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SuNIMA

The research presented here, although motivated by the single

theme of finding the channel capacity of a discrete memoryless channel

for codes other than block codes, is divided into two essentially

independent sets of resultse.

First, in section I1 a general framework for encoding and

decoding is presented which includes block coding. The key concept

used with the generalized codes is that of decoding rate. A weak

converse is proven using decoding rate which shows that channel

capacity for the generalised codes is the same as the usual block

coding channel capacity C for a discrete memoryless channel.

Second, in section 117 uniform flnite-memory codes are defined

from the general framework after several motivating definitions of

properties which seem natural to require of any code. Channel

capacity Cu is defined for these codes but what its value is remains

an open question. A class of channels is given for which Cu is

nonzero for each member of the class. From the converse in section II

it is known that CuSC.
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I. NOTATION AND PMIKUNNART FACTS

For any set A and any positive integer n, An denotes the set of

all n-tuples of elements from A. * Aj denotes the set of all sequences
i.-o

(e.oXr-ipxr) of elements from A while AI denotes the set of all sequences

!!(xl,x2,9 ... ) of elements from A. If wEAn then w(i). xi forw -

(Xl,...xn) and !is n. Similarly, i(i)-xi for M.AI. For A a finite

set, ILI denotes the number of elements in A and 7(AI) denotes the

0-field of subsets of AI determined by cylinder sets.

A discrete memoryless channel (ME) 1i a triple (B,W,p) where

(i) B is a finite set of elements called inputs,

(ii) W is a finite set of elements called outputs,

(iii) p p(-/.) is a function on B )B such that p('/Y) is a

probability distribution on B for each yE B, and

(iv) for each positive integer t and for all sequences

(Yl,'" yt) B t, (yl,'"o.Yt) € tp(~l,-. " •YJ/l," " Yt) i

The n-extension of (Bg°p) is the DEC (BnWn,q) where n is

a positive integer and for each (y 1 , s e"yn) E Bn, (6 1 " n)E Bn

A source is a sequence {xi, i- 1,2,...) of finite-valued random

variables which are independent, identically distributed with a uniform

distribution. In section flI a source ({i, -0.ci-OD) will be used.

Frequently it will be helpful to think of the subscript i as

corresponding to time*
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Throughout this report all random variables are finite-valued

unless otherwise noted. They will be demoted by capital letters

X,Y,Z,... and their values by small letters x,yz,.... The ranges

of I and Y will be denoted by A and B respectively., where corresponding

affixes are used when necessary. For example, Y (1) will, with a

subscript to distinguish order, denote an input (output) random

variable to the channel (Bj,p). For any random variable Z,

p(s) will denote P[Z=z], the probability that Z--z

For finite-valued random variables U and V the numbers

1(u)- -p(u)logP(u)Fu~p~u)-O-)
I(U/V) -- (u,V)log Vpu v)/p(v))

are called the average uncertainty of U and the average uncertainty

of U given V respectivelyy. J(U.,V) = I(U) - I(U/V) is called the

average mutual uncertainty of U and V. All logarithms used will be

to the base 2.

For a probability distribution p(.) on B of (B,1,p) with p(y,y)=

p(y)p(-/y) and p(•)m p(y,y) for y c, B ,
7

C -sup j(i,Y) (1.1)
p(-)

is called the block coding channel capacity of (BV,p). A standard

result1 for the DE (B,V,p) will be used without comment. Let k

and n be positive integers and let Xls...Xk be a sequence of random

variables, all with the same range A. Then for any finite collection

of functions {fr1 = (fraAk-BBn) and any probability distribution
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P(xl,...xkyr) Lor the random variables X1,.o.Xk and the function

f (a random :,ariable)

Ji (Xl,°o.Xk),(•looon)) _nC (1.2)n

where P(xl, 0, xk;'Yl,OO.Yn)-= ZP(Xloooxk,r)1Tp(7i/yri) and
r i-I

(YrlI"°yrn) r(xll'°oXk)°

One result used often in the sequel is Fano's Inequality2 .

For two arbitrary random variables X and Y (not necessarily a source

output or channel input) the value of X is decided on from the

occurrence of Y by a function g:B-A (a decoder in the terminology

of this report). The probability of error P[g(Y)*X] for any g

is related to the average uncertainty of X given Y by Fano's Inequalitys

I(X/Y) :s h(P [g(Y)# X]) + P [g(Y) *X]log IAI (1.3)

where h(x)=-xlogx - (l-x)log(l-x), O-x-cl, and h(x)=O if x=O,l.



II- GENERAL CODING FRAMIORK

In this section general codes are considered which (i) map

infinite source sequences (xlx 2 •o..) into infinite sequences of

channel inputs (yl'Y2 oo.) and (ii) map infinite channel output

sequences (Yl'2,°°°) into infinite decoded source sequences (l1

in ways other than breaking up the sequences into independent blocks

as usually done by block coding. The main rest-It of this section

is Theorem 1 which proves that channel capacity for these general

codes is the same as the channel capacity for block codes. All

dwamels considered are discrete memoryless channels.

To begin this section the basic facts of block coding are

given. A standard way of sending a source output {Xi over a DMC

(Bop) is by block coding. A function f 2 AI--Bn (k and n are positive

integers) called the encoder maps (encodes) k-tuples of source outputs

into n-tuples of channel inputs as given by

bYn-ilVo°°Y(J~l)n)- f (Xjkl-oo...X(j~l)k), J =01, oo (2.1)

From the channel outputs a function gtgn-LAk called the decoder

maps (decodes) the channel outputs into source symbols as given by

(Xjk+looi(ji+l)k) =g(YJn+l o o.oY(jl)n), J-O.,loo ° (2.2)

The goal of the code (f~g) is, of course, to have (Xjk+loo i(j+l)k) -

(Xjk+l,.°.X(j+l)k) with high probability9 J= Oloo- o The diagram

of Figure 1 illustrates the block coding relationso

For all J= 1,92 9 .. the joint probability distribution of source

outputs and channel outputs is defined by



XlJ%0**Xk)OIWC P.O ou outputs

f f

11"-11 1n~~n Y. 191-#**(j4-1)hh channel inputs

2n'~jn.1~ (~i.1n'' Channel outputs

I g gl'I 
Ij . ..~k * decoded source out piuts

Figure 1. Block Coding Relations for a Block Code (f,g9)
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p(zl,*O..xjk;irl9**43 jf)= 1 T ri~y) where (2

IAI Jk

(yrn+l,...Y(r+l)n) f(rktl,...x(r+l)k), r=o,...j-l. Thus blocks

of k-tuples from the source are encoded and decoded independently

of other blocks so that P[(Xjk l,..(j+l)k)*(XjktlO..X(j+.l)k)] is

independent of J. e(fg)= P[(%l,.° Xk)#(XlP**Xk)J is called the

probability of error for the block code (f,g).

R=k log Al is called the rate of the block code (f,g). As
nm

the average number of bits per channel input, it measures the density

of source outputs per channel input. From the decoding viewpoint

(the viewpoint which is useful for general codes used later) R is

the average number of bits decoded per channel output.

The block coding channel capacity C of a DE (B,%,p) has the

following property

Cu~suPRI: if{e(fsg): k log AIMiRII1O}(

which is just a result of the usual coding theorem for a DMC (BXp)3

From the observation that there are many conceivable ways other

than block coding to send a source output (Xlx 2 ... ) over a channel,

the question naturally arises as to whether (i) a code rate can be

defined for a general class of codes (for which channel capacity is

defined for some suitable error criterion) and (ii), if so, do block

codes attain the channel capacity of the general codes? To begin

answering (i) and (ii) a general class of encoders and decoders is

first defined.
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One of the properties that any practical encoder should have and

which a block encoder does have is that the nth channel input depends

on only a finite number of source outputs. Similarly, a decoder

should decide on the kth source symbol after some finite number of

channel outputs. Therefore the following definitions are made.

An encoder for (Xi) and (B,'99p) is a sequence of functions

{fn'AK(n)--B1 where {K(n)) is a sequence of positive integers and

fn determines the nth channel input from the first K(n) source

outputs. Since there are many different sequences {K(n)) which

could be used for the representation of the same encoder it is

assumed that K(n) is, for each nq the smallest positive integer r

such that the first n channel inputs depend on at most the first

r source outputs. With this assumption, if the source subscripts

of {if) correspond to time in seconds9 then K(n) is the earliest

time in seconds that the nth channel input could be sent where, of

course, the nth channel input is not sent before the (n-l)th even

though it may be determined by earlier source outputs.

The block encoder fAk'--.Bn' is obviously a special case of

the encoder defined above. With the general encoder, however,

the nth channel input can depend on the whole source output Xl,*..XK(n)

while the nth channel input of the block encoder can depend on at

most the source outputs Xjk+l.9ooox(j+l)k, where j satisfys jn'

-cn_(jJ+l)n', In addition, the functions fn which correspond to

the block encoder fiAk'--Bn' are periodic with period n'.
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A decoder for {[,) and (Btp) is a sequence of functions

{gkjbN(k)-A} where {N(k)j is a sequence of positive integers and

9k determines the kth decoded source output from the first N(k)

channel outputs. As with the sequence {K(n)) for the encoder,

it is assumed +,hat N(k) is, for each k, the smallest integer r

such that the first k decoded outputs depend on at most the first

r channel outputs. Remarks comparing a block decoder with the

decoder defined here are similar to those made for the encoders.

A diagram illustrating the general encoder and decoder is shown

in Figure 2.

Throughout, an arbitrary but fixed source [1) and 1W (B,-,p)

winl be understood if not explicitly stated. For the sequences

[K(n)) and {N(k)) understood, an encoder and decoder for [Xi) and

(B,t,p) will be denoted by {fn} and {gk) respectively. The pair

((}- (9k)) will be called a code.

For an encoder ffn) the following probability distribution

between source outputs and channel outputs will always be assumed.

For each positive integer t. for each (X!9ovoxK(t)) and (•l.oo.Yt)
tP(xl.oo..XK(t)',l, ... t)= I Kt)T~p(•i/fi(xloooxK(i))). (2-5

Because the probability distributions are consistent in t, that is,

•.P(xl,°°°XK(t÷I)YI° t÷--. P(xl,°°°xK(t);il .... t)

xK(t)+l ... "XK(t~l) gYt+l

for t=l,2,..., the marginal probability distributions p(xlo..xi;jl,..yJ)

are determined for all i,j (assume K(t)-to..D).
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XJAP 0.1XJ)OO XK() * XK(~l) I- *]ýN(2) .. Iource outputs

-- -- f3 f5

T, T 2' 13' 1*-N(1)' .*OON(2)'* .. channel inputs

Yi. 2#y3-'-N(1) ..... N(2 ...... channel outputs

g1  9

12,e. ....... decoded source outputs

Figure 2. Oeneral Encoding and Decoding Relations for a Code

({ffl} (gk)) with K(2)- K(3)-
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For a code (ffl),{gk)) the channel input random variables

are defined by

In~fn(XlIoo.XK(n)) n =1,2,... (2.6)

and the decoded source random variables by

IXk=gk(Yl, .. !~'N(k))' (2.7)

For each k, k log Al is the average number of bits decoded

per channel output from the first N(k) channel outputs. The rate

Rd Of the decoder [gk:jN(k).. is defined by

Rd=limknf k logjAl (2.8)

which is just the average number of bite decoded per channel output

when the above limit exdsts. For a block decoder g:n--.Ak , N(k)=

N(i)+Jk' for k=i+jk', Ocisk', J=O,1,2,... so that Rd

Jim k logIAl= k'loglAI, the usual rate for a block code (f,g)k--wm ff ,

With a block code (fg) the error criterion which was used

was the probability of error for a block: P[(Ijk,+l .. X(j~l)k.)

(ef For a code (f),(gk) the error

criterion used will be the average coordinate probability of error

W =I -r x]° In particular, the interest here will be in

what happens to it as t--QD. Note that for a block code (f,g),

iise(fg) and thus Wk, is a weaker error criterion for a block

code than e(f,g); however, Theorem 1 is a converse and, consequently,

a converse in term of limtsup A is a stronger statement than a

convere in term of an average error for blocks of length rt

it,r" •.• ~ [(•r-l,' °°(i4-l)r)# (ir~l'°" (i~l)r)]
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that is, limtsup t: t '_MtsupP -t,r, r=1,2,... . Channel capacity C' Ifo

the class of codes ((fn},(gk}) for a DIE (B,B,p) is thus defined by

c,=supfR:inf{fU sup -)= o 1. (2.,

It is easy to see that for a code (ffn), (gk}) which corresponds to a

block code (f,g),limtsup ý_.e(f,g) and, since Rd is equal to the block

code rate, it follows from (2.h) that C'1C.

The main result of this section follows from Theorem 1: C' _ C

C'= C.

Theorem 1. For a DIE (B,B,p) with block coding capacity C, let

(({fflAK(n)-..BJ,(gk.N(k2-.,A)) be any code with decoding rate Rd. If

Rd-C then there exists a positive number e((C/Rd) which depends

only on C/Rd and not on ffn},(gk} or (B,*,p) such that limtinf -ita(.

Lemma 1. For all t, I - N(t)C :h(it)+ it.
t log JAI

Proof of Lemma. From (1.2)

1 I(X 1 ,...9x) - N(t)C5 3. 1 I(i/•I,...YNci))
V Vi=-

From I(XI,...J) =tlogIAI and Fano's inequality (1.3)
-N(t)C 1_ i 1 ýh (P [lip" i]) + iloglIAl.

tlogIAI logIAL

h(it)+ it since h(x) is convex and loglA 1-1. This

completes the proof of the lemma.
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Proof of Theorem 1. First, by Le. a 1

J.±mtnf(- NtC) fh1 -lintsup1N(t)C =1 -C/Rd~s( -togJI r--1

lin hit, ) .ý , where t'I is Wn subsequence of ft) such that
tI

h(et,)+ii, converges. In particular, for Rda-C

0O- 1 - C/Rd:h(limtinf ;k) +lintinf Zj~.

Now, let a be the unique real numbez O--•4/2, such that

1 - CAd4 -h(oc)4-ot. (2 .IC

C]l.ar]y',c==•((/Rd) -.O and lintinf •'t"mXC so that Theorem 1i i proved.

If Rd had been defined as limicupk log IAI then Theorem 1

would be true with li.tmup i,.aC replacing liqinf gtftm The

proof is straightforward following the proof above.

There is an interesting generalization of the decoders [9k)

used here suggested by the work of Blackwell.. Suppose that the

decoder can change its past decisions, that is, suppose Xl,...k

can be changed after N(t) channel outputs where t--k. To make

sonse from a coumminication standpoint the first k decoded source

outputs should be changed only a finite number of times with

probability 1 for each k. This point, however, will not be needed

for the converse (Theorem 2) below.

l .{14 N-(2..1k} be any sequence of functions where the same

assumptions are made for [N(k)) as before. (The superscript * wifl

be used to denote a decoder 14) which can change its previous

decisions. ) Let
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Sk=1,2,... (2..

where Yik (ink) represents the decision for the ith source output

after N(k) channel outputso For the decoders previously used,

Xik= kk'= XX for all k,k'li, that is, no changes in the decoded

outputs were made. A code ((fn}4,gi }) is illustrated in Figure 3.

As before, the rate of a decoder (gk} will be defined by

Rd=limkinf k logjAI. (2.:

Theorem 2. For a DMI (B9,Bp) with block coding capacity C and any

code (Qfn),[g}k) with Rd-C, liminf et(-d0 where e =

t. P[ktv Xi ] and d is defined by (2.10)
t i=l

Lemma 2. For all t, 1 - N(t)C _:sh(a)+a:.

t loglAl

Proof of Lemma. As in the proof of Lemma i,

-- I(Il,...Xt/il,...iN(t)sN(t)C

t
1 I(xl,.-..X) - N(t)C-sl -. 1(Li/Yl .. N(t))-
t t t i=l

(In the proof of Lemma 1 the sum on the right hand side of the
t

last inequality was 1 (•l(X/Yll,'' 'YN(i))-) From I(xlPoj t

tt
tioglAl and Fano's inequality

h(et) + -et* since h(x) is convex and logiAI at . This

proves the lemma.



'' .source
. . J outputs

N(l) I fN(2) jfN(3)

yv, ..... YN(l), ...... 'N(2), ...... YN(3),. ..... channel
inputs

•, ..... •N(l) -.*•N(2)'......•N(3)'........ channel
outputs

g1  g

ill (212 ,A22) (i 13 ,• 23 ,133),... decoded
source
outputs

Figure 3. Encoding and Decoding Relations for a Code ({fnj,(9f)g.
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The proof of Theorem 2 proceeds from this point exactly as in

Theorem 1.

It can be concluded from Theorem 2 that the channel capacity C*

for the class of codes ((fn,),(g), where

C* = SUP{R inf fllutsup it)= 0,
S([fn),1) with Rd-RJ

is equal to C.

In both Theorems 1 and 2 no use was made of the encoder

{fnAK(ni--Bl, In fact, Theorems 1 and 2 hold for any function

flAIB' which is (q(AI),O(B'))- measurable. What is needed is the

definition of the probability distributions p(xI,...xi;Y1'" "YJ

i,j= 1,2,... for the general fsince then J((XI,..•),(Yj,°°*Y

is defined for all i,j and is sJC. From this point the proofs

go through as before. The definition of P(xl,...xi;Y~l,...j) for

f:AL-BI, (c(AI),o(BI))- measurable is given in the appendix.

The rate & of the encoder [fn) is defined by

Re=lmninf K(n) log;AI .
n

If the source subscripts correspond to time in seconds then K(n)

is the time in seconds the nth channel input is transmitted (assuming

zero delays in the encoding equipment) and K(N(k))is the time in

seconds the kth source output is decoded (again, assuming zero

delays in channel transmission and in the decoding equipment).

One natural requirement for any code is that of bounding the time

lag (positive or negative) between the time an output occurs and

time it is decoded, that is, require s~pjK(N(k))-kkco.
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Theorem 3. For a code ((f),n '(t ) with supiK(N(k)) " jcaD' R "sRd.
k

Proof. supIK(N(k)) - W1:k=, ,i-,N,, - 1.
k k--,• k

lim. _ N(k) = 1.
k-,o N(k) k

Pick a subsequence k' such that

k' k' Rd

ro that liNmk') exists and equals Rd
k N-.• • Y'W

This completes the proof.

From the proof it is immediate that Theorem 3 remains true

if supI K(N (k)) -+aD is replaced by the weaker condition lr im.K ) N 1.
k k-vo k

Since both Theorems 1 and 2 are weak converses the next question

- t
to ask would be whether et- W1 or t--.l (the strong converse statements)

for Rd:-C. Since one could guess each source output correctly with

a probability of at least 1/IAI, regardless of the decoding rate Rd, it

follows that 7tg 1 - 1/IA I for all t for at least one decoder (g[k)

Thus there is no strong converse statement in terms of Z. Similar

remarks are true for et.

Strong converses can be obtained for a different probability of

error as follows. For a code (fn), (gk)) one ma c.sider the encoding of

t This fact was pointed out to the writer by Professor D. Blackwell.
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(XI,... Xk) to (YI, -. YN(k)) to be random. that is. if K(N(k)) -- k

then what (Xl, ... xk) is mapped into (i.e.. what sequence

(Yl 0. Y~k))depends on Xlr o. '- K(,N(k)) -( If X(N(k))rk there is

no question of random encoding since XI, o.. Xk determines Y1, 0.- YN(k).)

Since the strong converse for block n odes continues to hold when the en-

coder is random the following result is obtained.

Theorem 4. For a DMW (B. B, p) with block coding capacity C let

((fn),' (gk) be a code with Rd'oCo Then

et = P [A ih -- -IN(i)) # x -]

The same argument applies for the redecoding case.

Theorem 5. For a DU (Bý p) let ((fnJ (ge}) be any code with Rd C .

Then

The codes ((ffnlLgk}) of Theorem 1 -an be changed for use with a

doubly infinite source (Xi,j -oo i.c - oo An encoder becomes a sequence

of functions ff TT A1  B where it is required that each

fn(-Co-n--cD) depend an at most s finite numbes. of coordinates of L-. -

The sequence (K(n)l vL.. ".÷ s• eequen-e of integers such that K(n) is, for

each np the smallest irteger r such that all. channel inputs up to and in-

cluding the nth do not depend on the source oatputs (Xrtlo Xr+2', o A
S N(k)decoder is a sequence of fuct4 oro 4g..sk T -A) where :t is assumed

that

(i) N(k) is for each kn the smallest integer r such that all decoded

outputs !j= gifYD(i), .. (i)) up to and including the kth

=18=



do not depend on channel outputs (T+, Yr 2~ .* and

(ii) D(k)-S 1(k), D(k) - D(k+l) for all k.

l~ in inf k log Al will be called the rate of the decoder

*k f ) -l The average number of bit. decoded per channel output

betwen the tth and kth decoded outputs (t-k) is

(k-0) logAj (

N(k) - N(t) (sese (k) - N(t))

and

lnif(k-t) logjAl = Rd for all ts_.o~uta'D,
1(k) - N(t)

that ins, the sam rate is obtained independently of which decoded souzve

output is used as a starting point.

The analogous statement of Theorem 1 for the doubly-infinite source Is

Theorm 6. For a DC (B, V, p) with block coding capacity C let

((fnj, [gk} ) be any code for a doubly-infinite source with Rdj - C. Then

for all r: -oocr-c where (x is defined by (2.10).

Lenma 3. For each ra -woor-€o and for all t:lct-..

-N(t+r-l) - D(r) h( 0 1,F;j ]))

The proofs of Lames 3 and Theorem 6 offer no difficulty following

the proofs of Lemma 1 and Theorem 1, and thus are omitted.



In. *uNIFOm FNI-Wm cIc=

For this section ({Xiwill denote a doubly-infinite source

(I.,-wdi~eo) and all codes discussed will be for such sources.

To begin, suppose the ((fnl,(gk)) of section II takes almst the

simplest form possible:

fn=f(m),Am B for all n: co (3.:
gk= gW),tm--wA for all k: -.ockc-, (

with {K(n))= {n) and {N(k)}= {k4m -a ).

The code is illustrated in Figure 40. Y,...Y. are used to decode

Xl since in the encoder YI,.."Y. are the only channel inputs which

depend on X, and, intuitively then, I,..-Jr, should be the most

important channel outputs for decoding Xl. Of course, using other

channel outputs will improve the probability of deciding X1 correctly

but, for the present, only Yl,...Ym will used. Because of the

stationarity involved with the above node it is clear that -P [Xi# Xi]

is the same for all i so that it suffices to restrict attention to

Xl when discussing the probability of error for Xi. The following

questions arise. When can P[X1# Xj]-.-O, that is, when does there

wst a sequence (f(M),g(m))) of codes of the above form such that

'lliX X-3O0 What if the n-extension (Bn,9n,q) is used instead

of (B,A,p), that is, when does there exist, for some fixed n, a

sequence of codes t(f(m),gA())J(where for a= 1,2,...

f(m)1, Bn

g (a),11-w A )

-20-



... Ix _ ÷2 , ... x I• ,v X22 * . t. source outputs

" ' Y O v Y IP Y 2 ' " ". . Y m ' " ' c h a n n e l i n p u t s

'0' k'. k' .. channel outputs

"'" k' iv . decoded source outputs

Figure 4- Coding Relations for the Code (f(m),g(m)) of (3.1).
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such that P[x1ýg(3)( 1,.90. Arm)] = P[2 1 #X11] O? Before giving partial

answers to these questions certain properties of the above codes will be

singled out.

An encoder ýfnF ½-.B,-o:n=co1 will be called a finite-

memory encoder if there exists a positive integer ml such that the fn' for

each n, depend on at most the last ml coordinates of (oo.Z ... Xrcn)).

The smallest such mg will be denoted by m and called the duration of memory

of {fn.) The corresponding definition for decoders is obvious.

An encoder (fnj will be said to satisfy a uniform t•im constraint

(ke,n,,se) if K(n)=- k9+ se for all no Here. k,, n* and s* are integers

with ke and ne positNve, and [a+] denotes the smallest integer :-a. The

corresponding uniform timing constraint for decoders will be denoted by

(kd,nd,Sd)where N(k) = Fý] r!+ f.r all k.
LFd]

The natural requirement for an encode- If.,- with memory duration

m and uniform timing constraixt (ke&ne.sS) i.s that the functions f.

themselves satisfy a unifority r "Iruement. An encoder fnr) with

memory duration m and unifozm tlmug co1-,trnaint (ke0 ne:e) Wrýi. be called

a uniform finite-memory eneceder (UFNE) Vf there exists a function

fse--Bne such that the fn are periodic with period ne and

f J+se=f()(J) for j=lo.one (3.2)

where f(.)(j) denotes the jth component of f. As before, a sWilSar

definition is obvious for uniform finlte-memory decoders (UFMD).

For everything that remains it will be assumed that ks= k k,

ne= nd= n, and sa= C. (The positive integers k and n used here have

no relation to the dummy variab2es in N(k) and K(n)o) In addition,

-22-



the memory duration of a UFME and a UFMD will always be m'k and m' n

respectively for some positive integer m'W At the risk of confusion,

the superscript I will be dropped. For a given m, *d will be taken as

(m-l)n. Because k and n will always be understood a UFMS will be

denoted by f(m) and a UFMD by g W vhere

f(m):Ak -- Bn and g(m)•'b---Ak. (3.3)

The code (3.3) corresponds to the code (3.1) for k= 1, n=l.

Notation for a uniform finite-memory code (UPF) (f(m),g(m))

can be greatly simplified to correspond to that of code (3.1). Let, for

al i, Ui= (X(il)k+l,...X)i, .j CX(i.l)k+l,....•k)

vi= (Y(i-l)n•1,"-'Yi), 'Vi= (Y(i-l)n+l,. -Yin).

Then vi= f(m)(U ... U.), ufi= g(m)(•i,...- 1 ) (3'1,)

for -coci oD. The diagrarl of Fifure 5 illustrates the relations for a

UFM (f(m) g(m)). Note that the encoding and decoding rates for the

above UFMC are both equal to k logIAI, and, as before with code (3.1),
n

P [ViUi] is the same for all i.

Particular cases of uniform finite-memory encoders are quite prominent

in coding literature. For the case of a binary source and channel Elias6

calls f W)a convolutional encoder if f(m) is a linear function (in the bi-
nary field sense) from Bkn to Bn B= (0,1). For other sources and channels

f(s) is called a sequential encoder by Reiffen7 when it is linear in the

sense of some finite field appropriate for both source and channel. De-

coding for these encoders, however, is quite different from that done here.

For example, the decision for U1 (UI) is always made from Vl,.."Vm

-23-



U-2 ' "." U0 U1 U2 U .... k-tuples of""" [ 'source outputs

"70  VI' V VM . n-tuples of
channel inputs

000 IVo, V1. V2 .9  Vm. o. n-tuples of
I 'channel outputs

9 (m) 9g(m)

UO UIl 000 k-tuples of
decoded source outputs

Figure 5- Coding Relations for the UFIC (f(m),g(m))o
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uming ortput U..-2,9..o we numn or tbat previews3 deodedi sub-.

-" 'kva*29 0 arn correct. 12 Is then isetwreds from Ir... IW
and V.~ 3  '. asswing U1 vas coret and so0012 for V30.0 e

dials coding procedure in made into a block code by periodically putting

in u-i knn soare smbols at appropriate intervals.

To return to the questions at the beginning of this ma4lci one mpy

ask 11at Is

eta= sup fl logI A I: there ,- ts a f•(f(€), g()))j (3.5)

Cu is clled the uniform, f•it-mimoy ceding ocpweo I ot (i,0,p), h-

cause it is required t•h, the error go to 0 vith -...,, k and a fined

Cu not just the expression for C' restricted to the class of Umfta

fInae-mmr codes.

Lo P[VO I~/f(R),g(m)] denote PNO Vj A- f (s) Aua
MW g(ms) we ued. Bechaus

for a. I with a MIC (f('),g(m)) it follows from Theoe 6 that for w

a and (f(3),g(")) with Rut ogIA• mC

•,[s.# mL/:'),•')]• •=o(3.6)

iure o(m= 90/1) I* defined by (2.10). :. CUSC.

InT the appndiz a stronger form of the above statment Is pmove

aich allows the decoders for a ., f(m), to uan a.1n obannel oulpubs
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Unfortunately, wbat Cu is for a (B#JWp) is an open question. The

neat few paragraphs are devoted to exh'biting a class of bamemls for 1640b

Cu;MO.

Denote the nuinun probability of error ever all wtys of deciding U1

from (U,...OUbJVc,...Vd) (acb,c-,d) vhen a UM f(m) A used by

*(U'/f(")3Ua,,,.UbJVc,...•Id)- MAlo, lot o(Uj/f(")Jx.,.¥) be Uh mi-d-m

probability o error over all was oa dciding U1 frm ( ... Vd). For

Cmqqle, for c=1 and d= a, i. 10U/(jqUý

Raiffen' 8 bas sho that for R= _ A c, thure ests a sequencen
of 13W. {f)t)u=1,92goosJ such that for all a

o• ~ ~ G(- u ,.U%;Vj,...*V.)_s 6(a)2 ( (3. 7)

wlhee 9mou) is a polynomial in a (vhose coefficients depend on n) and

3(0)-o for all R-Co Before -aking use of (3.7) tbee lemas are given

below, the first two of which are routine.

La 4. For a LM f(a) and positive integer r (m_-2)

o ( U/ (a) " U--+3"" "0 0 v ' "•.=jV.rP .v) -

Lemna 5. For any finite-valued random variables X and I lot

o(X/)= min= Pg() X].

Then for any sequence {f.) of finite-valued random variable with the same

-finite range B

e(Z/(!ige ~ -26) -



g~r,3z)C~q) fer all z)

iuf{~g~a4.I 1 ...r), ] when t(a) is tve .noodez1.

{g~g1(~ce(~j)for All aj

Xama 6. Suppose there ezists a s~quszme of WWI'a (40u) so*sh ha

*~Ujf*,esVLS** 0VTj ) 0 Then there exists a sequence jfj

am's such that u/ 11 Ada0

Pk I'1tas%,rw min *(1 1 /f'( xa-3L 0 maozu 1....
(an. mme a f.,(a) of 3ggry a)

3r

S-&These statements follo from Lena 2 em Use defilatlem of

To pro.e (ii) notice that for fui), the L~M B ihick yle2is

O (u1/ ~ ~ .V) the UMU h(ma) defieodby

j ý r 441Ju) f 1
UUja

away3 advances the V9 a one coordinate so that the d, eb 1it' isri-

bution of (U 1 ;-V,.+lg .. in3) with f (a) Is the samas (911-~,
vu (ma)==

From. (1) and (il) it followsthat ajt---W.Otbo sequmeetm 1
am's has e(U1/4f")3V,.V 3 - This Coowet~es the prt.te).

Ire. Lm 6 vhenwver there amists a squm

)*Vy YOew)AOthen there exists a soeqmgmoee 0((m~g)))e

WWIe sa fh that P[~ 19Oj/f( 09 S)--Po0 A 02005 ef dkimels ,S1 - be

-27-



given for Vbich 60/ )t for same seueqnce 0

The following definitions will be needed. The product of thu

M'Ia (S"Isp) aM (BI',f ,p#) Is the uM (B x B',9f x1,q) fwhee

q~sr/y y') asp(y/y)pV (SO /y) for ally. Y., y'Y' A binary smtarbio

channel (MSC) has B=B={0,1) with

p(0/0) = p(l/l) = aj

p(0/l) = pWO/) = p,

andl p+ q- 1.

MC (pe,96) donotes a MSC with 4w 96, po. The kAVUwleenw

canneml accepts. k-t4qi]eu of 0f'. and It.a an musse the vhlm k-tvpI.

with probability p'., or Ist. it through corrctly -wIth probability q!.

Comuider a channel which In the product at the a-ete...i. of the

MC (pot%) and the k-4upl0 eraumr channiel. with q! w tk. *8mea the

snoodifg of a {0,1) sur~ce to the MUO 18,.)i dome Iy a WE .

(an elsaat. of a isquence satisfying (34)aMd the encoding at the souree

to the ftwore channel. Is dome by uniag the k-tuple of @sum ifreeU* as

an UM8we channel inputo 'A diapran In given belo (Figure 6).
If the product chaamul. lupats wre demoWe by V:in (VISv 1 L+ ItS

clea that the encoder given by

Is ala, a (a") of memmy duratiam a for the predest cbmwl.

DeodngU 1 from the sequence (..is.~ w8aoaihda

follow*.in tarting at the awe coordinates ,o-l osmmeue~isat um.,eed W'e

#e eaV~t..Sip that U,,g..f*'U-r4I- 'an t.fiaut inn of a.4 We.

met warmed BYm-) Dy mim 3m, VL eam he decided usfn emay

-28-



U-1142 OO I1 U2  .. Us$.. k-tuplow f sowee
I -I -outpat. (Ole a"d Its)

I4')I p(u)(u) f P)

to the JIM

0*0 V~v Vjt, VIS 000 ..p 00p-ro-dtwt oblannelln te

go W6. Vi V29 ... V, so iat-m-.itt
vil=Nl.8,1) loe vi denotes

wasu. ebaimel owpub hr

Figure 6. Eno~ding Relations for the Proaduc of the n-exbtnalen of

the BBC and the k-tuple Erasure Channel.



( .,... , . ... ') ith a probability of er

(r-u2)6(X)2" ()". lot pa1r be the poba ty of fiadiu w-i @am-

aeoutive U's not erased fo' the first time at coordinate -v+,uql,2,... ,

Then ~ ~r.m2) pr (m) 2WI

rpu r(m)2" (&sense n&2)

a (F-ler"9, page 30 lith Feller's pq and r replacod by ql:,- and, w4

respectkively)

kU -

1- (q )"*• L?(,)27-,, Rm•)• [e• 1 r•Iklt/q]

0-4'0 if [flwklog l/q]-O.

ince only nonpositive coordinates of o m used to find m-I

consecutive erasures one can wite

haMming the coefficimnt [nU(IL) -kiog 3k] of -a it Is clea that

if It is greater than sero for ame ko,no with kolowa theMm It In greter

than sewo for all k, n with k/n - IL For the cas hee, I is the rate for

th eM so that R.ul-h(po). (T'Le rate for the peeduc abchanel In Just kt)

By selecting a q suffIcienty clae to I depending on m ZkO/nuI).bkpq1 )

there exists a sequence ( such that (/f

Once q is fixed k can be selected such that Rw. k/n is fixed and the

block coding channel capacity kqk of the erasure channel is arbitrarily

small. Thus one has the situation of being able to make a product channel.

from an n-eztenhicm of the BOG (block coding channel capacity n(l-h(pol)]

with an erasure channel of arbitraril y mall block codi•g capacity and

-30-



still have a sequence ff('&)J with 1= k/n such that 9G/

--. O.

The srose dmonstration can be carried out for a general (B,,p)

and source { Zij if the k-tuple erasure channel taken k-tuples

(x 1,..,xk), xffA as inputs. The block coding channel capacity of the

erswe channel is then kqk1 log A where, as before qk is the probability

that any k-ttlo goes through unramsed.

Aside from calculating CU for a given DW it would be nice to know

if Cu 0 for a channel which does not have the wasuwe properties used

above (for ezmploe, is Cu- 0 for the MC). It would also be usoful to

have an exeW , if possible, for which CU-C.

Another queastion arises from the fact that Lema 6 does not provide

any inforeation, about how fast P[ff1 # U3 ,(a) 9 ] tends to 0 with mo

For exp~le when

and hence tends to 0 exponentially with a~does e(U1/f(U; tend

to 0 exponentially with a? More generally, one would like to know how

Much smUAlle 0( 1 / T -'4'.4~~r . is than

601/f for r',r' 21,2,...

-31-



£?PIIUD I

In this section the pzrobabilt~y AXIS --butions

isju ,2.,.*. are defined for a functica faxAX-.I widdh Is

mneasurable.* Terme used can be famd In Je~ve ?D

For a DI(C CBIp) lot P(- &) Ie the predict probability an a(I)

determined byr the probabilities p(-/y 1L) on 1j, i -1,2,.. y

Them p-(-/-) is a cg)- measurable probability, that is.,

(i) V(-/l) is a probab~lity on (r(911) for each Y C31 aud

(ii) for each Not ~E%) (f)In a f(M)*eauabe Kvtm.'

For a asurce [L) sand 4 function f:A1-n3' hIoheis Oe2kj)

measurable, the fmictloa P(-/f(-)) Is a i(AT)- measurable pieilabiJ*V.

From #*/f(-)) a probability Q Is defl-Sud cmd,)X~)b

where is the probabilitty on afA1) corresponding to the source

varia'les'beliag independent, identically and wtnformly distributed

and 7(R) is the section of W at ý. A3L probabilities px

ewe then just the marginal probabitltes of Q.

-lb can be shonn that the probAbi23tles P(zJ,9 ... xjý7 .

thus defiged we the sane as thase used in section, 32 ubsa teAL

to given b~y the encoder {fni K(DL-pI3e
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APFIDH U

Let f(R) be any iJWN for (Xi) and (BAC) subh tait-M0u4),AqjogAIa'O.

Then for arq function gsT~~A suc tht17-0c ,JV 1  for a41 a

V-1 VI Ea - 0w C

Proof. For any positive integers r and ta

since I(U1, .. Ut) =tklogIAI

it follows I(U1, ... -,j '. Y )a- tklogIAI- (2r+t)nC

M t I....L" vr 1)
since the probabilities p(ui;1 *..ri, 'Tr. ) are the sae for all i.

for all positive integers t and r ===

for all, positive integers r.
r-

Because I( U,/i..g..gl *** +, ý I(U/..V o, VO, ...1, It follows

~~ V0, V1.9  k) klog .(Al (1 /R

Since k loglAl a 1 it follows iediately from Fano' a inequality (1.3) that

P[g(..wV0, V1 .9 .. ,) #4Uj + h(PjgC... -V) VI1, 0,. U$ 1 U4 -C/

so that P[g(..NO,, V19 ...) Uj.>o((C/R) where oria defined by (2.10).

33. - -Fanot s inequality (see (1. 3)) was assumed (and can be proven) for the case

13)i the a-~field of subs ets of HLdetermined by ce2.iiar

sets.

-33-,



I ~ ~ ~~' JA W~l.'ams .a awbitwyu randm variable MAm 613-A

Wsiaftuabl. an the rung of 'r (that jis, g'4 z)C &-fl.2d

qsewiabe for the ramp ofl!, z £A). 1(1i) I defind fp'this

w a the meupetagim of the randm variable alaot aemre3 defined

1(1/i)-2 me(P ([IP.)/)) a the set (IbJ.
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