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INTERACTION BETWEEN SMALL PERTURBATIONS WITH DISCONTINUITIES

AND THE STABILITY OF SHOCK WAVES IN MAGNETOHYDRODYNAMICS

V. M. Kontorovich, Kharlkov

1. Annotation

We will examine the incidence of a plane monochromatic wave on a.

surface of discontinuity in magnetohydrodynamics. A simple geometric

method is proposed for plotting divergent (reflected and refracted)

waves which occur in this case (V. M. Kontorovich [1]).

Based on the results obtained, We will examine the problem of

the resistance of shock waves to splitting (A. I. Akhiyezer [2]) with

respect to oblique perturbations. It is shown that the number of

waves diverging from the discontinuity does not depend on the angle

of incidence.. We stress the need to classify waves into incident and

divergent waves by group velocity and not by phase velocity since at

certain angles of incidence their projections onto the normal to the

discontinuity have different signs. With a classification based on__

phase velocity' we would have the paradox of unstable shock waves in.----

magnetohydrodynamics.

The geometric method of plotting waves diverging from the dis--

continuity can be applied in simplified formu to the I nterface otr ttwo.-
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media in a compressible fluid, and also to a tangential discontinuity.

We examined the occurrence of surface waves in a crompressible

fluld upon interaction between perturbations and shock waves. It

is shown in particular that surface waves arising upon reflection of,,

waves from the interface and on their passage through: .the boundar in

a 7compressible fluid (R. N. Roberts t3]) are a.Jimiting case of that'

branch of magneto-acoustlc waves which approach ordinary- sound and

disappear in an infinite fluid when S--+.

We observed the peculiarities of the Doppler effect durlrng

interaction between small perturbations and shock waves. We found

frequency drifts of the arising perturbations relative to the frequency

of the incident perturbation (in the system of coordinates in which

the shock wave moves) The frequency conversion can' be quite large

due to a change to perturbations of a type different than an incident

'wave. Measurements of the frequency shift theoretically allow us to

restore the shock wave parameters.

* General expressions are obtained for the coefficients of reflec-

.tion from shock waves and for the passage through them. The final

"formulas are given in the simplest case of normal incidence to a

perpendicular shock wave,

Equating the determinant of the system for amplitudes to zero,,

'we obtain a characteristic equation which should be the basis of the

investigation of stability relative .to small wavelik4 perturbations

of the surface of discontinuity. The region of spontaneous radiation

of sound (resonance region) corresponds to real values of frequency

and of wave vectors. The characteristic equation for fast and slow

shock waves and also for rotational discontinuities have*a different

form.
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2. Designations
-~1P GFC TEXT

The wave vector I (-

The normal, to the undisturbed surface of discontinuity n ("',.0,0)

The projection of the wave vector onto the plane of disaofitinuity-

A qs'1"P 94M P).(

The angle of incidence.,
FIPFT t NE -,F k~rvg -isacoA.

The angle between the direction of the wave vector and -the

magnetic field is 0

The frequency in the frame of reference 1, where the surface of

the shock wave is at rest is co, whereas in the frame of reference

where the fluid is at rest, it is wo. The moduli of phase velocity

of perturbation in the direction x for fast and slow magneto-acoustic

waves and Alfven waves [(]..are respectively:

The curve expressing the dependence of phase velocity bn angle

of incidence in the plane of-incidence, i.e., for 3 - const, is

V' +A() , - I -,( 
5 )

(in polarlcoordinates).

The half-space in front of the shock wave is fl; behind the shock

wave, it is '.L The magnitudes pertaining-to H are designated by TA,

* and those to H by A. The Jump In magnitude at the discontinuity is

(A) z.4-A. 6)
• -- I ----

STOP HERIE
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The angle between the total velocity of perturbation +V .+rxn

(with regard, to drift) and the velocity of this perturbation +V, x

relative to the fluid at rest is designated by.'#:

v .fluid velocity;•;

s -speed of somnd" .

p -pressure;

N =magnetic fluid;

U- H

p -density;

a -entropy;

w =heat function.

The group velocity of perturbation (in the frame of reference

where the discontinuity surface is at rest)

• ' tk-, I= =r :t. .'•IV- .) l, (8)

where *m and am are the angle values at which 0 (on the V+ curve)

Do and III are the frequencies radiated by the generator and

received by the receiver which is fixed relative to i.(relative to"

the fluid in front of the shock wave); the frequency. drift is
4 - or(9

A..l--f.. (9)

The expression for the perturbed discontinuity is
- 7 Op I (q,"- ,). (10)

The system of equations for amplitudes of divergent waves and of

the oscillation amplitude of discontinuity n(ilja 6Ao(P)) is
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The'index 3. indicates the number of the bounidary' e~quation".

Coefficients and U are ~found by.'expanding the abtay pertur-"

baa to the itp of fundamentagl waves:

Usre 6p± is the pressure amplitude in the V+ wave,.6E is the

z-component of the magnetic field In the Alfven wave.,- The in .dex (i)

has the values of 1 and 2'and indicates whether the given wave is with

the current (i) or against the current (2) (if we chainge'to a normal

incidence). -In (12) is'the'summation with respect to + and(i)~

(13)

*If tebou'ndary equatiocns' on. the .disc ontinuity. are reduced to the

form.

Ti., + M, 8.0+PiSp'+B1 3Y+ (14)~O

then the coefficient .s of equation (i)- -will be expressed by the combina-

tion of magnitudes

Prom-,the continuity of mass flow ( 1- ),

?,=(9Mq. v)). 41=r8  .(6)

P.=rfa'.Rj=ýu ~.
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From the continuity of energy flow (j = 2)

R,=prv"i. II +p 2

:r,- H Ii (vl")
U a ,.-

The continuity of momentum flow(J = 3,4,5) yields

Pj~=+vZ;ma I 1
3 pr5 n, **~(18)

._ ... (-S)

*.--•• '. . -,. y)i. _ _

P& it, , (P 0 . ' I.) u.^=u

From the continuity of tangential components of the electrical

field (j - 6,7)

P . 0 . R , ( , -l., 0 ). Q , - (-=. . 0 ); ( 2 1 )

S" r.=( ,(, q.,)+,(q.,H)), r,, o 0.
P,=0. R,(l,, H.-,). Q, = (-_.. 0. ,,).

The eighth equation (j = 8, the continuity of the normal compo-

nent of the magnetic field) upon perturbations of type (I0) follows

from the two preceding equations.

3. Results

We will present a number of results from this examination..____

* The law of reflection has the form-

(23)
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According.to expression (7), the ends of the phase velocity

vectors for all reflected and incident waves satisfying expression

(23), lie on one circumference (*-circumference), passing. throv& the I

ends of -the-.vector vx. n . "

.Fig. 1. Plotting of phase velocity,
vectors of reflected waves from.a
rapid inclined shock wave

' 0. 1 1., cca .1 S1 I. for the

medium behind the shock wave. The
arrow indicates the points of inter-
section of the *-circumference with-
curves .V(a). These points are the
ends of the phase velocity vectors of
the incident waves ,thick

arrow) and of. reflected wave (r,.a

For. slow shock waves and ngetohydro4-
""o -,namic waves and for media irn front of
a shock wave a similar plotting
"sctircmference) is necessary.

* This enables us, by means of a cross section of surfaces v.+'(X v~fv).

* and V -(m) with a plane of incidence*, to construct the refltected

waves with respect to a given shock wave; the intersection of

rumference with V(a) curvees will yield the ends or phase velocityyvets

vectotrs of the unknown waves.

Differentiating expression (N, We obtain:

Thisenae u e

andýý V--P -- T(O wKh ln ficdne ocntuttereflce



whence it is obvious that the separation into.incident'an4divergent.

waves can be done with rspect to. t"he Ch'boi:", determined

the: sameW

The.lawof rerraction is.

It q- (v) - .0 then expression (25) becomes "the law of tangents"

-26). (26

In order to find all of the divergent waws, we must .plot the • and

_-circumlrences, where f• and W are related by condition (25), and

must separate all waves diverging from discontinuity with respect to

the symbol . For fast waves, divergent waves do not occur in I and

it is sufficient to plot. only the *-circumference.*

"When Vx-* 0, *-circumference at the limit occupies a position

tangential to the normal (x-axis) at the origin of coordinates.

P10tting of the reflected and refracted waves is as before. Since

when v- 0 formally #-+ 0, then in place of the derivative 2/•

we can introduce a derivative (having the opposite sign) from the

diameter of the periphery and, by this value, classify the waves as

incident and divergent.

The transition to an incompressible fluid results in that

V2 - 0 *a-. a P o---1-•.0 For this, however, there remains in 11 the"

*These problems and also the occurrence of' sufaae waves on

passage through and reflection from a shock wave and the role QC
phase and groip velocities have been examined by us in deta4l [11.
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solution k(+ iq,'), and in 1 - j(- iq, q), representing a surface wave.

Therefore (IQ is finite when a-. a.,

'_ +(27)

The Oxpression, (' 3 - W4COOIUS eand the slow' sound at the 'limit

gives the Alfven bake wave

U -h= =- !Fua-= (28)
TI

The formulas for frequency drifts (9) owing to the floppier eff~ect

,and as a result of the conversion of some forms of perturbations to

other forms for normal incidence to shock waves were presented in our

article [1]. 'The frequency measurements 'can be used for the study of

shock waves. On the other hand, the effect of change of frequency

-with simultaneous (~generally speaking not small) change of amplitudes

both toward a dec~ease and toward an increase is a new mechanism of

frequency conversion with simultaneous amplification (attenuation) of

the signal . This pertains, of course, to low frequencies, where

magnetohydrodynamics is applicable.

We will introduce the coefficients of passage for aou normal inci-

dence of a signal to a perpendicular shock wave. For the fast shock

wave we have:

T;)-i . +T,,3 TI:I.,, +1 TA 3 1,it + TIP.,,+

• I (A - T h.: J - +,

+ ~ P,: f-~ (A.z T =' 0,8Au;

• ~rj ++ +. ,

-Uja .I-ri&. ki k. C 1 =is 5

The coefficients of passage for incidence of the re+ wave
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3P_,, -; -IV (4'+ (29)

J, XJ + :V) V-I(.TI +

For incidence ofý the _ -wave

Here .1 =r.{'/, N%"= r". / a, .1 = ,/,, I +A = ',--.,

1T= T/rr(r) '=p/IAp, r. A ( ja I

On changing to ordinary hydrodynamics (N- 1, A -0) we obtain

from expression (29) the coefficient of sound passage through a shock

wave [.,
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