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EXCEPTIONAL CASES OF INTEGRAL EQUATIONS OF THE CONVOLUTION
TYPE AND EQUATIONS OF THE FIRST KIND

F. D. Gakhov and V. I. Smagina

Integral equations wlth difference kernels  for
cases when the coefflclent of the corresponding
Riemann boundary value problem reverts to zero
or to an infinity of an integral order are inves-
tigated. Equatlons of the flrst kind are studled,
In particular, Here the Riemann-problem coefficlent
has a zero or a pole at the point at infinity.

In a number of studies published in recent years [2-7], the theory

of convolution 1lntegral equations
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was greatly advanced. But this advancement did not affect the theory

of the corresponding equations of the first kind
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and the reason for this is not clear. It 1s known that equations of
the convolution type are singular equations for which the Noether,
rather than the Fredholm theory is valid. As Yu. I. Cherskiy [3] has
shown, equations of the convolution type may be reduced to singular

equations with a Cauchy kernel:

o0
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On the other hand it 1s well known that for the latter equations, by con-
trast to the Fredholm equation, equations of the first kind are not
an independent class but are a speclal case of an equation of the
second kind (0.1), and theilr solution may be obtained from solution
of the latter when a(t) = 0. The reason why this is not valid for
convolution equations of the first kind and of what thelir uniqueness
conslsts, has not been explained as yet, and these equatlions have
contlnued to be excluded from the general theory. In the present
paper we f111 this gap.

Up to now the theory of convolutlon equations has been constructed
for the so-called normal case, 1.e., under the condition that the

coefficlent of the corresponding equation for the Riemann boundary-
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value problem reverted neither to zero nor to infinity on the entire
" contour — the real axis. For an equation of the first kind this con-
dition 1s violated at an infinltely far point of the contour. Thus,
in order to include equatlions of the first kind in the over-all scheme
+of equations of the convolution type, it 1s necessary fo construét

a theory of convolutlon equations for exceptional cases, It was
natural ndt to conflne ourselves merely to the case when the normality
1s violated at a polnt at infinlty, but to examlne the problem in its
entirety. Thils is all the more advantageous since, by contrast to an
equation of the flrst kind, for an equation of the second kind only
the finite points of the contour may prove exceptional.

Tntil now only one paper contalning an investigat@on of excep-
tional cases has been known — V. A, Fokt!s paper [2] where Eq. (A,B)
with a symmetric kernel was examimed.

We begin our presentation by examining the exceptlonal cases of
the Riemann boundary-value problem when 1its coefficient reverts to
zero or infinity of integral orders;.the solution in this case 1s
sought in the class of functions which are bounded on the contour and
disappear at infinity. The corresponding theory for finite contours
is well known [1, §15]. It happens that the presence of an infinlte
point on the contour introduces no serious changes intoc the theory;
the need to take into account a possible singularity at infinity,
however, alters the notatlion conslderably and, viewed from the out-
slde, the theory of exceptlonal cases for the real axls seems dif-
ferent than for a finlte contour.

In solving the Rlemann problem we have declined to use the
auxlliary (canonical) function having zero order everywhere except

for one exceptional point 1n the finite portion of the plane. This
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last condition, making 1t necessary to lntroduce redundant factors
which are cancelled 1n the final calculatlon, proves so inconvenient
in the solution of speciflc problems that in practice 1t 1s preferred
not to use the general solution formula, but to solve each problem
independently by considering the form of the gilven coefficienté. We
shall introduce four polynomlals with zeros concentrated in the upper
or lower half-planes of each polynomial, and operate with them in
such a way that the exceptional point wlll be at infinity. Such a
form of the general solution leaves sufficlent freedom for operations
and permits the genéral solution to be used directly in the solution
of specific problems. The general solutlion 1s especlally convenlent
in those cases when the point at Infinity 1s 1tself the exceptlonal
polnt of the probiem, which always happens 1in problems'corresponding
to integral equations of the first kind.

The obtalned results are then used for the investigation of
exceptional cases of convolution equations of the second kind (A) and
(B), and the corresponding equations of the first kind (Ag) and (Bo).

Results for equatlons with one kernel

[~

i (z) +}7L—?S k(z — t?«p Bdt = f(2), 0z 00, (A,B)
V_’_:;‘S k(2 T'z)_cp (dt =f(2), 0<z< oo, (Ao,Bo)

ensue- from this as’ a special case,

Methods given in the papers of I. M. Rapoport [3], Yu. I. Cherskiy

{4], and F. D. Gakhov and Yu. I. Cherskiy [5] are used to solve
equations of the convolution type. In the present paper the theory
of integral equations 1s essentlially reduced to an investigation of

the corresponding Riemann boundary-value problem, Study of the
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effect of the zeros and poles of the coefficient in the Rliemann problem
on the number of linearly independent solutions and solvability cbn-
ditions of the equations occuples a central place in this investiga-
tion. An exact quantitative characterization of this effect 1s
‘obtained in the paper. ‘

An essentially new feature 1s the study of the singularities of-
the solution at polnts where the functions A; + Kj(x)and xz + Ka(x)
have common zeros, These points are not singular for the coefficlent

).: + K—; (1‘)
;.1 + Kl (I)

Gz) =
of the Rlemann problem, but they are singular for the equations
themselves. It 1s curlous that the effect of common zeros on the solu-
tions proves to be substantlally different for equétiohs of types
(A) and (B) [cf. Section 3].

In conclusion, the problem of Noethert's theorems for the excep-
tional cases under consideratlon 1s examined. As 1s known, 1n the
corresponding cases of a singular integral equation wlth a Cauchy
kernel (0.1) Noetherts theorems are not valid. However, in his above-
mentioned paper [2] V. A. Fok arrived at the conclusion that Noetherts
theorem on the so0lvablility of an inhomogeneous equation_(it colncides
here with the corresponding Fredholm theorem) for the case considered
by him remains in force., This apparent paradox 1s explainéd herein.

It turns out that the reason for 1t is first, the exceptional cholce
of the data, and second, the fact that the solutions of the given and
transposed equations were taken in different classes, For any other
solutlon, except that examlned by V. A, Fok, Noetherts theorem on the
solvability of an inhomogeneous equation will not hold, It goes
without sayling that the solvability condition glven by Fok remains

a necessary condition, but ceases to be sufficilent,
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1. Exceptional Cases of the Riemann Boundary-Value Problem
for the Half-Plane

1.1. It 1is required to define functions ¢'(z), ¢”(z), analytic

in the upper and lower half-planes, respectively, bounded in the closed

half-planes, and disappearing at infinity, the limiting values of

which on the contour — the real axls — satlisfy the boundary condition
7 (2) = G (DD (2) + g (2. (1.1)

Iet GIx) become zero of integral orders @i, az, ..., Qpn, respec-
tively, at the points aji, 82, ..., a. and become infinity of orders
Bi, B2, ..., By at the points by, bz, ..., by (a1, a2, ..., an, B,
Bz, ..., By are natural numbers). |

The function G(x) may then be written:

r

1T (= —ap*i . .

Glo)= =2 Ci@), Sa=m, 3
. N b 2y a4 =1, ' 3i=n. 1.2
Il =) = ,%1 - ( )

J=1

The polnts ay will be called ‘the zeros, and the points bJ the poles of
the coefficient G(x). Let us represent the function G;(x) in the form

G, ($)=‘g_:‘((zi))‘:_;((,30: (), (1~3)

where p_ (x), qQ, (x), p_ (x), q_ (x) are polynomials of degrees m,,
n_, m_, n_, respectively, having zeros in the upper (+) and lower (-)
half-planes, and Gy 1ls a function satisfying the H®lder conditlon and
having zero index, with Gp(®) # 0. This representation is obviously
possible in the case being considered:

We shall allow the same poles for the free term as for the coef-

ficlent G(x):
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g (C) =

where g;(x)  1s a function satisfying the Holder condition at .all

finite points* and having at infinity the form x"ga(x), where ga(x)
., 1s a function satisfylng the Holder condition. Subsequently, some
differentiability conditions willl be imposed on the functions gy(x)

b, and perhaps also

and Gp(x) 1n the neighborhood of the points 2y, by

at the point at infinity.
Thus we are examining a solution to the Riemann problem in the

'following form: r
I (2~ )i py (2) p_ (2) -

O*(z) = - G: (1) 7 (z) +
I @ —5)% g, @) - ()

e n® — oo Lz 00, . (1.5)

(5 B:
I @—8)5 -
j=1

We shall call the lowest exponent 1/z in the expansion of a
function in the neighborhood of the point at infinity the order of
the functlion at the point infinity. A positive order will correspond
to a zero, a negatlve order to a polé. Accordingly, the order of G(x)

at infinity ﬁill,be expressed by the formula

* It 1s easy to see that 1f we allow poles for g(x) different
from the poles of C(x), then a solution to the problem in the class
of functions bounded on the contour becomes impossible. ’

By making use of modern papers on the solution of the Riemann
problem [10,12], 1t would be possible without any particular dif-
ficulty to examlne the boundary-value problem under the sole require-
ment (outside of the neighborhoods of the exceptional points) of
continuity for the coefficlent Gp(x) and the requirement that g,(x)
belong to the class Lp. But since we do not wish to complicate -

matters by discussions which are not related to the essence of the
problem under study, we impose such restrictions as will ensure
solutions that are continuous right up to the contour,



v-——-n-&-né—}-n_—m—-m*—-m_.

'The number

®.=m, —n, (1.6)

‘will be called the index of the problem.%*

Let us further introduce the notatlon
h=n -m; - (2.7)
the order v will then be expressed:
v=h—n+n—m : (;..8)

The solution to Problem (1.5) will be sought in the class of

functions bounded everywhere on the contour and disappearing at infin-

ity.
1.2. Conslder the homogeneous problem:
e —a)ip @ e
O* (2) = 2 G, () O~ (=). (1.9)

II (2 =% ¢, (2) 9 (=)
=1 .

Let us represent the function Ga(x), which has an index equal to zero,

in the form of a ratio

Go () = <0 (1.10)

Pt .’

* This concept of an 1ndex at first glénce seems arbiltrary and
unrelated to 1ts commonly accepted definitlton. This is not so how-
ever: 1n golng from the case belng consldered to the normal case

m=n=0,m +m =n_+ n ), we obtaln the usual definition of
+ - + - ‘ : )

.an 1index.

If, while preserving all the coni'tions of the problem, we carry
out a conformal transformation so that the real axis converts into a
closed curve (e.g., into a circle), then n will be the index of the

so-called reduced coefflclent, 1l.e,, of that factor which remains after

the eliminaticn of the binomlals characterizing the zeros and poles of
G(x) on the contour [1, p. 116].
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where ‘ .

17 d
2 S G (7) r:z : (1.11)

—

I‘(:) =

Followlng the general rule for the solution of the Riemann problem
'for exceptlonal cases [1, §15], we substitute (1.10) into (1.9) and
write the boundary conditlion in the form:

g (%) O*() - p2) )

. tx) T (x) °
11 (z—a,-)"i p-(x) £ IT (z ——b))."’j q‘.‘?(z) L = (1.12)

$uc) i=1

Equation (1.12) indicates that the function
9- (=) ©F (z)

IT (z — a))% p_(x) ,I‘" (x)
i=1

analytic in the domain D" and of order m ~ h + 1 at infinity, and the

function P (2) m: (2)

& - ’
Mz —b;)Pig, @)ef @
=1

analytic in the domain D~ and of order n ~ n + 1 at infinity, are an
analytic continuation of each other through the contour — the real
axis. Consequently they are branches of a single analytic function,
which may have only one singularity in the entire plane - a pole of
some order at the point at infinity. The points a, and ’oJ cannot be
singular points of the single analytic function, since this would con-
tradict the assumption regarding the bounding of ¢t (x) or of ¢~ (x).

Let us consider the two possilble cases.

1. v > 0 (G (x) has a zero of order v at infinity). It follows
from (1.8) that n - » > m - h. According to the generalized L_iouville

theorem N
' 9-(2) Q) p(d)  @7()

I ST o) ' @
Le—arine iH (z—=8;% ¢, () ©
-] £ .

=P x—n—1 ).



whence we get:

11— e pe (0 70

+ =1
O*(z) == )

Prn(2),

(1.13)

I —3)% gu ()™ @

®(z) = &2 Pyny (2).

Py (2)

Tﬁe problem has #n - n linearly independent solutions when ® - n >
> 0 and a trivial zero solution when n - n { C. As we know, the number
of linearly independent solutions to the Rlemann boundary-value problem
in the normal (not exceptional) case 1in the class being considered 1s
exactly equal to the index of the problem. The obtained formulas
show that this number does not change due to the presence of zeros 1n
_ G(x) and decreases by the total number of poles. This-result agrees
with what we know for finite contours [1].

2. v <0 (G (x) has a pole of order — v at infinity). In this
case m - h >n - n. The general solutlon to the homogeneous problem

(1.9) will be written in the form

I (:—a)® p(x) et @

+ () — i=] .
s ) P (2),
' (1.1%)
.ﬁ (== 0% g, ()T
E AN L § ~
d) (") - Ps (z) P’l—rn—; (‘).

The problem has h - m llnearly independent solutlions when h - m >
> 0 and has no solutions different from the trivial one when h - m < 0.

In accordance with (1.8),

) /L-—m—_—x_n_(_v)_
Accordingly, here as well the number of sdiutions has been decreased

by'the total order of the poles (1ncluding the. pole at the 1hf1n1te

: point). .Thﬁs, with respeét to‘fhe effect on the number of éolutions;‘

-10-




to the problem on the part of the zeros and poles of the coefficient,
the infinite point behaves the same as the finite points,

1.3, Let us congider now the inhomogeneous problem:

IT ( — a9 p, (@) p_ (2)

V' @) = 2= Ce (a) O™ () + — 2L (1.5)
IT - 0,)% 5. (2) g (=) IT @— ;)%

j=3 . e

1. Iet v > 0. .By virtue of the fact tha* the first two terms in
Eq. (1.5) become zero at infinity, the minimum possible order of g;(x)
at infinity 1s - n + 1.

Replacing, as in the homogeneous problem, Gz(x) by.the ratlo of

twe functions (1.10),.we write the boundary condition in the form:

’

IT (z— 1% g_ (=) ®* (2) IT 2 — )" p. () O~ (2)
j=1 — 4= . 812 g (2)

= -
p-(x) P p.(z) L] (@) Rt}

(1.59)

—n—h-4+1 —m—n-+1 —n—h+1

(the minimum orders of the corresponding functions at infinity are
written below). We isolate the main part Q(x) of the expansion of
the last term in the neighborhood of the point at infinity_(in the
case n + h -1 > 0):

81 (=) g- (=) '
7@ @ = Q@) + ¥ (2),

where ¥ (®) = 0, and Q(x) 1s a polynomlal of degree n + h - 1. The

function P(x) will be integrable., After replacing it by the difference

between the boundary values of the analytic functions

Y@=V (@) -V (@, ' (1.15)

-11-



where

V()= o °§°

T g

e | . (1.16)

we reduce the boundary‘condition to the form:
(= ;3% 9_() ©* (z)
1

=

(@) T @ —Q—¥' (@)=
11 (= — 0% p. () O™ (2)

i=1 -~ :
= q. (z) el — ¥ @-

Applying the analytic continuation theorem and the generalized Liouville

theorem and remembering that the sole singular point of the function
belng consldered can only be at infinity, and also the fact that

-n-hg<-m-n(v>0), we get:

2) el () e
O () = =0 = @)+ Q@)+ s (),
I ~3)%29_(2) '
=1
e (1.17)

O (g) = Lo
].I (z— ai)“ip,._ (:)

i=1

(¥ (2) + Pegme {2)).

By making use of Egs. (1.17) which yileld solutions generally goling
to infinity at the points ay and bJ,'we construct a special solution
to the inhomogeneous problem, called by L. A. Chikin [9] the canonical
function of the inhomogeneous proﬁlem.

Definition. The canonical function Y(z) of the inhomogeneous
problem (1.5) is a plecewlse analytic function satisfying the boundary
condition (1.5) having zero order everywhere in the plane (including
points a, and bj) and possessing the lowest possible order at infinity.

In our case the canonical function Y(z) will have the form:

oyt 2) = .P_.(.:)er"‘(x) . .
no et L& TeI=C @]

=1
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YL (S) = - 9+ (z) cr- @
v I e—a)%p, (3)

fec]

v () -9, ()], (1.18)

where ﬁp(z) is the 1nterpolation polynomlal, whose degree p = m +
+m-1. _

The existencesof this polynomlial wlll be guaranteed if we require
of the functions 1l #—0)%¢(s), G, (5) that they have derivatives of

i=1

orders a, and 6J satisfying the H&lder condition [1, §15], at points

1
3

Since the general solution of the inhomogeneous problem 1s composed

ay and b
of some particular solution of the 1nhomogeneous problem and the gen-

eral solution of the homogeneous problem, the general solution of

Problem (1.5) 1s written in the forms:

T (c— e (9 @

O ) =V Prns (@)

. o (1.19)
I (2= 0% gy (2) 57 -
A (2) = }‘-(z)g‘- 2=l Pyns (2).

Ps(3)

When n - n > C; the problem has »n - n linearly lndependerit solu-

tlons. In the case » -~ n 0 1t 1s necessary to set Pn—n-l(z) = 0.

We note that when n. - n < 0 the canonical function Y(z) has .an
 order at 1nfin1ty_of n -Vn < 6 and, consequently, ceases tq be a solu-
tion to the 1nhombgéneohs broblem. Howe&er, by subJecting the free
term to conditions 1t 1s possible to achleve an increase in the order
at infinity of the function Y(z) by n - » units and thereby again make

the canonical function a solution to the inhomogeneous problem. In

-13-




order far these cgnditions to be fuifilled, we must require that the
functions xkg1(x) and Gz(x) have at infinity derivatives of orders up
to n - n satisfying the Holder condition.

2. Now let v < 0. The ldwest possible order at 1nfinity of the
function gl(x) will be n - % = m + 1. Consequently, in the boundary

condition (1.5') the function

1 (2) 9. (x)
P (x) et (%)

wlll have an order at infinity equal to -m - n + 1. In thls case after

separating out the main part of the expansion of
’ &1 (z) 9_ (z)
7 (z) Pl

in the neighborhood of the polnt at infinity whgn m+n-1>0 the
boundary condition is written in the forwm:

Iz = 0)% g (=) 0% (2) I (c— 0% pi (2) @ ()
J=1 Yt — i=1
P () el ) v ()

— ¥ (2) + Q@

g () e )
The canonical function of the inhomogeneous problem 1s expressed

in terms of the interpolatlon polynomlal in the followlng way:

. el"* ) ' ~
Y = 20 T 1y —0, (9],
HG—5)% 9.0

=1 .

(1.20)

g (el &

Y1) — 1 (@) = QD) — (),

(z— 3% py ()

i==]

while the general solutlon to Problem (1.5) takes on the form:

I c—a)oip. ()5 @

o* (Z) = Y; (:) -+ =1 @ Ph—m—~1 (2), .

[
- 8 '
L =5 g,

T () =Y, () + 4= Prma (2). .

2+(2)

-14-




When h - m > 0 the problem has h - m linearly independent solu-
tions, When h - ﬁ < 0 the polynomial Ph_m_l(z) should be set indene
tically equal to zero, and when h - m < O the free term g(x) must be
required to meet m - h conditions of the same form as in the preceding
case. When these conditions are fulfilled the inhomogeneous problem

(1.5) will have a unique solution.

2. Integral Equations with Two Kernels

2.1. Let us examine an integral equation of the convolution type-

of the second kind:

. 0
10 (@) + ik (= D9 0+ 75 | Bala—D e () =1 (), (A)

7
i -

-

where A 13 the plecewlse constant:
3 = A, x>0,
A, 2<<0.

After denoting, as usual, functions identlically equal to zero for
positive (negative) x with the ald of the subscripts - (+), we can
give to Eq. (A) the following form:

0w

- h9, (2) k. (3) + ,/;7 \ e~ ) - (2.1)

L.
—7E | k=000 &= /@), 93 =0, —e. (2.

—00

We effect a Fourier transformation of thls equation by making use

of_the followihg well-known theorem: 1n order for some function ¢(x),
given on the real axis and satisfying the conditions for which the
formulas of Foufier transforms are valld, to be a boundary value of a
function analyfic in the upber.(lower) half-plane with a uniformly

bounded integral %jquz-yimlzdz, 1t 18 necessary and sufficient

—00
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that its inverse PFourler transform w(x).be equal to zero for x <_Q

(x > 0). We then obtain:

[y + K ()] 9" (2) — [%, + K, (2)] O (2) = F (a), (2.2)
or
L dy -t Ka(x). _' | F(z)
V@)= R O+ TERe (2.3)

Thus, the solution of an integral equation of class (A) 1s equiv-

alent to constructing functions ®+(Z) and ¢ (z), analytic for y > 0,
respectively, in accordance with Boundary Condition (2.3).

We shall assume the kernels kj(x) and kz(x) and the free term
f(x) of Eq. {A) to be such that the conditions imposed upon the coef-
fiéients of Problem (2.3) in Section 1 are fulfilled. ﬁe willl seek the
solution @(x) in the class of functlons whose Fourler transforms belong
in that class of functlions in which the Rlemann problem was solved in
Section 1, i.e., are function satisfying the HOlder condition.
According to (2.1), the solution to the integral equation is

determined form the formula

___1 -

s

TO* (1) — (1)) e~i=t gy, (2.4)

We shall assume that the functions Ap + X;(x), Az + Kz(x) may have
zeros and that these zeros may be at different, as well as at coinci-
dent points of the contour. Let us write the expansion of these

functions, after distinguishing the coincident zeros:

. . t
MK () = H(-T - bi)aj H (z— CL)Y"'Kn (2), -
=3 k=1 w
' H

ky4-Ko(z) = H (x —a)™ H (:r—ck).{kl\',2 (),

k=)
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It is possible that individual points ck(k =1, 2, .e., t) may

colnclde elther.with a, or with b,. This will correspond to the case

i

when the functions \; + K;(x) andjiz + Kz(x) have a common zero of
differgnt multiplicity. We do not distinguish points a, and bJ
‘coincident wlth some of the points Cx because such a colncidence has
no effect on the solvability conditions and the number of solutions

to the probiem.

From Eq. (2.2) and the condition of the finiteness of the solution

on the contour, there ensues the fact that for the solvability of the
problem and, consequently, of Eq. (A) as well, it 1s necessary that
the function F(x) revert to a zero of order vy at &1l points ¢, 1l.e.,

F(x) must have the form:

s @l Fu (@),

It

This requires the fulfillment vy, + y2 + ... + vy = 2 of the con-
ditions

F(ik)(c;\-) =0 (ik = 01 11 s e Tk — 1)' (2 6)
According to the relationship

Flz)= —% | 1@ettar,

they will be the conditions for the right side f(x) of Eq. (A).
The coefficlent G(x) of Riemann Problem (2.3) is represented in

r
the form N E, (x_f,i)‘* 2. (2) p_ (2)
72+ K (3)

T B C', (:).
I (22,4, (2)9-12)

=1
Since the functions K;(x) and Kp(x) vanish at infinity, the coefficient
G(x) 1s bounded there; accordingly, the polnt at infinity is not a

singular point of G(x).
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Let us assume that Conditions (2.6) are fulfilled. Then Bound-
ary-Value Problem (2.3) will have the form:

IT (z— )" p,(2) p-(2)

0" (z) = 22 - Gy (2) D™ () + ..‘_5’.'_(..’_)_5__ (2.7)
-0 0-(2) - M@=ty - .

J=1 . . =1

This problem was solved in Sectlion 1 and its general solution
written in form (1.9):
1’-.[ (:— ai)Ili p_(z) er* ®
+ _ vt G
o () =Y () 5

1T =g, (e
D (z) =Y (g)3 =L

Pu-n-x (.Z),’
(2.8)

T~ (2)

B) P ().

From here, using Formula (2.4), we obtain the solution.of the original
integral equation. It is easy to verify that ¢t(z) satisfy all the
imposed conditions (¢t(x) satisfy the HOlder condition and the integral
@m@+mpa is uniformly bounded). '

Thus, for the solvabllity of Eq. (A) it 1s necessary that the
Fourler transform of the free term of the equatlion satisfy Conditions
(2.6). If these condltlons are fulfilled, then, as 1ndicated by
Formulas (2.8), when n - n < 0 the polynomial Pu-n-l(z) must be set
1dentically equal to zero, in whilch case 1t 1s necessary to require
the free term to meet n - n more condltions in the case n - n < 0O,

When these are fulfilléd, the integral equation will havé a unique
" solution. o

Consequently, in the case of the solvability of Eq. (4) the number
of linearly independent solutions of Eq. (A) is equal to the differ-
ence between the 1ndex of the Riemann problem and the total number of
poles of 1ts coefficlent, and 1s independent of the zeros of the coef-

ficlent as well as of the common zeros of the functlons \; + K,(x),
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and Ay + Kz(x). -The latter increase the number of solvability con-

ditions.
2.2. Integral Equations of the First Kind with Two Kernels.

Let us examlne the lntegral equation of the first kind

[+ 0
1

7l —dedd+ 7 | BE—de0a= e, (Ao)

— oLzl .

It may be obtained from Eq. (A) when A = 0. In this case, the Fourier
transform of Eq. (Ap) leads to the solution of the boundarj-value
problem:

Ky - , F '
. (D+(x)=xl(:3 o] (‘T’)"—E%’ —oo<2‘,\<oo. ) (2.9)

Coefficient G(x) of Problem (2.9) 1s the ratio of functions which
vanlish at infinity and consequently, in contrast to the precedlng case,

may have a zero or a pole of some order at the point at infinity.

Let

E@=28, K @=20,

where the functions ¥,(x) and ¥,(x) have zero order at infinity. Two
cases may arise, depending on whether the difference v = p - A 1s

negative or positive, For generality we shall assume that exceptional
points are also present at infinite distance. Let the functions Ky (x)

and Kz(x) have the representations:

s i t ’
Ky (2)= .HJ?— 0T (2 — ™ Xy (2),
1= k=1 . !

. o .
K@=l @—a)* ] (z— )™ K, (2.
ke=l N

i=)
In addition to the common zeros at polnts Cy of multiplicity Yy the
functions K;(x) and Ka(x) have at infinity a common zero of order equal

to min (A,n).
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The Riemann-problem coefficient will have the form:

I e—a)p, @p-(2)
G(.’L)= I—_;I 5 G: (x).

II G—5) 79, (=) 9-(

=1

It follows from (2.9) that this problem and integral equation

. (Ao) will be solvable in the required class of functions, 1f 1t is
required that F(x) fulfill Conditions (2.6) at points ¢, which are
common zeros of the functions K;(x) and K>(x). In the case of an
equation of the first kind there are added to these conditions 4 = min
(A,u) + 1 more conditions, imposed on the behavior at infinity, since
the functions K;(x) and XK,(x) have at infinity a common zero of order
min (A,u). Accordingly, function F(x) should satisfy Conditlons (2.6)
and have an order no lower than d at infinity. If these conditions

are fulfilled, the boundary-value problem (2.9) assumes the form:

I ¢—e)" ps(@)p-(2) o
O* (2) = - Gz ()0~ (@) + 5 (2.10)
B; I B
II z—2;)79:(2)9-(2) (z—b;)?

=1 . =1 ]

The solution of this problem was glven 1n Section 1. When
v > 0(p > A) 1t 1s written in the form:

II (: —a; )‘i - (:) Cr+ {z)

O =Y + == 7= () Pyns(2),
ﬁ (c—b;)" gy () 5D : (2.11)
O () =Y (g) + 2= FAE Prs (3)s

and when v < O(k < A), in the form:

11 ema)®p @

Q)-' (z) hd Y: (z) ":— i=1 p Pﬁ—;wn—l (:)l
L -6 (2.12)
: H (z— bj )Siq+ () P
D (=Y )+ - Pr_yney (2).
P4 (2)
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The solution to the original Integral equatlon in both cases may
be obtained by substituting Expressions (2.11) and (2.12) into
Formula (2.4). Regarding the number of solutlions 1t 1s possible to
derive the same result as for an equation of the second kind. The
number of solvabllity condltlons Ilncreases by comparison with £he

solvability conditions for an equation of the second kind by d.

2.3, Equation.with One Kernel, Let us gilve the solution to an

1ntegra1 equation that is frequently encountered in applications
Mo (@) + o= | ke —ded =1, 0<z<e, (A,B)
271

by considering it as a special case of Eq. (A)* (k,(x)

mn
L]

k(x), kz(x)
= 0; M o= X; Az = 1),

Fourler transfofmation yilelds:

O ()=, 2 & L F@ (2.13)

T AEKE) TAEER (@)

The coefficient G(x) = 1/» + K(x) of the obtained boundary-value
problem has nelther a zero nor a pole (¥ = 0) at infinity. We shall
consider the case when kernel k(x) of the integral equation is such
that the function A + K(x) may become zero at the contour;** then the

coefficient G(x) may be presented in the form

G(z) = — P4+ {z) p_ (7) G. ().

T =~ ))%3, (2) g-(2)
==}

* Tt would also be possible to consider 1t as a specilal case of
paired equations (B).

*¥* Since here kz(x) = 0, the function Ay + Kp(x) has no zeros,

and, consequently, the complications assoclated with the possibility
of common zeros of the functions A; + K;(x) and Az + Ka(x) disappear.
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Thus solving the integral equation (A,B) is equivalent to solv-

ing a Rlemann boundary-value problem of the following form:

0 (1) = 2= (2)p- ) Ca () O~ (@) + —2 , _
i 55 I c—b.) (2.14)
I (=—8;)7 24 (=)9-@ (z—;) _

j=1 =)

We obtain the general solution to the homogeneous problem (2.1%)
as a speclal case of the solution of Problem (1,5) for v = 0, when
there are no éeros for the coefficlent G(x) atthe points a4, which
as we know do not affect the number of linearly independent solutions

of the problem. We have:

() 7

(ym=%ﬁm Pyna (2), ‘
et @a® : (2.15)
o= Py (2).

In order to solve the lnhomogeneous problem we shall construct
the canonical function, .
The interpolation polyncmlal a(z)‘should in this case satisfy
the conditions: '
JOON) =), J=1,2,...,85i=01,...,8—1
The degree of the polynomial p = n -~ 1,
The canonical function of the inhomogeneous problem is expressed

in terms of the interpolation polynomial in the following ways

S+ 2) 6 =

Y (o) = ; ELE— v () + 0~ B (e, :
z—0.)? z

oy Bl e : (2.16)

_ T -
Y ) =280 1w ()~ B, e,

while the general solution wlll have the form:
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. R it}
O (2) =Y () + 2B P (2),

11 c—pfia. & @
O (2 =Y"(z) + = Py (2).

P+ (2)
-When » - n > 0 the problem has n - n linearly independent solutions.

In the case w - n < 0 Eq. (A,B) 1s solvable only when n - ®» condi-

tions are fulfilled,
The solution to integral equation (A,B) 1s found using the

formula

o

0@ =-A | orpema (2.17)

-0

When A = 0 we obtain an equation of the first kind:

(=]

VE_ SI:(z—-z)q(z)dt =fx), 0<z< oo

i3

. (26,20)
to which 1t 1s possible to glve the form:

)/12_:‘ & ]x.(x__t)q)?(f)dl—f(.’c)=(p_(:z;), —~:>o<z< s0.

Fourier transformation of the last equation leads to a boundary-value

problem of the type:

+, O (z) , “F(z) :
CE=%m T x@" (2.18)

As usual, we represent the boundary-value problem (2.18) In the

form o+ (:C): p=(z) 2. (=) G. (z) O (2) o 2 (z) . -
I b0, @e @ Il (z—3;)%i '

=1 . J=1.
Since K(x) 1s a function which vanishes at infinity, the coefficient
G(x) =-K£;y of the obtained problem, by contrast to the corresponding
coefficient for an equation of the second kind, always has a pole of
®some order at iInfinity.
Let the order of K(x) at infinity be A. The order of G(x) at
infinity is equal to v = - A < 0. We obtain the general solution to
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this problem as a speclal case of the solutlon to Problem (1.5) in the
case v < 0, when there are no zeros for the coefficient G(x) at the

points ay. It 1s written in the form

el .
-E;%ET—Px—n—:-v—-x (2),

O () =¥ () +

= b i (2) T
' 1)'4—7-—;-»-.1 (Z).

[

1

(D- (:) =¥ (:) "{‘ 5 4 ()

We find the solution to Integral Equation (Ao,Bo) using Formula
(2.17). _

The number of linearly ;ndependent solutions to Integral Equaticn
(Ao,Bo) in the case n - n + v > 0 1s decreased by -v 1n comparison
with the corresponding equation of the second kind (-v 1s the order
of the pole at infinity of the function G(x)).

Example 1. Let us examine the equatlon of the fifst kind

. + 0

‘ng_;gkl(z_z)@(l)dt—!—-—viﬁ { ke —De@d =70, (2.19)

where

! 0, . :!:>0-

I‘.l (z) = { m(e::._cﬁx), z<0,
[ —V 2aie2s, : z>0,

i 0, 20,

{. 0, . . =20,

VE ((‘;;x - eﬁ.\:)' z < 0'

Fourier transformation of (2.19) yilelds:

, 1 1 {
K, (z)= E—2) (= =3’ K. () = TTo F(z) T E—2iE—2a)
Boundary-Value Problem (2.9) will be written:

o7 (@) = E=RE =D (2) 1.

The coefficlent G(x) has a pole of the first order (v

- 1) at the

point at infinity,

me=2" n=0 x=m—n,=2 d=2 (min(k,yu =1).
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F(x) has a second-order zero at infinity; consequently, the ﬂecessary
condition for the solvabllity of the equation 1s fulfilled,
The homogeneous.problem
o @) = 2507w

has the following solution in the class of functions disappearing at

infinity: c
O (2) = ) -

4200
c
G20 =3

O ()=
The number of linearly independent solutions to Problem (2.19)
is one less than the index at infinity since G(x) has a pole of first
order, -
The 1inhomogeneous problem in the class of functlons disappearing

at infinity has the followlng solution

The solutlon to the integral equation 1s found according to the for-

mula:

o0

o(z) = —}7—%_:- S (O (£) — O™ ()] e=dL,

—V2aiCe2s, - . : z>0,

“’"’={Vm(eu_csz);4i;f§;cu+si1fz.:mu, )

The equation proves to be solvable for the right-hand side selected.
For example, 1f we take
. V.?_.:—:(Sieu—he"—‘), x<0
/G {0,~ - T z>0, (2.20)

then
420
(z—20) (z—=30)"

F(z)=
The necessary condition for the solvability of Eq. (2.19) 1s not
fulfilled; consequently, the problem has no solutions which vanish
at infinity. The solutlon to the problem ‘ ' T
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®+(z)=(2—2!)(z‘—3l)®-(z)+z+2‘

2

in the class of functlons bounded at infinity will be:

—zlC

o @ = T5E,
—r—{zL2RLC

C=E—30

© (5) =

For no cholce of the constant C does thé solution vanish at
infinity; consequently, the equation with the right side glven in Eq.

(2.20) has no solution integrable on the real axis.

3. Paired Integral Equations

3.1. Let us examlne Integral equations of the form

20 (2) - 1/12—1 Lkﬂz—-t):p(l)dtw—_ja_’z)., 0< 2 o,
. 5 o« . ’ o ‘(B)
—_— (T — 1 dt = , — .
rp() + _§m7-<x Je@dr =1, —ee<a<
By introduclng the auxiliary functions w+(x), w _(x) [5 and 6], we
shall complete the definition of Eq. (B) so that both of them will be

glven on the entire axls; We will have:

o @+ | @ —de0d—1 (@ =0 (@,
iy / cmeKEC e (3.9)
he @+ | Re—doa—f@=0.@
Effecting Fourler transformation, we get:
.1-' 4’\’1 ]l "F =Q-()v
“ T ('T) ()(z) (I) z _ w<z< oo. (3.2)

[y + K: (] © (2) — F () = @* (@),
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From this 1t follows that

R F(r)  Q(x) - F (=)
YO = SrEe TR (3.3)

Consequently, the limiting values of the auxllliary plecewlse analytic
|function Q(z) should satisfy the following boundary conditilon:

07 (@) = L) oy ki K — Ky ) —o<z<o.  (3:4)

/x+m<t) 7+ Ky (z) ’

Thus, solving the palred integral equations is equivalent to
constructing functions Q+(z), Q7 (z), analytic wheny > 0 and y < 0,
respectlvely, according to Boundary Condition (3.4). '

The solution to original Integral Tquation (B) is determined

according to the formula

o(z) = —° S O W LLW gy L R COLFO iy

Viz ) Rtk TYE ) TRTLO . (3.5)

As in the case of Integral Equation (A), we shall assume that
the functions A3 + XK;(x) and A2 + Kz(x) can become zero at individual
points of the contour. Let us write out thée expansion of these func-

tions after separating out their common zeros Cyct

s t
M+ @) =] (-0 ] (z—co** Ky (2),
)'—‘1

§=

(3.6)

r

by + XK, (2) =1 (z —ap)™ H(z—co Kl.(z)

i=1 L=
As before, the coefficlent G(x) may be presented in the form .

b Kafe) H, (=—e)"p, (@) p- (2)
@) Gs (2). (3.7)
11 (z—b;) ’q+ (=) o)

=1

At the point at infinity G(x) has neither zeros nor poles (m+ % =n +
+ h.
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Let us éscertain in what class of functions the solutions to
Problem (3.4) should be sought in order that Formulas (3.5) determine
the solution of Integral Equation (B) in the required class. |

Since the functions A; + K;(x) and Az + Ka(x) revert to zero on
. the contour, in order for Integral (3.5) to have meaning 1t is‘neces-
sary to require that the functions G'(z) and Q7 (z) when solving the
homogeneous problem (F(x) = 0) and the functions &' (x) + F(x) and
Q7 (x) + F(x) when solving the iﬁhomogeneous problem, which functions
occur in the numerator in (3.5),‘revert to a zero of the same mul-

tlplicity and at the same polnts as the denomlnators of these frac-

tions, From the equality

@+ FE) Q@) FE (3.31)

M+ A2 (2) T+ Ki#)

it follows that these conditlons are automatically fulfilled for those
zeros a,; and bJ which are not common to the functions A; + K;(x) and

A2 + Ka(x). Consequently, there remains to require only the fulfill-

ment of the conditions

Q* () =0, -
O+ () = 0,
0 o) = 0 (3.8)
(s=01,...,9%—1, k= 1,2,...,1)

for the solutions of the homogeneous problem and of the conditlons
P A
— 9% (z) + F (@)),.., =0, .
% - (3.9)
0% (oc) == 0
for the inhomogeneous problem.’

In this way it 1s suffilcient to require fulfillment of Conditions
(3.8) and (3.9) for only one of the functlons '(x) or Q°(x), since
it will be automatically fulfilled for the other by virtue of (3.3t!).
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Let us proceed to the solution of Problem (3.4).

Homogeneous Problem:

R E {z—¢ )¢£P+ (=) p- (2)
Q=2 - G, (z) Q™ (7). (3.10)
Tz—,)70,(2) 0- @) :
I

A problem of this form was solved in Section 1, Its general

solution 1s given by the formula

ﬁ@_%ﬁ#@¢m>
QF (z) == e Pz (2),

Tl — 5% g, () &0 . (3.11)
Q(z) = = e Pl z).

We shall require fulfillment of Conditions (3.8). For.this the poly-
nomial P, 1(z) must obviously be taken in the form
-n- =
H (z—q{)’k P;-—n-l-l(z)!

kel

1.e., the solution to Problem (3.10) in the required class of functions

is written in the form:

r t .

Iz~ a)* (= — )™ p_2)
k=1 )

Q+(:) = i=t rR (:) Px—n-l-rl(z); (
n 3 [ 3 . 12)
O =) Mo @)
() =k Prna ().

In this way the number of linearly lndependent solutions to
Problem (3.10) 1s decreased not just by the number of poles of the
coefficient G(x) on the contour, but also Sy the number 6f common
zeros (counting also their multiplicity) of the functions \; + K;(i)
and Az + Ka(x).

Formulas (3.12) give the solution to Problem (3.10) when » - n -
- 1 > 0 and, consequently, 1n this case the homogeneous lntegral
equation (B) has ® - n - 1 linearly independent solutions., In the

case n - n - 1 < 0, however, the homogeneous problem (3.10) and the

-29-




homogeneous integral equation (B) have no solutions differing from the
identically zero solution. .

Inhomogeneous problem. In solving the inhomogeneous problem we

shall proceed from the fact that i1ts general solution 1s composed of
_some particular solution of the 1nhomogeneous problem and the éeneral
solution of the homogeneous problem.

As in Section 1, we shall construct the canonical function of the
inhomogeneous problem, But in the case being consldered the canonical
fuqction must also satisfy Condiltions (3;9). In order to satlsfy these
conditions, the interpolatlion polynomial Qp(z) must be taken with
degree pequal tom+n+ 1 - 1.

The canonical function will then be expressed 1n terms of the

interpolation polynomlal in the following way:

+
Vo= 2B 0 iy 40 -5
JE 2+ Q(2) — @, (3],
H (z—b’-)s’q_ (=) ) g (3.13)
j=1
- =y el () '
Y™ (o)= _#i“[qr- (z) — ’é; @)
li
}{(z—ai) P4 (3)
r 1
H (z— ai)uikn (z— ck)Yk p_(2) cr+") -
Q-r (:) = Y+ (:) + 1=]1 x =] . Px_"_ (s , :
2: ) i) (3.14)
. B; 1 o e
3 He—pp" )¢ @
Q7 (2) = ¥~ (2) + =2 k= : Puniald).

Pii2)

In this way, when n - n - 1 > 0 the solutioﬁ to the 1nhomogéneous
problem (3.4) and also to Integral Equation (B) will be linearly
dependent upon ® -~ n - 1 arbitrary constants. When n - n 1 < 0, the
polynomial Pn-n—l-l(z) must be set identically equal to zero. When

% -n -1 < 0 the canonical function Y(z) has order n - n - 1 < 0 at

infinity and, consequently, ceases to be a solution to the inhomogeneous
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problem, However, by subjecting the free term F(x) ton+1 -n
conditions [since F(x) 1s the Fourler transform of f(x), the conditions
imposed upon F(x) will be at the same time conditions imposed upon
the free term f(x) of Integral Equation (B)], 1t 1s possible to secure
a higher order at infinity for the function ¥(z) by n +1 - n‘units
and agaln make the canonical function Y(z) a solution to the inhomo-
geneous problem. This means that In the case # - n - 1 < 0 the inhomo-
geneous problem (3.4) and, consequently, Integral Equation (B) are
solvable in a unique way only when n + 1 - % solvabillty conditions
have been fulfilled. “

We note that the effect of the common zeros of the functions
A1 + Ki(x) and Az + Ko(x) on the solvability conditions and the number
of solutions 1s considerably different for equations of types (A) and
(B). For Eq. (A), as ensues from fhe study in Section 2, the presence
of common zeros imposes conditlons upon the free term of the equation
which must necessarily be fulfilled in order for the equation to be
able to have a solution. It 1s not possible to satisfy these con-
ditions by choosing from among the arbitrary constants available in
the general solution. Thus, regardless of the value of the index of
the equation, the equation will bé solvable only when the.right side
1s speclally chosen; The common zeros will also result in solvability
conditions for Eq. (B), but they may be satisfied by an approprilate
cholce of the arbitrary constants entering into the general solutlon.
Consequently; for a sufficiently large index (» - n - 1 > 0) the
equation will undoubtedly be solvable.

3,2, Palred integral equations of the first kind., lLet us con-

silder the solutlon to palred integral equations of the first kind
obtained from Eq. (B) when Ay = Az = O:
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= Vh@E—ne@d=j@ 0<2< o,

s . o B
A S EGE =00 d=1@, — »<z<0. (Bo)

The boundary-value problem for the type of equations under considera-

tion 1s obtailned from (3.4) after setting A; = Az = 0:

o (o) =g o (@) +

e

In contrast to the Rlemann boundary-value problem (3.4) obtained
for the corresponding integral equation of the second kind where the
coefficlent

6@ =20

of the boundary-value problem 1s bcunded at Infinity, In the given
case this coefficient is the ratlo of functlons dlsappearing at
infinlty, and consequently may have a zero or a pole of some order. at
the point at infinity. ‘Let us assume

¥ (2)

K (@)= :.().."“(’)

where the functions ¥,(x) and Yz(x) have zero order at infinity, Two
different cases may arise, depending upon whether the difference v =

= W - A 1s negative or positive,

Let .
' Kl()='ﬂ(z—b):’1(z—c,)u1{ (2),
j= R=s)
K, (z) = H(z — )™ ]._I (z — ex) Ky, (2).
d=} k=1 .
Then L4
Ka (=) 51“‘”0 P4 (2) p- (=)
Ki(z)

II (:—b) B 7. (2) - ()

j=1

. and the solutlon to Integral Equation (Bo) 1s determined according to

Formula (3.5) when A3 = Az = O
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o o
. 1 QYW L FW) _seg g, 4 QT+ Fi)
q@):vﬂ_L TR "“‘va_i o

s
- (3.16)
1. v > 0(k > A). In this case the coefficlent G(x) of the
boundary~value problem (3.15) has a zero of order v at infinity. But
"the functions K,;(x) and Kp(x) which are now in the denominator of the
frabtiong
Q" (z) -+ F (=)
© ARy(=)
and

Q" (=) + F (=)
K (x)

’
¥

in addition to common zeros of the same multiplicity at the points Cyer
have a common zero of order A -at infinity. Therefore, In determiniﬂg
the class in which the solution to (3.15) must be sought, in additioh
to the restrictions that were 1mposed upon the solutlion in the case
of ﬁhe analogous equatlion of the second kind, 1t must be required
that the functlon Q+(z) have a zero of order A + 1 at infinity., The
function Q (z), on the other hand, will have the required order u + 1
at infinity by virtue of Eq. (3.3) when A3 = Az = O.

In this way, the general solution to the homogeneous problem
- (3.15) is written in the form:

r - ¢
He—a)™ I (=)™ pota) " @
Q-ﬁ-(z) = i=1 , k=)

Px-n—l-).-l (:) ’

q-(2)

L 8; ! ¥, ) s (3.17)
Ie—op™ ;H L M MO T :
Q'(,:) — Ju=l -]

Pnmtar-y (2).

Py ()

The number of linearly Independent solutlons to the homogeneous
problem for an equation of the first kind is decreased, just as 1in the
case of an equation of the second kind, by the number of poles of the

coefficient G(x) on the real axls, and also by the number of common
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zeros of the functions K;(x) and Ka(x).

This means that in the case n‘- n ¥ A < 0, the homogeneous problem -

(3.15), and together with 1t the homogeneous integral equation (Bo),
have no non-trivial solutions.

In solving the inhomogeneous problem we shall argue in tﬁe same
way as 1ln the preceding case, but now 1t 1s necessary to require of
theAcononical function Y(z) of the nonhomogeneous problem, in addition
to fulfilling Conditions (3.9),.that if have a zero of order A at
infinity. Therefore the polynomial ﬁﬁ(z) should be taken with degree
p=m+n+1+2a -1,

The generél solution of the lnhomogeneous problem (3.15) will be
expressed in terms of the canonical function of the inhomogeneous

‘problem in the following way:

r 1
Q2) =Y (z) - 131 (=)™ ,}_II F—c) ¥ p_ ()@ :
FE=1 = e Paontoi=s ), (5.18)
() =Y (z) ;'=H1 =" 7131 G nad e
Q@)=Y (9)+ e Punaraaqg (2).

Formulas (3.18) show that when %-n-1-X5>0, Problem (3.15)
and Integral Equation (Bg) have m - n - 1 - A linearly independent
solutions. In the case n - n -1 - X < 0 Problem (3.15) and Integral
Equation (Bp) will have a unique solution only when n + 1 4 A =-n
solvabllity condltions are fulfilled.

2. v<0 (k< A). In this case the coefficient G(x) of the
boundary-value problem (3.15) has a pole of order v at infinity, while
the functions K;(x) and Kp(x) have there a common zero of order p.
Consequently, the number of linearly independent solutions of the
homogeneous problem (3.15) should decrease by the total number of

poles of the coefficient G(x) on the contour, i.e., by n + lvl, and
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also by the number of common zeros of the functions K,;(x) and Kz(x),

l.e., by 1 + p. In this way, when v ¢ 0 the number of 11near1y.

Independent solutlions to the homogeneous problem (3.15) will be
A—n—lLyv—pu=u—n—1-2 '

By argulng 1n the same way as before, we come to the conciusion
that the canonlcal function of the 1lnhomogeneous problem should in this
case have a zero of order y at Infinity, while the interpolation poly-
nomlial should be taken with degfée

p=m-+n+l—vtu—1 =zn-}n-+l~+h~—1.
The general solutions to the inhomogeneous problem (3.15) will

have the form:
T { - X
I c—a)® I =™ p_(z) e @

Q+ (Z) = Y+ (Z) + i=1 k=1 Px--n- .
‘ . , PEIES) T x-mel-, 1(2), (3.19)
HE—5)% Me—c)™ g (0 & @ ’

Q (2 ==Y () -2 k=1p+u) Prntae1 (2)-

The conclusions regarding the number of llnearly independent
solutions when n - n --1 - X > 0 and solvabllity conditions when
?n-n-1-Xx< 0remain the same as for the case v > 0.

Example 2. Iet us examine the integral equation

V;'E‘_S,k‘ (z—1) g (1) dt = 1 (a), 0<z< o0,

! Shﬂx—0¢MJn=ﬂ@,_°M<$<Q

where Vin o
: | o ., z>0, : —iY 2ae=, 220,
MO =\y R, 2o, @@=y g 2<0,

@ ——-————VE{ ex z>0, -

f(z) = ’ . .
@eﬁ‘, z<{0.

Fourler transformation ylelds:

. 1
AI“V=@—2n@-my

, 1 1
L@ =g FR=gz7

The boundary value problem (3.15) which corresponds to the equa-

tion in question is written in the form:
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L ear 3L 1

Ot ()= B2 E =N gy Fom ¥ L (3.20)

. ®-F 2 (-2 47

The coefficlent G(i) has a pole of first order at infinity (v = -1).

The functions X,;(x) and K»(x) have a common first-order zero at the

+point at infinity,

2, n, =0, n=m -n =2,

n + + T N

+

Representlng the boundary conditlion in the form

1

z— 2

z—
z -4

o

(z+2i)Q% () —

1~

L= (2 —2i0) (2 -3 Q7 (2) —
and making use of analytic continuation and the Liouville theorem,
we find that the general solutlion to (3.20) In the class of functions
disappearing at infinity will have the form:
1 2w 3i 3
¢@=%ﬁbé+}

@O = =me=mr=z+ ¢}

The solution to the lntegral equation 1s found according.to the

(3.21)

formula:

1 % MEFW iy,

q)(z)= VB; R ‘. K:(I)

Since the function Kz(x) has a first-order zero at infinity, the
function at(x) + F(x) must have at the point at infinity a zero of at
least .second order. From this condition we find that C - -1.

But when C = =1 the solutlon of (3.21) assumes the form:

e -3t

XE) =gz

- {—z+20
O~z — 3
FO) = o=y

and we obtaln:
. : {SVEc—'B, 2350,
LY e, z<0.

Thus the solvabllity conditlon resulting from the presence of a

common zero of the functions K;{(x) and K(x) can be satisfied by a
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choice of the arbitrary constant entering into the general solution
and the given integral equation proves to be unconditionally and
. unambiguously solvable (cf. Example 1 in Section 2).

4. The Noether Theorems .

The three Noether theorems* [4, p. 55] are, in the normal case,
valld for singular integral equations, which also include, along with
equations having a Cauchy kernei, equations of the convolution type.

Theorem 1 regarding the finiteness of tﬁe ﬁumber of solutions
also remains valld for exceptional cases, Let us see what the case 1s
wlth the other two theorems, D

We take Eq. (A) of the second kind as the initial equation. We
shall use Yu. I. Cherskiy'!s method {3] to form the traﬁsposed equation.

Let us write Eq. (A) in the equivalent form:

7»(9(.’12)-{— Vi_-ﬁ S IR z—-t)—fz-l::(:z—t) (P(l)dt+
- ' ' (»)

1 c°'k-.(-—z—kg — ;
+m_g°, = _)z~ =9 o (1) sgatdt =1 (a).:

- The homogeneous transposed equation will have the form:

L--3

-~ . 1 C R (t—z) e (t—2) ~
@+ | MR G
© : (A')
sanz {0 Ihi(@@—t)—l(t—2z) ~ Yo
+ Ve g 3 Qt)dt =0,

0 .

. * . These theorems are valld for complete equations in which also
there 1s a regular operator contalned as the addend. For the further
negative result which is being established, examination of the mcre
simple characteristic equations is sufficlent.
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or

Li—2e@)dt=0, 0<z<o0,

2

7-15’ {x) +

s&u/ﬁs

(av)

ka(t—z) ()t -_—‘o, — 00 2L 0.

Aot (2) + ==

it

.
| ez

o

Thus, a palred integral equatlon of type (B) will be an-equation
conjugate for (A). "After noting that thé variables x and t in the
kernels of the integrals have changed thelr positions by comparison
with the normal convolution expression,* we find that the solution of
the transposed equation (A!') will be eguivalent to the solution of the

following boundary-value problem: /

! -+ Ky (— O- .
o = e T @ : (k.1)

Preserving all the notations of Sectlion 2, we assume that the func-
tions A; + K;(x) and xp + Ko(x) can be presented in the form of (2.5);

then (4.1) will have the form:
II (24 6)%p, (=2)p- (=)
@ (=" ——G:(~2) T (2) 4
. . : = 2
e+, (~5) g (—2) . (4.2)
=1

The zeros and poles of the coefficient G(x) of the Riemann problem
corresponding to the transposed equation have changed, but their number
and multiplicity remaln as before. The "+"™ and "-" type polynomials
which enter into the coefficient of the boundary condition (4.2) have
exchanged roles, so that p (-x) and q+(—x) will have zeros in the lower
half-plane, while p_(-x) and q_(-x) will have zeros in the upﬁer. .

Consequently, the index of the transposed-equation (Ar) will,;by

* . A substantilal misprint was allowed 1n Egqs. (A!') of M. G.
Kreynts article [8, p. 117]: the opposite sign was indicated for the
arguments of the kernels, : -
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definition, be equal to

) 2 =m_ —n_ ' .
Since G(x) has nelther zeros nor poles gt'the point at infinity
(v =0), '
m-m, +m =n-n,+n.
‘From this the following relationship between the indices of the trans-
posed equations 1s obtalned:
u'=—x.—(m—-n).

As follows from the investigations 1n Sectlon 2, the inhomogeneous
equation (A) 1s solvable in the case u - n > 0 when 1 conditions are
fulfilled, whlle when n - n < 0, the fulfillment of n - n + 1 condi-
tions is required for 1ts solvabllity. These conditlons may be
presented in terms of the right side of an equation of f(x) in the

following form

[

_gw; @, (@) dz = 0. (4.3)

Should Noethert!s second theorem prove to be vélid, then ¢J(x)
would have to be a complete system of llnearly independent solutlons
to the transposed equation. By comparing the number of solvabllity
conditions and the number of iinearly independent solutions to the
transposed equation, 1t 1s easy to show that this 1s impossible.

For example, let » - n < G; then, as we have seen, the number of
solvability conditions (4.3) of Eq. (A) equals n - »n + 1. But the
number of solutions to the transposed equatlon will be equal‘to ‘

n' - n -1 =% -m-1. (4-1‘)

The difference between these numbers m + n + 21 1s always positive
for exceptional cases (min (m, n, 1) > 0), and therefore the set of

functions wJ(x) entering into the solvability conditions (4.3) is not
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exhaustéd by the complete system of solutlons to the transposed equa-
tion (A'). Accordingly, Noether's second theorem is always invalld
for exceptional cases.

As we proceed to the third theorem regarding the difference
.between the number of solutions to the glven and transposed hoﬁogeneous
equations, let us note first of all that these equatlons cannot be
simultanebusly solvable for the exceptional cases being consldered.

In fact, the 1nitial homogeneous equation (A) 1s solvable only for
positive 1nde¥ n > n, while the equation conjugated to it (At) 1is
solvable only for negative index n < -(m + 1) when n lies in the
range -(m + 1) < » < n, both equations are simultaneously insolvable.
Thus, the difference 1n the numbers of solutlons to these equations
ccincides with the number of solutions of one of these'equations and
therefore cannot be equal to the index of the equatioh. Accordingly,
Noethert's third theorem also does not hold for exceptional cases,

Note that the conclusions that hzve been reached are valia under
the condition that the solutions to the given and transposed equations
are sought in one and the same cclass of functions on the real axls.

If functions having apolar singularlty on the contour are admitted as
a solution to the Riemann problem and, conséquently, nonintegrable
functions (for kernels satlsfying the conditlons for which the cor-
responding integrals exist) are admitted as E solution to the 1ntegral
equation, then the question wlll require new study. ‘

The questlion of the solvabllity of the 1ntegral equation

0@+ iz —te0a=1(), 0<z< w, (4.5)

with a symmetrical kernel for the exceptional case when the function

1 + K(x) has 2p real roots and, consequently, the coefficlent
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1
G(x) = TTRE - of the corresponding boundary-value problem has 2p

real poles has been examined by V. A, Fok [2]. He proved that only

when p conditions of the form

BACRAC T ) r=0,1,...,p—1,

[ .
‘are fulfilled does Eq. (4.5) have a unique solution which remains
bounded and tends to zero at infinlty. In this case, the functions

7r(x) are p linearly independent soluticns to the homogeneous equation

in the class of functlions not integrable on the real axls. Accordingly,

here Noetherts second theorem proves to be valid. The contradiction
with the conclusions reached above regarding the absolute unfulfill- '
ability of thls theorem for exceptional.cases 1s explained by the
fact that here the solution to the 1nitilal equation and 1its transposed
equation (for the case of the symmetrical kernel in question they
coincide) are taken in different classes. In addition, there .occurs
here a special cholce of the data. In our notatlons the Rlémann-
problem coefficient may be written:

1 (=P (i)
T+ K@= =x

II g =z e +2)
k=3

P@ e p @ 6@ =g @y,

9

G, (z).

Here

m=0, n=2p, m+=p, m_=p n+=n=0‘

£, -
'A=m+~n*=p_

For the solvabllity of the inhomogeneous Riemann problem in the class
of functions bounded on the contour and diséppearing at 1hf1n1ty,
n-x»s=p conditiéns must be fulfllled, At the same time when poleé
are admitted at the poinfs Xer Xy for ¢+(x) the homogeneous problem
has p linearly independent solutions.* Homogeneous Equation (%.5) has

P solutlons which cannot be integrated on the axis.

* The number p wlll be the index of the problem in the class of

solutions being considered [1, p. 453, Eq. (45.9)].
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Thus the legality of Noethert!s second theorem for the given case
1s explalned, except for the fact that the solutions to the transposed
equations are taken in different classes, also by the speclal condi-
tlion

m=1=0, x=x=p,

A similar argument could have been made 1f the palred equation

(E) has been taken as the initial equation.

V. I. Lenin Byelorussian Submitted October 10, 1960
State University
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