allow for
secular motion of W and n when we treat the periodic terms
in the disturbing function, The only restriction this
places on our development, is that it forces us to treat
the secular part of the disturbing function first,

The disturbing function for the action of a satellite

with mass m’/ on one with mass m is given by
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o ( Yt agoas

Coordinates are measured from the center of the planet,
Primes refer to the disturbing satellite,
B= (x=x'T +(y-y' P +(z-2/ P

It can be shown that R can be expanded in the following
forms? R=3F(a, a’, e, e’, 1, i’ )cosT
where T=[hA+h'\’/ +gi+g’®’ +£n+f/n!] (3-2)
The requirement of rotational invariance gives us the single
restriction
h+h/ +g+g’ +£4£/ =0, (3-3)

The results obtained from first order perturbation
theory are only approximate due to our treating a, e, and
1 as constants in the right-hand sides of the perturbation
equations. If necessary, the calculations can be extended
to higher order (the order is measured by the power of d)
perturbations, This is done by substituting the resultl of
the first order calculations in the right-hand members of
the perturbation equations for a, e, i,Nn,W, andg. We
shall need higher order perturbation theory when we discuss
commensurabilities of more than two satellites, One result
that we shall quote for later use is Poisson's theorem on
the invariability of the semi-major axis, This theorem
states that there is no secular term, due to gravitational
interactions between satellites, in the expression for the
semi-major axis, both in the first and second orders of

perturbation theory,
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Since we will apply perturbation theory in cases where
near-commensurabilities exist, a brief summary of the effects
of near-commensurabilities in perturbation theory will be
given next, If we write R=3CcosT, then the perturbation

equations yield, upon integrations

6a =3~ 08T &= S+ CasinT

' l%mﬂ ) 1§n+é’ n' )

Se =3 -_C{cosT §n= g+ ClisinT

' hn+ . Zhn-bﬂ' n’ 5

4L = 5~ E,"co:'r &€= $+_CisinT
n+ hn+h’/n

(Note §, denotes first order perturbations).

Here, in the interest of simplicity, W and.N have been
treated as constants in the right-hand members of the per-
turbation equations, From the definition of )\:f}:dt-b €,
we see that

A = ]:’s, ndt+

"o ]
A near-commensurability means that one of the expressions,
hen+{* n’, is very small compared to n or n’, PFrom the
expression above, we see that a near-commensurability im-
plies an enhanced amplitude for perturbations with period
h*n+* Y . Since only §A has the small divisor squared, we
see that the principal effect of a near-commnensurability will

be observed in the mean longitude,
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3. We are now in a position to investigate the stability
of near-commensurate mean motions. Our considerations will
£ind application to the two-body cases of Enceladus and
Dione, Mimas and Tethys, and Hyperion and Titan, as well as
to the three-~body case of Io, Europa and Ganymede, Other
possible examples of stable commensurabilities to which these
results might also apply are mentioned in section 10.

As a start, we shall consider a planetsurrounded by
several satellites which move on well-spaced orbits of low
inclination and eccentricity., We shall make the assumption
that the tidal torques on these satellites have produced
considerable evolution of their mean motions over a period
comparable to the age of the solar system (which we take as
four billion yeazs).

Let us make the further assumption that the tidal
evolution of the mean motions of each satellite is inde-
pendent of the other satellites, This independent evolu-
tion of mean motions is implied (at least to second order
perturbation theory) by Poisson's theorem on the invaria--
bility of the semi-major axis (see section 2), Since, in
general, the mean motions of different satellites will
evolve at different rates, the ratios of the mean motions
of pairs of satellies will vary with time. 1In so doing
they will occasionally pass through a low order commensura-

bility., However, at any one time, the ratios of the
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satellites' mean motions will exhibit a tendency for near-
commensurability which is consistent with a random distri-

bution of mean motions, Such a situation would certainly

fail to explain the strong tendency for near-commensurate .
mean motions that is observed among the satellites of the

solar system,

If, on the other hand, these near-commensurabilities
were stable, then we could account for the large number of
observed near-commensurabilities, Suppose, for example,
that during the tidal evolution of mean motiong, the ratio
of the mean motions of two satellites approaches very
close to the ratio of two small integers. If a near-commen-
surate motion of these two satellites exists, which is
stable under further tidal evolution, then the satel-~
lites will remain in the near-commensurability rather than
merely passing through it, However, the tidal torque on
each of these satellites will not be affected by such a
near-commensurability of the satellite mean motions, This
being the case, in order for the further evolution of the
satellite orbits to proceed without disrupting the near-
commensurability of the mean motions, angular momentum
must be secularly transferred between the satellites, At
first sight this condition might appear to be a violation
of Poisson's theorem on the invariability of the semi-ma jor

axis. However, the proof of this theorem involves the
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assumption that the arguments of the periodic¢ terms in the
disturbing function are not constant, As we shall see
later on, this is just the condition which occurs in the
cases of stable commensurabilities.

¥e now see that the orbits of a pair of near-commen-
surate satellites will still evolve as the tides feed
angular momentum from the planet's spin into the satel-
lites' orbits., However, the satellites will share this
angular momentum between them in just the correct propor-
tion so that their mean motions remain near-commensurate,

The question of which near-commensurabilities are
stable will be dealt with next. From the discussion of
the previous paragraph we see that a necessary condition for
the stability of a near-commensurability is that the direct
gravitational forces between the satellites involved are
strong enough to be able to distribute the angular momentum
fed into the system by the tides in the manner necessary to
maintain the commensurability relation., Application of this
condition will enable us to place bounds on the tidal torques
of some satellites. This, in turn, will imply upper bounds
for the dissipation of the tides within the planets,

An examination of these direct gravitational forces
reveals that they decrease rapidly as the order of the com-
mensurability increases (see section 9), This accounts for

the low orders of the observed near-commensurabilities (e.qg.,
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2 tol, 4 to 3 etc.). When the direct gravitational forces
are so weak that they cannot transfer angular momentum
between the satellites at a sufficient rate, the two satel-
lites’ mean motions will evolve independently, each at a rate
determined by the tidal torque on the satellite,

As discussed in section 1, the orbits of several pairs
of the best examples of near-commensurabilities demonstrate
remarkable regularities, Not only do these satellite pairs
exhibit near-commensurabilities, they also show a relation
between their conjunctions and one or more of their orbital
elements, Since the conditions relevant to the various satel-~
lite pairs differ only in detail, we shall concentrate our
attention on the system of Enceladus and Dione whenever an
axplicit example is called for.

Denoting the orbital elements of Dione by primes, we
can state the observations in the form below (see section 2
for a definition of these elements).

2n’ -n-3W = 0 and
at

2\ -\-W=V where V oscillates about
0°% with a small amplitude. (Actually, as we shall see
later on, V should oscillate about an angle very close tb,
but not equal to 0°). The second relation states that con-
junctions of Enceladus and Dione always occur near the peri-
saturnium of Enceladus, Thus we see that this commensurabi-

lity relation implies that the term in the disturbing



-53-

function with argument V can produce secular changes in the
semi-major axis, (Actually, these secular changes only
occur when V oscillates about an angle different from 0°).
This invalidates the proof of Poisson's theorem as explained
previously, It may also be noted that what we have here
should not be considered as a near-commensurability of mean
motions but rather as an exact commensurability involving
the mean motions of Enceladus and Dione together with the
motion of the perisaturnium of Enceladus, The fact that we
have a near-commensurability of mean motions is just a con-
sequence of the small size of 3l /n.

Roy and Ovenden tried to iﬁow that these near-commen-
surate satellite pairs satisfy the hypotheses of their
mirror theorem, In the approximation that the inclinations
of Enceladus and Dione are neglected and that the eccentri-
city of Dione is taken as zero, we see that this is the case,
Furthermore, even when the eccentricity of Dione is taken
into account, it may still be argued that mirror configura-
tions do occur, However, in the other cases of near-commen-
surability described by Roy and Ovenden, mirror configura-
tions only occur in a first approximation to the actual
orbits (e.g.,, when only one eccentricity is taken as non-
zero or when both inclinations are considered to be equal,
etc.). Finally, Roy and Ovenden remarked that when the

mirror configuration was only approximately satisfied,
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librations in the longitude of the satellites took place.
The significance of these librations to their argument is
unclear to the present author, However, it is well-known
that these librations arise from terms in the disturbing
function of very long period, For Enceladus and Dione, one
such term has argument W=2)\’ -\-&’. This argument can be
rewritten as W=2A -A-0+@-0/)=(G-W’'). This is just the
term which gives rise to the libration of period 3,89 years
discussed by Roy and Ovenden in their second paper.

We have proposed that the near-commensurabilities are
a consequence of the tidal evolution of satellite orbits,
If this hypothesis is to be tenable, then the tidal evolu-
tion of the satellite systems involved must have been ap-
preciable in the age of the solar system, Using the data
tabulated by Jeffreys® we can express af, (§is defined by
rx=n..§"3 where n, is the present mean mgtion of the satellite.
Hence, dn=-3d§ at the present time) for the various satel-
lites 1gtthed§olar system, In doing this, we take a homo-
geneous sphere model for the planet. U4 is its rigidity,
Q its specific dissipation function, P its density, g its
surface gravity and R its radius, The tabulation below in-
cludes all satellites, about planets having two or more

satellites, for which

as [(1+194)02107"7 sec”’ .
dt ZqPR
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Satellite aq = g_/(li'lg&_)o sec”!
dt = dat 2R
Phobos 2.6x107"
Jupiter v 7.0x10°%
Io 4.9x107®
Buropa 1.6x10™"
Ganymede 2.5%10°"
callisto 4.0x107"
Mimas 4.0»t1.0°w
gnceladus 1.6x107"
Tethys 3.2x107M
Dione 1.ox10™
Rhea 2.0x107%
Titan 6.9x107'
ariel 2.3x107%
Table (3-2)

In our notation 1 is equivalent to sin2¢ in Jeffreys' nota-

tion, Also of importance is the fact that 4x10? years

1,2x10'7 geconds. Integrating Jeffreys' equation for

1 g_t_l, we find that if n is the present value of the mean

n dt

motion of a satellite, then the mean motion of that satel-

lite was many times larger T years ago, where T=l (g)" .
314t

%{ is evaluated at the present time. (This only applies

t
if 48>0, 1If a§<0, then n was smaller in the past). From
at dat
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this formula we see that for satellites whose present values
of %% are greater than 6,4x10°!% gec™ , appreciable evolu-
tion of their mean motions has occurred in the age of the
solar system,

From the discussion to follow, we shall see that the
stable commensurability relations are between Mimas and
Tethys, Enceladus and Dione, Titan and Hyperion, and Io,
Europa and Ganymedé. It is also likely that Io and Europa,
Europa and Ganymede, and Ganymede and Callisto form stable
two-body commensurabilities and that Dione, Rhea and Titan
take part in a stable three-body commensurability.

From Table 2 we see that in all the above mentioned
commensurabilities at least one of the satellites involved

has dn2.69x10™° sec”! . This indicates that even with
dt

1

produced considerable changes in these systems in the past.

as small as 10‘“, the tides would still have

For Jupiter 14194 cannot be much greater than 1 and it
probably is neai lRfor Ssaturn also, This implies that Q
for Jupiter and Saturn is about 10“.

If we turn the above argument around then we can ask

the following questions What percentage of all satellites,

for which a§ 210" sec’ and for which another
dat Q(1+19u.
2gpR

satellite exists with period differing by less than a
factor of seven from its period, are involved in a commen-

surability relation? 1Inspection of Table 2 tells us that
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every satellite, except Phobos, which satisfied the pre-
ceding conditions, is part of at least one definitely
stable commensurability relation, PFurthermore, it is no
surprise that Phobos is not part of a stable commensurabi-
lity with Deimos, the other satellite of Mars, The mutual
gravitational interactions between Phobos and Deimos will
be very weak since both satellites are extremely small
(about 8 and 4 km, in radiua, respectively). If we look
next at the same group of satellites but consider those for
which %{/ > .69%10°'® gec”' then we find that they
t Q(l+19 )

R
all are involvegpin a commensurability relation except for

Phobos, Jupiter V, Ariel and possibly Rhea,

The arguments presented in this section seem to imply
a tidal origin for the commenaurabilit{ps and a Q of about
10" for Jupiter and Saturn, 1In the following sections of

this paper other estimates of Q will be obtained,

4, In this section the details of a stability proof
for near-commensurate satellites will be presented, 4g a
start, we shall consider the following idealization of the
system of Enceladus and Dione, Two satellites with masses
m and m’/ move in orbits about the same planet. The

following restrictions are placed on their orbitss
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mecl m/«l e/ =0 i=i/ =0 a'>a,
M

The question of whether a stable motion exists for thesé
two bodies such that 2n’ -n-aﬁlo, is the one we shall attempt
to answer. ? refers to the gblerved secular rate of change
of W. ¢

In line with the comment made in section 2, we shall
not treat Was a constant, but shall include all motions of
W due to secular terms in the disturbing function of m,
Henceforth, we shall write W=W,+Tt, An important distinc-
tion must be made between AW and & . ? is the observed
secular motion of W, W, hg:;ever, is ju:t that part of this
secular motion which is produced by secular terms in m's
disturbing function. Due to the commensurability relation,
the periodic terms in the disturbing function, which have
argument 2A -\, also produce secular motions of W. These

are included in ?but are not included in 0.
t

In our stability proof, we shall neglect all periodic
temrs in the disturbing function except the ones with argu-
ment 2N =\-W. It is easy to see why the terms with this
argument might cause concern, By hypothesis, this argument
has zero secular rate of change, Substituting these terms
in the perturbation equations, one sees that they produce
secular changes in the elements. It might be suspected
that these secular changes will disrupt the relation

2n’ -n—?-o. However, we shall show that under certain
t
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circumstances this does not happen.

Terms in the disturbing function whose arguments are
integer multiples of 2A’-A-W can be neglected, since their
coefficienta are smaller than those of the terms with
argument 2A' -A-W by e raised to the power of the absolute
value of the corresponding integer multiple. All periocdic
terms whose arguments are not multiples of 2N A=W produce
only small magnitude, short period perturbations of the
orbits since their amplitudes are not enhanced by integra-
tion (see section 2), Finally, the theorem stated in sec-
tion 2 concerning the invariability of the semi-major axis
tells us that we do not have to worry about secular terms in
the disturbing function,

The stability proof runs as followss Let
®=2) -\-J, then the terms in the disturbing functions with

this argument are, to first order in e,

g

R} =-%[(4-M%)A2(o\)] cos @

where o&:g' and Az(a) is a Laplace coefficient, Az can be
expresseg in terms of elliptic integrals, We shall need
the value of C(X)=(4+0d )A, (k) when we apply our results to
the system of Enceladu?‘and Dione, but at present we shall
proceed without it,

Next, the first and second time derivatives of § will

be evaluated,
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a§=24) -d)\-aF=2n’-n+24¢’
ol o R o F
=2n/ -n+2€{ - £, - Wy +2d€; ~d
3 Bl o af
In the above, we have set; g£=g+Et, E'= £{+ ¢t and
W=Us+Wt, €, € and &, are just the motions of €,&’
and W due to the secular terms in the 3isturbing function.

Since we are restricting our analysis to first order per-

turbation theory,

gﬁ.l.?-d ':%=0

at t t

Using the perturbation equations (3-1), we can now writes
%%._ane(;ta_tl_, (%_’2 d%lsoq cosd

%E;_Pﬂe(x}:_')[ C(ok)-t(:_') di(g)] cos § (3-4)

%tﬁ_=%;( ;:_')(:' ¢(r)cos §

Taking another time derivative of § we gets

g—.ﬁ' =ag_g_'.-dg-ne mf) (a')z dc (g}sinia[

-2n’e(%) [ c(o&)-r(:_,) gigﬁz]sm;g%

4%3_(:_/) (:' c(u):m;%%

From n?a®=G M, we have dn= _(g (3-5)
at 2la

Using this expression we can re-write the equation for dzq
t
as follows:
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g_{g‘--%c(p() [(__,n" (m' (—r) n? ]lin!

ne(%,_) (‘Eﬂz %ﬁvzn'e(a_) {c«x)-r(%” g%.((&s ) (3-6)
_%_(:_’) (a  C(x) : n!g
e a’

In some circumstances, the term containing sin@ gj
may be neglected, If this term is dropped and if we u:e the
fact that C(xx) 18 positive (C will be computed at a later
stage), then we see that the équation for § reduces to that
of a simple pendulum. As is well-known, this egquation can
always be solved in terms of elliptic functions. However,
for the case of Enceladus and Dione, a small amplitude

approximation is justified, This yields:

$ =% sinyt where J° -3ec(0() [(M)n" m/ (a__) nzjl (3-7)
=

Hence, our result proves that this special case of a near-
commensurability will not disrupt itself.

We are now in a position to formuliate the condition
under which the term containing 8in@ gj may safely be
neglected, For simplicity, we shall t:strict ourselves to
the case where m/ is considerably bigger than m. In this
cage, the ratio of the neglected term to the one which was

retained becomes:

ra( ,%{ I1f 8 = §,sinvt, then the largest value that
ne

r can take is r*s = (3-8)
3e
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The next point to be dealt with is the stability of
the relation 2n’ -n-g when tidal forces are present, In
this connection, we will make use of Jeffreys' paper which
implies that the rate of change of mean motion due to tidal

forces is given by

—.d_g,.=27n2(t_n_)(3)5 2€0 (3-9)
ac 4 |Mlla + p;Z%pR
where the notation is that used in section 3. Rewriting

equation (3-6) to include tidal effects (again we neglect
the sini%{ term), we get
t

g2 =-V*sinf+2dn7 -dnr (3-10)
dt dt at

If the tidal effects are weak and if the small angle approxi-

mation can be used, this case gives

§ =3.8inyt+l (z ¢ -dn-,-) Fsinyt+ ¥ (3-11)
ZANGE3

so that the only effect produced by the tides is a phase
shift ¥ in$§. Hence, we have shown that weak tidal forces
do not upset the relation 2n’-n-§ﬁ. The remarkable fact

is that this relation is maintain:d as the satellite system

evolves under the action of the tides.

If, on the other hand, we had a case for which
2dn; -anr
. el

and the relation 2n’-n-§§#0 would be broken down by the tidal
t .

»>>y2, then Qb( -g_,) t? (3-12)

forces,
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5, This section will contain a numerical application of
the results of the laat section to the satellite system of
Enceladus and Dione,

The data is given below,

Enceladus Dione
P=2]=1,370218 days » =2[1=2.736916 days
n n
e = ,0045 e’ = ,0021
i =0,0° i'= 0,0°
3W=123.43° per year A'=30,74 ° per year
at at
1 oA =fa) =,631
(4"

Table (3-3)

Using the recurrence relations for the Laplace coeffi-

cients, we arrive at

C (k) =gk St =2 Eb%, +(4+32-10cY ) b'yg
-
e

where bi,= 4 j ég
-ofain‘e

(]

b, =4 [ (2 - (M -o2sin?e a6
" 77-“[]0 u-o&isin'eiﬁ [. ° ]

Forok=,631 we get C(A)=1.79, This establishes that C(xX)>0,
a fact which we have used before,
Calculations of r* and ¥ can be easily carried out now,
They yield
™¢8,4510°3
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¥ = =2,44 1072  radians (3-13)
(l-rﬁ&)o
2qu
From the value for r* we see that our neglect of the
sin!%j_ term was justified. The value of the phase sgshift
t
appears to be quite small., Even if 1+l9u=1, it is pro-
gpR

bably too small to be observed since Q is likely to be

greater than 100 for Saturn (see section 3),

6. The system of Titan and Hyperion is similar to that
of Enceladus and Dione, If we let primes denote quantities
related to Hyperion, then we have 4n’ -3n-@:0 and the angle
§ =4\ 37~ oscillates about 180°, This S\Stion can be shown
to be stable under tidal action in exactly the same manner
as before., Unfortunately, in this case, the phase shift
due to tides is even smaller than that for Enceladus and
Dione and offers no hope for direct observation, Finally,
the term in the disturbing functions with argument
4N -3N\-@’ is Rp=e’'Gm’ [(7+«g_ )Aa(og)] cos P

2a’ dot

Ry =e’Gm_ [(7+xd_)Asz(x)] cos & (-14)

et [(TregRdRe ]

Since the coefficient of cos @ can be shown to be positive,

in this case, § is stable about 180° rather than about 0°

as was the case for Enceladus and Dione,
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7. In this section, we shall treat the system of Mimas
and Tethys., For this system, the commensurability relation
involves the node instead of the pe;isaturnium. The con-
Junction of the two satellites oscillates about the midpoint
between their two ascending nodes on Saturn's equator,

- As an approximation to this system, we shall neglect
e and e/ and set i=i'= [i2+4i? (primes refer to Tethys).
The commensurability relatfon states that § =4\ -2A-N-n
oscillates about 0°, The terms in the disturbing functions

with this argument can be shown to have the following forms:
Rg==1’Gm Ba(x) cos g
a
e )) cos
Re==iiom Ba(x) cos

where Bs(uo is a Laplace coefficient and is positive for
this satellite system.

Neglecting the singd§ term, as in section 3, we get
dt

g_:gf- ysing where V=312 B, (x) [4n”(%)+n‘(§1’ (%_)]

For the system of Mimas and Tethys, a small angle
approximation cannot be used since 3 oscillates about o’
with an amplitude of 95.3°, 1In this case, our pendulum
equation must be solved in terms of elliptic integrals,
The tidal forces produce a phase shift in ¢ but again we

can show that it is too small to be observed.
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8. The case of Io, Europa and Ganymede was first dis-
cussed by Laplace and since then has been treated by many
authors.® 1In this system, the commensurability relation
only involves the mean motions of these three bodies.
(They will be denoted by n,, n, and ng). A;-3A2-2A3
oscillates about 180° with a very small amplitude, The
proof of the stability of this relation, under tidal for-
ces, involves second order perturbation theory:; otherwise,
it goes through in exactly the same manner as the stabili-
ty proofs in the two body cases, The stability for this
case was known to Laplace? In this case also, the phase
shift in 9§ is too small to be observed.

In the past, many authors have placed a lower limits
on the Q of Jupiter, This was accomplished by noting that
obgervations of Io (Jupiter 1) gave no secular acceleration,
to within the observational accuracy. Lower bounds for Q
as high as 107 have been set by this method, It is in-
teresting to see how the tidal stability of the commensgu-
rability relation changes the estimates of this lower bound,
The amount of angular momentum which the tides transfer
from the spin of Jupiter into orbital angular momentum of
the satellites is unaffected by the commensurability. How-
ever, in order to maintain the relation n;-3nz-2n3=0, this
angular momentum must be shared among Jupiter's satellites

in a special way. Three possibilities will be considered,
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It is well-known, that in addition to the three-body
commensurability just discussed, Jupiter's Galilean satel-
lites have the following near two body commensurabilitiess
2na-n=0, 2n3-r§=0 and 71'3.,-3n3==0.a These may or may not be
stable. (See section 9), If we assume the stability of
the first two two-body commensurabilities and the three-
body one, then the lower bound of Q must be decreased by
a factor of 5, If we assume all the above commensurabili-
ties are stable, then we must decrease this bound by a
factor of 7.4. If only the threze-body commensgurability is

stable, we again get a reduction factor of about 5.

9. The next topic to be discussed will be the evolution
of thesgse stable commensurability relations,

Except for the three-body case of Io, Europa and Gany-
mede, the commensurability relations we have considered have
involved the pericenters and nodes of the satellites, From
the stability equation (3-10) for Enceladus and Dione, we
see that if e is below a certain value, then the commensura-
bility relation is broken down by the tides., For Titan and
Hyperion, a similar result holds for Hyperion's eccentricity,
e¢. The stability of the Mimas-Tethys commensurability would
be destroyed 1f 1 Dbecame too small,

The inner satellites of planets tend to have small
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eccentricities and inclinations, 8ince terms in the disturbing
functions with argument A,A; =Az), ~(A, -A, )W, have at least

A, -Ap povwers of e, in their coefficients, and those of

argument 2(A;A; =Az2A, —(A, -3, ).n,) have at least 2(A,;-3;)

powers of i, in their coefficients, we see that it is not
surprising that the commensurate relations we observe have

A =Ap+l. 1In this connection; we should note that, in general,
these arguments can involve both pericenters and nodes, and
that the only requirement on these arguments is that of ro-
tational invariance, mentioned in equation (3-3),.

Now that we understand why only commensurabilities of
the form A, =A,+k, where k is a small integer, are stable
under tidal forces, we can speculate about the past behavior
of satellite systems, Appealing to the results of the pre-
vious paper we also know that the eccentricities of many
satellites might have been congsiderably larger in the past
than they are at present. A similar result has been proved
for inclinations by Darwin.9 This suggests that in the
past, stable near-commensurabilities might have been much
more common than at present, and of considerably greater
variety (i.e., larger differences A,-A, were possible), Of
these commensurabilities, all except those which involved
the fewest powers of eccentricity and inclination would
then hawe been disrupted by the tides. This would have
occurred as the eccentricities and inclinations of these

orbits decreased, also due to tidal action, Remnants of
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these higher order commensurabilities may account for some

of the near-commensurabilities which we now observe, but for

which no stability relation, such as those discussed, exists.
Finally, there is still another way in which secular

changes in eccentricity and inclination can be produced.

This will be illustrated for the case of Enceladus and Dione.
Referring to equations (3-1), (3-4), (3-11) and (3-13),

we have, for the rate of change of Enceladus' eccentricity

due to the term in the disturbing function with argument §:

de C{xk)sin¥
-

S8ince ¥ is negative, in this case we see that the eccentri-
city of Enceladus is being decreased by the action of Dione,
This will eventually weaken the stability of the commensu-
rability relation between Enceladus and Dione to a point
where the tidal torque will disrupt it, Possibilities of
this kind make it impossible to consider very seriously, the
exact present values of the eccentricities of satellites in
the contaxt of the previous paper alone, It is also possible,
that a past commensurability between Phobos and Deimos could
account for the low value of eccentricity for Deimos, as
discussed in the previous paper.,

Before we end this discussion, it should be mentioned
that there is a limit beyond which these processes may not
decrease the eccentricity of an orbit, That limit is given
by the eccentricity which would be forced on the orbit by
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direct gravitational interactions with other satellites and

the sun,

10, In this section further areas for possible investi-
gation are discussed.

In the first place, the stable commensurability rela-
tiong which were discussed in this paper referred only to
satellite systems and not to the planetary system, Tidal
effects on the planet's orbits are toc small to have any
significance, even over ages comparable to that of the solar
system, However, the stability proof discussed in this paper,
would apply equally well to other phenuinena which might pro-
duce secular changes in the semi-major zxis of the planets,
In particular, during the process of planet formaticn such
forces would undoubtedly nave existed in one form or another,
It is then possible, that the planets might also have been
involved in commensurability relations of the types dis-
cussed, and that their present distribution of mean motions
is at least partially a reflection of these relations,

Secondly, other stable commensural:ility relations may
exist., Possible candidates appear to be the two body cases
of Io and Europa, Europa and Ganymede, and Ganymede and
Callisto, For the firgt two of these pairs, Griffini0 nas

remarked that the inner of the pair is near perijove and the



-71-

outer near apojove, whenever a conjunction takes place,
However, due to the large perturbations present in these
systems, a much more detailed stability proof is called for.
Finally, a possible three-body commensurability between
Titan, Rhea and Dione is suggested, If we denote the ele-~
ments relevant to these satellites by subscripts 3, 2, and
1 respectively, then the fnllowing relations may be noted;
6ng -5n, +2n, =000,081529 degrees per day'u
W, +2n,=.08151.001 degrees per day 12
Therefore, 6q3-5n2+2n,-EL-Z!EpOOO.OOOOi.OOOQ degrees per day
We see that this relation holds to within the abservational
accuracy of six significant figures, If this is a stable
commensurability relation, then a direct observation of

the tidal phase shift should be possible.,
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