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% ABSTRACT

The exact formulation of displacements and resonant frequencies 6f an elastic
solid cylinder hrm-shnn attempted, Progress wn made, but the principal
objective w not meem reached, This report traces the course of work through
the early demonstration of invalidity of a formulation.that was postulated
prior to the contract, and through several assaults upon the problem, Novel
solutions of the wave equation for radially symmetric displacements *&&%ﬂ

discovered, A section is devoted to the recommended direction of future work,
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Section I
INTRODUCTION

e

This is the \!l‘ecnnical éﬁep?r% issued upon completion of Contract
AF 49(638) - 11L48. It covers the p;;;&\ggm Wtﬁugh&_pggember
19§_?§ This contract with Vitro Laboratories has been entitled "Elastic
;ﬁ&s Vibration Studies",

It has been the objective of work under this contract to advance an
important area of the theory of elasticity. This area is the mathematical
description of the elastic motions and resonant frequencies of isotropic

solids that are bounded by traction-free surfaces. Excepting the sphere ,1

we may say that exact solutions for solids of arbitrary dimensions with

these surface conditions are not yet known; other works have either pre-

sented (1) exact solutions for solids that are semi-infinite in one
dimension or (2) approximate solutions for solids of arbitrary dimen-

sions,

1), E. H. Love, "A Treatise on the Mathematical Theory of Elasticity",

Lth edition, Dover Publications, New York, 19LL, pp 278-287.
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Section II
THE ISOTROPIC SOLID CYLINDER

RESTRICTIONS

The right circular cylinder of arbitrary dimensions is the model studied
during this contract. To reduce the mathematical labor, while yet demonstrat-
ing the techniques of solution, attention has been restricted to modes in which
motion is symmetrical about the axis, This casts the problem in two dependent
variables, one more than the sphere presents in its maximum symmetry, yet one
less than presented by the rectangular parallelepiped of arbvitrary dimen_sions.
Quite arbitrarily the work has been restricted also by considering only those

vibrations which are symmetrical about the midplane of the cylinder,

A BOUNDARY VAILUE PROBLEM

The starting point in this contract was a set of displacement and fre-
quency equations previously developed by the writer. Within the scope of this
contract, ‘it was the writer's initial objective to confirm these by various
tests before proceeding into a computational phase in which fundamentals and
overtones would be found., This was to bte followed by an experimental program
to verify frequencies, However, as will be seen in subsequent paragraphs, the
course of the study was sharply altered whgn the confirmation of initial e-
quations failed,

The displacement and frequency equations resulted from a derivation which

formulates as a boundary value problem the elastic motions and dynamjc stresses

al=
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in the isotropic cylinder., The entire derivation is presented in Appendix A,
and the displacements, resonant frequency, and components of resonant frequency
are reproduced here as Eqs., (1)-(5).

Radial and axial displacements are, respectively

Un = Z[A“ piJi(pin) cos mjz 4+
A))-H mj+ J (0)}&) cos mj-rlz]e

U= S A m; du(pn) sin miz -
)S-Q
Ajj+i @5 Jo (pjn) sin m,.“z]c

wt ()

(2)

where Aj 3 and Aj 341 are arbitrary constants; p j"m are propagation cone

3
stants; and o is wangular frequency,

Note that the displacements are symmetrical about the axis of the cylinder,
and are also symmetrical about the midplane of the cylinder, The latter property
could as well have been made antisymmetric, in which case the displacements would
describe the flexural modes,

Angular frequency o in Eqs. (1) and (2) is related to propagation constants,
density p and Lamé constants A and w by

2

- 2 A . ,

— bl I m -0 jl @
Wl = (g emf) = 2, (pfemin) ©<) (3)
Propagation constants are solved from the following pair of simultaneous,

transdendental equations

wpimy F(pj-ia) + (pjei—mj ) Fleja) = 2" (g + mf?) (k)
‘lff»gl. 'p(m;_;\.) + (ﬁz- m)-ﬂ,)a'l:(m;n_;.) =0 (5)
w3e

.
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- _ J,(a) 6
ere q q—J?E) (6)
and f(q) = q tanq . (n

THE STAIRCASE

The meaning of Eq. (3) is illustratéd by Fig. 1 in which the two lines
inclined LS® to the p2 and m? axes represent the locus of points of the same,
constant w2 . The inner of the two lines is associated with the dilatational
components of Eqs. (1) and (2), and these are the terms in A:]ji the outer line
is associated with shear components, For Poisson's ratio of 0.3, the dila-
tation and shear intercepts on either of the axes stand in ratio of 2 to 7.

The staircase effect displayed by Fig. 1 is formed by connecting all
points which are predicted by Eq. (3) after selecting a specj.fic, allowed

pair of py,my, as for example based upon the point (poa,noz).

(p-ltsloz)

(P02 9"02) (po2 ,nlz)

0 112‘

o} \ : \

Figure 1, Equation (3) in p2‘ -l Space,

1
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It is shown clearly by Fig. 1 that predicted pairs of p2 and 12 will
consist of one positive and one negative value, or both will be positive,
It is impossible for both members of the pair to be negative, Since the
type solution for displacement is a Bessel-trigonometric product, a negative
value makes one member of the product a hyperbolic function, recognizable as

a Rayleigh-type wave,

A MATHEMATICAL DIFFICULTY

The illustrative point (poz,moz) is readily found from Eqs. (L) and (5).
The writer assumed Po2 - n°2 = 1 and found pya = 1,365, myh/2 = 1,0418, and
hence h/2a = 0,764. By Eq. (3), all values of pjz and uja for J ¥ O were now
known, However, it was at once found that these other values did not simultae
neously sstisfy Eqs. (L) and (5) when the latter were written with j ¥ 0.
Therefore Eqs. (1)-(5) do not constitute a valid golution; there are too many

equations for the mumber of unknowns,
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COMPLEX PROPAGATION CONSTANTS

A complex propagation constant is admissible in Eq. (3) provided that
froquemy remains real, If py = ay + 5.;‘.3 and my = yyt 1"1 in Eqs. (1)=(5),
the number of unknowns in the entire set of equations is doubled, and the
mmber of equations is doubled, The mathematical impasse found with Eqs,
(1)=(5) appeared to be unresolved by substitution of complex propagation

constants,

A THIRD BXPRESSION FOR FREQUENCY
An alternative to the creation of more unknowns with which to validate

Xas. (3)=(6) is to terminate in a few terms the infinite series represented
by Bqs. (1) and (2), It occurred to the writer that a third wave equation

might lurk in the vector wave equation of elasticity in isotropic media,
2
(A+2:) VP-4 — 4 VXTX U ‘-'/o%?a (8)

Theorists in elasticity write of one compressional and two shear waves in

any general discussion. The writer had only two,
An effort was mounted to see if Eq., (8) could possibly be converted to

[(Avam)8 -p [t —p ] u = 0 ®)

or into any ﬁ-bracket operator. (The symbol XX in Eq. (9) is the vector
Laplacian operator.) The result of this work was the following expression

(2wt - pdp Ja8s —pdn 4B +p95]u=0 (10)

which produced a third line of constant frequency in Fig, 1, This third
line made it possible to replace the infinite staircass with a closed figure
involving six pairs of pz,nz values, The series would then be terminated in

6 terms,
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However, the third bracket would not satiafy the equation of motion from
which it had come = unless n2 = 0. 'lheref&e the conversion of Eq. (9) into
Bq. (10) had introduced multiplication by zero and was invalid, This was later
shown to be the case, The direct conversion of Bq. (9) into wave equation
factors can be accomplished by operating upon both sides of Eq, (9) with the

factor . : N
(TP = (As2u) TXTX = p%]

whereupon one arrives directly at the usual

[(A+2u)8 -p ][« 8 -,ER]e=0 v

In performing this operation one needs the vector identities

VXVXVXUXA = KA -V7 VVA (12)

VV-VVA = V7-BA = B VVA (13)

It has since been concluded that the second shear wave is missing from
the present cylinder problem because of symmetry considerations, It would
take the form of displacement in the ¢ direction both for a wave propagating

radially and for one traveling parallel to the axis., However, ug is totally

decoupled from up and ug in the present simplified problem.

ADDITIONAL SOLUTIONS TO WAVE EQUATION
It is declared in Appendix A that the admissible functiona for radial
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and axial displacements are
A= A J,(fm) Cos mz e~ v Wt = Uy e-iwt ()

, = B J.(fh-) sin mz oWl = U e-dwt (15)

During this contract discovery has been made of other admissible solutions
of the wave equation. The simplest of these, with time suppressed,
are

u'= C[MAsL@A)MSMZ + fz~$(fh)ﬂh Mz} (16)

n
Up= D[mad,ipr)sinme + pz o) cos mz] (1)

and

Un = E‘{[(fz)"+(m1\-"]J (pr) Cos mz + pr J gm)(cas mz = 2mz Sih mz)}
(18)

Uy = F{[(P"- "'(”\’l)JJo(f'*) Sinmz - ftJ(,n)[(,P*-o—Zm*):m mz

+2f mz cusz

(19)
Substitution of Eqs. (16)=(19) in the equation of motion is illustrated in

Appendix B.
It may be seen from Eqs. (14)-(19) that the general, two-displacement

solution of the wave equation is

U,,_ éo ’Es-'o /‘amzat {[Aﬂn,x' Jl(f"') + Ag,."‘ 71 n Jo QA)JCOSM&
+l;qzn-,4’,ﬂ Ja('n.) -+ Aznu,,\’,.. "Jo(fA)JZ sin MZ}

%‘ A% {[an,;?'jo (fm) + B,M,',' ,;_J, (,M)J sim mz
, +[Ban,a.1¢., J.(fn-) + B,m,,,,,'“ n J,(Plg.)]z s mz

(20)

[

U,

" mro

} (2)

where Egqs., (14)-(19) are subsets of the general solution,

-9-
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The arbitrary constants N?n,2q""’B2m1,2q+1 will be determined by
the constraints of the problem, From this point of view there are seven

constraints, namely, the two vector wave equations, the vector equation

"of motion, and the four zero-stress conditions upon the flat and curved

surfaces,

Considerable time during the contract period has been spent without
significant progress in an effort to establish these constants, One of
the results is that the constants A,, and B,, are independent of any other
constants, which verifies the initial use of zero order terms in Eqs. (1L)
and (15). An insight which has been developed during this effort is that
certain simplifications of the matrix of constants may be in order. Ex-
amples of these are rejection of constants with even-even subscripts, i.e.,
A2n,2q = BZn,?q = 03 of constants with odd-odd subscripts, i.e,, A2n+1,2q+1 " '?
32m1,2q+1 = 03 or of constants with subscript pairs in which the two indices
differ by more than four or perhaps three, e.g., Aoy oq ™ ecse ™ Aopyy 2q41 = ©
for (2n - 2q)2 > 16 or (2n - 2q)2 > 9, etc, No reliable guidelines to such

rejection have as yet been discovered,

THE CALCULATION OF PAIRS OF (py2,my2)

In Appendix B are shown the three simplest forms of radial and axial
displacement (through increasing n and q) after substitution in the equation
of motion, Both dilatation and shear forms are presented., When these are
subjected to the stress conditions, there results from the pair containing
the arbitrary constant A the two transcendental Eqs. (L) and (5) as seen

earlier, With somes surprise it was found that Eq. (5) again emerged from -

=10=
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the flat-surface conditions when they are applied to the pair in arbvitrary
constant B, Still a third time does Eq. (5) evolve from the flat-surface
conditions when they are applied to the pair in arbitrary constant C.

Although the curved-surface conditions have not up to this time been
applied to the second and third simplest forms of diaplacement“, it was felt
that the unfailing appearance of Eq. (5) might have significance, that it
might be saying that this pair of equations, Eq. (4) and (5) when restricted
to J = 0, are correct in predicting frequencies; and that there remains for
the future only the hurdle of decoupling from the j = 0 case, through better
choice of functions for displacement, the pairs of transcendental equations
for j f O,

Accordingly an exploratory computation of the roots of Eq. (L) and (5)
for j = 0 has been made, The results of this effort are presented tabularly
in Table I and graphically in Figs. 2 and 3., Plotted points are calculated
values from which curves have beer'.l generated,

The curves in Fig, 2 are smooth whereas those of Fig. 3 suggest that
roots associated with more than one mode have been confused. More cémputation
is desirable in order to provide (1) an unscrambling of roots in Fig. 33 (2)
a wider range of (ac/po)2< 0 in Fig. 33 (3) and higher order roots in both
Figs., 2 and 3,

wlle
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31,62

10,00
L.L72
3.162
2,00
1.h1k
1.00
0.775
0,707
0.Lk7
0.316
0.100
0.0316

TABLE 1.

wofls

0 to £+ 1 No roots

-1,1831
-1,125i
-1.3421
-1,3781
~1,0491
-1,6311
-1.7321
-2,000i
.2 . 2361

L,155
4.03
3.78
3.67

CALCULATED ROOTS OF EQS. (3)-(5) FOR j = O

P8

«l2=

2.27
2,7
2,79
2.78
3,08
3.36

2.71

P 2
{08
A+2u )

54843
5.7U7
5.323
Le99L
k380
3,961
3.726
3.635
3.62
3.662
3.80
L.08
L.16

5.28
3.73
2465
2,51
2,22

12
)

27.25
28,0
19.15
19.52
20,0
20k
20.7
11.0
10,81
10,72
10,78
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Because these computations were performed in the closing days of the
contract, there has been scant opportunity to check them against the data
of others, However, during the course of the contract the writer was in-
vited to review a preliminary report2 of a series of measuremsnts on barium
titanate cylinders. This report declares that the lowest frequency of
vivration in fully polarized cylinders appears to obey the following re-

lationships in which M; and N; are constants,

#D)r=mli-M(S] o)l (22)

G e N[ M(EP] el

where D and L are 2a and h, respectively, in this writer's notation., Figs,
L4 and 5 are displays of computed values arranged for qualitative comparison
with Eqs. (22) and (23), The latter of course would be straight linss of
negative slope if superposed on Figs. L and 5,

There is virtually no encouragement derivable from this comparison,
However, in view of the limited range of h/2a covered by the computations,

one cannot conclude for or against the theoretical equations, Eqs. (k) and (5),

on the basis of this comparison,

2blf.u'k by G. K. Lucey, Jr., Diamond Ordnance Fuze Laboratory, Washington, D, C,,
publication pending.
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Figure )i, Radial Frequency-Constant
Squared (Relative Scale) Vs, Length-to-
Diameter Ratio Seguared as Predicted by
Eqs. (L) and (5) with j = O,
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o = . o
0 0.2 O.h 0.6 0.8 1.0

(28/h)>

“

! c- ; . - . . L ! . . .
i ,M ..4lul|. . k [N .h _nu%unvb.-ﬁ — {IL {\ g, e s’ cﬁﬁnﬂh Sanmcse jo [ ——— pRE—— LI fllll.w‘ e " ,BllL ‘:.Bﬁu 'ﬂﬂlulw.v [ erl&ua.@



-3

SIS
3

=y

g

P

Flwd  mmm rpaes Soe

‘m%

-

i 2

P )
®
a

[r—— Pt

Section IV
DIRECTION OF FUTURE WORK

Three areas within the search for other solutions have been designated as
incompletely tested., These are (1) the assumption that Py and m, are complex,
(2) the discovery of additional solutions to the wave equation, and (3) a more
comprehensive evaluation of Eqs. (L) and (5) for j = O,

It is not possible to say which has the most promise., Further testing of
(1) could probably be completed in the least time and would therefore be rec-
ommended for priority. It would be the choice of the writer to put second
priority upon a part of (3), namely the evaluation of fundamentals sufficient
to cover the full range of h/2a, before undertaking (2).. The evaluation of
overtones would be designated last, it being contingent upon earlier results,

The further approach to complex propagation constants would be illustrated
by the following frequency and displacement equations, wherein the asterisk

represents complex conjugate,
.'.L *J.

o = = pfemi= P "
o (f -rm)-o-/) r"‘ (f/ "' ”‘)-H ) (24)

o= £ (MEA,, cormy2 + Ay cosmpt],
+ J(r)“A)EC” “Inl’l -+ C))+‘ Cos M;*’ zJ

£ {J G)A)[B)’ Sin M,Z + B))-H sin MJHZJ
'*Jo(P/ /L)ED” Sin M)Z + D”ﬁ sin m,*. ZJ} "“t

} -iwt (25)

(26)

«18-
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It is felt that there are sufficient unknowns in Eqs. (2l)-(26) to equal

the number of equations if the arbitrary constants C and D are not complex
conjugates of A and B respectively,

The approach to testing additional solutions of the wave equation for
efficacy in solving.the cylinder problem is not completely plamned at this
tim_e. A first step would be to assemble three, say, pairs of displacement
equations that would be next in increasing order of complexity beyond Eqs,
(14)=(19). Since these six pairs are independent solutions, there are ini-
tially as many arbitrary constants as there are pairs chosen., The con-
straints of the problem would then be applied, hoping that the conditions
could be satisfied and the problem solved,

If not, a second step is the search for a generating function by which
the six pairs and all possible pairs can be predicted, The sum of all pos-
sible pairs would then be tried as a solution,

If the seqond step fails, a third step is a renewed assault upon the
manipulation o;” the general equations which aye Eqs. (20) and (21), For

this there are no definite guidelines known at this time,

«19=
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APPENDIX A

Natwra! Modes of an I sotropic Cyh'nJer

A Mathematical Derivation

Let cylfndr(ca.’ coordinafes be chosen such
that the oriqin is at the center of the cyl€nder,
The coordinates of the bouno’o'n? surfaces are then
given by (n,g) , (/u,"—:-'-) and (a,z).

Let the modes be restricted +to those symmetric
(n 2 and z.

Notation with the exception of fhe c'ma(’:harj ¢,
(s that of Mason m " Piezoelectric Cn/:fa./s and Their

!

APPl(cgf{on to Ultrasonics" (D. Van Nostrand C°m/m"7

Tne., New York , 1950) p- 487 ¥,

)

Witin the i.so'('ro,-w'c solid the mechanical dis-
Pla.ccmen'(’s must sa.ﬁ':fy the equa.{'ion

(A+24)V V- U ~u VXV = p 0w [OFF

and all stresses must be zero on the 6owno(:hj

Surfaces.

-A/_.



Ma.'fﬁema:fc'ca,fl(’ the Prab/em 15 stated ¢n
Equ.a,{’ions /-8

)?_ziz =0

2
drdz

() (At 2u) do kG tn + e Sk = 2o St +h 1

O (hezw) Btes _atgirdas - pdisn hrmifind s

zl‘

GB) w, fs bounded of r=0,250 for all t
(4) uz ‘s " “ . " 1" n

(J.) T = 0 at n = a

6) Thz = 0 ot r=a

[
(‘7) 1‘22 = 0 a.f 2= —-—

_th
(3) The = © at z= -3

For com¥eniéence the -Fo”ow'h7 are ql'VCn.
(‘7) Tan = ()H'Z/a.) %%4 -+ }\_‘_14_—‘-_:_:. + A %‘_Cz_z

(0) Tem= AN o M4 (Mzedge

Juz
(1) Taz = A4 (%‘%‘4 +?%)

-A2-



E'?u.a.t‘ions (1) and (2) may be fra.n:'ﬁ:rm;!& ‘o
SCPQ-VO.{’Q W, from U
(2) [(A2u) Sk %™+ 9o) -2 557 |
' * 2* =
[ 4 (4L +95z) - pEa]ua =0

(13) [(/\-fz/u)( g}.bn.& +3‘1‘1)’/°j%r]

[/“(7:37»"37« S5-) — Lo ]uz =O

Solutions which sa;é,'s#\/ (12) and (13) are

URPN bl -+ L

0 s [T

of Hese the Neumann functions are re"e_o‘{'u(

- cwl
}e

bu’ (3)} (‘I) For symm&‘l“n/ about z=b) fake

-cwl

(lé) wy = A J,(OM) Cosmz &
(1) ug = ¢] J,(‘fn.) Sin m2 e":w'(-

Puttu'nj (16) and (17) in (12) and (13), one finds
{two expressions for -Prequ‘enc7 5 namclv

(18) pw* = (‘/\+2/u)(f"'f”‘")

(9) pw?= &« (pr4m?)
-A3-



S“b“"'fwf’hj in () and (2) He solutions 9-{’3
'Freﬂuency 9:’0an b«, (/7), and b., (19)

(20) ..2_; = _’;}. , 7?_. = — l;—- , respec‘f:'ue/f/.

Then one solution of fhe &:f?ucuf\'d
cquations (1), (2),(12),03) can be

(21) U= di(pr) [A, peesmz «+ Azm, Cos m,z]c"""‘f
wt

(22) 4z ° J.(‘PA)[A, m, Sin mz — Az P Sin ”';7] et

Another solution can be
J, (f.ll) +- Ay m J' (fﬂ.")l&"’tuf

(23) W, = Cos an[Aa fl
]t—c'wf

(zq) w, = Sin mz [A3 m Jo(ﬂ-h.) - A'I fz ‘Jo(f:"')
When one Prace,els to form the stress relations

M.SI'nc‘ (21) and (22) , or (23)and (24) , ome realizes

the apparewf -“uﬁl."h' ot s:a:h’s(—\yn'nq flat- surface

cond ittous 'Rr all » m& 'Pen'Pl"\eva—surpacc Condu"ﬂ'ous

;’f &“ Zz.

The on(n{ auswer I {-\or cach P fo be Ilinked

with two m's and vice versa.

Tkere"pore, fake Yhe -po”owlh? -Sy-ﬂ‘cm of €?u¢i(‘l'ou

uPrc::o'u7 Yhe prequcucyr

~A4-



2s) e« -
oy lo,-f-m = +2M(f_,+m,)_

(fo“""')" ’

2 2
>~ My =
Fe ° /\+2/“

Then c/l'sp/accmen'ﬁs ma.y be writtenn as

(26) 2 (A)) fi J (hn.) cos mjz —+

wt
Ajyn Min J (P)") cos m”,'l-)e

(z") Ue = :Z:O(A” m; J (F)A).s‘mmz -
A))-rl P) Jo (‘7’ ﬁ-) Sin ”")-H l)e

‘wt

AP]’l'lc'“—“-"'o"- of conditions (5) an.c/(é) leads +to
2 v 2/t 2
@) 4pi*nf F(pi-i@) + (pi=o =™ JF(psa) = % F) (pi-1+m )

A?Plica,{l'on o'('\ concl(‘(‘:éen‘s (’7) and (8’) /e,a.d's to

(2?) 'F(m,-u%) _ _ ‘/@,’2”1)'31
f(m$) (pi*- miv)

Tn e above, F(g) = _ZJJ;S) and #(g) = §Hong -

Frequenccr cqua ton s E,,'(l.f), wherein The
ProPa,cla,'/'t'vc consFants f)° and m, are defined
‘l‘f;row?k simultancous e7u.afion: (28) and (29),

b
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(s-1)

Supplemert +o Appendix A

Equa;(ion.s (28) and (29) arise from direct
Substitution of (26) and (27) mte (9),00) and (),
after which conditions (5-8) are a.”//'ec(.

Pu.'tt"nc, (2¢) a.f.d. (-2.7) tmto (9) |, ome obtarns

I

+ A)’)+. Z My { ] Jo(‘f,‘n.) - Jff';,:n.) }Cos m).“_i]t-iwt

Condition (5) rec,u.ire: that Tp=0 ot 2=2
for all z. We note that The A)'-.j and A), terms |

have (cos miz)c"'i“"t

‘H‘-ere'pore ‘H\e co‘ep\ct'cfduf op ‘Hu': 'pad'or can be
equ.a.{'ec( 4o zero. The result is a set of eyaa:f(bns

ar a Comman par;for‘, and

of which the -po[low:‘n? 15 reFresen‘i‘aHuc:
A)'_,)- {1 m; [0’}—' Jo(ﬁ-ia‘) = J'_(&‘_"_:?]} +
5121 ) -

Note Hhat (t\-tz/a)ﬁ’ ~+ XM)" has been re-
?la.ch witt ts e7uv’vafcnf,}4(f)'t, —”\j‘), from Eéb. (s).

..A‘ -

e

an = E [A” {[(M-z/“)r),‘.;.)\ m;‘] J,(rin) —2/‘f/' J'(A["A)gus mz



Putting (2¢) and (27) cnto (1) ,one obfaius

(1) ‘1;2' = Z/a [z A)‘j m) P J,(P’-)t) Sin mz —
L , —~C "-
Ajjer (M = Pi) Jipin) i m,'w=]c o
Conditian €) requires that The=0 at A=a
for all 2. We note Hat the Aj-s and Ajj terms

have (sin m)'z)e-"wt as a Common -P.w{-or and

)

Heerefore the coeffrcient of ﬁ":“pa.cfor can be
equa‘(‘ecl 2 2er0. The result is a second set
of ea[ua,‘h'ons " A)'-.)' and A)',' of which the

‘co”ow‘n'v«ﬂ is rCPPe:ewfa.'(‘:be:

(6-1) Aj-rj (™ =pim1 ) Jij-r2) + 2455 mj pj di(pja) = O

Elinewation of A)'-,') an d A” Erom equ-."u'uu
(s-1) and (6-1) [eads a’irec'f/(, o

(s-6) 4 m;*pj Ji ((,’t)[f,'-, Jo (pj-1 %) -
(M)'“ r):v)Jv(r)"“)Ef):' -"‘}‘)Jo(ﬁ"‘) —2,,' J—'M “'a J ,
Whick s eas:'/«, rea.rranye,c( fo be ecquatine (28).

Ji(Pj-12) ] _

Putting (26) and (27) inte (10) | one obtains

(r0-1) Tzz = _Z A’i[)‘rs‘* ()wz,«)m;] cosmiz -
A).)'-u 2/“ ’, Mmj,, CoOS ”\;+.1}J°(P}A) C-L'wt

-A7 -
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Cond ction (7) requires that Tz =0 at z= i%
for all . Im,ouhq Heis condition upon equation
(to-1) Pr-oc/u.ce‘s a set of e_7ua.‘{'lons 'n A,‘j and
A”-H of whiek He Pollow:'m? Is reFreseu'(m‘ive,'.

(1-1) A”(m,.';, -P,‘) cos m;k% - Ajjn 2 pj e cos Mj-n% =0

Note that /\f,ﬁ‘-»(/\n‘,a)m)'" has been replaced by
its e7w'v¢leui',)«_(m;;. -f’}’); Prow equaic'on @s).

Condition (8) requires Hhat Thz =0 at z= th
‘For all x. IMPOSIh7 this condction upon equa'f('oa
(ti-1) ?roolucc: a second set of c7ua.1‘1bn4' m A“
omd Aj)+ of whick the -poNowlitq I's rcfre.seuta/{-cbe ;

(8-1) A” Zm) pi Sin M'% -+ A”ﬂ (Mi:' -F;) $in l‘l"-n%: =0

Elimination of Aﬁ and A')")“ From e7uw+lbas (7-1)
and (2-1) leads c/irec'f/7 fo

Yo M m m: h ,
4 pj M Mjes Sin m; 3 cos mje B+

(P":- m;-;,)as‘.“ m)'_“k cos ”‘-Tb’- =0

—i ] 5 ’

whickh s easily rearra.nyed fo be equatim (29).

—A§ —
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A PPENDIX B
Additional Selutions

To fermulate displacements which sa.'('t'spy the
cquations of motion , Eqs. (1) and (2) from Appendix A, one
must wse combinations of Egs. (14)-(19) from the text.

Let Uny and Uzq be the radial and axia) com -
ponents of dilatational displacement, and let Upg and Uz
be the radial and axcal comPoncnf‘s of shear displacement,

respectively, with time suppressed. In order of increasing

degree in 2 and z, the da’sp'o.cemenfs a.re*

Ung = pA4 Y, cos

and
Uzd = mA4 Jo sin ,
Ups = mAg J, cos
and Uz,='PA"J°SirL ;
Ud = PBJ[M(MAJ, cos +pz Jysin) + PJ, cosJ
and '
Uzg = -mBa[m(mndsin +pz Jo cos)] ,
Uns = Bs‘[pm(mn.Jo cos + p2 Jd, sin) —(‘n"'+2‘mf‘) Ji cosJ
and

Uzgs= Bs[ p*(mn J, s+ pz Jo cos)] ;

* Arqumcn{'s pr and mz omitted for brevity.

B



Und = fzcd{m"[(‘;z)"—r (rrm.)"] J,‘Co‘s - mlp/LJo (‘cas +2mz s:'n.)
- Z‘P"J,(cos + mz sin )}
and

Upg = m Cf pLCpat+En) ] dosin
' _;:.J,[(r*-c-z»\‘)sin. +2f"‘m1 COSJ}
’

Urs = Cs {mp[(fz)"—i-(mm)z]\],cu -+
+mn J.[(3f’+ Ym*)cos -2p°mz si‘n]‘

and + pz J, sin

Uss = =Co { pLpa)" + (mar] desin
- pnr J, [( r‘-o- 2m*) sin —+ 2/@1»\ z CosJ
2(3,9"-'- Ym2)J, sin } .

B2



