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SUMMARY

The research presented here, although motivated by the single
theme of finding the charmel capacity of a discrete memoryless channel
for codes other than block codes, is divided into two essentially
independent, sets of results.

First, in section II a general framework for encoding and
decoding is presented which includes block coding. The key concept
used with the generalized codes is that of decoding rate. A weak
converse is proven using decoding rate which shows that channel
capacity for the generalized codes is the same as the usual block
coding channel capacity C for a discrete memoryless channel.

Second, in section III uniform finite-memory codes are defined
from the general framework after several motivating definitions of
properties which seem natural to require of any code. Chamnel
capacity C, is defined for these codes but what its value is remains
an open question. A class of channels is given for which Cu is
nongero for each member of the class. From the converse in section II
it is known that C,=C.



I. NOTATION AND PRELIMINARY FACTS

For any set A and any positive integer n, A" denotes the set of
all n-tuples of elements from A. ﬁ'b_‘_ denotes the set of all sequences
( seeXny ,xr) of elements from A whi:.l-: Al denotes the set of all sequences
T=(x),Xy500.) Of elements from A. If w€A" then w(i)= x; for w=
(x),.+ox,) and 1si=n. Simlarly, ¥(1)=x, for T€Al, For A a finite
set, |A| denotes the number of elements in A and o{AT) denctes the
O-field of subsets of Al determined by cylinder sets.

A discrete memoryless channel (DMC) is a triple (B,B,p) where

(1) B is a finite set of elements called inputs,

(11) B is a finite set of elements called outputs,

(111) p-p(-/-) is a function on B xB such that p(:/y) is a
probability distribution on B for each y€B, and

(iv) for each positive integer t and for all sequences

(yl’.ooyt)e Bt, (yl’.':it)€§t’ p(’il’.‘.it/yl’.. .yt) -

gfgpﬁi/w-

The p—extension of (B,B,p) is the DMC (B?,5",q) where n is
a positive integer and for each (yl,...yn)G BR, (?1,...?n)€§“,
QT s00eF /Fyseeed )= ﬁp('y’ /7).
1 n'°1 n 4.y 1771

A source is a sequence {Ij_, i= 1,2,...] of finite-valued random
variables which are independent, identically distributed with a uniform
distribution. In section III a source {Ii, -O<i<00} will be used.
Frequently it will be helpful to think of the subscript i as

corresponding to time,




Throughout this report all random variables are finite-valued
unless otherwise noted. They will be denotad by capital lstters
X,Yy,Z,... and their values by small letters x,y,z,¢.. . The ranges
of X and Y will be denoted by A and B respectively, where corresponding
affixes are used when necessary. For example, Y (¥) will, with a
subscript to distinguish order, denote an input (ocutput) random
variable to the channel (B,B,p). For any random variable Z,

p(z) will denote P[Z=z], the probability that Z=z,
For finite-valued random variables U and V the numbers

I(U)= ) -p(u)logp(u) .
usp(u)=0

I(u/v)= -p(u,V)IOg(p(uiv)/p(v))

(u,v)sp(u,v)>=0
are called the average uncertainty of U and the average uncertainty
of U given V respectively. J(U,V)=1I(U) - I{U/V) is called the
average mutual uncertainty of U and V. All logarithms used will be
to the base 2.
For a probability distribution p(:) on B of (B,H,p) with p(y,¥) =

P(y)p(F/y) and p(¥)=} p(y,§) for ycB, FeB,
v

C=sup J(Y,Y) (1.1)
p(*)

is called the block coding channel capacity of (B,B,p). A standard
result! for the DMC (B,B,p) will be used without comment. Let k

and n be positive integers and let xl,...xk be a sequence of random
variables, all with the same range A. Then for any finite collection

of functions {fr} = {frtAk-'Bn} and any probability distribution



p(X),0.eX,r) for the random variables X15000X} and the function
£, (a random variable)
J((xl’ooOXk)y(Ylyooan))SnC (1’2)

- n
where p(Xy;00.X3Fps00e¥n)= ) P x7,00 X ,r)ﬂp(j}"i/yri) and
r =

(¥pyse o o¥pp) = £.(Xp 500 oxk) .
One result used often in the sequel is Fano's Inequa]ityz.
For two arbitrary random variables X and Y (not necessarily a source
output or charnel input) the value of X is decided on from the
occurrence of Y by a function giB~A (a decoder in the terminology
of this report). The probability of error P[g(Y)#:X] for any g
is related to the average uncertainty of X given Y by Fano's Inequality:
1(x/¥) =h(P [p(¥)#X]) + P [g(Y) #X]10g 1Al (1.3)

where h(x)=~xlogx - (1-x)log(l-x), O<x=<1, and h(x)=0 if x=0,l.



I1. GENERAL CODING FRAMEWORK

In this section general codes are considered which (1) map
infinite source sequences (xj,X5;...) into infinite sequences of
channel inputs (yl,y2 s00s) and (ii) map infinite channel output
sequences (3?1,3"2 s000) into infinite decoded source sequences (x15%55000)
in ways other than breaking up the sequences into independent blocks
as usually done by block coding. The main restlt of this section
is Theorem 1 which proves that channel capacity for these general
codes is the same as the channel capacity for block codes. All
chammels ccnsidered are discrete memoryless channels.

To begin this section the basic facts of block coding are
gtven.u A standard way of sending a source output {xi} over a DMC
(B,B,p) is by block coding. A function £sAK—~B" (k and n are positive
integers) called the encoder maps (encodes) k-tuples of source outputs
into n=tuples of chamnel inputs as given by

(Y3m19°°°Y(j+1)n)‘ f(xjkm,o.,x(jﬂ)k), §=0,1,00 o (201)
From the channel outputs a function gsﬁn—f»Ak called the decoder
maps (decodes) the channel outputs into source symbols as given by
(ijkmmi(jmk)=g(i3n+19m?(3+l)n)9 §=0,1,00 o (202)
The goal of the code (f,g) is, of course, to have (ijk+lpoooi(3+l)k) -
(xjkﬂ,o..x( j+l)k) with high probability, j=0,1,... o The diagram
of Figure 1 illustrates the block coding relations.
Por all J=1,2,... the joint probability distribution of source

outputs and channel outputs is defined by



'i, se Oxk"lxk+1, LR ] .x2k|’ L) .Ixjk+l’ LR ] OX( J+1)kl’ ose source Uiltp\lt!

f t b 3
4
| ] | ‘
III,...Inlln_u,...IZn,..JYJn+1,...Y(;H_l)n,... channel 1nputl
LYl’...iné+1,...an’l...&n+l’...x(j+l)ni'... channel ocutputs

Iil’ .o .!kllxkfl’ see k} .o J!Jk'f'l’ e o!( J+l)kl ees decoded source outputs

Figure 1. Block Coding Relations for a Block Code (f,g)



n
p(xl,,...xjkﬁrl, o.ohijn)z 1l ﬁp(’ii//yi) where (2
e

(Yrns1see T(r+1)n) = £ (Krgr1s oo oX(r41)x)s T=05003-1a Thus blocks
of k~tuples from the source are encoded and decoded independently
of other blocks so that P[(ijkﬂ,,..i(dﬂ)k);e(xjk+1,,..x(3+1)k)] is
independent of j. e(f,g)= P[('il,...”xk);e(xl,...xk)] is called the
probability of error for the block code (f,g).

R=k log|A| is called the rate of the block code (f,g). As
the averzge number of bits per channel input,it measures the density
of source outputs per channel input. From the decoding viewpoint
(the viewpoint which is useful for general codes used later) R is
the average number of bits decoded per channel output.

The block coding channel capacity C of a DMC (B,B,p) has the
following property

C= R': inf {e(f,g)s k loglAI=R'})=0 2
e D I

which is just a result of the usual coding theorem for a DMC (B,f,p)%
From the observation that there are many conceivable ways other
than block coding to send a source output (xl sX2 ws) Over a channel,
the question naturally arises as to whether (i) a code rate can be
defined for a general class of codes (for which channel capacity is
defined for some suitable error criterion) and (ii), if so, do block
codes attain the channel capacity of the general codes? To begin
answering (i) and (ii) a general class of encoders and decoders is

first defined.



One of the properties that any practical encoder should have and
which a block encoder does have is that the n?‘h channel input depends
on only a finite number of source cutputs. Similarly, a decoder
should decide on the xth source symbol after some finite number of
channel outputs. Therefore the following definitions are made.

An encoder for {xi} and (B,B,p) is a sequence of functions
{fn:AK(n)-'B} where {K(n)] is a sequence of positive integers and
f,, determnes the n*? channel input from the first X(n) source
outputs. Since there are many different sequences {K(n)} which
could be used for the representation of the same encoder it is
assumed that X(n) is, for each n, the smallest positive integer r
such that the first n channel inputs depend on at most the first
r gource outputs. With this assumption, if the source subscripts
of {xl} correspond to time in seconds; then K(n) is the earliest
time in seconds that the n'm' channel input could be sent where, of

nth chamnel input is not sent before the (n-l)'l"h even

course, the
though it may be determined by earlier source outputs.

The block encoder f:AK—=pP' is obviously a special case of
the encoder defined above. With the general encoder, howeier,
the nth channel input can depend on the whole source output X]seeeXK(n)
while the n*P channel input of the block encoder can depend on at
most the source outputs Xgk'415°° °X( §+1)k! where j satisfys jn'
<n=(j+1)n's In addition, the functions f, which correspond to

the block encoder f:AK—B"' are periodic with period n'.



A decoder for {xi] and (B;B,p) is a sequence of functions
{gkxﬁﬂ(k)——i} where {N(k)] is a sequence of positive integers and
gy determines the k¥ decoded source output from the first N(k)
channel outputs. As with the sequence {K(n)} for the encoder,
it is assumed that N(k) is, for each k, the smallest integer r
such that the first k decoded outputs depend on at most the first
r channel outputs. Remarks comparing a block decoder with the
decoder defined here are similar to those made for the encoders.
A diagram illustrating the general encoder and decoder is shown
in Figure 2.

Throughout, an arbitrary but fixed source {Ii] and DIC (B,B,p)
will be understood if not explicitly stated. For the sequences
{K(n)] and {N(k)] understood, an encoder and decoder for {11] and
(B,B,p) will be denoted by {fn] and {gk} respectively. The pair
([fn} R {gk}) will be called a code. '

For an encoder {fn} the following probability distribution
between source outputs and channel outputs will a]:fays be assumed.

For each positive integer t, for each (xlgcooxx(t))‘ and (’il,oo.'it)

P(XysoeoXg(y)sT1s00Fg) = i%! K(t)g_p(?i/fi(xl" soXg(1)) )e

Because the probability distributions are consisten;t. in t, ‘that is,

Z p(xlgoooxx(t.‘_l);kj'lpooo?t+1)= p(x19oooxx(t);yl,oooﬂit)
TR(t)+12° TR (t+1) V41

(2.5

for £=1,2,..s, the marginal probability distributions p(x),...xi;F,. .’id)

are determined for all i,j (assume K(t)-Se0).



il,xz,ooox_xfl_):oocxx(z

ﬁ"'xK(N(l))’"'xK(N(Z))"'" source outputs
‘fl |1 lfh lfs
' 4
Il IZ’YB’"'YN(l)"""'!N(Z)’ eevees Chamnel inputs
Lfl YZ’T3’...?N(1)j......?N(a)"...... channel outputs
_ L T
& €2
. 1
il iz,........ decoded source outputs

M gure 2. General Encoding and Decoding Relations for a Code
({En) > {8}) with K(2)=K(3).



For a code ({fn} ,{gk]) the channel input random variables
are defined by
Yn=fn(xl,. .,.xx(n)) n=1,2,...
and the decoded source random variables by

’ik=gk('f1, X oTN(k)) o

For each k, k log|A| is the average number of bits decoded
(k)

per channel output from the first N(k) channel outputs. The rate
R; of the decoder {gkzﬁu(k)——l} is defined by

Rd=limkinf k loglal

which is just the average number of bits decoded per channel output
when the above limit exists. For a block decoder g:ﬁnL-Ak: N(k) =
N(i)+ Jk' for k=1i+Jk', O<isk', §=0,1,2,... so that By

1im k loglAl=k'loglA|;, the usual rate for a block code (f,g)
ko NTE) B

With a block code (f,g) the error criterion which was used
was the probability of error for a block: P[(ijk'+1’°°°i( ;j+1)k')7é
(xjk.+1,...x(3+1)k.)] = e(f,g). For a code ({fn},[gk}) the error
criterion used will be the average coordinate probability of error
3t=% ;P[ilv‘ I.i]. In particular, the interest here will be in

what happens to &, as t—m. Note that for a block code (f,g),
Sane(fgg) and thus & is a weaker error criterion for a block

code than e(f,g); however, Theorem 1 is a converse and, consequently,

a converse in terms of lintsup Eb is a stronger statement than a

converse in terms of an average error for blocks of length ri

L e %- lsz[(iir-»l’ e ‘i(1+1)r)9‘ (xir+1’ o ’x(i-o-l)r)]

=11~

(2.6)

(2.7)

(2.8)



that is, limtsup 6= limtsup _':t,r s *=1,2,... « Channel capacity C' for
the class of codes ({fn} ,[gk}) for a DMC (B,B,p) is thus defined by

C'= sup{Rzinf {limtsup Et] =0 } (2.8

() ) witn ma=r
It is easy to see that for a code ({fn}, {gk}) which corresponds to a

block code (f,g), lim sup € =se(f »8) and, since Ry is equal to the block
code rate, it follows from (2.h) that C'=C.

The main result of this section follows from Theorem 1l: C'=<C =
C'=C.
Theorem 1. For a DMC (B ,'}‘3’,;,) with block coding capacity C, let
({fn:AK(nL-B},{gk:'ﬁn(k)—'h}) be any code with decoding rate Rqe 1If
R,>C then there exists a positive number o(C/Ry) which depends
only on C/Ry and not on {fn} ,{gk} or (B,B,p) such that limtinf Tpme

Lemma 1. For all t, 1 - N(t)C 5h(€t)+'ét.
t logl|Al

Proof of Lemma. From (1.2)
3((xysee o) o(Fase--Fuce) =MeE =>
11(X,...%) -Ntl=1 31 soood)
1 (xys 0 Xs) Rk 171):-1 (%1/%05- - Tns))

From I(X;,..¢X;) =tloglAl and Fano's inequality (1.3)

1 - N(t)C s__l__[l gh(r[iiﬂi]h Etloe“\'] =

tloglAl loglhl|t

h(Et)+Et since h(x) is convex and logld| =1. This
completes the proof of the lemma.

-12-



Proof of Theorem 1. First, by Lesma 1

lim inf(1l - N(t)C =1 - lim Nt)C =1 ~-C/Ry=
went(t - Helg) "t - e Rt = - o/

lim h(gt')"‘:t' where t' is any subsequence of {t] such that
t'

h('e't.)+'€b. converges. In particular, for Ry>C
0=1 - C/Rg=h(liminf &)+ limgns .
Now, let o be the unique real rumben, 0-=o<1/2, such that
1 - C/Rg=h(c)+dke (2.1c
Clearly,d = «(C/Rd)>0 and liminf 8 =cl 50 that Theorem 1 is proved.
;f Ry had been defined as ]i-ksup‘l&)_log IAl then Theorem 1

would be true with lim sup §=X replacing lim inf ;=06 The
proof is straightforward following the proof above.

There is an interesting generalization of the decoders {gk]
used here suggested by the work of Blackwell®. Suppose that the
decoder can change its past decisions, that is, suppose Xj,...Xy
can be changed after N(t) channel outputs where t=k. To make
sense from a commnication standpoint the first k decoded source
outputs should be changed only a finite number of times with
probability 1 for each k. This point, however, will not be needed
for the converse (Theorem 2) below, ;

Let {gga'ﬁ‘miz- Ak] be any sequence of functions where the same
assumptions are made for {N(k)] as before. (The superscript #* will
be used to denote a decoder {g{] which can change its previous
decisions.) Let

-13-



(’i]_k"“’ikk)gg;(fl""iN(k))’ k=1,25000
where zik (i=k) represents the decision for the ith source output
after N(k) channel outputs. For the decoders previously used,
x'.lk xik. xl for all k,k*=1i, that is, no changes in the decoded
outputs were made. A code ([fn},{gk}) is illustrated in Figure 3.

As before, the rate of a decoder (g"}:} will be defined by

R,=Mminf %k 1loglAle.
)

Theorem 2. For a DMC (B,B,p) with block coding capacity C and any
code ((£,}s(gk}) with R;>C, lim inf E}=c(=0 where &} =

P(¥,# X;] and of is defined by (2.10)

Lemma 2. For all t, 1 - N(t)C =<h(&f)+ef.
tloglAi

Proof of Lemma. As in the proof of Lemma 1,
]_.[I(xl,oooxt) - I(Xl,...xtﬁl,...fn(t)asN(t)C >
t

1 I(x 1oeeeky) - t 1}‘ Zl(xi/flv"JN(t))
=1

(In the proof of lerma 1 the sum on the right hand side of the

t ~
last inequality was 1 ) I(xi/Yl,...YN(i)).) From I(xl,...xt)=
t i=1

tlogiAl and Fano's inequality

1 - C <= X & loglAl|=
:;T(igo_)g_'r " Egm[t i}_:lh( (X;4# X, )+ &¥10gi ]

h(& )+et since h(x) is convex and logiAl =1, This

proves the lemmae

-]l)lj=

(2

(2.:
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. "xK(N(l)) I, .o .XK(N(Z)) ‘, . ..IK(N(

£y
.

J

£N(1)

4

‘

N(2) 1fu(3)

3))seeece
]

Yl,ooco-IN(l),oo.oooIN(z),ooooooYN(B),noooo-on

Yl,ooo-o?N(l)fooooooTN(z)Toooooo'iN'(3),-oooo-cc

|

&l

Xy,

L

y

%

&

d

(%12,%20) (%13,%p3,X33),...

Figure 3. Encoding and Decoding Relations for a Code
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The proof of Theorem 2 proceeds from this point exactly as in

Theorem l.
It can be concluded from Theorem 2 that the channel capacity C#
for the class of codes ([fn},[gﬁ}) » where
C#* = sup|R: inf{]intaup at)=0
({£n)s{e#)) with Ry=R
is equal to C.

In both Theorems 1 and 2 no use was made of the encoder
{fnu"(")-.a}. In fact, Theorems 1 and 2 hold for any function
£1AL BT which is (a(AI),c(BI))- measurable. What is needed is the
definition of the probability distributions p(xj,...x; ;"il,...’ij),
1,j=1,2,... for the general f,since then J((xl,...xi),('fl,...fj))‘
is defined for all i,j and is =< jC. From this point the proofs
go through as before. The definition of p(xl,...xi;?l,...?:') for
fialep? , (G(AI) ,c(BI))- measurable is given in the appendix.

The rate R, of the encoder {fn] is defined by

Ry=1imtnf K(n) logikl .

If the source subscripts correspond to time in seconds then K(n)
is the time in seconds the n'P channel input is transmitted ( assuming
zero delays in the encoding equipment) and K(N(k)) is the time in

kth source output is decoded (again, assuming zero

seconds the
delays in channel transmission and in the decoding equipment).

One natural requirement for any code is that of bounding the time
lag (positive or negative) between the time an output occurs and

time it is decoded, that is, require sﬁp[x(u(k)) ~k|<co.



Theorem 3. For a code ({fn}, {gk}) with supIK(N(k)) -k ]<a.>, R,=R;.
k

im K‘N(k)) =1 =
k

Proof. sup|K(N{k)) - k|=co=p 1
/" x ket

1im K(N(k ,m) = 1.
k- Nk k

Pick a subsequence k' such that
R

kox_a
NlE'i Tog[A]
80 that 1im K(N(k)) exists and eguals a4 =
K-® Nk Tog[A|
Ry _ R
ToglAl  Toglkl

Tis completes the proof.
From the proof it is immediate that Theorem 3 remains true

if sule(N(k)) -kl-a)is replaced by the weaker condition lim K‘N‘En =1,
k k-»00

Since both Theorems 1 and 2 are weak converses the next question

*
to ask would be whether 'ét—t'.l or §t—P’l (the strong converse statements)

for Rd’ C. Since one could guess each source output correctly with

a probability of at least 1/ |A], regardless of the decoding rate Rd’ it

follows that 'Etsl - 1/1Al for all t for at least one decoder [gk} .

Thus there is no strong converse statement in terms of EJ . Similar

*
remarks are true for 'e't'.
Strong converses can be obtained for a different probability of

error as follows, For a code ({fn}, {gk}) one may cmsider the encoding of

T This fact was pointed out to the writer by Professor D. Blackwell.



(Xyseee Xig) t0 (Y2, wo0 Yy()) to be random, that is. if K(N(k)) = k
then what (xj, ... X;) is mapped into (ioe.y what sequence

(¥1s ooe yN(k))) depends on X434 +eo Xg(N(k)) ° (:Lr K(N(k)) s k there is
no question of random encoding since Xj, ... Xj determines Y3, ... YN(k)‘)
Since the strong converse for block codes continues to hold when the en-
coder is random the following result is obtained.

Theorem 4. For a DMC (B, B, p) with block coding capacity C let

({£a}> {ex)) be a code with Rg=C. Then

t
o = P[igl[gi(ilg oo fN(i)) # X:I:U _§,1

The same argument applies for the redecoding case.
Theorem 5. For a DMC (B, By p) let ({£n); (eft]) e any code with Rq = C.

Then
*_ . ¥ e ¥ ]
St = P[gt, (Ylp 0o YN(t)) # (Xl_q coo X.t,)] —1,
The codes ({I‘nb{gk}} of Theorem 1 sn be changed for use with a
doubly infinite sogfce {Xi,.. =00 =<i<c!. An encodsr becomes a sequence
n) * ‘
of functions {r,,s ! Ai—-B1 whera it is required that sach
VAR e K(n)
fn(-w<n<oo) dspend on at moat a finite number of ccordinates of it céi.
The sequence {K(n)} vill re & sequense of integers such that K(n) is, for
each n, the smallest integer r such that ali chamnel inputs ub to and in-
cluding the nth do not, depend on the source oatpuis (x”:‘_.) X g2 ooo) o A
r N(k)
decoder is a sequence of functioms (g, s | Bi--l} where it is assumed
¥ 1=plk)
that
(1) N(k) is, for each k, the smallest integer r such that all decoded

outputs Xy= g;! TD( 1) - Ty i)) up 4o and including the kth



do not depend on channel outputs (T3, Tryps oo ), and
(11) D(x) = N(k), D(k) = D{k+l) for all k. ‘
Rdalhkmfn%ﬂ.loglll will be called the rate of the decoder
{gkt ﬁ )Si-A]. The average number of bits decodsd per channel output

between the tth and kth decoded outputs (t<k) is

(—:-(:8—?% (uam N(k) > I(t))

and

lin jne (kot) 10gIAl = g, for all ti-m=t=w,
N(k) - N(t)

that 1s, the same rate is obtained indspendemtly of which decoded source
output is used as a starting point.

The analogous statement of Theorem 1 for the doubly-infinite source is
Theorem 6. For a IMC (B, B, p) with block coding capacity C let
({tn)> [gk}) be any code for a doubly-infinite source with Ry > C. Then

r-l
lim inf % ; P[X; # Xg) = (c/Ry)=0

for all r: ~w<r<om where & is defined by (2.10).
Lemna 3. For each r: —ow<r<oo and for all til<t<wm

1
1 - N(t4r-1) - D(r) sh(% Z P[Yﬁ‘xi])

t loglal $
1
+ Y Z P[ii # xi]

The proofs of lemma 3 and Theorem 6 offer no difficulty following

the proofs of Lemma 1 and Theorem 1, and thus are omitted.
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ITI. UNIFORM FINITE-MEMORY CCIRS

For this section {X;}will denote a doubly-infinite source
{11 ,-w<l<oo} and all codes discussed will be for such sources.
To begin, suppose the ({fn]’{gk]) of section II takes almost the
simplest form possitle:
fn=f(m):A'P—>B for all n: -O<n<o0o0 , .
gk=g(m):§“3-’A for all kt —oo<k<oo0 , (-
with {K(n)}={n) and {N(k)} = {k+m - 1}.
The code is illustrated in Figure L. Tl’"‘?n are used to decode
Il gince in the encoder Yl,...!n are the only channel inputs which
depend on X, and, intuitively them, ¥y,...Y, should be the most
important channel outputs for decoding Xy. Of course, using other
channel outputs will improve the probability of daci&ing X; correctly
but, for the present, only ?1,...fm will used. Because of the
stationarity involved with the above code it is clear that P[Xj# X
is the same for all i so that it suffices to restrict attention to
X when discussing the probability of error for X . .The following
questions arise. When can P[X)# X;}™0, that is, when does there
sxist a sequence {(f(") ,g(n) )} of codes of the above form such that
r[ilae xl].‘!.oz Wh;t if the n-extension (B?,i%,q) is used instead
of (B,B,p), that is, when does there exist, for some fixed n, a
sequence of codes {(f(“) ,g("))}(where for m=1,2,..0
r(")u‘—én‘}
g(-)a'ﬁ“—‘-k)



LA R ) lx-m+2’ LA X xOJ lei’ 12’ .‘0. xm’ [ X X J

o) f(m)l fn) | gw)

'
oee !0, Yl, Yz’ L XX ] Ym, (XX

see I’io, ’Yl, i2, ooe .im’ sese

r;;ﬂ;(]n)
)

coe Xy Xg5 ees

source outputs

channel inputs

channel outputs

decoded source outputs

Figure 4. Coding Relations for the Code (f(m),g(m)) of (3.1).



such that P[Xy# g™ (¥, ...8r)] =P[Xy #X1)--07 Before giving partial
answers to these questions certain properties of the above codes will be
singled ocut.
K(n
An encoder {fns Ai——B,-co<n<cn will be called a finite-~
i=-00

L
memoOry encoder if there exists a positive integer m' such that the tn’ for

each n, depend on at most the last m’ coordinates of (oooxlpnooxx(n))o

The smallest such m' will be dencted by m and called the duration of memory

of {fn}. The corresponding definition for decoders is obvious.
An encoder (£} will be said to satisfy a uniform timing constraint

(kgshgs8q) if K(n)=i'-:‘r:- kq# 8o for all no Here, k., ng and s, are integers
with k, and n, positive, and [a*] denctes the smallest integer =a. The
corresponding uniform timing constraint for decoders will be denoted by
(kgsngs8q)where N(k)= ﬁ‘% rateq for aill ko

The natural requirement for an epcodes | £} wi*h memory duration
m and uniform timing constraind (ke’ne-’sa) is that the functions f,
themselves satisfy a uniformity requirement. An encodsr {fn} with
memory duration m and vniform timing constraiat (ke,neﬂse) ¥l be called
a uniform finite-memory enccder (UPMB) if there exists a function

£:4%-B"® such that the £, are periodic with period ne and
fj+89=r(.)(°j) for 381:\000%9 (302)

where £{+)(j) denotes the j%B somponent of f. As befors, a similar

definition is obvious for uniform finite-memory deccders (UFMD).

For everything that remsins it will ve assumed that ke= k

a™ ks
ng=n4=n, and 8,= Ce (The positive integers k and n used here have

no relation to the dummy variables in N(k) and K(n).) In addition,
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the memory duration of a UFME and a UFMD will always be m‘'k and m'n
respectively for some positive integer m'. At the risk of confusion,
the superscript ' will be dropped. For a given m, 84 will be taken as
(m=1)n. Because k and n will always be understood a UFME will be

(m)

denoted by £(®) and a UAD by g™ where
f(m):Akm——an and g(m):ﬁnl’Ak. (3.3)
The code (3.3) corresponds to the code (3.1) for k=1, n=1l.
Notation for a uniform finite-memory code (UFMC) (f(m) ,g(m))
can be greatly simplified to correspond to that of code (3.1). lLet, for
all 4,  Uy= (X5 yereeTaeds U= Ky y00eXa)

V= (Y(i-l)n-i-l’"‘Yin)’ ¥i= (T( i—l)n-&-l"“Tin)'
T et ), T ™ (T, ) (3.4)
for ~co<i=oo. The diagram of Figure 5 illustrates the relations for a
UFMC (f(m) ,g(m)). Note that the encoding and decoding rates for the
above UFMC are both equal to% loglAl, and, as before with code (3.1),
P(U;#U;] 4s the same for all i.

Particular cases of uniform finite~memory encoders are quite prominent
in coding literature. For the case of a binary source and channel Elias6
calls f(m) a convolutional encoder if f(m) is a linear function (in the bi-
nary field sense) from Bkm to Br: B= { 0,1}. For other sources and channels
f(m) is called a sequential encoder by Reiffen7 when it is linear in the
sense of some finite field appropriate for both source and channel. De-
coding for these encoders, however, is quite different from that done -here.

For exampls, the decision for Uy (U3) is always made from VyyeeoVy
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Figure 5. Coding Relations for the UFMC (f(r"),g(m))o



assuming outputs U_gy5,¢..Up are known or that previously decoded out~
puts U o,.c.U, are carrect. U, is then determined from ¥y,...¥ 5
and T, 5,00.0) assmming U) was correct and so on for Uy,..c . The
whole coding procedure is made into a block code by periodically putting
in »~1 lmown source symbols at appropriate intervals.

To return to the questions at the beginning of this section one may
ask what is

cusk’::f“{ log|Als there u:-;.f 6;;;1 s {( () ('))}} (3.5)

c, nmmmumnmmmwtyc(n,i,p), Be-
cause it is required that the error go to O with m-»®, k and n fixed,
C, is not just the expression for C' restricted to the class of uniform
finite-memory codes.

Lot (Y U5/t ,¢(%)] dencte P[t)¥ uﬂm.mr“) and &
N ™) are used. Because

1 gp[xim]er[ﬁlﬂ ARE LN

for all 1 with a UNE (r('),g(')) it follows from Theorem 6 that for amy
n and (£(®),g(®)) witn p=E 20g1a1=c

Pty # Ul/t(.),‘(-)]z o=0 (3.6)
where o= o(C/R) is defined by (2.10). .. C,=C.
In the appendix a stronger form of the above statement is proven
which allows the decoder, for a WME £(8), to use all channel owsputs

(o ooi_a,?o,ﬂv‘l, (XY} )-o



Unfortunately, what C, is for a DMC (B,E,p) is an open question. The
next few pnragraphs' are devoted to exhibiting a class of channels for which
cuzo.

Denote the minimum probability of error over all ways of deciding Uy
from (U.,...Ubﬁc,...ﬁd) (a=b,c<=d) when a UNE t(') is used by
(/250 .. BusTss .. Ta)e Also, Lot o(Uy/E0™)¥,00a¥y) be the miniwem
probebility of error over all ways of deciding U; from ('fc,..ﬁd) Por
example, for c=1 and d=nm, e(ul/r( ),vl,...v )= li.n)l’[ﬁ #Ul/f(')al(.)]

Reiffen 7,8 bhas shown that for R-- loglAl<C, there axists a sequence
of nE's {£{™im=1,2,0..} such that for all m
.q/f(-); 2,000[’03? ,..~.7.)$(Kl)2-‘s(n) (3.7)

where P(m) is a polynomial in m (whose coefficients depend on n) and
E(R)>=0 for all R<C. Before making use of (3.7) three lemmas are given
below, the first two of which are routine.
Lesma L. Por a UNE £{%) and positive integer r (n=2)

ROV AN SRR YL SPIO & P
r o(U/2M)50_gy 05 o TgiTy, oo eTy)-
Ilemma 5. For any finite-valued random variables X and Y let

c(!/!)=lin i(I) #X].

{g:B—
Then for any sequence (Y} of finite-valued random variables with the same
Lfinite rangs B
O(X/(Il,...ln)) t .(x/(!]"!z)“‘))b

26~



where .(ml',!z,oto )) = inf ’[‘(!1,!;9000)#!]
{ese7 (x)co(Bl) tor an1 x)

Let c(ll/t(‘)smfp..ﬁ.)s
M{'[‘(rcoil,ooo’i‘.)# Ul] when f(.) is the OW}o
{pg‘l(u)ec('ﬁ' 51) Zor all u]

Lesma 6. Buppose there exists a sequencs of UNE's {:S')} such thad

| o(0y /2, (') vl,...v )—’0 Then there exists a sequence {t(')}

UFME's such that o(nl/r( );vl,...v )20, ,

Proot Let a, .= min o(llllr (= )"Mt-l*“"I)' B,r= 12,000
{alllml'lf(‘)ofmn] .

Then (1) &y =8y ry1 804 8y : 8, =e(0y/ fg-)’”jl"“vn)

—>a, 0. These statements follow fros Lemsa 2 and the definition of

S,r*

(u) ‘.grz 5*193'0

To prove (i1) notice that for £$®), the UNM which yields
8, r= (U /:"’;Vmgo.,;v‘.), toe W h™L) defined by

-bl)(u

V.= h( J..g ...IIJ ) = fs.-) (UJ..D ""uqu)

J
merely advances the Vis ons coordinate so that the mbmwmm-

(-)}

From (1) and (ii) it follows that c.’.-—'—()ath sequnoe {!.
UNE's has 0(31/4')311, ooV )—-0. This completes the mreef.

rr-r.-smmuthm axists & sequence {:"’} sech thet
0B/ 0T, TR0 then thare axtsts o soquence {(£™,¢)] ez
WO's such that r[nlyiul/t(‘) 620, 4 clase of chemmels viL nevw be
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given for which 0(01/1 ;...vl,...v )—=0 for some sequence { (-)}

The following defimitions will be needed. The product of the
mC's (B,B,p) and (B',B',p*) is the TMC (BxB',Bx5',q) where »
«5, 7 /v, )= p(F/7)p' ($/7) for all y, §, 7'5.F'. A binary symstric
channel (BSC) has B= 5= (0,1} with '

p(0/0)=p(1/1)=q,

p(0/1)=p(1/0)=p,

and p+ q= 1.
B8C (posqg) denotes a BEC with y= Q,,p= poe The k-tuple erasure
channel accepts k-tuples of 0's and 1's and eresss the whole k-tuple
with probability p', or lets :lt throuh correctly with probability q'.

Consider a channel which is the product of the n-extemsion of the
BSC (ppsQo) and the k-4upls erasure chamnel with q'= ¢, Suppose the
encoding of a {0,1} source to the BEC (p,,q,) udiuwantf,'? 7
(an elemeut of a sequence satisfying (3.7))and the encoding of the sewrce
to the erasure channel is dons by using the k-tuple of source direetly as
an erasure channel input. A diagram is given below (Figure 6).

If the product channel inputs are denoted by Vy=(U,,V,) it is
clear that the encoder given by

Vi (03,2800 g5+ -o0y))’
1s also a UMK £,™) of memory duretion m for the product chemnel.

Decoding U; from the sequence (e.e¥),ee.¥) is acoemplished as
follows. Starting at the sero coordinate, -l‘mouun umerased U's
are sought. lmmtuﬂ,“.umhtbﬁntmotﬂuu
2ot eresed (r=m-1). By Lemma 3, T} can be decided using ealy



[ X 2 ] U [ X N ]
| ™2,

k-tuples ef seurce
outputs (0's and 1's)

n-tuples of inputs

Product channel inputs

precduct chanmel eutputs

¥} =(4},V,) where U] denstes
sraswre channsl eutput far
input Uy

Figare 6. IEncoding Relations for the Product of the n-extensien of
the BSC and the k-tuple Erasure Chammsl.



(U_”l,...U H._I;V_N-,...V ) with a prohlbi.nty of error =
(rmz)m(-)z'“‘(’). Let py r Do the probability of finding »~1 con-
secutive U's not erased for the first time at coordinate il 1ol 25000 o

Then .(UI/tg 5..0V1,ooo' )s ‘:(HZ)M G(l)z-d
= Z Py, ,G(l)zﬂ
(mm-’, page 300 with Peller's p,q and r replaced by ¢¥,1~¢%, and »=1 -

respectively)

( Y N nk-klog 1/
T}',%T’m gtn) L= (5100 /4

(
Ko1e [nl-klog 1/q]>o.
Since only nonpositive coordinates of 7’1 were used to find m~1

(assume n=2)

consecutive erasures one can wite

.(ul/fg.) 3ee .?;;71, ooovl) = “.)15 2 '.[n'-klo‘ 1/‘]

Examining the coefficient [nE(R)-klog 1/q] of -m it is clear that
if it is greater than sero for soms k. ,n, with ko/n.=R then it is greaster
than sero for all k, n with k/n = R. For the case here, R is the rate for
the BSC so that R<1-h(p,). (The rate for the product channel is just ki)
By selecting & q sufficiently cless to 1 depending on R= k /no=l=hlpo)
there exists a sequence {.f(')} such that o(U,/7, (-) ;..ﬁi,..ﬁ'.):()o
Oncoquﬁx.dkanbonhctodanehtmn-t/nuﬁnduﬁtb
block coding channel capacity kg’ of the erasure channel is arbitrerily
small. Thus one has the situation of being able to make a product ohlmol..
from an n-extension of the BSC (block coding channel capacity n[l-h(p;)])
with an erasure channel of arbitrarily small block coding capscity and



still have a sequence I f(‘)} with R=k/n such that o(Ul/r(.); ...7;,7;.,..&)
n

‘—.00

The same dsmonstration can be carried out for a general DMC (B,B,p)

i

and source {X;} if the k-tuple erasure channel takes k-tuples
(xy5e00X), XscA a8 inputs. The block coding channel capacity of the
erasure channel is then kqflog A where, as befors o€ is the probability
that any k-tuple goes through unerasad. ﬁ
Aside from calculating (:‘1 for a given DMC it would be nice to know
if C,=0 for a channel which does not have the erasure properties used
above (for example, is C,>0 for the BSC). It would also be useful to
have an exampls, if possible, for which C,<C. ‘f
Another question arises from the fact that Lemma 6 does not provide 1
any information about how fast r[ﬁlat U;/x‘(.) ,g(")] tends to 0 with m. : {
For example, when

.(ul/fs.)joooii, 0007'-)5 a.)iﬁz-.[“m I/q] ]

and hence tends to 0 exponentially with m,does e(Ul/fg-) ﬁi, ..ﬁ'.) tend #
to O exponentially with m? More generally, one would like to kmow how

Bl

.

much smaller o(ﬂl/f(') 5V ! +2,.u7 m"-l) is than

‘(Ullf(l)j’illgto:v,.) for ri,ptt'= 1,2500e o




APPENDIX I

In this section the probability distributions ’(‘1""*1’71"'31)’
1,5= 1,2, 000 are defined for s fanction £:A%-BT which 18 (o(a%),0(s"))-
messurable. Terms used can be fomnd in Lowve. 10

Por a DMC (B,B,p) let 5(:/¥) be the product prebability on o{3T)
determined by the probabilities p(:/y;) o By, 1=1,2;... , 7=
(71’72"'*)’ Then §(-/-) is a o{BY) ~ measurable brobabiht’;y, that is,

(1) 5(-/y) is a probability on o(8Y) for each ye Bl and

(:'}1) tor each set Se o(Bl), p(8/) is & o(3%)- 'lunrablo function.

For a source (X;} snd & function t:AT .t which s (c(aT), o(e™)) -
measurable, the functica 5 /() 18 & (A7)~ messurable provunility.
From B(/£()) a probgbility Q 15 defimed on 6(AT)xa(BT) wy
Q0= ) S(/re) ds we otaTicats)

i

where {is the probavility on o{A%) corresponding to the source
varicbles being independent, identically and uniformly distribmted '
and ¥(%) is the section of W at X. A1l probabilities P(xl""""‘i’?ls"‘ij)«
are then just the marginal probabilities of Q.
Tt can be shown that the probaddlities p(xl””’*i.;i;."‘f:ij)
tiaus defimed are the same as those used in --mi--n Mt}llolx
is ti-v.en by the encoder {fnzl‘(“)——l}. '
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APPENDIX II
Lot £(®) be any UPKE for {x;) and (B,5,p) such that- I-M)logm»c.

‘nlnn for any function gzI:rwﬁf—Ak such that g~3{u)e q(n ii) for all u
?fs(... Vo1s Vo Ty, oee) # 0 )= ac/R).
Pr__o_of_:_ For any positive integers r and t:

Uy, eee ) = HTy, eee TV g, ooe Fyp)=(2ret)C
8ince I(Uy, «eo U) = tkloglAl -7
1t follows I(Uy, eee Up/V 3, oo Vppy)= tkloglAl~ (2r4t)ne
Now, (U, «oelpfT g, oo “v'm)s,; I(Us/Vppls ooe Vout)

= ; H(U3/V s ove Vrsd) '

=1 I(Ulﬁ_r‘.l’ oo ’v'ﬂl)
since the probabilities p(ui;¥. .,4s -+ Vi) are the same for all i.

for all positive integers t and r —

LU /Vopp1s oo Tep1) = kloglal (1 - %)
for all positive integers r. r
Because I(U)/T .15 -o0 Yrya) Y I(W/.0¥g, Vo, T, o)™ 14 follows

X B/...V3, Yo, V15 ooe)= kloglAl(1 - c/R) »

Since klog|A| =1 it follows immediately from Fano's :I.noqullity (1.3) that

Ple(.e T Ty, eo0) #) + h(P[g(... Voo T35 voe) # Ul])?: 1-c/R
20 that P[g(...Vp, V1, .-c) # U1]=a(C/R) where o(is defined by (2.10).
Fano's inequality ( see (1.3)) was assumed {snd can be prmn)u for the case

* 0~(h| Y, 1) 1s the O-field of subsets of fffi determined by eynnur
sets.
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X is finite-valued, Y is an arbitrary random varisble and gib—A
- is weasurable on the range of Y (that is, g"l{x)¢ o-~field
appropriste for the range of Y, xc€A). I(X/Y) is defined for this
o80s as the expectajion of the random variable almost surely defined
w

UT/1) = -Log(P([T=)/1))on tie set (D).
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