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On obtenlu des 6quatioua int6grales pour lea fonctions de corr~lation

dana lea fluides classiques gr~ce & une m~thode due h J.K. Percus. Cee 6quations sent

appliqu~es h un gaz de mol6culea h interactions r~puJlives.
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I. IT7OUCTON.

In a recent paper (A), Percus has proposed a new derivntion of appro-ciate

integral equations for the pair distribution of classical fluids. In the present papp,

we shall derive and tdiscuss some higher order ap-proximations to the integral equations

obtained with Percus' method.

The essential of this method is as follows : we consider the distribution

functions in the presence of an external potential q{ (r), which will be chosen later

on as the potential due to a particle added to the system. The n-particle distribution

function in presence of the external potential will then be proportional to the n+1-par-

ticle distribution function without the external potential. On the other hand, we choose

some arbitrary functional of the distribution functions and of the external potential

and we expand it by Taylor's formula around = , the expansion being made as an ascen-

ding series in e (r I + ) - (r), where ( (r i% ) and (r) respectively are

the one-body distribution functions in the presence and in the absence of the external

potential. With this method we can derive integral equations linking the various distri-

bution functions. The accuracy of the approximation dopni on the number of terms kept

in the Taylor expansion. It is also important for a particular problem to choose in the

best possible way the arbitrary functional to be expanded; that is, to choose the func-

tional in such a way that the important effects are taken care of when only the first

terms of the Taylor expansion are kept: It remains then to be shown that the contribu-

tion of the next terms of the expansion is small. The arbitrariness in the choice of the

functional finds its analog in the arbitrariness in the choice of a particular class of

diagrams which are summed up in a diagrammatic approach. It seems to us that the advan-

tage of the Percus method is that, once the functional is chosen, the next approximation

follows automatically, whereas in a diagrammatic approach there is no absolute criterion

for selecting which class of diagrams will come in as a next approximation.

Perius has hown that, with a suitable choice of the functional one may obtain

as a first approximation the so-called Percus-Yevic ; )and Hypernetted chain I- U,
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integral equations.

The first aim of this paper is to derive in both cases the integral equa-

tions which result when the next torm in the Taylor's expansion is taken into account

(chapter II). We call them for short PY2 and HCN2 equations.

We then apply these equations to particular models (chapter III) : the

hard rod, hard square, hard cube Gases, whore the cluster integrals involving as much as

seven points have been calculated..M We have calculated the six first virial coeffi-

cients for the PY2 equation and the five first virial coefficients in the HCIT2 case.

This may be compared vith the exact result( 4 ) and with the same calculation made with
r t (5)

the PY and HUC equation without correction . Both the PY2 and the 0C2 equations

yield exact fourth virial coefficients. This is not so with the uncorrected equations

except in the case of the hard rod gas for which the PY oquatior is exact as shown in

Appendix I. 'non the MIC2 correction is taken into account, the fifth virial coefficient

is not much improved. On the other hand, the situation is much more favorable with the

PY2 equation : the fifth and sixth virial coefficients remain exact in the hard rod case

and take values very near to the ezact ones for the hard square and hard cube gases.

This is interesting because the hard cube gas simulates fairly well the hard sphere gas,

which itself behaves much as a real gas at high temperatures. As it is known 6)that, for

the hard sphere gas as well as for a real gas at high teupuratures, the PY equation is

a good first approximation, it is comforting to know that the next term in the Taylor

expansion improves the PY result in the hard cube case.

In the low temperature region, no conclusion may be drawn from the present

study. But, as it appears that the PY equation deserves a special attention, we have

made some calculations for the Argon fluid at low temperatures which complement the few

results given in ref.(7). It appears that the internal energies and the pressures

yielded by the virial theorem are practically the same as those obtained with the HNC

equation, but that the discrepancy between the pressure calculated from the virial theo-

rem and that yielded by the Ornstein-Zornicke relation is much reduced.

II. DERIVATION OF THE INTEGRAL EQUATIONS.

We shall first recall some definitions and derive some properties of the

distribution functions.

The n-particle distribution function, in the presence of an external poten-

tial + is defined in the grand canonical ensemble as :

oeo/..
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~~ z N1,2.. o dn ... dN (:)

whore ti is the grand partition function

zN l " UN d *
z. =J e dl ...dN 2)

N > 0 N! J

UN(1,2 °.. N) is the N-particlo interaction energy, which is the sum of the interpar-

ticle potentials V(i,j) and of the external potential, 4 (i). z is the fugacity.

The various distribution functions ( (I I4 E), E(I,2b ), p(1,2,31p)

may be obtained by functionally differentiating the grand partition function with res-

pect to the external potential

log

= Y (i)lP ) (3)

2log Z; - 6~ rg~ (4)
/3 2S (1)6q) (2) - /9 t2)

129l , = 2 Q(0 Iqj) (5)

-$3~cp(1) (2) -6 (3) /3 1  )3 (2) (S /3)

-9(1,2,3fy )

009/-..0
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- ( (3I )+ 6(1,3))( (121 )- ~(i) (2)4))

+ same with circ. perm. of 1,2,33

- (1 Iq) 9(2 Iq) 9(3) 4 ,+Y(1I ) (1,2) 6 (2,3).

We now define the two and three-body correlation functions, S(1,2) and S(1,2,3), in

tho aboreo of tho external field : (we shall in the following omit the [) when it

is put to zero)

S(1,2) = 9(1,2)/( (I) (2)) (6)

S(1,2,3) = (1,2,3)/( (i )(2) 9(3)) (')

We also define C(1,2) the direct correlation function of Ornstein and Zornicke throuc-h

the relation

C(1,2) (8)

6( (I) (I)

The relation of a iunctional derivative to its inverse is

fd2 Q (I) 6 4(2) = (1,3) (9)

6 q(2) 6 e(3)

Using (4) and (8), we obtain an alternative definition of C(1,2), the well-known

Ornstei'-Zernicke relation

S(1,2) = 1 + C(1,2) + d3 C(1,3) C(3) ( S (3,2) - 1). (0)
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Now, if we take the external potential as the potential due to a particle

added to the system and put it at the point 0, we have

p(o)

(1)

e(1,2 )()etc...
Q(o)

Let us now consider a quantity f(1,2 ... n Rj) which is a function of the positions

1,2 ... n and a functional of 4,(and thus of (111) as we~ have aaia, we shall

make the following Taylor's expansion around q = 0

f(1,2 ... ni.) = f(1,2 ... n) +

3b-+ (6(n+ll4)-V(n))( f(1,2 ... n1d)) +

+-~ ~~~ I.u+ dn2d(+i) n+)( (n1 )(n+))) .9 e(n+1 I) ) ) ---

1 U$nl Onl) ~n2J)en2 2f (1,2 .. n)))

2! 1 L6Qdn2(S9(n+1 1P)cS()(n+2 IP)

(12)

We understand immediately how this procedure is used, when we particularize to the two

functionals considered by Percus

a) if we take

we have, using (6), (11) and (12)

.1o/..
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[A V(1,0)
(10 e I- °  = e (i) +

Q(o) 6qi*)

+ e(2)(s(0,2)-1)(6(1'2)+Q0() (j 7'74 --

+ d2 d32 - (2Q( 3 )(S(0,2)-1)(s(0,3)-I) x

2 )14)

+ ' (

If we take only the first two terms of the expansion, we find the equation

S(0,1) e (3v(o,) S(0,1) - C(OO) .
(15)

The use of (15) and (10) to eliminate the direct correlation function C(0,1) leads to

the PY integral oquation for the correlation function S(0,1).

To calculate the next term in the expansion, so as to obtain the PY2 equatiOr'

we tmst express the second derivative appearing in the square bracket of (14) in terms

of the second derivative of ? (I 1 ) with respect to * For this,wO use the relation%

_.._ _. _.= - dj -  -- ( ) 6P(51(0) &Q6I )

6 (2) 6) (3) 
(16)
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We then need, as may be seen from (5), a relation for the three-body distribution func-

tion. This relation is obtained, as was done above for the two-body distribution, by

expanding (1,214)) e J6(q)(1) +4)(2))

and keeping the first two terms of the expansion :

(I1 ,2 ) / / ( 4 (1 ) + 4 (2)) - (1,2) +
(17)

0(() 0)- 1) (  (1 ) e 8 ( ( 1) + (2) )  6 4 (4 )+~ f W S 0 3) -1 P (4 ) ; _(3 Io P_ $ = 0

Using (5) and (7), we obtain the following linear integral equation for the three body

correlation function which is expressed in torms of the two-body functions 8(1,2) and

C(1,2)

S(1,2;0) e (U(O) +U(2,)) (1,2) +d0Q(3) C(0,3)(S(1,2;3) -

- s(1,2)). (18)

The similarity of this equation with the PY equation (15), with (10) taken into account,
is striking. The three body correlation function is unfortunately unsymmetrical in view
of the special role played by the source particle.

Once we have the three-body correlation function, a straightforward manipu -
lation, using (4), (14) and (16) leads to the equation

S(O,1) e #V(Ou1) = S(O,1) - C(O,1) + (0,1) (19)

where c (0,I) is the correction term calculated as was said above

ooo/ooo
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( 0,I) = 2 0. e())3 C,2 c(0,3) S(2,3) S(2,3;1) (le S(V(211)+V(3,1))
2~ S (2,3)

- S(1,2)(1 - e iV(1 , 2)) - S(1,3)(I - eAV(1,3))3. (20)

Using this equation, together with (19), (18) and (10), we may, implicitly, eliminate

T (Oi), S(2,3;1) and C(0,1) and obtain an equation for tho two body correlation func-

tion which we call the PY2 equation.

Evidently this approxiaation process can still be carried on further, but

things will become quite complicated.

b) Percus has shown that if we take

f(11 ") = log (e (I ) eF3P ) , (21)

we obtain as a first approximation the HNC equation. Going to the nert order, we find

the equation :

log S(oi) 0 V(O;1) = S(O,1) - c(oI) + c (0,1), (22)

where the correction term is now given by the equation

(ol) = 2 f d2 d3Q(2) e(3) C(0,2) C(0,3) S(2,3) ×

X S(2,3;1) + 1 log S(231)- S(1,2) + log S(1,2) - S(1,3) + log S(1,3 t

L (2,3) s(2,3)

(23)
- 2. ( S (o,1) - 1 - 0(o,))2

2
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The equation for the three-body correlation function is no longer linear but is replaced

by an equation of the same type as the HNC equation

log S(1,2;0)e (V(Io) + V(2,O))= ( ()C(03)(S(1,2;3) -1
lo 3(1,2) d3e3 (,) s(1,2) /

(24)

The combination of equations (10), (22), (23) and (24) yields the HNC2 equation for the

two body correlation function.

III. THE VIRIAL MANSION AND ITS APPLICATIONS.

We have made series expansion in powers of the density for the PY. and

HNC2 equation. The virial coefficients have been c.alculated with the help of the compres-

sibility equation :

I bp =(r) d-r. (25)

kT -6

We have explicitly written down the relevant Ursell diagrams with their weights for the

six first virial coefficients in the case of the PY2 equation and the five first virial

coefficients in the case of the HNC2 equation. The fourth virial coefficient becomes

exact for both equations. As we wish to have some idea of the value of the approximation

for the next virial coefficients, we have made a calculation with a specific model. The

hard rod, hard suare and hard cube gases, for which the cluster integrals we need have

been evaluated(41'  : the virial coefficients which we have calculated are give in table I

in the PY2 case, in table II in the HNC2 case. In these tables are also given the cor-

responding results of the exact calculation( 4 ) as well as those yielded by the uncorrec-

ted equations (5)
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Hard rod Hard squares Hard cubes

4th exact 1 3.667 11.333

virial PY 1 3.778 12.889

coefficient PY2 1 3.667 11.333

5th exact 1 3.722 3.160

virial PY 1 4.236 12.434

coefficient PY2 1 3.639 1.701

6th exact 1 3.025 -18.879

virial PY 1 4.420 9.207

coefficient PY2 1 3.020 -21.203

Table I. Comparison with the exact results of the fourth, fifth and sixth virial

coefficients obtained from the PY and PY2 equation for hard rods, squares and cubes.

In Table I, we note the particulnr situation of the hard rod gas : in that case, the

PY equation is exact. This had been conjectured by Hoover and Poirior and is demons-

trated in Appendix I. The PY2 equation yields also exact fifth and sixth virial coeffi-

cionts, and it may be supposed that it is also exact. The improvement duo to the use

of the PY2 equation is very important both in the two and in the three-dimensional cases.

It should be noted that in the calculation of the sixth virial coefficient we have used

in the correction term (20) the correlation functions calculated with the lower order

PY equation, which is a consistent procedure in this approximation scheme. It turns out

that when the functions in front of the square bracket of (20) are replaced by the valu

calculated from the PY2 equation, the correction is zero in one dimension and amounts

in two and three dimension to a small percentage of the final result.
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Hard rod Hard squares Hard cubes

4th exact 1 3.667 11333

virial ENC .9167 2,944 6.630

coefficient HNC2 1 3.667 11.333

5th exact 1 3,722 3.160

virial HNC .8 1.8041 -6.939

coefficient HNC2 1.0833 4.697 11.706

Table II. Comparison with the exact results of the fourth rnnd fifth virial coefficients

obtained from the HNC and ENC2 equation for hard rods, squares and cubes.

The results for the HNC2 equation are given in Table II. We have calcu-

lated only the fifth virial coefficient and we may see that the improvement brought

about by the correction to the HNC equation is not very important.

IV. CONCLUSIONS.

We have shown in this paper that Percus' method can be used to write

down explicitely integral equations for the two-body correlation function which genera-

lizesthe PY and HNC equation. A first test of the fitness of such equations has been

given in the case of the hard cube gas. Further information will be provided in a

future paper where the equations given in the present paper will be applied to the case

of the lattice gas.
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APPENDIX I.

The exact correlation function in one dimension is Imown(9) to be

S) A(x -k)(x -k)k - 1 (x k)
--. e= E- ) x (A-1)

k=1 ( I k k- 1)!

where A(x- k) = 0 if x Z 0

A (x- k)= 1 if x \ 0

and whore the length of the hard rod has been taken as length unit. - is the inverse

of the density.

We define the following Fourier transform

G(p) j x exp ( -ipx) ( S(x) - 1) (A-2)

cos p - (-) p sin p -1

( . -I)
2 p2/2 - (cos p- ( - I) p sin p - 1)

Using (10) and (A2) we have the Fourier transform C(p) of the direct correlation func-

tion

C(p) - G(p)

1 + G(p)
(A-3)

2(cos p - ( -- 1) p sin p - i)

(g_ 1)2 p2
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The di.rect correlation function is given by tho Fourier transform of (A-3~)

C(x) = C ~ ~) if: (1

(A-4)

C(x) = 0 if x>1I

The Percus-Yevick equation defined by (10) and (15) is thus satisfied.
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APP DIX II.

We summarize in this Appendix the calculations which have been made using

the PY equation in the case of liquid Argon at low temperatures. The technical compu-

tation which has been used is the same as in ref.(7). The potential is also the same

Lennard Jones potential V(r) = 4 F ((,S/r)12 -(6r)6).

The calculation has been made for the following isolated points

T= 840 = 0.70 /k, d=1.4gr/cm3 = Oe4mole6 3 .

T =1260 = 1.05 /Ik, d = 1.09 gr/cm 0.66 mole/ d

T = 1430 - 1.19 S /k, d = 0.87 gr/ = 0.52 mole/ C .

and for two isotherms near the critical point, at

T = 1530 = 1.28 E/k and T - 1580 = 1.32 E/k

The results of these calculations are as follows :

10) Within the precision of the calculation, the pressures calculated from the virial

theorem and the internal energies are the same as those reported in ref.(7). This is

even the case when, for the same density and temperature, c) p/ calculated from

the HNC and PY equation differ in sign (this occurs for a part of the 1580 isotherm).

Thus, we may infer that the critical data determined from the pressures obtained with

the virial theorem will be the same as in ref.(7)(see table III).

20) The values of the compressibility integral differ from the same values calculated

with the HNC equation. The discropancy between the pressures calculated from the virial

theorem and from the comrressibility formula is substantially reduced. lie need only to

give one example, as all the results we have got are of the same type : at T = 1580 ,

d = 0.60 gr/cm' 365 mcle,/6 3, we Cot for the ccmprossbility factor P/Q kT

the value z = 0.33 from the virial theorem (for both equations), z = 0.27 when the

Ornstoin-Zornicke formula is integrated over the density, in the PY case and z = 0.225
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for the same in the INC case. M. Klein(8) has rightly insisted on the fact that there

was no compelling reason to prefer the pressures obtained from the virial theorem to

those calculated from the compressibility integral, and that the discrepancy between

the two was somehow a measure of the inconsistency of the theory. It is from this

point of view interesting to compare the critical data obtained using the virial

theorem(7)(table III, line 2), and those obtained from the compressibility formula
(8)line 3 of table III for the PY case (present study), and line 4 for the HNC case

T kT c  d PC PC

S (,,/cm3 ) i mole/. p k T

experiment 1510 1.26 0.536 0.324 0.292

virial theorem 1500 1.25 0.522 0.315 0.297

( PY  1570 1.31 0.475 0.29 0.32
0.z. _____

LHNC 1670 1.39 0.495 0.30 0.37

Table III. Critical data

- Line 1 : experiment.

- Line 2 : results obtained when the virial theorem is used (both for
the HNC and PY equations).

- Line 3 and 4 : results obtained with the pressure calculated from the
Ornstoin-Zornicke formula using the PY and HNC equations.

a
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