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ABSTRACT

The research reported in this thesis is devoted to the develop-
ment of network synthesis techniques which are exact end applicable to
distributed RC functions. Complex variable transformations are introduced
vhich greatly simplify the representation and use of the hyperbolic com-
plex frequency functions of distributed RC structures. Realizability
conditions are glven for the existence of distributed RC driving point
and transfer functions, and the actual synthesis techniques are described
in detail. Examples of the methods introduced herein are verified by

experimental data.



CHAPTER 1:
CHAPTER 2:
CHAPTER 3:
CHAPTER 4:
CHAPTER 5:
CHAPTER 6:
CHAPTER T7:
REFERENCES
VITA

APPENDIX I

APPENDIX II

TABLE OF CONTENTS

An Introduction to Distributed RC Networks

The Mathematical Charscterization of RC Functions
The Approximation Problem

The Synthesis of RC Driving Point Immittances

The Synthesis of RC Trensfer Functions

The Design of Experimental RC Networks

Conclusions

DISTRIBUTION LIST

17
119
122
123
129
134



vi

LIST OF ILLUSTRATIONS

Page
1-1 RC Line with Arbitrary Geometry 3
1-2 Uniform RC Line 3
1-3 Exponential RC line L
1-4 Notch Filters i
1-5 Synthesis Procedure 6
2-1 Possible Interconnections of RC Networks 11
2-2 URC One Ports 13
2-3 s — 8 Transformations 16
2-4 RCR Line Segment 21
2-5 P!' = s Mapping 22
2-6 RCR Driving Point Impedance Plots 25
2-7 RCR Transfer Impedance Plots 25
3-1 Magnitude Functions for RC Synthesis 31
3-2 Magnitude Functions for RC Synthesis 32
3-3 Magnitude Functions for RC Synthesis 33
3-4 Megnitude Functions for RCR Synthesis, a = 1/2 35
3-5 Magnitude Functions for RCR Synthesis, a = 1 36
3-6 Magnitude Functions for RCR Synthesis, a = 2 37
3-7 Megnitude Functions for RCR Synthesis 38
3-8 Approximation of A(s) by Exponential Polynomials 39

|
3-9 Plot of Weighting Factor fn coth —;L- 4o



vii

4-1 Cascaded RC Line Segments 53
42 RC Network Realization 57
4~3 Illustrations of Example of Section 59
4-4 RC Network to Realize Function of Fig. 4-3 61
4L-5  Experimental Verification of Example 63
5-1 A Cascade-Stub Realization 70
5-2 Cascade-Stub Extraction Cycle T0
5-3 A Brune RC Cycle Equivalence 79
5-4 Equivalent RC Networks 79
5-5  Application of Theorem IX 82
5-6 Equivalent RC Networks 82
5-7 Three RC Configurations 82
5-8 High Pass RC Network Characteristic a7
5-9 Typical RC Microelectronic Circuitry 89
5-10 Required Transfer Network Configuration 90
5-11 Required Gain Characteristic 90
5-12 Overall Network Characteristic 92
5-13 Final RC Network 93
5-14 Cascade-Stub Physical Bubodiment 93
5=-15 Bandpass Characteristic 97
6-1 Teledeltos RC Model 100
6-2 URC Line Segment 100

6-3 Slopes of Exponential Factors 105



6-4
65
6-6
6-7

viii

Slopes of Second Order Exponential Factors
Theoretical Low Pass Filter Characteristic
Four Section Filter Characteristics

Low Pass Filter Embodiment

A-2-1 URC Segment

106

112
115

130



CHAPTER ONE

AN INTRODUCTION TO DISTRIBUTED RC NETWORKS

1.0 Introduction

Common objectives in the use of microminiature network technigues
are to increase system reliability, to lower cost, and to reduce overall
network size by orders of magnitude. An attractive possibility for achiev-
ing these aims is the use of distributed circuitry, i.e., electrical net-
works made of three or more homogeneous layers. To date, mathemat?cal and
physical complexity have restricted the distributed network designer to
simple RC distributed networks, hereai'ter referred to as RC networks.
Such circuits do not require interconnecting leads, as do lumped elements,
thus decreasing size and greatly increasing operational reliability.
Network deposition on a masked substrate can be accomplished by several

physical and chemical techniques.l’2’9

1.1 Summary of Previous Research

1-3,7-14 have discussed the RC

Although a large body of papers
network problem, comparatively few significant results applicable to the
synthesis of such networks with prescribed characteristics have been ob-
tained. Present design procedures require the designer to consider a

Jarge mumber of previously analyzed RC circui'c,s,l’e’3

and match the
desired characteristic with those available. Often, the problem in com-
mercial microelectronies is solved with small discrete elements, and a

concurrent loss of packing density and reliability.



As more information becomes available concerning RC = 1ines » these
elements have greater appeal for practical microelectronics. The charac-
teristics of an RC line, an incremental section of which is sl hown in
Fig. 1-1, have not been determined for arbitrary density func—tions r(x)
and c(x). The differential equation for the RC 1ine voltage ssmnd current
have been so.’Lved.l"5’6’7’21 for special cases. The simplest ce=smase occurs
when r and ¢ are independent of distance x, i.e., the uniform RC ( UEC')
line of Fig. 1-2. If r(x) is proportional to e and c(x) is inversely
proportional to e¥*, i.e., the exponential RC (ERC) line of Fiig. 1-3,

9

another class of solutions” has been derived. From both class==ses the 2
parameters of a length L of RC line may be obtained.

Truncation techniques to approximate a finite pole-zeero pattern
by a distributed network with an infinite number of poles and zeros have
been applied in special cases.9’12'15 These methods are fruit——ful where
dominant poles exist near the jw axis, and poles far removed f"=xom the
axis may be neglected. Potential analogs may be used to adjusssst the pole-
zero locations for the Aesired responses along the jw axis. I_”f no domi-
nant poles exist, such cut-and-try techniques are tedious, and B of limited
application.

Computers have been used to find frequency characteri _stics for
particular RC configurations, such as URC and ERC notch filter —s of Fig. 1-k4.
Computer solutions are necessary, since these networks involve - complicated

8,9

byperbolic transfer functions. Control of the notch freque: ncy by &
single element, independent of the RC network, has been sugges- ted by
Ca.stro.:L The network structure and design curves have been gi—wven by

Wyndrum. 10
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1.2 Mathematical Model of the RC Segment
An incremental model of the RC line is depicted in Fig. 1-1.

The differential equations for E and I, assuming signal transmission in

the x direction only, arise from

=r(x) I (1)
—%— =sc(x) E . (3)
Combination of (1) and (2) yields
E" - (r'/r) E' - scrE =0 (3)
I" - (¢'/c) I' - serl =0 (%)

vhere the prime indicates differentiastion with respect to x. When (3)
and (4) are solved for a finite line length, with prescribed terminal
conditions as done in Appendix II for the URC line , the two-port RC
segment Z-parameters may be found.

Since the incremental RC line voltages and currents are in
general functions of x, y and time, they must be solved for as a two
dimensional field problem. The partial differential equations, subject
to the proper boundary conditions, are derived in Appendix II. Boundary
conditions suitable to a rectangular geometry with uniform cross section
are then applied and the potential and current density functions are
found. The thickness of the dielectric is assumed to be very small, as

discussed in Appendix II.
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If r(x) and c(x) have constant value, Ry and Co, respectively,
the solutions of (3) and (4) are exponential functions of x. These solu-

tions exist when the line is of uniform cross section. For this cese,

= _Ro coth /8RoCol” (s)

211 = 222
v 8RoCo
and
csch v sReC
Z12 = 221 = o RoCol? (8)

v8RoCo

1.3 Proposed RC Synthesis Technique

The research reported in this dissertation develops RC synthesis
techniques which are exact, analytic, and suitable for wide-band design.
Conformal, positive-real transformations permit hyperbolic RC network
functions to be expressed as ratios of polynomials of finite order. The
method employed herein derives its strength from the large body of reali-
zation techniques available for lumped networks. In particular, a lumped
LC synthesis method is also shown to be an RC method. Carried over to the
RC embodiment , certain LC techniques are found preferable to others. The
general procedure involves & transformation from the s-plane to the S

plane, illustrated in Fig. 1-5.

1.4 Summary of Accomplishments
Chapter Two is devoted to the mathematical characterization of

the uniform RC (URC) segment which is the building block for later syn-
thesis techniques. The hyperbolic frequency functions associated with

URC networks are investigated, and a transformeticn is introduced which



simplifies the representation of such functions. This transformation is
the basis for the synthesis techniques in the remainder of this disser-
tation.

Additionally in Chapter Two, a four layer RCR network is sug-
gested, and mathematically characterized. The URCR network is shown to
possess frequency characteristics which are related to those of the URC
network by & single transformation.

Chapter Three discusses the analytical representation of RC
network functions in the original complex frequency plane of definition
(the s plane). These representations occur as ratios of polynomials
vhich are rational in e¥®, with the foreknowledge that under the trans-

formation to the S plane (see Fig. 1-5), namely

&/E _ 1*8
l1-5

the resulting expressions are rational in S. The hyperbolic functional
description is motivated by the knowledge that uniform RC networks are
exactly characterized by hyperbolic network functions with an infinity of
poles and zeros.

In Chapter Four, the material of Chapters Two and Three are
employed to derive realizability conditions on RC driving point immittances
in terms of the exponential polynomials. Methods are described to attain
any realizable RC driving point immittance as a practical, one-piece cas-
cade of segments of RC line 3 the characteristics of each segment are pre-

scribed by the synthesis technique using Richard's Theorem.



Chapter Five extends the techniques of Chapter Four to transfer
function synthesis. Since cascaded RC structures inherently possess all
of their transmission zeros at infinity, a modification of the cascade
structure is introduced to achieve finite transmission zeros. Stubs are
employed at prescribed intervals along the in-line cascade. Realizability
conditions outline the classes of functions achieved by this technique in
terms of the exponential polynomials interpreted in Chapter Three.

Chapter Six considers the problems of building practical RC
networks by the methods described in earlier chapters. The design of a
low pass filter with prescribed cutoff characteristics illustrates the
proper use of the exponential polynomials to approximate a given plot of
gain versus frequency.

Chapter Seven summarizes the conclusions resulting from this re-

search.
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CHAPTER TWO

THE MATHEMATICAL CHARACTERIZATION OF RC FUNCTIONS

2,0 Introduction

In this chapter the two-port parameters of the several distrib-
uted network segments to be employed in future chapters are derived. Upon
campletion of the representation of URC networks ;» & conformal transforma-
tion is suggested. By definition of a new complex frequency variable,

S = tanh (a&/8/2), the network functions assume a simpler, non-transcendental
form, noted in Corollaries II and III.

In Section 2.3, a similar treatment is given to a new class of
distributed networks, the URCR segments. A second transformation, in
addition to the one above, permits straightforward characterization of the
URCR parameters by non-hyperbolic expressions.

The most desirable physical realization employing URCO two-ports
is the cascade configuration (Fig. 2-1(a)). This configuration is pref-
erable for available microelectronic fabrication techniques, since it
minimizes the number of fabrication steps, and eliminates most elemental
interconnections which otherwise would be required. A general RC synthesis
technique which always results in a cascade embodiment is achieved in
Chapter Four.

Other possible connections are illustrated in Fig. 2-1. All
possess at least one of the following serious disadvantages, compared to

the cascade structure:
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1) The use of but one port of each elemental two-port,
2) The possibility of ungrounded one-port multilayered structures,
3) A large number of (possibly unreliable) interconnections,

4) Excessive network area.

2.1 URC Segments
Prior to the synthesis of cascaded RC networks, it is necessary

to investigate the individual segments and the classes of driving point
immittances which may be synthesized with them, and outline the fundamental
mathematical ideas used in the develomment. Later, when RC immittances
realized with cascaded sections are developed, the cascade realizability
conditions are found to be identical with those developed in Theorems IV,
V and VI.

The network of Fig. 2-2(c¢), with the output open circuited, has

the impedance matrix,

Ro coth L vsRoCq Ro esch L /SRoCo
/8RoCo /sRoCo
Z = (1)
Ro esch L /8RoCo Ro coth L V8RoCo
/8RoCo /8RoCo

If the network is terminated in an arbitrary Zj, as in Fig. 2-2(a), its

driving point impedance is

Ro coth L/8Rolo Ro coth L/8Rglo Ro 2
w00 ) (Samares)

Zyp =

(ZL+RocothIJ3RSUB>

/eReCo (2)
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Rp and Co are constant impedance density functions in ohms per unit length
and ferads per unit length respectively. If Z7, = 0, the URC output port
is short circuited and effectively a URCS one port is left for which

(Fig. 2-2(1b))

Zins( &) Y12 v'sRoCo (3)

If Z;, = o, an URCO one-port 1s obtained which is characterized by

Ro coth L /8RoCo

IN
o 4

Zin, = 211 =

Note at this point thet an IC impedance in the /5 plane is ob-
tained from an RC impedance in the s plane by multiplying the RC impedance
by /8. The resulting impedance, considered in the /B plane, represents

that of a uniform LC network. l‘dat:hema.ﬂt::lca.l.'l.y,22

Theorem I. If Zpa(s) is the driving point (DP) impedance of an RC network,
Z1c(/8) = /8 ZRe(s) is the driving point dmpedance of a reactive

network in the /8 plane.

Corollary I. If Ygc(s) is the DP admittance of an RC network,
Yio(/8) = —/%E— Yao(s) is the driving point admittanceof an LC network
in the /5 plane.

Thus (3) and (4) become respectively

/8 Ro tanh L /8RoCo Ro
Zing(/5) = L2150 e o . [ 2T tamn (/5 /ROTA)  (5e)



_ /B Ro coth L/8Rlo _ [ _Ro
Zing (/%) e J o coth (V8 /RSTE)  (5b)

These are recognized as driving point impedances of IC 1lines in the /8
plane.

2.2 The S ~ s Transformations: Applications to RC Functions
Consider the positive real mapping®*

(6)

cosh 5£—- sinh #

cand d real, 0> ¢ > d.
This transformation is the sum of two transformations which may

form the basis for the reduction of distributed system functions to lumped

system functions. For d = 0 and ¢ = 1, (6) reduces to

) ea'/i -1
S1(/8) = tanh (a/5/2) = w;;v-s-—.rl- (7
and for d = ¢ = 1, (6) reduces to
-
S2(/8) = coth (&/5/2) =St 1 (8)
ea,/‘E -1

#F(s) 1 a positive real mapping of s if with s = 0 + jo
a) F(s) is analytic for ¢ > 0.
b) F(o) is real.
¢) o > 0 maps into Re F(s) > O.

See pages 357 ff. of reference 2.
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It is sufficlent to consider either of the two transformations.
81(/5) will be examined here. Recalling that (5) represents lossless
(IC) functions, with an infinite array of poles and zeros alternating on
the Jw axis in the /5§ plane, positive real transformations (7) and (8)
mist again result in LC functions, in the Sy plane. In fact, (7) and (8)
possess the ability to transform distributed impedances (5) into lumped

impedances. Using (7),

Z4ng(/5) =,/ 1C'° 81 (9)

(o]

and

B4ngl/B) = [ R 5 - (10)

Eqs. (9) and (10) reveal the power of the synthesis procedure described
in Fig. (1-5). The elegance of this technique is that the mathematics
of the synthesis procedure is executed in the (lumped LC) S plane, after
the s - S transformation, and employs only finite polynomials, as opposed
to the infinite polynomials which characterize the URC functions. Fig. 2-3
presents transformations (7) and (8), which are clearly positive real.

A correlation is thus obtained between lumped L's and C's in the
S1 plane and URCS and URCO networks in the s plane. Certainly this is
not & one-to-one transformation, as evidenced by the multiple strip equi-~
valency of the /8 plane to the S plane. In fact, precisely the absence
of the one-to-one property allows a distributed network with its infinite
constellation of poles and zeros, to be transformed conformally into a

Jumped eqw.z;tva.len‘!:.:"6 It is clear from Fig. 2=3 that any point in the



S plane has an infinity of images in the /5 plane. The correlation for

(7) and (8) is given by Theorems IT and IIIS

Theorem II.* If Zpa(s) is the driving point impedance of a URC network

composed of segments with RC product equal to (a/2)2, Z1,0(81)
/B ZRG(s) 1is a lumped LC driving point impedance with
Sy = tanh (a/8/2).

Corollary II. If transformation (7) is employed, each
&) C in the lumped LC network in the S, plane may be realized
a8 a URCO network in the s plane.
b) L in the lumped LC network in the S; plane may be realized

as a URCS network in the s plane.

Theorem ITI.* If Zgg(s) is the driving point impedance in the s plane of
a URC network composed of segments with RC product = ( a/2)2,
Z;o(S2) = /8 Zpe(s), with Sz = coth (8/8/2), is a lumped LC
driving point impedance in the Sz plane.

Corollary III. If the transformation (8) is employed, each
a) C in the IC network in the Sz plane may be realized as a
URCS network in the s plane.
b) L in the LC network in the Sz plane may be realized as a

URCO network in the s plane.

The philosophy of the distributed synthesis procedure is sug-

gested by the preceding development. An original analytical specification

*For proof, see Appendix.
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of the driving point immittance function to be realized by a URC network
is stated. The function must be tested, as will be described by Theorem
VI, to determine its potential to be realized by a URC network. If 2(s)

is a suitable candidate, it is transformed into a lumped LC function by

/B
a8 _ e -1
S;atanh ) = e&/E_’,l (a.)
(11)
e&/§= (l+Sl) (b)
(1 - 81)
or
a/8
a/s _ e’ +1
Sz = coth —— = -, (a)
(12)
e&/§= (1'82) (b)
(1 + 82)

Proceeding from Z(S), the problem is now reduced to finding a suitable
LC network to realize Z(S). Each L and C may be replaced by URCS and URCO
one-ports, and the desired RC network may be constructed. Although ladder
interconnections of L's and C's would solve the mathematical problem, the
corresponding RC embodiment would be a clumsy interconnection of URCS and
URCO one-ports illustrated in Fig. 2-1(b). An improved technique employ-
ing cascaded URCO two-ports is described in Section k.k.

Since the two-port properties of URCO networks are to be exploited,

the URCO transmission term z12 (Eq. (1)), is recalled to be:

Ro
/8FRolo sinh L /BRoCo

z21(8) = z12(8) =

(13)



Under (7) this becomes

Ro /1 - 52

221(8) = 212(8) = Vi

(1)
More must be said in Chapter Five concerning the factor /I - 52 . At this
time note (Fig. 2-3) that S = + 1 corresponds to 8 = co. Thus all of the
transmission zeros of the URCO two-port lie at infinity, physically aris~
ing fram the shunt capacitance of the model presented in Fig. 2-1. This

may cause serious limitations in the realization of RC transmission prop-

erties, and suggests the use of RCR networks , described in the next section.

2.3 URCR Networks

As indicated in Section 2.2, it is not possible to achieve finite
zeros of transmission with in-line RC structuves. Consequently, another
structure designed to assure negative real transmission zeros is suggested.
This RCR network, illustrated in Fig. 2-U, consists of a dielectric layer
interposed between a conducting strip and a resistive layer. The impedance

matrix for the network is given by

w h
coth nL 1
M—7— Mgsma
z(p) = (15)
Ry 1 Ry coth nL
n sinh nL n

L _
where ns= __p.glﬁ_ -_-,/RAGB _p._...__ w k ._p_'_. ;
v T14p c/Gg v TTep c/Gg AT

k =/RaUB ; p' =p C/Gp
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Now if a new camplex variable, s, is defined by s = p'/(1l+p'), s is
clearly & positive real function of p', and maps the right half of the
p' plane into the right half of the s plane, as in Fig. 2-5.

The first important conclusion is that the entire negative real
axis in the s plane has as its image the finite segment of the negative
real p' axis from the origin to -1l. Thus a function with a demmerably
infinite set of negative real zeros in the s plane possesses an uncount-
ably infinite number of zeros on the segment -1 < p' < 0 in the p' plane.
In this case, -1 would be a limit point.*

Consider the Z parameters for the RACRB network:

R .
221(p") = z22(p') = ———A—— coth KL }—ll-;— (16)
k [ ~R P
A l+p'

Ra 1

t '

k,/. e sinh kL P
lip! lip!

Letting s = p'/(1+p'), Z(s) must represent a realizable (and RC) network.

z21(p') = z12(p') = (17)

Indeed,

211(8) = coth kL /E (18)

k/s sinh KL /8

z12(8) =

(19)

#Cross and Braga (see reference 25) refer to such a limit point as a
finite accumulation point.

v
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Comparing Eq. (18) and (19) with the URC Z-parameters of Eq. (1),
a remarkable coincidence is noted. Under the frequency transformation
s = p'/(14p'), the RCR two port has an impedance matrix identical with
the original URCO network, all of whose transmission zeros are at in-
finity! The poles and 2eros of zi: for the original network alternated
and were demumerably infinite. In light of the foregoing discussion of
this transformation, the poles and zeros of 231i(p') must be in the finite
plane with a limit point at -1. In fact, by the Mittag-leffler '.l'heorem,3 3

z11(p') may be expressed as

y - Balp) P (k1) + (u-§) %)
z11(p') BLp’ ‘\ M-é > [ ()2 + (4x)3) -‘
: (M-}) 2"
(KL)2 + (M-§)3n
(00n)? (20)

P TR ¢ ()2

The poles and zeros of this expression are depicted in Fig. 2-6. RCR
networks, significantly, allow the synthesis of a wider class of driving
point impedances than was possible with URCO networks alone. It is
further noted that, unlike its URCO counterpart, the URCR network has a
finite driving point admittance at infinite frequency, due to Gg.

The transfer impedance of the m network, likewise, has its

URCO counterpart. zi2(p') may be expanded into

212(p") = —A | falet) n wa ) 33 (kL/Ma)?")
5 J_ - :
k g sinh kI, Mlll p' + T+ (L)

(22)
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The RCR network transfer impedance involves an infinite number of zeros
at -1 in the p' plane, or at -l/RBC in the p plane, and an uncountably
infinite sequence of poles between p' = 0 and p' = -1 on the negative real
p' axis. PFig. 2-7 presents the configuration. Along the jw' axis, the
effect may be approximated by the pole at the origin, the next M poles,
and a zero of order M+l at p' = -1.

RCR network functions such as (18) and (19), expressed as func-
tions of s under the mapping of Fig. 2-5, may now be operated on by trans-
formation (11). The resultant network functions are then expressed as
ratios of finite-order polynomials in S. Proceeding from Z(S), the dis-
tributed synthesis problem is again reduced to finding the proper LC

network to realize Z(S).

2.4 Concluding Remarks

The characterization of distributed RC network functions has
led to hyperbolic functions of frequency which would be rather difficult
to work with in an orderly synthesis technique. Under the proper trans-
formations, it has been shown that these functions may be materially re-
duced in camplexity, and put into such a form that lumped LC synthesis

techniques may be adapted to the RC problem.



CHAPTER THREE

THE APPROXIMATION PROELEM

3.0 Introduction

URC immittance and gain functions were shown in Chapter Two to
be given by hyperbolic functions of the argument, /8r. For the wide band
synthesis problem, it is unfeasible to approximate the hyperbolic functions
by either truncated infinite product expansions such as by the use of the
Mittag-Leffler Thecrem,)’ or by truncated infinite series. Nonetheless,
such expansions do provide valuable insight into the real frequency behav-
ior of RC network functions » Since the infinite product or series expan-
sions of any of the two-port parameters of finite URC networks involve
only integral powers of s.

An example of & typical RC driving point impedance, expressed in

infinite product and infinite series forms, was seen to be

tanh v/ sRC sinh /sRC

a(s) = 2 lE% o (1)
J/sRC JsRC cosh ysRC
which may be written as>>
1+
H( =)

z(s) = (2)

/R 131 o t(k-g)ﬂa)

or

PR KL
z(s) = — 3! 2 (3)

z
.,.’E'ﬁé'&_ﬂr sRC_, _{sRO) +]

2! 41
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From the infinite product expansion, the d.riving point function is seen
to possess an infinite number of altermating and countable negative real

poles and zeros. This is characteristic of URC networks.

3.1 Importance of Approximation in the s Plane
As was noted in Fig. 1-5 of Chapter One, the RC synthesis tech-

nique of interest herein is based on conformal transformations which map
the s plane into the S plane. It will be recalled that the actual syn-
thesis will be undertaken in the S plane, where the distributed RC func-
tions of s are characterized by ratios of finite polynomials in S. Driving
point and transfer function realizability conditions are most readily de-
rived in the S plane. Suppose, however, the network designer begins with
a graphical impedance-magnitude function plotted against w (i.e., 8 = jw),
and applies the conformal s — S transformation to achieve a graphical
magnitude characteristic in the S plane. The first analytical approxima-
tion of the function will be in the S plane. It would then be inconvenient
to formulate an analytic impedance expression or analytical realizability
conditions on the function in the original s plane.

It is thus important to begin with a graphical representation
of the desired network behavior, and within the framework of a set of
realizability conditions, translate the graphical specifications directly
into hyperbolic functions of /8. The synthesis procedure from this point
on becomes direct and mathematically exact. Because URC networks are not
characterized by ratios of finite polynomials in s, it is profitless to

approximate a graphical specification by such a ratio.
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Consider now the general form of hyperbolic approximation for a
given magnitude-frequency specification as detailed in Bq. (4). At this
time, since no particular classes of functions (i.e., driving point,
transfer or gain) have been discussed, a general network function will be
formulated. It will be shown in Chapters Four and Five that realizable
RC driving point and transfer immittance functions are subclasses of this
general network function. The general function that is of considcrable
interest in approximating a specified graphical function of frequency is

given by

G(lteﬁ>ﬁ)<ea°/§+31ew+l>
1

F(s) 1*3/5)(1+e"/’>p

H(s)=

l? (eM + CieM + (2-01) ea"ﬂ + Ciew + 1)
1

I?(eaﬁ + Aie"/E + J.)Ix;(eu"/.g + Dj_eM + (2-Dy) 28 4 Dj_ea'/s + 1)
1 1

(k)
where Ay, Bj, C1, and Dy are real;

|B1] <2, |A1] <2, 0>C1>1, 0>D>1,
p is a positive integer,

and F(s) = 1, H(s) = a gain function

/8, H(s) = an impedance function

—‘7]{:—, H(s) = an admittance function
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The "exponential polynomial" factors in Eq. (4) are shown in
Chapters Four and Five to be sufficient to characterize URC impedance
and gain functions. It will be necessary to understand the magnitude
characteristics of the exponential polynomials thoroughly; hence they
are introduced here. Presently, it will be shown that practical "straight-
line" magnitude approximations exist for each of the polynomial factors
described in Eg. (4). Accordingly, a procedure analogous to the straight-
line "Bode Approximation” for lumped networks is developed. Exponential
polynomials provide the vehicle for approximating graphical specifications
of real frequency directly by analytic expressions in the original plane

of definition.

5.2 Graphical Magnitude Characteristics
Figures 3-1 through 3-7 present the real frequency magnitudes
of the exponential factors of interest. The abscissas represent the log

10 of the normalized frequency , which will be most useful in the

aa

2
general synthesis problem. Since the several immittance and gain functions
to be realized involve products and quotients of such exponential poly-
nomial factors, the logarithms of the factors need only be added together
graphically to produce a desired RC specification.

Figure 3~1 is a plot of exponential polynomials of the form

1
°M+Bieﬂ+l

)

for various values of Bi, with s = jJo. A disadvantaege of this plot is

large db falloff encountered at high frequency. Practically this may
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result in error by the network designer taking the small difference of two
large numbers to achieve a desired characteristic. Such difficulty may
be circumvented by use of the exponential polynomial ratios of Fig. 3-3.
Note that the expressions in Fig. 3-3 reach asymptotic values for zero
and infinite frequencies. The curves are computed for /J& = (J+1)-/&/2 .
Figure 3-2 represents the magnitude of other terms found in the
general network expression. Figs. 3-4, 5, 6 and 7 present the magnitude
of the polynomial factors above, with the complex variable 's' replaced
by p'/(14p'), for p' = jw. Such plots are necessary in the synthesis of

RCR networks, discussed in Chapter Four.

3.3 Example of Approximation Technique
Let the high pass characteristic of Fig. 3-8 be required within

3 db. for all normalized frequencies —“%2—- > 0.1, subject to the following
conditions:

1) The function A( ea'/i) used to approximete the graphical character-
istic must be identically zero for zero frequency, and asymptotically
approach a constant as the frequency approaches infinity.

2) Belov 432 = .1, the magnitude of A must be at least 30 db.
below ites reference level at high freguencies.

It is to be noted at this point that since no realizability con-
ditions for a perticular physical embodiment of A( e“’s) have been con-
sidered, A( ew) will be constructed without regard to such conditions.

In Chapters Four and Five, such restrictions will be introduced, and
will detail the choice of exponential polynomials available to construct

the magnitude function of interest.
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Since A} is required to be identically zero at dc, a term of
the form (e“/F - 1) is placed in the numerator. This term may have its
magnitude cancelled out at high frequency by a denominator term of the
form ( e‘fs— + 1), noted in Fig. 3-2. The term ( eV 1) also helps meet
the 30 db./decade requirement. From Fig. 3-2, and the specifications on
|Al, a graphical characteristic may be rapidly plotted which will deter-
mine the require contribution of the other (as yet unknown) exponential

polynomial factors to |A| When this is done, an upward break freguency

of about ‘“;2 = 0.15 is clearly needed, requiring a second order polynomial
with By about -1.8. For a finite overall gain at high frequency, trial
and error quickly shows that a denominator polynomial with A; equal to
zero will permit all of the specifications to be met. The final mathe-

matical expression is

(e‘fi - 1)(eM - 1.8e%E ¢ 1)

A(s) =
(eVE 4 1)(e28/5 4 1)

(5)

The prescribed and approximating graphical characteristics are compared
in Fig. 3-8.

3.4 Graphical Magnitude Specifications Derived From Phase Specifications

Appropriate relationships between magnitude and phase character-

1
istics of minimwm phase shift networks were first introduced by Bod.e.3

Phase 1-.a.b1es52 may assist in the systematic computation of the phase
function from & given magnitude function. In this dissertation, the con-

verse problem is of interest. The RC synthesis procedure, limited to
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minimm phase networks, begins with an analytic characterization of the
magnitude characteristic. From the phase specification, it 1s necessary
first to find the magnitude function.

Ietting A(w) represent the magnitude function, and 8(w) represent

the phase function,

o)
Ac - Ao = - ﬂic J dgﬁ’e) log coth I-;—l du (a)
a (6)
®
Ac - A, =- a: j\ d(—g{;") log coth |—;—|dn (v)
-0
where
u = log (w/we) (7

The reference levels Ay and Ag at o = oo and @ = o respectively
are used because the magnitude functions so derived are not unique. For
minimm phase networks with specified magnitude functions, the associated
phase is uniquely specified. However, since an arbitrary magnitude com-
ponent such as a constant loss may be added without affecting the phase
characteristic, (6(a)) and (6(b)) indicate that A(w) may be determined
only within an arbitrary constant.

Although (6(a)) and (6(b)) represent a considerable amount of
evaluation effort, the weighting function log coth |u/2| (see Fig. 3-9)
simplifies the calculation. Outside of the vicinity of u = 0 (or ® = ap),
log coth |u/2| falls off rapidly. Most of the contribution to the in-

tegrand at ax comes from the slope of £ or up in the immediate vicinity
)
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of as. Evaluation of (6(a)) or (6(b)) at a sufficient number of values

of ® will allow the graphical determination of A(w). The graphical mag-
nitude characteristic is the departure point for the RC synthesis. Con-
ditions relating degree of approximation in the magnitude function and

the phase function have not been derived. Thomas has stated that a + ﬁ db.

gain approximation results in 5° phase a,cczura.cy.3 2

Examples of calcula-
tions of (6(a)) and (6(b)) have been carried out by Bode in Sections 14.8-9
of reference 31.

Bode (Section 13.10, reference 31) considers the extension of
the above formulae to systems other than lumped networks. The particular
restriction on the application of these integrals is the one which limits
the behavior of Z(s) - (where Z(Jjw) = A(Jw)+JB(Jw)) at infinity. 2Z(s)
may increase at most logarithmically, so that Z(s)/s vanishes for infinite
frequency. Difficulty arises when an exact expression for Z(s) is not at
hand, partieularly since distributed functions often include essential
singularities. Each distributed network function should be tested to
ascertain that it meets the conditions that it have no right-half-plane
or imaginary axis singularities, and that it approach infinity no faster
than log s. The driving point impedances of URCO and URCS one-port net-
works given in Eq. (3) and (4) of Chapter 2 satisfy these conditions, as
well as the networks which are realizable by Theorem IV. As Bode has
pointed out in connection with the application of these integrals to the

distributed functions, "It is evidently unwise to dogmatize about so

general and vague a problem."



3.5 Concluding Remarks
The material in this chapter provides the foundation for speci-

fying analytical RC immittance functions from which networks with pre-
scribed magnitude characteristics may be constructed. In Chapters Four

and Five, realizability conditions will be derived which require the

exact expression of distributed network functions in terms of hyperbolic
functions of st. Such magnitude characteristics as will be required in
Chapters Four and Five have been plotted in this chapter in db. vs. logio o,
and permit the approximation of prescribed magnitude plots by products of

exponential polynomials.
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CHAPIER FOUR

THE SYNTHESIS OF RC DRIVING POINT IMMITTANCES

4.0 Introduction and Objectives

From the viewpoint of mathematical development, it is desirable
first to formilate a synthesis technique which realizes driving point
immittance functions employing uniform RC networks. Such a development
is to be carried on to conclusion in this chapter. In accordance with
the discussion in Section 2.0, it is preferable to achieve an RC synthesis
which is embodied in a cascade configuration, as opposed to the alternate
ladder connections of RC one-ports depicted in Figure 2-2,

A general cascade synthesis is detailed in this chapter, with
the help of Richard's Theorem. Using the mathematical groundwork pre-
sented here, the transfer function and gain function synthesis problem is

considered in Chapter 5.

4,1 Realizability of Z(s) by URC Networks

The necessary and sufficient conditions that Z»R'c(s) may be real-
ized under transformations (7) and (8) of Chapter 2 by a finite mmber of

URCS and URCO immittances are shown to be

Theorem IV.* Z(s) may be realized as a driving point impedance of a
finite mmber of elemental URCS and URCO networks using (7) and

(8) of Chapter 2 if and only if

*For proof, see Appendix.
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a) Z(s) may be expressed as

a/s
n 2kita.nh—5-
Z(s)=;i£-tanh;‘£;§+ % +z
° /Etah 8F S /8 tram® AE 4 02y)

b) where kg, , ko, and ky > 0
An equivalent theorem may be formulated, such that

Theorem V.* Z(s) may be realized as a driving point impedance by a
finite mmber of elemental URCS and URCO networks using (7) and

(8) of Chapter 2 if and only if
a) /s Z(s) is a rational function of e&/s
b) Re (/8 Z(s)) =0 for /s

or s = -g3, q real

Ja, q real

¢) Re (/5 2(s)) 20, Re /E> 0

It is noted that Re Z(s8) = 0, s = oo.

Returning to the inverse transformation of either (11) or (12)
in Chapter 2, it is clear that the most useful analytic expression of

the RC impedance, Zmp(s) , must be of the form

a/s
_ 1 N(e™ ")
ZRa(s) _—fs —___D(ea/g) (1)

*For proof, see Appendix,
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where N and D are rational polynomials in e“/E . The rational function

Z(S) may then be arrived at by substituting

+ S
eF . d1+s (2)
1=-5
into (1), thus transforming Z into a rational function of S. It is im~
portant to be able to arrive at (1) in a direct fashion, if Z(s) is orig-
inally specified by, say, a graphical magnitude function.

Consider the construction of

/8 Zgo(s) - Mo (3)

s=jw sajw

A plot of the magnitude of the left side of (3) in db., as a function of
log w, will be related to a similar plot of (1) by the simple difference
of 10 db./decade, arising from the factor /®. Thus if (1) is specified
graphically, (3) may be similarly represented.

Because Z(s) is an RC function, it is at once apparent that

|2(s) 's-,ja) must be a monotonically decreasing function of ®, and that

Z(oo) = 0. With these conditions satisfied, it may be possible to approxi~

mate Z(s) as will be described presently.

Theorem VI. Z(s) may be realized as a URC network under (7) of Chapter

2 if and only if /5 Z(s) may be expressed as

'
/
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(ea./E £ 1) 2(m=-n)+1

II'Il (e2&/E + Bke&/-§
/5 Z(s) = 7:;

Il

1l

+1)

85 _ )

(e

(28 a/5 4 1)

+Ake

or its inverse, where Ay > By, |Axl <2, [By| <2andm =n
or n - 1. Note that either one Ay or one By may be zero, but

not both.

4.2 Realizability of Z(s) by URCR Networks

Under the relationship which has been carefully established
between s and p/(1+p), it is clear that Theorems IV, V and VI hold for
RCR networks with proper modification. In Theorem IV, (a), replace s by
8/(1ts) in the right side of the equation. Make the same substitution in
parts (a) through (c) of Theorem V, as made in Theorem IV. Again, msake
the substitution B . s in the right side of the equation of Theorem

ST
VI. The above statements refer to the fact that the theorems may be

e ]
applied directly to URCR functions after transformation from 1p to s.

Note that Z(p) will be finite and non-zero.

The cofls:c‘r(:::tion of RCR realizable functions follows from the
form indicated in (3). In the case of the RCR networks the desired immit-
tance function is first approximated as ratios of pclymcmials in ea/p'}l-b'p' 3
the graphical approximation of such polynomials is indicated from Figs.
3-4 through 3-7. Additional design freedom is avallable from the constants

'a' and RpC, compared to the RC synthesis.
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4.3 Realization of Z(s) by Cascade Synthesis: Introduction

Consider the properties of a cascade configuration of several
URCO lines. BEach line is assumed to have the same RoCol® product, but
different Roli terms. This restriction is implied by the use of the trans-
formation S = tanh &/5/2 in which 'a&' is kept constant for the entire
synthesis.* It is convenient to consider the ABCD cascade matrices for
each of the RC line segments. Letting T = RoCol® = (a/2)2, and the total

segment resistance Ry = RyL, the cascade matrix for the ith segment is

given by
T Ry sinh /B7 ( Ry tanh /BT
a on| | Ceoonymr) (2 ) -
/5 Ve
= = cosh fE'F
i JET t
N I P - .f;nhﬁ?
| L Ry | ! 1 i
(4)
The overall ABCD matrix for n different sections in cascade is
Ri tanh
A B 1 i JET
n n fs_T
= (cosh /s7) 1 (5)
1=l | /57 tanh /57
C D
0 Ry

Bi has the units of an RC impedance, while Cj has the units of an RC
admittance. Thus it is possible to discuss an equivalent LC network, by

Theorem I, for which A4 and Dy are unchanged and

Bigs = /% Bigg 3 015—C=-—/-1_8—C1§5 (6)

*This practically restricts the entire network being synthesized to be made
up of RC segments of the seme length. In Section 4.7 the decomposition of
the network frunction being synthesized into several networks with separate
L's is considered.
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The overall matrix (5) is transformed to that of the associated uniform

¢ structure?

A B-l 1l

n n

= (cosh /87) I

i=l | /% tanh /&F
cC D R
0 1
L J L

Application of the transformation

§1(/8) = tamh —8’/2—';

Ri tanh /87 |
/Tr'
1

(7

(8)

to (7) results in a matrix which is again LC in the S plane} for driving

point immittances, the resulting functions will be realizable as lumped

immittances in the S plane. Note that under (8) the resulting transfer

immittances, as opposed to the driving point terms, cycle every 'a/2'

units instead of every 'a' units. This arises from the fact that for URC

networks, the transfer quantities involve the factors

a’s -8/8
.- -
cosh NE . e *e -
2 JI =582
and
a/s -a/8
a/s e= -e 2 5
sinh 5 = 5 =
/I

while the driving point impedances involve only

tanhﬁ . ea/g-l
2 ew-l-l

=S

(9)

(10)

(11)



51

Thus, for the general 1th RC segment, (4) becames

Ry S
A B 1
/T
el _ (a)
EE /T8
cC D 1
Ry
For two such identical segments in cascade,
A (1452 BuS ]
B ——
JT
=21 - ()
1-5 /T8
c D 15 e
I Ry

(12)

Likewise, for n units in cascade, with n an even integer, the resulting

networks will all involve only integral powers of S. Similarly, the re-

spective [Y] matrices may be calculated to be

i st
Ry S R{ 8 |
(v = (a)
T lviast &
Ry S Ry S

and
/7 (6% (8% /7
2Ry S 2Ry S
[YJII = (b)
=(1-8%) /7 /7 (1457
i 2R; S 2Ry S

(13)
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L.k Cascade Synthesis by Richard's Theorem

A straightforward RC driving point immittance synthesis procedure

applie 8 Richard's Theoremls’el

to the RC network representations in the
S plane. Richard's Theorem was first exploited by Bott and Duffin in
their lumped transformerless synthesis procedure and has also been used
in the design of UHF and microwave lossless filters.as’ 27 It may be

stated as follows :28

If Y(S) is a positive real function, and

Y(S) - s Y(1)
Y(1) - S Y(S)

is constructed, ¥;(S) is again a positive real function. Addi-

tionally, if ¥(S) is LC, Yr(S) must be IC.

In light of Richard's Theorem, consider the cascade admittance

Y of n sections of RC line, in Fig. 4-1. It may be shown that

1 Ri Yi+1 + /8T tanh /57

Yy(s) = (14)
tanh /57
1+Ri Yiy e
Solving for Yi.,.l(s):
1 Ri Yi - t
Yale) = e (15)
1~ Ry Y4(s) =

where it is assumed that Yi(s) is a given and realizable RC function.
Thus Y;(s)//§ must be a realizable LC function in the /5 plane. In

particular,
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sl

Y
Ri%_+,/? tanh /57

Yi(B) 1
s =Y = 16
/8 e e Ry 1+ Ry Yi+ tanh /87 .
/57
Similarly,
, H Y/i_(_s) - /7 tanh /57
Yi4, (/B) = - (17)

—
1 1 - Ry Yi(s) tanh /5T
8T

is an IC driving point admittance in the /8§ plane, and under (8) may be
transformed into Y{(S), a PR and LC function in the S plane. In a like

manner, if (8) is again applied,

1 Rf Yi(S) - /7 8

Yi41 , (8) =—=—
e B, j—é s ¥(s)
T
(18)
ﬁ
M5 ys)
Ry

Observe that the final expression in (18) is identical with that
of Richard's Theorem if /T and Rj are positive and thus Ry is uniguely
specified for each line segment. The process is repeated until Y,(S) = 1/S
or S remains. The process will always so converge ,16 as is noted in the
next section. The significance of the theorem in the present application
15 that an RC line may always be ‘extracted' from & desired function, and
the resulting simpler driving point admittance may always be realized as

a cascade of a finite number of RC lines through a repetitiocn of the
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process, Thus any driving point irmittance which fulfills the conditions
of Theorems IV, V or VI may be realized as a cascade configuration of RC
lines. By application of Sections 2.3 and 4.2 RCR functions may similarly

be constructed.

4.5 Example of RC Cascade Driving Point Synthesis
In order to illustrate the application of Richard's Theorem,

consider the realization of Z(s) corresponding to Z(S) = (?:;'9)(;283? .

Four ladder connected URC segments (one ports) would realize the driving

point impedance alone. This is an undesirable configuration. Four RC
cascaded two-port segments are required, but allow a desirable fabrica-
tion technique. To begin the synthesis, suppose that the original speci-

fications require /7 = 1.

S(S®+16)
(S2+9) (52+25)

Yi(S) = ¥(8) = 1/Z(8) = (19)

-1 _uan
¥a(1) = A (16)(26) .0654

S

Y(S) =

o g T
1
E' - S Y(S)
S(5%+16) -
= 0654 W 004 8

L0654 - _.i@iﬂ'.s_)_

(52+9) (52+425)

. (s%+2l.8) (31
00Uk S~ Bh5.75)
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Now, let Y2(S) be fabricated. By Richard's Theorem, Y2(S) is PR and IC.

.00Ls5k (25.8) _ .00700 = L
16.75 Rz

Yo(1) =

Y=(S) - .00700 S
.00700 - S Yz(S)

S Ya(8) .007

.00ksk S(52+24.8)
52+415.75
. 2(5242L ,
.007 - oohs:s( +24 ., 8)
52415.75

- 007 8
= .007

.00381 5(sZ-1
(52424 1) (52<T]

Finally,
Y3(S) 1is PR and

Ya(l) = _-_gg%ﬁ_ = .000150

5 Ye(S) = .00015 _Ya(S) - .00015 S

.00015 - S Yz(8)

3.81 S
s2+2L .4

52(3.8)
2424 .1

-0158

.15(S2<T)
3.65(8%=I)

= (.00015) = ,00015

A5 -

= 6.18 x 10™® S

The network corresponding to the previous calculations is found in Fig. L-2(a).

The physical embodiment of this network is pictured in Fig. 4-2(b).
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4.6 Example of RC Driving Point Synthesis From Graphical Magnitude
Specification

As a typical problem, consider synthesizing the function depicted
in Fig. b-3. The Pirst step is to normalize the graph with respect to
frequency and it will be assumed in Fig. 4-3 that this has been done. Appli-
cation of the magnitude curves of Chapter Three within the framework of
Theorem VI suggests that the graphical data of Fig. 4-3 may be approximated
by
W, %

Z(s)=l e e -1.9ea/E
B B, 2E L, aF

Referring to Fig. 3-1, B; = =1.9 is used because of the wide frequency
spread (almost two decades) between break points. Eq. (20), plotted in
Fig. 4=3, is compared with the magnitude~normalized original specification.
Note that the magnitude normalization (by 120 db.) simply involves multi-
plication of resistive values by 10° and division of all capacitance values
by the same number.

Using the transformation (2), (20) becomes

2(S) =_;_[ 3.9822:50.1 ]

_ 3.9 S2 + .0256
- = |’ =5 ] (21)

In order to apply Richard's Theorem, the assocliated admittance function

is found to be

s 52 + 3
Y(S) = 22
() 3.9 [ 52 + ,0256 (22)
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from which

Y(1) =1 (23)

Since Y(1) is known, Yi(S) may be computed to be

i(s) = y(1) X8) - 8 ¥(1) (24)
Y(l) -8 Y(S)

S s
3.9 [ s%.;zse ]' S
s2 S2+3
153 [._SE+.;256 ]

2.9 5(s2-1) _ 2958

) 2
(s2+.1) (52-1) S2+.1 (25)
Then
Y1(1) = 2.6k (26)
Yo(S) = Y1(1) Y1(8) - S Y1(1)
Ya(1) - 8 Yi(S)
= 2.6),._ S [ 2-6“' - 2.6‘4 Sz
-.26 5%+.26
-26.95=L_g @

&

The individual segment parameters are found to be

1 _Ro_ 1 R _ 1 _ 1l _ _R __1 _
W 7" a7 a7 W A 25.9--°372( |
28
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The physical embodiment of the normalized network appears in Fig. 4-l.

/T = RC may be chosen for the proper frequency scaling. If RC = 107%,

/T =10"2 and
R, = 1073 @ Ry =.378x107%Q Re=.0372x10"20¢
(29)
C.===10"27¢ Cp =2.64x10%f Ca=27x103r¢

° "R

To raise the impedance level by 10° (or 120 db.), the previous values are

changed to 10° x Ry and 107® x Cy , or
RS =10% @ Ri =378 0 Rz = 37.2 Q

Co =107 ¢ Cy = 2640 pf. Ca = 27000 pf. = .027 uf.

As & check on the validity of the technique, Z(s) for the network of Fig.

k-l may be computed (without recourse to the S plane) to be

Z(s) = %o [l- (Rl+R2)Roa ]
/57 tanh /&7 (Ro + R1)(Ry + Ra) cosh® /57 - B}
(30)
and with the normalized RC parameters, this is seen to be
Ry [ewg-l.9e&/§+l ] .
& e /or L 2af5 , a/s 4, (51

which checks with the original specificationq .

The preceding network was experimentally built using Teledeltos
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Resistance Paper# firmly pressed against copper conductor, gecmetrically
formed as indicated in Fig. U4-k. The resistance of each segment was meas-
ured precisely. The capacitance per square inch for such a layout is
known from previous experience to be 310 picofarads per square inch. For
this experiment, R, was 115 kilohms, Ry was 43.6 kilohms and Ro was 4.26
kilohms. The RC product was 7.95 x 10™® for each segment. The experi-
mental and mathematical realizations are considered in Fig. 4-5, where

excellent agreement is to be noted.

4.7 Concluding Remarks
In this chapter, a straightforward distributed RC synthesis

technique has been evolved which significantly does not require recourse

to a digital computer for implementation. The broad class of monotonically
decreasing functions of real frequency which may be synthesized by these
techniques has been detailed in Theorem VI. The eventual realization of
the driving point functions by cascade RC structures was shown to be of
practical significance, and theoretical examples and experimental results
were shown to compare closely. Additionally, URCR networks were introduced.
These networks allow a broader class of impedances to be achieved, and per-
mit non-zero driving point impedances to be realized at high frequencies.

Certain limitations are inherent in the classes of functions

vhich may readily be synthesized by the previous techniques. Further re-

search directed toward relaxing these restrictions is indicated.

*Available from Western Union Co., New York City.
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Some information is available in the literature which indicates

that non-uniform 1:I.nes9

are superior in certain performance aspects to
uniform lines. Their use in the previous driving point synthesis without
recourse t. computers would be possible, if for the variously tapered
lines, conformal transformations were found so that the synthesis might
be carried out in the S plane.

A more immediate limitation of the present method arises from
the use of a constant RC product for each URCO segment. As seen from
Figs. 3~1 and 3-3, breakpoints in the magnitude function may be achieved
over about two decades. If a network function is to be achieved for which
breakpoints exist over more than two decades some kind of network decom-
position into subnetworks must be employed; each subnetwork will be char-
acterized by a different RC product and will be used to realize breakpoints
in different frequency bands. In the normalized plots of Figs. 3-1, 2 and
3, it 15 noted that the frequency is normalized to a/2 = (Rc)i, 50 that

the plots may be applied universally.
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CHAPTER FIVE

SYNTHESIS OF RC TRANSFER FUNCTIONS

5.0 Introduction

The transfer function synthesis problem in lumped networks is
often phrased as follows: '"Design a network N with a specified voltage
(current) gain, working from a source into a given load." Since either
gain function may be written in terms of a driving point immittance, a
transfer immittance, and the given load immittance, the above requirement
is identical to asking the designer to f£ind a network with a prescribed
driving point immittance and prescribed transmission zeros. The trans-
mission and driving point functions are intimately related, however, as
evidenced by the Fialkow-Gerst conditions. Assuming that the two func-
tions have the same denominator, the specification of yi1 and the zeros
of yiz describes yi2 within an arbitrary constant. Often this is the
best that can be achieved, although in the case of gain functions it may
be preferable to attempt to keep the constant as large as possible in
order to avoid unnecessary inband loss.

A similar synthesis problem for RC networks will now be under-
taken. Although the synthesis may be based on either the S plane or the
8 plane, 1t is usually advantageous to design in the former. The specific
problem under consideration is the realization of a network having a pre-
scribed gain function, fed by an ideal current or voltage source and work-

ing into a load which is nominally resistive. It 1s convenient to assume
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that the load is coupled through a distributed capacitance, as is typically
done in current microelectronic amplifier d.es:l.gnl2 (see Fig. 5-9). If the
load is directly connected to the network, it is realistic to assume that
some stray capacitance exists across it. The effective load is thus a
lumped parallel RC network, whose driving point impedance is rational in

8, but not rational in S. This poses a distinct problem, since the power
of the synthesis techniques under consideration lies in the fact that
driving point impedances which are realized are rational in S. This
situation may be handled with no difficulty, however, as shall be seen
presently.

It is useful to make some preliminary observations at this point
concerning the origin of the lumped RC load which has been mentioned.
First, the load may be exactly what is postulated: a resistor, with some
lumped capacitance across it. Second, the parallel RC circuit may itself
be an approximation, valid within a certain degree of accuracy and over
a certain frequency range, of a more general RC network such as the input

of a thin-film transistor.lg’ao

In the latter case, a distributed RC
network approximation might have been more appropriate to begin with,

and should have been formulated. In the former case, it 1s necessary to
approximete the driving point characteristic of the lumped RC load by a
distributed RC load which is then used in the actual synthesis procedure.
This approximation is particularly simple at low frequencies (below wRC = 2),
where a single URCS network approximates the lumped case quite well.29

Over the range indicated, both the postulated lumped network and its dis-

tributed counterpart are primarily resistive. At higher frequencles, it



may be necessary to employ a more complicated distributed load to approxi-
mate the lumped load characteristic, in accordance with the methods of
Chapter Three.

5.1 Transmission Zeros in the S and the s FPlanes

Consider the mathematical forms which the gain or immittance
functions may assume to be realized by S plane technigues. In the S
plane, transmission zeros may generally be realized anywhere except on
the region of the positive real axis between the origin and unity. This
segment corresponds to the entire positive real axis in the s plane.
Generally, then, zeros may exist with quadrantal symmetry in the S plane,
or in conjugate symmetry on the j9 axis. In the S plane they will be
finite in number. By reference to Fig. 2-3, quadrantal symmetry of poles
or zeros in the S plane corresponds to left half-plane conjugate symmetry
of a family of poles or zeros in the s plane. Conjugate imaginary zeros
in the S plane map into negative purely real zeros in the s plane. These
equivalences should be borne in mind, so that one may freely work in either
plane.

If the transmission zeros in the 8 plane occur with quadrantel

symnetry, terms of the form

P(s) = (8B 4 pe3/E 4 (op) ¢28/F 4 p¥F 43 (1)
with ©>B>1 (2)

will occur in yiz(s). Such a form is obtained by application of the
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transformation (2) of Chapter I to the S plane polynomial, (S* + a%).
By similar applicatidn, conjugate imaginary S plane zeros are reflected

in y12(s) by terms having the form
Qs) = (e2F + p® 4 (3)

where |B| < 2. It was shown in Section 2.2 that each URCO cascaded two-

port which is employed contributes & numerator factor in the S plane
R(s) = (1 - 52)® (1)

These factors represent zeros8 at S= tlor s = @, which are physically
caused by the shunt capacitance of the RC elements, in cascade.

Thus finite transmission zeros on the imaginary S axis (or negative
real axis of the s plane) must be realized by other than cascaded RC ele-
ments. When such transmission zeros are realized, it may be possible to
realize transmission zeros with quadrantal symmetiry in the S plane. One
of the objectives of the present chapter is to achieve finite negative
real transmission zeros which assist in meeting prescribed characteristics
in the s plane.

In order to realize finite transmission zeros, stubs (which are
really shunt elements) can be employed to modify the cascade type synthesis
of Chapter Four. Fig. 5-1 illustrates the new configuration.

A 'resonant stub' in the S plane represents a shunt element which
realizes one pa.:Lrl of conjugate imsginary S plane zeros of transmission by

effecting a "short circuit" at the frequency of interest. This entails
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the removal of one term of the form (ezﬁ + Be“/s- + 1) from the cor-
responding s plane expression. Other RC elements will then be extracted
to complete the cycle assoclated with the desired transmission zeros,
following the approach of the work of Ilmenog7 in his lossless coaxial
filter designs.

5.2 Qualitative Discussion of Permissi'’e Transfer Functions
Using S plane synthesis procedures to be detailed in this section
and Section 5.3, it is shown that the class of transfer admittances in the

S plane described by
o i e/2
(1@ J[2-]

~y21(5) = M2a CY.
S Ii [S + ci]

(5)

where
m, n, qQ are positive integers
a/2>n
m>n+g/2-1

g

real positive nmumber,
may be realized within an arbitrary constant. Under the technique, the
zeros of transmission, along with the exact driving point admittance, are
achieved.

In the s plane, which is the plane of definition of the RC net-
work function, application of the transformation e&/s =2 +5 leads to

1-8
the following transfer admittance.
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Mé:l. /B (eQS/E/Z)(2 (m=n) -q+1) (ea/E +1) § (ehfs’ + BJeS/E +1)

-ya1(s) = m
(e%/F - 1) T (2B 4 46?5 4 1)
1
(6)
vhere

lagl <2 (7

It is of considerable interest at this point to gain some insight into the
real frequency magnitude properties of this function, before proceeding
to stipulate realizability conditions on (6). Qualitatively, the terms
of principel interest in (6) are the second order exponential polynomials.
If comparison is made between the driving point expression of Theorem VI,
and the expression in (6), it is noted that the condition Ay > By does

not apply to (6). This is true because pole-zero alternation in the S
plane is no longer required for a transfer impedance. The second order
exponential polynomials in the numerator of Eq. (6) have magnitude func-
tions which increase monotonically with frequency. They are to be chosen
in accordance with the graphical representations of Chapter Three, and
the realizability conditions to follow. The second order polynomials in
the dencminator of (6) cause y21(s) to decrease in magnitude with increas-
ing frequency. Froam the known properties of the expressions in (6) it

is anticipated that there will be little difficulty in accomplishing low
pass characteristics of rather arbitrary graphical specifications. The

second order polynomial factors allow the shaping of such characteristics.
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Because of the basically low-pass nature of RC networks » including those
with stubs, there will be difficulty in realizing bandpass characteristics.
A method of overcoming this obstacle is suggested in Section 5.6. Without
the stubs, however, it would be impossible to realize the second-order
exponential polynomials in the mumerator of (6), or, for that matter, any
finite transmission zeros to assist in shaping the transmission magnitude
characteristics.

The ‘'cascade and stub' network introduced in Fig. 5-1 requires
the stubs to extract the second order transmission numerator terms. The
cascade elements will contribute zeros at infinity in the s plane which
is to say that y21(S) will contain factors of the form (1-52). At least
one such factor must exist for each transmission zero pair removed in the

S plane, which is why the condition q/2 > n appears.

5.3 Transfer Function Extraction Cycle for Finite Zeros

The motivation and the technique for the 'cascade and stub'
transfer synthesis procedure is evident if the following extraction cycle
is postulated. With reference to Fig. 5-2, for synthesis in the S plane,
the finite product of second order (Bj) exponential polynomials of Eq. (6)
corresponds to the (52 + Dja) term of Eq. (5). The latter terms represent
JO transmission zeros in the S plane, and it is these zeros which the
stubs of Fig. 5-2 will be called upon to supply.

In order that yzy possess a zero at S = jQ, let Ya(JQ) = oo.

This pole will be directly attributed to stub B. Since

Y2(Q) = @ (9)
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and by Richard's Theorem,

Y2(S) - 8 Ya(1)

8) =
Ya(S) = Ya(1) (D) 5 %(5)

Y2(S) mst have a 1;ole at jQ implying
Yi(1) =S Ya(S)
S=3Q .
Y2(1) = JQ Y1(JQ)

Since
¥(s) = Ya(S) + S/7/Ry ,

S/7/R1 must be chosen so that both (12) and (13) are satisfied.

S =1, (13) implies that
¥(1) = Ya(1) +/7/R
Also, with S = JQ, (13) becames
Y(3Q) = Y2(JQ) + R /T/Rs
Solving (1k4) and (15) for JQY1(JQ), and substituting in (12),

JT/Ry = (¥(1) - JQ¥(JQ))/(1 + Q&)
or

Ry = /7 (1 + Q@)/(¥(1) - JQ¥(IQ))

With

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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The specific procedure to synthesize y11(S) = Y(S) and yi2(S)
simltanecusly, follows. y11(S) = ¥(S) is such that either
Y(0) =0 or Y(oo) = o0 . (18)

If the former is true, a cascade section may always be extracted, using
Richard's Theorem, so that

Y(o0) = oo . (19)

When (19) is satisfied, an URCO element always may be removed whose mini-

mum total resistance 1s given by
Ry = /7 S/¥(5) (20a)

and whose total capacitance is given by

Co = ¥(S) /7/8 (20b)

S - oo

At a finite transmission zero jQi in the S plane, Y(jQj) is purely ima-

ginary. For each zero of transmission, campute
Roy = /7 (1 + @®)/(¥(1) - 3Q¥(3Q)) . (21)

Of the set <R°:L » Ro>, some elements may be negative, some will be posi-
tive. Remove the largest positive member, Ry, as a shunt URCO stub, of

admittance S/¥/Ry . The remaining admittance is seen to be

Yi(S) = ¥(8) - 8 /7/R1 . (22)
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Since, /7/Ry < /%/Ro,
Yi(o0) = @ (23)

Remove a cascade element, Y1(1), from Yi(S), and by Richard's Theorem

the remaining admittance is given by

Y1(8) - SYa(1)

Ya(8) = Y1(1)
Y2(1) - SYai(S)

(24)

Now it is seen that Ya(S) has a pole wherever Yi(1l) = SY;(S).
But by (12), at a transmission zero, Yi(1l) = jQY1(JQ). Hence Yz(S) must
have a pole at the required transmission zero. This pole may be removed

-by a stub whose admittance is given by

(25)

which may itself be realized by two successive applications of Richard's
Theorem, as a cascade of two URCO two ports. The remaining admittance
Ys(S) is

Ya(S) = Y2(S) - % (8) (26)

Thus Ya(co) = 0. A cascade element may again be removed and Y, (o) = oo.
The cycle is complete.
5.4 Simultaneous Realizability of y;; and kyi2 by the Cascade and
Stub Method
The transmission matrix of the desired network in the S plane

may be specified as



va(8) ui(S)
1

VI=3)%2(s) | ua(s) va(8)

where the passivity of the network requires that

va(8) va(8) - ui(8) ua(s) = (1 - 53)% (£(s))?

In terms of this matrix,

y11 = D/B, y21 = yi12 = - 1/B and y22 = A/B

may be translated into

_ va(s)
y11(8) = SNOR
q
12(8) = yau(s) = - L) £S)
uy (S)
__vi(8)
y22(8) = 5

The zeros of £(S) will yield the finite transmission zeros.

(27)

(28)

(29)

(30)

(31)

(32)

The following theorem concerns the realizability of transmission

zeros, in the S plane, and is due to Kasahara and Fujisawa, as reported

by Ikeno.a Ikeno's work has been concerned with the design of lossless

filters made of coaxial cables.

Theorem VII. The zeros of £{S) (which are the transmission zeros) will

be realizable together with a driving point impedance with no

negative elements if



T8

a) S = oo is a transmission zero of y=2,/52 .

b) All finite jQ trunsmission zeros are greater than the
greatest root of vi(S) or wi(S), where S =L + jQ.

¢) At least one finite )0 transmission zero is greater

than the greatest root of va(S) or uz(S).

If only one driving point admittance is specified, the conditions

of Theorem VII are relaxed to those of Corollary III.

Corollery III. The zeros of transmission of yz1 are realizable
similtaneously with a given driving point admittance yi11 using no
negative elements if

a) S = o0 is a transmission zero of —{2-3'(—3)— .

s2
b) All finite jO (S = jQ + I) transmission zeros of y 2 are
greater than or equal to the largest j0 pole of yi2(S).
¢) At least one finite jJ0 transmission zero is greater than or

equal to the greatest finite zero of y11(S).

The following theorem, derived from one by Ikeno, as translated by Matsmtozf
relaxes the conditions for transmission zero realizability, and considers

the inclusion of scme negative elements.

Theorem VIII. A 'Brune' RC cycle, with a negative URCS one-port, as
shown in Fig. 5-3(a), may be transformed into an equivalent unit

loop, shown in Fig. 5-3(b), where b=c +d, a <b and

abe(l + of)
e &
p
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p - 4b-8)
P
_ ba(b + ac”)
g — =
n = ad(b + ar?)
P
and p = b2 + ¢2(ad + be)

The network of Fig. 5-3 may also be redrawn, due to a theorem which may
26
be derived from Kuroda's Identity, and was derived independently by the

author.

Theorem IX. The two networks of Fig. 5-4 are equivalent, if

Ry = +
1 = Ra R
Rz = Ry + R
1 = —
Ry
Ca = T
2:
Ra

and both networks may be turned end for end.

The significance of Theorem IX is that 1t permits a (possibly negative)
series RC segment to be replaced by a similar shunt segment, which may be
realized by a stub, and widens the applicability of the Brune RC Cycle of

Fig. 5-3.
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8l

If the network of Fig. 5-3 is followed by an URCO two=-port, the

URCS series element of admittance C/5 may be replaced by an URCO shunt

one-port following the added URCO two-port. This is illustrated in Fig. 5-5.

Furthermore, the two networks of Fig. 5-6 are equivalent.

Now return to the realizability conditions for the transmission
zeros. If 'unit loops' are permitted, the conditions of Theorem VII may
be relaxed to those of Theorem )(.27 Essentially the unit loops with posi-
tive elements permit the limited replacement of stubs with negative para-

neters.

Theorem X.* Let the finite jJQ transmission zeros of yi12(S) be 0 < o1 < o=2...

< Ok..+< Op < 00. These zeros are realizable if there exist
n + k - 1 or more real frequency poles of y12(3) that are not

greater than oy.

Note that under Theorem X, S = O may not be a transmission zero (and
thus s = O may not be either), since there must be (at leact) one pole
less than zero on the positive jQ axis, which 1s impossible.

The poles of yi12(S) and y11(S) are chosen by the network designer
if only the oversll gain function 1s specified, since the gain function
involves the ratios of the zeros of y;i(S) to those of yij(S) , and the
immittance poles are not specified. This allows more freedom in meeting

the previous realizability conditioms.

*The statement of this theorem, originally proven in Japanese by Fujisawa,
was translated in reference 27 by Akio Matsumato.
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The conditions of Corollary III may be considered in the s plane?

Theorem XI.* Using a cascade and stub RC network yi2(s) may be realized
simultaneously within a constant with yi:(s) if
a) yi11(s) fulfills the conditions of Theorem VI and possesses
the same Ai polymomials as yi2(s).

b) =-yi12(s) may be expressed as

W —_
2&/" a’s
) q& 5/2 ’T e 13 + 1
~y12(s) = /8 —
a’'s ’s - - ‘s
2% .3 (e¥® 4 )2(w m) +q-1 1 (e2a/§ + Aiea/s +1)

where
l) lBi', lAi! < 2, Aj41 > Ay, Bi4y > By.
2) By >Ap,1=1,2,3, ...w.

3) By > G; where G, is largest Cy of y11 numerator
polynomials.

k) m>w+g/2 - 1.
5) 422w

Theorem X may be written in terms of the variable s, as Theorem XII.

This represents a relaxation of the conditions of Theorem XI.

Theorem XIT.* Using a cascade and stub RC network, including unit loops
if necessary, yi1z2(s) mey be realized simultaneocusly with yi1i(s) if
a) yi11(s) fulfills the conditions of Theorem VI, and
b) yiz(s) may be written as in Theorem XI, where the following

conditions replace those of Theorem XI$

*The proof of this Theorem is in Appendix I.
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IBii < 2, |A1] <2, Aj+y > A1, Bi+; > Bi, and there
exist (w+k-1) 'A{' terms such that A{ < Bk, 1 =1, 2, ...

wtk=1. Also, m > 2w=1.

5.5 Synthesis of RC Gain Functions

The synthesis of RC voltage and current gain functions follows
directly from the simultaneous synthesis of the driving point and transfer
immittances. Three particular cases will be considered here. Referring
to Fig. 5-7, N represents the RC network which is to be synthesized. It
will be assumed that the overall voltage gain function, including the
presence of a specified load, is to be achieved, i.e.

A, = Ea/Ell
Iz = 0 (33)

Each of the three network configurations and terminations chosen
represent & typical application in microelectronic distributed network
design.a’12 Following a discussion of each case, the synthesis procedure
will be outlined by examples.

Fig. 5-7(a) requires tha: a voltage gain specification Ez/Ey be
met, when the resistive load has some known, distributed shunt capacitance
across it. As discussed in Section 5.0, this includes the practical case
of a lumped resistive load, with some shunt capacitance across it. The

voltage gain is given simply by

A, = y21/(y22 + Y1) (34)
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Since Yy, and Ay are specified, the problem reduces to one of realizing
y21 and ya2 for the network N. It will be seen later that there is con-
siderable freedom in the choice of yz1 and y2g, and this freedom may be
exploited profitably.

The use of a practical coupling network at the output, as in
Fig. 5-7(b) presents more of s challenge to the network designer.
Since the overall configuration involves two cascaded two-ports, (34)

may not be applied directly. In fact,

Ea/Er = y21/(y=2 + Yy) (35)

instead of Eo/Ey. The Z matrix of the coupling network in Fig. 5-7(c)

(or Fig. 5-7(b) , with 231 and z22 interchanged) is given by2

R R /SRC
/SRC tanh /sRC /SRC tanh 2
Z = (36)

R JSRC 2R J/8RC
Jere ek ~Jemng tamh =

Thus for the coupling networks of (b) and (c), the open circuit voltage

gains are given by

R ,@E
=._22L._.m_tmh 2 "i (37)
vy = 22” = T 2R G
Jere  tanh 775

R ERC.
tanh o)
Avae "'zﬁ' = "ERS@_ l; = tanh /8RC tanh ; (38)
7933 ta.nh?sﬁi
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By rewriting the voltage transfer function for Fig. 5-7(b) as

by = 22 x g (39)
I=0 Y1, in place
the problem of working with cascade parameters of N and the coupling net-
work is avoided. Noting that Eo/Eg has the db. gain characteristic given
in Fig. 5-8, the necessary graphical characteristic for N, Es/Ep, may be
drawn. The problem is then reduced to that of part (a) above. In par-
ticular, if Ay is given by a magnitude plot, in db., the difference func-
tion Ea/E; with Y7, in place may be graphically computed in a straight-
forward fashion , since
L | -ay - B (40)
A @ I
Yj, in place Iz = odb
Realization of a network N which possesses such a characteristic when
loaded by Yy, completes the problem.
A very similar solution is possible in the case of the config~- ‘
uration of Fig. 5-7(c). The only difference is that the coupling network
function,

Ava=% (41)
I2=0

is given in Fig. 5-8, and is of the high pass type. Given Ay = Eo/E;,
and knowing Ayp, it 1s rather simple to find Ea/Ey with YL fixed in place,
and thus the problem is again reduced to that of synthesizing a stipulated

Y11 and y21 pair.
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5.6 Gain Function Symthesis Example
Suppose that it is desired to build a network, working into a

load as shown in Fig. (5-10), having the gain characteristic of Fig. (5-11).
At first it will be assumed that the RC product of the URC segments com-
prising network N will be the same as the RyCr, product. The characteristic
of the load network, Ee/Es, is known and presented in Fig. 5-8(a). To
find the voltage gain characteristic Es/E; for the network N, loaded by
the output network, the characteristic of Fig. 5-8(a) may be subtracted
from that of Fig. 5-11. The resulting gain function for N is plotted in
Fig. 5-12(a). The specifications of Fig. 5-11 are satisfied to the left
of the bandpass region by the high pass network characteristics. Network
N will now be designed to meet the graphical specification of Fig. 5-12(a),
within an arbitrary constant.

The RC product is chosen by noting in Fig. 5-11 that the desired

lower 34y frequency «p, must meet the condition
oy = .25 (42)
Applying the techniques of Chapter Three, the characteristic for the

network N may be approximated closely by

Ay =

a/s , 2a/8 a/s
e (e +1.9e +1) _ (43)

(% 10e¥5 1) (eeafé +1.2e7° #1)

Letting
S=

K VERY &E L+S 2a/F  1+2+ S
2 — B e ————
V%4 1-8 (1 -8)®
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(1 - 83) (s? + 39)

8) = bl
Al8) (s® + .25) (82 +14) (W)
within an arbitrary constant.
Since
A, = —_—a2 (ks)

ya2 + S5 k

¥12(8) and y=2(S) must be chosen so that the realizability conditions of
Corollary III or Theorem X are met.

If the admittances are chosen so as to meet the requirements of
Corollary III, and to provide for driving point pole-zero alternation,

-y12(8) = L= %) (s® + 39) (46)
S (s® +1)
and
yae'._ksm(S"-’+h)(s"‘-‘+.25) 7)
s (5% +1)
k=.1
_ then the driving point admittance of N is
2
yoa(s) = <9 (8% + .295) (5% + b.355) (4g)

S (8% + 1)

The conditions of Corollary III are met. The zeros of y21 contributed by
(S® + 39) and the (1 - 5®) term may be achieved in one extraction cycle.
The minimm resistance of a single segment shunt stub which may be ex-

tracted at first is given by (20(a)) to be
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Applying (21) at the transmission zero, S = J V39,

MR:J. = Y‘lll ; Qazgzglig! = .36 +o .32 = .%7 (50)

may be extracted. Doing so,

Ya(8) = Yaz(S) - .967 S

. S*+14.525% +1.028 - .967 (S® +1)

S (5% +1)
- 2033 (8% +107.7 &% + 31.15) (51)
S (s® +1)
and Y2(1) = 2.3075 = -4—;— (52)

Then, using Richard's Theorem, a cascade section is extracteds:

Ya(S) - S Ya(1)

Y2(8) = Ya(1) Y2(1) - S Yi(S)

. _2.3075 [-2.2745 S* + 1.246 8% + 1.028]
+ 8 [-.0331 8* - 1.2455 S® + 1.27%5]

o _159.2 (1 - 82) (82 + .4519)
(1 - 82) (8) (52 + 39)

= _159.2 (82 + .452)
s (5% 7 39) (53)
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In accordance with (25), a two-segment stub i§ used to remove the trans-

mission zeros due to the (S2 + 39)factor, and the resulting remaining ad-

mittance is
oS
Y3(8) = Ya(S) - —_ (54)
S< + 39
where
Q= -—422-3— (s® + .1452) = 157.36
S
5%~ - 39
Finally,
Ya(s) =-159:2 (8% + .U52) _ _157.36 S%
s (s% + 39) s (S% + 39)
1.64 (52 +39) _ 1.84
S (82 + 39) s
AT
R T 1.84
Re =1 (55)
1.84

and the design is completed. The final network is shown in Fig. 5-13.
Theoretical results were verified by experimental data, and the results

which show good correlation; are given in Fig. 5-12(b).

5.7 Limitations_of Transfer Synthesis Technique
One important limitation in the final design of the previous

example is clear: a 20 db. in-band loss occurs. This loss need not be
encountered if the restriction that the RC product of network N be the

same as the RpC, product is dropped.
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If RC is different from RyCr, one of two cases obtains. First,
the RyCr, product may be an integral multiple of RC, by the proper choice
of RC, in which case the load admittance Yy will be more complicated than

previously, but will be a rational function of S. Second, the loading

effect of the RyCr, combination may be so small compared to yzz2 of network
N that it may be neglected.

The latter case will be considered here, to illustrate the pos-
s8ibility of reducing the in-band loss. Consider the result if the RpCy,
product is increased by a factor of 100, relative to the RC product of
network N. In Fig. 5-15, it is seen that the output network gain char-
acteristic moves to the left by two decades. The load possesses a driving
point admittance which is rational in S, but which is the ratio of two
higher ordered polynomials, due to the fact that the transformation con-
stant is still 'RC' = (a./2)2. Very little inband loss need be tolerated
in this case, as seen in the composite characteristic of Fig. 5-15. Below
the normalized radian frequency wa</a = 1, the load impedance level may
be kept at least ten times that of 1/y=2, permitting the designer to
neglect the load driving point impedance in the gain expression for N.

Another procedure which requires further study is to decompose
the network function for N into two or more functions, each of which is
realized with their own RC products. This additional freedom might be
useful in maximizing the gain constant.

In March 1960, Kuh and Paige%

investigated and found the
maximm gain constant for an RC ladder network explicitly in terms of

the poles and zeros of the given transfer function. Rather straightforward
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techniques were outlined to realize the maximum gain constant, by zero
shifting and removal. Extension of these techniques directly from the
lumped finite case to the distributed network formulation does not appear

immediately feasible, and provides a topic for further study.

5.8 Concluding Remarks
A rather detailed synthesis technique has been described in

this chapter which permits the realization of finite transmission zeros
on the negative real axis in the s plane. Distributed RC elements are
arranged in a practical cascade and stub configuration. An extraction
cycle has been developed, explicitly outlining the method by which the
negative real clusters of transmission zeros may be realized. As a
vehicle for realizing these transmission zeros, exponential polynomials
have been related to transmission zeros, finite in number, in the S plane,
where the extraction cycle is explicitly undertaken. The realizability
of such zeros by the cascade and stub method has been considered in
Section 5.5, and 'unit loops' have been introduced to widen the class of
transmission functions which may be so obtained. Finally, the synthesis
of gain functions between a voltage or current source and a specified
load has been discussed, several methods have been suggested, and a de-

tailed example has been included.



CHAPTER SIX

THE DESIGN OF EXPERIMENTAL RC NEIWORKS

6.0 Introduction

In this chapter, a review of the restrictions imposed by the
previous design techniques on the final physical RC network embodiment
will be made. These restrictions will be illustrated by the detailed
design of a low pass filter. General expressions for the open circuit
voltage gain and the transfer admittance of sharp-cutoff q section fil-
ters will be obtained, and the frequency characteristics of such networks

will be compared with other well known filter characteristics.

6.1 Teledeltos Models Used for rimental Verification

The experimental RC networks which were built to verify the
theoretical results of this paper were modelled with Teledeltos Paper,*
Mylar and Alumimm Foil or Copper as shown in Fig. 6-1. When the Mylar
was used, and the layers were tightly compressed, a capacitance of about
200 pf. per square inch was attained. If the Mylar is omitted, and the
paper backing of the resistance paper is used as the dielectric alone,
about 310 pf. per square inch may be obtained. Experimental results indi-
cate that URC segments do not behave as predicted by their mathematical
models in Chapter Two, unless a conducting boundary is placed across the

#The Teledeltos Paper, nominally having a resistance of 2000 ohms per
square, was supplied through the courtesy of Mr. Joseph Gegliardi,
Western Union Co., Broadway at Worth Street, New York City. It is
availlable in large rolls.
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end edges of each segment (as in Appendix II), or the segment length is
considerably greater than their width. In the frequency ranges used for
experimental data, from audio to a hundred kilocycles, a length to width
ratio of at least five was maintained.

Difficulties in achieving practical RC structures often arise
from several considerations. A network of several segments is to be
deposited by three individual depositions. The resistive layer, for
example, is to be deposited for all of the segments at once. Thus the
resistive layer for all the segments will be of uniform thickness, and
nominally be characterized by a uniform mmber of ohms per square. Each
segment, however, must have a different total resistance. Further, since
the RC products for each segment are equal, it follows that the lengths

of each segment must be the samet

R = RL/W (1)
C = ColW (2)
RC = RoCol® (3)

The total resistance of each segment may only be controlled independently
by changing the width of each segment. If the length of each segment is
governed by the overall network size, and the maximm Wy of the ith segment
is chosen to be much less than L, then the Wj corresponding to the smallest
Ry is the maximum Wi required. The value of R, for all segments is deter-

mined from

Ro = Wnax Rutn/L (k)
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Having made this calculation, the minimum segment width may be calculated
from

Winin = Rol/Ruay (5)

For thin f£1lm networks built in keeping with the current state of the
art, Ro should be kept below 5000 ohms per square, and Wpyin should be
greater than 5 mils. If these requirements are not met concurrently,
the length L of each segment will have to be increased. Resistive mate-
rials of nichrome and various oxides fall into the above ranges. Dielec-
trics such as aluminum dioxide or silicon monoxide may be used to obtain

the proper capacitance. The totael capacitance of each segment is obtalned

from
Ry
6.2

In Chapter Three, the exponential polynomial factors necessary
to construct an RC network function were considered, and their magnitudes
(in db.) were plotted as a function of logip w. Prior to designing low
pass fllters it is profitable to investigate these polynomial factors
further to determine where the maximum rate of change of slope for each
of the terms occurs. This information is necessary in designing low
pass filters to have the sharpest cutoff characteristics possible for a
given mumber of cascaded segments.

The polynomial terms and the derivatives of their magnitudes are

given in Egs. (7) through (11), and are graphically represented for rapid
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interpretation in Fig. 6-3 and 6-4. Factors with large derivatives at
low frequencies will be useful in sharp-cutoff low pass filter design.
These functions, which are extracted from Eq. (6) of Chapter 5, and the

derivatives of their magnitudes are?

fi(s) =/5 a
|£2(d0) | = V@] &
(7
__ilil_(a_‘”).L = 10 db/decade
d logyo @e®
qa/8
f2(s) = e?
g/jo
|f2(da) | = le 2 | (8)
a jf(jo)lgp _ 5 ea/o dab
d logio am® J2 decade
fa(s) = ea/'s' +1
|£a(30) | = [e¥/ 30 + 1] (9)

d |2a(Jo) Igp 10 /o e (e - 8in a/@/2 + cos a/w/2 )
d logio ar® /2 !em + I!.I2
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£e(8) = e“/-s -1

|£4(J0) | = Iem -1 (10)

d |£4(J0) lav 10/ 35/575 (ea/a@ + 8in &/&y2 - cos a/@y2 )

d logio we? /3 ‘e&/370 -112

fg(s) = 2B 4 Bieafg +1

‘fS(Jm)‘ = ]ew + Bie&/j(-b + l‘ =y

d logio ue?

d |fs (J0) |gp 21 {(ea/ﬁ cos 8/ + Biem cos a/@B + l)
72
(JE 38/53) (cos &/Zb - sin a/2w) + B1//2 es"/d)?‘2 (cos a/@2 - sin a/’&s?E))

+<em sin a/Zo + Biea/m sin Q/MD

a/20 a/&/2

(/5 e (sin &/Zm + cos a/2w) + Bi/V2 e (sin a/0y2 + cos A/WT?D}

(11)

Certain important features are to be noted in Figs. 6-3 and 6-4. In par-
ticular, the most rapid changes in slope occur in the second order poly-
nomials for which Bj approaches =2, For a filter design with sharp cutoff
these polynomials should be placed only in the denominator of the filter
transfer function; it will be necessary to verify that the function meets
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the realizability conditions developed in Chapters Four and Five. Moreover,
at the frequency corresponding to the rapid change in slope of the second
order polynomials, the functions of Fig. 6-3 are only slowly changing in
magnitudes. Thus the second order polynomials may be expected to dominate
the frequency characteristics in the band of interest. The plots are fre=-
dquency normalized, and the break-frequency region may be adjusted by
changing the value of a = 2(RC)§.

6.3 The Design of Low Pass Filters

If a low pass filter characteristic 1s required to have the
sharpest cutoff practically possible for a given mumber of segments with
a monotonically decreasing function, its transfer admittance will lack
any second order polynomial factors in the mmerator (n=0). In accordance
with the realizability conditions stated in Chapter Five, the low paess
filter will be of the form

/8 (ee,/'s' + l)&n-q-i-l eqm

~y21(s) = (12)

(ee‘/E - 1) ?Il (eM +Akea'/§ +1)
k=1

where q is equal to the number of cascade segments, and no stubs are re-
quired. To obtain further quantitative insight, the first eight low pass
filters may be listed, with all combinations of q and m, in accordance
with Eq. (12).
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Number of Sections g o 2n-qtl Ay Az Az
1 1 0 0 - - -
2 2 0 -1 - - -
3 3 1 o -2 - -
h N 1 -1 -2 - -
5 5 2 0 2 -1.9 -
6 6 2 -1 -2 1.9 .-
7 7 3 0 -{ «1.9 =-1.85
8 8 3 -1 2" <1.9 -1.85

In the above table, blanks indicate that the terms do not occur. The
Ay were chosen as close to -2 as practically possible, realizing that
another set of such second order polynomials must be specified which will
alternate with these, and will appear in the numerator of the yii(s)
function. Choosing the numbers Ai as above usually requires that calcu-
lations in the S plane be carried out to at least five places, since
subtraction of almost equal quantities becomes likely with the applica-
tion of Richard's Theorem.

If the open circuit voltage gain Ay rather than the transfer
admittance is the quantity of interest in the filter design, it may be

obtained from
Ay = ~ya1/y22 (13)

Magnitude-normelized yz2 terms for several values of q are given in (1%4).

(e 4 1) (o)
ea/E -1

qQ=1 Yoz =
(1k)

/B ('ez"‘f‘sﬂaie*’E +1)

(b)
(e¥® +1)(e¥® - 2)

Q=2 Y2 =
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2 .
\/'EI:IL (ea"/.s--o-Bj,e‘/E +1)

qzh Yo2 = (C)

(% 4+ 1)(eV® - 1)(e2F + 2e¥F 4+ 1)
L (1%)
/B 1 (eM+Bie°'/E+l)
qg=38 Yoz = 1 3 ()
(e85 + 1)(e¥® - 1) f1(e®V/F + ae®/® 4 1)
1
For the low pass filter,
m=q/2 -1, (q even)
(1s)
m = (q-1)/2, (q odd)
2m-q+1=-l, (q even)
(17)
2n-q+1=0, (q odd)

Taking the case when q is even, a general expression may be written for

the open circuit voltage gain, in terms of s and q¢

Y2 aE

T (18)
il (eaa/E + Bj_e&rg +1)
1

sz

The sharpness with which the frequency characteristic of Ay may break
initially depends primarily on the number of Bi terms which may be
clustered about By = -2. If the original A4y terms of ya: are chosen for
values of Aj which are close together (but which can not be identical),
the values of Bi must alternate with those of Ay according to Theorem VI
in Chapter Four. Thus the values of B{ will be very close to those of

Ag.
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Plots 'of one, four and eight segment ow pass filter character-
istics appear in Fig. 6-5, where they are compared with Thompson (Bessel)
and Butterworth filters which have been normalized so that they possess
the same 3 db points. It is to be noted from this figure, and (18) that
!A.v\ of the q segment URC filter decreases without bound as g approaches
infinity. The characteristic, however, can never reach that of the ideal
filter, since this would imply an infinity of identical second order ex-
ponential polynomials in (18) which is precluded by Theorem VI.

6.4 Example of Low Pass Filter Design With Sharp Cutoff
A synthesis example of the fourth order, frequency and magnitude

normalized, low pass filter follows. Theoretical and experimental data
are given in Fig. 6-6. The filter was not designed to meet specific re-
quirements, but rather to find how sharp a cutoff might practically be
realized by a four-section RC filter. From Eg. (14(c)),

ﬁli(ew'*me’ﬁ'*l)
(e‘fg + l)(ea‘/E - l)(eM + Aie&/-s- +1)

y22(s) =

Application of the s ~ S transformations yields

((1—3 '31<1-s> ><<1—s (‘i% *1>
() -o(E (1-3 * 1)

_(em) + @m0 )(Pem) + (2450 )
us ((2-a1) % + (24A1) )

y22(8) =
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Choosing
B]. = .109’ h = -108, &M. A]. = -1085,

[ (8% + .02565) (52 + .0526) ]

y22(8) = .96 S (52 + .039)

Design the RC network for

(s® + .02565) (5% + .0526)

(8) =
v(s) S (S + .039)

¥(1) = 1.03k85

Application of Richard's Theorem causes

y(8) - s y(1)

v=(8) =y L T v

- 03622 [ 82 + .0359
S + .04015

v2(1) = .036028

ya(s) = ya(1) 22(8) = 8 y=(1)
Y2(1) - 8 y=(8)

1.0055 S2 + ,0359 . s®

- 036028 8 8%+ .0k015 S
1 - 1.0053 52+ .0359
52 + ,04015

=e,e7[_sz;"'§£22_]
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ya(1l) = 9.1805
ya(8)
¥4(S) = ya(1) 1%‘;’ 5
ya(1)

.96k8 (52 + ,0352)
S

.9648 (52 + .0352)8

= 901805
1 -
v4(S) = —-ggl—
¥4(1) = 322
In summary,
yi(1) =L = 1,03
Ry

va(1) = -g- = .036

¥ya(1) = —g— = 9.18

ya(1) = -ﬁ— - 321

From the above calculations, the space-normalized network con-

figuration of Fig. 6-7 may be achieved.

Practical difficulties arise in

the fabrication of the above network using Teledeltos Paper, in that the
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segment of width .036 k, which is the narrowest segment, is about 1/250
a8 wide as the widest segment. If the network were built using masking
and deposition techniques, the narrowest segment could practically be
made a few mile wide, and the width of the widest segment would still be
a practical size. With Teledeltos, 1/3 " is a practical lower limit.

As a simple alternative, the narrowest segment was increased in
width by a factor of eight over the design value, and poorer cutoff fre-
quency characteristics were accepted. The results are given in Fig. 6-6,

where they are compared with expected results.

6.5 Conclusions

This chapter has concerned itself with the actual details of
construction of RC networks. A low pass filter design problem was employed
as the vehicle to illustrate the difficulties of such construction, and
to indicate the constraints placed on the physical network realization by
the original assumptions in the mathematical models, as well as the de-
sign values which are obtained from the synthesis technique. The Teledeltos
models used for experimental verification have been illustrated, and were

used for all experimental results in earlier chapters.
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CHAPTER SEVEYW

CONCLUSIONS

The synthesis procedures presented herein are the first simple

mathematical techniques applicable to distributed RC networks. The methods

introduced here differ significantly from those presently available in
that they do not require recourse to a digital computer for their appli-
cation. Moreover, because the actual synthesis employs an auxiliary
complex plane, the calculations may be accomplished with pencil and pad.

The synthesis techniques find immediate application in the field of micro-

electronics.

A contribution to the distributed RC characterization problem has
been developed with the introduction of the 'exponential polynomial'
approximation of frequency-magnitude characteristics. As was shown in
Chapter Two, RC networks are described, not by rational functions in the
complex frequency variable s, but rather by rational functions in ea/'-.
This property has been exploited by approximating the RC driving point
and transfer immittance functions by ratios of polynomial factors which
are rational in ea'/E and vhich possess well-behaved magnitudes for values
of 8§ = jw. It is to be emphasized that once the characterization of an
immittance by appropriate exponential polynomials is accomplished, the
synthesis of the corresponding network function by the methods herein is
exact.

The accomplishment of the exact synthesis, which is particularly

notable, results from the introduction of the S = s transformations,




vhere e‘/E = -%—}% « The transformation reduces the synthesis problems
associated with the use of URC networks to those of lumped, lossless net-
works., Because of the hyperbolic nature of the distributed network func-
tions, it is no longer practical to think in terms of pole~zero plots,
since each RC segment contributes an infinity of demumerable poles and
zeros, all of which are intimately related.

It has been demonstrated that a practical realization for RC
networks is a cascade configuration. Such a network is particularly at-
tractive from the fabrication viewpoint, since it minimizes interconnec-
tons, network area, and the total mmber of fabrication properties.
Accordingly, Richard's Theorem was applied to develop synthesis techniques
vwhich permit the realization of a very wide class of impedances having
monotonically decreasing magnitude. Experimental results have confirmed
the validity of the theory.

By extending the application of Richard's Theorem, methods have
been determined to realize a wide class of transfer immittance and gain
functions. Practical network configurations have been suggested, which
generally take the form of cascaded RC segments using stub (shunt) branches
to realize the mmerator functions of the transfer terms. Without the
stubs, only zeros at infinity are realizable. A specific extraction
cycle to determine the stub values and lccations, as well as realizability
conditions have been given. The theoretical development has been applied
to the synthesis of a network to meet specified requirements. Subsequent

measurements agree well with those predicted theoretically.
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APPENDIX I: Proofs of New Theorems in Text

Theorem II: If Zpn(s) is the driving point impedance of a URC network
composed of segments with RC = (a/2)?, then Z7o(S,) = Vs Zro(s) with

8 = tanh(a\/-s/z) is the driving point impedance of e lumped LC network.

Proof: If Zpc(s) is the driving point impedance of any RC network,

s/-sz(s) will be an LC function in the Vs plane. 21,22 Moreover, a posi-
tive real transformetion for which Rels=0 — Re 8 = 0 (1.e., 8;(~/-s)) of an
LC function is again an LC function, so that Z(S, ) is in fact LC. To
show that it is lumped and LC, consider the two possibilities in Fig.

2-2 (b) and (c). ‘The URCS and URCO driving point impedances become
8,VR/C and (1/8, NR/C respectively, which are indeed lumped impedances

in the S plane.

Theorem III: If Zpco(s) is the driving point impedance of a URC network
composed of segments with RC = (a/2)?, Z10(8;) = Js Zpc(s) with

8, = coth (afs/z) is a lumped LC driving point impedance in the S, plane.

Proof: Since Sz('fs) is positive real with Re/s = 0 - Re 8 = 0, the proof
follows as above to show that Z(Sy) is LC. To show that Z(S,) is lumped,
apply S; to the two networks of Fig. 2-2 (b) and (c). The resulting
impedances are (l/S,WE and s.;/ﬁ/—c respectively.

Theorem IV: Z(8) may be realized as the driving point impedance of a
finite number of elemental URCS and URCO networks using (4-7) (and simi-
larly (4-8)) if and only if
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a) Z(s) may be expressed as

als
7 a 2 ki tanh
z(s)=k°°tanhals+ ko,J'+>4 1,,[2
Vs 2 Vs temn =% 12 Vs [tew? -+ By)

b) where ky, ko, and kj >0

Proof: 2Z(s), under (4-7) (and similarly, under (4-8)), is transformed

to
n
z(s)zkms-.._}_‘SL-ﬁ- >- _zl‘.ig__
8 i:ls’+01'

vhich is an LC driving point impedance if ko, ko, and kg > O.

Theorem V: Z(s) may be reslized as the driving point impedance by a finite
number of elemental URCS and URCO networks of constant RC product using
(47) or (4-8) if and only if
a) Js Z(s) 1s a rational real function of e"‘/—s , & real and positive.
b) Re (V& 2(s)) = 0 for Ve = jq, q real
or 8 = -g°, q real

¢) Re (Vs 2(s)) >0, Rels >0

Proof: 2(S), using either (4-7) or (4-8), must be a reactance function
in 8. Hence, since either (4-7) or (4-8) are positive real, (a), (D),
and (c) follow as necessary conditions. Re Z(Jjw) - 0 as w — o, since
the URC shunt capacitance has zero impedance as w — co. The sufficiency

of (a) - (c) is shown by noting that, under (4-7) end (4-8), Vs Z(s)
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must be transformed into an LC function in the S plane, of the fom of
Theorem IV.

Theorem VI: Z(s) may be realized as a URC network under (2-7) if and

only 1z Vs Z(s) may be expressed as

(eQ[-s + 1)2(1&"‘!1){1 ﬁ(ezafs + %eel's + 1)

Js Z(s) =
(’eefs - 1) R (eZJs + Ake&[s +1)
1l

or its inverse, where Ay > By, lAkl <2, [Bkl <Z,andm=norn - 1.

Proof Case 1:
(88 4 1) n e2ofs , peals,
J-sz(s)= H[ - ]
(eﬁf;_l) 1 eZQfB+AkeJB+l
@+ 2B
1 B/ 2- B 2 - By
= =1 K _
Z(s) s1<2-Ak> sa+2+Ak
2 - A

1 By 2- B N P+ D2 N
8 I11\ 2 - Ag }CS’+Ck' /

For 2(8) to be ILC in the S plane, pole zero alternation demands that
Ag > Bk, Since Di® and Ci® are positive and real, [Axl| < 2 and IBg| < 2.
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;

1 n (ezd‘s + Bkeafs +1)
Vs 2(s) 1

[}

(ool - 1)(efs 4 1) "f" (o288 4 esls 4 1)
1l

1 1 z-m)(s’-»,,ﬂ.)
_ 1
> T
s ?‘Z‘Ak)Csa*z-Ak

Again, for 2(8) to be LC, Ay > By, |A | < 2, |B| <.

Theorem XI: Using a cascade and stub RC network, y;5(s) may be realized
together with yy;(s) within a constant if

&) y11(8) fulfills the conditions of Theorem VI and possesses the
same Aj polynomials as yi3(s)

b) -y12(s) may be expressed as

~/-s eq'a’/;/2 xlj e2afs + Bieml-B + 1

“N1a(s) = -
ea‘/—s -1 (e’fs + 1)2(n.m)+q'l E (eZafs + A als +1

e

vwhere (1) IBy!, lA;! < 2, A4l > Ag, B4l > By.
(2) By > Ap, 1 = 1,2,3, ... n.

(3) By > Cpn, where Cp is the largest Cj of the numerator
polynomial factors of yji

(4) m >n + (qf2) - 1.
(5) a/2 >n.

Proof: Under the transformation ¢® 8 = i*g , the following hold:
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aeloe_(drs W eley o, e

——ee — = 8 —_—

l-8

)

and

eza‘/—s+Aea‘[s+l=’ F(Z-A1)+(2+A1)

(1-s8)
Then (b) above becomes
[ 1+8 N2 n $°(z- By)+ (2+B1)
N1-8 1 (L-28)
v (8) - 5 m og?(2 - Ag) +(2+4A) (2)2(n-m)g-l
g (1 - 8) (1 - s)2(n-m)+g

(L+8)¥2 (1-5)%2 qne(z- B) + (2 + B)
1

s xrlxls"<(2-1\1)+(z+1».i)
1

n
(1 - )32 T(s" + )

(8 +2)
S n(s° +
1 o

This expression satisfies the conditions of Corollaexry III if (a) thru
(c) of Corollary III are met; i.e.,

1) 1is a statement of the fact that all transmission poles, and
transmission zeros not at 8 = +1, lie on the imaginary axis
of the 8 plane.

2) 1is a direct consequence of (b)

3) is a direct conseguence of (c)
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APPENDIX II: Derivation of the Basic Field Bquations for the URC Segment

Consider the structure of Fig. A-2-1. Let V(x,y,t) be the po-
tential between the resistive layer and the conductor. Assume an ideal
conductor, and a lossless dielectric of negligible thickness. Then the

surface current density and potential are given by

- 3V
v.Jg=-C vy (a2-1)

VvV = -RJg (a2-2)

where R is the resistance per square, and C is the capacitance per unit

area. Then (1) and (2) imply

v
v’v=v.v V=R — . (A2-3)

The general solution for e8t excitation is

V(x,y,t) = (A*-'.Yxx + Berx) (Ce-yyy + DeYyY)est (a2-4)
Yx * Yy = sRC (A2-ba)

. A A
Similarly the current components are (for Jg = Jyay + Jyay)

Y “Yy¥ Yy¥Y ~YyX Y. t
et =_rr"_ ce ¥ 40y (ae ¥ | pe'¥)e" (a2-5)

and

Jyest = -:TZ- (Ae'-.Yxx + Berx) (Ce-Yyy - Dewyy)est (a2-6)
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The solution of these equations may be made from the conditions. For
the uniform rectangular URC section, such that O <x<L and
0 < y £ W, with a conducting strip across the edges where the voltage

is applied, the boundary conditions are
V=vet forx=0 anda v=veet forx=1 (a2-7)
Jy=0 fory=0 ory=Ww (A2-8)
Under these boundary conditions (4) leads to
v, = v(0,y) = (A + B) (ce”¥¥¥ + pe"¥Y) (a2-9)

and clearly yy = O since V, is independent of y.
Thus Yy =JSRC from (4a).

Hence (%) and (7 ) may be combined to

Vy = (Ae'YxL + BerL)M when M=C +D (A2-10)
and
Yx -YxX Yy X

Jx = T (M) (Ae™ Y% . peV¥x ) (A2-11)

since M#O0

Y # O
and Jy| =0 since vy, = 0. (A2-12)

y=0

In summary, then, V(x) and Jx(x) are functions of x only, and

Jy(x) = 0.
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= (A+B)M (A2-13)
= (Ae”YAE 4+ BeYxl)y (A2-14)
or, letting o = MA, B = MB
Vy =a+B (A2-15)
V, = ae~Yxl 4 ge¥xl (A2-16)
Thus
= (Vy-B) e Yol 4+ peYal (A2-17)
fi(erI' - e'YxI") =V -V, o Yxl (A2-18)
Vg - v:_ e-YxL
B = (a2-19)
2 sinh vy, L
V1 erL - Va
a= (A2-20)
2 sinh v, L
Therefore (A2-21) |
V1 e xL Va - V,
Vix,y,t) = -, Yxx st
) < [ () (9« (22209 ).
Yol e ) »
Jest___ Yx [<V1e v’)("Yxx> \eyxxJelt
x R 2 sioh y_L 2 simh y,L
(A2-22)
vhere Y = J:-RE
J_=0 (A2-23)
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The Y end thus the Z parameters (Eqns, 1-5 and 1-6) are rapidly derived from
(A2-22). If a load termination, ZL’ provides the terminal condition at

x = L, alternate forms of (A2-21) and (A2-22) are

() (g + %) ) - (- ) Sl

I(x,8) = v - v (A2-24)
(D)) ()
e Y2 Imx) L Y o (T-x)
V(x,8) = Vy(s) (ZI' 8¢ > : "\ e > - (A2-25)

(o ) (5, )

Higher order modes might be possible solutions if a finite seg-
ment dielectric thickness were considered in the previocus analysis. The
URC segment may be considered as a waveguide with one highly lossy wall
(the resistive sheet), a lossless dielectric of thickness "a", and one
Jossless wall. A thorough library search has falled to uncover any
analysis of such & structure from the waveguide point of view, except
where the lossy wall 1s characterized by very small loss. In this case,
perturbation techniques have been employed to compute the power dissi-
pated in the lossy wall, assuming & small variation of the TE or TM mode.
In such a case, the cutoff frequency is assumed to be that of the loss-
less case. For the dimensions of practical URC segments used in this
synthesis technique, the dielectric thickness 1s of the order of lO'2 cm,
and the corresponding cutoff frequency for the ‘I'Elo mode of the lossless
case would be of the order of several kilomegacycles, far above our

intended operating frequency. Experimental data confirms the use of the

two-port parameters derived in Chapter 1, up to hundreds of kilocycles.
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