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ERRATUM TOC REPORT NO. ASD-T%-f;l-l:ZB, Part 2
"STUDILS OF BRITTLE BEHAVIOR OF CERAMIC MATERIALS"

There are fcur statements thet should be deleted frc m the text of the
juct report because they resulted from a misunderst: nding on the part of
s¢ reaponsible for the conduct of the program at the t . me, These state-
nts are:

Page 9: ""Neither the precise composition, nor tre density or specific
" grain size distribution for this material has been supplied by

A. 1., despite recurrent statements tha' such will be done.

if such information is not received fromr A. I. in the near

future, analysis of the material will be .ecured locally, "

[

Page 37: '"For this series only the as-received Wesgo AL-99, . -,

(second explored and the BeO was not tested at ..11, since only the
par.) medium volume size of specimen was s:.pplied by A, 1. "
Page. 41: ""To reduce the details of presentation, igain only the final
. (second Weibull plots are presented for this ser.es; also, .8 stated,
par,) data for BeQO could not be r ecured, since this material was

suppl'ed in only one volume, '

Page 62: ""F'irat the specimens werec not supplied according to specif.-

(first cations; neither the volumetric variation nor different grain

par.) sizes; were rendered available to us for experimental work on
ReO, "

it should also be atated that Atomics International {#ith autho~ization from
C) made the BeO samples available to the program 1. 1962 witliout charge
this assistance is gratefully acknowledged.

With regard to the statement on page 9, the burden of material characteri-
'on was with the program manager and the Atomics !aternatior.al personnel
er miade any commitments or promiscs to provide d-nsity, griin size
‘Tibdtion, or any other material property. This was clearly uade stond in
correspondence with A, I. The statement on page €2 should also he deleted
the sgme reason.

Theé statements on pages 37 and 41 should also be c:leted sirce the BeO
ferials esiz=s and shapes were agreed upon, and it wirs understood that no
‘mpt would. be made to fabricate other sizes or shap s at A, T

In summary, the statements on page 9, page 37, p.ue 41, aad page 62 are
vy .57, sid due to an unfcitunate choice 3t words, leave an erranecus
'wession about the role of A. I in this program. The BeO materials were
vided to this pv ~guram "graiis' by A. I., who, we bulieve. bad no reapcnai-
'y for characterizarion of the materials. We are scr1y for this unfortuna‘'e
or,
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FOREWORD

This report represents the Final Report on the continuation
phase of Armour Research Foundation (ARF) Project No. 8203, funded
under Contract No. AF33(616)-7465, and covering the work performed
during the period December 1, 1961 to November 30, 1962. In view of
the fact that this work represents a direct continuation of the first
phase of thie effort, reporied on ASD-TR 61-628%, it has been decided
to identify this report with the number ASD-TR 61-6281I, even though
the first numeral was not designated with the postfix I.

’ This contract is supported by the Ceramics and Graphite Branch
(ASRCMC), Metals and Ceramics Laboratory, Materials Central of the
Aeronautical Systems Division, Air Force Systems Command (ASD of
AFSC). With all sponscred research, but particularly with a program
as large and diverse as this one, the success of the effort is strongly
influenced by the guidance given it by the sponsoring agency. It is
pleasing to acknowledge in this regard the frequent exchange of -helpful
information and suggestions advanced during the pursuit of this research
program by J. B. Blandford, the technical monitor for this project, as
well as by W. B. Ramke , Head, and the entire staff of the Ceramics
and Graphite Branch of Materials Central, ASD, all of who took an
abiding interest in the progress of this work.

* N. A. Weil, Ed., Studiés of the Brittle Fracture of Ceramic Materials

ASD-TR 61-628 (April 1962).
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ABSTRACT

Factors influencing the fundamental behavior of brittle, non-metallic
ceramics were investigated, Poly and single crystals of magnesium oxide
beryllium oxide, and two grades of aluminum oxide were the principal
materials used. Fifteen problem areas were probed in individual studies
termed tasks:

Task 1 -
Task 2 -
Task 3 -
Task 4 -
Task 5 -
Task 6 -

Effect of Structural Size: the '"Zero Strength'' studied the
statistical Iracture characteristics of the four oxides. The
Weibull theory was found to descriptively characterize the
cumulative distribution function of the fracture strengths
and to adequately predict the variation of mean strength
with specimen size. '

Test temperature, prior thermal history, surface finish,
test atmosphere, and specimen finish were found to influ-
ence the Weibull zero strength, flow density exponent and
scale parameters,

The Effect nf Strain Rate from 10-7 to 101 sec ! at tempera-
tures from 757 to 1800 'F on the fracture stress in bending
for the four oxides was experimentally determined. A tech-
nique for achieving uniaxial tension in a state of dynamic
loading was developed. ' -

The Effect of Non-Uniform Stress Fields on the fracture
characteristics of the brittle materials was studied. With

the assumptions of the Weibull theory as a basis, extensive
theoretical derivations for the risk the rupture of bend speci-
mens were carried out to interpret experimental observations.

The Effect of Microsiructure on the fracture mechanisms of
the polycrystalline oxidea was studied under uniaxial com-
pression in the temperature range 1000-1900°C. The frac-
ture strength showed a marked dependence on temperature
and grain size. A brittle-ductile fracture transition tem-
perature was not observed.

Internal Friction Measurements were made tc determine
the effect of anneal time and temperature, stress amplitude
and dislocation density on dislocation damping. Attempts
were made to explain experimental resulia in terms of the
analytical models of Koehler, Granato-Lucke and Brailford.
Damping studies made on polycrystalline aluminum oxide
showed that at temperatures below 800 °C, the relaxation
process resembles that in alkali-free glass.

Effect of Surface Energy on Brittle Fracture was studied
using three techniques (1) crack propagation in plates con-
taining pre-drilled cracks, (2) adsorption isotherm deter-
minations and (3) zero-creep determinations at elevated
temperatures.
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Task 7

Task 8

Task 9

Task 10

Task 11

Task 12

Task 13

Task 14

Fracture Mechanisms were investigated along two distinct
lines: various-temperature studies on polycrystals and
microscopic and X-ray studies on single crystals. The
importance of kinking induced high stresses in c.ack nu-
cleation was established. Crack initiation was also traced
to the arrest of dislocation bonds by an obstacle band, and
to the simultaneous widening of two conjugate dislocation
bands where cracks arec nucleated by stresses in finite tilt
boundaries.

The Effect of Impurities on Strength was investigated by
examining the influence of carefully controlled additions
of selected doping elements, Fe;03, Zr0O,, SiO, TiO,
and CrzO;,. :

Static Fatigue: Delayed Fracture studied the corrosion

processes which atfect long-term strength. Fatigue theory
was applied to low-temperature experimental data on mono
and polycrystalline aluminum oxide. The observed bend
strength of monocrystalline aluminum oxide was found quite
sensitive to the prior thermal history.

Effect of Thermal-Mechanical History on the Mechanical
Properties of Magnesium Oxide included three investiga-
tions: (1) the etfect of heat treatment on the aging of fresh
dislocations; (2) the effect of heat treatment on microstruc-
ture and the resistance of the lattice to the movement of
fresh dislocations and (3) the mobilization of grown-in dis-
locations by such means as heat treatment, fluctuating
thermal stresses, and stressing at high temperatures.

Surface Active Environments, as an embrittling effect on
the mechanical properties of the mono and polycrysialline
oxide were studied. Gaseous environments included hydro-
gen, nitrogen, air and water vapor.

Dislocation Studies of the existence of plastic flow in the
oxides followed two approaches: thin fiber electron trans-
mission microscopic and plastic flow studies in bulk speci-~
mens,

Crack Proga.gation studies were initiated to determine con-
dition required for the catastropic propagation of such
cracks and available methods of arrest. An experimental
technique for determining the stress fields about cracks
was developed. A search and comprehensive review of
existing steady-state and dynamic solutions for stress
fields surrounding cracks in semi-infinite.plates was made.

Rheotropic Behavior was explored to determine the possi-
bility of introducing room-temperature ductility into poly-
crystalline oxides by effects ascribable to elevated tem-
perature deformation. The sintering characteristics of
submicron magnesium oxide powders wer< studied.
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Task 15 - Effect on Porosity and Grain Size on Strength and Elastic
Modulus was -tui&ea analytically and experimentally. e
I{terature is reviewed and the Hashin's analysis of the ef-
fect of elastic inclusion is extended to yield closed-form
solutions for Young's modulus. These results are then
simplified to yleld definitive and simple expressions of uni-
form format for the eftect of porosity on all the elastic con-
stants.
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This report has been reviéwed and is approved,
FOR THE COMMANDIER:

W. G. Ramke

Chief, Ceramics and Graphite Branch
Metair and Ceramics Laborstory
Directorate of Materials and Processes
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I. INTRODUCTION

The program is aimed at diverse and fundamental studies of
the causes and mechanisms of fracture in inorganic, non-metallic
ceramics, and the parameters influencing their strength and failure
characteristics. The initial investigations were reported in ASD-
TR-61-628,

Because of the wide-ranging research interests and large
over-all effort involved, it was decidad at the very outset of this
program to divide the investigation into individual Tasks, each
concerned with the investigation of a single well-defined effect
bearing upon the brittle fracture of ceramic substances. Each
Task was to be heaaded by a Principal Investigator responsible for
its technical planning and the execution of work, with over-all pro-
gram direction supplied by N. A. Weil, acting as Project Coordina-
tor. About one-haif of the original Tasks was subcontracted to
leading academic and industrial research organizations, on topics
where the Principal Investigator for the Task has established in
outstanding reputation or achieved unique progress in the scientific

—ee— —

fisld concerned. 7 I

The initial areas of investigation included 11 Tasks. A com-
prehensive breakdown of the original Tasks, is presented as
Table 1. As can be seen, five of the originsl Tasks were conducted
at the Foundation, while six were subcontracted, in keeping the
general philosophy of this program.

All of the original Tasks were continued during the extension
phase of this work, However, because the technical effort was
largely completed in Tasks 1, 4 and 9; only a modest additional
effort, aimed primarily at filling in missing pieces of information.
or completing some partially finished experimental series, was
spent on these tasks. Likewise, a lessened rate of activity was
exerted on Tasks 2 and 3, as these tasks were gradually approsch-
ing their stated objectives. On the other hand, intensified effort

was exerted on Task 5, whose objectives were now expanded to

Manuscript released by authors March 1563 for publication as an
ASD Technical Report
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include a two-phasea research, Part One dealing with single
crystals and Part Two with polycrystals.

Four new tasks were initiated during this extension phase,
two of which were dual tasks. The over-all organization of the
tasks under active pursuit during the extension of the project, is
given as Table II. As Table 1I shows, the even distribution of
"in-house'' and subcontract effort has been continued during the
extension phase of this contract. )

The same materials were used for experiments conducted on
each Task to afford ready comparisons and provide background
data for the individual research undertakings. Aluminum oxide
and MgO were selected as the principal materials because of their
comparatively ready availability both as single crystals and multi-
crystals in reasonably large sizes, the particularly simple crys-
tallographic nature (ionic lattice) of MgO, and an extensive amount
of literature available regarding their behavior., In this context,
Al;O3 and MgO are regarded as "'model materials'’; if their phe-
nomenological behavior is satisfactorily explored, it will open the
way to an understanding of the anticipated performance of other
brittle substances (nitrides, borides, carbides, silicides, inter-
metallics) intended for structural use in ultra-high temperature
environments. During the current year, BeO has also been studied
to some extent,

The proper organization and presentation of the results of a
research program as broad as the current one always poses some
difficult problems. To maintain the continuity of presentation,
and still identify the specific problems attacked on each phase of
the program, general information pertaining to the materials is
described in Chapter II. Research carried out on this program
is summarized in Chapter III. Each Task is described as an in-
dividual self-contained item, Thus, each of the task reports is
identified in regard to principal investigator and research organiza-
tion, contains an abstract and conclusions; figures, tables and ref-

erences are identified by a prefix corresponding to the task number.
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A complete description of all results obtained on those tasks
which, having attained their objectives, will be completed and
closed out at the conclusion of this research period. While this
may involve a duplication of information already partially con-
taineéd in ASD-TR 61-628, this course is pursued to give a rounded
story of completed tasks, Tasks 1, 4, 9, 1] and 14 are in this
category. On all other tasks, only the current year achievements
are reported, and the work of the previous year is referenced
where necessary.

It bears mentioning that Part Two of Task 15, the theoretical
work on the effect of porosity on the mechanical properties of
ceramics, was not scheduled to be performed as part of this con-
tract. Rather, this work resulted from an internally sponsored
ARF program, carried out in support of the research funded by
ASD; because of its obvious close association with the current
work, and the planned continuation of the effort on Task 15, the
results of this study are included in this report.



II MATERIALS

Two oxides, Al,O; and MgO, were originally studied; during
the continuation of the program a third oxide, EeO, was added. Inad-
dition, ionic compounds such as Kcl, NaCl and CaF,; and such
photoelastic materials as CR-39 and Plexiglas were used for ex-
ploratory purposes on several tasks. The Al,0, investigated was
of three forms: single crystals (sapphire) and two types of poly-
crystals. Magnesium oxide used was monocrystalline and high-
density, high-purity polycrystalline. Only polycrystalline BeO was

used.
Beacause the preparation, compaction and physical properties
of the Al; Oy and MgO were discussed in such detail in ASD-TR

61-628, Pt 1, they are noted only briefly here.
1. ALUMINUM OXIDE

Single-Crystal (sapphire) AL; Oy was supplied by the Crystal Prod-
ucts Section, the Linde Company Division of the Union Carbide Cor-
poration. A representative composition is; Fe 1-10 ppm; Mg and
Li 1-10 ppm; Mn, Sn, B undetected within measurement sensiti-
vity of 10 ppm; Ag, Ca, Cr, Cu undetected within measurement
sensitivity of 1 ppm; balance A],04.

High Density Commercial Multicrystals, a proprietary composition
labeled Wesgo AL-995, were supplied by the Wzstern Gold and
Platinum Corporation. The bulk specific gravity of the material is

listed as 3.89 (theoretical: 3.996). Spectroscopic analysis of the
material is as follows.
Semi-Quantitative Analysis, Wesgo Al-995*

—————

Element Amount Present (percent)
Al Principal Constituent
Mg " 0.3 e
Si 0.3
Ca 0.04
Fe 0.02
Ga 0.01
Ti 0.008
Cr 0.006
Ni 0.002
Cu 0.00005

;By Chicago Spectro-Service Laboratory, Inc,
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Wesgo Al-995 is prepared from a starting powder using ad-
ditions of approximately one percent plasticizer to strengthen the
green compact and 0, 25% MgO to inhibit grain growth during fir-
ing. The compact is cold-pressed and sintered by firing for 3 hr
at 1700°C. ’

Ultra-High Density Multicrystals, trademarked Lucalox, were
supplied by the Lamp-Glass Division of the General Electric

Company. The semi-quantitative composition of the material is

as follows.

Semi-Quantitative Analysis, Lucalox™

Sample Crushed in Agate |''As Received'', Not
Element Mortar, Amount Present| Mortared Amount
(percent) Present ( percent)
Al Principal Constituent | Principal Constituent
Fe 0.07 0.002
Mg 0.15 0.15
Ti 0.01 Not Detected
Mn 0.001 Not Detected
v 0.004 , Not Detected
Na 0.08 Not Detected
Cu 0.0003 Not Detected
Ni 0.0015 . Not Detected
Ca 0.04 0.004
Cr 0.002 Not Detected
Ga 0.003 Not Detected
Si 0.03 0.03

% .
By Chicago Spectro-Service Laboratory, Inc.

2. MAGNESIUM OXIDE

Monocrystalline and polycrystalline magnesium oxides were
used. Single crystals were procured from the Norton Company
and from Semi-Elements, Inc. Because of the larger size, higher
purity and greater supply reliability, Semi-Elements was the
principal supplier. The Armour Research Foundation fabricated

-7 -



the high-density sintered MgO and supplied investigators with
specimens. Spectroscopic analyses of MgO follow.
Quantitative Analysis, Single Crystal Magnesium Oxide

Material Source P y (ppm) Impurity,
Al Ca | Cr |Cu| Fe {Mn |Si | (percent)
| Range
200-| 600-] 60- 30-|5-
for 3 | Vo00| 1500 100| 2 1690 {40 |10
Norton Co. |-2P&C: 0.6
Aver. ! 600 [ 900 |73 | 2 {600 | 37 7
semil;flemem" 200 {200 |80 |2 J400 |30 |5 0.3

%*
By Chicago Spectro-Service Laboratory, Inc.

Semi-Quantitative Analysis, Cold-Pressed
and Sintered Magnesium Oxide*

mv — et
Element Amount Present,
: (percent)
Mg Principal Constituent
Al 0.05
Si 0.03
Ca 0.04
Fe 0.005
Cr 0.0003
Cu €.0002

%
Chicago Spectro-Service Laboratory, Inc.

3. BERYLLIUM OXIDE

The polycrystalline BeO was supplied by the Atomics Inter-
national Division of North American Aviation, Inc. This mate-
rial, developed by Al as part of a research program funded by
the US Atomic Energy Commission, is hot-pressed, and con-
tains somewhat less than 1 percent MgO used as sintering aid,
Part of the MgO added, however, escapes as MgF, gas during
hot-pressing, leaving an estimated 0.5-0, 6% MgO in the final
material. The average grain size of the material is about



50 microns and, since the MgO remaining in the sintered product
is assumed to be fully soluble in BeO, the final structure of the
polycrystalline material is single-phased. Neither the precise
composition, nor the density or specific grain-size distribution
-for this material has been supplied by Al, despite of recurrent
statements that such will be done. If such information is not re-
ceived from Al in the near future, analysis of the material at

hand will be secured locally.



III DISCUSSION

TASK 1 - EFFECT OF STRUCTURAL SIZE;
THE "ZERO STRENGTH"

Principal Investigators: S. A, Bortz and N. A, Weil
Armour Research Foundation

ABSTRACT

A detailed study of the statistical fracture characteristics
of four ceram.c oxides, Wesgo and Lucalox, ARF MgO and AI BeO
was undertaken. It was found that the Weibull theory provided a
descriptive characterization of the cumulative distribution function
of the fracture strengths of all materials studied, and predicted
very adequately the variation of mean strength with specimen size.

The Weibull parameters ¢, m, and o were found to be
greatly influenced by the test varia%les; test tegmperature, prior
thermal history, surface finish, test atmosphere and specimen
size. Specifically, grinding increases the value of m and lowers
the mean strength. Annealing at 1700°C for 3 hr. increases the
values of both m and ¢ _, resulting in an average increase of
about 15 percent in the mean strength; the latter effect is ascribed
to a diminution of deleterious residual stresses during the anneal-
ing process. Increased testing temperatured lowered the strength
of materials tested; at 1000°C the loss of mean strength amounted
to 12-25 percent as compared to room temperature values.

Rather uniform values of the flaw density constant were
derived for all materials, when arranged into groupings of as-
received, ground and annealed categories at both test temperatures
(20°C and 1000°C)explored. The zero strength was found to be
generally less than one-half of the average strength. Lastly, a
purposeful truncation of the extensive test series carried out on
BeO showed that suppression of a comparatively small (less than
10 percent) of a large population consisting of 150 samples resulted
in a complete change of the cumulative distribution function of the
Weibull function from an apparent composite distribution to one of
nearly gaussian character.

- 10 -



TASK 1 - EFFECT OF STRUCTURAL SIZE: THE "2ZERO STRENGTH"

1. INTRODUCTION
The objective of this task is to investigate the applicability of

the statistical theorias of fracture to several ceramic oxides. These
materials all exhibit what is commmonly called ''brittle fracture'’.

They demonstrate essentially elastic behavior until fracture and give
no warning of failure. Once the condition of fracture is initiated,
failure is catastrophic. None of the materials exhibit a unique value
of fracture stress. The value of the fracture stress has been observed
to vary with size, stress state, temperature loading rate, and surface
condition. Many experimenters have attempted to examine the random
nature of the fracture stress to determine if this behavior is an
inherent property of the material, If the behavior of the strength of

a brittle material can be considered to be truly random then,
éheoretiqa}ly. a description of its probadble behavior can be obtained
from an accurate plot of its frequency distribution curve. This
information, in turn, can be used to construct a cumulative distri-
bution curve which gives the probability of fracture for any stress.
Thus the distribution curve gives a complete description of the
strength of a material under the test conditions and allows for the
choice of a stress determination from a probability of failure from

zero through 100 percent,

The most frequently mentioned theory is the one developed by
Weibunt 1), 1t 44 based on the weakest-link concept, i.e., failure
in the material occurs when the forces of a critical flaw become
large enough to cause crack broptgation. In developing his theory
Weibull assumed a normal distribution function relating the
proability of fracture to actual stress observed at fracture. He
found that this assumption did notxtruly fit the physical facts and
attempted to correct the theory by prépoulng a semi-empirical
distribution based on experimental data, From this distribution

-11-



function two basic material parameters can be determined, a
constant m descriptive of the flaw density, and the stress
level that the material can withstand with absolute assurance oi
freedom from failure, which is termed the zero strength, o .

This task has attempted to investigate the applicability of
Weibull's semi-empirical distribution function to the ceramic
oxides selected and to derive values of the material parameters,
under various conditions of test tamperature, heat treatment,
and surface conditions, as well as to confirm the effect of speci-
ment size in these materials.

(1-2) on this task demonstrated that surface

treatment, test temperature, and heat treatment have considerable

Previous work

effect on the material parameters. The present work attempts
to complete this work and fill in the area not previously covered.

2. EXPERIMENTAL TECHNIQUES
A, Materials

The large number of specimens required for this investigation
made the use of commercially obtainable oxides necessary. To
assure material consistency companies supplying these specimens
were required, where possible, to fabricate them from one batch

and one firing.

Materials studied included two types of A1203, Western Gold
and Platinum Company (Wesgo) AL-995 and General Electric
Lucalox; one grade of MgO manufactured at ARF because a
commercial source which could producé the MgO specimens within
the time and funding allotted was not found, and one type of BeO
supplied by Atomics International.

-12-



B. Sgecimens

Because of the difficulty in making adequate tension studies
bending tests were used to cbtain test data, The study of size
effects required that a controlled gage section be loaded in pure
bending. This requirement is best met using a four-point loading

(1-3) under load, the speci-

system. To avoid any friction effects
mens were loaded through their neutral axis. To ensure uniformity
of denseness and to make the job of fabrication easier a flat coupon-
type body was decided upon. After Bome investigation a final shape
resembling a dogbone was selected. Figure 1-1 shows the shapes

and dimensions adopted for the bulk of this program. Time and
fabrication limitations reduced the study of BeO to the fixed volume
type specimens under a ‘study in Task 3. These consist of rectangular
bars 1/3x 3/16 in, and 1/4 x 1/4 in. in cross section. The rectan-
gular section was tested on both faces and all specimens were loaded

over a 2~-in, gage section in pure bending.

C. Testing Conditions

The majority of experiments were performed at room temper-
ature and at 1000°C. Attempts made to obtain data at 1750°C were
abandoned because the test fixtures failed because of thermal shock.
The time required to reduce this hazard for each test could not be
realized because of the large number of specimen data required.
Specimens were studied as combinations of the as-received, ground,

and annealed conditions at 1750'C:

For this work a 30, 000-1b Universal testing machine was used.
The high temperature experiments were performed in a resistance
type furnace. The test jig for the dogbone specimens is shown in
Fig. 1-2, that for the rectangular bars in Fig, 1-3, The rollers
shown in Fig, 1-3 were used to eliminate the friction effects. Data
vbtained using either test jig were compatible with each other.
The main problem with the jig shown in Fig, 1-3 was that of keeping
the rollers operational at high temperatures.

-13-
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3. THEORETICAL CONSIDERATIONS

(1-1, 1-4) i) pased on the concept that brittle

The Weibull theory
materials contain a large number of flaws, which lower the fracture
stress in a material below the theoretical rupture stress. These
fliv: cre assumed to be of randorn size and distributior throughout the
body and to be the cause of scatter observed in the failure of a
ceramic material. Starting with the expression for probability of

fracture,
S = 1-e (1-1)
the fundamental assumption of the Weibull theory is that the risk

of rupture for uniaxial tension is given by

Bz V (—e—2) (1-2)

where V is a dimensionless number expressing the quantity of unit

volumes subjected to uniform tension.

While for a beam of rectangular cruss section, b x 2h, subjected to
pure bending cver a length, L, the risk of rupture becomes

S m
B =f (o) dV = 2 [« & -0 " ay (1-3)
v N h .
2] u
N v (v - cu) m+l
2(m+1) G;n v

where m (the flaw density exponent) and ¢, are mate rial constants,
V = 2 bhL is the volume of beam under pure bending expressed in
dimensionless numbers, o is the bending stress at the extreme

fiber, and hu = cruh/o' is the fiber distance from the neutral axis

at which the stress equals the zero strength, o .

+
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b

Equations 1-1 and 1-2 can be rewritten in the form applicable

to beuding specimens

loglog 11_1.’- = log B '+ loglog e
(1-4)

logB= (mil)log (o -o )-logo +log
‘ " 2 (m+1) v':

where the logarithms are Briggs'. The expression for the probability
of fracture, S, for a particular stress level, o+ can be calculated

from

n <
S = N;r (1-5)

where N is the total number of specimens, and n is the specimen
serial number listing the fracture is in an increasing or“er from 1 to
N, (crn being the nth fracture siress). The relation can therefore
be written,

loglog rés- = loglog Nr;iﬁ_n

Equation 1-4 can now be restated as

loglog ﬁ‘ﬁ‘__n = (m+1) log (c-cu) - log o + log v —— +loglog e
2(m+l)o o
(1-6)
If L 0, the equation simplifies to
loglogﬂlf-}i—t-l = m log o + log v —— + log log e (1-7)
. 2(m+l)o’°
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For the case of pure tension a test plot is made first assuming
o, = 0. and presenting results on a graph with loglog [(I-S}-l] or
loglog (n+1!/(N+l-n} as the ordinate and log o as the abscissa.
If the plot follows a straight line, 7, is indeed equal to zero; if the
resulting curve has a downward concave curvature, a trial value
is taken for v, £ 0 and the data are replotted using this time
log (o - o'u) as the abscissa. If the curve reverses itself, the
trial value of o, is too high and a new value, lower than the
previous one, is chosen. The process is iteratively continued
until a reasonably straight line plot is obtained, which corresponds
to the correct value of LR The slope of this straight line will
yield m. while the intercept will have a value of log V-mlogos
tloglog e, which allows for the determination of o, once m and V

are known.

For the case of pure bending, the prozedure is quite similar,
except that all graphs subsequent to the first one are presented

in the coordinate system of
N+ 1
loglog Nt log o versus log (¢ - o'u) .

The value of . is again determined by trial-and-error; the correct
value is again the one that results in a straight line plot. For the
cortect value of L the slope of the straight line will be m+1; with
m thus determined and V known, ¢, can then be determined from
the value of the intercept given by log V - log 2 (m+1}) - m log o

+ loglog e.

For the special case where T is equal to zero the constants
are obtained by plotting loglog [(N+1)/(N+1-n)] versus log o as

in the case for tensile specimens,
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The method of plotting developed here for the case of bending
is believed to be a novel contribution, reference available in the
literature“'“' 1-12,1-13)

that o, = 0. It should alsc be mentioned that if the first plot

universally adopting the assumption

yields an upward concave curve, the results will not be reducible

to a straight line under any assumption of . 0. Rather, this
condition implies thai the material is governed by different fracture
mechanisms operative at various levels of fracture probabilities,
and its statistical fracture behavior must then be represented by

a set of '"'mixed" Weibull distribution paramete retl-13),

Attempts were made to develop a computer program for
determining the material constants., The method described in full de-
tail in Task 3, was based on a least-squares technique of curve
fitting and would have provided firmer numerical material constants
than graphical plots which are subject to subjective analysis, How-
ever, these techniques p'roved unsuitable with data available and,

because of time considerations, the effort was abandoned.

After determining the materials constants, the theoretical
effect of volume on the flexural specimens can be calculated and
compared to the test data. The mean stress L. and variance aZ

of a group of specimens with a zero strength L is given by

> .8
 m = Ty +J e do, (1-8)

-19-



When Eq. 1-1 and 1-2 are substituted into these equations, the
expressions for the mean strength and variance in uniaxial tension

btecome
C_ = o _+0 V'”mr (l+—1-) | (1-9) |
m a’ o m ‘
a? e ol v'”m[l"' (1+ *)’ -2 (1+-;T)] (-10)

where the [ function is defined as

00 x-1
[M (x) :L X" 7% dsz.

The equation which relates the size effect can then be written

Y= )
S Tt vy ) (1-11)
o' ——TT= T :
2 LR (14 =)

For the case where o = 0, the expression simplifies to

) ‘VZ 1/m
;; = —vr (l.lz)

The significant features of the Weibull probability density function,
assumed here to characterize the statistical strength of ‘the ceramics
drawn under study, were treated in detail in the previous year's re-
port of this prdjnm“.z)
thelon, in interpreting the results obtained, the following features
of the Weibul function must be borne in mind:

, and need not be reiterated here. None-

(1) The value of the flaw density exponent m characterizes
the nature and dispersion of flaws contained in the material. This -
flaw distribution is not measured, but rather inferred through the
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observed dispersion of fracture strengths of the samples; a physical
description of actual flaw sizes, if of interest, could be readily
developed by means of the Griffith fracture criterion (with full
awareness of the simplifying assumptions involved in the latter
theory).

(2) The zero strength o, represents the limit stress below
which the material is absolutely free from any risk of failure,
regardless of the size of the specimen or structure.. To a degree
as covered in point ( 5), L is also a measure of the inherent

strength of the material,

(3) The only free parameters of the Weibull distribution of
Eq. 1-1 and 1-2 are Ty and m. The volume and applied stress,
V and o , represent actual conditions of test, and thus are
variables rather than parameters., Also, LI is merely a normal-
izing factor, and is neither an independent parameter, nor can

it be related to any identifiable physical property of the material.

(4) A low valile of m indicates a material which either
contains flaws of highly variable severity, or in which the flaws
are very nonuniformly dispersed. Conversely, a high m value
characterizes & material with a uniform distribution of highly
homogeneous flaws., If two materials have identical values of
Vv, qu and o-o, the one with a lower m value will possess a
higher mean stress. This can be readily confirmed by an
inspection of Eq. 1-9, where the effect of m is far greater on
the term V'l/m than on r (1+ Elf) , the latter being close

to 1 for all save very low values of m.

(5) For two materials with identical values of V, oy and
m, the material having the higher value of L will also have the
higher-mean stress as can be ascertained by an inspection
of Eq. 1-9,

~21-



(6) Again, by Eq. 1-9, the mein stress will be the larger,

the higher the numerical value of LR

{(7) By Eq. 1-10, the variance (or standard deviation) will

increase with higher values of o and decreasing values m;

this quantity is unaffected by the ?ralue of g, as must be the case.
(8) From viewpoint of structural utilization or design,
materials characterized by high values of oo m and % should
be preferred. These conditions ensure a high mean stress T’
A high value of m, indicative of a homogeneous distribution of
flaws, will also serve to narrow the range of fracture stresses
corresponding to any desired level of risk of rupture, as Eq . 1-1
and 1-3 readily confirm, in fact, for m = o0, there obtains B = oo
and S = 1 for all values of ¢, so that T = Ty and the f. 1cture
probability abruptly changes from S = 0 for ¢ o, to S = 1 for
cLo . High values'of m also reduce the variance thereby
contributing to the application of a lawer safety factor in design

for a stated value of the risk of rupture.

(9) The expressions contained in Eq. 1-9 and 1-10 are

valid only for the case of uniaxial tension, and are not descriptive
of fracture under pure bending. As it happens, for the latter case,
Eq. 1-8 turns out to be nonintegrable; an approximate form of the
mean fracture strength for pure bending was given in Ref, 1-9.

In view of the approximate nature of the latter expression, and
bacause it yields results very close tc the case of pure tension,
Eq. 1-9 has been utilized throughout this work for the calculation

of meéan fracture strengths from known values of T M, T and V.,
4. EXPERIMENTAL RESULTS

A, Selection of Population Samples

(1-2) cells of five

During the initial phases of the program,
specimens were tested for each selected variable and

combination of variables, The plan was to establish the material
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parameters by statistically separating the variables and combining
all the data into one distribution function. This presupposes that
the variance for each cell comes from the same sample population,
However, as the data were being tabulated, celis which should
show sim