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ABSTRACT

N An experimental investigation of the interaction of combined
axial compression and bending stresses on the buckling of cylindrical
shells of similar geometry was carried out.

The shells tested were manufactured by a copper electro-
forming process, This method of fabrication produced thin shells to
close geometric tolerances without the usual seams.

A total of 16 buckling tests were conducted. The resulting
experimental interaction curve indicates that the critical buckling

stress increases with increased bending moments, R
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1. INTRODUCTION

With the advent of missiles and spacecraft the question of
. thin shell stability has taken on new‘ importance. The necessity for

weight reduction has placed ever increasing demands upon the
designer. WNo longer can he apply large safety factors to his design,
yet it is not economically sound to expose a costly and sophisticated
payload to possible destruction due to failure of one of its auxiliary
coraponents.

It is important then that a better understanding be gained of
the reaction of shells and shell-like structures to complex loadinz,

The combination of axial ‘compreasion and bending arises

an area that

naturally from the flight of a missile or spacecraft., Iti

o

has not been extensively investigated. The author is aware of Vonly
two experimen,tal evaluations of the interaction curve for this particu-
lar combination (Refs. 1 and 2).

Un.til recently the theoretical value of critical bending stress
was accepted as that presented by Flugge nawmely 1,3 E‘c (Ref, 3). It
has been shown (Ref. 4) that Flugge's calculation was quite restricted
and a more general investigation has lead to the conclusion that the
maximum stress to cause buckling under bending is identical to the
value for compression.

Experimental investigations of shell stability have been, and
for the n.ost part are, quite diséouraging. The correspondence with

theory ranges from 15 to 60 %/0 with consideraole scatter (Ref. 5).



2

There are indications, however, that much can be done to
improve this situation by careful fabrication of test specimens and
control of experiments. Babcock (Ref, 6) has demonstrated that a
substantial inc;ease in buckling load can be obtained through employ-
ment of the above techniques,

This study has been undertaken to determine experimentally
‘the interaction curve between axial conipression and bending. An
atternpt has been made to use as nearly perfect specimens as possible
and to monitor and report all observable deviations from the '"perfect'
assumptions,

In order to eliminate, as far as possible, the various effects
of initial imperfections and searns, the test shells were carefully
manufactured and tested for imperfections prior to actual buckling
tests,

A controlled end displacement testing machine, designed and
used previously by Babcock (Ref. 6), for axial compression tests,

was used to apply the cornbined loading.
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II. EXPERIMENT

1. Shell Manufacture

The electroforming process previously reported in reference
6 was agaix} used. Briefly the method consists of plating a copper
shell on an accﬁrately machined and silver painted wax form.,  After
plating, the shell is removed by melting away the wax. The test
specimens were plated on mandrels of 8. 000" diameter and were cut
to lengths of approximately 10 inches.

The wax form was cast over a hollow steel rmuandrel 13 inches
long and 7 inches in diameter which was water cooled to harden the
wax. After cooling, the mandrel was machined and spray painted
with silver paint thinned with toluene. figure 1 shows a steel .nandrel
and corapleted wax form.

The shell was then plated in a Cupric Fluoroborate, Cu(BF4)Z.
bath using a 15 inch diameter copper anode bagged in Dynel fabric.
During plating the shell was rotated and the bath agitated with forced
air. D.C. voltage was maintained at approximately 4 volts and
current at 130 amperes,

Plating times of one hour and thirty minutes were used, after
which the shell was removed from the bath, washed in water and cut
to the desired length., The wax was then melted to remove the shell.
Final cleaning was done in benzene to remove the residual wax and

- silver paint.
Two improvements were made in the above process to provide

more uniform properties and better control. It was found that the
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plating bath becam:e heated approximately 10 to 15°¢ per hour during
plating, Thie heating caused the .wax mandrels to enlarge somewhat
resulting in unintentional variation of shell radius and some internal
stresses. Temperature variation was pra.ctica.lly eliminated through
use of polyethelene cooling coils, carrying tap water. which were
submerged in the bath. This resulted in reducing temperature change
to approxirnately 1 to 2%¢c per hour.

Secundly, continuous filtration of the plating bath was intro-
duced. 4 Sethco, model LPII-20CC, continuous filter and pump was
selected because of its capacity and ability to handle the corrosive
golution, Tdoticable reduction in surface roughx.less was obtained

through this addition.

2. Thickness Measurements

Shell thickness was obtained by accurately weighing the cleaned
shell and dividing this by the surface area and density. A density of
8. 9 grams per cubic centimeter was used for these and all thickness
calculationas.

Thickness variation throughout the shell was determined by
computing the thickness of small circular discs which were cut from
various locations on the shell after buckling tests were completed,
Table II gives the results of these tests and indicates that variations

X o
were heldto + 3 /o.
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3. Material Properties

a, Poisson's ratio was taken as 0. 3 for all calculations

in this report,

b, Young's modulus

The value of Young's modulus used for calculations in this
report was an average of several tests conducted on specimens from
each shell. These tests were all conducted by the author. Each
specimen was tested in uniaxial tension in the same Instron testing
machine. The specimens were soldered into brass plates that were
clamped into the jaws of the testing machine., Head displacement was
used to measure strain and load was obtained from the machine load
cell. The results of these tests were quite discouraging. There was
considerable gcatter an:or: specimens from the same shell and also
among average values for the shells. For this reason the value of
Young's modulus used was the average value obtained for the individual
shell. Table III presents the results of these tests and the value used
for each shell, A typical stress strain curve for plated copper is
aiven in Figure 8.

The reason for such wide scatter in the results of these tests
is not known. A calibration of the Instron machine indicated that it
was deflecting under load. A correction factor for displacement as a
function of load was obtained by claraping a steel bar, large compared
to the test specimens, in the jaws which had been ruoved together.
This method is recommended by the manufacturer., A correction
factor of 1. 66 x 1073 in/50 lbs, was obtained and all data in Table III

has been corrected using this factor.
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The.v.ariation in E from shell to shell becomes more reason-
able when the results of Read and Graham (Ref. 9) are considered,
They obtained values of & for electrodeposited copper ranging from
14 to 17 x 106 psi. Their conclusions were that the value of E for
electrodeposited copper depended entirely upoh the granular structure

of the material, with small grains giving higher ¥. The granular

structure of the shells for this worlk was not determined.

4. Initial Imperfection Measurements

After the shell was partially mounted in the testing machine
measurements were taken to determine the deviation of the cylinder
generators from a straight line. These measurements were taken
with a pickup that could be positionéd to any desired place on the shell.
A set of ways was attached lengthwise along the cylinder and the pick-
up was rr.oved along the ways. The pickup was calibrated prior to
each test and data, obtained in voltages, was reduced to deflections
by the calibration curve.

The ways were moved around the circumference and readings
were taken every 40 degrees. The vertical stations were taken at
1/2 inch intervals along the length. Figures 18 to 20 show typical
plots of these test results,

The pickup used was an iron core coil reluctance type which
changes impedance to a given signal when its electromagnetic field
is disturbed by eddy currents generated in an external conducting
surface. The pickup output was approximately 25 volts per inch with

a working range of about 0, 200 inches. The impressed signal was
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100, 000 cpe. Noise level and drift were such that deflections of 10‘.4

inches could be accurately determined.

5. Test Procedure-

The completed shell was first raounted in a brass end ring with
a low temperature alloy, Cerrobend. After the Cerrobend hardened,
the other end of the shell was mounted in the load ring 613 the testing
machine again using Cerrobend. W itﬁ the shell so mounted, initial
imperfection data were taken (Figure 2),

The testing machine was then rotated to the testing position
and the free end of the shell rigidly attached to the machine end plate
with Devcon Plastic Steel. Figure 3 shows testing machine and shell
in testing position. Devcon was used since it is quite rigid when
hardened and would fill in the areas where the end plate and end ring
did not match perfectly. While the Devcon was hardening the machine
was pre-loaded with springs. The springs were not used during testing.

Although the testing machine was originally designed for axial
compression loading it was possible to apply a bending moment by
varying the displacement of the end plates through nonuniform adjust-
ment of the three adjusting screws. Close control of end plate
movement was avallable since a single revolution of the adjusting screw
corresponded to 0. 025 inch displacerment.

The total applied load and distribution was determined from
data obtained from a load ring, (Figure 4), This was a brass cylinder
8. 000 inches in diameter, 2,50 inches long and 0. 0107 inches thick.
Twenty—foﬁr strain gages were mounted around the inside and outside

circumference at equally spaced stationse, inside and outside zages
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being directly opposite. The load ring gages were connected in
series with 24 ;dditional gages mounted on a brass plate for temper-
ature compensation.

Each load ring gage was connected through a Wheatstone
bridge, which provided zero balance, to a L.eeds and Northrup ampli-
fier where bildge output was amplified by a factor of five. Amplifier
output was then connected to a L.eeds and Northrup voltage meter from
which data was recorded.

The load ring was calibrated at the completion of these tests
to determine the load factor, Kc. versus strain gage reading for
axial compression., The results of this calibration are given in
Figure 6.

The actual testing was carried out in the following manner.
After the shell was properly mounted the desired difference in strain
gage reading was adjusted at 180° positions on the shell, This could
be accomplished with considerable accuracy as interaction around the
circumference of the shell due to adjustment of a single load screw
was minimal. Once the desired moment was applied all three screws
were adjusted simultaneously thereby applying axial compression.
Data was taken at approximately 50 o/ o expected buckling load and at
small increments thereafter. Throughout the axial compression
phase individual adjustments were made to maintain the desired applied
moments. The axial compression load was increased until buckling
occurred and the highest strain gage reading observed at buckling was

recorded.
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Two additional tests were accomplished to determine the load
factor, Kb. for applied bending load and to check Kc and Kb under
combined loading, A simple beam was attached to the top end plate of
a shell and dead weight loaded in increasing increments. As loading
was Vincrca.sed strain gage readings were recorded, This data was
reduced by Fourier analysis and a value for Kb of 610 in 1b/millivolt
was obtained, The results are given in Figure 6, The test set up is

shown in FFigure 5.

6. Test Results

As previously stated it was the intention of this investigation
to determine an interaction curve for axial compression and bending
of circular cylindrical shells, No initial imperfections were intended
nor was it intended to investigate the R/t parameter.

A total of 16 shells were tested. Table I gives a description
of the specimens, and Table V the results of the tests. It was
attempted to completely cover the range of interaction between these
two loadings. After the first nine tests were completed and the data
reduced it was apparent that the desired coverage had been obtained
and the remaining seven tests were conducted to determine scatter.
As Figure 7 shows the interaction curve can be well approximated by
a straight line,

Buckling occurred in all tests with complete failure and
subsequent load reduction, There were no cases of local buckling
occurring prior to failure.

The post-buckle state was the familiar diamond shaped pattern

which occurred in several rows around the circumference for most



10
cases., The shells tested under hiph moments, buckled only on the
compression side, There scemed to be no preferred end at which
buckling occurred and pattern size was not noticably different at
either end of the curve.

Duriny the tests all twenty-four gages were monitored and
recorded. Variation between inner and outer gages was quite small
and in most cases less than 5 °/o of the total load.

The strain gage readings used to calculate buckling loads were
averages of inside and cutside gages of the load ring. As it was not
possible to monitor all gages simultaneously during actual loading,
the intended hizh compression gage was selected as the gage to be
raonitored. Since buckling usually occurred during loading it was
necess:;,ry to adjust the remaining gapes to the level of the monitered
high compression gage.. This adjustment was accoroplished by an
averaging process over previous increments prior to buckling.

fter all vages were adjusted to the buckling value and
averaged, the data was reduced by Fourier analysis carried out on an
138, 7090 digital computer. The method employed was that described

in reference 7, and the data presented in the forra
é
strain gage reading = Ao + Z B cos (o - ‘)On)
n=1

The constant termn and first harmonic coefficients were used to calcu-
late applicd loads and stresses. Taovle IV gives the complete results
of this analysis, and Figures € through 16 show the correspondence
between actual strain gage readings and the Fourier representation

used to calculate buckling stresses,
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?; Experimental Difficglties

As previously mentioned the testing machine used was origi-
nally designed for axial compression testsv only, and when it was
attempted to apply a pure bending moment it became apparent that the
end plates of the machine were also bending. Two attempts were
made to improve load distribution by stiffening the end plate and
providing additional adjustments around the shell circumference. A
one inch steel plate was attached to the end plate of the machine upon
which three additional load screws could be brought to bear. It was
thought that this addiﬁonal strength and latitude of loading would
improve the applied moment. This did not occur however, as the
steel plate was actually too rigid and would not transmit loads satie-
factorily, The second attempt was essentially the same except this
time a 0. 75 inch lucite plate was used., This plate did transmit loads
but it also introduced local bending in the shell and was therefore
unsatisfactory. It was then decided to accept the load distribution
available and continue with the investigation realizing that the applied
moment was not quite pure.

It should also be mentioned that obtaining data at the high
bending moment end of the curve was difficult. In several tests the
moments required produced large tensile stresses on one side of the
shell, It was noted that in some cases these stresses would relax
significantly, on the order of 5 /o of the total load, and the test had
to be abandoned. This relaxation is contributed to the mounting

process employed. Apparently the Cerrobend bond wae not strong
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enough to hold under these extreme conditions. This problem was
avoided by selecting the thinnest specimens for this portion of the

tests.

8. Conclusions

The interaction curve, Figure 7, was obtained by normalizing
the experimentally obtained buckling coefficients with the theoretical
value for axial compression which is assumed to be the critical value
for both axial compression and bending, reference 4, The empirical
curve is a ieast-square fit to the data points.

The agreement with theory is quite good at the bending end of
the curve, and decreases as the ratio of axial compression to bending
increases. This would seem to indicate that there is something
peculiar to bending that makes the shell less susceptible to such
phenomena as initial imperfections or the Poisson expansion of the
cylinder boundaries.

Experimental data, taken just after buckling before the load-
ing was changed, indicates that a sharp decrease in moment
accompanies failure. This would appear to indicate that initial
imperfections should be as critical for bending as axial compression.
The Poisson expansion of the cylinder boundaries may be an explana-
tion of the disagreement, if this effect can be shown to be a linear
one that disappears under pure bending., It therefore seemsa desirable

"that a large deflection theory for pure bending be developed including
the effects of initial imperfections and or Poisson expansion to deter-

mine just how significant these may be.



13

9, Becommendations for Future Research

The effects of Poisson expansion, initial imperfections and
radius-thickness ratio should be investigated experimentally for the
present load configuration. It has been demonstrated in reference 6
that initial imperfections of various dimensions can be achieved
through the electroforming process. Tests using other load combina-
tione should also be carried out.

The load ring has proven quite satisfactory for mea,s.uring
axial compression and bending. This same approach might also be
used to determine torsional loads through employment of strain gage
rosettes.

A simple, accurate method of determining Young's modulus
for thin specimens is needed. An adaptation of the method described
in reference 9 could possibly be the answer,

An all purpose testing machine would be extremely valuable
but very difficult to design. It is felt that the load distribution could
have been better controlled if additional loading points were available,
It seems that four points should be a minimum.

The process of measauring initial imperfections was quite
tedious and yielded no information about deviations from circular
shape. Vhat is needed is a circumferential traversing mechanism
that can be accurately positioned with reference to the shell center.
Absolute mea.sureme;mts would be quite difficult to obtain to the
required accuracy, however relative deviations among specimens

might prove important.
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TABLE 1
DESCRIPTION OF TEST SPECIMENS

Shell Length Thickness R/t
inches inches x 10
5«1 9. 97 4.78 838
5«2 9. 98 4. 69 855
S-3 10.03 4, 97 805
5-4 9.97 4.78 838
5-5 g.98 4. 68 855
5-6 10, 00 4.91 815
S=-7 10, 00 4, 60 870
5-8 9. 91 4,78 836
5-9 9. 97 4. 85 825
5-10 9. 97 4,76 824
S-11 9.97 4,31 925
S-14 9.97 5, 02 797
5-13 9. 97 5, 48 730
S-14 9. 97 5. 04 795
S-15 9.97 5. 12 783

S-16 9.917 3. 97 1000
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TABLE II
THICKNESS VARIATION OF SHELLS
1 14 13
2 12
3 11
4
10 5
9 6
8 15 7

Numbers indicate position on shell at which thickness
specimens were cut,

Thickness inches x 103

Position Shell 8-8 Shell 5-11 Shell S-12
1 4,82 4. 31 ' 5.00
2 4.87 4,36 4, 88
3 4. 88 4,40 4.85
4 4. 80 4.39 4.94
5 4. 72 4. 34 5.05
6 4. 66 4,26 5.17
7 4. 65 4,19 5.21
8 4. 88 4,26 4.89
9 4.89 4, 34 4. 81

10 4.85 4, 40 4.82
11 4.74 4.35 4. 97
12 4, 69 4,28 5.17
13 4. 68 4,23 5.17
14 4. 81 4,39 4.98
15 4. 77 4.41 4.92

Average 4,78 4,33 4.99
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. TABLE 11
YOUNG'S MODULUS TEST RESULTS

Shell  Epsix107® Em"; " Emin o
’ ave
s-1 15.3 ' 9.2
S-2 16.7 2.0
S-3 15.1 12. 0
S-4 15.0 6.6
S-5 . 15.3 4.6
5-6 15.7 5.2
S-7 14.9 8.0
S-8 16.0 5.0
5-9 16.8 7.2
S-10 15.9 9.4
S-11 16.0 7.6
5-12 16.5 2.4
S-13 15.8 9.4
S-14 15.6 11.6
S-15 15.8 5.0
'5-16 14.9 9.4



<3

‘Bumpong e ~o~ X a1 ut s3urpeas a5e8 ureays e sanrea pajeInqel -

of 20 o= 0°C GTE- 0°S 69 19 1L 8T  €6- 2262 0°691  01-S
of ES QT ¥ GEL THL B - STIT L9- €% 62- 1°0ST  0°€1Z 6§
o0 T I 670 SPT 9°E 466 16 oI 981 e~ 8811 €892  §-S
of L0 o617 0°€  le-T $'T €2 8'E 29- 9°61 _ze- L6k 1°801  2-S
o0 S0 o8 BT 6L- PT 32 BB - 891 os- $0Z L°UIT 9-S
o0 6T 720 ST 0F  ¥E e~ s oS TUL  61- ¥'BE  L'z82 ¢S
of T2 88" 27 89 2T 5L 0% §Z  6'E1  _Sz- 9'SHI 6602 p-S
of T o¥9 6°L oSP Z'E 08~ 98 85 6°01 _S6- S'€9  Pp9z g5
o0 6T o69° ¥ le- €% 98- £6 1€ 68 o1 59 1°0v€  2-S
o0 PO o7 6E 18- 80 99~ §7  92- 9'6  _bz- 896  p-GrI  1-S
%8 9g S§& Sq vg g ¢S g 25 g 6 la °v  1eus

iz t=uw 2:% - g) soo %g + °v = Surpeex afed ureasg

*meNrdaa.Z{q HIMNOL O SLINSHY

Al AI9VL



19

‘Bumpiong je 01 X AW Uy sSurpesa 253 ureays sae sonTea pIjeINqe] -

O 9T ¥ 6T 85 87 85 ¥¥ Gt 070U  lem 0°€9Z  L'§Z 9178
O PO g62- TUE bt 8T 69 ¥6 SET §OT o9 §'91  8°08¢ S§I-S
0 ST o8B LT 9L 6°8 2L 99 of 611 ST- 87607 97202 $1-S
0 €T o620 6L 0% 979 Sh- LF 88 ['6E o S€- L6z 17691 €18
WO T o8- 979 69 LL 81 Tl 72 80T oLI- 67521 £7lee ZIS
0 9T o88  B'S 28 E£°ST 28 1B 66 667 820 €208 971§ (LS
9% 9g S& Sg Y6 Ya tH fa %4 fa 'h e °4  Tweus

crr 'T=u XQ%- g) sod um + o< = Burpesz 23ed urexys

a_mnmqu.n<z< VAMNAOA A0 SLTINSHAE

(p,3uc2) AI I 1AV L



20

TABLE V

SUMMARY OF BUCKLING DATA

Shell

b max (pei) Tc max (psi) o b
S-1 2456 3332 . 187 . 134
S5-2 168 7945 . 417 .01
5-3 1551 5828 . 319 . 083
S5-4 3695 4811 274 . 205
5-5 1150 - 6618 .38 . 064
S-6 5040 2492 . 133 . 261
5-7 6586 2575 . 154 . 384
S-8 3015 6150 . 33 . 158
5-9 3755 4811 . 243 . 184
5-10 5920 3798 . 206 .313
S-11 8650 1310 . 078 . 501
5-12 3042 7230 . 367 . 150
S5-13 6586 3380 . 160 . 304
5«14 5052 4403 .23 . 257
S-15 391 8148 . 414 .019
S-16 8038 708 . 049 . 543
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Fig. 1. Steel Mandrel and Completed Wax Form. Photograph
courtesy of C. D. Babcock, Jr.
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Fig, 2. Set up for Initial Imperfection Measurements,
Photograph courtesy of C. D. Babcock, Jr.
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Fig., 3. Testing Machine with Shell in Testing Position.
Photograph courtesy of C. D. Babcock, Jr.

Fig. 4. Load Measuring Ring. Photograph courtesy of
C. D. Babcock, Jr.
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Fig 5.

Test Set up for Load Ring Calibration in Bending.
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