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EXCEPTIONAL CASES OF INTEGRAL EQUATIONS OF THE CONVOLUTION

TYPE AND EQUATIONS OF THE FIRST KIND

F. D. Gakhov and V. I. Smagina

Integral equations with difference kernels for

cases when the coefficient of the corresponding
Riemann boundary value problem reverts to zero
or to an infinity of an integral order are inves-
tigated. Equations of the first kind are studied,
in particular. Here the Riemann-problem coefficient
has a zero or a pole at the point at infinity.

In a number of studies published in recent years [2-7], the theory

of convolution integral equations

00 0. (Z) + ,-, (x - ,) ,o(t) (di) k, .- ( 1.(z - ) d(t  t = z,(A)

%. Wx + k,(x -t),p(t) di = (z), O < z < 00,
(B)

Lp(x) -+ j'a k (z-t) (p (t) dt = (x), oo < z< ,,
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was greatly advar.ced. But this advancement did not affect the theory

of the corresponding equations of the first kind

0
-- .' -z at- !).',() di fq k. (x- t) q) (t) dt = ](x),

- < Z < 00,

and

,__ (x - t) (p (t) dt = (z), 0 << 00,1

- (Bo)
- k(z-t) pQ(t)dt =f(z), - oo<z<0, I

and the reason for this is not clear. It is known that equations of

the convolution type are singular equations for which the Noether,

rather than the Fredholm theory is valid. As Yu. I. Cherskiy [3] has

shown, equations of the convolution type may be reduced to singular

equations with a Cauchy kernel:

aPET) d = l(t). (0.1)(t () r- =-- - t

On the other hand it is well known that for the latter equations, by con-

trast to the Fredholm equation, equations of the first kind are not

an independent class but are a special case of an equation of the

second kind (0.i), and their solution may be obtained from solution

of the latter when a(t) E 0. The reason why this is not valid for

convolution equations of the first kind and of what their uniqueness

consists, has not been explained as yet, and these equations have

continued to be excluded from the general theory. In the present

paper we fill this gap.

Up to now the theory of convolution equations has been constructed

for the so-called normal case, i.e., under the condition that the

coefficient of the corresponding equation for the Rtemann boundary-

:." U -T-6 -[8 /1 2+4-2-



value problem reverted neither to zero nor to infinity on the entire

contour - the real axis. For an equation of the first kind this con-

dition is violated at an infinitely far point of the contour. Thus,

in order to include equations of the first kind in the over-all~scheme

,of equations of the convolution type, it is necessary to construct

a theory of convolution equations for exceptional cases. It was

natural not to confine ourselves merely to the case when the normality

is violated at a point at infinity, but to examine the problem in its

entirety. This is all the more advantageous since, by contrast to an

equation of the first kind, for an equation of the second kind only

the finite points of the contour may prove exceptional.

Until now only one paper containing an investigation of excep-

tional cases has been known - V. A. Fok's paper [2] where Eq. (A,B)

with a symmetric kernel was examimed.

We begin our presentation by examining the exceptional cases of

the Riemann boundary-value problem when its coefficient reverts to

zero or infinity of integral orders; the solution in this case is

sought in the class of functions which are bounded on the contour and

disappear at infinity. The corresponding theory for finite contours

is well known [1, §153. It happens that the presence of an infinite

point on the contour introduces no serious changes into the theory;

the need to take into account a possible singularity at infinity,

however, alters the notation considerably and, viewed from the out-

side, the theory of exceptional cases for the real axis seems dif-

ferent than for a finite contour.

In solving the Riemann problem we have declined to use the

auxiliary (canonical) function having zero order everywhere except

for one exceptional point in the finite portion of the plane. This

I-L,1,-6.' -18l/lq-2+4 -3-



last condition, making it necessary to introduce redundant factors

which are cancelled in the final calculation, proves so inconvenient

in the solution of specific problems that in practice it is preferred

not to use the general solution formula, but to solve each problem

independently by considering the form of the given coefficients. We

shall introduce four polynomials with zeros concentrated in the upper

or lower half-planes of each polynomial, and operate with them in

such a way that the exceptional point will be at infinity. Such a

form of the general solution leaves sufficient freedom for operations

and permits the general solution to be used directly in the solution

of specific problems. The general solution is especially convenient

in those cases when the point at infinity is itself the exceptional

point of the problem, which always happens in problems corresponding

to integral equations of the first kind.

The obtained results are then used for the investigation of

exceptional cases of convolution equations of the second kind (A) and

(B), and the corresponding equations of the first kind (Ao) and (Bo).

Results for equations with one kernel'

+~z 1z (x - i)wy (t) dt 0 () O<z<oo, (A,B)

(Ao,B)
0Jz t)(t).d = /.(z), 0< z< o. (Ao,Bo)

ensue from this as'a special case.

Methods given in the papers of I. M. Rapoport [3], Yu. I. Cherskiy

[4], and F. D. Gakhov and Yu. I. Cherskiy [5] are used to solve

equations of the convolution type. In the present paper the theory

of integral equations is essentially reduced to an investigation of

the corresponding Riemann boundary-value problem. Study of the

-4-



effect of the zerps and poles of the coefficient in the Riemann problem

on the number of linearly independent solutions and solvability con-

ditions of the equations occupies a central place in this investiga-

tion. An exact quantitative characterization of this effect is

obtained in the paper.

An essentially new feature is the study of the singularities of

the solution at points where the functions X, + K1 (x)and X2 + K 2 (x)

have common zeros. These points are not singular for the coefficient

G ( ;) : + K2 (X)

;7) 1 ± K1 (X)

of the Riemann problem, but they are singular for the equations

themselves. It is curious that the effect of common zeros on the solu-

tions proves to be substantially different for equations of types

(A) .and (B) [cf. Section 3].

In conclusion, the problem of Noether's theorems, for the excep-

tional cases under consideration is examined. As is known, in the

corresponding cases of a singular integral equation with a Cauchy

kernel (0.1) Noetherts theorems are not valid. However, in his above-

mentioned paper [2] V. A. Fok arrived at the conclusion that Noether's

theorem on the solvability of an inhomogeneous equation (it coincides

here with the corresponding Fredholm theorem) for the case considered

by him remains in force. This apparent paradox is explained herein.

It turns out that the reason for it is first, the exceptional choice

of the data, and second, the fact that the solutions of the given and

transposed equations were taken in different classes. For any other

solution, except that examined by V. A. Fok, Noether's theorem on the

solvability of an inhomogeneous equation will not hold. It goes

without saying that the solvability condition given by Fok remains

a necessary condition, but ceases to be sufficient.

-5-



1. Exceptional Cases of the Riemann Boundary-Value Problem

for the Half-Plane

1.1. It is required to define functions 0+(z), 0'(z), analytic

in the upper and lower half-planes, respectively, bounded in the closed

half-planes, and disappearing at infinity, the limiting values of

which on the contour - the real axis - satisfy the boundary condition

(1)+ G (X)(D- (X) + g (X) ( .1

Let Gjx) become zero of integral orders a,, a2 , .-- ar, respec-

tively, at the points a,, a2 , ..., ar and become infinity of orders

P1, P2, ... , P. at the points bi, b 2 , ... , b s (al, a 2 , ... , ar, 31,

P2, """, Ps are natural numbers).

The function G(x) may then be written:

r
1I (x - j)'i x

II~z-~YV 'n,(1.2)
/I

The points a1 will be called 'the zeros, and the points b the poles of

the coefficient G(x). Let us represent the function G1 (x) in the form

P. ( P- ( x) p G (x),

where p+ (x), q+ (x), p_ (x), q (x) are polynomials of degrees m+,

n+, m_, n_, respectively, having zeros in the upper (+) and lower (-)

half-planes, and G2 is a function satisfying the H1ider condition and

having zero index, with G2 (-) X 0. This representation is obviously

possible in the case being considered.

We shall allow the same poles for the free term as for the coef-

ficient G(x) :

-6-



where g1 (x) is a function satisfying the Holder condition at all

finite points* and having at infinity the form xng2 (x), where g2 (x)

is a function satisfying the Holder condition. Subsequently, some

differentiability conditions will be imposed on the functions gj(x)

and G2 (x) in the neighborhood of the points a.. bj and perhaps also

at the point at infinity.

Thus we are examining a solution to the Riemann problem in the

following form:

S(x) = "G (x) Q)- (xz +
S(x--bjij q+ (z)q ()

j=1

We shall call the lowest exponent 1/z in the expansion of a

function in the neighborhood of the point at infinity the order of

the function at the point infinity. A positive order will correspond

to a zero, a negative order to a pole. Accordingly, the order of G(x)

at infinity will be expressed by the formula

• It is easy to see that if we allow poles for g(x) different
from the poles of C(x), then a solution to the problem in the class
of functions bounded on the contour becomes impossible.

By making use of modern papers on the solution of the Riemann
problem [10,12], it would be possible without any particular dif-
ficulty to examine the boundary-value problem under the sole require-
ment (outside of the feighborhoods of the exceptional points) of
continuity for the coefficient G2 (x) and the requirement that g1 (x)
belong to the class Lp. But since we do not wish to complicate

matters by discussions which are not related to the essence of the
problem under study, we impose such restrictions as will ensure
solutions that are continuous right up to the contour.

-7.-



v n n + nL - in - m+-m.

The number

x. n+ - n(.6)

will be called the index of the problem.*

Let us further introduce the notation

h=n -in; (1.7)

the order v will then be expressed:

v h -x 4 - m.(.8

The solution to Problem (1.5) will be sought in the class of

functions bounded everywhere on the contour and disappearing at infin-

ity.

1.2. Consider the homogeneous problem:

TI (X --j) ip (z) p _ (z)
(W+ (X) = = G ( x) 0- (x). ( .9

I (x - b)j q+ (x) q- (X)
j-=x

Let us represent the function G2 (x), which has an index equal to zero,

in the form of a ratio

G 2 X (1.10)

* This concept of an index at first glance seems arbitrary and
unrelated to its commonly accepted definition. This is not so how-
ever: in going from the case being considered to the normal case
(m = n = 0, m+ + m n+ + n_), we obtain the usual definition of

.an index.

If, while preserving all the con.'tions of the problem, we carry
out a conformal transformation so that the real axis converts into a
closed curve (e.g., into a circle), then x will be the index of the
so-called reduced coefficient, i.e., of that factor which remains after
the elimination of the binomials characterizing the zeros and poles of
G(x) on the contour [1, p. 116].

-8-



where

r (z) =IG: () -(1.11)
-r-z

Following the general rule for the solution of the Riemann problem

for exceptional cases [1, §15), we substitute (1.10) into (1.9) and

write the boundary condition in the form:

q () (x) P+() 0(z)
r+() (1.12)

I (z- p)' _ (z) W l (X -b)}i q.(z) jr ( 12

Equation (1.12) indicates that the function9_ (Z) (+ (X)'
rl(x - aj)i p_ r + W

analytic in the domain D+ and of order m - h + 1 at infinity, and the

function P+ W (2.)

rl( - j)Jq (x) r- (x)

analytic in the domain D and of order n - x + I at infinity, are an

analytic continuation of each other through the contour - the real

axis. Consequently they are branches of a single analytic function,

which may have only one singularity in the entire plane - a pole of

some order at the point at infinity. The points ai and b cannot be

singular points of the single analytic function, since this would con-

tradict the assumption regarding the bounding of 0+ (x) or of - x).

Let us consider the two possible cases.

1. v > 0 (G (x) has a zero of order v at infinity). It follows

from (1.8) that n - x. m - h. According to the generalized Liouville

theorem

q_ (W) p+ W ) (
lHi (-)~P.,.(:) bI;? (-b 3 ) q+(:)
i-i j~x "

-9-



whence we get:

ai2 - r+ (z

S( _bj)1j. q+ (),-€)( . 3

ar- (Z) = .. ()
P+ (z)

The problem has x - n linearly independent solutions when x - n >

> 0 and a trivial zero solution when x - n 0. As we know, the number

of linearly independent solutions to the Riemann boundary-value problem

in the normal (not exceptional) case in the class being considered is

exactly equal to the index of the problem. The obtained formulas

show that this number does not change due to the presence of zeros in

G(x) and decreases by the total number of poles. This result agrees

with what we know for finite contours [1].

2. v < 0 (G (x) has a pole of order - v at infinity). In this

case m - h > n - n. The general solution to the homogeneous problem

(1.9) will be written in the form

rI (:- ab)i P_ (z) r + (z)
(I)+ (Z) = .. ( ,

- ( -- bj),,,j q+ (), -z

p+ (z)

The problem has h - m linearly independent solutions when h - m >

> 0 and has no solutions different from the trivial one when h - m i 0.

In accordance with (1.8),
h - m = - n -(- v).

Accordingly, here as well the number of solutions has been decreased

by the total order of the poles (including the. pole at the infinite

point). Thus, with respect to the effect on the number of solutions.

-10-



to the problem on the part of the zeros and poles of the coefficient,

the infinite point behaves the same as the finite points.

1.3. Let us consider now the inhomogeneous problem:

I ai( o)"i p,+ (x) p- (z)
q(z ()+ G ( ) ) g(Z) (1.5)

11 (x - b,) ' qj (x) q (x) ( - )

1. Let v > 0. By virtue of the fact tha4 the first two terms in

Eq. (1.5) become zero at infinity, the minimum possible order of g1 (x)

at infinity is - n + 1.

Replacing, as in the homogeneous problem G2 (x) by the ratio of

two functions (1.10), we write the boundary condition in the form:

I (-bj)j q- (.) ( (x) H (X - ai)2i p+ () 0- (Z)
i= _ __________=____ g, Wz q- Wx#_() r+ (xp r-}p ) r+ ( I 5)

-n-h-" - X 1 -n-h+i

(the minimum orders of the corresponding functions at infinity are

written below). We isolate the main part Q(x) of the expansion of

the last term in the neighborhood of the point at infinity (in the

case n + h- 1 > 0):
gi (x) q- (x)
p_ ( i) r+ (') = Q. () + p (:),

where 4 ( ) 0, and Q(x) is a polynomial of degree n + h - 1. The

function 4'(x) will be integrable. After replacing it by the difference

between the boundary values of the analytic functions

T+ (x) -"I,- (z),



where

"'-)= 'Td (1.16)

we reduce the boundary condition to the form:

TI (x-b.) r9+. (x-+(

i=1 - W-7(x)
q, (X) e 

- (X)

Applying the analytic continuation theorem and the.generalized Liouville

theorem and remembering that the sole singular point of the function

being considered can only be at infinity, and also the fact that

- n - h < - m - x (v > 0), we get:

q) (z = P (*) er (:) P I' (z) + Q (z) + Px+.- (z)1,
()+ - ( Z( ,C W

( --bj) , _ I! -

- = -(- ' () [T (:) + Px+m_ ()].( -ai)ai p+ (z)
j=1

By making use of Eqs. (1.17) which yield solutions generally going

to infinity at the points ai and bj, we construct a special solution

to the inhomogeneous problem, called by L. A. Chikin [9] the canonical

function of the inhomogeneous problem.

Definition. The canonical function Y(z) of the inhomogeneous

problem (1.5) is a piecewise analytic function satisfying the boundary

condition (1.5) having zero order everywhere in the plane (including

points ai and bj) and possessing the lowest possible order at infinity.

In our case the canonical function Y(z) will have the form:

.p-:)e (2) P1* (I ) + Q(z) -rl 1(j) = 11- q_-:

-12-



Y- (rz (z)

- --a) - ()^ (1.18)

where P(z) is the interpolation polynomial, whose degree p im +

+ M-1.

The existence of this polynomial will be guaranteed if we require

of the functions 1 (x - b1Yig (). G, (x) that they have derivatives of

orders a1 and satisfying the H6lder condition [1, S15], at points

ai and bj.

Since the general solution of the inhomogeneous problem is composed

of some particular solution of the inhomogeneous problem and the gen-

eral solution of the homogeneous problem, the general solution of

Problem (1.5) is written in the form:

i (z - a)ai p(,,_ ) J+ (z)

() Y+=} (z) + Px_- (Z),

I(I-.- b1 )t3i q+ (z) er- C:)

cl. :) =} (Z) + =  P .... (z).
P+ (Z-)

When x - n > 0, the problem has x - n linearly independernt solu-

tions. In the case x - n < 0 it is necessary to set P},_n(Z) 0.

We note that when x - n < 0 the canonical function Y(z) has an

order at infinity of x - n < 0 and, consequently, ceases to be a solu-

tion to the inhomogeneous problem. However, by subjecting the free

term to conditions it is possible to achieve an increase in the order

at infinity of the function Y(z) by n - x units and thereby again make

the canonical function a solution to the inhomogeneous problem. In

-13-



order for these conditions to be fulfilled, we must require that the

functions xk g1 (x) and G2 (x) have at infinity derivatives of orders up

to n - x satisfying the Holder condition.

2. Now let v < 0. The lowest possible order at infinity of the

function g1 (x) will be n - x - m + 1. Consequently, in the boundary

condition (1.5') the function
g1 (x) qz)

p_ (x)eI + (J )

will have an order at infinity equal to -m - x + 1. In this case after

separating out the main part of the expansion of
gi (z)q ( )
p- z el- (X)1

in the neighborhood of the point at infinity when m + x - 1 > 0 the

boundary condition is written in the form:

-(x) (1)+(x) z - (a) +P W( 0 W)

p_ (X) C"- q+ ((5

The canonical function of the inhomogeneous problem is expressed

in terms of the interpolation polynomial in the following way:

Y+ (z) =' (z) *r = [+ (Z) - Q, (Z)],
*= (1.20)

Y (z) = f([r (Z) - Q(Z) - Q, ()J;.fi
(=- "ai P+ V=)

while the general solution to Problem (1.5) takes on the form:

r+
(T ( ,)=p_ (.)_ r (z)

O+ ( ) = Y (z) q_ (--) ~ (

, I (=-bj.) I (+
(D- (Z) = Yi- (Z) + P+ (:) . (z).

-14-



When h - m > 0 the problem has h - m linearly independent solu-

tions. When h - m 0 the polynomial Ph-m-l(Z) should be set inden.

tically equal to zero, and when h - m < 0 the free term g(x) must be

required to meet m - h conditions of the same form as in the preceding

case. When these conditions are fulfilled the inhomogeneous problem

(1.5) will have a unique solution.

2. Integral Equations with Two Kernels

2.1. Let us examine an integral equation of the convolution type.

of the second kind:

00 to
(),( + ;+- ( -- ,(x-t) (t dt= (z), (A)

(-00

where X is the piecewise constant:
%I' X > O,

After denoting, as usual, functions identically equal to zero for

positive (negative) x with the aid of the subscripts - (+), we can

give to Eq. (A) the following form:

;-",P+ (X) + - 1  (z- t) + (t) dt -~(2.1)
- k(z-t) _(:) dt /(), (z) =qp+(z) -q_ (x).

We effect a Fourier transformation of this equation by making use

of the following well-known theorem: in order for some function O(x),

given on the real axis and satisfying the conditions for which the

formulas of Fourier transforms are valid, to be a boundary value of a

function analytic in the upper.(lower) half-plane with a uniformly

bounded integral j(I)(z+iy)' 2 dz, it is necessary and sufficient
-0

-15-



that its inverse Fourier transform q(x) be equal to zero for x < 0

(x > 0). We then obtain:

I K, (x)] (1)7* (x) - [;. + K, (z)] D- (x) = F (2), (2.2)

or

t) + KI +() (.) + K () 2

Thus, the solution of an integral equation of class (A) is equiv-

alent to constructing functions 4+(z) and 4-(z), analytic for y > 0,

respectively, in accordance with Boundary Condition (2.3).

We shall assume the kernels ki(x) and k2 (x) and the free term

f(x) of Eq. (A) to be such that the conditions imposed upon the coef-

ficients of Problem (2.3).in Section 1 are fulfilled. We will seek the

solution 9(x) in the class of functions whose Fourier transforms belong

in that class of functions in which the Riemann problem was solved in

Section 1, i.e., are function satisfying the HI-lder condition.

According to (2.1), the solution to the integral equation is

determined form the formula

q' (2) = _ [_ l (t) -(D'(t)] e- t dt. (2.4)

We shall assume that the functions X, + K 1 (x), X2 + K2(x) may have

zeros and that these zeros may be at different, as well as at coinci-

dent points of the contbur. Let us write the expansion of these

functions, after distinguishing the coincident zeros:

1 (= k=K, (x -bk.( (2.5)
r

( X - . ( -1 6 - ) I k K I : ,

-16-,



It is possible that individual points ck(k = 1, 2, ... , t) may

coincide either.with ai or with b. This will correspond to the case

when the functions X, + K1 (x) and X2 + K2 (x) have a common zero of

different multiplicity. We do not distinguish points a and b

coincident with some of the points ck because such a coincidence has

no effect on the solvability conditions and the number of solutions

to the problem.

From Eq. (2.2) and the condition of the finiteness of the solution

on the contour, there ensues the fact that for the solvability of the

problem and, consequently, of Eq. (A) as well, it is necessary that

the function F(x) revert to a zero of order at all points ck, i.e.,

F(x) must have the form:

F()= IT (xk )F, (X)
k=1

This requires the fulfillment 71 + -Y2 + ... + it = 2 of the con-

ditions

F(ik)(C.) 0 , o . . -- ). (2.6)

According to the relationship

F(x)= --- . t,
Y-w

they will be the conditions for the right side f(x) of Eq. (A).

The coefficient G(x) of Riemann Problem (2.3) is represented in

the form A (-_ (((x-ad" p+ (X) p_ (Z)

=K -C.x ().I_ ( --bj) 'q+ (X)Q-)

Since the functions K (x) and K2(x) vanish at infinity, the coefficient

G(x) is bounded there; accordingly, the point at infinity is not a

singular point of G(x).

-1--



Let us assume that Conditions (2.6) are fulfilled. Then Bound-

ary-Value Problem (2.3) will have the form:

O (X) = (z) a- (z) + (2.__)(2.7)(= - bi ) jg ()-,= bj)  -

This problem was solved in Section 1 and its general solution

written in form (1.9):

- - aj)= p- (z) e
r  (z

a)+ (Z) =Y ( . .. (Z),

i~t :-b 1 ~' q(:)e(2.8)p_ (z)

From here, using Formula (2.4)}, we obtain the solution of the original

integral equation. It is easy to verify that :+(z) satisfy all the

imposed conditions ('+-(x) satisfy the Iolder condition and the integral

1$ (x+ jj) I dx is uniformly bounded).

Thus, for the solvability of Eq. (A) it is necessary that the

Fourier transform of the free term of the equation satisfy Conditions

(2.6). If these conditions are fulfilled, then, as indicated by

Formulas (2.8), when n - n 0 the polynomial P _ni(Z) must be set

identically equal to zero, in which case it is necessary to require

the free term to meet n - x more conditions in the case - n < 0.

When these are fulfilled, the integral equation will have a unique

solution.

Consequently, in the case of the solvability of Eq. (A) the number

of linearly independent solutions of Eq. (A) is equal to the differ-

ence between the index of the Riemann problem and the total number of

poles of its coefficient, and is independent of the zeros of the coef-

ficient as well as of the common zeros of the functions X, + Kj(X),
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and X2 + K2 (x). -The latter increase the number of solvability con-

ditions.

2.2. Integral Equations of the First Kind with Two Kernels.

Let us examine the integral equation of the first kind

k, I (x -t) (1) dt_ + 1=z~ ) (t)dti (x),o(Ao)

It may be obtained from Eq. (A) when X = 0 . In this case, the Fourier

transform of Eq. (Ao) leads to the solution of the boundary-value

problem:

A"_X F (z) _0<_ _1 ( ) , (X) < 00. (2.9)

Coefficient G(x) of Problem (2.9) is the ratio of functions which

vanish at infinity and consequently, in contrast to the preceding case,

may have a zero or a pole of some order at the point at infinity.

Let
Let ~K, (W: = Z K 2 (x)=11 'Y(X)II

where the functions Tj(x) and Y2 (x) have zero order at infinity. Two

cases may arise, depending on whether the difference v = . - ) is

negative or positive. For generality we shall assume that exceptional

points are also present at infinite distance. Let the functions K,(x)

and K2 (x) have the representations:

K (a) - H (a - Ii) I (a: - C) Yk (X1).

k-1

r I
K_ a) f (x: - j' a ~jJ (x:-c) 2  a)

=1 Ak-I

In addition to the common zeros at points c k of multiplicity k' the

functions KI(x) and K2 (x) have at infinity a common zero of order equal

to min (X,P).
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The Riemann-problem coefficient will have the form:

11 (x-ai)" p+(x)p_(z)

G ]-[ S= -- G q = .( Z) .

It follows from (2.9) that this problem and integral equation

(Ao) will be solvable in the required class of functions, if it is

required that F(x) fulfill Conditions (2.6) at points ck which are

common zeros of the functions K1 (x) and K2 (x). In the case of an

equation of the first kind there are added to these conditions d = min

(X,p) + 1 more conditions, imposed on the behavior at infinity, since

the functions K 1(x) and K2(x) have at infinity a common zero of order

min (X,p). Accordingly, function F(x) should satisfy Conditions (2.6)

and have an order no lower than d at infinity. If these conditions

are fulfilled, the boundary-value problem (2.9) assumes the form:

S(z -. a i p+ (z) p- (Z)
, H ((x()

j=1 3-1 •

The solution of this problem was given in Section 1. When

v> ±0(p > X) it is written in the form:

(D+ (z) = Y, (z) + i=, ( .Px n),

q. ( )
(Z =:-+ 1 9+ () e1(Z -(2.11

and when v < 0(p. < X), in the form:

rI (:-a,)a.- ()er (2)

(Ir (z) =Y 1  (:) " _( P,,,,()

, (Z) = Y 1 (=) t W P ,, _ ( ,.2.-2 0b .(rjq -) W
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The solution to the original integral equation in both cases may

be obtained by substituting Expressions (2.11) and (2.12) into

Formula (2.4). Regarding the number of solutions it is possible to

derive the same result as for an equation of the second kind. The

number of solvability conditions increases by comparison with the

solvability conditions for an equation of the second kind by d.

2.3. Equation with One Kernel. Let us give the solution to an

integral equation that is frequently encountered in applications

%(() + k(x --t),(t) dt (x), 0< x < , (AB)

by considering it as a special case of Eq. (A)* (ki(x) S k(x), k2 (x)

0 0; X1 = X; X2 = 1).

Fourier transformation yields:

- + '(2.13)

The coefficient G(x) = 1A + K(x) of the obtained boundary-value

problem has neither a zero nor a pole (v = 0) at infinity. We shall

consider the case when kernel k(x) of the integral equation is such

that the function X + K(x) may become zero at the contour;** then the

coefficient G(x) may be presented in the form

G (x) = P+ (-) P- (x) G. (z).
1[ (X- bj) 'q ) q-(Z)

* It would also be possible to consider it as a special case of
paired equations (B).

** Since here k2 (x) 
= 0, the function X2 + K2 (x) has no zeros,

and, consequently, the complications associated with the possibility
of common zeros of the functions X, + Ki(x) and X2 + KI2(x) disappear.
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Thus solving the integral equation (A,B) is equivalent to solv-

ing a Riemann boundary-value problem of the following form:

8. (2) P1(-(-b)) q0()() ( ( -b)i '(2.14)

We obtain the general solution to the homogeneous problem (2.14)

as a special case of the solution of Problem (1.5) for v = 0, when

there are no zeros for the coefficient G(x) atthe points a1 , which

as we know do not affect the number of linearly independent solutions

of the problem. We have.:

(D' (z) - p- () e1  ()
q (z)(z).

U:[ (:- b) 'g+(:) er _ -(2.15)

((z) - __ _p+ (Z) P"_-_)

In order to solve the inhomogeneous problem we shall construct

the canonical function.

The interpolation polyncmial Q(z) should in this case satisfy

the conditions:

( )(b j) = TF+ (') (bi), 1 , 2,. .. 0, , 1 . i- .

The degree of the polynomial p = n - 1.

The canonical fimction of the inhomogeneous problem is expressed

in terms of the interpolation polynomial in the following wayl

Y (Z) = .P- (:) jI T (
I T (Z - 3q _ ) 

+

j=1 :(2.16)
Y - ( ( = z+) er-z) ['- (z) - Q, (z)],

p+ (z)

while the general solution will have the form:
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(= - b x )q+ (z) r-(z)

(D-(z)=Y(z) + p+ W) __(z).

When x - n > 0 the problem has x - n linearly independent solutions.

In the case x - n < 0 Eq. (A,B) is solvable only when n - Y condi-

tions are fulfilled.

The solution to integral equation (A,B) is found using the

formula

OD

W) T - _ D (i) e-itdi. (2.17)

When x M 0 we obtain an equation of the first kind:

ho l(x-- 1) .(.,' it = f(z), 0O< x< o,. (Ao,Bo)
0

to which it is possible to give the form:

K k(x-i (Qkt-f(z)=_(z) -o<x <o.

Fourier transformation of the last equation leads to a boundary-value

problem of the type:

0 ( .0- (z) ,'F () (2.18)K* z) K(<7

As usual, we represent the boundary-value problem (2.18) in the

form (D" (X) = # (x) ; ) d (Z) W) (X) g, 
(
X
)

- -
Cz(= b ) 'q.(z) q.(z) ii (x- ) !"

Since K(x) is a function which vanishes at infinity, the coefficient

G(x) = of the obtained problem, by contrast to the corresponding

coefficient for an equation of the second kind, always has a pole of

*some order at infinity.

Let the order of. K(x) at infinity be X. The order of G(x) at

infinity is equal to v - < 0. We obtain the general solution to
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this problem as a- special case of the solution to Problem (1.5) in the

case v < 0, when there are no zeros for the coefficient G(x) at the

points ai . It is written in the form

(I-' (Z) =Y+ {}+ P _ ep W(4

S(: - bj)5j.q (z) er-.(,)
(D- (Z) =Y}- (Z) + = . ,(z).

p+ ()

We find the solution to Integral Equation (AoBo) using Formula

(2.17).

The number of linearly independent solutions to Integral Equation

(AoBo) in the case x - n + v > 0 is decreased by -v *in comparison

with the corresponding equation of the second kind (-v is the order

of the pole at infinity of the function G(x)).

Example 1. Let us examine the equation of the first kind

101C, x - ) c (t)dt +t) ) (t dt(2.19)
0

where

0, Z>0,
Y7a (ez- Ox), x<0,

ie- z>O,
to, X<O,

/W (clx - -), <O.

Fourier transformation of (2.19) yields:

K,()=(z - 2i) (x - 3i)' K (x) = Z .z- 2i) F (x) 3/)"

Boundary-Value Problem (2.9) will be written:

(f()=(x -2i) (z - 3i) -

The coefficient G(x) has a pole of the first order (v = - 1) at the

point at infinity,

m+ = 2, n=0, x= m+-n+= 2, d= 2 (min(k, =).
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F(x) has a second-order zero at infinity; consequently, the necessary

condition for the solvability of the equation is fulfilled.

The homogeneous problem

S(x - 2i) (z - 31) -= " = + 2i ()

has the following solution in the class of functions disappearing at

infinity:
z +C2

C.O- (z) = -, 2Q (.- - 3i)"

The number of linearly independent solutions to Problem (2.19)

is one less than the index at infinity since G(x) has a pole of first

order.

The inhomogeneous problem in the class of functions disappearing

at infinity has the following solution

q(z) = +C
:-- c2i

(D (z) C-z-2(z) -: 2i) (z - 0

The solution to the integral equation is found according to the for-

mula:

c(P ) - D+ (t) - (D- (t)]e- td t.

2S>0_/9. ice--, . •X> O,

9,(z) = ~z0

The equation proves to be solvable for the right-hand side selected.

For example, if we take
' { - (5 ic=-4ic.), =<O

0>o, (2.20)

then
= ,+-2i/ ( X z -2i) (Z - 3i)'

The necessary condition for the solvability of Eq. (2.19) is not

fulfilled; consequently, the problem has no solutions which vanish

at infinity. The solution to the problem --
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D (z) 3-2(x-0(x)i x ,T+ 2i

in the class of functions bounded at infinity will be:

For no choice of the constant C does the solution vanish at

infinity; consequently, the equation with the right side given in. Eq.

(2.20) has no solution integrable on the real axis.

3. Paired Integral Equations

3.1. Let us examine integral equations of the form

S(I I(B)

Xlo(z) +F I/- k.(z-z)((t)dt=j(x), - o<x<O.

By introducing the auxiliary functions w+(x), _(x) [5 and 6], we

shall complete the definition of Eq. (B) so that both of them will be

given on the entire axis. We will have:

X, ( (z) + k, (x --t) 9(t) dt - (xY c.- (zx),

.p (X) + _ (x - t) ( dt- () =. - ((),)

Effecting Fourier transformation, we get:

+, + .Ki ( 1) ,I) (z) - F (z) Q (z),
- < Z< o. (3.2)

[+ K 2 (x)$(z) -F(z) (z() )
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From this it follpws that

)(X) =E2+ (X) + F n- ( F (r)
(X) (3.3)

Consequently, the limiting values of the auxiliary piecewise analytic

function f(z) should satisfy the following boundary condition:

- + -( X) + '-- + Ki) - (

Thus, solving the paired integral equations is equivalent to

constructing functions f+(z), 2-(z), analytic when y > 0 and y < 0,

respectively, according to Boundary Condition (3.4).

The solution to original Integral Equation (B) is determined

according to the formula

I £+(t) +F(t) Qtdt K -( )W
P ())= 1Q)P+e.(t) e-xfdt. (3.)

As in the case of Integral Equation (A), we shall assume that

the functions X, + K 1 (x) and X 2 + K 2 (x) can become zero at individual

points of the contour. Let us write out the expansion of these func-

tions after separating out their common zeros ck:

+ -(X) ( (X -1' )'" lf (X),

j~i (3.6)
r *

i%2 +i K .

As before, the coefficient G(x) may be presented in the form

(Z - =i P+ (W: p- W=_.. z .~~1 + K. (x) i= =() -7) - (z- )G2(z) ()z)

At the point at infinity G(x) has neither zeros nor poles (m + x = n +

+ h.
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Let us ascertain in what class of functions the solutions to

Problem (3.4) should be sought in order that Formulas (3.5) determine

the solution of Integral Equation (B) in the required class.

Since the functions X, + K1 (x) and X2 + K2(x) revert to zero on

the contour, In order for Integral (3.5) to have meaning it is neces-

sary to require that the functions +(z) and &-(z) when solving the

homogeneous problem (F(x) = 0) and the functions f+(x) + F(x) and

C-(x) + F(x) when solving the inhomogeneous problem, which functions

occur in the numerator in (3.5), revert to a zero of the same mul-

tiplicity and at the same points as the denominators of these frac-

tions, From the equality

Q (x)F() - )+Y(z)

it follows that these conditions are automatically fulfilled for those

zeros ai and b which are not common to the functions X, + K,(x) and

X2 + K2(x). Consequently, there remains to require only the fulfill-

ment of the conditions

=0,
o+(' (ck = 0,

(3.8)

(s=0,1 .. -, k= 1,2,..

for the solutions of the homogeneous problem and of the conditions

. + (x) + F ()]. =0,
* (3.9)

£o±.(oc) ==o

for the inhomogeneous problem.

In this way it is sufficient to require fulfillment of Conditions

(3.8) and (3.9) for only one of the functions e+(x) or n-(x), since

it will be automatically fulfilled for the other by virtue of (3.3').
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Let us proceed to the solution of Problem (3.4).

Homogeneous Problem:

WqC) G2 W Q"# (3.10)A (x- bz)1 + (z) p. (M)

A problem of this form was solved in Section 1. Its general

solution is given by the formula

()=' -_ - ... (z),

) ( ) (X (Z)

0+(Z) = (= )

We shall require fulfillment of Conditions (3.8) For. this the poly-

nomial P,_nl(z) must obviously be taken in the form
(Z (- Ck)"k P'.,1(

k-i

i.e., the solution to Problem (3.10) in the required class of functions

is written in the form:
r t

I aj-o)'i IP: -(

, (3.12)
3 = - k I = - p q (,)ro.( l bj) j 1

In this way the number of linearly independent solutions to

Problem (3.10) is decreased not Just by the number of poles of the

coefficient G(x) on the contour, but also by the number of common

zeros (counting also their multiplicity) of the functions X, + K1 (x)

and X2 + K2 (x).

Formulas (3.12) give the solution to Problem (3.10) when x - n -

- > 0 and, consequently, in this case the homogeneous integral

equation (B) has x - n - I linearly independent solutions. In the

case x - n - 1 0, however, the homogeneous problem (3.10) and the
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homogeneous integral equation (B) have no solutions differing from the

identically zero solution.

Inhomogeneous problem. In solving the inhomogeneous problem we

shall proceed from the fact that its general solution is composed of

some particular solution of the inhomogeneous problem and the general

solution of the homogeneous problem.

As in Section 1, we shall construct the canonical function of the

inhomogeneous problem. But in the case being considered the canonical

function must also satisfy Conditions (3-9). In order to satisfy these

conditions, the interpolation polynomial Q (z) must be taken with
P

degree p equal to m + n + -I.

The canonical function will then be expressed in terms of the

interpolation polynomial in the following way:

;I fJr C) + Q () (Z (Q) (3.13)

y" (:)= ,~ +().r-:) [-()- Q ()].
IT,' (z))M: -m)P+ (Z)

Y =1

ft9 (Z -- ) " ' (:i -- 1k) (Z (

9Q (Z) = Y (z) + k=i

In this way, when x - n - Z > 0 the solution to the inhomogeneous

problem (3.4) and also to Integral Equation (B) will be linearly

dependent upon x - n - I arbitrary constants. When x - n Z K 0, the

polynomial PX_nZIi(Z) must be set identically equal to zero. When

- n - Z < 0 the canonical function Y(z) has order x - n - I < 0 at

infinity and, consequently, ceases to be a solution to the inhomogeneous
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problem. However, by subjecting the free term F(x) to n + z -

conditions [since F(x) is the Fourier transform of f(x), the conditions

imposed upon F(x) will be at the same time conditions imposed upon

the free term f(x) of Integral Equation (B)], it is possible to secure

.a higher order at infinity for the function Y(z) by n +-z - x units

and again make the canonical function Y(z) a solution to the inhomo-

geneous problem. This means that in the case % - n - Z < 0 the inhomo-

geneous problem (3.4) and, consequently, Integral Equation (B) are

solvable in a unique way only when n + I - x solvability conditions

have been fulfilled.

We note that the effect of the common zeros of the functions

Xi + K1 (x) and X2 + K2(x) on the solvability conditions and the number

of solutions is considerably different for equations of types (A) and

(B). For Eq. (A), as ensues from the study in Section 2, the presence

of common zeros imposes conditions upon the free term of the equation

which must necessarily be fulfilled in order for the equation to be

able to have a solution. It is not possible to satisfy these con-

ditions by choosing from among the arbitrary constants available in

the general solution. Thus, regardless of the value of the index of

the equation, the equation will be solvable only when the right side

is specially chosen. The common zeros will also result in solvability

conditions for Eq. (B), but they may be satisfied by an appropriate

choice of the arbitrary constants entering into the general solution.

Consequently, for a sufficiently large index (x - n - Z ; 0) the

equation will undoubtedly be solvable.

3.2. Paired integral equations of the first kind. Let us con-

sider the solution to paired integral equations of the first kind

obtained from Eq. (B) when X, = X 2 = 0:
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1c \ , (z - tpQ) (it = j(z), o <(B<

~(Bo)

The boundary-value problem for the type of equations under considera-

tion is obtained from (3.4) after setting X, =X2 = 0:

0+ (X) c (Z)+ (-) (X -<< . (3.15)

o x <,) -

In contrast to the Riemann boundary-value problem (3.4) obtained

for the corresponding integral equation of the second kind where the

coefficient

G (z) = 4- + 2 (x)
%1+ X, (X)

of the boundary-value problem is bcunded at infinity, in the given

case this coefficient is the ratio of functions disappearing at

infinity, and consequently may have a zero or a pole of some order- at

the point at infinity., Let us assume
K, .(x) KL(X) =w

( _X. 1 .1

where the functions TI(x) and Y2 (x) have zero order at infinity. Two

different cases may arise, depending upon whether the difference v =

p - X is negative or positive,

Let5

K1 (X) iI(x - bj),i fi (x - c.) kK,(-),

K. (x) (x - a) 1Ix - (x).

Then rI "
H (x - a.) P+ (X) P_ (X)x: (.__!_) =1G_. (x);

x' () = I (.- j) J 9+(X) 9- (X)

and the solution to Integral Equation (Bo) is determined according to

Formula (3.5) when X, = X2 = 0:
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0= U)- tdtj= S "(3.16)

1. v > 0(g > X). In this case the coefficient G(x) of the

boundary-value problem (3.15) has a zero of order v at infinity. But

the functions K1 (x) and K2 (x) which are now in the denominator of the

fractions
f!7 + F (x)

and
1+  ( )

in addition to common zeros of the same multiplicity at the points ck,

have a common zero of order X at infinity. Therefore, in determining

the class in which the solution to (3.15) must be sought, in addition

to the restrictions that were imposed upon the solution in the case

of the analogous equation of the second kind, it must be required

that the function e+(z) have a zero of order X + 1 at infinity. The

function Sl-(z), on the other hand, will have the required order p. + 1

at infinity by virtue of Eq. (3.3) when X, = X2 = 0.

In this way, the general solution to the homogeneous problem

(3.15) is written in the form:

* k1H! -a,) (Z I ( - %. kP- ._

q-C)

) I(3.17)
-- ) O ,- (2)

The number of linearly independent solutions to the homogeneous

problem for an equation of the first kind is decreased, Just as in the

case of an equation of the second kind, by the number of poles of the

coefficient G(x) on the real axis, and also by the number of common

-33-



zeros of the functions KI(x) and K2 (x).

This means that in the case x. - n X X < 0, the homogeneous problem

(3.15), and together with it the homogeneous integral equation (Bo),

have no non-trivial solutions.

In solving the Inhomogeneous problem we shall argue in the same

way as in the preceding case, but now it is necessary to require of

the cononical function Y(z) of the nonhomogeneous problem, in addition

to fulfilling Conditions (3.9), that if have a zero of order X at

infinity. Therefore the polynomial Z (z) should be taken with degree
P

p = m + n+ I + ' - 1.

The general solution of the inhomogeneous problem (3.15) will be

expressed in terms of the canonical function of the inhomogeneous

problem in the following way:

rf

n (Z_.) II ( T Ck) k p_ (:) r+r(z)
= (: ( , + = k=i1~()

,-) P -- (Z)(3.18)
S(Z b) A Y (z- ck) q+(:) r- (.)

= Y- (:) + PXrn=. l:z

Formulas (3.18) show that when x - n - I - X > 0, Problem (3.15)

and Integral Equation (Bo) have x - n - I - X linearly independent

solutions. In the case x - n - I - X < 0 Problem (3.15) and Integral

Equation (Bo) will have a unique solution only when n + I + X -

solvability conditions are fulfilled.

2. v < 0 (L < X). In this case the coefficient G(x) of the

boundary-value problem (3.15) has a pole of order v at infinity, while

the functions KI(x) and K2 (x) have there a common zero of order It.

Consequently, the number of linearly independent solutions of the

homogeneous problem (3.15) should decrease by the total number of

poles of the coefficient G(x) on the contour, i.e., by n + lv,, and
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also by the number of common zeros of the functions Ki(x) and K2 (x),

i.e., by I + ±. In this way, when v < 0 the number of linearly

independent solutions to the homogeneous problem (3.15) will be

-n-I -v -.

By arguing in the same way as before, we come to the conclusion

that the canonical function of the inhomogeneous problem should in this

case have a zero of order iL at infinity, while the interpolation poly-

nomial should be taken with degree

P =,+ n+2 -v + x- = r+ n ±1±--

The general solutions to the inhomogeneous problem (3.15) will

have the form:

2+ ) Y+ (Z) + k=1 ...- (Z),
q-( " "(3.19)

(Z11 (-~) b £( k)Y + r

e (z) = Y (z) .

The conclusions regarding the number of linearly independent

solutions when x - n -Z - X > 0 and solvability conditions when

- n - I - X < 0 remain the same as for the case v > 0.

Example 2. Let us .examine the integral equation
00

c, S 1 (z - t) (p (t) dt / (X), 0 < z <o,"

wr (z- t) P (t) dt = -, < 1 < 0,
where V.

0zo, X 0,

f rz --- e- , z>O,

:-2 x < 0.
Fourier transformation yields:

K', (x) = (x (- ' -( ) = - F(z)= -.
*X-+2i'X I

The boundary value problem (3.15) which corresponds to the equa-

tion in question is written in the form:
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i)(z ~ (z -i " z 3i I
2,- (x (3.20)

The coefficient G(x) has a pole of first order at infinity (v = -1).

The functions KI(x) and K2 (x) have a common first-order zero at the

,point at infinity,

m+= 2, n+ =O, = m+ - =2.

Representing the boundary condition in the form

x- 3i (x
(z 2i)' +(z) -- 2- = (i-2i)(z-3i)-" z) z-2i

and making use of analytic continuation and the Liouville theorem,

we find that the general solution to (3.20) in the class of functions

disappearing at infinity will have the form:

Z i
~1 (()3.21)~9

.Q(z) = ( 2i) ( - 3i) [-2i + C].

The solution to the integral equation is found according.to the

formula:

(P (X) + Fv= (f C-ixl dt.

Since the function K2 (x) has a first-prder zero at infinity, the

function fi+(x) + F(x) must have at the point at infinity a zero of at

least second order. From this condition we find that C -1.

But when C = -1 the solution of (3.21) assumes the-form:

p (z) = - s
- 4'

) i-z-2i

and we obtain:

x 0,

Y-2.1 C-, X<O.

Thus the solvability condition resulting from the presence of a

common zero of the functions Kj(x) and K2 (x) can be satisfied by a
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choice of the arbitrary constant entering into the general solution

and the given integral equation proves to be unconditionally and

unambiguously solvable (cf. Example 1 in Section 2).

4; The Noether Theorems

The three Noether theorems* [4., p. 55] are, in the normal case,

valid for singular integral equations, which also include, along with

equations having a Cauchy kernel, equations of the convolution type.

Theorem 1 regarding the finiteness of the number of solutions

also remains valid for exceptional cases. Let us see what the case is

with the other two theorems.

We take Eq. (A) of the second kind as the initial equation. We

shall use Yu. I. Cherskiy's method [31 to form the transposed equation.

Let us write Eq. (A) in the equivalent form:

-~ ~ I (z -t) ( J dt-
)2P (X) + -L , ,-1.! (zt) 9 (t) dt +

(A)

The homogeneous transposed equation will have the form:

.2

)~px)-- .~L \ :1(- ) 7 2 (- z c td+ k~(z -t) k~(tz) ~t~d=O,(A')

• These theorems are valid for complete equations in which also
there is a regular operator contained as the addend. For the further
negative result which is being established, examination of the more
simple characteristic equations is sufficient.
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or

I,((X) ~ 1 -~(t) dt 0, 0< < oo.

CA'k .(t--X)y(I)dl= O, -- o< z< 0.

Thus, a paired integral equation of type (B) will be an equation

conjugate for (A). After noting that the variables x and t in the

kernels of the integrals have changed their positions by comparison

with the normal convolution expression,* we find that the solution of

the transposed equation (At) will be equivalent to the solution of the

following boundary-value problem:

x,+ I (-- ) -Q- (X).4 .1

Preserving all the notations of Section 2, ue assume that the func-

tions %I + Kl(x) and X2 + K2 (x) can be presented in the form of (2.5);

then (4.1) will have the form:
(x-'aX) P+(-=)P_(--=)

~ bj), x =. = -= () (4,2)

The zeros and poles of the coefficient G(x) of the Riemann problem

corresponding to the transposed equation have changed, but their number

and multiplicity remain as before. The "+" and "-" type polynomials

which enter into the coefficient of the boundary condition (4.2) have

exchanged roles, so that p+(-x) and q+(-x) will have zeros in the lower

half-plane, while p_(-x) and q_(-x) will have zeros in the upper.

Consequently, the index of the transposed equation (A:) will,'by

* A substantial misprint was allowed in Eqs. (At) of M. G.
Kreyn's article [8, p. 117): the opposite sign was indicated for the
arguments of the kernels.
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definition, be equal to

Since G(x) has neither zeros nor poles at the point at infinity

(v = 0),

m m n n +n., + n .

From this the following relationship between the indices of the trans-

posed equations is obtained:

x'=-x- (m - n).

As follows from the investigations in Section 2, the inhomogeneous

equation (A) is solvable in the case x - n > 0 when I conditions are

fulfilled, while when - n < 0, the fulfillment of n - + I condi-

tions is required for its solvability. These conditions may be

presented in terms of the right side of an equation of.f(x) in the

following form

S I (x)% (z) dx = 0.-CO (4-3)

Should Noether's second theorem prove to be valid, then W3 (x)

would have to be a complete system of linearly independent solutions

to the transposed equation. By comparing the number of solvability

conditions and the number of linearly independent solutions to the

transposed equation, it is easy to show that this is impossible.

For example, let x - n < 0; then, as we have seen, the number of

solvability conditions (4.3) of Eq. (A) equals n - x + 1. But the

number of solutions to the transposed equation will be equal to

- n- = - m- (4.4)

The difference between these numbers m + n + 21 is always positive

for exceptional cases (min (m, n, Z) > 0), and therefore the set of

functions fr(x) entering into the solvability conditions (4.3) is not
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exhausted by the complete system of solutions to the transposed equa-

tion (A,). Accordingly, Noether's second theorem is always invalid

for exceptional cases.

As we proceed to the third theorem regarding the difference

between the number of solutions to the given and transposed homogeneous

equations, let us note first of all that these equations cannot be

simultaneously solvable for the exceptional cases being considered.

In fact, the initial homogeneous equation (A) is solvable only for

positive index n > n, while the equation conjugated to it (A,) is

solvable only for negative index x < -(m + 1) when x lies in the

range -(m + ) x t < n, both equations are simultaneously insolvable.

Thus, the difference in the numbers of solutions to these equations

coincides with the number of solutions of one of these'equations and

therefore cannot be equal to the index of the equation. Accordingly,

Noether's third theorem also does not hold for exceptional cases.

Note that the conclusions that ha; e been reached are valid under

the condition that the solutions to the given and transposed equations

are sought in one and the same class of functions on the real axis..

If functions having apolar singularity on the contour are admitted as

a solution to the Riemann problem and, consequently, nonintegrable

functions (for kernels satisfying the conditions for which the cor-

responding integrals exist) are admitted as a solution to the integral

equation, then the question will require new study.

The question of the solvability of the integral equation

Y273 W-, o < X < 0, (41.5)
0

with a symmetrical kernel for the exceptional case when the function

1 + K(x) has 2p real roots and, consequently, the coefficient
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1

G(x) --1 + K(x) of the corresponding boundary-value problem has 2p

real poles has been examined by V. A. Fok [2]. He proved that only

when p conditions of the form

!(W)T, (z) dx=O, r=O .. -l

0

'are fulfilled does Eq. (4.5) have a unique solution which remains

bounded and tends to Zero at infinity. In this case, the functions

r (x) are p linearly independent solutions to the homogeneous equation

in the class of functions not integrable on the real axis. Accordingly,

here Noether's second theorem proves to be valid. The contradiction

with the conclusions reached above regarding the absolute unfulfill-

ability of this theorem for exceptional cases is explained by the

fact that here the solution to the initial equation and its transposed

equation (for the case of the symmetrical kernel in question they

coincide) are taken in different classes. In addition, there .occurs

here a special choice of the data. In our notations the Riemann

problem coefficient may be written:
I (x - ib) (x+ ib)P )

HI ( -Zk.) (Z+-Xk)

Here k

me=O, n=2p, m+=p, n =p, n+n_ ,

Xmr+ - n+ p.

For the solvability of the inhomogeneous ?Piemann problem in the class

of functions bounded on the contour and disappearing at infinity,

n - = p conditions must be fulfilled. At the same time when poles

are admitted at the points Xk, xk for 0+(x) the homogeneous problem

has p linearly independent solutions.* Homogeneous Equation (4.5) has

R solutions which cannot be integrated on the axis.

* The number p will be the index of the problem in the class of
solutions being considered [1, p. 453, Eq. (45.9)].
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Thus the legality of Noether's second theorem for the given case

is explained, except for the fact that the solutions to the transposed

equations are taken in different classes, also by the special condi-

tion

M==0, ==p.

A sitliar argument could have been made if the paired equation

(E) has been taken as the initial equation.

V. I. Lenin Byelorussian Submitted October 10, 1960
State University

REFERENCES

1. F. D. Gakhov. Krayevyye zadachi. Fizmatgiz, Moskva, 1958.

2. V. A. Fok. 0 nekotorykh integral'nykh uravneniyakh matemati-
cheskoy fiziki, Matemat. sborn., Vol. 14(56), No. 1-2, 3-50, (1944).

3. I. M. Rappoport. 0 nekotorykh "parnykh" integral'nykh i
integrodifferentisial'nykh uravneniyakh, Trudy matem. in-ta Ak. nauk
USSR, No. 12, 102-118, 1949.

4. Yu. I. Cherskiy. 0 nekotorykh osobykh integralinykh
uravneniyakh, Uch. zapiski, Kazanskogo gos. un-ta, Vol. 113, 43-45,
(1953).

5. F. D. Gakhov and Yu. I. Cherskiy. Osobyye integralnyye
uravneniya tipa svertki. Izvestiya akademii nauk SSSR, seriya matem.,
20, 3-a, 1956.

6. Yu. I. Cherskiy. Ob uravneniyakh tipa svertki, Izvestiya
Ak. nauk SSSR, seriya matem., 22, 361-378, 1958.

7. Yu. I. Cherskiy. Obshcheye singulyarnoye uravneniye i
uravneniya tipa svertki. Matem. sborn., 41 (83): 3, 277-296, 1957.

8. M. G. Kreyn. Integraltnyye uravneniya na polupryamoy S
yadrom, zavisyashchim ot raznosti argumentov. Uspekhi matem. nauk,
Vol. 13, No. 5, 4-120, 1958.

9. L. A. Chikin. Osobyye sluchai krayevoy zadachi Rimana i
singulyarnykh integralnykh uravneniy, Uch. zap. Kazanskogo un-ta,
Vol. 113, No. 10, 57-105, 1952.

FTD-TT-63-181/1+2+4 -42-



10. B. V. Khvedelidze. Zamechaniye k moyey rabote "Lineynyye
razryvnyye granichnyye zadachi teorii funktsiy, sirigulyarnyye
integralnyye uravneniya i nekotoryye ikh prilozheniya.m Soobshcheniya
Ak. rauk Gruz. SSR, Vol XXI, No. 2, 129-130, 1958.

11. 1. B. Simonenko. Krayevaya zadacha Rimana s nepreryvnymi
koeffitsiyentanl. Doklay Ak. nauk SSSR, Vol. 124, No . 2, 278-.281,
13959.

12. V. V. Ivanov. Nekotoryye svoystva osobykh integralov tipa
Koshi i ikh prilozheniya, Dokiady Ak. nauk SSSR, Vol. 121, No. 5,
793-794f, 1958.

FD-TPr-63-181/1+2+4 -Jf3 -



DISTRIBUTION LIST

DEPARTMENT OF DEFESE Nr. Copies MAJOR AIR COY4ANDS Nr. Copies

AFSC
SCFDD 1.
DDC 25
TDBTL 5

HFADQUkRTERS USAF TDBDP
SSD (5sF) 2

AFCIN-3D2 1APGC (PGF) 1
AHI~(AR) 1ESD (ES!) 1

AFWL (WLF) I
AFM4TC (MTW) 1

0OT:--E zlzicrEs ASD (ASYIM)

CIA.
NSA6
DIA 9
AID 2
OTS 2

AEC 2
PWS 1
NASA 1
AlM (FSTC) 3
NAVY 3
NA.FEC 1
RAND1
A'CRL (oRn.LR)1

FTD-TT- 63-18)/1+2+4 4


