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SOMMATRE

On a obtenu des équations intégrales pour les fonctions de corrélation
dans les fluides classiques grice & une méthode due & J.K. Percus. Ces équations sont
appliquées & un gnz de molécules & interactions répulsives.
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I, INTRONUCTION,

In a recent paper(”, Percus has proprsed a new derivation of approximate
integral equations for the pair distribution of classical fluids. In the present papsw,
we shall derive and Aiscuss some higher order apnroximations to the integral equaticns

obtained with Percus' method.

The essential of this method is as follows : we congider the distributicn
functions in the presence of an external potential L{,J (r), which will be choscn later
on as the potential due to a particle added to the system. The n-particle distribution
function in presence of the external potential will then be proportional to the n+l-par-
ticle distribution function without the external potential, On the other hand, we choose
some arbitrary functional of the distribution functions and of the external potential
and we expend it by Teylor's formula around 4) = 0, the expansion being mode as a2n ascen-
ding series in e (r | P ) - o (r), where e (r [P ) and 0 (r) respectively are
the one-body distribution functions in the presence and in the absence of the external
potential. With this method we can derive integral equations linking the verious distri-
bution functions. The accuracy of the approximation dopands on the number of terms kept
in the Taylor expansion. It is also important for a particular problem to choose in the
best possible way the arbitrary functional to be expanded; that is, to choose the func-
tional in such a way that the important effects are taken care of when only the first
terms of the Taylor expansion are kopt. It romains then to be shown that the contribu~
tion of the next terms of the expansion is small, The arbitrariness in the choice of the
functional finds its analog in the arbitrariress in the choice of a particular class of
diagrams which are summed up in a diagrammatic approach. It secms to us that the advan-
tage of the Percus method is that, once the functional is chosen, the next approximation
follows automatically, whereas in a diagrammatic approach there is no absolute criterion

for selecting which clagss of diagrams will come in as a next approximation.

Per~rus has hown that, with a suitable cheice of the functional one may obtain,

A\

\ 3,
as a first approximation the so-called Percus-Yevici' {¥)and Hypernetted chain '~ il)
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intogral equations.

The first aim of this paper is to derive in both cases the integral oqua-
tions which rosult when the next term in tho Taylor's coxpansion is taken into account
(chapter II), We call them for short PY2 and HCN2 equations.

Wo thon apply these equatioms to particular models (chapter III) : the
hard rod, hord square, hard cube gases, whore the cluster integrals involving as much as

4)

seven points have been calculated' ™' . We hove calculoted the six first virial coeffie

cients for the PY2 equation and the five first virial cocfficients in the HCH2 cose.

(4) and with the same calculation made with

This may be compared with the ezoct rosult
the PY and HNC equation without correction(s) « Both the PY2 and the HNC2 equations
yield exact fourth virial coefficicnis. This is not so with the uncorrected cquations
cxcept in the casc of the hord rod gas for which the PY cquatior is exact as shown in
Appendix I. Whon the HIC2 correction is taken into account, the fifth virial cocfficient
is not much improved. On the othcr hand, the situation is much more favorable with the
PY2 equation : the fifth and sixth virial coefficients romain exact in tho hard rod case
and take values very near to the cxzact ones for the hard square and hard cube gases.
This is interesting becouse the hord cube gas simulatos fairly well the hard sphere ges,
which itsclf behaves much as a real gos at high temperatures. as it is lcnown( 6) that, for
the hord sphere gas as well as for a roal gas at high temperatures, the PY equation is

a good first approximation, it is comforting to kmow that the ncxt term in the Taylor

expansion improves the PY result in the hard cube casec.

In the low tcmperaturc region, no conclusion may be drawn from the prescnt
study. But, as it appcars that the PY cquation descrves a special attention, we have
mode some calculations for the Argon fluid at low temperatures which complemont tho fow
results given in rcf.(7). It appears that the internal cnergics and the prossurcs
yielded by the virial theorem arc proctically the same as those obtained with the HNC
cquation, but that the discrepancy betwoon the pressurce calculated from the virial thoo-
rem ond that yielded by the Ornstein-Zernicke relation is much reduced,

II, DERIV.ATION OF THE INTEGRAL EQUATIONS.

Wo shall first recall some definitions and derive some propertics of the
distribution functions.

The n-particle distribution function, in the presence of an external poten--
tial ‘P is dofined in the grond canonical cnscmble as @

ceeloen
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whore 1= is the grand partition function :
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UN(1,2 eve N) is the N-particle interaction encrgy, which is the sum of the interpar-
ticle potentials V(i,j) and of the cxtornal potential, LP (i)s 2z is the fugacity.

The various distribution functions @ (1 1¢), 9(1,2!4) ), 9(1,2,3\4))
may be obtained by functionally differcentianting the grond partition function with res-

pect to the external potential :

& log (=

BEY(s)

82 1og 1o

A28 6 (2)

§ 3 IOLB

“PPEp(1)S ¢ (2)6 ¢ (3)

e(lg) (3)
Se(1ly) (8)

=o(1,2)$ )-Q(1IP)e (2|P)+ 0(1]$) 8(1,2)

__8%001w) (5)
L6 ()& ¢ (3)

Q (1,23 ()
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i {(@(3|q))+6(1.3))(9(1,2\¢>-9(1|q:>9(21¢>)
+ same with circ., perm. of 1,2,33

() eIP) eGP+ 5(1,2) & (2,3).

We now define the two and three-bedy correlation functions, S(1,2) and S(1,2,3), in
tho ahacnre of the oxternal field : (we shall in the f ollowing omit the 4) when it
is put to zero)

5(1,2) = @(1,2)/(0(1) @ (2)) (6)

5(1,2,3)

0(1,2,3)/(p(1)p(2) 0(3)) (1)

We also define C(‘l,2) the direct correlation function of Ornstein and Zernicke through

the relation :

-M = &01,2) - ¢{1,2) (8)
o (1) e (1)

The relation of a iunctional derivative to its inverse is :

> So() bw(2 $
d2 = (1,3)
[ Sp  SpB) (©)

Using (4) and (8), we obtain an alternative definition of C(1,2), the well-known
Ornstein-Zernicke relatiomn

5(1,2) = 140(1,2) + J B c(1,3) () (5 (3,2) - 1), (10)
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Now, if we take the external potential as the potential due to a particle
added to the system and put it at the point 0, we have :

p (1) = L0
©(0)
(11)
9(1,2,0)

9(112 “P) = —W etcese

Let us now consider a quantity £(1,2 ... n l\’)) which is a function of the positions
1,2 ... n and a functional of kp, (and thus of @] (1 [q‘))) : as we have said, we shall
make the following Taylor's expansion around lp =0 :

£f(1,2 ...n ) = £(1,2 000 n) +

+ J’d;ﬁ (Q(n_’_”q))_e(n))) éf(1,2 e 1 ]q))
Se(aet | ) "
=0

—

-

+= chn“l? a2 (Q(n+ [ )= One1))(© (w2 |P)- O (ns2)) 5%(1,2 ... n)¢)
o S (nttlp)do(ns2ip )}y o

(12)
We understand immediately how this procedure is used, when we particularize to the two

functionals considered by Percus :
a) if we take

£(119) =0 (1)) s (13)

we have, using (6), (11) and (12) :

eoeloes
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+Sd2 9(2)(8(0,2)—1)(6(1.2)+9(1) w )
Sol2ip) (=0

« 1 Scﬁ cﬁQ(z)Q(3)(5(0,2)-1)(8(0,3)—1) X

2.
(14)
x 6(1;2)M) 6(1,3)3—6-?—(—11— (1) 2 5e01) .éq>(1)
{ 50(3 /) ' se(2)p) rep So(2lp) BeGlP) '
. pln e ol }
dp(2 1p) 603 1e Mp- 0
1If we take only the first two temms of the expansion, WC find the equation @
s(0,1) e pAv0,1) _ s(0,1) - C(o1) - (15)

The use of (15) and (10) to eliminate the direct corrclation sunction C(0,1) leads to
the PY integral oquation for the correlation function 8(0,1)

To calculate the next term in the exponsion, 60 a8 to obtain the FY2 equation,
we must express the second derivative appearing in the square vracket of (14) in terms
of the second derivative of @1 [ ) with respect to p o FoT tnis,we use the relationt

62 p0lp) _Xd;dgdg 52 vy so (1) sp(ld) EQID)
§p 6P 0O SO S BT eply sk 60

(16)
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We then need, as may be seen from ( 5), a relation for the three~body distribution func-
tion. This relation is obtained, as was done above for the two-body distribution, by

expanding o (L2lgp) o A1) + ()

end keeping the first two terms of the expansion :

9(1,2 M))e ﬁ(q)(1)+q>(2)) - 9(1’2) +

(17

. S(e(1,21¢) PP +9)) - gpy )

+ | a3 a4 p(3)(s(0,3) - 1) S0 2B

\P:O

Using (5) and (7), we obtain the following linear integral equation for the three body
correlation function which is expressed in torms of the two-body functions S(1,2) and
c(1,2)

5(1,2;0) o A (u(1,0) +1(2,0) = §(1,2) +jd39(3) ¢(0,3)(s(1,2;3) -

- 5(1,2)). (18)

The similarity of this equation with the PY equation (15), with (10) taken into account,
is striking. The threc body correlation function is unfortunately unsymretrical in view

of the special role played by the source particle.

Once we have the three~body correlation function, a straightforward manipu -
lation, using (4), (14) and (16) leads to the equation :

5(0,1) oP¥(01) _ 5(0,1) - c(0,1) + $ (o,1) (19)

where i) (0,1) is the correction term calculated as was said above :

veofone
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JODES Sdi B 0(2)003) €(0,2) ©(0,3) 5(2,3) -S-E(fi‘—) (1-¢ LT 1475,1)

’

- 5(1,2)(1 - P72y _s(4,3)(1 - o AV(13), (20)

Using this equation, together with (19), (18) and (10), we may, implicitly, eliminate
dé (0,1), s(2,3;1) and ¢(0,1) and obtain an equation for the two body correlation func-

tion which we call the PY2 equation.

Evidently this approxiusation process can still be carried on further, but

things will become quitc complicated.

b) Percus has shown that if we toke :

£(1]1¢) = 10g(9(1llb)e{34’). (21)

we obtain as a first approximation the HNC equation., Going to the next order, we find

the equation :

108 5(0,1) o PO1) _ 5(0,1) - e(0,1) + & (0,1), (22)

where the correction term is now given by the equation @

¢ (0,1) = ! j a2 &5 p(2) P(3) ©(0,2) €(0,3) 5(2,3) x
2

< 3(2,3;1) +1 - log S(2,3;1) - S(1,2) + log S(1,2) - 3(1'3) + log S(1,3)
s(2,3) s(2,3)

(23)
(5(0,1) - 1-0¢(0,1))2 .

N I—
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The equation for the three-body correlation function is no longer linear but is replaced
by an equation of the same type as the HNC equation

8(1,2;0) , P(V(1,0) + ¥(2,0)) _ | 3 8(1,2;:3) _,),
log S5 a3 0(3) c(o,3)<—-s-2-1-’; 1)
(24)

The combination of equations (10), (22), (23) and (24) yields the HNC2 equation for the
two body correlation function,

III. THB VIRIAL EXPANSION AND ITS APPLICATIONS,

We have made series expansion in powers of the density for the PY2 and
HNC2 equation. The virial coefficients have been calculated with the help of the compres-
8ibility equation :

) T 1-€j.0(r) ar . (25)

We have explicitly written down the relevant Ursell diasgrams with their weights for the
aix first virial coefficients in the case of the PY2 equation and the five first virial
coefficients in the case of the HNC2 equation, The fourth virial coefficient becomes
exact for both equations. As we wish to have some idea of the value of the approximation
for the next virial coefficiunts, we have mode a calculation with a specific model. The
hard rod, hard zguare and hard cube gases, for which the cluster integrals we need have
been evaluated : the viriol coefficients which we have calculated are give in table I
in the PY2 case, in table II in the HNC2 cese, In these tables are also given the cor-

(4)

responding results of the exact calculation as well as those yielded by the uncorrec-

ted equations 5 .
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Hard rod Hard squares Hord cubes
4th oxact 1 3.667 11.333
virial PY 1 3.778 12.889 -
cocfficiont PY2 1 3.667 11.333
5th exact 1 3.722 3.160
virial PY 1 4,236 12.434
coofficient PY2 1 3.639 1.701
6th exact 1 3.025 -18.879
virial PY 1 4.420 9.207
coefficiont PY2 1 3.020 21,203

Table I. Comparison with the exact results of tho fourth, fifth and sixth virial

cocfficicnts obtained from the PY and PY2 equation for hard rods, squarcs and cubes,

In Table I, we note the particular situation of the hard rod gas : in that case, the

PY equation is exact, This had been conjectured by Hoover and Poirier and is demons-
trated in Appendix I. The PY2 equation yields also exact fifth and sixth virial coeffi-
cicnts, and it may be supposed that it is also exact. The improvement due to the use

of the PY2 oquation is very important both in the two and in the threc-dimensional caset.
It should be noted that in the calculation of the sixth virial coefficiont we hove used
in the correction term (20) the correlation functions calculated with the lower order

PY oquation, which is a consistent procedure in this approximation scheme. It turns out
that when the functions in front of the squore bracket of (20) are roplaced by the valuc:
calculated from the PY2 oquation, the correction is zcro in ono dimonsion and amounts

in two and three dimension to a spall percentage of the final result.
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Hard rod Hard squares Hard cubes
4th exact 1 3.667 11333
virial HNC 9167 2.944 6,630
coefficient HNC2 1 3,667 11,333
5th exact 1 34722 3,160
virial HNC .8 1.8041 -6,939
coefficient | HNC2 1.0833 4,697 11.706

Table II, Comparison with the exact results of the fourth and fifth virinl coefficients
obtained from the HNC and HNC2 equation for hard rods, squares and cubes.

The results for the HNC2 equation are given in Table II. Ve have calcu-
lated only the fifth virial coefficient and we may see that the improvement brought

about by the correction to the HNC equation is not very important.

IV. CONCLUSIONS.

We have shown in this paper that Percus! method can be used to write
down explicitely integraol equations for the two-body correlation function which genera-
lizesthe PY and HNC equation. A first test of the fitness of such equations hns been
given in the case of the hard cube gas. Further information will be provided in a
future paper where the equations given in the present paper will be applied to the case

of the lattice gas.
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APPENDIX I,

The exact correlation function in onc dimension is known(g) to be :

Do 2> Ax-wE-w<T _(x-k)) i
S(x) N - E G i XD (—-——-1—9._ (a-1)

n
o

where Alx ~ k) ifx 40

A(x—k)

!
—

if x;}o

and where the length of the hard rod has been taken as length unit. 2 is the inverse
of the density.

We define the following Fourier transform :

+eo

G(p)

dx exp ( -ipx) ( S(x) - 1) (A-2)

Ll B

cosp - (8-1)peinp -1

(2-1)25%/2 ~(cosp-(L-1)psinp=1)

Using (10) and (A2) we have the Fourior transform C(p) of the direct correlation func-
tion :

c(p) = ._9_(P_)__

1 +6{p) (h3)
A~3

2(cosp~(2~-1)psinp-1)

(2-1)2 p2
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The direct correlation function is given by the Fourier transform of (A..3) :

c(x) (£-x) if x ¢

T (r-1)?
(a-4)

i
o

c(x) ifx>1 .

The Percus-Yevick equation defined by (10) and (15) is thus satisficd.
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APPENDIX II,

We summarize in this Appendix the calculations which have been made using
the PY equation in the case of liquid Argon at low temperatures. The technical compu-
tation which has been used is the saue as in ref.(7). The potential is also the same
Lennard Jones potential V(r) = 4 ¢ ((d/r)‘12 - (d/r)s).

The calculation has been made for the following isolated points ¢

T 849 = 0.70 £/k, d=1.4gr/ow’ = 0.84 mole/s .
T2 1260 = 1.05 € /k, d=1.09gr/ow = 0.66 mole/ 3,
T=143° = 1.19 </k, d=0.87 gr/:.n3 = 0.52 mole/ & 3,

and for two isotherms near the critical point, at
T = 153° = 1.28 ¢/f) and T = 158° =1,32¢/k .

The results of these calculations are as follows :

1°9) Within the precision of the calculation, the pressures calculated from the virial
theorem and the internal energies are the same as those reported in ref.(7), This is
even the case when, for the some density and temperature, O p/ DQ calculated from
the HNC and PY equation differ in sign (this occurs for a part of the 158° isotherm).
Thus, we may infer that the critical data determined from the pressures obtained with

the virial theorom will be the saue as in ref.(7)(see table III),

29) Tho values of the compressibility integral differ from the same values calculated
with thé HNC equation. The discrepcncy between the pressures calculated from the virdial
theorem and from the comrressibility formula is substantially rcduced. Vo nced only to
give one example, as all the results we have got are of the same type : at T = 158°,

d = 0.60 gr/cm3 = 365 ncle/es 3, we get for the compressihility factor P/ © kT
the value z = 0.33 from the virial theorcm (for both cquations), z = 0,27 when the

Ornstein-Zernicke formula is integrated over the density, in the PY case and z = 0.225

v -
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for the same in the INC case. M. Klein(s) has rightly insisted on the fact that there
was no compelling reason to prefer the pressures obtained from the virial theorem to
those calculated from the compressibility integrel, and that the discrepancy between
the two was somehow a measure of the inconsistency of the theory, It is from this
point of view interesting to compare the critical data obtained using the virial
theorem(7)(table III, line 2), and those obtained from the compressibility formula :
line 3 of table III for the PY case (present study), and line 4 for the HNC caae(s).

kT
TC [+] dc 3 pc 3 pc

13 (gr/cn’) mole/s p kT
experiment 1510 1.26 0.536 0,324 0.292
virial theorem 150¢ 1.25 0.522 0.315 0.297
g pY 1570 1.31 0,475 0.29 0.32

0.2,
tmvc 1670 1,39 | 0.4% 0,30 0.37

Table III, Critical data :
- Line 1 : experiment.

- Line 2 : results obtained when the virial theorem is used (both for
the HNC and PY equations).

-~ Line 3 and 4 : results obtained with the pressure calculated from the
Ornstein-Zornicke formula using the PY and HNC equations.
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