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THERMOACOUSTICAL INSTABILITY OF A HETEROGENEOUSMGAS FLOW -
FIRST LitvE CF TITLE |

I

\ .
I

I
K. I. Artamenov and?I. G. Krutikova :
i
|
I

The investigation of the stability of a one-dimensional single-
velocity flow with distributed internal heat sources reduces to finding

the characteristic values of the bogndary-layer problem for a system :
of three ordinary. differential equatione. I
! i
The characteristic values have been numerically determined on

digital electronic computers for two laws of heat conduction: 1) the
| .

heat supply rate is proportional to the density of the gas, and 2)° the;

ﬁeat supply rate 1s proportional to the mass of the gas in a given

l
!
For a flow with a temperature gradient varylng along its length

cross section of the flow.

|
(first case) the interaction of the pressure and entropy waves leads

to the excitation of inherent acoustical osclllations 1n the flow; the
!
I

]
boundary 18 determined by the values of three dimensionless critgriaLﬂ

fundamental note 1s the first to become unstable. The stability

the"ratio of the specific heats v, the Mach number at the inlet Ms;—and

the cr&terion ik, characterizing the.relationship between the heag I
2

snpplied to the gas and the initialIheat content of the gas. Thg_lgg%
drtterion- determipes. both-the - steady—etate—temper&tu;g—distributfonu—l

FTD-TT-63-204/1+2+% =1~
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along tyfflength and the relationship between the heat supply rate

and the density of the gas in the presence of oscillations.
A flow with constant temperature gradient along its length (second

case) proves stable in the 1nvestigated intervals of the criteria.

i
Autoexcitation of oscillation 1n gas flows is a fairly frequent z
occurrence, an example of which could be the acoustical instabllity :
of the operatlonal process in the cémbustion chambers of Jet engines.f
The mechanism exciting the oscillations consists 1n the interdependence

between the rate at “whith mass or energy 1s suppllied to the flow and

the velocity and thermodynamic parameters of the flow. This inter-
|
dependence 1s usually realized in certaln zones, the dimensions of

which are small in comparison to the dimensions of the flow as a whole;
|
and, consequently, to the wave length of the osclllations.
|
In the schematization of the p?oblem it 1is possible to introduce

certaln surfaces with well defined eharacteristics which separate the

|
flow into regions for each of which the equations of homogeneous flow |
!
are applicable. When a one-dimensional flow 18 examined in this way, |

the pressure and entropy disturbances generated by the dividing surfaces

are propagated independently of one another and may interact only at i
the boundaries of the homogeneous regions. |
‘ Under certaln conditions these:oscillations may lincrease through l
time. The problems of flow stability for thls schematization have been
examined at length in Rauschenbach's book [1].

In a number of cases this schematization i1s unsatisfactory and

1t~13«necessary to take into account the continuous variation of:sthe—
parameters of the mailn flow, An example might be the
—s3 ! ———1

|
sourceidistributed along its entire length. For a description oﬂ-the—{

l e B T 0. __1
STOP MERE STOP HERE
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oscillgtions in such a flow, it 13 necessary to make use of the com- ;
x;lét;ewen;r;; equation, which expresses the continucus interdependencef
between the pressure waves propagating with the velocity of sound

(acoustical waves) and entropy wavés propagating at a w}elocity equal
to the flow velocity. We note that such a flow may be considered

‘concentrated when ol/u << 1, but not when ol/c << 1 as in the iscen- |
tropic case (_g and ¢ are the velocity of the flow and the veloclty of:
sound respectively; o 18 the oscillation frequency; and L is the

characteristic len,g‘th of’ the flow);
|
1. Equations of Heterogeneous Flow. Consider a one-dimensional

flow of an 1deal gas 1n a channel ﬁith varying cross-sectional area. :
Internal heat sources are present 1n the gas; the heat supply rate

per unit length is denoted by Q.

When customary notations are used the flow equations have the
P

A &F | oFs de 3P a4p. p
P a+a,—0. Pai™ — o> 7‘7—1';

following form:

A
1

-17e (1.1)

alg

- '

The solution to the equations wlll be sought 1n the Trorm
! _ I
| P=PU+n). p=p"{t+3), u=a"(1+v), @=0Q°(1+9) (1.2)
; , )
! t
The quantities with the superscript ®* characterizing the funda-

mental steady-state flow regime are fourid from Eq. (1.1), if we dis-

‘card the first term on the right side in the operator
; |

: i
! d [ L
| kb

: 5 5 —

. { ,
—The dimenslonless small disturbances 1,5,v, and q satisfy a‘system

3
—_——
3 i

—3 ) !
of three ilnear partial differential equations:

—2 i - f J—
‘ ao o [0V , 20 ¥ o ] . ) !
. &tu (‘ +7)=0 F+u _+ppu a?+!i.‘(2"+°—'l)"° (113——-—{)
a . .
e BB @orPte-n—w (9=l [L]) - TV
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‘Here 1s the characteristic frequency of the heat supply process.

F ST o NE CF TEXT

When 2 = 0 the entropy equation is sclved separately from the other
two; if 2 # 0, then this quantity l'determines the degree to which the .
entropy oscillations are 1nterdepe;dent upon the other flow parammterﬁ.

We note that for isoentropic distributed mass and momentum tl‘ans-i
"fer the flow would be described by. a system of second order differen-
tial equations, instead of third order a8 in our case.

We shall 1limit our consideration to a flow with small acceleration;

i.e., we shall sétdu*/dz ="0. In this case the area of the channel !
. i [
cross section is determined by the heat supply law. Let us consider i

the two heat transfer laws: |

1
! i
the heat supply rate 1is proportional to the density of the gas 1
. | : |
. | !
: Q@=kp .(variant 1) (1.%)

. |
the heat supply rate 1is proportional to the mass of gas in a
I

glven cross section

!

_ |

Q =kpF (variant 2) (1.59)
J

!

1

l

[}

i

i

E

, l
We shall assume that the static heat supply law 1s preserved in !
the presence of osclllations; then,‘we will obtain for both cases: ;
i

l

l

|

I

|

|

|
q-? (1.6)

The coefficlents in the ewat1+ns are not explicit functions of

'time, and therefore the sclution may be sought in the form
! ]

; 3 ’ 9 =n(z)e~, !6=6(z)e". 5 ——

——a 44— -
}____Igt us introduce the dimensioniess coordinate € = z/L and tlg&____..l

‘dimensionless. time T = tuo/L; then:Eqs. (1.3) may be reduced to2——]

— . |
e e S P 0..__1
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r— M’)—g = 8(—r —TA)+ V(= M + 1) + 0 (M7 +7A) ;
‘FikaL*E CF 1E. ‘
P (r— M’)-,?—-67’-+V(M’r—1’-)+n(—r—'r’-) . (1.7) !

L (1 — M) S = — oy M) v (— 1M+ TMR) + 0 (M7 + 7MY

‘Hbre

]
!
¥
!
!
)
1

The quantity M 1n our case 1s the 1sothermic Mach number.
The coefficlents M? and A are determined by the heat supply law.

Making use of the equaticn of state of an ideal gas we obtain from

|
‘the steady-state equations . I .

1

) i

. . - 1

- ¢

M@ B = 2L
T~ (1.8)
| | |
for varlant 1, and ! !
| ; | . |
! M3 ' ' |
i M == . A=t QL (1.9) 1
' B = pmt O, |

(+pp "’ T+pE’
|
I
|

for variant 2. |

We use the subscript 0 to denote the values at the inlet (when

i
|

€ = 0). For the boundary conditions.we take the following:
i | |
! VY8 —Yym=0 en 1 {(1.10) 1
' ' |

|
The first and second conditions express the constancy of flow rat?

‘and entropy respectively at the 1niet to the channel. The third con-!
i

i

:dition expresses the constancy of the Mach number at the outlet and
ﬁ ' |
corresponds to quasilsteady discharge through a critical nozzle. .

< | N

" The boundary conditlon at the inlet into a supersonic nozzlé wa§_4
4 | ‘ 4
élggnsmore precisely by Crocco [2]ﬁ we shall confine ourselves to thel

simple relationships listed above,;which are Qalid when the length———1
[f Eﬁé convergent section of the ndzzle 1s small in comparison to the’

STOP HERE STCP HERE




‘over-all length of the channel. |

|
| !
2. Method of Solution. The problem of investigating the flow 1
stability reduces itself to a determination of the conditions for }

{

which the real part of the charactgristic values of the boundary-layek

problem (1.7)-(1.10) pass through zero. When Re r > O the flow is ;

unstable; when Re r< O 1t is stable . : ;
The charactcristic values of t;e problem in some domain D of the

complex variable r = x + 1y are found in the following way. The

|
domain D is covered with a’ network‘of values of x and y. For each 04
these values Cauchy's problem is solved for system (1.7) with the
l .

initial conditions for € = O. |

v+-8=0, N—716=0, 6=1 (2.1)

|
i
!
l
!
!
Naturally, with these initial conditions the third boundary j
|

condition in (1.10) was not fulfilled; when € = 1 we obtain:
; | f
Ve —Yyn =1y (5, ¥) L La (2 ¥) (2.2) |
] -
The characterdistic numbers of fhe boundary-value problem under

i

consideration are those values of r = x + 1y for which similtaneously

Cl‘(zr y)=0. ‘t!(zt y)=o . (2'3)
|

The calculation of Cauchy's pfoblem was programmed on a Strela

}
i
i
|
l
i
1
l
l

! I
electronic computer (subseguently other machines were used also). I
i
The characteristic values wereldetermdned graphically for chosen |

»

values of ¥, Mo, and p using the values of Z,(x,y) and 2(x,y) obtained
‘on thé machine. The accuracy of t?e characteristic values was ée- I
: 3 3—
termined by the accuracy of the solution to the Cauchy problem.zlnnxl

solution to system (1.7) is rairly;complicated in form. The fuﬂctixnﬂ

STOP HERE STOP HERE
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6(5) is a rapidly oscillating function since a term containing e

FIRCT o ¢

is included in 1ts solution (the pericd of the oscillations 1is 2WV59.,

The function v(€) also varles rapidly, but its shape 1s smoother
, ! |
than that of 8(&) since the coefficlent of ¥(£) in the second equation

of (1.7) 1s Mg times less than that of 8(¢) in the first equation. f
The function n(€) varies little by comparison to &(€) and v(E), since
the coefficients 1in the equation for n(€) are approximately Mb times
less than the coefficients 2n the equations for 6(€) and v(€). 1In

T
addition to thesé, a number of the coefficlents in the equations are
|
far from smooth (the sharp maximum when € = 0 for A when u 1s large,

etel) . !

The equations were integrated over each division interval of the ,
{

¢ axis in the following way. .
The function 615) was determined by exact lntegration of the

i
t
R
!
first equation in (2.7) with n(£) replaced by a constant and ¥(§) i

replaced by a linear function. The function v(£) was determined from

the second equation by exact integration after substitution of 5(€)

found previously. The equation for n(&) was computed using

Fuler'q method on an average layeru

for large y, and therefore for acceptable accuracy the number of

division intervals N for the maJority of variants was chosen in

!
|
| - | | 5
| N = 40!+ [y/25] !
i 5 . : 5 1
3%, Characteristic Values and the Stabllity Boundary. In Some —

|
i
The method taken for the calculation possesses slow convergence |
|
I
{
!

accordance with the formula

—3 3—od
.cases exact solutions to the bonndary—value problem have been obtained.
——

p__._—_‘

For-the case p = 03 | 1____{

- STOP HERE STOP HERE




J =

1—vza [(1 — M) (1M ) ]

M (1+M)—zM)
' r—t | (3.1)
M o= My y=1"2
( SR Z R )
1— M2
y=kt—/= (=01,..) (3.2)

When M2 << 1 the frequency of the oscillations corresponds to the

characteristic acoustical frequencles of the tube:

a=My="2L _i1a
Y= Vic, = (3.3)
T [oonacmil
yrmommln'l‘w
116 Py "
od i g 05—
280 / l /

20 J0 0 50 6 p

Fig. 1.

For u = 0 but when the second condition 1s changed to 1 - v,;6 = 0,
¥, # v for € = 0, there occur in addition to the "fundamental®™ values
of (3.2), a large number of characteristic numbers for which . .
y=2nr(n = 1,2...). |

There 1s also an analogous exact solution for small p when the
coefficlients of Egs. (2.7) are replaced by certaln average values.
Obviously, the new characteristic values having perlods with respect
to y equal to 2nm correspond to the entropy waves. As evaluations
have shown, the damping coefflicients for them for the values of u that
have been studied 1lie well into the negative region (x { — 3), there-
fore these characteristic values were not taken into account when

finding the stability reglons.




It 'follows frcm Egs. (21.7)-(1.10) that, when the law for the
steady-state temperature distribution along the length 1s given, the
stability of the flow 1s determined by three dimensionless criteria:
1)y — the specific heat ratio; 2) Mo — the inlet Mach number of the
flow; 3) p — the ratio (doubled for variant 2) of the instantaneous
heat transfer over the entire length of the channel for constant. Qo
(equal to the heat transfer rate in the inlet cross section) to the
initial heat content of the instantaneous rate of flow of the gas.
The parameter p mzy be expressed In terms of the ratio of the initial

and final temperatures:

o= (R e () (5.4

We note that i characterlzes both the steady-state flow parameters
and the heat supply rate In the presence of oscillations for the adopted
quasi-steady deperndence of Q on p. The velcclty ug enters into both ‘
i and Mg. Obviously, when ug = O(li = =, Mo - 0) the steady-state
regime is not possible.

The machlne ccmputaticn was carried out for several values of
vy (1€ v 1.4, Mo (0.01 £ Mo K 0.1), and for values of W from zero
to 70 and above. The fundamental characteristic values of the problem
are infinitely numerous, the calculation was performed for the first
three (k = 1, 2, and 3 in {3.2)).

The computaticns showed than when p 1s increased the characteristic
values move in a certaln way in the xy plane, approachling the y-axis
and tending toward some limiting value as p - . ,

The least damping during the 1lncrease in p 1s observed in the
fundamental note of the oscillations (k = 1).

For variant 1 (variable temperature gradient) stability boundaries

in the wy plane for several values of Mp have been presented in Fig. 1.

Q-
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Fig. 2.

(Values of ¥ close to unity are possible for flows with dissociation
or ionization). The frequency of the oscillations w for all My aud 7y
on the stabllity boundary are described with high accuracy by Eg.

(3.2) when V¢, 1s replaced by the average sound velocity Cyt

C.=SV§'C @) dE= (3.5)

’ A
—yoeEm o
V‘lco. 5”/4

A curve Of-CJV?bo is given in Flg. .2.

é VN

a5 I
+

N

-4

Fig. 4.

The possibility of introducing the average sound velocity indicates

a coincidence between the veloclty of the propagation of the oscilla-
tlons and the velocity of sound for the glven temperature distribution.
The veloclty of the propagation may be different when other distribu-
tion laws apply [3].

As follows from Fig. 1, the flow 1s stabilized during the increase

-10-




in Mp and ¥ and the decrease in y. Presented in Flg. 3 are the
averaged absolute values of the characteristic runctioqs which lie
close to the distribution of tﬁe amplitgdes of the neutral osclllations
along the length of the channel {when Mg = 6.1, ¥ =1.2, and 6(0) = 1).
In contrast to isoentroplc oscillations, for which 7 = y¥d, the ampli-
tudes of the density (and velocity) oscillatiéns greatly exceed the
amplitudes of the pressure oscillations. Presented in Fig. 4 are the
calcuiated real and imaginary parts of the density osci;lations
6 = &; + 16,. Preseat in the curve for &, are the nscillations which
are superimposed over the fundamental oscillation. These oscilla-
tions have a shorter wavelength (by about Mp times) than that of the
fundamental osclllation and correspond to isobaric entropy disturbances
(these oscillations are not noticeable in the curves of 1, and n2) .

For variant 2 (constant temperature gradient along the length)
- no unstable oscillations were detected even for the larger values of
H (up to 200) . This attests to the strong influence on flow stability
of the steady-state heat supply law. The flow 1s also stable for

g = 0, when small disturbances do not alter the heat supply rate.
Received Januafy 15, 1962.
REFERENCES

1. B. V. Rauschenbach. Vibratsionnoye gorenlye. Filzmatglz,
1961.

2. L. Crocco and S. J. Cheng. Teoriya neustoychivosti goreniya :
v zhidkostnykh raketnykh dvigatelyakh. IL, 1958. [Russian translation].

3. 1. S. Gromeka. 0 vliyanii neravnomernogo raspredelenliya
temperatury na rasprostraneniye zvuka. Sobraniye sochineniy, str. 282,
Izd-vo AN SSSR, 1952.

-11-




NON-STEADY FLUTTER OF PLATES AND SLANTED SHELLS
IN GAS SHELLS

V. V. Bolotin

The problem of the unsteady flutter of plates-
and slanted shells 1n supersonic gas streams 1s ,
examined. The examination 1is based on equations -
which were obtained in previous papers [1 and 2]
and later applied to a number of steady problems
regarding oscillations and thermal buckling [3-T7].
The present article deals with finding non-steady
solutions for the simultaneous varilation of stream '
velocity, ambient medium density, plate or shell
temperature, etc. For thls an approximate method .
for lnvestigation of non-steady processes in llnear -
systems with many degrees of freedom [8], hereafter -
referred to as the "method of single-frequency .
oscillations" is employed. An example is given of R
a determination of the amplitudes of non-steady \\
flutter for a flat panel. *

1. Initial Equations. By the method described in previous

papers {i, 2, and 6] the equations for the oscillations of plates and
shells lying in a temperature fleld and flowed past by a supersonic
gas stream may be reduced to the following system of equations:

n n
G+gti+ofti+ 0D anle+ p ) biate = (1.1)

. 'l’Bl . A=)
= i(;lv C:w--,Can C!r-’°r€l|p.0) (f=’,2....,ll)

-12-




Here ;J are generalized coordinates (the dimensionless coeffi-
cients in the expansion of the additional normal deflection of the
plate or slanted shell into series with respect to the n first modes
of the natural oscillations in a vacuum; gJ and wJ are the dimension-
less damplng characteristics and the dimensionless frequencies of the
respective oscillation modes; aJk and ka are certain coefficienté
dependiﬁg on the nature of the temperature field and the properties
of the flow; ¢J; are certain linear functions, which are polynomialg
of the generalized coordlnates and generalized velocities. The dots
in Egs. (1.1) signify differentilation with respect to dimensionless
time t. The characteristic panel temperature and unperturbed stream
veloclity are described by the parameters 6 and u respectively. We

shall choose these parameters in the following way [3 and 6]:

1=2u4ver (3, w= Brg— B (2)u (1.2)

where T 1s the characteristlc.temperature; a I1s the thermal expansion
ccefficient of the panel material; v 1s the Poisson ratio; E is the .
elasticity modulus; a 1s the characterlstic dimension of the middle
surfacé;‘g is the thickness of the panel; n 1s the polytrope index of
the flow; p. is the pressure of the unperturbed flow; and M is the
Mach number for the unperturbed flcw (by unperturbed flow we mean flow
in the absence of flutter or thermal buckling of the paneling). It
is possible to show that the parameters @ and p quite completely
describe the conditlions of the behavior of pareling in a variable
temperature, velocity, and pressure field. The values of 9 and u at
any moment of time yleld a certaln image poiht on the @ and p plane.

The linear system corresponding to (1.1)

St et toM 0D aptatpY ala=0 G =12...n) (1.3) |
km) L

-13-
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has, apart from the trivial solution §; = {2 = ...={_ = 0, a

n
solution of the type

U=t (1.%)

where EJ and o are certain constants. Substituting (1.4) into Eq.

(1.3) we obtain the characteristic equation
|(c* + g5 + ©;?) 3x + Oajue + pbjs| =0 ' (1.5)

(6Jk 1s the Kronecker symbol). The trivial solution is stable as
long as all Re 0 < 0; it becomes unstable 1f jJust one of the roots

of Eq. (1.5) passes over into the right half-plane.

imo

oy

| Reo

w,
‘Fig. 1.

Hereafter it will be necessary to distingulsh between two types
of transitions to instability. First, the transition may take place
through a point on the lmaginary axis not coincldent with the origin
(Fig. 1). 1In this case Eg. (1.5) has on the stability boundary two
purely imaginary roots ¢ = + iw,, where w, 1s the flutter frequency.
On the ud plane the set of points corresponding to this type of
instability form a line f(u,,9,)= 0, which we shall call the 1line
of dynamic instability or the flutter line. Second, a transition

through the origin 1s possible (Fig. 2). In this case Eq. (1.5) has _
a root 0 = 0, and the stability loss is of a non-oscillatory nature.

— il




The line s(u,, 6,) = 0 on which one of the roots of Eq. (1.5) has

the root o = 0, while the remaining roots lie in the left half-plane

will be called the line of static instability.

.._/ oe

i

N

Flg. 2.

The arrangement of these lines for the case of a flat rectangu-
lar plante [3] is shown in Fig. 3. .

When the transition takes place through the line AF, flutter en-
sues, and when it takes place through the line DF, a thermal buckling
of the plate occurs.- Corresponding to a variation in flight condi-
tions are falrly complex trajectories, which the image point describes

on the uf plane.
2. Use of the Method of Single-Frequency Solutions for Analysis

of the Behavlor of a System Close to the Flutter lLine. Let us assume

that the image point intercepts the flutter line f(u,,0,)= O at some
point N (Fig. B)l Let w, be the frequency of the osclillations at the
flutter béundary. If the boundar& 1s crossed slowly enough and 1if
the image polnt does not go too far from the boundary, then it 1s to
be expected that the oscillatlions of the system will be close to
periodic oscillations with frequency w,. .
We shall use thils idea as the basis for an approximate solution
of system (1.1) for variable | and 6.
After writing system (1.1) in the form

-15-
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St s+ o+ 6 () N aple +p(x) ) buts =
k=1 k=)

=@l Taeveeetme tlv &:v---tm}l(f),o(f)] (,'=1_2,A,_,.,.) (2'1)

we shall assume that the parameters 6 and U are functions of the
"slow" time T = et (€ << 1). Furthermore, we shall assume that the
"mistunings" p-p, and 6-8, are sufficlently small. For the time béing
we shall make no assumption concerning the smallness of the damﬁing
characteristics gJ; as we shall see below, this 1s because of ce.tailn
pecullar features of the problem under consideration. As beforé,the
dots in Egs. (2.1) signify differentiation with respect to "fast"
time t.

Let us transform Eq. (2.1) 1n the following way:

G-t &ibs + 02T + 0, kznl aule +p, i} b,.c.. -

) . - = (2.2)
= e‘P)'ISI' §2' ey gﬁl Clv ;b I Cn, p(f), O(T)l 0:’.2'...' n)

Where C‘l'j = d)) l;h sz cvey gm t:v t!' LINY t'h "'(‘)’ o(t)l -
» » 2.
—(0—0) N aple— @ —p) D buls (2:3)
k=1 k=1

We introduce here the small parameter € in accordance with the
above made assumptions. It may be assumed that the point N "wanders"
along the flutter line: 6, = 6,(1), p, = n, (7). For example, it

1s advantageous to choose 1t so that the overall mistuning [(p — u,) 2+

+(0 — 6,)2] /2 be minimized (Fig. 4), etc. But here for simplicity

we shall assume that p, = const and 6, = const.
P

Fig. 3.
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Let us consider the generating system cbrreSponding to (2.2)

Ui+ gili ol 0, N oaple + p, Nhali =0 ¢—12.....0 (2.4)

k=1 k=1

We note the following characteristics of system (2.4):

1) system.(z.h) admits of two linearlf independent periodic
solutions with frequency w,. In fact, Eq. (1.5) has two purely .
imaginary roots o = + o, on the flutter boundary. Consequently, 1t
is possible to construct a solution to system (2.4) as a function of
two real constants.

2) The only steady-state solution to system (2.4) is the solu-
tion L, = L2 =...=0( =0.

3) The frequency ®, 1s not multiple, i.e., at the point N
(Fig. 1) only one of the characteristic indices emerges onto the
right half-plane. We note that if the system

\ L n

G oiti+0, T anlet b, 3 bule=0

were taken as the generating ;;stem (whi;h 1s natural in view of the
relative slightness of the damping), this condition would not be
fulfilled. This peculiarity, which is illustrated in Fig. 5, was
first noted in one of the author's previous papers [2]. The condition
of the absence of multiple frequencles 1s a portion of the stronger
condition of the absence of "inherent resonances". But 1f the degree
of instabllity 1is equal to two; 1l.e., 1f all the characteristic indices
except two lle in the left half-plane, the conditlion that has been
formulated is suffilcient.

It is easy to see that the theory of "single-freguency SRR .
oscillations” in systems with many degrees of freedom developediby o

N. M. Krylov, N. N. Bogolyubov, and Yu. A. Mitropollskiy [8] is entirely

applicable to system (2.2). The generating solutlons are of the form

-17-



LN = g, L = e iwt : (2.5)

(the superscript asterisk denotes conversion to the complex conjugate) .
The complex constants QJ are found as a non-;trivial solution to the

algebralc equations

(@ +igo, — 0N+ 0, X aubetp, Dbubi=0 (=128 (2.6)
R} . k=)

We shall seek a solution to the non-linear system (2.2) close

to the solution ‘to (2.5) in the form
;,- =~ﬂ§;e“1‘ L (l§,'° e eul-‘” (a"p) + e’u,ﬂ) (a, \P) +... ( 2. 7)

Here a and ¢ = ¥ — o,t are the slowly varylng amplitude and
phase (real functions of the "slow" time 1), and uJ( 1), ud(z),... are
the amplitudes of a. The functions a(t) and ¥(t) are determined from
the equations
T =A@ + Ay (a) + ...

%’=m.+eB|(n7)+ngz(a)+‘.. (2.8) .

Ing

Fig. 5.

It is necessary to set up an algorithm for finding
w (1)

] s uJ(Z),...,Al, Az,..., B;, Bp, ..., such that the expressions -
(2.7) satisfy Eqs. (2.2) whenever a and ¥ satisfy Eqs. (2.8). 7

Hereafter we shall confine ourselves to the first approximation
The equations for the first approximation can B

-18-




be derived from (2.2) by a somewhat simpler, though more formal,
method than was done in Bogolyubov's paper'[8]. In the present
article we shall choose this simpler method.

3. Derivation of the Equatlons for Amplitude and Phase in Non-

Steady Flutter. In contrast to (2.7) the solution to (2.2) will be

sought in the form

{i = an;el® 4 anjpet (3.1)

where a and ¥ are reel functlons, and
i =§; +eryV(a, ¥) +e*o;® (a, $) ...
s = &+ e (@, 9) + 70 (@, 9) + .. (3.2)
If the desired solution 1s close to a harmonliec with frequency

w,, then expressions (3.2) may obviously be treated as functions of

"slow" time T. Taking thils into account we may write down the following

approximate relationshlps:
Li=la+ia(@,+q)inpe" +[a—ia (o, + PInpe™ + ...
ti=I2iao,—a(0?+ 20, §)} 'q,-,e“*-.i- . (3.3)
+[—2ia0,—a(0?+20,9)nae* ... : :

The dots signify terms containing £2, €2, etc. Expressions
(3.3) are substituted into the left side of Egs. (2.2). The

expressions

L= abe +ab ¥ 4. ;= iao e —iao b e+ ... (3.4) *

are substituted into the right side, since 1t contains a factor €.

Expanding the right side into a Fourler series

V= Y;Weiv - ¥ W 0y | T :

“éreiéquating coefficients exp 1y¥, we obtain the system of equatidhs“'

) n »n
(@ — o) an; + io, gian;, +0a D apne +pa b = :
ks i 'n X A':; 1301 T8y ot X ?‘.J_l 3k Vi (3:5)‘__7 )
= —2iw,at; + 20 gat; — gial; — iggat; + T,

. -19-



Equating coefficients of exp(—~i¥) obviously leads to an equivalent
set of equatians. System (3.5 may be formally treated as a system
of linear algebralc equations relative to nJl' By virtue of the

choice of the generating solution
A=|(of— 02+ igo) 8+ 0d; + pbu| =0 ' - (3.6)

In order for system (3.4) to admit of a solution it is necessary
and sufficlent that

2 (— 2io, aE; -+ 20,908~ giab,—izsqgal; -+ ¥y =0 (3.7)

ju=1

Here )(J 1s a solution to a system conjugate with respect to

system (2.6). Let us denote

n »

Y vy 2 ey

Br o _eyin, B
DEx A

J=1 =1
where G and H are real functions of a. Condition (3.7) assumes the

form
— (2iw, + g) a.+((2(n_ —ig)ap =G+ iH {(3.8)

By separating the real and imaginary parts, we obtain from here

__20.H (a)+ G (a)

. 204G (a) — gH (a)
e L (3.9)

For small g we arrive at the ordinary equations of the Krylov-

Bogolyubov method

. H (a) . G {a)— gH( P "
Q= ~— 2‘.,. ’ v—‘l‘."" —-—-——2‘“. ®) (3.-1“0)-'

-
)

We obtaln the steady solutions by setting a = 0, ¢ = const; The
equations for this case obviously coincide with the equations obtained

- - . e - N C e e e D i i e e e s e e N - - -

TTD sl el
PN Lre

=20~




. by the small parameter method [2].
Instead of using the conjugate system concept, it 1s possible

to proceed in tre followlng manner. Let us consider the determinant
of (3.6) denoted by A. The generating system admits of a unique

' periodic solution with a simple exponent equal to iw,; therefcre

the rank of the determinant 1s obviously n-1. In order for system
(3.4) to be solvable with respect to anyys it is necessary and suffi-
cient that the determinant 4Ag, which is obtalned from A by replacing

one of the columns by the column of the right side of
Vy=—(2iv,a — 2090+ ga+igipa) {; + ¥, (3.11)

be equal tc 0. After separating the real and imaginary parts we

obtain the equations

n(‘ AO = Al (a.l _‘i‘v a, ‘P. P- )

]on=A:(a'q\'a'q,'p' ): (3-12)

equivalent to Egs. (3.9).

Fig. 6.

4. Example. Flat Unheated Panel. Iet us assume that a flat

rectangular plate with sides a and b and constant thickness h
supported along the perimeter 1s flowed past by a supersonic flow

1n the direction of one of the sildes (Fig. 6). We shall proceed from
the nonlinear Karman equations, neglecting, as 1is usually done, the
tangential components of the inertial forces and considering the
-'néfimeter of the panel indc.~rmable. The 1nlitial stresses in tné"

ST E.
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mi‘ddle surface will be assumed equal to zero. The excess aerodynamlc
pressure willl be determlned from the linearlzed quasi-steady formula
of "piston" theory. The deflection w(x, y, t) will be ap-proximated
with the ald of two modes of oscillations

wkx, v, !) ==[;,(t) sing+h(l)sin'2-:-‘-z]hsin¥-

Under the assumptions that have been made, system (1.1) has the

form

. . 2 O . 2 :

b+ e+ ot — 3 W= G L) E+ ot + onfta + 3 bl = PG {) (4.2)
Here

wy¢= 1 4+ m?, Wy m= &4 m? (m=—:—) . (4'2)

@ = —Li{endh? + asla?), @y = — {3 (enls® + cnls?) )

2(1 4 2vmd 4 me
m=[l+m,+__(_-i;‘___':+m_] ' ¢,=[m+m'+2—ﬁi,—8_1'z:—+ﬁ]s (4.3)
. 8‘ [ 4
. ¢-n=¢rﬂ=[4(l+m‘) +'ZT+Z:L=)’ (9_:2,,,:): + 2(4";5_”";:+ m-)]s (4.1)
s =%(| —) )

For the dimenslonless time t we shall take the parameter

()
Here t; Is natural time; D 1s the cylindrical rigidity; and
Po, the density of the panel material. In subsequent calculations
we shall assume g, = g2 = £.
It 1s not difflcult to deduce the following formulas for the
critical parameter u, and the frequency of the oscillations at the

boundary of the flutter reglon o,:

' *h !
b= g lof—otp 20 @ o o, = (25 (4.5)

and also expressions for the constants€; and €. Since these constants

are reiated by the formula

. .
F b+t —0+tigo,) =0
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we may take for them the expressions

§l='%'- §|=—%'l_"

Here ¥ 1s the phase shift between £, and —£5

(0)? + wg? '/:2'/!
y=ld i».)’l g (4..6)

For such a cholce of thé parameters €, and £, an amplitude a = 1
corresponds to a flexure along one halfwave 1n a direction parallel

to the flow with a maximum deflectlion equal to the thickness of the

plate h. The amplitude of the other component in this case will also

be equal to h (Fig. 7).

04

AN TN HIAe

.
A\
A
N(/ a

¢ 200 7] 00 T .

Fig. 7. Fig. 8.

Proceeding to construct Eq. (3.9), we shall first write out

the determinant in (3.6). In the notations of (4.6) it has the form

a=|"" R (4.7)

Consequently, the condition A¢ = O obtained from (4.7). by re-
placing one of the .cclumns by a column made up of the functions (3.10)
will be’ , A

o Vet 4 ¥y T (%.8)
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Let us calculate the functions V,; and Vz. By noting that, when

Egs. (3.4) and (3.5) are taken into account,

= —: a? (e 4 iy ce

w=_%ﬁMWM+rWﬂmh“
W= — g @12 ) e 2 e e W)
Rl (P R i) VLN R ) S

(dots denote the terms containing the harmonics), we find from (3.11)

and (4.2)
. .. ' — 3 24 2
2V, = — (2io,a — 20,qa + ga + igpa) — 2-91——3&)—2 e_"—"‘—" (cu + +; Cn)'
. . o 2(p— 302 (27 4 Y
2Ws = (20,6 — 20,44 + ga + igga) N 2L M | TE (—3“"—'- on + o)

Substitution into Eq. (4.8) yields

. . . . 1 4
— (io, +g)a 4 (20, — ig) ag ‘_‘m[y n—g)a—

3
— @ ln+em—en—en)cosy+ —Z' a¥ (cu +en+ f"_ t cﬂ) sinr]
Combining this equation with (3.8), we find that
3
G(a)=§a'(cu+ca+ﬁ%cﬂ)

4 (%.9)

S 3
)= 2sinY [?("—"-)‘ -z (Cu+¢a—cu—c,,)cos7]

To obtain the steady-~state amplitude a = ap = const we have the

equation 2w H(ae) + gG(ao) = 0. Hence we arrive at the formula

et )" . (4.10)

where co = €23 + C22 — C11 — C12, and the coefficient k 1s defined

by the formula

_ ftad en+em+ (n+en)/3 .11
k_(’+ 2w, ¢n+¢u-¢n—l¢ln )m" ( )

'As is apparent from (4.6), tan vy > 0, tan y being about equal
to g. If

) ‘ ' £ <ol —w (4.12)

FTD-TT-63-204/1+2+4 -24-
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we may assume that k ~ 1, and Eq. (4.10) converts to the well known

formula encountered in the literature [1, 2, 6].

-
siny-801

, "{f”"’- S bty e
T 1

4/ f
T - /
[} ,7 805
wld [ 1/ et
] /| " /
} 4 ]\\
/ \ -
[}
’, i 7] f.”__‘l 200 300 400 s00 600 ¢

Fig. 9. Fig. 10.

Assume condition (%4.12) is fulfilled. The first equation in

(3.9) takes the form

i (el ) (4.13)

Shown in Fig. 7 are the three 1ideal programs for the varilatlion
of the parametef L in time. The results of numerlcal integration
of Eq. (4.13) with the initlal condition a(t,) = 0.01 are given in
Fig. 8-10 (t* is the moment of time corresponding to the first inter-
section of the flutter line). It is assumed that the plate 1s a
square'(m = 1), while the Poisson constant v = 0.3. Under these

assumptions

K. =15,75, o, ~3.808, ¢ = 35,438,

The curves of a = ap(t), which correspond to the instantaneous
establishment of steady solutlon are plotted by the broken lines.
Calcuiations carried out for the cases s8in <y = 0.01, 0.05, and 0.10 . .
demonstrate the strong effect of damping on the amplitude of the
non-steady flutter. ? T
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